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Preface

This set of lecture notes is from my teaching of ECE 604, Electromagnetic Field Theory, at
ECE, Purdue University, West Lafayette. It is intended for entry level graduate students.
Because different universities have different undergraduate requirements in electromagnetic
field theory, this is a course intended to “level the playing field”. From this point onward,
hopefully, all students will have the fundamental background in electromagnetic field theory
needed to take advance level courses at Purdue.

In developing this course, I have drawn heavily upon knowledge of our predecessors in this
area. Many of the textbooks and papers used, I have listed them in the reference list. Being
a practitioner in this field for over 40 years, I have seen electromagnetic theory impacting
modern technology development unabated. Despite its age, the set of Maxwell’s equations
has continued to be important, from statics to optics, from classical to quantum, and from
nanometer lengthscales to galactic lengthscales. The applications of electromagnetic tech-
nologies have also been tremendous and wide-ranging: from geophysical exploration, remote
sensing, bio-sensing, electrical machinery, renewable and clean energy, biomedical engineering,
optics and photonics, computer chip and computer system designs and many more. Electro-
magnetic field theory is not everything, but is remains an important component of modern
technology developments.

The challenge in teaching this course is on how to teach over 150 years of knowledge in
one semester: Of course this is mission impossible! To do this, we use the traditional wisdom
of engineering education: Distill the knowledge, make it as simple as possible, and teach the
fundamental big ideas in one short semester. Because of this, you may find the flow of the
lectures erratic. Some times, I feel the need to touch on certain big ideas before moving on,
resulting in the choppiness of the curriculum.

Also, in this course, I exploit mathematical homomorphism as much as possible to simplify
the teaching. After years of practising in this area, I find that some advanced concepts, which
may become very complex, if one delves into the details, become simpler if mathematical
homomorphism is exploited between the advanced concepts and simpler ones. An example
of this is on waves in layered media. The problem is homomorphic to the transmission line
problem: Hence, using transmission line theory, one can simplify the derivations of some
complicated formulas.

A large part of modern electromagnetic technologies is based on heuristics. This is some-
thing difficult to teach, as it relies on physical insight and experience. Modern commercial
software has reshaped this landscape, as the field of mathematical modeling through numer-
ical simulations, known as computational electromagnetic (CEM), has made rapid advances

xi
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in recent years. Many cut-and-try laboratory experiments, based on heuristics, have been
replaced by cut-and-try computer experiments, which are a lot cheaper.

An exciting modern development is the role of electromagnetics and Maxwell’s equations
in quantum technologies. We will connect Maxwell’s equations toward the end of this course.
This is a challenge, as it has never been done before to my knowledge.

Weng Cho CHEW
December 4, 2019 Purdue University
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Lecture 1

Introduction, Maxwell’s
Equations

1.1 Importance of Electromagnetics

We will explain why electromagnetics is so important, and its impact on very many different
areas. Then we will give a brief history of electromagnetics, and how it has evolved in the
modern world. Then we will go briefly over Maxwell’s equations in their full glory. But we
will begin the study of electromagnetics by focussing on static problems.

The discipline of electromagnetic field theory and its pertinent technologies is also known
as electromagnetics. It has been based on Maxwell’s equations, which are the result of the
seminal work of James Clerk Maxwell completed in 1865, after his presentation to the British
Royal Society in 1864. It has been over 150 years ago now, and this is a long time compared
to the leaps and bounds progress we have made in technological advancements. But despite,
research in electromagnetics has continued unabated despite its age. The reason is that
electromagnetics is extremely useful, and has impacted a large sector of modern technologies.

To understand why electromagnetics is so useful, we have to understand a few points
about Maxwell’s equations.

e First, Maxwell’s equations are valid over a vast length scale from subatomic dimensions
to galactic dimensions. Hence, these equations are valid over a vast range of wavelengths,
going from static to ultra-violet wavelengths.!

e Maxwell’s equations are relativistic invariant in the parlance of special relativity [1]. In
fact, Einstein was motivated with the theory of special relativity in 1905 by Maxwell’s
equations [2]. These equations look the same, irrespective of what inertial reference
frame one is in.

e Maxwell’s equations are valid in the quantum regime, as it was demonstrated by Paul
Dirac in 1927 [3]. Hence, many methods of calculating the response of a medium to

LCurrent lithography process is working with using ultra-violet light with a wavelength of 193 nm.
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classical field can be applied in the quantum regime also. When electromagnetic theory
is combined with quantum theory, the field of quantum optics came about. Roy Glauber
won a Nobel prize in 2005 because of his work in this area [4].

e Maxwell’s equations and the pertinent gauge theory has inspired Yang-Mills theory
(1954) [5], which is also known as a generalized electromagnetic theory. Yang-Mills
theory is motivated by differential forms in differential geometry [6]. To quote from
Misner, Thorne, and Wheeler, “Differential forms illuminate electromagnetic theory,
and electromagnetic theory illuminates differential forms.” [7,8]

o Maxwell’s equations are some of the most accurate physical equations that have been
validated by experiments. In 1985, Richard Feynman wrote that electromagnetic theory
has been validated to one part in a billion.2 Now, it has been validated to one part in
a trillion (Aoyama et al, Styer, 2012).3

e As a consequence, electromagnetics has had a tremendous impact in science and tech-
nology. This is manifested in electrical engineering, optics, wireless and optical commu-
nications, computers, remote sensing, bio-medical engineering etc.

Physics Based

Signal
Biomedical Processing & Computer Lasers &
Engineering Imaging, Chip Design i
Sy Gofical inaging % Circilie Optoelectronics

- Quantum Optics
\cf:\fcl)l::-;si Casimir Force
S \ Heat Transfer

Propagation Quantum Information

.

MEMS & \ Nano-optics

Microwave Nano-antennas

Engineering Metamaterials

RCS Analysis, Remote

Design, ATR Antenna, Small EMC/EMI Sensing,

& Stealth Antenna Analysis, Subsurface

Technolog Analysis & Stochastic Sensing & NDE
Design Modeling

Figure 1.1: The impact of electromagnetics in many technologies. The areas in blue are
prevalent areas impacted by electromagnetics some 20 years ago [9], and the areas in red are
modern emerging areas impacted by electromagnetics.

2This means that if a jet is to fly from New York to Los Angeles, an error of one part in a billion means
an error of a few millmeters.
3This means an error of a hairline, if one were to fly from the earth to the moon.
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1.1.1 A Brief History of Electromagnetics

Electricity and magnetism have been known to humans for a long time. Also, the physical
properties of light has been known. But electricity and magnetism, now termed electromag-
netics in the modern world, has been thought to be governed by different physical laws as
opposed to optics. This is understandable as the physics of electricity and magnetism is quite
different of the physics of optics as they were known to humans.

For example, lode stone was known to the ancient Greek and Chinese around 600 BC
to 400 BC. Compass was used in China since 200 BC. Static electricity was reported by
the Greek as early as 400 BC. But these curiosities did not make an impact until the age
of telegraphy. The coming about of telegraphy was due to the invention of the voltaic cell
or the galvanic cell in the late 1700’s, by Luigi Galvani and Alesandro Volta [10]. It was
soon discovered that two pieces of wire, connected to a voltaic cell, can be used to transmit
information.

So by the early 1800’s this possibility had spurred the development of telegraphy. Both
André-Marie Ampére (1823) [11,12] and Michael Faraday (1838) [13] did experiments to
better understand the properties of electricity and magnetism. And hence, Ampere’s law and
Faraday law are named after them. Kirchhoff voltage and current laws were also developed
in 1845 to help better understand telegraphy [14,15]. Despite these laws, the technology of
telegraphy was poorly understood. It was not known as to why the telegraphy signal was
distorted. Ideally, the signal should be a digital signal switching between one’s and zero’s,
but the digital signal lost its shape rapidly along a telegraphy line.*

It was not until 1865 that James Clerk Maxwell [17] put in the missing term in Ampere’s
law, the term that involves displacement current, only then the mathematical theory for
electricity and magnetism was complete. Ampere’s law is now known as generalized Ampere’s
law. The complete set of equations are now named Maxwell’s equations in honor of James
Clerk Maxwell.

The rousing success of Maxwell’s theory was that it predicted wave phenomena, as they
have been observed along telegraphy lines. Heinrich Hertz in 1888 [18] did experiment to
proof that electromagnetic field can propagate through space across a room. Moreover, from
experimental measurement of the permittivity and permeability of matter, it was decided
that electromagnetic wave moves at a tremendous speed. But the velocity of light has been
known for a long while from astronomical observations (Roemer, 1676) [19]. The observation
of interference phenomena in light has been known as well. When these pieces of information
were pieced together, it was decided that electricity and magnetism, and optics, are actually
governed by the same physical law or Maxwell’s equations. And optics and electromagnetics
are unified into one field.

4As a side note, in 1837, Morse invented the Morse code for telegraphy [16]. There were cross pollination
of ideas across the Atlantic ocean despite the distance. In fact, Benjamin Franklin associated lightning with
electricity in the latter part of the 18-th century. Also, notice that electrical machinery was invented in 1832
even though electromagnetic theory was not fully understood.
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e Lode stone 400BC, Compass 200BC . r\F’ﬂiﬂhole camera, 400BC,
; o oz,

e Static electricity, Greek, 400 BC 3 . )

e Ampere's Law 1823; : Isb:eﬁa?g;?_fractlon -

e Faraday Law 1838; e Huygens/Newton 1660:

e KCL/KVL 1845 e Fresnel 1814;

e Telegraphy (Morse) 1837, e Kirchhoff 1883:

e Electrical machinery (Sturgeon) 1832,

e  Maxwell's equations 1864/1865;

e Heaviside, Hertz, Rayleigh, Sommerfeld, Debye, Mie, Kirchhoff,
Love, Lorentz (plus many unsung heroes);

e Quantum electrodynamics 1927 (Dirac, Feynman, Schwinger,
Tomonaga);

e Electromagnetic technology;
e Nano-fabrication technology;

e Single-photon measurement;
e Quantum optics/Nano-optics 1980s;

e Quantum information/Bell’'s theorem 1980s;
[

Figure 1.2: A brief history of electromagnetics and optics as depicted in this figure.

In Figure 1.2, a brief history of electromagnetics and optics is depicted. In the beginning,
it was thought that electricity and magnetism, and optics were governed by different physical
laws. Low frequency electromagnetics was governed by the understanding of fields and their
interaction with media. Optical phenomena were governed by ray optics, reflection and
refraction of light. But the advent of Maxwell’s equations in 1865 reveal that they can be
unified by electromagnetic theory. Then solving Maxwell’s equations becomes a mathematical
endeavor.

The photo-electric effect [20,21], and Planck radiation law [22] point to the fact that
electromagnetic energy is manifested in terms of packets of energy. Each unit of this energy
is now known as the photon. A photon carries an energy packet equal to fiw, where w is the
angular frequency of the photon and h = 6.626 x 1073* J s, the Planck constant, which is
a very small constant. Hence, the higher the frequency, the easier it is to detect this packet
of energy, or feel the graininess of electromagnetic energy. Eventually, in 1927 [3], quantum
theory was incorporated into electromagnetics, and the quantum nature of light gives rise to
the field of quantum optics. Recently, even microwave photons have been measured [23]. It
is a difficult measurement because of the low frequency of microwave (10° Hz) compared to
optics (10'° Hz): microwave photon has a packet of energy about a million times smaller than
that of optical photon.

The progress in nano-fabrication [24] allows one to make optical components that are
subwavelength as the wavelength of blue light is about 450 nm. As a result, interaction of
light with nano-scale optical components requires the solution of Maxwell’s equations in its
full glory.
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In 1980s, Bell’s theorem (by John Steward Bell) [25] was experimentally verified in favor of
the Copenhagen school of quantum interpretation (led by Niel Bohr) [26]. This interpretation
says that a quantum state is in a linear superposition of states before a measurement. But
after a measurement, a quantum state collapses to the state that is measured. This implies
that quantum information can be hidden in a quantum state. Hence, a quantum particle,
such as a photon, its state can remain incognito until after its measurement. In other words,
quantum theory is “spooky”. This leads to growing interest in quantum information and
quantum communication using photons. Quantum technology with the use of photons, an
electromagnetic quantum particle, is a subject of growing interest.

1.2 Maxwell’s Equations in Integral Form

Maxwell’s equations can be presented as fundamental postulates.® We will present them in
their integral forms, but will not belabor them until later.

§£E dl = ——//B ds Faraday’s Law (1.2.1)
§£H -dl = — //D -dS+1 Ampere’s Law (1.2.2)
c dt JJs

D.dS=0q Gauss’s or Coulomb’s Law (1.2.3)
S
#B -dS =0 Gauss’s Law (1.2.4)
S
The units of the basic quantities above are given as:
E: V/m H: A/m
D: C/m? B: Webers/m?
I: A Q: Coulombs

1.3 Static Electromagnetics

1.3.1 Coulomb’s Law (Statics)

This law, developed in 1785 [27], expresses the force between two charges ¢; and g2. If these
charges are positive, the force is repulsive and it is given by

9192 .

E— 1.3.1
Arer? (131)

flaQ =

5Postulates in physics are similar to axioms in mathematics. They are assumptions that need not be
proved.
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Figure 1.3: The force between two charges ¢q; and ¢o. The force is repulsive if the two charges
have the same sign.

f (force): newton

g (charge): coulombs

¢ (permittivity): farads/meter

r (distance between ¢; and ¢2): m

T1o= unit vector pointing from charge 1 to charge 2

rs —I4

A

rio r= |I‘2 - I‘1| (1.3.2)

Ty — 11
Since the unit vector can be defined in the above, the force between two charges can also be
rewritten as

_ q1g2(r2 — 1)

= el — 1P (r1, o are position vectors) (1.3.3)
TE|ry — Iy

f1—>2

1.3.2 Electric Field E (Statics)

The electric field E is defined as the force per unit charge [28]. For two charges, one of charge
q and the other one of incremental charge Agq, the force between the two charges, according
to Coulomb’s law (1.3.1), is

(1.3.4)

where T is a unit vector pointing from charge ¢ to the incremental charge Aq. Then the force
per unit charge is given by

f
E=—, V/m 1.3.5
Ag (V/m (1.35)
This electric field E from a point charge ¢ at the orgin is hence
E = q r (1.3.6)

dmer?
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Therefore, in general, the electric field E(r) from a point charge ¢ at r’ is given by

q(r —1')
E = 1.3.7
(x) dmelr — 1|3 (13.7)
where
. r—r
f=— (1.3.8)
v —r|

Figure 1.4: Emanating E field from an electric point charge as depicted by depicted by (1.3.7)
and (1.3.6).

Example 1

Field of a ring of charge of density ¢; C/m

Question: What is E along z axis?

Remark: If you know E due to a point charge, you know E due to any charge distribution
because any charge distribution can be decomposed into sum of point charges. For instance, if
there are N point charges each with amplitude g;, then by the principle of linear superposition,
the total field produced by these N charges is

Qi(r - I“i)

Er)=Y -5
x) p drelr —ry|3

(1.3.9)

where ¢; = o(r;)AV;. In the continuum limit, one gets

E(r) = /V er)r=r) (1.3.10)

drelr — /|3
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pidl

d Z e
L s dE cos @

Figure 1.5: Electric field of a ring of charge (Courtesy of Ramo, Whinnery, and Van Duzer)
[29].

In other words, the total field, by the principle of linear superposition, is the integral sum-
mation of the contributions from the distributed charge density o(r).
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1.3.3 Gauss’s Law (Statics)

This law is also known as Coulomb’s law as they are closely related to each other. Apparently,
this simple law was first expressed by Joseph Louis Lagrange [30] and later, reexpressed by

Gauss in 1813 (wikipedia).
This law can be expressed as
#D-dSzQ (1.3.11)
S
D: electric flux density C/m? D = ¢E.
dS: an incremental surface at the point on S given by dSn where n is the unit normal

pointing outward away from the surface.
Q@: total charge enclosed by the surface S.

Figure 1.6: Electric flux (Courtesy of Ramo, Whinnery, and Van Duzer) [29]

The left-hand side of (1.3.11) represents a surface integral over a closed surface S. To
understand it, one can break the surface into a sum of incremental surfaces AS;, with a
local unit normal n; associated with it. The surface integral can then be approximated by a
summation

# D-dS~ > D, 0AS; =) D;-AS; (1.3.12)
S i i

where one has defined AS; = n;AS;. In the limit when AS; becomes infinitesimally small,
the summation becomes a surface integral.

1.3.4 Derivation of Gauss’s Law from Coulomb’s Law (Statics)

From Coulomb’s law and the ensuing electric field due to a point charge, the electric flux is

q .

D=cE —
c 47rr2r

(1.3.13)
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When a closed spherical surface S is drawn around the point charge ¢, by symmetry, the
electric flux though every point of the surface is the same. Moreover, the normal vector n
on the surface is just . Consequently, D-f = D -+ = ¢/(4nr?), which is a constant on a
spherical of radius r. Hence, we conclude that for a point charge ¢, and the pertinent electric
flux D that it produces on a spherical surface,

#D -dS =4nr*D -h = ¢ (1.3.14)
JJ S

Therefore, Gauss’s law is satisfied by a point charge.

Figure 1.7: Electric flux from a point charge satisfies Gauss’s law.

Even when the shape of the spherical surface S changes from a sphere to an arbitrary
shape surface S, it can be shown that the total flux through S is still q. In other words, the
total flux through sufaces S7 and S5 in Figure 1.8 are the same.

This can be appreciated by taking a sliver of the angular sector as shown in Figure 1.9.
Here, AS; and ASs are two incremental surfaces intercepted by this sliver of angular sector.
The amount of flux passing through this incremental surface is given by dS-D =n-DAS =
n-rD.AS. Here, D = D, is pointing in the r direction. In AS7, 7 is pointing in the r
direction. But in ASs, the incremental area has been enlarged by that n not aligned with
D. But this enlargement is compensated by n - . Also, ASy has grown bigger, but the flux
at AS, has grown weaker by the ratio of (ro/r1)?. Finally, the two fluxes are equal in the
limit that the sliver of angular sector becomes infinitesimally small. This proves the assertion
that the total fluxes through S; and S are equal. Since the total flux from a point charge g
through a closed surface is independent of its shape, but always equal to ¢, then if we have a
total charge @ which can be expressed as the sum of point charges, namely.

Q= qu- (1.3.15)

Then the total flux through a closed surface equals the total charge enclosed by it, which is
the statement of Gauss’s law or Coulomb’s law.
Example 2
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Figure 1.8: Same amount of electric flux from a point charge passes through two surfaces S
and Ss.

q

Figure 1.9: When a sliver of angular sector is taken, same amount of electric flux from a point
charge passes through two incremental surfaces AS; and ASs.
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Figure 1.10: Figure for Example 2 for a coaxial cylinder.

Field between coaxial cylinders of unit length.
Question: What is E?
Hint: Use symmetry and cylindrical coordinates to express E = pE, and appply Gauss’s law.
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Example 3:
Fields of a sphere of uniform charge density.

Figure 1.11: Figure for Example 3 for a sphere with uniform charge density.

Question: What is E?
Hint: Again, use symmetry and spherical coordinates to express E = #F,. and appply Gauss’s
law.
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Lecture 2

Maxwell’s Equations,
Differential Operator Form

2.1 Gauss’s Divergence Theorem

The divergence theorem is one of the most important theorems in vector calculus [29,31-33]
First, we will need to prove Gauss’s divergence theorem, namely, that:

///VdVV D= #SD -dS (2.1.1)

In the above, V - D is defined as

D= 1| JAS
V-D A1‘1/;(20 AV (2.1.2)

and eventually, we will find an expression for it. We know that if AV = 0 or small, then the
above,

AVV-D ~ # D . dS (2.1.3)
AS

First, we assume that a volume V has been discretized! into a sum of small cuboids, where
the i-th cuboid has a volume of AV, as shown in Figure 2.1. Then

N
VaY AV (2.1.4)

i=1

LOther terms are “tesselated”, “meshed”, or “gridded”.

15
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Figure 2.1: The discretization of a volume V' into sum of small volumes AV; each of which is
a small cuboid. Stair-casing error occurs near the boundary of the volume V but the error
diminishes as AV; — 0.

Figure 2.2: Fluxes from adjacent cuboids cancel each other leaving only the fluxes at the
boundary that remain uncancelled. Please imagine that there is a third dimension of the
cuboids in this picture where it comes out of the paper.

Then from (2.1.2),

JIAS;
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By summing the above over all the cuboids, or over i, one gets

S Aavv- D~ b Di-ds;~ # D.ds (2.1.6)
i i AS; S

It is easily seen the the fluxes out of the inner surfaces of the cuboids cancel each other,
leaving only the fluxes flowing out of the cuboids at the edge of the volume V' as explained
in Figure 2.2. The right-hand side of the above equation (2.1.6) becomes a surface integral
over the surface S except for the stair-casing approximation (see Figure 2.1). Moreover, this
approximation becomes increasingly good as AV; — 0, or that the left-hand side becomes a

volume integral, and we have
/// dW-D:#D-dS (2.1.7)
\% s

The above is Gauss’s divergence theorem.
Next, we will derive the details of the definition embodied in (2.1.2). To this end, we
evaluate the numerator of the right-hand side carefully, in accordance to Figure 2.3.

A .v
(x0, Yo +AV, Zp) (>0 +Ax, yo +AY, z¢)
i T A
|
- © 4
|
VAR T Y
(.\'n, Yo, _-{p) (xl) +A.,\’, Yo, :t])
0 X

Figure 2.3: Figure to illustrate the calculation of fluxes from a small cuboid where a corner
of the cuboid is located at (xg, yo, 20). There is a third z dimension of the cuboid not shown,
and coming out of the paper. Hence, this cuboid, unlike as shown in the figure, has six faces.

Accounting for the fluxes going through all the six faces, assigning the appropriate signs
in accordance with the fluxes leaving and entering the cuboid, one arrives at

D - dS = —D.(z0, Y0, 20) AyAz + D, (x¢ + Az, yo, 20) AyAz
AS

=Dy (%0, Y0, 20) AzAz + Dy (20, Y0 + Ay, 20) ArAz
—D. (20, Yo, 20) AzAy + D (x0, Yo, 20 + Az)AzAy (2.1.8)
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Factoring out the volume of the cuboid AV = AxAyAz in the above, one gets

D - dS ~ AV {[D,(z0 + Az, ...) — Dy(zo,...)] /Az

AS
+[Dy(...,yo+ Ay,...) = Dy(. .., yo,...)] /Ay
+[Dy(..., 20+ Az) = D,(...,20)] /Az} (2.1.9)

Or that

$D-dS 9D, 9D, 9D,
A S ot o (2.1.10)

In the limit when AV — 0, then

iy $DdS _ oD, oD,  0D.

| = =V-D 2.1.11
AVS0 AV ar oy T ar Y (2.1.11)
where
0 0 0
D =iD, + 9D, + 2D, (2.1.13)

The divergence operator V- has its complicated representations in cylindrical and spherical
coordinates, a subject that we would not delve into in this course. But they are best looked
up at the back of some textbooks on electromagnetics.

Consequently, one gets Gauss’s divergence theorem given by

///VdVV~D:#9D-dS (2.1.14)

2.1.1 Gauss’s Law in Differential Operator Form

By further using Gauss’s or Coulomb’s law implies that

#gDodS —Q= ///dVQ (2.1.15)
///VdVV~D:///VdVQ (2.1.16)

When V' — 0, we arrive at the pointwise relationship, a relationship at a point in space:

which is equivalent to

V-D=yp (2.1.17)



Maxwell’s Equations, Differential Operator Form 19

2.1.2 Physical Meaning of Divergence Operator

The physical meaning of divergence is that if V-D # 0 at a point in space, it implies that there
are fluxes oozing or exuding from that point in space [34]. On the other hand, if V-D =0,
if implies no flux oozing out from that point in space. In other words, whatever flux that
goes into the point must come out of it. The flux is termed divergence free. Thus, V- D is a
measure of how much sources or sinks exists for the flux at a point. The sum of these sources
or sinks gives the amount of flux leaving or entering the surface that surrounds the sources
or sinks.

Moreover, if one were to integrate a divergence-free flux over a volume V', and invoking
Gauss’s divergence theorem, one gets

#D-dSzO (2.1.18)
S

In such a scenerio, whatever flux that enters the surface S must leave it. In other words, what
comes in must go out of the volume V', or that flux is conserved. This is true of incompressible
fluid flow, electric flux flow in a source free region, as well as magnetic flux flow, where the
flux is conserved.

'

s

V.D=0 :><]Sﬁ-|)d5=0
5

Figure 2.4: In an incompressible flux flow, flux is conserved: whatever flux that enters a
volume V' must leave the volume V.
2.1.3 Example
If D = (2y2 + 2)& + dxy) + x2, find:
1. Volume charge density p, at (—1,0,3).
2. Electric flux through the cube defined by

0<z<1,0<y<1,0<2< 1.

3. Total charge enclosed by the cube.
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2.2 Stokes’s Theorem

The mathematical description of fluid flow was well established before the establishment of
electromagnetic theory [35]. Hence, much mathematical description of electromagnetic theory
uses the language of fluid. In mathematical notations, Stokes’s theorem is

§£CE~d1://SV><E~dS (2.2.1)

In the above, the contour C is a closed contour, whereas the surface S is not closed.?
First, applying Stokes’s theorem to a small surface AS, we define a curl operator 3 Vx
at a point to be

§1§ E-dl
VxE-n= lim 2 _ (2.2.2)

AS=0 AS

Figure 2.5: In proving Stokes’s theorem, a closed contour C' is assumed to enclose an open
surface S. Then the surface S is tessellated into sum of small rects as shown. Stair-casing
error vanishes in the limit when the rects are made vanishingly small.

First, the surface S enclosed by C is tessellated into sum of small rects (rectangles).
Stokes’s theorem is then applied to one of these small rects to arrive at

2In other words, C' has no boundary whereas S has boundary. A closed surface S has no boundary like
when we were proving Gauss’s divergence theorem previously.
3Sometimes called a rotation operator.
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Next, we sum the above equation over i or over all the small rects to arrive at

Z écv E;-dl; = Zv x B; - AS; (2.2.4)

7

Again, on the left-hand side of the above, all the contour integrals over the small rects cancel
each other internal to S save for those on the boundary. In the limit when AS; — 0, the
left-hand side becomes a contour integral over the larger contour C, and the right-hand side
becomes a surface integral over S. One arrives at Stokes’s theorem, which is

§£CE~dl://S(V><E)~dS (2.2.5)

(X0, Yo +AY) (xp+Ax, yo+AY)

5

(x{la J’ll) (X[} +A\”, "l"u)

A 4

Figure 2.6: We approximate the integration over a small rect using this figure. There are four
edges to this small rect.

Next, we need to prove the details of definition (2.2.2). Performing the integral over the
small rect, one gets

¢ E - dl = E;(z0,Y0, 20) Az + Ey(xo + Az, yo, 20) Ay
JAC

— Ey(z0,y0 + Ay, 20) Az — Ey (0, Y0, 20) Ay

— AJ?AZ/ (Eﬂf('ro’y()?'zo) _ Eﬁf('x()?yo + AyaZO)
Ay Ay
_Ey(x07y0az0) + Ey<$0>y0 + Ayazo)
Az Az

(2.2.6)
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We have picked the normal to the incremental surface AS to be 2 in the above example,
and hence, the above gives rise to the identity that

. $rgE-dl 9 Q. .
A%IEOTS = %Ey - a—yEz =2-VxE (2.2.7)

Picking different AS with different orientations and normals 71, one gets

0 0

0 0 .

Consequently, one gets

(0 0 (0 0
(0 3}

where

.0 .0 .0

2.2.1 Faraday’s Law in Differential Operator Form

Faraday’s law is experimentally motivated. Michael Faraday (1791-1867) was an extraordi-
nary experimentalist who documented this law with meticulous care. It was only decades
later that a mathematical description of this law was arrived at.

Faraday’s law in integral form is given by*

¢E~d1: fi//BwiS (2.2.12)
c dt JJs

Assuming that the surface S is not time varying, one can take the time derivative into the
integrand and write the above as

55 E-dl= —// 9p.48 (2.2.13)

One can replace the left-hand side with the use of Stokes’ theorem to arrive at

//SVxEmlS—//SgthlS (2.2.14)

4Faraday’s law is experimentally motivated. Michael Faraday (1791-1867) was an extraordinary exper-
imentalist who documented this law with meticulous care. It was only decades later that a mathematical
description of this law was arrived at.
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The normal of the surface element dS can be pointing in an arbitrary direction, and the
surface S can be very small. Then the integral can be removed, and one has

VxE:—%B (2.2.15)

The above is Faraday’s law in differential operator form.
In the static limit is

VXxE=0 (2.2.16)

2.2.2 Physical Meaning of Curl Operator

The curl operator Vx is a measure of the rotation or the circulation of a field at a point in
space. On the other hand, fﬁAc E - dl is a measure of the circulation of the field E around
the loop formed by C. Again, the curl operator has its complicated representations in other
coordinate systems, a subject that will not be discussed in detail here.

It is to be noted that our proof of the Stokes’s theorem is for a flat open surface S, and not
for a general curved open surface. Since all curved surfaces can be tessellated into a union of
flat triangular surfaces according to the tiling theorem, the generalization of the above proof
to curved surface is straightforward. An example of such a triangulation of a curved surface
into a union of triangular surfaces is shown in Figure 2.7.

s\

N7 77,
NN 7 %
N -

N7 7
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Figure 2.7: An arbitrary curved surface can be triangulated with flat triangular patches. The
triangulation can be made arbitrarily accurate by making the patches arbitrarily small.

2.2.3 Example

Suppose E = X3y + yz, calculate /E - dl along a straight line in the z-y plane joining (0,0)
to (3,1). .
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2.3 Maxwell’s Equations in Differential Operator Form

With the use of Gauss’ divergence theorem and Stokes’ theorem, Maxwell’s equations can be
written more elegantly in differential operator forms. They are:

0B

E=— 2.3.1

V x 5 (2.3.1)
oD

H=— 2.3.2

V x o T (2.3.2)

V-D=p (2.3.3)

V-B=0 (2.3.4)

These equations are point-wise relations as they relate field values at a given point in space.
Moreover, they are not independent of each other. For instance, one can take the divergence
of the first equation (2.3.1), making use of the vector identity that V -V x E = 0, one gets

-B
_8Vat =0 — V- B = constant (2.3.5)

This constant corresponds to magnetic charges, and since they have not been experimentally
observed, one can set the constant to zero. Thus the fourth of Maxwell’s equations, (2.3.4),
follows from the first (2.3.1).

Similarly, by taking the divergence of the second equation (2.3.2), and making use of the
current continuity equation that

do
v-J+ ETi 0 (2.3.6)
one can obtain the second last equation (2.3.3). Notice that in (2.3.3), the charge density o
can be time-varying, whereas in the previous lecture, we have “derived” this equation from
Coulomb’s law using electrostatic theory.

The above logic follows if 9/0t # 0, and is not valid for static case. In other words, for
statics, the third and the fourth equations are not derivable from the first two. Hence all
four Maxwell’s equations are needed for static problems. For electrodynamic problems, only
solving the first two suffices.

Something is amiss in the above. If J is known, then solving the first two equations implies
solving for four vector unknowns, E, H, B, D, which has 12 scalar unknowns. But there are
only two vector equations or 6 scalar equations in the first two equations. Thus we need more
equations. These are provide by the constitutive relations that we shall discuss next.



Lecture 3

Constitutive Relations, Wave
Equation, Electrostatics, and
Static Green’s Function

3.1 Simple Constitutive Relations

The constitution relation between D and E in free space is
D =¢E (3.1.1)

When material medium is present, one has to add the contribution to D by the polarization
density P which is a dipole density.! Then [29,31, 36]

D=¢E+P (3.1.2)

The second term above is the contribution to the electric flux due to the polarization density
of the medium. It is due to the little dipole contribution due to the polar nature of the atoms
or molecules that make up a medium.

By the same token, the first term g9 can be thought of as the polarization density
contribution of vacuum. Vacuum, though represents nothingness, has electrons and positrons,
or electron-positron pairs lurking in it [37]. Electron is matter, whereas positron is anti-
matter. In the quiescent state, they represent nothingness, but they can be polarized by an
electric field E. That also explains why electromagnetic wave can propagate through vacuum.

For many media, it can be assumed to be a linear media. Then P = ¢y oE

D =¢E+ EOXOE
=co(l+x0)E=¢E (3.1.3)

INote that a dipole moment is given by Q¢ where Q is its charge in coulomb and £ is its length in m. Hence,
dipole density, or polarization density as dimension of coulomb/mz, which is the same as that of electric flux
D.

25
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where xq is the electric susceptibility. In other words, for linear material media, one can
replace the vacuum permittivity €y with an effective permittivity .
In free space:

108
_ — —-12
€= =8854x 107"~ o — F/m (3.1.4)

The constitutive relation between magnetic flux B and magnetic field H is given as
B = uH, p = permeability H/m (3.1.5)
In free space,
p= o =41 x 1077 H/m (3.1.6)

As shall be explained later, this is an assigned value. In other materials, the permeability can
be written as

[t = Hofy (3.1.7)
Similarly, the permittivity for electric field can be written as
€ = E0&r (3.1.8)

In the above, p, and e, are relative permeability and relative permeability.

3.2 Emergence of Wave Phenomenon, Triumph of Maxwell’s
Equations

One of the major triumphs of Maxwell’s equations is the prediction of the wave phenomenon.
This was experimentally verified by Heinrich Hertz in 1888 [18], some 23 years after the com-
pletion of Maxwell’s theory [17]. Then it was realized that electromagnetic wave propagates
at a tremendous velocity which is the velocity of light. This was also the defining moment
which revealed that the field of electricity and magnetism and the field of optics were both
described by Maxwell’s equations or electromagnetic theory.

To see this, we consider the first two Maxwell’s equations for time-varying fields in vacuum
or a source-free medium.? They are

oH
E=—puy— 2.1
V x Koo, (3.2.1)

OE
H=—¢cy— 2.2
V x €0 ot (3 )

Taking the curl of (3.2.1), we have
0

VxVXE= —,uoav x H (3.2.3)

2Since the third and the fourth Maxwell’s equations are derivable from the first two.
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It is understood that in the above, the double curl operator implies V x (V x E). Substituting
(3.2.2) into (3.2.3), we have

2

0
E=—- —FE 2.4
V x V x [0EQ 9 (3.2.4)

In the above, the left-hand side can be simplified by using the identity that a x (b x ¢) =
b(a-c) — c(a-b),® but be mindful that the operator V has to operate on a function to its
right. Therefore, we arrive at the identity that

VxVxE=VV-E-V’E (3.2.5)

and that V - E = 0 in a source-free medium, we have

2

0
V?E — pogo

where 92 o2 o2 5
2 _ g g4 Y v 9
Vi=Vev 0x2 Oz2 + 0y? + 022

Here, (3.2.6) is the wave equation in three space dimensions [31,38].
To see the simplest form of wave emerging in the above, we can let E = 2F,(z,t) so that
V - E = 0 satisfying the source-free condition. Then (3.2.6) becomes

0? 0?

Eq. (3.2.7) is known mathematically as the wave equation in one space dimension. It can
also be written as

0? 1 92
52t~ %@f(z,t) =0 (3.2.8)

where ¢ = (pog0) . Eq. (3.2.8) can also be factorized as

0 10 0 10
(5 o) (2 o) 1 =0 529

0 10 1o} 10
(3 *+ war) (5~ o) 700 =0 (3210

The above implies that we have

or

o 10

3For mnemonics, this formula is also known as the “back-of-the-cab” formula.
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or

<& _ __> f(e) =0 (3.2.12)

Equation (3.2.11) and (3.2.12) are known as the one-way wave equations or advective equa-
tions [39]. From the above factorization, it is seen that the solutions of these one-way wave
equations are also the solutions of the original wave equation given by (3.2.8). Their general
solutions are then

fi(z,t) = F(z — cot) (3.2.13)
f-(z,t) = F_(z + cot) (3.2.14)
Eq. (3.2.13) constitutes a right-traveling wave function of any shape while (3.2.14) constitutes

a left-traveling wave function of any shape. Since Eqgs. (3.2.13) and (3.2.14) are also solutions
to (3.2.8), we can write the general solution to the wave equation as

f(z,t) = Fy(z — cot) + F_ (2 + cot) (3.2.15)

This is a wonderful result since Fy and F_ are arbitrary functions of any shape (see Figure
3.1); they can be used to encode information for communication!

F.(." — C(;f)

3

LA

h F_(: + Cuf)

IR 4

t>0

Pl /“(0

Figure 3.1: Solutions of the wave equation can be a single-valued function of any shape. In
the above, F travels in the positive z direction, while F_ travels in the negative z direction
as t increases.

S
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Furthermore, one can calculate the velocity of this wave to be

co = 299,792,458m /s ~ 3 x 10°m/s (3.2.16)

where cg = \/1/poc0.

Maxwell’s equations (3.2.1) implies that E and H are linearly proportional to each other.
Thus, there is only one independent constant in the wave equation, and the value of ug is
defined to be 47 x 10~7 henry m~!, while the value of £y has been measured to be about
8.854 x 10712 farad m~!. Now it has been decided that the velocity of light is defined to
be the integer given in (3.2.16). A meter is defined to be the distance traveled by light
in 1/(299792458) seconds. Hence, the more accurate that unit of time or second can be
calibrated, the more accurate can we calibrate the unit of length or meter.

3.3 Static Electromagnetics—Revisted

We have seen static electromagnetics previously in integral form. Now we look at them in
differential operator form. When the fields and sources are not time varying, namely that
0/0t = 0, we arrive at the static Maxwell’s equations for electrostatics and magnetostatics,
namely [29,31,40]

VXxE=0 (3.3.1)
VxH=J (3.3.2)
V-D=p (3.3.3)
V-B=0 (3.3.4)

Notice the the electrostatic field system is decoupled from the magnetostatic field system.
However, in a resistive system where

J=0E (3.3.5)

the two systems are coupled again. This is known as resistive coupling between them. But if
o — 00, in the case of a perfect conductor, or superconductor, then for a finite J, E has to
be zero. The two systems are decoupled again.

Also, one can arrive at the equations above by letting pg — 0 and ¢g — 0. In this case,
the velocity of light becomes infinite, or retardation effect is negligible. In other words, there
is no time delay for signal propagation through the system in the static approximation.

3.3.1 Electrostatics

We see that Faraday’s law in the static limit is
VxE=0 (3.3.6)

One way to satisfy the above is to let E = —V® because of the identity V x V = 0.
Alternatively, one can assume that E is a constant. But we usually are interested in solutions

40ne an easily go through the algebra to convince oneself of this.
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that vanish at infinity, and hence, the latter is not a viable solution. Therefore, we let

E=-Vd (3.3.7)

Example

Fields of a sphere of radius a with uniform charge density p:

€2

Figure 3.2: Figure of a sphere with uniform charge density for the example above.

Assuming that ®|,—, = 0, what is ® at r < a? And ® at r > a?

3.3.2 Poisson’s Equation
As a consequence of the above,
V-D=p=V.-cE=9p= -V .-eVd=p (3.3.8)

In the last equation above, if € is a constant of space, or independent of r, then one arrives
at the simple Poisson’s equation, which is a partial differential equation

Vi = — g (3.3.9)
Here, 92 92 92
v2:v-v=@+a—y2+@
For a point source, we know that
- #27"2 P = VO (3.3.10)
From the above, we deduce that®
- 47f€r (3.3.11)

50ne can always take the gradient or V of ® to verify this.
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Therefore, we know the solution to Poisson’s equation (3.3.9) when the source ¢ represents a
point source. Since this is a linear equation, we can use the principle of linear superposition
to find the solution when p is arbitrary.

A point source located at r’ is described by a charge density as

o(r) = qé(r —1’) (3.3.12)

where 0(r —r’) is a short-hand notation for §(z —2')0(y —y’)d(z —2’). Therefore, from (3.3.9),
the corresponding partial differential equation for a point source is

6 -
V() = 1) (3.3.13)
The solution to the above equation, from Coulomb’s law, has to be
q
Pr)=—F"— 3.14
) 4re|r — 1| (3:3.14)

where (3.3.11) is for a point source at the origin, but (3.3.14) is for a point source located
and translated to r’.

3.3.3 Static Green’s Function

Let us define a partial differential equation given by
Vig(r —v') = —6(r — 1) (3.3.15)

The above is similar to Poisson’s equation with a point source on the right-hand side as in
(3.3.13). But such a solution, a response to a point source, is called the Green’s function.’
By comparing equations (3.3.13) and (3.3.15), then making use of (3.3.14), it is deduced that

the static Green’s function is .

= 3.3.16
4rlr — v/| ( )

g(r —1')

An arbitrary source can be expressed as

o(r) = //V dV'o(r")é(r — 1’) (3.3.17)

The above is just the statement that an arbitrary charge distribution o(r) can be expressed
as a linear superposition of point sources §(r — r’). Using the above in (3.3.9), we have

V20 (r) = é ///V AV’ o(r')3(x — ') (3.3.18)

We can let

D(r) = é //V dV'g(r —r’)o(r) (3.3.19)

6George Green (1793-1841), the son of a Nottingham miller, was self-taught, but his work has a profound
impact in our world.



32 ELECTROMAGNETIC FIELD THEORY

By substituting the above into the left-hand side of (3.3.18), exchanging order of integration
and differentiation, and then making use of equation (3.3.9), it can be shown that (3.3.19)
indeed satisfies (3.3.11). The above is just a convolutional integral. Hence, the potential ®(r)
due to an arbitrary source distribution o(r) can be found by using convolution, namely,

o(r) = 4%5 ///V |rg(_r/2, av’ (3.3.20)

In a nutshell, the solution of Poisson’s equation when it is driven by an arbitrary source g, is
the convolution of the source with the static Green’s function, a point source response.

3.3.4 Laplace’s Equation

If o = 0, or if we are in a source-free region,
V20 =0 (3.3.21)

which is the Laplace’s equation. Laplace’s equation is usually solved as a boundary value

problem. In such a problem, the potential ® is stipulated on the boundary of a region, and

then the solution is sought in the intermediate region so as to match the boundary condition.
Examples of such boundary value problems are given below.

Example 1

A capacitor has two parallel plates attached to a battery, what is E field inside the capacitor?

First, one guess the electric field between the two parallel plates. Then one arrive at a
potential ® in between the plates so as to produce the field. Then the potential is found so
as to match the boundary conditions of ® = V in the upper plate, and ® = 0 in the lower
plate. What is the ® that will satisfy the requisite boundary condition?

|
L

I‘ =1

Figure 3.3: Figure of a parallel plate capacitor. The field in between can be found by solving
Laplace’s equation as a boundary value problem [29].

Example 2

A coaxial cable has two conductors. The outer conductor is grounded and hence is at zero
potential. The inner conductor is at voltage V. What is the solution?
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For this, one will have to write the Laplace’s equation in cylindrical coordinates, namely,

19 ( 92\  10°0
20 =~ — | p=— - = .3.22
VLo <p3P)+P2 o5 " (33:22)

In the above, we assume that the potential is constant in the z direction, and hence, 9/9z = 0,
and p, ¢, z are the cylindrical coordinates. By assuming axi-symmetry, we can let 9/90¢ = 0
and the above becomes

19 [ 0%
Vo =-— ( > =0 3.3.23
pop \"op ( )

Show that ® = Alnp + B is a general solution to Laplace’s equation in cylindrical coor-
dinates inside a coax. What is the ® that will satisfy the requisite boundary condition?

Figure 3.4: The field in between a coaxial line can also be obtained by solving Laplace’s
equation as a boundary value problem (courtesy of Ramo, Whinnery, and Van Duzer).
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Lecture 4

Magnetostatics, Boundary
Conditions, and Jump
Conditions

4.1 Magnetostatics
The magnetostatic equations where 9/0t = 0 are [29, 31, 40]

VxH=J (4.1.1)
V-B=0

One way to satisfy the second equation is to let
B=VxA (4.1.3)
because
V- (VxA)=0 (4.1.4)

The above is zero for the same reason that a- (a x b) = 0. In this manner, Gauss’s law is
automatically satisfied.
From (4.1.1), we have

Vx(B)J (4.1.5)
]
Then using (4.1.3)
1
V x (V X A) =J (4.1.6)
L

35
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In a homogeneous medium, w is a constant and hence
VXx(VxA)=ud (4.1.7)
We use the vector identity that (see previous lecture)

Vx(VxA)=V(V-A)—(V-V)A
=V(V-A)-V?A (4.1.8)

As a result, we arrive at [41]
V(V-A) - VA =uJ (4.1.9)

By imposing the Coulomb’s gauge that V-A = 0, which will be elaborated in the next section,
we arrive at

VA = —puJ (4.1.10)

The above is also known as the vector Poisson’s equation. In cartesian coordinates, the above
can be viewed as three scalar Poisson’s equations. Each of the Poisson’s equation can be
solved using the Green’s function method previously described. Consequently, in free space

A(r) = i;///v‘](;/)dv’ (4.1.11)

R=|r—r| (4.1.12)

where

and dV' = da'dy’dz’. Tt is also variously written as dr’ or d°r’.

4.1.1 More on Coulomb’s Gauge

Gauge is a very important concept in physics [42], and we will further elaborate it here. First,
notice that A in (4.1.3) is not unique because one can always define

A'=A-VV (4.1.13)
Then
VXxA'=Vx(A-V¥)=VxA=B (4.1.14)

where we have made use of that V x V¥ = 0. Hence, the Vx of both A and A’ produce the
same B.

To find A uniquely, we have to define or set the divergence of A or provide a gauge
condition. One way is to set the divergence of A to be zero, namely

V-A=0 (4.1.15)
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Then
V-A=V-A-VU#£V-A (4.1.16)

The last non-equal sign follows if V2W # 0. However, if we further stipulate that V- A’ =
V-A =0, then —V?W¥ = 0. This does not necessary imply that ¥ = 0, but if we impose that
condition that ¥ — 0 when r — oo, then ¥ = 0 everywhere.! By so doing, A and A’ are
equal to each other, and we obtain (4.1.10) and (4.1.11).

4.2 Boundary Conditions—1D Poisson’s Equation

Boundary conditions are embedded in the partial differential equations that the potential or
the field satisfy. Two important concepts to keep in mind are:

e Differentiation of a function with discontinuous slope will give rise to step discontinuity.

e Differentiation of a function with step discontinuity will give rise to a Dirac delta func-
tion. This is also called the jump condition, a term often used by the mathematics
community [43].

Take for example a one dimensional Poisson’s equation that

%s(x)icb(x) = —p(x) (4.2.1)

where e(z) represents material property that has the form given in Figure 4.1. One can
actually say a lot about ®(z) given o(z) on the right-hand side. If o(z) has a delta function
singularity, it implies that e(z)-L®(z) has a step discontinuity. If p(z) is finite everywhere,
then e(z) L ®(z) must be continuous everywhere.

Furthermore, if £(z)-L ®(z) is finite everywhere, it implies that ®(z) must be continuous

everywhere.

1t is a property of the Laplace boundary value problem that if ¥ = 0 on a closed surface S, then ¥ = 0
everywhere inside S. Earnshaw’s theorem is useful for proving this assertion.
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£(X)

X0

Figure 4.1: A figure showing a charge sheet at the interface between two dielectric media.
Because it is a surface charge sheet, the volume charge density o(z) is infinite at the sheet
location zg.

To see this in greater detail, we illustrate it with the following example. In the above,
o(z) represents a charge distribution given by o(x) = ps0(z — x¢). In this case, the charge
distribution is everywhere zero except at the location of the surface charge sheet, where the
charge density is infinite: it is represented mathematically by a delta function? in space.

To find the boundary condition of the potential ®(z) at x , we integrate (4.2.1) over an
infinitesimal width around x, the location of the charge sheet, namely

xo+A d d To+A
dr—e(x)—P(x) = f/ dxo(x 4.2.2
[ g e = [ s (122)
or on the left-hand side, we get
d To+A
e(z)—0(z) = g, (4.2.3)
dx zo—A

whereas on the right-hand side, we pick up the contribution from the delta function. Evalu-
ating the left-hand side at their limits, one arrives at

d d
: N\ Dt — () E ()
ilglog(xo )dx(b(xo ) — &z )dxq)(xo ) = —0s, (4.2.4)

In other words, the jump discontinuity is in e(z)-®(z) and the amplitude of the jump

discontinuity is proportional to the amplitude of the delta function.
Since E = V®, or

E,(z) = —%@(m), (4.2.5)

2This function has been attributed to Dirac who used in pervasively, but Cauchy was aware of such a
function.
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The above implies that

e(ag ) Eu(ag) — (g ) Ea(ag) = s (4.2.6)
Dy (z§) — Da(zg) = 0s (4.2.7)

where
D,(x) =e(x)Ey(x) (4.2.8)

The lesson learned from above is that boundary condition is obtained by integrating the
pertinent differential equation over an infinitesimal small segment. In this mathematical
way of looking at the boundary condition, one can also eyeball the differential equation and
ascertain the terms that will have the jump discontinuity that will yield the delta function
on the right-hand side.

4.3 Boundary Conditions—Maxwell’s Equations

As seen previously, boundary conditions for a field is embedded in the differential equation
that the field satisfies. Hence, boundary conditions can be derived from the differential
operator forms of Maxwell’s equations. In most textbooks, boundary conditions are obtained
by integrating Maxwell’s equations over a small pill box [29,31,41]. To derive these boundary
conditions, we will take an unconventional view: namely to see what sources can induce jump
conditions on the pertinent fields. Boundary conditions are needed at media interfaces, as
well as across current or charge sheets.

4.3.1 Faraday’s Law

=
Il
Yty

E={E,+AE, = XE, + JE,

Figure 4.2: This figure is for the derivation of Faraday’s law. A local coordinate system can be
used to see the boundary condition more lucidly. Here, the normal n = § and the tangential
component t = .
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For this, we start with Faraday’s law, which implies that

OB
VxE=-- (4.3.1)

One quick answer we could have is that if the right-hand side of the above equation is every-
where finite, then there could not be any jump discontinuity on the field E on the left hand
side. To see this quickly, one can project the tangential field component and normal field
component to a local coordinate system. In other words, one can think of ¢ and 7 as the local
Z and g coordinates. Then writing the curl operator in this local coordinates, one gets

L0 0 . N
VXE= <x8x + y@y) X (ZEy + 9Ey) (4.3.2)
.0 .0

In simplifying the above, we have used the distributive property of cross product, and evalu-
ating the cross product in cartesian coordinates. The cross product produces four terms, but
only two of the four terms are non-zero as shown above.

Since the right-hand side of (4.3.1) is finite, the above implies that %Ey and B%EI have
to be finite. In order words, E, is continuous in the y direction and F) is continuous in the
x direction. Since in the local coordinate system, F, = E;, then E} is continuous across the
boundary. The above implies that

Eip = Eay (4.3.4)
or
n X E1 =N X E2 (435)

where 7 is the unit normal at the interface, and n x E always bring out the tangential
component of a vector E (convince yourself).

4.3.2 Gauss’s Law

From Gauss’s law, we have
V-D=p (4.3.6)

where p is the volume charge density.
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n=2

Figure 4.3: A figure showing the derivation of boundary condition for Gauss’s law. Again, a
local coordinate system can be introduced for convenience.

Expressing the above in local coordinates, then

0 0 0
VD= g Dot g Dyt gDe = (4.3.7)

If there is a surface layer charge at the interface, then the volume charge density must be
infinitely large, and can be expressed in terms of a delta function, or ¢ = ps4(z) in local
coordinates. By looking at the above expression, the only term that can produce a 0(2) is
from %Dz. In other words, D, has a jump discontinuity at z = 0; the other terms do not.
Then

0

&Dz = 050(2) (4.3.8)

Integrating the above from 0 — A to 0 + A, we get

0+A

D.(z) = 0s (4.3.9)
0—A

D.(0%) = D.(07) = o, (4.3.10)

where 07 = lima 00 + A, 0~ = lima_,00 — A. Since D,(0") = Dsy,, D,(07) = Dy, the
above becomes

Doy — Din = 05 (4.3.11)
or that

n - (DQ - Dl) = QOs (4312)
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In other words, a charge sheet o5 can give rise to a jump discontinuity in the normal component
of the electric flux D. Figure 4.4 shows an intuitive sketch as to why a charge sheet gives rise
to a discontinuous normal component of the electric flux D.

Figure 4.4: A figure intuitively showing why a sheet of charge gives rise to a jump discontinuiy
in the normal component of the electric flux D.

4.3.3 Ampere’s Law

Ampere’s law, or the generalized one, stipulates that

D
V><H=J+8a—t (4.3.13)

Again if the right-hand side is everywhere finite, then H is a continuous field everywhere.
However, if the right-hand side has a delta function singularity, then this is not so. For
instance, we can project the above equation onto a local coordinates just as we did for
Faraday’s law.



Magnetostatics, Boundary Conditions, and Jump Conditions 43

Figure 4.5: A figure showing the derivation of boundary condition for Ampere’s law. A local
coordinate system is used for simplicity.

To be general, we also include the presence of a current sheet at the interface. A current
sheet, or a surface current density becomes a delta function singularity when expressed as a
volume current density; Thus, rewriting (4.3.13) in a local coordinate system, assuming that
J = 2J5,0(2), then

9] 0

VxH=2(—H,— —

(6‘y 0z

The displacement current term on the right-hand side is ignored since it is regular or finite,

and will not induce a jump discontinuity on the field; hence, we have the form of the right-

hand side of the above equation. From the above, the only term that can produce a §(z)
singularity on the left-hand side is the —%Hy term. Therefore, we conclude that

9
0z

In other words, H, has to have a jump discontinuity at the interface where the current
sheet resides. Or that

Hy) = J520(2) (4.3.14)

H, = Jo6(2) (4.3.15)

Hy(2=0")—H,(2=07) = —Js (4.3.16)
The above implies that
H2y - Hly = —Jsz (4317)

But H, is just the tangential component of the H field. Now if we repeat the same exercise
with J = §J,,0(2), at the interface, we have

Hyy — Hyy = Jy, (4.3.18)
Now, (4.3.17) and (4.3.18) can be rewritten using a cross product as

Z X (Z,A/H2y - ngy) = ijsx (4319)
Z X (i'HQI — -ﬁle) = Qsz (4320)
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The above two equations can be combined as one to give

Z2x (Hy —Hy) = Jq (4.3.21)
Taking Z = 7 in general, we have

ax (Hy —Hp) =J, (4.3.22)

In other words, a current sheet J, can give rise to a jump discontinuity in the tangential
components of the magnetic field, n x H. This is illustrated intuitively in Figure 4.6

Figure 4.6: A figure intuitively showing that with the understanding of how a single line
current source generates a magnetic field (right), a cluster of them forming a current sheet
will generate a jump discontinuity in the tangential component of the magnetic field H (left).

4.3.4 Gauss’s Law for Magnetic Flux

Similarly, from Gauss’s law for magnetic flux, or that
V-B=0 (4.3.23)
one deduces that
n-(Ba—B1)=0 (4.3.24)

or that the normal magnetic fluxes are continuous at an interface. In other words, since mag-
netic charges do not exist, the normal component of the magnetic flux has to be continuous.



Lecture 5

Biot-Savart law, Conductive
Media Interface, Instantaneous
Poynting’s Theorem

5.1 Derivation of Biot-Savart Law

Aa

d/

Figure 5.1: A current element used to illustrate the derivation of Biot-Savart law. The current
element generates a magnetic field due to Ampere’s law in the static limit.

Biot-Savart law, like Ampere’s law was experimentally determined in around 1820 and it
is discussed in a number of textbooks [29,31,42]. This is the cumulative work of Ampere,
Oersted, Biot, and Savart. Nowadays, we have the mathematical tool to derive this law from
Ampere’s law and Gauss’s law for magnetostatics.
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From Gauss’ law and Ampere’s law in the static limit, we have derived that

A(r) = i;///v‘](;)dv’ (5.1.1)

When the current element is small, and is carried by a wire of cross sectional area Aa as
shown in Figure 5.1, we can approximate the integrand as

J(r)dV' = I(r)AV' = (Aa)AllI/Aa (5.1.2)
N N~

AV I()

In the above, AV = (Aa)Al and I1/Aa = J(r') since J has the unit of amperes/m?2. Here, [
is a unit vector pointing in the direction of the current flow. Hence, we can let the current
element

J(x")dV' ~ ITAl (5.1.3)

where the vector Al = All. Therefore, the incremental vector potential due to an incremental
current element is

p [ JI(x)AV' pu IAY
Ay — | ——— | = —— 1.4
AA(r) 4an ( R it R (5:14)
where R = |r — r’|. Since B =V x A, we derive that the incremental B flux is
ul Al —ul 1
AB = AA(r) @ — — = ——Al = 1.
V x (r) 47rV>< i p XVR (5.1.5)
where we have made use of the fact that V x af(r) = —ax V f(r) when a is a constant vector.
The above can be simplified further making use of the fact that
1 1 .
= 1.
VR 2 R (5.1.6)

where R is a unit vector pointing in the r — r’ direction. We have also made use of the fact
that R = \/(x —2")2 + (y — v')2 + (2 — 2/)2. Consequently, assuming that the incremental
length becomes very small, or Al — dl, we have, after using (5.1.6) in (5.1.5), that

gy L
dB = —dl' x o3 R (5.1.7)
pldl x R
= —— .1.
47 R? (5.1.8)
Since B = yH, we have
Idl' x R
dH=—_"— 1.
AmR? (5.1.9)
or
I(r)dl x R
Hr) = [ ———— 1.1
0= [ (5.1.10)

which is Biot-Savart law
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5.2 Boundary Conditions—Conductive Media Case

Figure 5.2: The schematics for deriving the boundary condition for the current density J at
the interface of two conductive media.

From the current continuity equation, one gets

_ oo
VeI=—o (5.2.1)

If the right-hand side is everywhere finite, it will not induce a jump discontinuity in the
current. Moreover, it is zero for static limit. Hence, just like the Gauss’s law case, the above
implies that the normal component of the current .J,, is continuous, or that Jy,, = Js,, in the
static limit. In other words,

n-(Ja—J1)=0 (5.2.2)
Hence, using J = oE, we have
0‘2E2n — 0'1E1n =0 (523)

The above has to be always true in the static limit irrespective of the values of o; and o5.
But Gauss’s law implies the boundary condition that

€2E2n — €1E1n = Os (524)

The above equation is incompatible with (5.2.3) unless o; # 0. Hence, surface charge density
or charge accumulation is necessary at the interface, unless o3/01 = €9/e1.

5.2.1 Electric Field Inside a Conductor

The electric field inside a perfect electric conductor (PEC) has to be zero. If medium 1 is a
perfect electric conductor, then ¢ — oo but J; = cE;. An infinitesimal E; will give rise to
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an infinite current J;. To avoid this ludicrous situation, thus E; = 0. This implies that D;
= 0 as well.

E

Figure 5.3: The behavior of the electric field and electric flux at the interface of a perfect
electric conductor and free space.

Since tangential E is continuous, from Faraday’s law, it is still true that

Eyy = FEy;; =0 (5.2.5)
But since
i+ (D2 —Di) = o (5.2.6)
and that D; = 0, then
- Do = 05 (5.2.7)

So surface charge density has to be nonzero at a PEC/air interface for instance. Moreover,
normal Dy # 0, tangential E; = 0. The sketch of the electric field in the vicinity of a perfect
conducting surface is shown in Figure 5.3.

The above argument for zero electric field inside a perfect conductor is true for electro-
dynamic problems. However, one does not need the above argument regarding the shielding
of the static electric field from a conducting region. In the situation of the two conducting
objects example below, as long as the electric fields are non-zero in the objects, currents will
keep flowing. They flow until the charges in the two objects orient themselves so that electric
current cannot flow anymore. This happens when the charges produce internal fields that
cancel each other giving rise to zero field inside the two objects. Faraday’s law still applies
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which means that tangental E field has to be continuous. Therefore, the boundary condition
that the fields have to be normal to the conducting object surface is still true for elecrostatics.
A sketch of the electric field between two conducting spheres is show in Figure 5.4.

Qi =1Q;]

Figure 5.4: The behavior of the electric field and flux outside two conductors in the static
limit. The two conductors need not be PEC and yet, the fields are normal to the interface.

5.2.2 Magnetic Field Inside a Conductor

We have seen that for a finite conductor, as long as o # 0, the charges will re-orient themselves
until the electric field is expelled from the conductor; otherwise, the current will keep flowing.
But there are no magnetic charges nor magnetic conductors in this world. So this physical
phenomenon does not happen for magnetic field: in other words, magnetic field cannot be
expelled from an electric conductor. However, a magnetic field is expelled from a perfect
conductor or a superconductor. You can only fully understand this physical phenomenon if
we study the time-varying form Maxwell’s equations.

In a perfect conductor where ¢ — oo, it is unstable for the magnetic field B to be
nonzero. As time varying magnetic field gives rise to an electric field by the time-varying
form of Faraday’s law, a small time variation of the B field will give rise to infinite current
flow in a perfect conductor. Therefore to avoid this ludicrous situation, and to be stable,
B =0 in a perfect conductor or a superconductor.

So if medium 1 is a perfect electric conductor (PEC), then B; = H; = 0. The boundary
conditions from Ampere’s law and Gauss’ law for magnetic flux give rise to

A x Hy = J, (5.2.8)

which is the jump condition for the magnetic field. The magnetic flux B is expelled from
the perfect conductor, and there is no normal component of the B field as there cannot be
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magnetic charges. Therefore, the boundary condition becomes, for a PEC,
n-Bs=0 (5.2.9)

The B field in the vicinity of a conductor surface is as shown in Figure 5.5.

Figure 5.5:

When a superconductor cube is placed next to a static magnetic field near a permanent
magnet, eddy current will be induced on the superconductor. The eddy current will expel the
static magnetic field from the permanent magnet, or it will produce a magnetic dipole on the
superconducting cube that repels the static magnetic field. This causes the superconducting
cube to levitate on the static magnetic field as shown in Figure 5.6.

Figure 5.6: Levitation of a superconducting disk on top of a static magnetic field due to
expulsion of the magnetic field from the superconductor.. This is also known as the Meissner
effect (figure courtesy of Wikimedia).

5.3 Instantaneous Poynting’s Theorem

Before we proceed further with studying energy and power, it is habitual to add fictitious
magnetic current M and fictitious magnetic charge g,, to Maxwell’s equations to make them
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mathematically symmetrical. To this end, we have

0B

oD
V-D=op (5.3.3)
V-B=on (5.3.4)

Consider the first two of Maxwell’s equations where fictitious magnetic current is included
and that the medium is isotropic such that B = yH and D = €E. Next, we need to consider
only the first two equations since in electrodynamics, by invoking charge conservation, the
third and the fourth equations are derivable from the first two. They are

0B OH

oD 0E

where M; and J; are impressed current sources. They are sources that are impressed into
the system, and they cannot be changed by their interaction with the environment.

Also, for a conductive medium, a conduction current or induced current flows in addition
to impressed current. Here, J = oE is the induced current source. Moreover, J = oE is
similar to ohm’s law. We can show from (5.3.5) and (5.3.6) that

H

H~V><E:—,uH-aa—t—H-Mi (5.3.7)
OE

E-VxH=c¢E = +E-J;+0E E (5.3.8)

Using the identity, which is the same as the product rule for derivatives, we have!
V- (ExH)=H-(VXE)-E-(VxH) (5.3.9)

Therefore, from (5.3.7), (5.3.8), and (5.3.9) we have

oH B ) (5.3.10)

The physical meaning of the above is more lucid if we first consider ¢ = 0, and M; =
J; =0, or the absence of conductive loss and the impressed current sources. Then the above
becomes

oH 8E) (5.3.11)

IThe identity that a- (b x c) =c-(a x b) =b - (c x a) is useful for the derivation.
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Rewriting each term on the right-hand side of the above, we have

OoH 1 0 0 (1 0
H —=-py-HH=_(-uH?)== 3.12
"0 = 2l ot (2”' | ) 8th (5:3.12)
OE 1 0 0 (1 0
E-—=—-f¢—E - E=— —EQ :—We 3.1
ot T 2o 8t<2€ ) ot (5:3.13)
Then (5.3.11) becomes
0
V- (ExH)= ~ % (W, +We) (5.3.14)
where
1 2 1 2
Wm = §M|H| s WE = §E|E| (5315)

Equation (5.3.14) is reminiscent of the current continuity equation, namely,

90

VI==5

(5.3.16)
which is a statement of charge conservation. In other words, time variation of current density
at a point is due to charge density flow into or out of the point.

Hence, E x H has the meaning of power density, and W, and W, are the energy density
stored in the magnetic field and electric field, respectively. In fact, one can show that E x H
has the unit of V. m™! times A m~! which is W m~2, where V is volt, A is ampere, and W
is watt, which is joule s~'. Hence, it has the unit of power density.

Similarly, W,, = 1u|H|?> where y has unit of H m~'. Hence, W), has the unit of H m~!
times A2 m™2 = J m—3, where H is henry, A is ampere, and J is joule. Therefore, it has the
unit of energy density. We can also ascertain the unit of %,u|H|2 easily by noticing that the
energy stored in an inductor is %LI 2 which is in terms of joules, and is due to henry times
A2,

Also W, = 1e|E[* where ¢ has the unit of F m~'. Hence, W, has the unit of F m™!
times V2 m~2 = J m2 where F is farad, V is voltage, and J is joule, which is energy density
again. We can also ascertain the unit of %5|E|2 easily by noticing that the energy stored in
a capacitor is %C’V2 which has the unit of joules, and is due to farad times V2.

The vector quantity

S,=ExH (5.3.17)

is called the Poynting’s vector, and (5.3.14) becomes

0

V.S, = -5 W,

(5.3.18)
where Wy = W, + W, is the total energy density stored. The above is similar to the current
continuity equation mentioned above. Analogous to that current density is charge density
flow, power density is energy density flow.
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Now, if we let o # 0, then the term to be included is then oE - E = ¢|E|?> which has the
unit of S m~! times V2 m~2, or W m~2 where S is siemens. We gather this unit by noticing
that %‘% is the power dissipated in a resistor of R ohms with a unit of watts. The reciprocal
unit of ohms, which used to be mhos is now siemens. With o # 0, (5.3.18) becomes

V-8, = f%Wt—U\EP = f%W@de (5.3.19)

Here, V-S,, has physical meaning of power density oozing out from a point, and —FPy = —o|E|?
has the physical meaning of power density dissipated (siphoned) at a point by the conductive
loss in the medium which is proportional to —a|E|2.

Now if we set J; and M; to be nonzero, (5.3.19) is augmented by the last two terms in
(5.3.10), or

V~Sp:—%Wt—Pd—H~MZ——E-Ji (5.3.20)

The last two terms can be interpreted as the power density supplied by the impressed currents
M, and J;. Hence, (5.3.20) becomes

V-S,= _%Wt —P,+ P, (5.3.21)

where
P,=-H -M,—-E-J; (5.3.22)

where P; is the power supplied by the impressed current sources. These terms are positive if
H and M; have opposite signs, or if E and J; have opposite signs. The last terms reminds us
of what happens in a negative resistance device or a battery.?2 In a battery, positive charges
move from a region of lower potential to a region of higher potential (see Figure 5.7). The
positive charges move from one end of a battery to the other end of the battery. Hence, they
are doing an “uphill climb” due to chemical processes within the battery.

2 A negative resistance has been made by Leo Esaki [44], winning him a share in the Nobel prize.
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Figure 5.7: Figure showing the dissipation of energy as the current flows around a loop. A
battery can be viewed as having negative resistance.

In the above, one can easily work out that P, has the unit of W m—2 which is power
supplied density. One can also choose to rewrite (5.3.21) in integral form by integrating it
over a volume V and invoking the divergence theorem yielding

d
/ ds-S, = ——/ W,dV —/ P,dV +/ P.dV (5.3.23)
s dt Jyv v v
The left-hand side is

/ ds - (E x H) (5.3.24)
JS

which represents the power flowing out of the surface S.



Lecture 6

Time-Harmonic Fields, Complex
Power

6.1 Time-Harmonic Fields—Linear Systems

The analysis of Maxwell’s equations can be greatly simplified by assuming the fields to be
time harmonic, or sinusoidal (cosinusoidal). Electrical engineers use a method called phasor
technique [31,45], to simplify equations involving time-harmonic signals. This is also a poor-
man’s Fourier transform [46]. That is one begets the benefits of Fourier transform technique
without knowledge of Fourier transform. Since only one time-harmonic frequency is involved,
this is also called frequency domain analysis.

1957 Soviet Union stamp &3
commemorating the 250th birthday of
Euler. The text says: 250 years from
the birth of the great mathematician,
academician Leonhard Euler.

LEONHARD
EULER

Figure 6.1: Courtesy of Wikipedia and Pinterest.

11t is simple only for linear systems: for nonlinear systems, such analysis can be quite unwieldy. But rest
assured, as we will not discuss nonlinear systems in this course.

55



56 ELECTROMAGNETIC FIELD THEORY

To learn phasor techniques, one makes use the formula due to Euler (1707-1783) (Wikipedia)

e?* =cosa+ jsina (6.1.1)

where j = /=1 is an imaginary number. But lo and behold, in other disciplines, v/—1 is
denoted by “i”, but “” is too close to the symbol for current. So the preferred symbol for
electrical engineering for an imaginary number is j: a quirkness of convention, just as positive
charges do not carry current in a wire.

From Euler’s formula one gets

cosa = Re(e?) (6.1.2)

Hence, all time harmonic quantity can be written as

V(z,y,z,t) =V'(z,y,z) cos(wt + a) (6.1.3)
= V'(r)Re(ed @) (6.1.4)
=Re (V'(r)e!*e/“") (6.1.5)
= Re (L/(r)ej“t) (6.1.6)

Now V(r) = V'(r)e/* is a complex number called the phasor representation or phasor of
V(r,t) a time-harmonic quantity.? Here, the phase a = a(r) can also be a function of
position r, or z,y, z. Consequently, any component of a field can be expressed as

E.(z,y,2,t) = Ey(r,t) = Re[E,(r)e’?] (6.1.7)
The above can be repeated for y and z components. Compactly, one can write

E(r,t) = Re[E(r)e’'] (6.1.8)

H(r,t) = %e[l;l(r)ejm] (6.1.9)

where E and H are complex vector fields. Such phasor representations of time-harmonic fields
simplify Maxwell’s equations. For instance, if one writes

B(r, 1) = Re (g(r)ejwt) (6.1.10)

then

0 0 -
_ Jwt
—atB(r, t) = pn §Re[]§(r)e ]

0 ;
_ - Jwt
=Re (8t]§(r)jwe )

= Re (]%(r)jwej“’t) (6.1.11)

2We will use under tilde to denote a complex number or a phasor here, but this notation will be dropped
later. Whether a variable is complex or real is clear from the context.
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Therefore, a time derivative can be effected very simply for a time-harmonic field. One just
needs to multiply jw to the phasor representation of a field or a signal. Therefore, given
Faraday’s law that

0B
E=——-M 1.12
V x 5 (6 )

assuming that all quantities are time harmonic, then
E(r,t) = Re[E(r)e’" (6.1.13)
M(r,t) = Re[M(r)e’“"] (6.1.14)

using (6.1.11), and (6.1.14), into (6.1.12), one gets

V x E(r,t) = Re[V x E(r)e’'] (6.1.15)
and that
Re[V x E(r)e™] = —Re[B(r)jwe’!] — Re[M(r)el"] (6.1.16)
Since if
Re[Ae“!] = Re[B(r)el“!], Wt (6.1.17)

then A = B, it must be true from (6.1.16) that

V X E)(r) = —jw?(r) — M(r) (6.1.18)

Hence, finding the phasor representation of an equation is clear: whenever we have %, we
replace it by jw. Applying this methodically to the other Maxwell’s equations, we have

V x H(r) = jwD(r) + J(r) (6.1.19)
V-D(r) = ge(r) (6.1.20)
V- ]3)(1') = 0m(r) (6.1.21)

In the above, the phasors are functions of frequency. For instance, H(r) should rightly be
written as H(r,w), but the w dependence is implied.
6.2 Fourier Transform Technique

In the phasor representation, Maxwell’s equations has no time derivatives; hence the equations
are simplified. We can also arrive at the above simplified equations using Fourier transform
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technique. To this end, we use Faraday’s law as an example. By letting

o0

1 .
E(I‘ﬂf):% / E(r,w)e’* dw
— 00
1o |
B(r,t):% / B(r,w)e!“ dw
1o |
M(r,t)zﬂ / M(r,w)e’“" dw

Substituting the above into Faraday’s law given by (6.1.12), we get
&) 8 o0 o0
V x / dwe?'E(r,w) = ~ 5 / dwe?*'B(r,w) — / dwed**M(r, w)

Using the fact that

8 oo ) oo a l oo 4
— / dwe’'B(r,w) = / dw—e’"B(r,w) = / dwe?t juB(r, w)
ot ot
and that
V X /dwej‘“tE(r,w): / dwe?*'V x E(r,w)
—00 — 0o

Furthermore, using the fact that

/dwej‘”tA(w): / dwe’**B(w), WVt

— 00 — 00

(6.2.1)

(6.2.2)

(6.2.3)

(6.2.4)

(6.2.5)

(6.2.6)

(6.2.7)

implies that A(w) = B(w), and using (6.2.5) and (6.2.6) in (6.2.4), and the property (6.2.7),

one gets

V x E(r,w) = —jwB(r,w) — M(r,w)

(6.2.8)

These equations look exactly like the phasor equations we have derived previously, save
that the field E(r,w), B(r,w), and M(r,w) are now the Fourier transforms of the field E(r, ),
B(r,t), and M(r,t). Moreover, the Fourier transform variables can be complex just like
phasors. Repeating the exercise above for the other Maxwell’s equations, we obtain equations
that look similar to those for their phasor representations. Hence, Maxwell’s equations can
be simplified either by using phasor technique or Fourier transform technique. However, the
dimensions of the phasors are different from the dimensions of the Fourier-transformed fields:

E(r) and E(r,w) do not have the same dimension on closer examination.
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6.3 Complex Power

Consider now that in the phasor representations, E(r) and H(r) are complex vectors, and
their cross product, E(r) x H*(r), which still has the unit of power density, has a different
physical meaning. First, consider the instantaneous Poynting’s vector

S(r,t) = E(r,t) x H(r,t) (6.3.1)

where all the quantities are real valued. Now, we can use phasor technique to analyze the
above. Assuming time-harmonic fields, the above can be rewritten as

S(r,t) = Re[E(r)el*'] x %e[l;l(r)ej‘“t]

%[ eIt 4 (Eet)*] x %[Hej‘”t + (Het)"] (6.3.2)

where we have made use of the formula that
1
Re(Z) = (2 +2") (6.3.3)
Then more elaborately, on expanding (6.3.2), we get
1 2jwt 1 * 1 * 1 * *  —2jwt
S(r7t):ZEXH€‘7 +1EXH +1E XH+1E XHC J (634)
Then rearranging terms and using (6.3.3) yield

1 1 .
S(r,t) = 53%6[E x H*| + 5%6[E x He?w!) (6.3.5)

where the first term is independent of time, while the second term is sinusoidal in time. If we
define a time-average quantity such that

S = (S(r, ) = lim ~ /0 ' S(r, t)dt (6.3.6)

T—o0

then it is quite clear that the second term of (6.3.5) time averages to zero, and

Suo = (S(r, 1)) = %me@ x H] (6.3.7)

Hence, in the phasor representation, the quantity
S=ExH (6.3.8)

is termed the complex Poynting’s vector. The power flow associated with it is termed complex
power.
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Figure 6.2:

To understand what complex power is , it is fruitful if we revisit complex power [47,48]
in our circuit theory course. The circuit in Figure 6.2 can be easily solved by using phasor
technique. The impedance of the circuit is Z = R + jwL. Hence,

V= (R+jwl)I (6.3.9)

where V and [ are the phasors of the voltage and current for time-harmonic signals. Just as
in the electromagnetic case, the complex power is taken to be

P=VI* (6.3.10)
But the instantaneous power is given by
Pinst(t) = V(£)1(t) (6.3.11)

where V (t) = Re{Ve“!} and I(t) = Re{le?“'}. As shall be shown below,

1
Pav = <Pznst(t)> = 5%6[13] (6312)
It is clear that if V'(¢) is sinusoidal, it can be written as
V(t) = Vg cos(wt) = Re[Vel'] (6.3.13)

where, without loss of generality, we assume that ¥V = V5. Then from (6.3.9), it is clear that
V(t) and I(t) are not in phase. Namely that

I(t) = Iycos(wt + a) = Re[Ie?f] (6.3.14)

where I = Ipe’®. Then

Pipnst(t) = Voo cos(wt)
= Vol cos(wt)
= VoI cos®(wt) cos a — VyI cos(wt) sin(wt) sin (6.3.15)

cos(wt + «)

[cos(wt) cos(ar) — sin(wt) sin ¢
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It can be seen that the first term does not time-average to zero, but the second term does.
Now taking the time average of (6.3.15), we get

1 1
Py = (Pinst) = §VOIO cos o = 5%6[VI*] (6.3.16)
1
= 53%6[P] (6.3.17)
On the other hand, the reactive power

; 1
Sm[VI*] = =Sm[Volpe %] = _5‘/010 sin & (6.3.18)

[\
t
N |
N —

Preactive = _%m[P] =

One sees that amplitude of the time-varying term in (6.3.15) is precisely proportional to
Sm[P].?

The reason for the existence of imaginary part of P is because V(t) and I(t) are out of
phase or V = Vj, but I = Iye’®. The reason why they are out of phase is because the circuit
has a reactive part to it. Hence the imaginary part of complex power is also called the reactive
power [34,47,48]. In a reactive circuit, the plot of the instantaneous power is shown in Figure
6.3. The reactive power corresponds to part of the instantaneous power that time averages
to zero. This part is there when a # 0 or when a reactive component like an inductor or
capacitor exists in the circuit. When a power company delivers power to our home, the power
is complex because the current and voltage are not in phase. Even though the reactive power
time averages to zero, the power company still needs to deliver it to our home to run our
washing machine, dish washer, fans, and air conditioner etc, and hence, charges us for it.

a = (0 for non-reactive cireuit

Fy=Volh,a=0
Fy ;

i'“' N . i S——. S < —— . Y —— . i ———

a # () for reactive cireuit

Py = Vol cos(a)

Fy

¥,

Figure 6.3:

3Because that complex power is proportional to V I*, it is the relative phase between V and I that matters.
Therefore, o above is the relative phase between the phasor current and phasor voltage.
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Lecture 7

More on Constitute Relations,
Uniform Plane Wave

7.1 More on Constitutive Relations

As have been seen, Maxwell’s equations are not solvable until the constitutive relations are
included. Here, we will look into depth more into various kinds of constitutive relations.

7.1.1 Isotropic Frequency Dispersive Media

First let us look at the simple linear constitutive relation previously discussed for dielectric
media where [29], [31][p. 82], [42]

D=¢E+P (7.1.1)
We have a simple model where
P= 5OXOE (712)

where g is the electric susceptibility. When used in the generalized Ampere’s law, P, the
polarization density, plays an important role for the flow of the displacement current through
space. The polarization density is due to the presence of polar atoms or molecules that
become little dipoles in the presence of an electric field. For instance, water, which is HyO,
is a polar molecule that becomes a small dipole when an electric field is applied.

We can think of displacement current flow as capacitive coupling yielding polarization
current flow through space. Namely, for a source-free medium,

¢ D 9B 0P

ot €0 ot "r‘a (713)
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Figure 7.1: As a series of dipoles line up end to end, one can see a current flowing through
the line of dipoles as they oscillate back and forth in their polarity. This is similar to how
displacement current flows through a capacitor.

For example, for a sinusoidal oscillating field, the dipoles will flip back and forth giving rise
to flow of displacement current just as how time-harmonic electric current can flow through
a capacitor as shown in Figure 7.1.

The linear relationship above can be generalized to that of a linear time-invariant system,
or that at any given r [34][p. 212], [42][p. 330].

P(r,t) = eoxe(r,t) ® E(r,t) (7.1.4)

where ® here implies a convolution. In the frequency domain or the Fourier space, the above
linear relationship becomes

P(r,w) = goxo(r,w)E(r,w), (7.1.5)
D(r,w) = eo(1 + xo(r,w))E(r,w) = &(r,w)E(r,w) (7.1.6)

where e(r,w) = £o(1 + xo(r,w)) at any point r in space. There is a rich variety of ways
at which xo(w) can manifest itself. Such a permittivity e(r,w) is often called the effective
permittivity. Such media where the effective permittivity is a function of frequency is termed
dispersive media, or frequency dispersive media.

7.1.2 Anisotropic Media
For anisotropic media [31][p. 83]

D =¢E + goXp(w) - E
=eo(I+xy(w))-E=¢w)-E (7.1.7)

In the above, £ is a 3 x 3 matrix also known as a tensor in electromagnetics. The above implies
that D and E do not necessary point in the same direction, the meaning of anisotropy. (A
tensor is often associated with a physical notion, whereas a matrix is not.)

Previously, we have assume that yg to be frequency independent. This is not usually the
case as all materials have x(’s that are frequency dependent. This will become clear later.
Also, since (w) is frequency dependent, we should view it as a transfer function where the
input is E, and the output D. This implies that in the time-domain, the above relation
becomes a time-convolution relation as in (7.1.4).

Similarly for conductive media,

J=0E, (7.1.8)
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This can be used in Maxwell’s equations in the frequency domain to yield the definition of
complex permittivity. Using the above in Ampere’s law in the frequency domain, we have

V x H(r) = jweE(r) + 0E(r) = jwe(w)E(r) (7.1.9)

where the complex permittivity g(w) = ¢ — jo/w.
For anisotropic conductive media, one can have

J=5()-E, (7.1.10)

Here, again, due to the tensorial nature of the conductivity &, the electric current J and
electric field E do not necessary point in the same direction.

The above assumes a local or point-wise relationship between the input and the output
of a linear system. This need not be so. In fact, the most general linear relationship between
P(r,t) and E(r,t) is

P(r,t) = / X(r—r' t—t) E{ t)d'dt (7.1.11)

— 00

In the Fourier transform space, the above becomes

Pk,w) =x(k,w) - E(k,w) (7.1.12)
where
X (k,w) = /fo X(r,t) exp(jk - r — jwt)drdt (7.1.13)

(The dr integral above is actually a three-fold integral.) Such a medium is termed spatially
dispersive as well as frequency dispersive [34][p. 6], [49]. In general

gk,w)=1+x(k,w) (7.1.14)
where
D(k,w) =gk,w) - E(k,w) (7.1.15)
The above can be extended to magnetic field and magnetic flux yielding
B(k,w) = i(k,w) - H(k, w) (7.1.16)
for a general spatial and frequency dispersive magnetic material. In optics, most materials

are non-magnetic, and hence, u = g, whereas it is quite easy to make anisotropic magnetic
materials in radio and microwave frequencies, such as ferrites.
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7.1.3 Bi-anisotropic Media

In the previous section, the electric flux D depends on the electric field E and the magnetic
flux B depends on the magnetic field H. The concept of constitutive relation can be extended
to where D and B depend on both E and H. In general, one can write
D=¢gw) - E+{w)-H (7.1.17)
B=((w)-E+nw)  -H (7.1.18)

A medium where the electric flux or the magnetic flux is dependent on both E and H is
known as a bi-anisotropic medium [31][p. 81].

7.1.4 Inhomogeneous Media

If any of the g, €, ¢, or 1 is a function of position r, the medium is known as an inhomogeneous
medium or a heterogeneous medium. There are usually no simple solutions to problems
associated with such media [34].

7.1.5 Uniaxial and Biaxial Media

Anisotropic optical materials are often encountered in optics. Examples of them are the
biaxial and uniaxial media, and discussions of them are often found in optics books [50-52].
They are optical materials where the permittivity tensor can be written as

€1 0 0
=0 & 0 (7.1.19)
0 0 €3

When €1 # €5 # €3, the medium is known as a biaxial medium. But when &1 = €5 # €3, then
the medium is a uniaxial medium.

In the biaxial medium, all three components of the electric field feel different permittivity
constants. But in the uniaxial medium, the electric field in the xy plane feels the same
permittivity constant, but the electric field in the z direction feels a different permittivity
constant. As shall be shown, different light polarization will propagate with different behavior
through such a medium.

7.1.6 Nonlinear Media

In the previous cases, we have assumed that X, is independent of the field E. The relationships
between P and E can be written more generally as

P = X, (E) (7.1.20)

where the relationship can appear in many different forms. For nonlinear media, the relation-
ship can be nonlinear as indicated in the above. Nonlinear permittivity effect is important
in optics. Here, the wavelength is short, and a small change in the permittivity or refractive
index can give rise to cumulative phase delay as the wave propagates through a nonlinear
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optical medium [53-55]. Kerr optical nonlinearity, discovered in 1875, was one of the earliest
nonlinear phenomena observed [31,50,53].

For magnetic materials, nonlinearity can occur in the effective permeability of the medium.
In other words,

B = fi(H) (7.1.21)

This nonlinearity is important even at low frequencies, and in electric machinery designs
[56,57], and magnetic resonance imaging systems [58]. The large permeability in magnetic
materials is usually due to the formation of magnetic domains which can only happen at low
frequencies.

7.2 Wave Phenomenon in the Frequency Domain

We have seen the emergence of wave phenomenon in the time domain. Given the simplicity of
the frequency domain method, it will be interesting to ask how this phenomenon presents itself
for time-harmonic field or in the frequency domain. In the frequency domain, the source-free
Maxwell’s equations are [31][p. 429], [59][p. 107]

V x E(r) = —jwpeH(r) (7.2.1)
V x H(r) = jweoE(r) (7.2.2)

Taking the curl of (7.2.1) and then substituting (7.2.2) into its right-hand side, one obtains
V x V x E(r) = —jwuoV x H(r) = w?posoE(r) (7.2.3)
Again, using the identity that
VxVxE=V(V-E)-V-VE=V(V-E)-V’E (7.2.4)
and that V- E = 0 in a source-free medium, (7.2.3) becomes
(V2 4+ w?upeo)E(r) =0 (7.2.5)

This is known as the Helmholtz wave equation or just the Helmholtz equation.?
For simplicity of seeing the wave phenomenon, we let E = ZE,(2), a field pointing in the
x direction, but varies only in the z direction. Evidently, V - E(r) = 0E,;(z)/0x = 0. Then
(7.2.5) simplifies to
d2
( + ké) E.(2)=0 (7.2.6)

dz?

where k2 = w?ppeg = w?/c2 where g is the velocity of light. The general solution to (7.2.6)
is of the form

E.(2) = Egye %%  By_eikoz (7.2.7)

1For a comprehensive review of this topic, one may read the lecture notes [38].
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One can convert the above back to the time domain using phasor technique, or by using that
E.(z,t) = Re[E,(z,w)el“!], yielding

E,(z,t) = |Eoy|cos(wt — koz + ay) + |Eo—| cos(wt + koz + a_) (7.2.8)
where we have assumed that
Eos = |Egs|e’** (7.2.9)

The physical picture of the above expressions can be appreciated by rewriting
cos(wt F koz + ay) = cos g(cot F2)t+ax (7.2.10)
€o

where we have used the fact that ko = . One can see that the first term on the right-hand
side of (7.2.8) is a sinusoidal plane wave traveling to the right, while the second term is a
sinusoidal plane wave traveling to the left, with velocity ¢y. The above plane wave is uniform
and a constant in the xy plane and propagating in the z direction. Hence, it is also called a
uniform plane wave in 1D.

Moreover, for a fixed t or at t = 0, the sinusoidal functions are proportional to cos(Fkoz +
o). This is a periodic function in z with period 27 /ky which is the wavelength Ag, or that

2 w27 f
ko = -z _ZJ 7.2.11
0 Ao Co Co ( )

One can see that because ¢y is a humongous number, Ag can be very large. You can plug in
the frequency of your local AM station to see how big Ag is.

7.3 Uniform Plane Waves in 3D

By repeating the previous derivation for a homogeneous lossless medium, the vector Helmholtz
equation for a source-free medium is given by [38]

VxVXE—-w?ueE =0 (7.3.1)
By the same derivation as before for the free-space case, one has
V2E + w?ueE = 0 (7.3.2)

it V-E=0.
The general solution to (7.3.2) is hence

E = Ege /revihvy=ikez — Foeikr (7.3.3)

where k = &k, + gk, + 2k,, v = 2z + gy + 22 and Eg is a constant vector. And upon
substituting (7.3.3) into (7.3.2), it is seen that

k2 + k’; + k2 = w’ue (7.3.4)



More on Constitute Relations, Uniform Plane Wave 69

This is called the dispersion relation for a plane wave.

In general, k;, ky, and k., can be arbitrary and even complex numbers as long as this
relation is satisfied. To simplify the discussion, we will focus on the case where k., k,, and
k. are all real. When this is the case, the vector function represents a uniform plane wave
propagating in the k direction. As can be seen, when k - r = constant, it is represented
by all points of r that represents a flat plane (see Figure 7.2). This flat plane represents
the constant phase wave front. By increasing the constant, we obtain different planes for
progressively changing phase fronts.?

1stant

Figure 7.2: A figure showing what the meaning of k - r equal to a constant means. It is a flat
plane that defines the wavefront of a plane wave.
Further, since V - E = 0, we have
V-E =V Ege kr-ibvy=ik:z — v . Eje Ikr

= (_ijkac - y]ky - éjk'z) : EOeijk.r

= —j(Tky + yky + 2k.) - E=0 (7.3.5)
or that

k-Eg=k-E=0 (7.3.6)

Thus, E is orthogonal to k for a uniform plane wave.

The above exercise shows that whenever E is a plane wave, and when the V operator
operates on such a vector function, one can do the substitution that V — —jk. Hence, in a
source-free homogenous medium,

V x E=—jwuH (7.3.7)
the above equation simplifies to

—jk X E = —jwpH (7.3.8)

2In the exp(jwt) time convention, this phase front is decreasing, whereas in the exp(—iwt) time convention,
this phase front is increasing.
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or that
kxE
H=-" (7.3.9)
wis
Similar to (7.3.3), we can define
H = Hoe et ikvy=ik:z = Hoe—ikr (7.3.10)
Then it is clear that
k x E
Hy= -0 (7.3.11)
Wit

We can assume that Eg and Hj are real vectors. Then Ej, Hy and k form a right-handed
system, or that Eq x Hy point in the direction of k. (This also implies that E, H and k form a
right-handed system.) Such a wave, where the electric field and magnetic field are transverse
to the direction of propagation, is called a transverse electromagnetic (TEM) wave.

Figure 7.3: The E, H, and k together form a right-hand coordinate system, obeying the
right-hand rule. Namely, E x H points in the direction of k.

Figure 7.3 shows that k- E = 0, and that k x E points in the direction of H as shown in
(7.3.9). Figure 7.3 also shows, as k, E, and H are orthogonal to each other.

Since in general, Ey and Hy can be complex vectors, because they are phasors, we need
to show the more general case. From (7.3.9), one can show that

k k
ExH" =E-E*— = [E*— (7.3.12)
Wit Wit
But E x H* is the direction of power flow, and it is in fact in the k direction. This is also
required by the Poynting’s theorem.
Furthermore, we can show in general that

k[ |E| 3 1
H| = 2= = JSE| = 2 E| (7.3.13)
W ju n
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= \/E (7.3.14)

is call the intrinsic impedance. For vacuum or free-space, it is about 377 Q) ~ 1207 €.
In the above, when &, ky, and k. are not all real, the wave is known as an inhomogeneous

wave. 3

where the quantity

3The term inhomogeneous plane wave is used sometimes, but it is a misnomer since there is no more a
planar wave front in this case.
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Lecture 8

Lossy Media, Lorentz Force Law,

Drude-Lorentz-Sommerfeld
Model

8.1 Plane Waves in Lossy Conductive Media

Previously, we have derived the plane wave solution for a lossless homogeneous medium.
The derivation can be generalized to a lossy conductive medium by invoking mathematical
homomorphism. When conductive loss is present, o # 0, and J = oE. Then generalized
Ampere’s law becomes

V x H = jweE + 0E = jw (a+j‘;>E (8.1.1)

A complex permittivity can be defined as ¢ = — jZ. Eq. (8.1.1) can be rewritten as
V x H = jweE (8.1.2)

This equation is of the same form as source-free Ampere’s law in the frequency domain for a
lossless medium where ¢ is completely real. Using the same method as before, a wave solution

E = Ege kT (8.1.3)
will have the dispersion relation which is now given by

ki + ki + k2 = w?ue (8.1.4)

Since ¢ is complex now, k;, ky, and k. cannot be all real. Equation (8.1.4) has been derived
previously by assuming that k is a real vector. When k = k’ — jk” is a complex vector, some
of the derivations may not be correct previously. It is also difficult to visualize a complex k
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vector that is suppose to indicate the direciton with which the wave is propagating. Here,
the wave can decay and oscillate in different directions.
So again, we look at the simplified case where

E = #E,(2) (8.1.5)

so that V-E = 0,E,(2) = 0, and let k = 2k = Zw,/fie. This wave is constant in the zy
plane, and hence, is a plane wave. Furthermore, in this manner, we are requiring that the
wave decays and propagates (or oscillates) only in the z direction. For such a simple plane
wave,

E = iE,(z) = & Fpe 7** (8.1.6)

where k = w /Jig, since k - k = k? = w?pe is still true.
Faraday’s law gives rise to

kxE _kE.(z) . [E
Wi W 1%

H

or by letting k = w, /g, then

E./Hy, = (8.1.8)

T

When the medium is highly conductive, 0 — oo, and ¢ ~ —jZ. Thus, the following
approximation can be made, namely,

k=w [pe ~ w —,u% =/ —jwuo (8.1.9)

Taking /—j = %(1 —J), we have

k:(l—j),/%:k’—jk” (8.1.10)

For a plane wave, e~7*# and then it becomes
A L (8.1.11)
This plane wave decays exponentially in the z direction. The penetration depth of this wave

is then

1 2
0=— =4/ — 8.1.12
k" wuo ( )
This distance §, the penetration depth, is called the skin depth of a plane wave propagating
in a highly lossy conductive medium where conduction current dominates over displacement
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current, or that o > we. This happens for radio wave propagating in the saline solution of
the ocean, the Earth, or wave propagating in highly conductive metal, like your induction
cooker.

When the conductivity is low, namely, when the displacement current is larger than the
conduction current, then =~ <1, we have

1o
~wyuE |1 —j=— ) =k — jk" 8.1.13
Vi < 12w5> J ( )
The term ;Z is called the loss tangent of a lossy medium.

In general, in a lossy medium ¢ = &’ — je”, €” /¢’ is called the loss tangent of the medium.
It is to be noted that in the optics and physics community, e~*“* time convention is preferred.
In that case, we need to do the switch 7 — —¢, and a loss medium is denoted by & = &’ +ic”.

8.2 Lorentz Force Law

The Lorentz force law is the generalization of the Coulomb’s law for forces between two
charges. Lorentz force law includes the presence of a magnetic field. The Lorentz force law
is given by

F=¢E+qvxB (8.2.1)

The first term electric force similar to the statement of Coulomb’s law, while the second term
is the magnetic force called the v x B force. This law can be also written in terms of the
force density f which is the force on the charge density, instead of force on a single charge.
By so doing, we arrive at

f=pE+ovxB=pE+JxB (8.2.2)

where o is the charge density, and one can identified the current J = pv.

Lorentz force law can also be derived from the integral form of Faraday’s law, if one
assumes that the law is applied to a moving loop intercepting a magnetic flux [60]. In other
words, Lorentz force law and Faraday’s law are commensurate with each other.

8.3 Drude-Lorentz-Sommerfeld Model

In the previous lecture, we have seen how loss can be introduced by having a conduction

current flowing in a medium. Now that we have learnt the versatility of the frequency domain

method, other loss mechanism can be easily introduced with the frequency-domain method.
First, let us look at the simple constitutive relation where

D=cE+P (8.3.1)
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We have a simple model where
P= EOXOE (832)

where yo is the electric susceptibility. To see how xo(w) can be derived, we will study the
Drude-Lorentz-Sommerfeld model. This is usually just known as the Drude model or the
Lorentz model in many textbooks although Sommerfeld also contributed to it. This model
can be unified in one equation as shall be shown.

We can first start with a simple electron driven by an electric field E in the absence of a
magnetic field B. If the electron is free to move, then the force acting on it, from the Lorentz
force law, is —eE where e is the charge of the electron. Then from Newton’s law, assuming a
one dimensional case, it follows that

d*x

meW = —eF (833)

where the left-hand side is due to the inertial force of the mass of the electron, and the right-
hand side is the electric force acting on a charge of —e coulomb. Here, we assume that E
points in the x-direction, and we neglect the vector nature of the electric field. Writing the
above in the frequency domain for time-harmonic fields, and using phasor technique, one gets

—w?mer = —eF (8.3.4)

From this, we have

€

w?m,

xr=

E (8.3.5)
This for instance, can happen in a plasma medium where the atoms are ionized, and the

electrons are free to roam [61]. Hence, we assume that the positive ions are more massive,
and move very little compared to the electrons when an electric field is applied.

—>E

Figure 8.1: Polarization of an atom in the presence of an electric field. Here, it is assumed
that the electron is weakly bound or unbound to the nucleus of the atom.

The dipole moment formed by the displaced electron away from the ion due to the electric
field is

E (8.3.6)
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for one electron. When there are N electrons per unit volume, the dipole density is then
given by

2
P=Np= —w]\;; E (8.3.7)
e

In general, P and E point in the same direction, and we can write

Ne? wp?
_w2meE = —FEOE (838)

P =

where we have defined w,? = Ne?/(m.ego). Then,

2
D50E+P50< ‘:;>E (8.3.9)

In this manner, we see that the effective permittivity is

wp?
This gives the interesting result that in the frequency domain, € < 0 if

w < wp =/ N/(meeo)e

Here, w), is the plasma frequency. Since k = w,/ué, if € is negative, k = —ja becomes pure
imaginary, and a wave such as e 7¥* decays exponentially as e~**. This is also known as
an evanescent wave. In other words, the wave cannot propagate through such a medium:
Our ionosphere is such a medium. So it was extremely fortuitous that Marconi, in 1901, was
able to send a radio signal from Cornwall, England, to Newfoundland, Canada. Nay sayers
thought his experiment would never succeed as the radio signal would propagate to outer
space and never return. It is the presence of the ionosphere that bounces the radio wave
back to Earth, making his experiment a resounding success and a very historic one! The
experiment also heralds in the age of wireless communications.

O

—)X

—>E

Figure 8.2: The electron is bound to the ion by an attractive force. This can be approximately
modeled by a spring providing a restoring force to the electron.
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The above model can be generalized to the case where the electron is bound to the ion,
but the ion now provides a restoring force similar to that of a spring, namely,
d’x

Me s + kx = —eF (8.3.11)

We assume that the ion provides a restoring force just like Hooke’s law. Again, for a time-
harmonic field, (8.3.11) can be solved easily in the frequency domain to yield

e e
=———"—F=-——"+7+>—F 8.3.12
* (w?me — K) (w? —wp?)me ( )
where we have defined wy?m. = . The above is the typical solution of a lossless harmonic
oscillator (pendulum) driven by an external force, in this case the electric field.
Equation (8.3.11) can be generalized to the case when frictional or damping forces are
involved, or that

2
me% + mel"(fl—f + ke = —eE (8.3.13)
The second term on the left-hand side is a force that is proportional to the velocity dz/dt of
the electron. This is the hall-mark of a frictional force. Frictional force is due to the collision
of the electrons with the background ions or lattice. It is proportional to the destruction (or
change) of momentum of an electron. The momentum of the electron is given by me‘fl—f. In
the average sense, the destruction of the momentum is given by the product of the collision
frequency and the momentum. In the above, I' has the unit of frequency, and for plasma,
and conductor, it can be regarded as a collision frequency.

Solving the above in the frequency domain, one gets

e
= 8.3.14
(w? — jwl — we?)me ( )
Following the same procedure in arriving at (8.3.7), we get
—Ne?
P = E 8.3.15
(w? — jwI' — wp?)me ( )
In this, one can identify that
() —Ne?
w) =
X0 (w? — jwI' — wo?)meeo
2
S/ B (8.3.16)

w2 — jwl — wp?
where w,, is as defined before. A function with the above frequency dependence is also called
a Lorentzian function. It is the hallmark of a damped harmonic oscillator.
If ' = 0, then when w = wy, one sees an infinite resonance peak exhibited by the DLS

model. But in the real world, I' # 0, and when I is small, but w ~ wy, then the peak value
of xo is

w .
Xo ~ j—p =—j—= (8.3.17)
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xo exhibits a large negative imaginary part, the hallmark of a dissipative medium, as in the
conducting medium we have previously studied.

The DLS model is a wonderful model because it can capture phenomenologically the
essence of the physics of many electromagnetic media, even though it is a purely classical
model.! It captures the resonance behavior of an atom absorbing energy from light excitation.
When the light wave comes in at the correct frequency, it will excite electronic transition
within an atom which can be approximately modeled as a resonator with behavior similar to
that of a pendulum oscillator. This electronic resonances will be radiationally damped [33],
and the damped oscillation can be modeled by I' # 0.

Moreover, the above model can also be used to model molecular vibrations. In this case,
the mass of the electron will be replaced by the mass of the atom involved. The damping of
the molecular vibration is caused by the hindered vibration of the molecule due to interaction
with other molecules [62]. The hindered rotation or vibration of water molecules when excited
by microwave is the source of heat in microwave heating.

In the case of plasma, I" # 0 represents the collision frequency between the free electrons
and the ions, giving rise to loss. In the case of a conductor, I" represents the collision frequency
between the conduction electrons in the conduction band with the lattice of the material.?
Also, if there is no restoring force, then wg = 0. This is true for sea of electron moving in the
conduction band of a medium. Also, for sufficiently low frequency, the inertial force can be
ignored. Thus, from (8.3.16)

2
“p

wI

X0 & —j (8.3.18)

and

w. 2
=go(1 = 1—52 8.3.19
€ 50( +X0) €0 ( J wF) ( )

We recall that for a conductive medium, we define a complex permittivity to be

e =eo <1 - j") (8.3.20)

WEQ

Comparing (8.3.19) and (8.3.20), we see that

2
=¢c0o—— 8.3.21
o=co2 (8:3.21)
The above formula for conductivity can be arrived at using collision frequency argument as
is done in some textbooks [65].
Because the DLS is so powerful, it can be used to explain a wide range of phenomena
from very low frequency to optical frequency.

IWhat we mean here is that only Newton’s law has been used, and no quantum theory as yet.
21t is to be noted that electron has a different effective mass in a crystal lattice [63,64], and hence, the
electron mass has to be changed accordingly in the DLS model.



80 ELECTROMAGNETIC FIELD THEORY

The fact that e < 0 can be used to explain many phenomena. The ionosphere is essentially
a plasma medium described by

2
£=¢q ( - ‘:;) (8.3.22)

Radio wave or microwave can only penetrate through this ionosphere when w > w,, so that
e> 0.

8.3.1 Frequency Dispersive Media

The DLS model shows that, except for vacuum, all media are frequency dispersive. It is
prudent to digress to discuss more on the physical meaning of a frequency dispersive medium.
The relationship between electric flux and electric field, in the frequency domain, still follows
the formula

D(w) = e(w)E(w) (8.3.23)

When the effective permittivity, (w), is a function of frequency, it implies that the above
relationship in the time domain is via convolution, viz.,

D(t) = £(t) ® E(t) (8.3.24)

Since the above represents a linear time-invariant system, it implies that an input is not
followed by an instantaneous output. In other words, there is a delay between the input and
the output. The reason is because an electron has a mass, and it cannot respond immediately
to an applied force: or it has inertial. In other words, the system has memory of what it was
before when you try to move it.

When the effective permittivity is a function of frequency, it also implies that different
frequency components will propagate with different velocities through such a medium. Hence,
a narrow pulse will spread in its width because different frequency components are not in phase
after a short distance of travel.

Also, the Lorentz function is great for data fitting, as many experimentally observed
resonances have finite () and a line width. The Lorentz function models that well. If multiple
resonances occur in a medium or an atom, then multi-species DLS model can be used. It
is now clear that all media have to be frequency dispersive because of the finite mass of
the electron and the inertial it has. In other words, there is no instantaneous response in a
dielectric medium due to the finiteness of the electron mass.

Even at optical frequency, many metals, which has a sea of freely moving electrons in the
conduction band, can be modeled approximately as a plasma. A metal consists of a sea of
electrons in the conduction band which are not tightly bound to the ions or the lattice. Also,
in optics, the inertial force due to the finiteness of the electron mass (in this case effective
mass) can be sizeable compared to other forces. Then, wy < w or that the restoring force is
much smaller than the inertial force, in (8.3.16), and if " is small, yo(w) resembles that of a
plasma, and ¢ of a metal can be negative.
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8.3.2 Plasmonic Nanoparticles

When a plasmonic nanoparticle made of gold is excited by light, its response is given by (see
homework assignment)

a®cosf e, —eg
b = Ey R —— - (8.3.25)
In a plasma, €, can be negative, and thus, at certain frequency, if ¢, = —2¢p, then ®p — oco.
Therefore, when light interacts with such a particle, it can sparkle brighter than normal. This
reminds us of the saying “All that glitters is not gold!” even though this saying has a different
intended meaning.

Ancient Romans apparently knew about the potent effect of using gold and silver nanopar-
ticles to enhance the reflection of light. These nanoparticles were impregnated in the glass
or lacquer ware. By impregnating these particles in different media, the color of light will
sparkle at different frequencies, and hence, the color of the glass emulsion can be changed
(see website [66]).

The Romans may have first come across the colorful potential of nanoparticles by accident,

but they seem to have perfected it. (The Trustees of the British Museum / Art Resource, NY)

Figure 8.3: Ancient Roman goblets whose laquer coating glisten better due to the presence
of gold nanoparticles (courtesy of Smithsonian.com).
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Lecture 9

Waves in Gyrotropic Media,
Polarization

9.1 Gyrotropic Media

This section presents deriving the permittivity tensor of a gyrotropic medium in the ionsphere.
Our ionosphere is always biased by a static magnetic field due to the Earth’s magnetic field
[67]. But in this derivation, one assumes that the ionosphere has a static magnetic field
polarized in the z direction, namely that B = 2By. Now, the equation of motion from the

Lorentz force law for an electron with ¢ = —e, in accordance with Newton’s law, becomes
d
med—: — —¢(E+v xB) (9.1.1)

Next, let us assume that the electric field is polarized in the zy plane. The derivative of v
is the acceleration of the electron, and also, v = dr/dt. And in the frequency domain, the
above equation becomes

mew?z = e(E, + jwBoy) (9.1.2)
mew?y = e(Ey — jwByx) (9.1.3)

The above equations cannot be solved easily for x and y in terms of the electric field
because they correspond to a two-by-two matrix system with cross coupling between the
unknowns x and y. But they can be simplified as follows: We can multiply (9.1.3) by +j and
add it to (9.1.2) to get two decoupled equations [68]:

mew?(z + jy) = e[(Ey + jEy) + wBo(z + jy)] (9.1.4)
mew?(z — jy) = el(Ex — jE,) —wBo(x — jy)] (9.1.5)
Defining new variables such that

s+ ==+ jy (9.1.6)
Ey=F,+jE,

83
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then (9.1.4) and (9.1.5) become
mew?ss = e(Fy +wBys+) (9.1.8)
Thus, solving the above yields

sS4 =——— E, =CLE, (9.1.9)

where

Cy = (9.1.10)

mew? F eBow
By this manipulation, the above equations (9.1.2) and (9.1.3) transform to new equations
where there is no cross coupling between s+ and Fy. The mathematical parlance for this is
the diagnolization of a matrix equation [69]. Thus, the new equation can be solved easily.

Next, one can define P, = —Nex, Py = —Ney, and that P, = P, +jP, = —Nest. Then
it can be shown that

Py =eox+E+ (9.1.11)
The expression for x4+ can be derived, and they are given as

NeCy Ne e wy?
g = ——= = > =—— p (9.1.12)
€0 g0 Mew? F eByw w? F Qu

where  and w, are the cyclotron frequency® and plasma frequency, respectively.

B Ne?
0="2 42=C (9.1.13)
Me me€o

At the cyclotron frequency, a solution exists to the equation of motion (9.1.1) without a
forcing term, which in this case is the electric field E = 0. Thus, at this frequency, the
solution blows up if the forcing term, EL is not zero. This is like what happens to an LC
tank circuit at resonance whose current or voltage tends to infinity when the forcing term,
like the voltage or current is nonzero.

Now, one can rewrite (9.1.11) in terms of the original variables P,, P,, E., E,, or

P+ P_ 9 £ . )
P, = % = 50(X+E+ +x-E-) = 5O[X+(E,'I: +jEy) + x—(Ex — jEy)]
6 .
= 50[(X+ +X)E: +i(xs —x)E,]  (9.1.14)
P, —P_ e £ . )
Py=F = = 2By —x_E) = 2 (Es+JBEy) — x_(Ex — 1 E})]
E .
= 2*3-[(X+ —X-)Ez +j(x+ + x-)E,] (9.1.15)

IThis is also called the gyrofrequency.
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The above relationship can be expressed using a tensor where
P=¢x E (9.1.16)

where P = [P,, P], and E = [E,, E,]. From the above, X is of the form

wp2 -
=1 (_(x+ +x-)  Jx+ - x-)) _ (f T2 _Jw<w2292>> (9.1.17)
j

2 \—jlx+ —x=) (s +x-) e i L
Notice that in the above, when the B field is turned off or 2 = 0, the above resembles the
solution of a collisionless, cold plasma.

For the electric field in the z direction, it will drive a motion of the electron to be in the
z direction. In this case, v X B term is zero, and the electron motion is unaffected by the
magnetic field as can be seen from the Lorentz force law or (9.1.1). Hence, it behaves like a
simple collisionless plasma without a biasing magnetic field. Consequently, the above can be
generalized to 3D to give

xo Jxi 0
X=|-Jx1 xo O (9.1.18)
0 0 xp

where x, = —w}/w?.
Using the fact that D = ¢¢gE + P = &o(I+ %) - E = € - E, the above implies that

I+x0 Jxa 0
E=co | —Jx1 l+Xxo 0 (9.1.19)
0 0 14+ xp

Please notice that the above tensor is a hermitian tensor. We shall learn later that this is the
hallmark of a lossless medium.

Another characteristic of a gyrotropic medium is that a linearly polarized wave will rotate
when passing through it. This is the Faraday rotation effect [68], which we shall learn later.
This phenomenon poses a severe problem to Earth-to-satellite communication, using linearly
polarized wave as it requires the alignment of the Earth-to-satellite antennas. This can be
avoided using a rotatingly polarized wave, called a circularly polarized wave that we shall learn
in the next section. Also, the ionosphere of the Earth is highly dependent on temperature, and
the effect of the Sun. The fluctuation of particles in the ionosphere gives rise to scintillation
effects that affect radio wave communication systems [70].

9.2 Wave Polarization

Studying wave polarization is very important for communication purposes [31]. A wave whose
electric field is pointing in the z direction while propagating in the z direction is a linearly
polarized (LP) wave. The same can be said of one with electric field polarized in the y
direction. It turns out that a linearly polarized wave suffers from Faraday rotation when
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it propagates through the ionosphere. For instance, an x polarized wave can become a y
polarized due to Faraday rotation. So its polarization becomes ambiguous: to overcome this,
Earth to satellite communication is done with circularly polarized (CP) waves [71]. So even
if the electric field vector is rotated by Faraday’s rotation, it remains to be a CP wave. We
will study these polarized waves next.

We can write a general uniform plane wave propagating in the z direction as
E =2FE,(z,t) + yE,(z,t) (9.2.1)

Clearly, V-E = 0, and E,(z,t) and Ey(z,t) are solutions to the one-dimensional wave
equation. For a time harmonic field, the two components may not be in phase, and we have
in general

E,(z,t) = Ey cos(wt — pz) (9.2.2)
Ey(z,t) = By cos(wt — Bz + ) (9.2.3)

where o denotes the phase difference between these two wave components. We shall study
how the linear superposition of these two components behaves for different o’s. First, we set
z = 0 to observe this field. Then

E = £E; cos(wt) + §FE; cos(wt + ) (9.2.4)

Fora=%

v

E, = E; cos(wt), E, = E, cos(wt + m/2) (9.2.5)

Next, we evaluate the above for different wt’s

wt =0, E, = By, E,=0 (9.2.6)
wt = /4, E, =FE/V2, E,=—FEy/V2 (9.2.7)
wt =1/2, E, =0, E, = —E, (9.2.8)
wt = 37 /4, E,=—-E/V2, E,=—FEy/V2 (9.2.9)
wt =, E, = —FE, E,=0 (9.2.10)

The tip of the vector field E traces out an ellipse as show in Figure 9.1. With the thumb
pointing in the z direction, and the wave rotating in the direction of the fingers, such a wave
is called left-hand elliptically polarized (LHEP) wave.
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Figure 9.1: If one follows the tip of the electric field vector, it traces out an ellipse as a
function of time t¢.

When F; = Es, the ellipse becomes a circle, and we have a left-hand circularly polarized
(LHCP) wave. When @ = —7/2, the wave rotates in the counter-clockwise direction, and
the wave is either right-hand elliptically polarized (RHEP), or right-hand circularly polarized
(RHCP) wave depending on the ratio of F/FEs. Figure 9.2 shows the different polarizations
of the wave wave for different phase differences and amplitude ratio.
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Figure 9.2: Due to different phase difference between the E, and E, components of the
field, and their relative amplitudes Eo/E;, different polarizations will ensure. The arrow
indicates the direction of rotation of the field vector. In this figure, ¢ = —a in our notes, and
A = E5/E; (Courtesy of J.A. Kong, Electromagnetic Wave Theory [31]).

Figure 9.3 shows a graphic picture of a CP wave propagating through space.
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Figure 9.3: The rotation of the field vector of a right-hand circular polarization wave as it
propagates in the right direction [72] (Courtesy of Wikipedia).

9.2.1 Arbitrary Polarization Case and Axial Ratio

The axial ratio (AR) is an important figure of merit for designing CP antennas (antennas

that will radiate CP or circularly polarized waves). The closer is this ratio to 1, the better

the antenna design. We will discuss the general polarization and the axial ratio of a wave.
For the general case for arbitrary a, we let

E, = Eq coswt, E, = E5 cos(wt + a) = Es(coswt cos v — sinwt sin «) (9.2.11)

Then from the above, expressing F, in terms of ., one gets

1/2
E, = %Ew cosa— FEy |1 — <§—j>2 sin o (9.2.12)
Rearranging and squaring, we get
aB,> —bE,E, +cE,* =1 (9.2.13)
where
a:m7 b:%, c:m (9.2.14)

After letting £, — x, and E, — y, equation (9.2.13) is of the form,

ar® —bry +cy® =1 (9.2.15)
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The equation of an ellipse in its self coordinates is

(j)z n <g>2 —1 (9.2.16)

where A and B are axes of the ellipse as shown in Figure 9.4. We can transform the above
back to the (z,y) coordinates by letting

' =z cosf —ysinb (9.2.17)
"= asind +ycosd (9.2.18)

to get

2 .2 .2 2
5 (cos®f  sin“d ) 1 1 5 (sin“ @  cos” 0

Comparing (9.2.13) and (9.2.19), one gets

1 2 cos B E
6=~ tan~" (Cc’jalf) (9.2.20)
2 Ey: —
1 A 1/2
AR = (1+A> > 1 (9.2.21)
where AR is the axial ratio where
1/2
A= (1 - 1225”;20‘> (9.2.22)
(B1" + E>7)
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o

Figure 9.4: This figure shows the parameters used to derive the axial ratio (AR) of an
elliptically polarized wave.

9.3 Polarization and Power Flow

For a linearly polarized wave,
. . Ey
E = &Eycos(wt — z), H = §— cos(wt — 8z) (9.3.1)
n

Hence, the instantaneous power becomes

AEO2 2
S(t) = B(t) x H(t) = 2= - cos’(wt = 52) (9.3.2)

indicating that for a linearly polarized wave, the instantaneous power is function of both time
and space. It travels as lumps of energy through space. In the above Ej is the amplitude of
the linearly polarized wave.

Next, we look at power flow for for elliptically and circularly polarized waves. It is to be
noted that in the phasor world or frequency domain, (9.2.1) becomes

E(z,w) = £E,e %% 4 jEye P +io (9.3.3)
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For LHEP,
E(z,w) = e 7P*(2E) + jiE,) (9.3.4)
whereas for LHCP
E(z,w) = e P2 B (& + j7) (9.3.5)
For RHEP, the above becomes
E(z,w) = e 7P (2E) — j)E>) (9.3.6)
whereas for RHCP, it is
E(z,w) = e 772 B\ (i — j3) (9.3.7)

Focussing on the circularly polarized wave,

E = (% + jij) Eoe ™ 7%* (9.3.8)
Using that
H— B x E,
Wi
then
Ey, .
H = (T&— jz?)j#’e‘”z (9.3.9)
Therefore,
E(t) = 2Fp cos(wt — z) £ §Ey sin(wt — Bz) (9.3.10)
E E
H(t) = T&— sin(wt — B2) + §— cos(wt — Bz) (9.3.11)
n n

Then the instantaneous power becomes

2 2 2
S(t) =E(t) x H(t) = 2ETO cos?(wt — Bz) + EETO sin?(wt — Bz) = EETO (9.3.12)

In other words, a CP wave delivers constant power independent of space and time.
It is to be noted that the complex Poynting vector

S=ExH" (9.3.13)

are real both for linearly, circularly, and elliptically polarized waves. This is because there is
no reactive power in a plane wave of any polarization: the stored energy in the plane wave
cannot be returned to the source!
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Figure 10.1: The local coordinates used to describe a circularly polarized wave: In cartesian
and polar coordinates.

10.1 Spin Angular Momentum and Cylindrical Vector
Beam

In this section, we will study the spin angular momentum of a circularly polarized (CP) wave.
It is to be noted that in cylindrical coordinates, as shown in Figure 10.1, £ = pcos ¢ — ¢ sin ¢,
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y = psing + (ﬁcos ¢, then a CP field is proportional to
(& % jf) = pe*I? £ joe™I? = X9 (p £ @) (10.1.1)

Therefore, the p and g% of a CP is also an azimuthal traveling wave in the ngS direction in
addition to being a traveling wave e 7%% in the % direction. This is obviated by writing

eI = e Iker? (10.1.2)

where kg = 1/p is the azimuthal wave number, and p¢ is the arc length traversed by the
azimuthal wave. Notice that the wavenumber k4 is dependent on p: the larger the p, the
larger the azimuthal wavelength.

Thus, the wave possesses angular momentum called the spin angular momentum (SAM),
just as a traveling wave e 75% possesses linear angular momentum in the 2 direction.

In optics research, the generation of cylindrical vector beam is in vogue. Figure 10.2 shows
a method to generate such a beam. A CP light passes through a radial analyzer that will only
allow the radial component of (10.1.1) to be transmitted. Then a spiral phase element (SPE)
compensates for the exp(+j¢) phase shift in the azimuthal direction. Finally, the light is a
cylindrical vector beam which is radially polarized without spin angular momentum. Such
a beam has been found to have nice focussing property, and hence, has aroused researchers’
interest in the optics community [73].

_6—,. N . e >

O > > > >

Radial ﬂ A2 A2

analyzer plate plate

Cylindrical vector output

SPE

Figure 10.2: A cylindrical vector beam can be generated experimentally (courtesy of Zhan,

Q. [73]).
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10.2 Complex Poynting’s Theorem and Lossless Condi-
tions

10.2.1 Complex Poynting’s Theorem

It has been previously shown that the vector E(r,t) x H(r,t) has a dimension of watts/m?
which is that of power density. Therefore, it is associated with the direction of power flow
[31,42]. As has been shown for time-harmonic field, a time average of this vector can be
defined as

(E(r,t) x H(r,t)) = lim %/E(r,t) x H(r, t) dt. (10.2.1)

T—o0
0

Given the phasors of time harmonic fields E(r,¢) and H(r,t), namely, E(r,w) and H(r,w)
respectively, we can show that

(B(r,t) x H(r,1)) = %%e{E(r,w) < H* (r,0)}. (10.2.2)

Here, the vector E(r,w) x H*(r,w), as previously discussed, is also known as the complex
Poynting vector. Moreover, because of its aforementioned property, and its dimension of
power density, we will study its conservative property. To do so, we take its divergence and
use the appropriate vector identity to obtain!

V- (ExH")=H"-VxE—-E-V xH". (10.2.3)
Next, using Maxwell’s equations for V x E and V x H*, namely

V xE=—jwB (10.2.4)
V x H* = —jwD* 4+ J* (10.2.5)

and the constitutive relations for anisotropic media that

B=p-H D'=gE* (10.2.6)

we have
V- (ExH)=—jwH*"-B+jwE-D*—E.J* (10.2.7)
=—jwH" - @m-H+jwE -8 -E*—E-J" (10.2.8)

The above is also known as the complex Poynting’s theorem. It can also be written in an
integral form using Gauss’ divergence theorem, namely,

/dS-(ExH*) :—jw/dV(H* Z-H-E & -E*)—/dVE-J*. (10.2.9)
S
\4 v

where S is the surface bounding the volume V.

IWe will drop the argument r,w for the phasors in our discussion next as they will be implied.
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10.2.2 Lossless Conditions

For a region V that is lossless and source-free, J = 0. There should be no net time-averaged
power-flow out of or into this region V. Therefore,

afee/ds (E x H') = 0, (10.2.10)
S

Because of energy conservation, the real part of the right-hand side of (10.2.8), without the
E - J* term, must be zero. In other words, the right-hand side of (10.2.8) should be purely
imaginary. Thus

/dV(H*-ﬁ-H—E.E*-E*) (10.2.11)
14

must be a real quantity.

Other than the possibility that the above is zero, the general requirement for (10.2.11) to
be real for arbitrary E and H, is that H* - - H and E - €" - E* are real quantities. Notice
that they are also scalar numbers. But since the conjugate transpose of a real scalar number
is itself, we have, if

H*" - n-H
is real, then
(H* -E~H)T =H"-n-H

where t implies conjugate transpose. The above, in detail, using the rule of matrix algebra
that (A-B-C)! = C -B'- A, implies that?
Hm-H' =H - H)=H"-' -H=H" -1 -H. (10.2.12)

The last equality in the above is possible only if & = &' or that & is hermitian. Therefore,
the conditions for anisotropic media to be lossless are

p=nl, =g, (10.2.13)

requiring the permittivity and permeability tensors to be hermitian. If this is the case,
(10.2.11) is always real for arbitraty E and H, and (10.2.10) is true, implying a lossless
region V. Notice that for an isotropic medium, this lossless conditions reduce simply to that
Sm(p) = 0 and Sm(e) = 0, or that p and € are pure real quantities. Hence, many of the
effective permittivities or dielectric constants that we have derived using the Drude-Lorentz-
Sommerfeld model cannot be lossless when the friction term is involved.

If a medium is source-free, but lossy, then Re [ dS - (E x H*) < 0. In other words, time-
average power must flow inward to the volume V. Consequently, from (10.2.9) without the
source term J, this implies

%m/dV(H* g-H-E.-g-E*) <0. (10.2.14)
Vv

2In physics notation, the transpose of a vector is implied in a dot product.
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But the above, using that Sm(Z2) =1/(2j)(Z — Z*), is the same as

—j/dV[H* (@' —@) -H+E* - (' -2)-E] > 0. (10.2.15)
14

Therefore, for a medium to be lossy, —j (@' — &) and —5(g" — €) must be hermitian, positive
definite matrices, to ensure the inequality in (10.2.15). Similarly, for an active medium,
—j(m" — @) and —j(€" — ) must be hermitian, negative definite matrices.

For a lossy medium which is conductive, we may define J = & - E where & is a general
conductivity tensor. In this case, equation (10.2.9), after combining the last two terms, may
be written as

/dS~(E><H*) :—jw/dV [H*~H-H—E- (e*+ﬂz> E] (10.2.16)
S Vv

:—jw/dV[H*~H‘H7E~§*~E*], (10.2.17)

where € = & — % which, in general, is the complex permittivity tensor. In this manner,
(10.2.17) has the same structure as the source-free Poynting’s theorem. Notice here that the
complex permittivity tensor  is clearly non-hermitian corresponding to a lossy medium.

For a lossless medium without the source term, by taking the imaginary part of (10.2.9),
we arrive at

sm/ds-(E x H*) = —w/dV(H* p-H-E.g" E), (10.2.18)
S 1%

The left-hand side of the above is the reactive power coming out of the volume V', and hence,
the right-hand side can be interpreted as reactive power as well. It is to be noted that
H*-i-H and E-g* - E* are not to be interpreted as stored energy density when the medium
is dispersive. The correct expressions for stored energy density will be derived in the next
section.

But, the quantity H* - 1w - H for lossless, dispersionless media is associated with the time-
averaged energy density stored in the magnetic field, while the quantity E-g* - E* for lossless
dispersionless media is associated with the time-averaged energy density stored in the electric
field. Then, for lossless, dispersionless, source-free media, then the right-hand side of the
above can be interpreted as stored energy density. Hence, the reactive power is proportional
to the time rate of change of the difference of the time-averaged energy stored in the magnetic
field and the electric field.

10.3 Energy Density in Dispersive Media

A dispersive medium alters our concept of what energy density is.® To this end, we assume
that the field has complex w dependence in e/“!, where w = w’ — jw”, rather than real w de-

3The derivation here is inspired by H.A. Haus, Electromagnetic Noise and Quantum Optical Measurements
[74]. Generalization to anisotropic media is given by W.C. Chew, Lectures on Theory of Microwave and Optical
Waveguides [75].
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pendence. We take the divergence of the complex power for fields with such time dependence,
and let e/“! be attached to the field. So E(t) and H(t) are complex field but not exactly like
phasors since they are not truly time harmonic. In other words, we let

E(r,t) = E(r,w)e’", H(r,t) = H(r,w)e/*! (10.3.1)
The above, just like phasors, can be made to satisfy Maxwell’s equations where the time
derivative becomes jw. We can study the quantity E(r,¢) x H*(r,¢) which has the unit of

power density. In the real w case, their time dependence will exactly cancel each other and
this quantity becomes complex power again, but not in the complex w case. Hence,

V- [E(l) xH(t)] =H"(t)- VxE(t) —E(t)- V x H*(t)
= -H"(t) - jwpH(t) + E(t) - jwe"E* (10.3.2)

where Maxwell’s equations have been used to substitute for V x E(t) and V x H*(¢). The
space dependence of the field is implied, and we assure a source-free medium so that J = 0.

If E(t) ~ e/“!, then, due to w being complex, now H*(t) ~ e 7"t  and the term like
E(t) x H*(¢) is not truly time independent,

12

E(t) x H*(t) ~ /@@t = 27t (10.3.3)

And each of the term above will have similar time dependence. Writing (10.3.2) more explic-
itly, by letting w = w’ — jw”, we have

V- [E(t) x H' ()] = —j(w’ — jo" ) u(@)HO)? + 5w + jw")e" (W) B[ (10.3.4)

Assuming that w” < w’, or that the field is quasi-time-harmonic, we can let, after using
Taylor series approximation, that

! !
pu(w') — jw” a’ggj )7 g(w — jw") 2e(w') — jw” 32(:)/ ) (10.3.5)

o~

ple = o)

Using (10.3.5) in (10.3.4), and collecting terms of the same order, and ignoring (w)? terms,
gives

V- [E(t) x H ()] 2 — jw'n(w) [H()[* + juw'e" (W) [B(t)*

() HOP o ()P
e WP o S B (10.3.6)

The above can be rewritten as
V- [E(t) x H*(t)] = —jo’ [p(w")[H)]* -

E(t)*]
w [Ow' (W) Jw'e* (w')
—w T|H()\2 5 |E(t)|? (10.3.7)
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The above approximation is extremely good when w” < w’. For a lossless medium, e(w’) and
p(w') are purely real, and the first term of the right-hand side is purely imaginary while the
second term is purely real. In the limit when w” — 0, when we take half the imaginary part
of the above equation, we have

1 1 1
V- is‘m [Ex H] = -/ {2M|H|2 - 25|E|2] (10.3.8)

which has the physical interpretation of reactive power as has been previously discussed.
When we take half the real part of (10.3.7), we obtain

1 W [Ow' 1 ow'e
V. -Re[E x H] = —— H|? E? 10.3.9
el x 7] =~ 5 | S 4 S e (10.3.9)
Since the right-hand side has time dependence of 62“%, it can be written as
1 01 [0 ow'e 0
—Re[Ex H*| = ——- H? + —|Ef?| = —— (W 10.3.10
V2e[>< ] 8t4[8w’||+8w’||} 8t< 7) ( )
Therefore, the time-average stored energy density can be identified as
1[ow'n ow'e
Wr) = = H? + ——|E 10.3.11
(e = 5 | Sl P+ SR (10:3.11)
For a non-dispersive medium, the above reduces to
1
(Wr) = (1| H|* + ¢[E|?] (10.3.12)

which is what we have derived before. In the above analysis, we have used a quasi-time-
harmonic signal with exp(jwt) dependence. In the limit when w” — 0, this signal reverts
back to a time-harmonic signal, and to our usual interpretation of complex power. However,
by assuming the frequency w to have a small imaginary part w”, it forces the stored energy
to grow very slightly, and hence, power has to be supplied to maintain the growth of this
stored energy. By so doing, it allows us to identify the expression for energy density for a
dispersive medium. These expressions for energy density were not discovered until 1960 by
Brillouin [76], as energy density times group velocity should be power flow. More discussion
on this topic can be found in Jackson [42].

It is to be noted that if the same analysis is used to study the energy storage in a capacitor
or an inductor, the energy storage formulas have to be accordingly modified if the capacitor
or inductor is frequency dependent.
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Lecture 11

Transmission Lines

11.1 Transmission Line Theory

T 1Yy}

GENERAL STRIP LINE COAXIAL
Ezamples of Transmission lines
———
\ // 3
t Line
f— ]
— ]
Figure 11.1:

Transmission lines were the first electromagnetic waveguides ever invented. The were driven
by the needs in telegraphy technology. It is best to introduce transmission line theory from
the viewpoint of circuit theory. This theory is also discussed in many textbooks and lecture
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notes. Transmission lines are so important in modern day electromagnetic engineering, that
most engineering electromagnetics textbooks would be incomplete without introducing the
topic [29,31,38,47,48,59,71,75,77,78].

Circuit theory is robust and is not sensitive to the detail shapes of the components in-
volved such as capacitors or inductors. Moreover, many transmission line problems cannot
be analyzed with the full form of Maxwell’s equations,! but approximate solutions can be
obtained using circuit theory in the long-wavelength limit. We shall show that circuit theory
is an approximation of electromagnetic field theory when the wavelength is very long: the
longer the wavelength, the better is the approximation [47].

Examples of transmission lines are shown in Figure 11.1. The symbol for a transmission
line is usually represented by two pieces of parallel wires, but in practice, these wires need
not be parallel.

Insulator ¢ ) Conductors

Figure 11.2: Courtesy of slides by A. Wadhwa, A.L. Dal, N. Malhotra [79].

Circuit theory also explains why waveguides can be made sloppily when wavelength is long
or the frequency low. For instance, in the long-wavelength limit, we can make twisted-pair
waveguides with abandon, and they still work well (see Figure 11.2). Hence, we shall first
explain the propagation of electromagnetic signal on a transmission line using circuit analysis.

11.1.1 Time-Domain Analysis

We will start with performing the time-domain analysis of a simple, infinitely long trans-
mission line. Remember that two pieces of metal can accumulate attractive charges between
them, giving rise to capacitive coupling, electric field, and hence stored energy in the electric
field. Moreover, a piece of wire carrying a current generates a magnetic field, and hence,
yielding stored energy in the magnetic field. These stored energies are the sources of the
capacitive and inductive effects. But these capacitive and inductive effects are distributed
over the spatial dimension of the transmission line. Therefore, it is helpful to think of the
two pieces of metal as consisting of small segments of metal concatenated together. Each of
these segments will have a small inductance, as well as a small capacitive coupling between
them. Hence, we can model two pieces of metal with a distributed lumped element model as
shown in Figure 11.3. For simplicity, we assume the other conductor to be a ground plane,
so that it need not be approximated with lumped elements.

1Usually called full-wave analysis.
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In the transmission line, the voltage V(z,t) and I(z,t) are functions of both space z and
time ¢, but we will model the space variation of the voltage and current with discrete step
approximation. The voltage varies from node to node while the current varies from branch
to branch of the lump-element model.

(1) (2)

LAZ \% LAZ V+AV LAZ V+2AV
o YN >y MM 3 5
I I | I+AI [+2Al
CAZ —/— CAZ /| CAZ —F
Y -Al
e, O
o—» 7
Figure 11.3:

First, we recall that the V-I relation of an inductor is

dl
Vo=Lo— 11.1.1
b= Lot (1n.11)
where Ly is the inductor, V; is the time-varying voltage drop across the inductor, and Ij is
the current through the inductor. Then using this relation between node 1 and node 2, we

have

V- (V4+AV) :LAz% (11.1.2)
The left-hand side is the voltage drop across the inductor, while the right-hand side follows
from the aforementioned V-I relation of an inductor, but we have replaced Lo = LAz. Here,
L is the inductance per unit length (line inductance) of the transmission line. And LAz is
the incremental inductance due to the small segment of metal of length Az. Then the above
can be simplified to

oI

AV = —-LAz— 11.1.3
e ( )
Next, we make use of the V-I relation for a capacitor, which is
dVo
Ip=Co—— 11.1.4
e (11.1.4)

where Cjy is the capacitor, Iy is the current through the capacitor, and Vj is a time-varying
voltage drop across the capacitor. Thus, applying this relation at node 2 gives

0 oV
—AI=CAz g (V+ AV) & CAz (11.1.5)



104 ELECTROMAGNETIC FIELD THEORY

where C' is the capacitance per unit length, and CAz is the incremental capacitance between
the small piece of metal and the ground plane. In the above, we have used Kirchhoff current
law to surmise that the current through the capacitor is —AI, where AT = I(z+Az,t)—1(z,t).
In the last approximation in (11.1.5), we have dropped a term involving the product of Az
and AV, since it will be very small or second order in magnitude.

In the limit when Az — 0, one gets from (11.1.3) and (11.1.5) that

oV (z,t) OI(z,t)

0I(z,t) AV (z,t)
o C— (11.1.7)

The above are the telegrapher’s equations.? They are two coupled first-order equations, and
can be converted into second-order equations easily. Therefore,

0%V 0%V
0’1 0’1

The above are wave equations that we have previously studied, where the velocity of the wave
is given by

1
V= —— (11.1.10)

VLC

Furthermore, if we assume that
Viz,t) = f+(z — vt) (11.1.11)
a right-traveling wave, and substituting it into (11.1.6) yields
oI

], — = ! _
5 fi(z —ot) (11.1.12)
Substituting V(z,t) into (11.1.7) yields
oI
e = Cuf (z —vt) (11.1.13)

The above implies that

I= \/§f+(z—vt) (11.1.14)

‘I/((j”tt)) = \/g - (11.1.15)

2They can be thought of as the distillation of the Faraday’s law and Ampere’s law from Maxwell’s equaitons
without the source term. Their simplicity gives them an important role in engineering electromagnetics.

Consequently,
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where Zj is the characteristic impedance of the transmission line. The above ratio is only
true for one-way traveling wave, in this case, one that propagates in the 4z direction.
For a wave that travels in the negative z direction, i.e.,

V(z,t) = f_(z + vt) (11.1.16)
with the corresponding I(z,t) derived, one can show that

Viz,t) L
en = Vo= % (11.1.17)

Time-domain analysis is very useful for transient analysis of transmission lines, especially
when nonlinear elements are coupled to the transmission line. Another major strength of
transmission line model is that it is a simple way to introduce time-delay in a circuit. Time
delay is a wave propagation effect, and it is harder to incorporate into circuit theory or a
pure circuit model consisting of R, L, and C. In circuit theory, Laplace’s equation is usually
solved, which is equivalent to Helmholtz equation with infinite wave velocity, namely,

w2

lim V2®(r) + 5 ®(r)=0 = V2&(r)=0 (11.1.18)

c—00 c2

Hence, events in Laplace’s equation happen instantaneously.

11.1.2 Frequency-Domain Analysis

Frequency domain analysis is very popular as it makes the transmission line equations very
simple. Moreover, generalization to a lossy system is quite straight forward. Furthermore, for
linear time invariant systems, the time-domain signals can be obtained from the frequency-
domain data by performing a Fourier inverse transform.

For a time-harmonic signal on a transmission line, one can analyze the problem in the
frequency domain using phasor technique. A phasor variable is linearly proportional to a
Fourier transform variable. The telegrapher’s equations (11.1.6) and (11.1.7) then become

d
aV(z,w) = —jwLI(z,w) (11.1.19)
d
a](z,w) = —jwCV(z,w) (11.1.20)
The corresponding Helmholtz equations are then
d*v 9
E—i—w LCV =0 (11.1.21)
d*1 9
@—i—w LCI=0 (11.1.22)

The general solutions to the above are
V(2) = Vie P2 1 V_eih= (11.1.23)
I(z) = I e 9P% 4 [ ¢IP= (11.1.24)
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where § = wv LC. This is similar to what we have seen previously for plane waves in the
one-dimensional wave equation in free space, where

E.(2) = By e k07 4 By_eikoz (11.1.25)

where ko = w,/fo€o. We see a much similarity between (11.1.23), (11.1.24), and (11.1.25).
To see the solution in the time domain, we let Vi = |Vi|e/®*, and the voltage signal
above can be converted back to the time domain as

V(z,t) = Re{V(z,w)e?} (11.1.26)
= |Vi|cos(wt — Bz + ¢4 ) + |V_| cos(wt + Bz + ¢_) (11.1.27)

As can be seen, the first term corresponds to a right-traveling wave, while the second term is
a left-traveling wave.

Furthermore, if we assume only a one-way traveling wave to the right by letting V_ =
I_ =0, then it can be shown that, for a right-traveling wave

‘I/(f)) - % - \/g = 7 (11.1.28)

In the above, the telegrapher’s equations, (11.1.19) or (11.1.20) have been used to find a
relationship between I, and V.

Similarly, applying the same process for a left-traveling wave only, by letting V, = I =0,
then

Viz) Vo L
5 -1 - Vo= % (11.1.29)
11.2 Lossy Transmission Line
RAZ LAZ RAZ LAZ RAZ LAZ

CAZ  GAZZ

CAZ  GAZZ

11’_T

CAZ

| Y¥Yy

Figure 11.4:

The strength of frequency domain analysis is demonstrated in the study of lossy transmission
lines. The previous analysis, which is valid for lossless transmission line, can be easily gen-
eralized to the lossy case. In using frequency domain and phasor technique, impedances will
become complex numbers as shall be shown.
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To include loss, we use the lumped-element model as shown in Figure 11.4. One thing
to note is that jwlL is actually the series line impedance of the transmission line, while
jwC' is the shunt line admittance of the line. First, we can rewrite the expressions for the
telegrapher’s equations in (11.1.19) and (11.1.20) in terms of series line impedance and shunt
line admittance to arrive at

d
Sv=—zI 11.2.1
dzv ( )
4o _yy (11.2.2)
1= 2.

where Z = jwL and Y = jwC. The above can be generalized to the lossy case as shall be
shown.

The geometry in Figure 11.4 is homomorphic? to the lossless case in Figure 11.3. Hence,
when lossy elements are added in the geometry, we can surmise that the corresponding tele-
grapher’s equations are similar to those above. But to include loss, we generalize the series
line impedance and shunt admittance from the lossless case to lossy case as follows:

Z =jwL—Z7Z=jwL+ R (11.2.3)
Y =jwC =Y =juwC+G (11.2.4)
where R is the series line resistance, and G is the shunt line conductance, and now Z and

Y are the series impedance and shunt admittance, respectively. Then, the corresponding
Helmholtz equations are

d*v
— —ZYV =0 11.2.5
dZ2 ( )
d’1
— —ZYI=0 11.2.6
d22 ( )
or
d*V 9
— 2V =0 11.2.7
77 ( )
d*1 9
— 2T =0 11.2.8
F R ( )
where v2 = ZY, or that one can also think of 2 = —32. Then the above is homomorphic to

the lossless case except that now, 8 is a complex number, indicating that the field is decaying
as it propagates. As before, the above are second order one-dimensional Helmholtz equations
where the general solutions are
V(z) =Vyie 77 4 V_e"? (11.2.9)
I(z)=1,e 7" +1_¢"* (11.2.10)

3 A math term for “similar in structure”. The term is even used in computer science describing a emerging
field of homomorphic computing.



108 ELECTROMAGNETIC FIELD THEORY

and

v =VZY = \/(jwL + R)(jwC + G) = jj (11.2.11)

Hence, 8 = 3’ — jB8" is now a complex number. In other words,
e—F — g—iBa—B"z
is an oscillatory and decaying wave. Or focusing on the voltage case,
V(z) = Voe #2302 Ly s +ib' (11.2.12)
Again, letting Vi = |V |e/?%, the above can be converted back to the time domain as

V(z,t) = Re{V(z,w)e?} (11.2.13)

= |V+|e_ﬁ”z cos(wt — 'z + ¢y ) + |V_|eﬁuz cos(wt + 'z + ¢_) (11.2.14)

The first term corresponds to a decaying wave moving to the right while the second term is

also a decaying wave moving to the left. When there is no loss, or R = G = 0, and from
(11.2.11), we retrieve the lossless case where 8 =0 and v = j8 = jwvVLC.

Notice that for the lossy case, the characteristic impedance, which is the ratio of the
voltage to the current for a one-way wave, can similarly be derived using homomorphism:

ve vo [T [jwL 7  [jwL+R
T T Ve T jwe T TNY T\ jwcr G (11.2.15)

The above Zj is manifestly a complex number. Here, Zj is the ratio of the phasors of the
one-way traveling waves, and apparently, their current phasor and the voltage phasor will not
be in phase for lossy transmission line.

In the absence of loss, the above again becomes

L
Zo=\/7 (11.2.16)

the characteristic impedance for the lossless case previously derived.



Lecture 12

More on Transmission Lines

12.1 Terminated Transmission Lines

LoV

z=—{ z=0

Figure 12.1: A schematic for a transmission line terminated with an impedance load Zj, at
z=0.

As mentioned before, transmission line theory is indispensable in electromagnetic engineer-
ing. It is similar to one-dimensional form of Maxwell’s equations, and can be thought of as
Maxwell’s equations in its simplest form. Therefore, it entails a subset of the physics seen in
the full Maxwell’s equations.

For an infinitely long transmission line, the solution consists of the linear superposition
of a wave traveling to the right plus a wave traveling to the left. If transmission line is
terminated by a load as shown in Figure 12.1, a right-traveling wave will be reflected by the
load, and in general, the wave on the transmission line will be a linear superposition of the
left and right traveling waves. We will assume that the line is lossy first and specialize it to
the lossless case later. Thus,

V(z)=a4e ™7 +a_e” =V, (2) + V_(2) (12.1.1)

This is a linear system; hence, we can define the right-going wave V(z) to be the input, and
that the left-going wave V_(z) to be the output as due to the reflection of the right-going
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wave Vi (z). Or we can define the amplitude of the left-going reflected wave a_ to be linearly
related to the amplitude of the right-going or incident wave a,. In other words, at z = 0, we
can let

Vo(2=0)=T.Vi(z=0) (12.1.2)
thus, using the definition of V. (z) and V_(z) as implied in (12.1.1), we have
a_ =Tray (12.1.3)
where I'y, is the termed the reflection coefficient. Hence, (12.1.1) becomes
V(z) =are " +Trare’ =ay (e +Tpe’?) (12.1.4)

The corresponding current I(z) on the transmission line is given by using the telegrapher’s
equations as previously defined, namely that

ldV_ai

(2) = T4 -z v(e™ 7" —T're’?) (12.1.5)

where v = VZY = \/(jwL + R)(jwC + G), and
Z =jwL+ R, Y =jwC+G

In the lossless case when R =G =0, v = j3. Hence, Z/y = \/Z/Y = Zy, the characteristic
impedance of the transmission line. Thus, from (12.1.5),

a
I(z) = == (€777 =Tpe?) (12.1.6)
Zy
Notice the sign change in the second term of the above expression.
Similar to I'z, a general reflection coefficient (which is a function of z) relating the left-
traveling and right-traveling wave at location z can be defined such that
V_o(z) =a_e* a_e"*

= =Tpe*? (12.1.7)

F =
(2) Vi(z) =ayre™*  ape™7?

Of course, I'(z = 0) = I'y,. Furthermore, due to the V-I relation at an impedance load, we
must have!

V(z=0)

Tz = Zr (12.1.8)

or that using (12.1.4) and (12.1.5) with z = 0, the left-hand side of the above can be rewritten,
and we have

Zo =21 (12.1.9)

LOne can also look at this from a differential equation viewpoint that this is a boundary condition.
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From the above, we can solve for I';, in terms of Z,/Z to get

Zp)Zo -1 Zp—Z
 Zp)Zo+ 1 Zp+ Zy

. (12.1.10)

Thus, given the termination load Z; and the characteristic impednace Zj, the reflection
coefficient I'f, can be found, or vice versa. Or that given I'y,, the normalized load impedance,
Z1,/Zy, can be found. It is seen that I'y, = 0 if Z;, = Z;. Thus a right-traveling wave will not
be reflected and the left-traveling is absent. This is the case of a matched load. When there
is no reflection, all energy of the right-traveling wave will be totally absorbed by the load.

In general, we can define a generalized impedance at z # 0 to be

Z(z) = V(z) _ aq(e 7 +Tpe”?)
CI(z) Zi0a+(e*72 —T'per?)

1+ Tpe?? 1+T(2)
=0————— =2o——=—~ 12.1.11
01 -Tpe> T-T(2) ( )

or

1+T(2)
Z Zy = ————= 12.1.12
()12 = T (12.1.12)
where I'(z) is as defined in (12.1.7). Conversely, one can write the above as
Z(z)/Z0—1 Z(z)— Z
r(zy = 2E/Z0 =1 _ Z(2) = Z (12.1.13)

CZ(2)[Zo+1 Z(2) + Zo

Usually, a transmission line is lossless or has very low loss, and for most practical purpose,
~ = jB. In this case, (12.1.11) becomes

1+ pe%ih?
From the above, one can show that by setting z = —I, using (12.1.10), and after some algebra,
Z | Zo t l
Z(-1) = g, 2Lt iZtan (12.1.15)

~ 70+ jZy, tan Bl
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12.1.1 Shorted Terminations

X =2, tan i I I I
A 1 | |
inductive S, : : :
I I ) I
i — . > B/
i T 3n ! 151
El 2 | I 9
I I I
| R i | |
1/ capacitive I I

Figure 12.2: The input reactance (X) of a shorted transmission line as a function of its length
l.

From (12.1.15) above, when we have a short such that Z; = 0, then
Z(—1) = jZy tan(Bl) = j X (12.1.16)

Hence, the impedance remains reactive (pure imaginary) for all I, and can swing over all
positive and negative imaginary values. One way to understand this is that when the trans-
mission line is shorted, the right and left traveling wave set up a standing wave with nodes
and anti-nodes. At the nodes, the voltage is zero while the current is maximum. At the
anti-nodes, the current is zero while the voltage is maximum. Hence, a node resembles a
short while an anti-node resembles an open circuit. Therefore, at z = —I[, different reactive
values can be observed as shown in Figure 12.2.

When 8 < I, then tan 8l = 1, and (12.1.16) becomes
Z(—1) = jZopl (12.1.17)
After using that Zy = /L/C and that 8 = wv LC, (12.1.17) becomes

Z(=1) = jwLl (12.1.18)

The above implies that a short length of transmission line connected to a short as a
load looks like an inductor with L.g = LI, since much current will pass through this short
producing a strong magnetic field with stored magnetic energy. Remember here that L is the
line inductance, or inductance per unit length.
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12.1.2 Open terminations

X =-Z,cot fif

A
inductive

N

» B/

|2

R

capacitive

Figure 12.3: The input reactance (X) of an open transmission line as a function of its length
l.

When we have an open circuit such that Z;, = oo, then from (12.1.15) above
Z(~1) = —jZycot(Bl) = jX (12.1.19)

Again, as shown in Figure 12.3, the impedance at z = —[ is purely reactive, and goes through
positive and negative values due to the standing wave set up on the transmission line.
Then, when 8l < I, cot(B8l) ~ 1/51

2o
Z(—l)~ —j— 12.1.2
(D=~ -i (12.1.20)
And then, again using 8 = wvV LC, Zy = /L/C
1
Z(—l) ~ ——— 12.1.21
(D~ — (12.1.21)

Hence, an open-circuited terminated short length of transmission line appears like an effective
capacitor with Ceg = CI. Again, remember here that C is line capacitance or capacitance
per unit length.

But the changing length of [, one can make a shorted or an open terminated line look
like an inductor or a capacitor depending on its length [. This effect is shown in Figures 12.2
and 12.3. Moreover, the reactance X becomes infinite or zero with the proper choice of the
length [. These are resonances or anti-resonances of the transmission line, very much like an
LC tank circuit. An LC circuit can look like an open or a short circuit at resonances and
depending on if they are connected in parallel or in series.
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12.2 Smith Chart

In general, from (12.1.14) and (12.1.15), a length of transmission line can transform a load Zp,
to a range of possible complex values Z(—!). To understand this range of values better, we
can use the Smith chart (invented by P.H. Smith 1939 before the advent of the computer) [80].
The Smith chart is essentially a graphical calculator for solving transmission line problems.
Equation (12.1.13) indicates that there is a unique map between the normalized impedance
Z(z)/Zy and reflection coefficient I'(z). In the normalized impedance form where Z,, = Z/Z,
from (12.1.11) and (12.1.13)

Ty = —— (12.2.1)

Equations in (12.2.1) are related to a bilinear transform in complex variables [81]. It is a kind
of conformal map that maps circles to circles. Such a map is shown in Figure 12.4, where lines
on the right-half of the complex Z,, plane are mapped to the circles on the complex I' plane.
Since straight lines on the complex Z, plane are circles with infinite radii, they are mapped
to circles on the complex I' plane. The Smith chart allows one to obtain the corresponding I'
given Z,, and vice versa as indicated in (12.2.1), but using a graphical calculator.

Notice that the imaginary axis on the complex Z,, plane maps to the circle of unit radius on
the complex I" plane. All points on the right-half plane are mapped to within the unit circle.
The reason being that the right-half plane of the complex Z,, plane corresponds to passive
impedances that will absorb energy. Hence, such an impedance load will have reflection
coefficient with amplitude less than one, which are points within the unit circle.

On the other hand, the left-half of the complex Z,, plane corresponds to impedances with
negative resistances. These will be active elements that can generate energy, and hence,
yielding |T'| > 1, and will be outside the unit circle on the complex I" plane.

Another point to note is that points at infinity on the complex Z,, plane map to the point
at I' = 1 on the complex I' plane, while the point zero on the complex Z,, plane maps to
I' = —1 on the complex I' plane. These are the reflection coeflicients of an open-circuit load
and a short-circuit load, respectively. For a matched load, Z,, = 1, and it maps to the zero
point on the complex I' plane implying no reflection.
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% Zy =Ry +jX, ImTI
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Figure 12.4: Bilinear map of the formulae I' = g"ﬁ, and Z, = % The chart on the right,
called the Smith chart, allows the values of Z, to be determined quickly given I', and vice

versa.

The Smith chart also allows one to quickly evaluate the expression
[(—1) = Tpe 28 (12.2.2)

and its corresponding Z,. Since 8 = 2w/), it is more convenient to write 8l = 2wl/\, and
measure the length of the transmission line in terms of wavelength. To this end, the above
becomes

D(—=1) = [pe 47/ (12.2.3)

For increasing [, one moves away from the load to the generator, [ increases, and the phase
is decreasing because of the negative sign. So given a point for 'y, on the Smith chart, one
has negative phase or decreasing phase by rotating the point clockwise. Also, due to the
exp(—4jml/A) dependence of the phase, when [ = \/4, the reflection coefficient rotates a half
circle around the chart. And when [ = A\/2, the reflection coefficient will rotate a full circle,
or back to the original point.

Also, for two points diametrically opposite to each other on the Smith chart, I" changes
sign, and it can be shown easily that the normalized impedances are reciprocal of each other.
Hence, the Smith chart can also be used to find the reciprocal of a complex number quickly.
A full blown Smith chart is shown in Figure 12.5.
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Figure 12.5: The Smith chart in its full glory. It was invented in 1939 before the age of digital
computers, but it still allows engineers to do mental estimations and rough calculations with
it, because of its simplicity.

12.3 VSWR (Voltage Standing Wave Ratio)

The standing wave V(z) is a function of position z on a terminated transmission line and it
is given as

V(2) = Voe %% 4 VpelPoT
= Vbe—jﬁz (1 + FL@QJ"BZ)
= Voe 7 (1 +T(2)) (12.3.1)
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where we have used (12.1.7) for I'(z) with v = j5. Hence, V(2) is not a constant or indepen-

dent of z, but
[V(2)| = [Vo||1 + T'(2)]

In Figure 12.6, the relationship variation of 1+ I'(z) as z varies is shown.

4 Im Axis [1+T(z)]-plane

’dmin

» Re Axis

(12.3.2)

Figure 12.6: The voltage amplitude on a transmission line depends on |V (z)|, which is pro-
portional to |1 4+ I'(2)| per equation (12.3.2). This figure shows how |1 4 I'(z)| varies as z

varies on a transmission line.

Using the triangular inequality, one gets
Vol(1 = [T(2)]) < V(2)] < Vol (1 + [T(2)])
But from (12.1.7) and that v = j3, |T'(z)| = |T'|; hence
Vinin = [Vol(1 = [T.]) < [V(2)] < [Vol(1 + [T'L]) = Vinax
The voltage standing wave ratio, VSWR is defined to be

Vmax _ 1 + ‘FL|

VSWR = = —
Vmin 1- ‘]-—‘L|

Conversely,one can invert the above to get

VSWR -1

Iy|l=_—>—"" -
Izl VSWR + 1

(12.3.3)

(12.3.4)

(12.3.5)

(12.3.6)

Hence, the knowledge of voltage standing wave pattern, as shown in Figure 12.7, yields the
knowledge of [I'1|. Notice that the relations between VSWR and |I'z| are homomorphic to
those between Z,, and I. Therefore, the Smith chart can also be used to evaluate the above

equations.



118 ELECTROMAGNETIC FIELD THEORY

\ |V(2)|

LY

T Vrnax

- Vinin

|
|
|
|
' I
|

A 4

A g o
—d1—2 dmin d 0

N
I

Figure 12.7: The voltage standing wave pattern as a function of z on a load-terminated
transmission line.

The phase of I';, can also be determined from the measurement of the voltage standing
wave pattern. The location of I' in Figure 12.6 is determined by the phase of I'r,. Hence,
the value of dy in Figure 12.6 is determined by the phase of 'y, as well. The length of the
transmission line waveguide needed to null the original phase of I';, to bring the voltage
standing wave pattern to a maximum value at z = —d; is shown in Figure 12.7. Hence, d; is
the value where the following equation is satisfied:

ITp|efr e=4mi (/N — |1 | (12.3.7)

Thus, by measuring the voltage standing wave pattern, one deduces both the amplitude and
phase of I';,. From the complex value I'z,, one can determine Z;,, the load impedance.

From the above, one surmises that measuring the impedance of a device at microwave
frequency is a tricky business. At low frequency, one can use an ohm meter with two wire
probes to do such a measurement. But at microwave frequency, two pieces of wire become
inductors, and two pieces of metal become capacitors. More sophisticated ways to measure
the impedance need to be designed as described above.

In the old days, the voltage standing wave pattern was measured by a slotted-line equip-
ment which consists of a coaxial waveguide with a slot opening as shown in Figure 12.8. A
field probe can be put into the slotted line to determine the strength of the electric field inside
the coax waveguide.
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Figure 12.8: A slotted-line equipment which consists of a coaxial waveguide with a slot
opening at the top to allow the measurement of the field strength and hence, the voltage
standing wave pattern in the waveguide (courtesy of Microwavel0l.com).

A typical experimental setup for a slotted line measurement is shown in Figure 12.9. A
generator source, with low frequency modulation, feeds microwave energy into the coaxial
waveguide. The isolator, allowing only the unidirectional propagation of microwave energy,
protects the generator. The attenuator protects the slotted line equipment. The wavemeter
is an adjustable resonant cavity. When the wavemeter is tuned to the frequency of the
microwave, it siphons off some energy from the source, giving rise to a dip in the signal of the
SWR meter (a short for voltage-standing-wave-ratio meter). Hence, the wavemeter measures
the frequency of the microwave.

The slotted line probe is usually connected to a square law detector that converts the
microwave signal to a low-frequency signal. In this manner, the amplitude of the voltage
in the slotted line can be measured with some low-frequency equipment, such as the SWR
meter. Low-frequency equipment is a lot cheaper to make and maintain. That is also the
reason why the source is modulated with a low-frequency signal. At low frequencies, circuit
theory prevails, engineering and design are a lot simpler.

The above describes how the impedance of the device-under-test (DUT) can be measured
at microwave frequencies. Nowadays, automated network analyzers make these measurements
a lot simpler in a microwave laboratory. More resource on microwave measurements can be
found on the web, such as in [82].

Notice that the above is based on the interference of the two traveling wave on a ter-
minated transmission line. Such interference experiments are increasingly difficult in optical
frequencies because of the much shorter wavelengths. Hence, many experiments are easier to
perform at microwave frequencies rather than at optical frequencies.

Many technologies are first developed at microwave frequency, and later developed at
optical frequency. Examples are phase imaging, optical coherence tomography, and beam
steering with phase array sources. Another example is that quantum information and quan-
tum computing can be done at optical frequency, but the recent trend is to use artificial atoms
working at microwave frequencies. Engineering with longer wavelength and larger component
is easier; and hence, microwave engineering.

Another new frontier in the electromagnetic spectrum is in the terahertz range. Due to
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the dearth of sources in the terahertz range, and the added difficulty in having to engineer
smaller components, this is an exciting and a largely untapped frontier in electromagnetic

technology.
HP415
sweep generator
1 kHz modkation SWR meter

puT
WS isdatr  wavemeter  attenuator slotted line device
B under
fest

Figure 12.9: An experimental setup for a slotted line measurement (courtesy of Pozar and
Knapp, U. Mass [83)]).



Lecture 13

Multi-Junction Transmission
Lines, Duality Principle

13.1 Multi-Junction Transmission Lines

By concatenating sections of transmission lines of different characteristic impedances, a large
variety of devices such as resonators, filters, radiators, and matching networks can be formed.
We will start with a single junction transmission line first. A good reference for such problem
is the book by Collin [84], but much of the treatment here is not found in any textbooks.

13.1.1 Single-Junction Transmission Lines

Consider two transmission line connected at a single junction as shown in Figure 13.1. For
simplicity, we assume that the transmission line to the right is infinitely long so that there is no
reflected wave. And that the two transmission lines have different characteristic impedances,
ZOl and ZO2-

121
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Figure 13.1: A single junction transmission line can be modeled by a equivalent transmission
line terminated in a load Zj,s.

The impedance of the transmission line at junction 1 looking to the right,using the formula
from previously derived,! is

1471y 006*2#3212
1— I‘Looe*Qjﬁzlz

Zin2 = Z02 = ZOQ (13.1.1)

since no reflected wave exists, I', .o = 0, the above is just Zpz. Transmission line 1 sees a
load of Zj, = Z;n2 = Zp2 hooked to its end. The equivalent circuit is shown in Figure 13.1 as
well. Hence, we deduce that the reflection coefficient at junction 1 between line 1 and line 2,
using the knowledge from the previous lecture, is I'15, and is given by

_ 21, — Zot _ Zin2 — Zo1 _ Zo2 — Zo1
21, + Zo Zin2 + Zo1 Zo2 + Zo1

Ty (13.1.2)

13.1.2 Two-Junction Transmission Lines

Now, we look at the two-junction case. To this end, we first look at when line 2 is terminated
by a load Zy, at its end as shown in Figure 13.2

1We should always remember that the relations between the reflection coefficient I" and the normalized

: Zp—1 14T
im nce Z, are I' = 2n nd Z, = ==.
pedance Z,, are 79T @ d Z, T
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Figure 13.2: A single-junction transmission line with a load Zj at the far end of the second
line.

Then, using the formula derived in the previous lecture,

1+T(—1ly) 1+ pge2i00

Zing = Log————~ = Lpg——— 13.1.3

2 027 —F(—lg) 027 — ['ppe—2iB2l2 ( )

where we have used the fact that I'(—l2) = T'1oe— 29212 Tt is to be noted that here, using
knowledge from the previous lecture, that

25, — Zpo

o= ———
L2 Z1, + Zoa

(13.1.4)

Now, line 1 sees a load of Z;,2 hooked at its end. The equivalent circuit is the same as
that shown in Figure 13.1. The generalized reflection coefficient at junction 1, which includes
all the reflection of waves from its right, is now

= Zin2 — Zo1
Ty =222 13.1.5
2T Zina + Zon ( )
Substituting (13.1.3) into (13.1.5), we have
- Zoa(HE) — Ziny
12= 1 o (13.1.6)
Z02(ﬁ) + Zo1
where I' = I'z0e~22l2 The above can be rearranged to give
~ Zopo(14+T1) — Zy1(1-T
Ty = 02(L+1) = Zon ) (13.1.7)
Zo2(14+T) 4+ Zp1 (1 -T)
Finally, by further rearranging terms, it can be shown that the above becomes
. r T r [ppe 23682
Prp— 2 tl _ Jiatlac (13.1.8)

14+ To0 14 TDqal 0e—20802
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where T2, the local reflection coefficient, is given by (13.1.2), and I' = I'ppe~2/2!2 is the

general reflection coefficient? at z = —I5 due to the load Z;. In other words,
2y, — Zo2
Tjp= — = 13.1.9
Y2770+ Zog ( )

/ 1 1 /2 2 /3

ZOI ZUE Z{J.’r

[  —

12 =¥ BZ 1:‘23 - ﬂ3

L —¥ Z . >

in3

\]'—ja

Figure 13.3: A two-junction transmission line with a load Zp at the far end. The input
impedance looking in from the far left can be found recursively.

Waveqguides

Electrical Power Line Twisted Pair Wire

Microstrip Line

Figure 13.4: Different kinds of waveguides operating in different frequencies in power lines,
RF, microwave, and optics. (courtesy of Owen Casha.)

2We will use the term “general reflection coefficient” to mean the ratio between the amplitudes of the
left-traveling wave and the right-traveling wave on a transmission line.
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Equation (13.1.8) is a powerful formula for multi-junction transmission lines. Imagine
now that we add another section of transmission line as shown in Figure 13.3. We can use
the aforementioned method to first find T'p3, the generalized reflection coefficient at junction
2. Using formula (13.1.8), it is given by

- g3 4 [pge290sls

[y3 = . 13.1.10
23 1+ F23FL36_2J53Z3 ( )

where I'z3 is the load reflection coefficient due to the load Z, hooked to the end of transmission
line 3 as shown in Figure 13.3. Here, it is given as

21, — Zo3

[y = 2L 203
Y770+ Zog

(13.1.11)

Given the knowledge of T's3, we can use (13.1.8) again to find the new I'y5 at junction 1.
It is now

 Dyy 4 Toae—2iBala
o —l2ti:e ™ (13.1.12)
1+ T'1olgge—27820

The equivalent circuit is again that shown in Figure 13.1. Therefore, we can use (13.1.8)
recursively to find the generalized reflection coefficient for a multi-junction transmission line.
Once the reflection coefficient is known, the impedance at that location can also be found.
For instance, at junction 1, the impedance is now given by

14T
Zina = Zoi . BBt (13.1.13)

-T2

instead of (13.1.3). In the above, Zy; is used because the generalized reflection coefficient
f‘12 is the total reflection coefficient for an incident wave from transmission line 1 that is sent
toward the junction 1. Previously, Zys was used in (13.1.3) because the reflection coefficients
in that equation was for an incident wave sent from transmission line 2.

If the incident wave were to have come from line 2, then one can write Z;,2 as

1+ f‘236*2j52l2

Ling = Lpg——=——
n2 02 1— 1—‘236_2.75212

(13.1.14)

With some algebraic manipulation, it can be shown that (13.1.13) are (13.1.14) identical. But

(13.1.13) is closer to an experimental scenario where one measures the reflection coefficient

by sending a wave from line 1 with no knowledge of what is to the right of junction 1.
Transmission lines can be made easily in microwave integrated circuit (MIC) by etching

or milling. A picture of a microstrip line waveguide or transmission line is shown in Figure
13.5.



126 ELECTROMAGNETIC FIELD THEORY
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Figure 13.5: Schematic of a microstrip line with the signal line above, and a ground plane
below (left). A strip line with each strip carrying currents of opposite polarity (right). A
ground plane is not needed in this case.

13.1.3 Stray Capacitance and Inductance

Figure 13.6: A general microwave integrated circuit with different kinds of elements.
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':-L

Figure 13.7: A generic microwave integrated circuit.

The junction between two transmission lines is not as simple as we have assumed. In the real
world, or in MIC, the waveguide junction has discontinuities in line width, or shape. This
can give rise to excess charge cumulation. Excess charge gives rise to excess electric field
which corresponds to excess electric stored energy. This can be modeled by stray or parasitic
capacitances.

Alternatively, there could be excess current flow that give rise to excess magnetic field.
Excess magnetic field gives rise to excess magnetic stored energy. This can be modeled by
stray or parasitic inductances. Hence, a junction can be approximated by a circuit model as
shown in Figure 13.8 to account for these effects. The Smith chart or the method we have
outlined above can still be used to solve for the input impedances of a transmission circuit
when these parasitic circuit elements are added.

Notice that when the frequency is zero or low, these stray capacitances and inductances
are negligible. But they are instrumental in modeling high frequency circuits.
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Figure 13.8: A junction between two microstrip lines can be modeled with a stray junction
capacitance and stray inductances. The capacitance is used to account for excess charges at
the junction, while the inductances model the excess current at the junction.

13.2 Duality Principle

Duality principle exploits the inherent symmetry of Maxwell’s equations. Once a set of E
and H has been found to solve Maxwell’s equations for a certain geometry, another set for a
similar geometry can be found by invoking this principle. Maxwell’s equations in the frequency
domain, including the fictitious magnetic sources, are

V x E(r,w) = —jwB(r,w) — M(r,w)
V x H(r,w) = jwD(r,w) + J(r,w)
V- -B(r,w) = gn(r,w)
V- -D(r,w) = o(r,w)
One way to make Maxwell’s equations invariant is to do the following substitution.

E—-H H—--E, D—-B, B-—-D (13.2.5)

M—-J, J—=M, 0n—0 00— 0m (13.2.6)

The above swaps retain the right-hand rule for plane waves. When material media is included,
such that D = - E, B = - H, for anisotropic media, Maxwell’s equations become

VXxE=—jup-H-M (13.2.7)
VxH=jwe-E+J (13.2.8)
V.-z-H=o, (13.2.9)
V-e-:E=p (13.2.10)

In addition to the above swaps, one need further to swap for material parameters, namely,

n—E€ E—n (13.2.11)
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13.2.1 Unusual Swaps

If one adopts swaps where seemingly the right-hand rule is not preserved, e.g.,

E-HH->EM-—-J,J—-M, (13.2.12)

The above swaps will leave Maxwell’s equations invariant, but when applied to a plane wave,
the right-hand rule seems violated.

The deeper reason is that solutions to Maxwell’s equations are not unique, since there is
a time-forward as well as a time-reverse solution. In the frequency domain, this shows up in
the choice of the sign of the k vector where in a plane wave k = fw,/ue. When one does
a swap of p — —e and € — —pu, k is still indeterminate, and one can always choose a root
where the right-hand rule is retained.

13.2.2 Fictitious Magnetic Currents

Even though magnetic charges or monopoles do not exist, magnetic dipoles do. For instance,
a magnet can be regarded as a magnetic dipole. Also, it is believed that electrons have spins,
and these spins make electrons behave like tiny magnetic dipoles in the presence of a magnetic
field.

Also if we form electric current into a loop, it produces a magnetic field that looks like the
electric field of an electric dipole. This resembles a magnetic dipole field. Hence, a magnetic
dipole can be made using a small electric current loop (see Figure 13.9).
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E-field due to an
electric dipole

H-field due to an
electric current loop

Figure 13.9: Sketches of the electric field due to an electric dipole and the magnetic field due
to a electric current loop. The E and H fields have the same pattern, and can be described
by the same formula.

Because of these similarities, it is common to introduce fictitious magnetic charges and
magnetic currents into Maxwell’s equations. One can think that these magnetic charges
always occur in pair and together. Thus, they do not contradict the absence of magnetic
monopole.

The electric current loops can be connected in series to make a toroidal antenna as shown
in Figure 13.10. The toroidal antenna is used to drive a current in an electric dipole. Notice
that the toroidal antenna acts as the primary winding of a transformer circuit.
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Figure 13.10: A toroidal antenna used to drive an electric current through a conducting cylin-
der of a dipole. One can think of them as the primary and secondary turns of a transformer
(courtesy of Q. S. Liu [85]).
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Lecture 14

Reflection and Transmission,
Interesting Physical Phenomena

Much of the contents of this lecture can be found in Kong, and also the ECE 350X lecture
notes. They can be found in many textbooks, even though the notations can be slightly
different [29,31,38,47,48,59,71,75,77,78].

14.1 Reflection and Transmission—Single Interface Case

We will derive the reflection coefficients for the single interface case. These reflection co-
efficients are also called the Fresnel reflection coefficients because they were first derived by
Austin-Jean Fresnel (1788-1827). Note that he lived before the completion of Maxwell’s equa-
tions in 1865. But when Fresnel derived the reflection coefficients in 1823, they were based
on the elastic theory of light; and hence, the formulas are not exactly the same as what we
are going to derive (see Born and Wolf, Principles of Optics, p. 40 [52]).

The single-interface reflection and transmission problem is homomorphic to the transmis-
sion line problem, albeit with complicated mathematics, as we have to keep track of the 3D
polarizations of the electromagnetic fields in this case. We shall learn later that the mathe-
matical homomorphism can be used to exploit the simplicity of transmission line theory in
seeking the solutions to the multiple interface problems.

133
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14.1.1 TE Polarization (Perpendicular or E Polarization)!

medium 1

His &
x

Hos &2

medium 2

Figure 14.1: A schematic showing the reflection of the TE polarization wave impinging on a
dielectric interface.

To set up the above problem, the wave in Region 1 can be written as E;+E,.. We assume plane
wave polarized in the y direction where the wave vectors are 3; = £8;.+20iz, Br = TBrz—208rz,
B = B4y + 20, respectively for the incident, reflected, and transmitted waves. Then

E; = §Foe IPiT = jEje Piaribizz (14.1.1)
and
E, = §RTF Ege IPr™ = gRTE EyeProotibr=2 (14.1.2)
In Region 2, we only have transmitted wave; hence
E; = §TTPEge P = gTTE Eye= 1Pt —ibrsz (14.1.3)

In the above, the incident wave is known and hence, Fy is known. From (14.1.2) and (14.1.3),
RTE and TTF are unknowns yet to be sought. To find them, we need two boundary conditions
to yield two equations.? These are tangential E continuous and tangential H continuous,
which are n x E continuous and n x H continuous conditions at the interface.

Imposing n x E continuous at z = 0, we get

Ege Pt 4 RTEE e iBret — TTE R e=ifa® vy (14.1.4)

IThese polarizations are also variously know as the s and p polarizations, a descendent from the notations
for acoustic waves where s and p stand for shear and pressure waves respectively.

2Here, we will treat this problem as a boundary value problem where the unknowns are sought from
equations obtained from boundary conditions.



Reflection and Transmission, Interesting Physical Phenomena 135

In order for the above to be valid for all x, it is necessary that 8;; = 8,» = Bz, which is also
known as the phase matching condition.? From the above, by letting By = Brz = B1siné; =
[1sinf,., we obtain that 6, = 6; or that the law of reflection that the angle of reflection is
equal to the angle of incidence. By letting £;, = P2 sin 6y = 5;, = (1 sin6;, we obtain Snell’s
law that 1 sin6; = B3 sin ;. (This law of refraction that was also known in the Islamic world
in the 900 AD. [86]). Now, canceling common terms on both sides of the equation (14.1.4),
the above simplifies to

14+ RTF =17F (14.1.5)

To impose 7 x H continuous, one needs to find the H field using V x E = —jwuH, or
that H = —j8 x E/(—jwu) = B x E/(ww). By so doing

_BixEi _Bix gEoe_j'B“" _ EPix — 3Bz L

H; (14.1.6)
Wl w1 w1
T X E’l" T X { —1 . z T r TZ —q .
H, = B _B yRTEEOe iBrr — MRTEEOe Brox (14.1.7)
w1 w1l W2
x E X g . 3Btz — TPty .
H, = P B B X Ggreg s L e D grp g s (14.1.8)
w2 w2 W2
Imposing 7 x H continuous or H, continuous at z = 0, we have
&Eoe—jﬁmx _ &RTEEOe—jﬁmx — &TTEEOe—ijz (14.1.9)

W1 w1 w2
As mentioned before, the phase-matching condition requires that £;, = B, = Bi. The
dispersion relation for plane waves requires that
B = B+ B, = wWiner = B (14.1.10)
Br, + Bt = w’ioes = P (14.1.11)

Since Bix = Broe = Pia = P, the above implies that B;, = 5., = B1.. Moreover, By, = P2, #
B1. usually since 81 # 2. Then (14.1.9) simplifies to

@(1 — RTE) = Paz v (14.1.12)
H1 H2

where Blz =V 512 - ﬁ%a and ﬁZz =V ﬁ% - ﬁ%

Solving (14.1.5) and (14.1.12) yields
RTE — (ﬁlz . 62,2) / (61,2 + 62,2) (14113)
251 M2 H1 H2
TTE = 9 (Blz) / (ﬁ“ + 522) (14.1.14)
M1 241 2

3The phase-matching condition can also be proved by taking the Fourier transform of the equation with
respect to z. Among the physics community, this is also known as momentum matching, as the wavenumber
of a wave is related to the momentum of the particle.
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14.1.2 TM Polarization (Parallel or H Polarization)

E; E.

medium 1

Hi, &

o, &

medium 2

Figure 14.2: A similar schematic showing the reflection of the TM polarization wave impinging
on a dielectric interface. The solution to this problem can be easily obtained by invoking
duality principle.

The solution to the TM polarization case can be obtained by invoking duality principle where
we do the substitution E - H, H — —E, and p = ¢ as shown in Figure 14.2. The reflection
coefficient for the TM magnetic field is then

RTM _ <ﬁ1z o ﬁ2z> / (612 + 522> (14115)
€1 €9 €1 2

TT™ — 9 (5;) / (il + ﬂ;) (14.1.16)
1 1 2

Please remember that RTM and TTM are reflection and transmission coefficients for the
magnetic fields, whereas RT” and TTF are those for the electric fields. Some textbooks may
define these reflection coefficients based on electric field only, and they will look different, and
duality principle cannot be applied.

14.2 Interesting Physical Phenomena

Three interesting physical phenomena emerge from the solutions of the single-interface prob-
lem. They are total internal reflection, Brewster angle effect, and surface plasmonic resonance.
We will look at them next.
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14.2.1 Total Internal Reflection

Total internal reflection comes about because of phase matching (also called momentum
matching). This phase-matching condition can be illustrated using S-surfaces (same as k-
surfaces in some literature), as shown in Figure 14.3. It turns out that because of phase
matching, for certain interfaces, 82, becomes pure imaginary.

k surface for medium 0

k surface for medium ¢

Figure 14.3: Courtesy of J.A. Kong, Electromagnetic Wave Theory [31]. Here, k is synony-
mous with 8. Also, the x axis is equivalent to the z axis in the previous figure.
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k-

Kk,

/ I surface for medium ¢

& surface for medium 0

Figure 14.4: Courtesy of J.A. Kong, Electromagnetic Wave Theory. Here, k is synonymous
with 3, and x axis is the same as our z axis.

As shown in Figures 14.3 and 14.4, because of the dispersion relation that 82, + %, =
2+ B2 = B3, B2, + B2, = /33, they are equations of two circles in 2D whose radii are £
and [a, respectively. (The tips of the 3 vectors for Regions 1 and 2 have to be on a spherical
surface in the 3;, By, and B, space in the general 3D case, but in this figure, we only show a
cross section of the sphere assuming that 5, = 0.)

Phase matching implies that the xz-component of the 3 vectors are equal to each other
as shown. One sees that 6; = 6, in Figure 14.4, and also as 6; increases, #; increases. For
an optically less dense medium where 8 < (1, according to the Snell’s law of refraction, the
transmitted @ will refract away from the normal, as seen in the figure. Therefore, eventually
the vector B; becomes parallel to the x axis when B;, = 8,2 = B2 = w\/li2é2 and §; = 7/2.
The incident angle at which this happens is termed the critical angle 6.

Since B;; = B1sinf; = By, = f1siné, = Bs, or

Pr _ yhaf2 _ 1 (14.2.1)

sinf, = sinf; =sinf, = ==~

51 B VH1EL B ni

where n, is the reflective index defined as ¢o/v; = \/[i€i/+/Ho€o where v; is the phase velocity
of the wave in Region i. Hence,

0. = sin"!(ny/n1) (14.2.2)

When 0, > 0.. B, > B> and Bo, = V/B2° — 8,2 becomes pure imaginary. When (s,
becomes pure imaginary, the wave cannot propagate in Region 2, or 82, = —jas,, and the
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wave becomes evanescent. The reflection coefficient (14.1.13) becomes of the form
RT™ = (A—jB)/(A+jB) (14.2.3)

It is clear that |RT®| = 1 and that RTF = 7975, Therefore, a total internally reflected wave
suffers a phase shift. A phase shift in the frequency domain corresponds to a time delay in
the time domain. Such a time delay is achieved by the wave traveling laterally in Region 2
before being refracted back to Region 1. Such a lateral shift is called the Goos-Hanschen shift
as shown in Figure 14.5 [52]. A wave that travels laterally along the surface of two media is
also known as lateral waves [87,88].

Please be reminded that total internal reflection comes about entirely due to the phase-
matching condition when Region 2 is a faster medium than Region 1. Hence, it will occur
with all manner of waves, such as elastic waves, sound waves, seismic waves, quantum waves
ete.

n=nyn,

n;

Figure 14.5: Goos-Hanschen Shift. A phase delay is equivalent to a time delay (courtesy of
Paul R. Berman (2012), Scholarpedia, 7(3):11584 [89]).

The guidance of a wave in a dielectric slab is due to total internal reflection at the dielectric-
to-air interface. The wave bounces between the two interfaces of the slab, and creates evanes-
cent waves outside, as shown in Figure 14.6. The guidance of waves in an optical fiber works
by similar mechanism of total internal reflection, as shown in Figure 14.7. Due to the tremen-
dous impact the optical fiber has on modern-day communications, Charles Kao, the father of
the optical fiber, was awarded the Nobel Prize in 2009. His work was first published in [90].
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Ng substrate

Figure 14.6: Courtesy of E.N. Glytsis, NTUA, Greece [91].

Cladding

Figure 14.7: Courtesy of Wikepedia [92].

Waveguides have affected international communications for over a hundred year now.
Since telegraphy was in place before the full advent of Maxwell’s equations, submarine cables
for global communications were laid as early as 1850’s. Figure 14.8 shows a submarine cable
from 1869 using coaxial cable,, and one used in the modern world using optical fiber.
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Straits of Kertch Cable
Submerged 1869
Recovered 1889

Siemens Bros Co London

A cross section of the shore-end of a modem &
submarine communications cable.

1 g— Polyethylene

2 [ - Mytar tape

35— Stranded steel wires

4| |- Aluminium water barrier

5[l - Polycarbonate

6@—- Copper or aluminium tube

TE- Petroleum jelly

8[ ] - Optical fibers

Images courtesy of Angelika Sommer

Figure 14.8: The picture of an old 1869 submarine cable made of coaxial cables (left), and
modern submarine cable made of optical fibers (right) (courtesy of Atlantic-Cable [93], and
Wikipedia [94].
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Lecture 15

Interesting Physical Phenomena

Though simple that it looks, embedded in the TM Fresnel reflection coefficient are a few more
interesting physical phenomena. These are the phenomena of Brewster’s angle [95,96] and
the phenomena of surface plasmon resonance, or polariton [97,98].

15.1 More on Interesting Physical Phenomena, Homo-
morphism, Plane Waves, Transmission Lines

We will continue with understanding some interesting phenomena associated with the single-
interface problem. Albeit rather simple, embedded in the equations lie deep interesting phe-
nomena that we shall see.

15.1.1 Brewster Angle

Brewster angle was discovered in 1815 [95,96]. Furthermore, most materials at optical fre-
quencies have €5 # €1, but ps ~ p1. In other words, it is hard to obtain magnetic materials
at optical frequencies. Therefore, the TM polarization for light behaves differently from TE
polarization. Hence, we shall focus on the reflection and transmission of the TM polarization
of light, and we reproduce the TM reflection coefficient here:

RTM — ﬁlz _ 522 ﬁlz + ﬂ2z (15 1 1)
&1 E2 €1 €2 o
The transmission coefficient is easily gotten by the formula 77M = 1 + RT™_ Observe that
for RT™ it is possible that RTM = 0 if

€201, = €1P2- (15.1.2)
Squaring the above, making the note that ;. = \/8? — 32, one gets
£2%(B1% — B.2) = e12(B2* — B.2) (15.1.3)

143
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Solving the above, assuming p1 = pio = , gives

€1€2 . .
= [B1sinf; = By sin bl 15.1.4
I fisinfy = S sin by ( )

/BJL’ :w\//j

The latter two equations come from phase matching at the interface. Therefore,

sinfy =,/ if . sinfy =,/ i (15.1.5)
€1+ €2 €1 T &2

or that

sin? @) + sin? 0y = 1, (15.1.6)

Then, assuming that 61 and 5 are less than 7/2, and using the identity that cos? 01 +sin? 6, =
1, then it can be shown that

sin s = cos 6, (15.1.7)

or that

This is used to explain why at Brewster angle, no light is reflected back to Region 1. Figure
15.1 shows that the induced polarization dipoles in Region 2 always have their axes aligned in
the direction of reflected wave. A dipole does not radiate along its axis, which can be verified
heuristically by field sketch and looking at the Poynting vector. Therefore, these induced
dipoles in Region 2 do not radiate in the direction of the reflected wave. Notice that when
the contrast is very weak meaning that e & e, then 6; = 0y = 7/4, and (15.1.8) is satisfied.
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Ho. €p . €t

[()'b (?]g

Region 0 Region ¢

Figure 15.1: A figure showing a plane wave being reflected and transmitted at the Brewster’s
angle. In Region ¢, the polarization current or dipoles are all pointing in the k,. direction, and
hence, there is no radiation in that direction (courtesy of J.A. Kong, EM Wave Theory [31]).

Because of the Brewster angle effect for TM polarization when g5 # 1, |RTM| has to
go through a null when ¢; = 6. Therefore, |RT™| < |RTE| as shown in Figure 15.2. Then
when a randomly polarized light is incident on a surface, the polarization where the electric
field is parallel to the surface (TE polarization) is reflected more than the polarization where
the magnetic field is parallel to the surface (TM polarization). This phenomenon is used to
design sun glasses to reduce road glare for drivers. For light reflected off a road surface, they
are predominantly horizontally polarized with respect to the surface of the road. When sun
glasses are made with vertical polarizers, they will filter out and mitigate the reflected rays
from the road surface to reduce road glare. This phenomenon can also be used to improve
the quality of photography by using a polarizer filter as shown in Figure 15.3.
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|R”'-|, or _
|R;"M|

€1 <&

Figure 15.2: Because |RTY| has to through a null when 6; = 6, therefore, |RTM| < |RTF|
for all 6; as shown above.

Figure 15.3: Because the TM and TE lights will be reflected differently, polarizer filter can
produce remarkable effects on the quality of the photograph [96].

15.1.2 Surface Plasmon Polariton

Surface plasmon polariton occurs for the same mathematical reason for the Brewster angle
effect but the physical mechanism is quite different. Many papers and textbooks will introduce
this phenomenon from a different angle. But here, we will introduce it from the Fresnel
reflection coefficient for the TM waves.

The reflection coefficient R can become infinite if e < 0, which is possible in a plasma
medium. In this case, the criterion for the denominator to be zero is

—e201. = €122 (15.1.9)

When the above is satisfied, RT™ becomes infinite. This implies that a reflected wave exists
when there is no incident wave. Or Hyef = HincRT™, and when R™™ = oo, Hj,. can be
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zero, and H,.; can assume any value.! Hence, there is a plasmonic resonance or guided mode
existing at the interface without the presence of an incident wave. It is a self-sustaining wave
propagating in the = direction, and hence, is a guided mode propagating in the x direction.

Solving (15.1.9) after squaring it, as in the Brewster angle case, yields

E1E2
€1+ €2

Be = wy/p (15.1.10)

This is the same equation for the Brewster angle except now that e5 is negative. Even if
€2 < 0, but €1 + €2 < 0 is still possible so that the expression under the square root sign
(15.1.10) is positive. Thus, 8, can be pure real. The corresponding 51, and fSa, in (15.1.9)
can be pure imaginary, and (15.1.9) can still be satisfied.

This corresponds to a guided wave propagating in the z direction. When this happens,

€1+ €2

1/2
Bz =\/B1° = B> =wynt [61 (1 S )} (15.1.11)

Since g5 < 0, e2/(e1+e2) > 1, then (1, becomes pure imaginary. Moreover, 2, = v/ By — B2
and (22 < 0 making 2. becomes even a larger imaginary number. This corresponds to a
trapped wave (or a bound state) at the interface. The wave decays exponentially in both
directions away from the interface and they are evanescent waves. This mode is shown in
Figure 15.4, and is the only case in electromagnetics where a single interface can guide a
surface wave, while such phenomenon abounds for elastic waves.

When one operates close to the resonance of the mode so that the denominator in (15.1.10)
is almost zero, then [, can be very large. The wavelength becomes very short in this case,
and since (3;, = /7 — 32, then 31, and S, become even larger imaginary numbers. Hence,
the mode becomes tightly confined or bound to the surface, making the confinement of the
mode very tight. This evanescent wave is much more rapidly decaying than that offered by
the total internal reflection. It portends use in tightly packed optical components, and has
caused some excitement in the optics community.

I This is often encountered in a resonance system like an L.C tank circuit. Current flows in the tank circuit
despite the absence of an exciting voltage.



148 ELECTROMAGNETIC FIELD THEORY

https://en.wikipedia.org/wiki/Surface_plasmon

I-IyZ it |EE22
*|£E \J \J \./

Figure 15.4: Figure showing a surface plasmonic mode propagating at an air-plasma interface.
As in all resonant systems, a resonant mode entails the exchange of energies. In the case
of surface plasmonic resonance, the energy is exchanged between the kinetic energy of the
electrons and the energy store in the electic field (courtesy of Wikipedia [99]).

15.2 Homomorphism of Uniform Plane Waves and Trans-
mission Lines Equations

It turns out that the plane waves through layered medium can be mapped into the multi-
section transmission line problem due to mathematical homomorphism between the two prob-
lems. Hence, we can kill two birds with one stone: apply all the transmission line techniques
and equations that we have learnt to solve for the solutions of waves through layered medium
problems.?

For uniform plane waves, since they are proportional to exp(—j3 - r), we know that with
V — —jB, Maxwell’s equations becomes

B xE=wuH (15.2.1)
BxH=—weE (15.2.2)

for a general isotropic homogeneous medium. We will specialize these equations for different
polarizations.

15.2.1 TE or TE, Waves

For this, one assumes a TE wave traveling in z direction with electric field polarized in the y
direction, or E = gE,, H = £H, + 2H, then we have from (15.2.1)

BBy = —wpH, (15.2.3)
BzEy = wuH, (15.2.4)

2This treatment is not found elsewhere, and is peculiar to these lecture notes.
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From (15.2.2), we have
B.Hy — B:H, = —wekE, (15.2.5)

Then, expressing H, in terms of E, from (15.2.4), we can show from (15.2.5) that
2
B.Hy = —weEy + B Hy = —wek, —|— L E

= —we(1 - B2/B*)E, = —we cos ¢9Ey (15.2.6)

where (3, = fsin# has been used.
Eqgns. (15.2.3) and (15.2.6) can be written to look like the telegrapher’s equations by
letting —j8, — d/dz to get

dd E, = jwuH, (15.2.7)
di » = jwecos® 0F, (15.2.8)

Ifwelet £, =V, Hy — =1, p — L, ecos?f — C, the above is exactly analogous to the
telegrapher’s equations. The equivalent characteristic impedance of these equations above is

then
Zo = H 15.2.9
0 \/j:COSQ ﬁz z ( > )

The above is the wave impedance for a propagating plane wave with propagation direction
or the 3 inclined with an angle 6 respect to the z axis. When 6 = 0, the wave impedance
becomes the intrinsic impedance of space.

A two region, single-interface reflection problem can then be mathematically mapped to
a single-junction two-transmission-line problem discussed in Section 13.1.1. The equivalent
characteristic impedances of these two regions are then

WHi1 WH2
Zor = ——, Zp2 = 15.2.10
o ﬂlz 0 B2z ( )
We can use the above to find I'15 as given by
Zo2 — Z z) z
= 2= 2o _ (p2/Baz) = (p1/P1z) (15.2.11)

Zoas+Zor  (pa/PB2) + (1/P1z)

The above is the same as the Fresnel reflection coefficient found earlier for TE waves or RTF
after some simple re-arrangement.

Assuming that we have a single junction transmission line, one can define a transmission
coefficient given by

2702 _ 2(p2/B2z)
Zoa+ Zor  (p2/B2z) + (n1/P12)

The above is similar to the continuity of the voltage across the junction, which is the same
as the continuity of the tangential electric field across the interface. It is also the same as the
Fresnel transmission coefficient T7F.

Tio=1+T1y = (15.2.12)
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15.2.2 TM or TM, Waves

For the TM polarization, by invoking duality principle, the corresponding equations are, from
(15.2.7) and (15.2.8),

d
T Hy = —jweb, (15.2.13)
d
B = —jwpcos® 0H, (15.2.14)

Just for consistency of units, since electric field is in V m™!, and magnetic field is in A m™!
we may chose the following map to convert the above into the telegrapher’s equations, viz;

E,—V, H,—1I, pcos’0—1L, e—C (15.2.15)

Then, the equivalent characteristic impedance is now

Zoz\/z:\/gCOSGZ\/E%:fZ (15.2.16)

The above is also termed the wave impedance of a TM propagating wave making an inclined
angle 6 with respect to the z axis. Notice again that this wave impedance becomes the
intrinsic impedance of space when 6 = 0.

Now, using the reflection coefficient for a single-junction transmission line, and the appro-
priate characteristic impedances for the two lines as given in (15.2.16), we arrive at

(ﬂZz/é‘:Z) - (ﬁlz/gl)
(/82,2/52) + (512/61)

Notice that (15.2.17) has a sign difference from the definition of RT™ derived earlier in the
last lecture. The reason is that RTM is for the reflection coefficient of magnetic field while
I'15 above is for the reflection coefficient of the voltage or the electric field. This difference
is also seen in the definition for transmission coefficients.? A voltage transmission coefficient
can be defined to be

Iy = (15.2.17)

2(B2z/e2)
(B2z/€2) + (B1z/e1)

But this will be the transmission coefficient for the voltage, which is not the same as T7M
which is the transmission coefficient for the magnetic field or the current. Different textbooks
may define different transmission coefficients for this polarization.

Tio=1+T1y = (15.2.18)

3This is often the source of confusion for these reflection and transmission coefficients.
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Waves in Layered Media

16.1 Waves in Layered Media

Because of the homomorphism between the transmission line problem and the plane-wave
reflection by interfaces, we will exploit the simplicity of the transmission line theory to arrive
a formulas for plane wave reflection by layered media. This treatment is not found in any
other textbooks.

16.1.1 Generalized Reflection Coefficient for Layered Media

Because of the homomorphism between transmission line problems and plane waves in layered
medium problems, one can capitalize on using the multi-section transmission line formulas
for generalized reflection coefficient, which is

P [ig + Dpge=20P20

2 = = - (16.1.1)
1+ I'yoly3e— 2152l

This reflection coefficient includes multiple reflections from the right of the 12 junction. It
can be used to study electromagnetic waves in layered media shown in Figures 16.1 and 16.2.

Using the result from the multi-junction transmission line, we can write down the gener-
alized reflection coefficient for a layered medium with an incident wave at the 12 interface,
including multiple reflections from the right. It is given by

. Ryy + Roge2i02:1>

Rip = - 16.1.2
B 1 ¥ RigRoge—262:20 ( )

where [5 is now the thickness of the region 2. In the above, we assume that the wave is incident
from medium 1 which is semi-infinite, the generalized reflection coefficient above is defined at
the media 1 and 2 interface.! It is assumed that there are multiple reflection coming from the
23 interface, so that the 23 reflection coefficient is the generalized reflection coefficient Ros.

1We have borrowed Figure 16.1 from Kong’s book, where the first region is Region 0. But in our lecture,
the first region is Region 1.

151



152 ELECTROMAGNETIC FIELD THEORY

Region 0 = Region 1 Region [ Region n | Region t =n+1

Ho- €0 - €1 M. €} Hu. €p J LR

z=d, z=d; z=di1 z=d; T=dn1 zT=d,

Figure 16.1: Figure for layered media borrowed from Kong’s book. Please note that in our
notes, the first region is Region 1. We shall also, replace « with z and vice versa (courtesy of
J.A. Kong, Electromagnetic Wave Theory).

Figure 16.2 shows the case of a normally incident wave into a layered media. For this
case, the wave impedance becomes the intrinsic impedance.
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Figure 16.2: The equivalence of a layered medium problem to a transmission line prob-
lem. This equivalence is possible even for oblique incidence. For normal incidence, the wave
impedance becomes intrinsic impedances (courtesy of J.A. Kong, Electromagnetic Wave The-

ory).

We shall discuss finding guided waves in a layered medium next using the generalized
reflection coefficient. For a general guided wave along the longitudinal direction parallel to
the interfaces (x direction in our notation), the wave will propagate in the manner of

e JBux

For instance, the surface plasmon mode that we found previously can be thought of as a
wave propagating in the = direction. This wave has very interesting phase and group velocity.
Hence, it is prudent to understand phase and group velocity better before doing this.
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16.2 Phase Velocity and Group Velocity

Now that we know how a medium can be frequency dispersive in the Drude-Lorentz-Sommerfeld
(DLS) model, we are ready to distinguish the difference between the phase velocity and the
group velocity

16.2.1 Phase Velocity

The phase velocity is the velocity of the phase of a wave. It is only defined for a mono-
chromatic signal (also called time-harmonic, CW (constant wave), or sinusoidal signal) at one
given frequency. A sinusoidal wave signal, e.g., the voltage signal on a transmission line, can
take the form

V(z,t) = Vo cos(wt — kz + «) (16.2.1)
This sinusoidal signal moves with a velocity

Uph = (16.2.2)

k
where, for example, k = w,/u€, inside a simple coax. Hence,

vph = 1//1iE (16.2.3)

But a dielectric medium can be frequency dispersive, or £(w) is not a constant but a function
of w as has been shown with the Drude-Lorentz-Sommerfeld model. Therefore, signals with
different w’s will travel with different phase velocity.

More bizarre still, what if the coax is filled with a plasma medium where

£ =g ( - w”?) (16.2.4)

Then, ¢ < gy always meaning that the phase velocity given by (16.2.3) can be larger than
the velocity of light in vacuum (assuming g = o). Also, e = 0 when w = w,,, implying that
k = 0; then in accordance to (16.2.2), v,;, = co. These ludicrous observations can be justified
or understood only if we can show that information can only be sent by using a wave packet.?
The same goes for energy which can only be sent by wave packets, but not by CW signal,;
only in this manner can a finite amount of energy be sent. These wave packets can only travel
at the group velocity as shall be shown, which is always less than the velocity of light.

2In information theory, according to Shannon, the basic unit of information is a bit, which can only be
sent by a digital signal, or a wave packet.
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16.2.2 Group Velocity
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Figure 16.3: A Gaussian wave packet can be thought of as a linear superposition of monochro-
matic waves of slightly different frequencies. If one Fourier transforms the above signal, it
will be a narrow-band signal centered about certain wp (courtesy of Wikimedia [100]).

Now, consider a narrow band wave packet as shown in Figure 16.3. It cannot be mono-
chromatic, but can be written as a linear superposition of many frequencies. One way to
express this is to write this wave packet as an integral in terms of Fourier transform, or a
summation over many frequencies, namely

V(z,t) = / dwV (z,w)elt (16.2.5)

Assume that V(z,t) is the solution to the dispersive transmission line equations with e(w),
then it can be shown that V(z,w) is the solution to the one-dimensional Helmholtz equation®

2

V(50 4 K@)V (2,0) =0 (16.2.6)

3In this notes, we will use k and f interchangeably for wavenumber. The transmission line community
tends to use 8 while the optics community uses k.
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When the dispersive transmission line is filled with dispersive material, then k? = w?pge(w).
Thus, upon solving the above equation, one obtains that V(z,w) = Vy(w)e %%, and

V(z,t) = / dwVp(w)ed @t=F2) (16.2.7)

In the general case, k is a complicated function of w as shown in Figure 16.4.

k(o)
A

Figure 16.4: A typical frequency dependent k(w) albeit the frequency dependence can be
more complicated than shown.

Since this is a wave packet, we assume that Vp(w) is narrow band centered about a
frequency wy, the carrier frequency as shown in Figure 16.5. Therefore, when the integral
in (16.2.7) is performed, it needs only be summed over a narrow range of frequencies in the
vicinity of wy.
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(o)

A

Figure 16.5: The frequency spectrum of V(w).

Thus, we can approximate the integrand in the vicinity of w = wg, and let

dh(wo) 1 » Pk(wo)

dw + §(w ~ wo) dw?

To ensure the real-valuedness of (16.2.5), one ensures that —w part of the integrand is exactly
the complex conjugate of the +w part. Another way is to sum over only the +w part of the
integral and take twice the real part of the integral. So, for simplicity, we write (16.2.5) as

k(w) = k(wo) + (@ — wo)

(16.2.8)

V(z,t) = 2Re / dw Vo (w)ed @t=F2) (16.2.9)
0

Since we need to integrate over w &~ wp, we can substitute (16.2.8) into (16.2.9) and rewrite
it as

[e°]

V(z,t) = 2Re | elwot—k(wo)z] / deo(w)ej(wf“"))tefj(wf‘”")%Z (16.2.10)
0
F(t—4kz)
where more specifically,
dk > . .
F (t - dz) = / deO(w)ej(w_“"))te_](“_wo)%z (16.2.11)
w

0
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It can be seen that the above integral now involves the integral summation over a small range
of w in the vicinity of wy. By a change of variable by letting ) = w — wy, it becomes

+A .
F (t — 552> = / dQVO(Q + wo)ejg(tf%z) (16212)
—A

When €2 ranges from —A to +A in the above integral, the value of w ranges from wg — A to
wo + A. It is assumed that outside this range of w, Vp(w) is sufficiently small so that its value
can be ignored.

The above itself is a Fourier transform integral that involves only the low frequencies of

the Fourier spectrum. Hence, F' is a slowly varying function. Moreover, this function ' moves
with a velocity

_dw

= — 16.2.1
T (16.2.13)

Vg

Here, F(t—Z) in fact is the velocity of the envelope in Figure 16.3. In (16.2.10), the envelope
function F'(t — %) is multiplied by the rapidly varying function

¢ilwot—k(wo)2] (16.2.14)

before one takes the real part of the entire function. Hence, this rapidly varying part represents
the rapidly varying carrier frequency shown in Figure 16.3. More importantly, this carrier,
the rapidly varying part of the signal, moves with the velocity

v —wo
P R(wo)

(16.2.15)

which is the phase velocity.

16.3 Wave Guidance in a Layered Media

Now that we have understood phase and group velocity, we are at ease with studying the
We have seen that in the case of a surface plasmonic resonance, the wave is guided by an
interface because the Fresnel reflection coefficient becomes infinite. This physically means that
a reflected wave exists even if an incident wave is absent or vanishingly small. This condition
can be used to find a guided mode in a layered medium, namely, to find the condition under
which the generalized reflection coefficient (16.1.2) will become infinite.

16.3.1 Transverse Resonance Condition

Therefore, to have a guided mode exist in a layered medium, the denominator of (16.1.2) is
zero, or that

1+ RigRoze %P2z — (16.3.1)
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where t is the thickness of the dielectric slab. Since Ris = —Rps1, the above can be written as
1 = Ry Roge2P2:t2 (16.3.2)

The above has the physical meaning that the wave, after going through two reflections at
the two interfaces, 21, and 23 interfaces, which are Ro; and Ra3, plus a phase delay given
by e~2782:12 becomes itself again. This is also known as the transverse resonance condition.
When specialized to the case of a dielectric slab with two interfaces and three regions, the
above becomes

1 = Ry Ryze 2P2:l2 (16.3.3)

The above can be generalized to finding the guided mode in a general layered medium. It
can also be specialized to finding the guided mode of a dielectric slab.
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Lecture 17

Dielectric Waveguides

Before we embark on the study of dielectric waveguides, we will revisit the transverse reso-
nance again. The transverse resonance condition allows one to derive the guidance conditions
for a dielectric waveguide easily without having to match the boundary conditions at the
interface again: The boundary conditions are already used when deriving the Fresnel reflec-
tion coefficients, and hence they are embedded in these reflection coefficients. Much of the
materials in this lecture can be found in [31, 38, 75].

17.1 Generalized Transverse Resonance Condition

The guidance conditions, the transverse resonance condition given previously, can also be
derived for the more general case. The generalized transverse resonance condition is a powerful
condition that can be used to derive the guidance condition of a mode in a layered medium.
To derive this condition, we first have to realize that a guided mode in a waveguide is due
to the coherent or constructive interference of the waves. This implies that if a plane wave
starts at position 1 (see Figure 17.1)! and is multiply reflected as shown, it will regain its
original phase in the = direction at position 5. Since this mode progresses in the z direction,
all these waves (also known as partial waves) are in phase in the z direction by the phase
matching condition. Otherwise, the boundary conditions cannot be satisfied. That is, waves
at 1 and 5 will gain the same phase in the z direction. But, for them to add coherently or
interfere coherently in the = direction, the transverse phase at 5 must be the same as 1.
Assuming that the wave starts with amplitude 1 at position 1, it will gain a transverse
phase of e~750=t when it reaches position 2. Upon reflection at & = x5, at position 3, the wave
becomes R,e 7P0=t where R, is the generalized reflection coefficient at the right interface
of Region 0. Finally, at position 5, it becomes R,R+e_2j50wt where R_ is the generalized
reflection coefficient at the left interface of Region 0. For constructive interference to occur

I The waveguide convention is to assume the direction of propagation to be z. Since we are analyzing a
guided mode in a layered medium, z axis is as shown in this figure.
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i

Figure 17.1: The transverse resonance condition for a layered medium. The phase of the wave
at position 5 should be equal to the transverse phase at position 1.

or for the mode to exist, we require that
R_R e %P0t — 1 (17.1.1)

The above is the generalized transverse resonance condition for the guidance condition for a
plane wave mode traveling in a layered medium.

In (17.1.1), a metallic wall has a reflection coefficient of 1 for a TM wave, hence if R, is
1, Equation (17.1.1) becomes

1 — R_e2=9host — (17.1.2)

On the other hand, in (17.1.1), a metallic wall has a reflection coefficient of —1, for TE wave,
and Equation (17.1.1) becomes

14 R_e* 9Pt — (17.1.3)

17.2 Dielectric Waveguide

The most important dielectric waveguide of the modern world is the optical fiber, whose
invention was credited to Charles Kao [90]. He was awarded the Nobel prize in 2009 [101].
However, the analysis of the optical fiber requires analysis in cylindrical coordinates and the
use of special functions such as Bessel functions. In order to capture the essence of dielectric
waveguides, one can study the slab dielectric waveguide, which shares many salient features
with the optical fiber. This waveguide is also used as thin-film optical waveguides (see Figure
17.2). We start with analyzing the TE modes in this waveguide.
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SrFrhorr

Optical Thin-Film
Waveguide

Figure 17.2: An optical thin-film waveguide is made by coating a thin dielectric film or sheet
on a metallic surface. The wave is guided by total internal reflection at the top interface, and
by metallic reflection at the bottom interface.

17.2.1 TE Case

o

:E‘ij/ region 0

X
o)
-
& 0 ,
Wy, € y® » 7z region |
ol NS
S
—d/2 0”7 region 2

Figure 17.3: Schematic for the analysis of a guided mode in the dielectric waveguide. Total
internal reflection occurs at the top and bottom interfaces. If the waves add coherently, the
wave is guided along the dielectric slab.

We shall look at the application of the transverse resonance condition to a TE wave guided
in a dielectric waveguide. Again, we assume the direction of propagation of the guided mode
to be in the z direciton in accordance to convention. Specializing the above equation to the
dielectric waveguide shown in Figure 17.3, we have the guidance condition as

1= R10R126_2j’(31md (17.2.1)

where d is the thickness of the dielectric slab. Guidance of a mode is due to total internal
reflection, and hence, we expect Region 1 to be optically more dense (in terms of optical
refractive indices)? than region 0 and 2.

To simplify the analysis further, we assume Region 2 to be the same as Region 0. The
new guidance condition is then

1 = Rjje21Pd (17.2.2)

20ptically more dense means higher optical refractive index, or higher dielectric constant.
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Also, we assume that 1 > gg so that total internal reflection occurs at both interfaces as
the wave bounces around so that By, = —jag,. Therefore, for TE polarization, the single-
interface reflection coefficient is

_ Hobie — 1 Box _ pobiz + jicoe

= , = ¢lfrE 17.2.3
toBiz + 1 Boz  HoPia — 1o ( )

Rio

where Org is the Goos-Hanschen shift for total internal reflection. It is given by

Orp = 2tan ! (Z;fo> (17.2.4)

The guidance condition for constructive interference according to (17.2.1) is such that
29TE — Qﬁlwd =2nmw (17.2.5)

From the above, dividing it by four, and taking its tangent, we get

0 »d
tan (:;E> = tan (71271' + ﬁ12 ) (17.2.6)
or
M1y nm 51xd)
=tan | — + 17.2.7
oSz ( 2 2 ( )
The above gives rise to
»d
1100z = oP1e tan <ﬁ12 ) , n even (17.2.8)
»d
—p1 Qe = o1 cOb <ﬁ12 > , n odd (17.2.9)

It can be shown that when n is even, the mode profile is even, whereas when n is odd, the
mode profile is odd. The above can also be rewritten as

@ﬁlwd tan (Blld> = a0$d7 even modes (17.2.10)
p1 o 2 2 2
»d «d od
o B cot (51 ) = 20 , odd modes (17.2.11)
H1 2 2 2

Using the fact that —a3, = 82 — 82, and that 8%, = 57 — (2, eliminating 3, from these two
equations, one can show that

ane = [w? (per — poco) — B, (17.2.12)
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and (17.2.10) and (17.2.11) become

OéOId
2

@Blzd tan <51xd) _
p1o 2 2

= \/wg(/ﬂEl - M0€o)

7@ Blmd cot 51xd _ aOzd
w2 2 2

d2

4

(

led
2

2
) , even modes

= \/wQ(,ulel — Ho€o)

d2

4

We can solve the above graphically by plotting

_ Ho Blwd
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p1o 2
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(17.2.13)

(17.2.14)

(17.2.15)

(17.2.16)

(17.2.17)

Figure 17.4: A way to solve (17.2.13) and (17.2.13) is via a graphical method. In this method,
both the right-hand side and the left-hand side of the equations are plotted on the same plot.
The solutions are the points of intersection of these plots.
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In the above, y3 is the equation of a circle; the radius of the circle is given by

L d
w(prer — poeo)? 5 (17.2.18)

The solutions to (17.2.13) and (17.2.14) are given by the intersections of yz with y; and
y2. We note from (17.2.1) that the radius of the circle can be increased in three ways: (i)
by increasing the frequency, (ii) by increasing the contrast Z;;, and (iii) by increasing the
thickness d of the slab.? The mode profiles of the first two modes are shown in Figure 17.5.

n Ey
TE

TE, /

Figure 17.5: Mode profiles of the TEy and TE; modes of a dielectric slab waveguide (courtesy
of J.A. Kong [31]).

When Sy, = —jaos, the reflection coefficient for total internal reflection is
RTE — toPra + i cos exp [+2j tan~! (H1a0x>:| (17.2.19)
10 MOBlz - jﬂlaOz /J“Oﬁlz

and |R?OE | = 1. Hence, the wave is guided by total internal reflections.

Cut-off occurs when the total internal reflection ceases to occur, i.e. when the frequency
decreases such that ag, = 0.

From Figure 17.4, we see that agp, = 0 when

(S
N

3

3

w(pi€1 — po€o)2 = = —, m=0,1,2,3,... (17.2.20)

3These features are also shared by the optical fiber.
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or

Wy = ———8 m=0,1,2,3,... (17.2.21)

d(per — po€o)?’

The mode that corresponds to the m-th cut-off frequency above is labeled the TE,, mode.
Thus TEy mode is the mode that has no cut-off or propagates at all frequencies. This is
shown in Figure 17.6 where the TE mode profiles are similar since they are dual to each
other. The boundary conditions at the dielectric interface is that the field and its normal
derivative have to be continuous. The TEqy or TMg mode can satisfy this boundary condition
at all frequencies, but not the TE; or TM; mode. At the cut-off frequency, the field outside
the slab has to become flat implying the o, = 0 implying no guidance.

H

y

TM mode

> X

Hy T™; mode

o=,

|

Figure 17.6: The TE modes are dual to the TM modes and have similar mode profiles.

At cut-off, ag, = 0, and from the dispersion relation that a3, = 52 — 33,

Bz = wy/oko,

for all the modes. Hence, both the group and the phase velocities are that of the outer region.
This is because when ag,; = 0, the wave is not evanescent outside, and most of the energy of
the mode is carried by the exterior field.

When w — oo, the radius of the circle in the plot of y3 becomes increasingly larger. As
seen from Figure 17.4, the solution for 8, — =} for all the modes. From the dispersion

relation for Region 1,
B: = \/w?pie1 — B%, =~ wy/ui€r, w — 00 (17.2.22)
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Hence the group and phase velocities approach that of the dielectric slab. This is because
when w — 00, ag, — oo, implying that the fields are trapped or confined in the slab and
propagating within it. Because of this, the dispersion diagram of the different modes appear
as shown in Figure 17.7. In this figure,* k.i, keo, and k.3 are the cut-off wave number or
frequency of the first three modes. Close to cut-off, the field is traveling mostly outside
the waveguide, and k, = w,/1pcp, and both the phase and group velocities approach that
of the outer medium as shown in the figure. When the frequency increases, the mode is
tightly confined in the dielectric slab, and k. ~ w,/p1e1. Both the phase and group velocities
approach that of Region 1 as shown.

k-
, TM,
, TM;
2, TMj
25, TM;
v
AE Y
/ )
A A g
Ay d
7 ,//’4 - A‘(ﬂ?

> k,

Figure 17.7: Here, we have k, versus k; plot for dielectric slab waveguide. Near its cut-off,
the energy of the mode is in the outer region, and hence, its group velocity is close to that of
the outer region. At high frequencies, the mode is tightly bound to the slab, and its group
velocity approaches that of the dielectric slab (courtesy of J.A. Kong [31]).

17.2.2 TM Case

For the TM case, a similar guidance condition analogous to (17.2.1) can be derived but with
the understanding that the reflection coefficients in (17.2.1) are now TM reflection coefficients.

4Please note again that in this course, we will use 8 and k interchangeably for wavenumbers.



Dielectric Waveguides 169

Similar derivations show that the above guidance condition, for e; = €g, pu2 = pg, reduces to

€, d d @2 d\’
55115 tanﬂlz§ = \/wQ(,ulel - ,uoeo)z - <B112> , even modes (17.2.23)
d d 42 d\>
—6*051:1:* cot fro = (/w2 (p1er — poeo) — — | Pz | > odd modes (17.2.24)
€1 2 2 4 2

Note that for equation (17.2.1), when we have two parallel metallic plates, R7™ = 1, and
RTF = —1, and the guidance condition becomes

. mm
1 = ¢ 20P1zd = By =

T m=012 (17.2.25)

17.2.3 A Note on Cut-Off of Dielectric Waveguides

The concept of cut-off in dielectric waveguides is quite different from that of hollow waveguides
that we shall learn next. A mode is guided in a dielectric waveguide if the wave is trapped
inside, in this case, the dielectric slab. The trapping is due to the total internal reflections at
the top and the bottom interface of the waveguide. WShen total internal reflection ceases to
occur at any of the two interfaces, the wave is not guided or trapped inside the dielectric slab
anymore. This happens when «;, = 0 where ¢ can indicate the top-most or the bottom-most
region. In other words, the wave ceases to be evanescent in Region .
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Lecture 18

Hollow Waveguides

Hollow waveguides are useful for high-power microwaves. Air has a higher breakdown voltage
compared to most materials, and hence, could be a good medium for propagating high power
microwave. Also, hollow waveguides are sufficiently shielded from the rest of the world so
that interference from other sources is minimized. Furthermore, for radio astronomy, they
can provide a low-noise system immune to interference. Air generally has less loss than
materials, and loss is often the source of thermal noise. A low loss waveguide is also a low
noise waveguide.'

Many waveguide problems can be solved in closed form. An example is the coaxial waveg-
uide previously discussed. But there are many other waveguide problems that have closed
form solutions. Closed form solutions to Laplace and Helmholtz equations are obtained by the
separation of variables method. The separation of variables method works only for separable
coordinate systems. (There are 11 separable coordinates for Helmholtz equations, but 13 for
Laplace equation.) Some examples of separable coordinate systems are cartesian, cylindrical,
and spherical coordinates. But these three coordinates are about all we need to know for
solving many engineering problems. More complicated cases are now handled with numerical
methods using computers.

When a waveguide has a center conductor or two conductors like a coaxial cable, it can
support a TEM wave where both the electric field and the magnetic field are orthogonal to
the direction of propagation. The uniform plane wave is an example of a TEM wave, for
instance.

However, when the waveguide is hollow or is filled completely with a homogeneous medium,
without a center conductor, it cannot support a TEM mode as we shall prove next. Much of
the materials of this lecture can be found in [31,75,84].

IThere is a fluctuation dissipation theorem [102,103] that says that when a system loses energy to the
environment, it also receives the same amount of energy from the environment in order to conserve energy.
Hence, a lossy system loses energy to its environment, but it receives energy back from the environment in
terms of thermal noise.
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18.1 Hollow Waveguides
18.1.1 Absence of TEM Mode in a Hollow Waveguide

/ )
C————————
Figure 18.1: Absence of TEM mode in a hollow waveguide enclosed by a PEC wall. The
magnetic field lines form a closed loop due to the absence of magnetic charges.

We would like to prove by contradiction (reductio ad absurdum) that a hollow waveguide
as shown in Figure 18.1 (i.e. without a center conductor) cannot support a TEM mode as
follows. If we assume that TEM mode does exist, then the magnetic field has to end on itself
due to the absence of magnetic charges. It is clear that gﬁc H; - dl # 0 about any closed
contour following the magnetic field lines. But Ampere’s law states that the above is equal

to
¢H5~d1:jw/D~dS+/J~dS (18.1.1)
C S S

Hence, this equation cannot be satisfied unless there are E, # 0 component, or that J, # 0
inside the waveguide. The right-hand side of the above cannot be entirely zero, or this implies
that E, # 0 unless a center conductor carrying a current J is there. This implies that a TEM
mode in a hollow waveguide without a center conductor cannot exist.

Therefore, in a hollow waveguide filled with homogeneous medium, only TE, or TM,
modes can exist like the case of a layered medium. For a TE, wave (or TE wave), E, = 0,
H, # 0 while for a TM, wave (or TM wave), H, = 0, E, # 0. These classes of problems
can be decomposed into two scalar problems like the layerd medium case, by using the pilot
potential method. However, when the hollow waveguide is filled with a center conductor, the
TEM mode can exist in addition to TE and TM modes.

We will also study some closed form solutions to hollow waveguides, such as the rectan-
gular waveguides. These closed form solutions offer us physical insight into the propagation
of waves in a hollow waveguide. Another waveguide where closed form solutions can be ob-
tained is the circular hollow waveguide. The solutions need to be sought in terms of Bessel
functions. Another waveguide with closed form solutions is the elliptical waveguide. However,
the solutions are too complicated to be considered.
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18.1.2 TE Case (E, =0, H, #0)

In this case, the field inside the waveguide is TE to z or TE,. To ensure a TE field, we can
write the E field as

E(r) = V x 20, (1) (18.1.2)

Equation (18.1.2) will guarantee that E, = 0 due to its construction. Here, ¥, (r) is a scalar
potential and 2 is called the pilot vector.?

The waveguide is assumed source free and filled with a lossless, homogeneous material.
Eq. (18.1.2) also satisfies the source-free condition since V-E = 0. And hence, from Maxwell’s
equations, it can be shown that the electric field E(r) satisfies the following Helmholtz wave
equation, or partial differential equation that

(V24 BHE(r) =0 (18.1.3)
where 3% = w?ue. Substituting (18.1.2) into (18.1.3), we get
(V2 + BV x 20 (r) =0 (18.1.4)

In the above, we assume that V2V x 2¥ = V x 2(V2W¥), or that these operators commute.?
Then it follows that

V x (V2 + B3 Uy(r) =0 (18.1.5)

Thus, if Uy (r) satisfies the following Helmholtz wave equation of partial differential equa-
tion

(V24 5%)Uu(r) =0 (18.1.6)

then (18.1.5) is satisfied, and so is (18.1.3). Hence, the E field constructed with (18.1.2)
satisfies Maxwell’s equations, if U (r) satisfies (18.1.6).

21t “pilots” the field so that it is transverse to z.
3This is a mathematical parlance, and a commutator is defined to be [A, B] = AB — BA for two operators
A and B. If these two operators commute, then [A, B] = 0.
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~

z

Figure 18.2: A hollow metallic waveguide with a center conductor (left), and without a center
conductor (right).

Next, we look at the boundary condition for Wy, (r) which is derivable from the boundary
condition for E. The boundary condition for E is that 7 x E = 0 on C, the PEC wall of the
waveguide. But from (18.1.2), using the back-of-the-cab (BOTC) formula,

AxBE=nx(Vxil,)=—h VI, =0 (18.1.7)

In applying the BOTC formula, one has to be mindful that V operates on a function to its
right, and the function ¥} should be placed to the right of the V operator.

In the above n -V = n - Vg where Vg = i’% + 1]8% since n has no z component. The
boundary condition (18.1.7) then becomes

- Vs\:[/h = Bn\I!h =0on C (1818)

which is also known as the homogeneous Neumann boundary condition.
Furthermore, in a waveguide, just as in a transmission line case, we are looking for traveling
solutions of the form exp(Fjf3,z) for (18.1.6), or that

Uy (r) = Wy (r)e TP (18.1.9)

where ry = Zx+gy, or in short, U, (rs) = Yps(z,y). Thus, 8, ¥}, = 0 implies that 9, ¥y, = 0.
With this assumption, % — —f.2, and (18.1.6) becomes even simpler, namely,

(V24 8% = B.2)Ups(rs) = (V2 4+ BHUh(rs) =0, 0, Tps(rs) =0, on C  (18.1.10)

where 32 = 32 — 2. The above is a boundary value problem for a 2D waveguide problem.
The above 2D wave equation is also called the reduced wave equation.
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18.1.3 TM Case (E, #0, H, =0)
Repeating similar treatment for TM waves, the TM magnetic field is then
H="V x 30,(r) (18.1.11)
where
(V24 B3, (r) =0 (18.1.12)

We need to derive the boundary condition for ¥.(r) when we know that 7 x E = 0 on the
waveguide wall. To this end, we find the corresponding E field by taking the curl of the
magnetic field in (18.1.11), and thus the E field is proportional to

0
E~VxVx2U,(r)=VV-(30,) - V22U, = Vo Vet 2670, (18.1.13)
z
where we have used the BOTC formula to simplify the above. Taking the z component of
the above, we get
2

E.r o5+ B2, (18.1.14)
Assuming that we have a propagating mode inside the waveguide so that
T, ~ T8 (18.1.15)
then in (18.1.14), 92/92% — —/2, and
E. ~ (8 — 32U, (18.1.16)
Therefore, if
U.(r)=0o0nC, (18.1.17)
then,
E.(r)=00onC (18.1.18)

Equation (18.1.16) is also called the homogeneous Dirichlet boundary condition. One can
further show from (18.1.13) that the homogeneous Dirichlet boundary condition also implies
that the other components of tangential E are zero, namely 7 x E = 0 on the waveguide wall
C.

Thus, with some manipulation, the boundary value problem related to equation (18.1.12)
reduces to a simpler 2D problem, i.e.,

(V.2 + B2 W, (r,) = 0 (18.1.19)
with the homogeneous Dirichlet boundary condition that

U.s(rs) =0,rs on C (18.1.20)
In the above, we have assumed that

o (r) = Uoy(ry)eTiP:" (18.1.21)

To illustrate the above theory, we can solve some simple waveguides problems.
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18.2 Rectangular Waveguides

Rectangular waveguides are among the simplest waveguides to analyze because closed form
solutions exist in cartesian coordinates. One can imagine traveling waves in the zy directions
bouncing off the walls of the waveguide causing standing waves to exist inside the waveguide.

As shall be shown, it turns out that not all electromagnetic waves can be guided by
a hollow waveguide. Only when the wavelength is short enough, or the frequency is high
enough that an electromagnetic wave can be guided by a waveguide. When a waveguide
mode cannot propagate in a waveguide, that mode is known to be cut-off. The concept of
cut-off for hollow waveguide is quite different from that of a dielectric waveguide we have
learned previously.

18.2.1 TE Modes (H Mode or H, # 0 Mode)

For this mode, the scalar potential W, (r,) satisfies

(V2 + B, (rs) = 0, %\Phs(rs) =0 onC (18.2.1)

where 8,2 = 82 — 3,2, A viable solution using separation of variables? for Ups(z,y) is then
Ups(z,y) = Acos(Byx) cos(Byy) (18.2.2)

where % + Bz = /2. One can see that the above is the representation of standing waves
in the xy directions. It is quite clear that W,(x,y) satisfies equation (18.2.1). Furthermore,
cosine functions, rather than sine functions are chosen with the hindsight that the above
satisfies the homogenous Neumann boundary condition at £ = 0, and y = 0 surfaces.

> X

Figure 18.3: The schematic of a rectangular waveguide. By convention, the length of the
longer side is usually named a.

4For those who are not familiar with this topic, please consult p. 385 of Kong [31].
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To further satisfy the boundary condition at = a, and y = b surfaces, it is necessary
that the boundary condition for eq. (18.1.8) is satisfied or that

00 W (2,y)],—, ~ sin(Bra) cos(Byy) = 0, (18.2.3)

Oy Vs (2, )|, ~ cos(Bzx) sin(Byd) = 0, (18.2.4)

The above puts constraints on 3, and 3, implying that 8,a = mn, 8yb = nm where m and
n are integers. Hence (18.2.2) becomes

Ups(x,y) = Acos (%x) cos (%y) (18.2.5)
where
= (T (5Y e 1526

Clearly, (18.2.5) satisfies the requisite homogeneous Neumann boundary condition at the
entire waveguide wall.

At this point, it is prudent to stop and ponder on what we have done. Equation (18.2.1)
is homomorphic to a matrix eigenvalue problem

K'Xi = Aixi (1827)

where x; is the eigenvector and ); is the eigenvalue. Therefore, 32 is actually an eigenvalue,
and Uy, (rs) is an eigenfunction (or an eigenmode), which is analogous to an eigenvector. Here,
the eigenvalue 32 is indexed by m,n, so is the eigenfunction in (18.2.5). The corresponding
eigenmode is also called the TE,,, mode.

The above condition on 32 is also known as the guidance condition for the modes in the
waveguide. Furthermore, from (18.2.6),

g g (M (N2
B. = /B — B \//3 (=) - (%) (18.2.8)
And from (18.2.8), when the frequency is low enough, then

B2 = (%)2 + (%)2 > B2 = wpe (18.2.9)

and (3, becomes pure imaginary and the mode cannot propagate or become evanescent in the
z direction.® For fixed m and n, the frequency at which the above happens is called the cutoff
frequency of the TE,,, mode of the waveguide. It is given by

e = (22 (55 (182,10

5We have seen this happening in a plasma medium earlier and also in total internal reflection.
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When w < Wpn, ¢, the TE,,,, mode is evanescent and cannot propagate inside the waveguide.
A corresponding cutoff wavelength is then

2
)"+ (3)72

a

(18.2.11)

/\mn,c =

So when A > A, ¢, the mode cannot propagate inside the waveguide.

When m = n =0, then Uy, (r) = U,4(z, y) exp(FjB.2) is a function independent of x and
y. Then E(r) =V x 2U,(r) = Vs x 2¥,(r) = 0. It turns out the only way for H, # 0 is for
H(r) = ZH, which is a static field in the waveguide. This is not a very interesting mode, and
thus TEqy propagating mode is assumed not to exist and not useful. So the TE,,, modes
cannot have both m = n = 0. As such, the TE;g mode, when a > b, is the mode with the
lowest cutoff frequency or longest cutoff wavelength.

For the TE1¢ mode, for the mode to propagate, from (18.2.11), it is needed that

A< )\107C = 2a (18.2.12)

The above has the nice physical meaning that the wavelength has to be smaller than 2a in
order for the mode to fit into the waveguide. As a mnemonic, we can think that photons have
“sizes” | corresponding to its wavelength. Only when its wavelength is small enough can the
photons go into (or be guided by) the waveguide. The TE;q mode, when a > b, is also the
mode with the lowest cutoff frequency or longest cutoff wavelength.

It is seen with the above analysis, when the wavelength is short enough, or frequency is
high enough, many modes can be guided. Each of these modes has a different group and
phase velocity. But for most applications, a single guided mode only is desirable. Hence,
the knowledge of the cutoff frequencies of the fundamental mode (the mode with the lowest
cutoff frequency) and the next higher mode is important. This allows one to pick a frequency
window within which only a single mode can propagate in the waveguide.

It is to be noted that when a mode is cutoff, the field is evanescent, and there is no real
power flow down the waveguide: Only reactive power is conveyed by such a mode.



Lecture 19

More on Hollow Waveguides

19.1 Rectangular Waveguides, Contd.

19.1.1 TM Modes (E Modes or E, # 0 Modes)

The above exercise for TE modes can be repeated for the TM modes. The scalar wave function
(or eigenfunction/eigenmode) for the TM modes is

U.s(x,y) = Asin (?az) sin (%y) (19.1.1)

Here, sine functions are chosen for the standing waves, and the chosen values of 8, and 3,
ensure that the homogeneous Dirichlet boundary condition is satisfied on the entire waveguide
wall. Neither of the m and n can be zero, lest the field is zero. In this case, both m > 0,
and n > 0 are needed. Thus, the lowest TM mode is the TM;; mode. Notice here that the
eigenvalue is

B2 = B2+ B2 = (%)2 + (%)2 (19.1.2)

Therefore, the corresponding cutoff frequencies and cutoff wavelengths for the TM,,,,, modes
are the same as the TE,,,, modes. These modes are degenerate in this case. For the lowest
modes, TE;; and TM;; modes have the same cutoff frequency. Figure 19.1 shows the disper-
sion curves for different modes of a rectangular waveguide. Notice that the group velocities of
all the modes are zero at cutoff, and then the group velocities approach that of the waveguide
medium as frequency becomes large. These observations can be explained physically.
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Figure 19.1: Dispersion curves for a rectangular waveguide. Notice that the lowest TM mode
is the TM1; mode, and k is equivalent to /8 in this course (courtesy of J.A. Kong [31]).

19.1.2 Bouncing Wave Picture

We have seen that the transverse variation of a mode in a rectangular waveguide can be
expanded in terms of sine and cosine functions which represent standing waves, or that they
are

[exp(—jfe) £+ exp(iBax)] [exp(—jByy) + exp(iFyy)]
When the above is expanded and together with the exp(—j8.z) the mode propagating in the
z direction, we see four waves bouncing around in the xy directions and propagating in the z
direction. The picture of this bouncing wave can be depicted in Figure 19.2.

YA
b

> X

Figure 19.2: The waves in a rectangular waveguide can be thought of as bouncing waves off
the four walls as they propagate in the z direction.
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19.1.3 Field Plots

Plots of the fields of different rectangular waveguide modes are shown in Figure 19.3. Higher
frequencies are needed to propagate the higher order modes or the high m and n modes.
Notice that for higher m’s and n’s, the transverse wavelengths are getting shorter, implying
that B, and 3, are getting larger because of the higher frequencies involved.

Notice also how the electric field and magnetic field curl around each other. Since VxH =
jweE and V x E = —jwuH, they do not curl around each other “immediately” but with a
7/2 phase delay due to the jw factor. Therefore, the E and H fields do not curl around each
other at one location, but at a displaced location due to the 7/2 phase difference. This is
shown in Figure 19.4.
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Figure 19.3: Transverse field plots of different modes in a rectangular waveguide (courtesy
of Andy Greenwood. Original plots published in Lee, Lee, and Chuang, IEEE T-MTT, 33.3
(1985): pp. 271-274. [104]).
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Figure 19.4: Field plot of a mode propagating in the z direction of a rectangular waveguide.
Notice that the E and H fields do not exactly curl around each other.

19.2 Circular Waveguides

Another waveguide where closed-form solutions can be easily obtained is the circular hollow
waveguide as shown in Figure 19.5.

Figure 19.5: Schematic of a circular waveguide.

19.2.1 TE Case

For a circular waveguide, it is best first to express the Laplacian operator, V,? = V, - V,, in
cylindrical coordinates. Such formulas are given in [31,105]. Doing a table lookup, V,¥ =
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(Vsz + /652) Ups = ;%P% + FW + 552) Ups(p, ) =0 (19.2.1)

The above is the partial differential equation for field in a circular waveguide. Using separation
of variables, we let

Uhs (p7 ¢) = Bn(ﬂsp)eijn¢ (19.2.2)

Then 68722 — —n?, and (19.2.1) becomes an ordinary differential equation which is

(p -+ Bﬁ) By(Bap) =0 (19.2.3)

<1dxd o 1) Bo(x) = 0 (19.2.4)

The above is known as the Bessel equation whose solutions are special functions denoted as
B, (z).

These special functions are J,(z), N,(z), Hy(,,l)(l‘), and HT(LQ)(x) which are called Bessel,
Neumann, Hankel function of the first kind, and Hankel function of the second kind, respec-
tively, where n is the order, and z is the argument.! Since this is a second order ordinary
differential equation, it has only two independent solutions. Therefore, two of the four com-
monly encountered solutions of Bessel equation are independent. Therefore, they can be
expressed then in term of each other. Their relationships are shown below:?

1
Bessel, Jn(x) = §[Hn(1)(x) + H, ()] (19.2.5)
1
Neumann, Ny (z) = 27[}1,5”(@ — H,?(2)] (19.2.6)
Hankel First kind, H, Y (z) = Jo(z) + jNu(z) (19.2.7)
Hankel-Second kind, H, P (z) = J,(2) — jNu(z) (19.2.8)
It can be shown that
2 T— (n+ )5
~ ] el )5, 15 o0 (19.2.9)
T

~ ,/ e ITtilntE oo (19.2.10)

They correspond to traveling wave solutions when @ = B,p — co. Since J,(x) and N, (x)
are linear superpositions of these traveling wave solutions, they correspond to standing wave

ISome textbooks use Yy, () for Neumann functions.
2Their relations with each other are similar to those between exp(—jz), sin(z), and cos(z).
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solutions. Moreover, N,,(z), H, "V (), and H,® (z) — co when z — 0. Since the field has to
be regular when p — 0 at the center of the waveguide shown in Figure 19.5, the only viable
solution for the waveguide is that B, (8sp) = AJ,(Bsp). Thus for a circular hollow waveguide,
the eigenfunction or mode is of the form

Ups(p, @) = Adp(Bsp)e™ " (19.2.11)

To ensure that the eigenfunction and the eigenvalue are unique, boundary condition for the
partial differential equation is needed. The homogeneous Neumann boundary condition on
the PEC waveguide wall then translates to

d
— = = 19.2.12
dpJn(ﬁsp) 0, p=a (19 )

Defining J,,/ () = < J,(z), the above is the same as

J. (Bsa) =0 (19.2.13)

Plots of Bessel functions and their derivatives are shown in Figure 19.6. The above are the
zeros of the derivative of Bessel function and they are tabulated in many textbooks. The
m-th zero of .J,,’(z) is denoted to be B,,, in many books,® and some of them are also shown
in Figure 19.7; and hence, the guidance condition for a waveguide mode is then

Bs = Bnm/a (19.2.14)

for the TE,,,, mode. From the above, 32 can be obtained which is the eigenvalue of (19.2.1)
and (19.2.3). Using the fact that 8, = /32 — 32, then (3, will become pure imaginary if 3°
is small enough so that 32 < 52 or 8 < 5. From this, the corresponding cutoff frequency of
the TE,,,, mode is

1 Bam
VEHE a

When w < wppm,c, the corresponding mode cannot propagate in the waveguide as 3, becomes
pure imaginary. The corresponding cutoff wavelength is

(19.2.15)

Wnm,c =

2
)\nm,c = T a (19216)
ﬂnm

By the same token, when A > A, ., the corresponding mode cannot be guided by the
waveguide. It is not exactly precise to say this, but this gives us the heuristic notion that if
wavelength or “size” of the wave or photon is too big, it cannot fit inside the waveguide.

3Notably, Abramowitz and Stegun, Handbook of Mathematical Functions [106]. An online version is
available at [107].
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19.2.2 TM Case

The corresponding partial differential equation and boundary value problem for this case is

19 8 18 )
—— P+ === R = 19.2.1

with the homogeneous Dirichlet boundary condition, ¥.s(a,$) = 0, on the waveguide wall.
The eigenfunction solution is

Ueulp, §) = Adn(Bsp)e™? (19.2.18)

with the boundary condition that J,(8sa) = 0. The zeros of J,(z) are labeled as oy, is
many textbooks, as well as in Figure 19.7; and hence, the guidance condition is that for the
TM,,,, mode is that

gy = tnm (19.2.19)

where the eigenvalue for (19.2.17) is 2. With 3, = /B2 — 32, the corresponding cutoff
frequency is

1 anm
nm,c — 19.2.20
e = = (19.2.20)
or when w < Wpm ¢, the mode cannot be guided. The cutoff wavelength is
2
Ame = ——a (19.2.21)
anm

with the notion that when A > A, ¢, the mode cannot be guided.

It turns out that the lowest mode in a circular waveguide is the TE;; mode. It is actually a
close cousin of the TE;g mode of a rectangular waveguide. This can be gathered by comparing
their field plots: these modes morph into each other as we deform the shape of a rectangular
waveguide into a circular waveguide. Figure 19.6 shows the plot of Bessel function J,(x)
and its derivative J (x). Tables in Figure 19.7 show the roots of J/(x) and J,(x) which
are important for determining the cutoff frequencies of the TE and TM modes of circular
waveguides.
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Figure 19.6: Plots of the Bessel function, J,(z), and its derivatives J, (z).

Table 2.3.1. Roots of J) (x) = 0.

n B B2 Bna Bra
0 3.832 7.016 10.174 13.324
| 1.841 5.331 8.536 11.706
2 3.054 6.706 9.970 13.170
3 4.201 8.015 11.346 14.586
i 5318 9.282 12.682 15.964
5 6.416 10.520 13.987 17.313

Table 2.3.2. Roots of J,(x) = 0.
n Qi g2 s [ATTE]
0 2.405 5.520 8.654 11.792
1 3.832 7.016 10.174 13.324
2 5.135 8.417 11.620 14.796
3 65.380 9.761 13.005 16.223
4 7.588 11.065 14.373 17.616
5 8771 12.339 15.700 18.980

Figure 19.7: Table 2.3.1 shows the zeros of J) (), which are useful for determining the
guidance conditions of the TE,,,, mode of a circular waveguide. On the other hand, Table
2.3.2 shows the zeros of J,(x), which are useful for determining the guidance conditions of
the TM,,,,, mode of a circular waveguide.
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Figure 19.8: Transverse field plots of different modes in a circular waveguide (courtesy of
Andy Greenwood. Original plots published in Lee, Lee, and Chuang [104]).
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Lecture 20

More on Waveguides and
Transmission Lines

20.1 Circular Waveguides, Contd.

As in the rectangular waveguide case, the guidance of the wave in a circular waveguide can
be viewed as bouncing waves in the radial direction. But these bouncing waves give rise
to standing waves expressible in terms of Bessel functions. The scalar potential (or pilot
potential) for the modes in the waveguide is expressible as

Uosl(p, @) = Adn(Bsp)e™? (20.1.1)

where o = h for TE waves and o = e for TM waves. The Bessel function or wave is expressible
in terms of Hankel functions as in (19.2.5). Since Hankel functions are traveling waves, Bessel
functions represent standing waves. Therefore, the Bessel waves can be thought of as bouncing
traveling waves as in the rectangular waveguide case. In the azimuthal direction, one can
express eT7"? as traveling waves in the ¢ direction, or they can be expressed as cos(n¢) and
sin(n¢g) which are standing waves in the ¢ direction.

20.1.1 An Application of Circular Waveguide

When a real-world waveguide is made, the wall of the metal waveguide is not made of perfect
electric conductor, but with some metal of finite conductivity. Hence, tangential E field is
not zero on the wall, and energy can dissipate into the waveguide wall. It turns out that due
to symmetry, the TEp; mode of a circular waveguide has the lowest loss of all the waveguide
modes including rectangular waveguide modes. Hence, this waveguide mode is of interest to
astronomers who are interested in building low-loss and low-noise systems.!

The TEy; mode has electric field given by E = <£E¢. Furthermore, looking at the magnetic
field, the current is mainly circumferential flowing in the ¢ direction. Moreover, by looking

ILow-loss systems are also low-noise due to energy conservation and the fluctuation dissipation theorem
[102,103,108].
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at a bouncing wave picture of the guided waveguide mode, this mode has a small component
of tangential magnetic field on a waveguide wall: It becomes increasingly smaller as the
frequency increases (see Figure 20.1).

Figure 20.1: Bouncing wave picture of the Bessel wave inside a circular waveguide for the
TEg: mode.

The tangential magnetic field needs to be supported by a surface current on the waveguide
wall. This implies that the surface current on the waveguide wall becomes smaller as the
frequency increases. The wall loss (or copper loss or eddy current loss) of the waveguide,
hence, becomes smaller for higher frequencies. In fact, for high frequencies, the TEj; mode
has the smallest copper loss of the waveguide modes: It becomes the mode of choice (see
Figure 20.2). Waveguides supporting the TEp; modes are used to connect the antennas of
the very large array (VLA) for detecting extra-terrestrial signals in radio astronomy [109] as
shown in Figure 20.3.
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Figure 20.2: Losses of different modes in a circular waveguide . It is seen that at high
frequencies, the TEg; mode has the lowest loss (courtesy of [110]).
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Figure 20.3: Picture of the Very Large Array (courtesy of [109]).

Figure 20.4 shows two ways of engineering a circular waveguide so that the TEy; mode
is enhanced: (i) by using a mode filter that discourages the guidance of other modes but
not the TEq; mode, and (ii), by designing ridged waveguide wall to discourage the flow of
axial current and hence, the propagation of the non-TEp; mode. More details of circular
waveguides can be found in [110]. Typical loss of a circular waveguide can be as low as 2
dB/km.

As shall be learnt later, an open circular waveguide can be made into an aperture antenna
quite easily, because the fields of the aperture are axially symmetric. Such antenna is called a
horn antenna. Because of this, the radiation pattern of such an antenna is axially symmetric,
which can be used to produce axially symmetric circularly polarized (CP) waves. Ways to
enhance the TEp; mode are also desirable [111] as shown in Figure 20.5.
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Radial Conducting

Wires (a) Mode Filter

(b) Ribbed Waveguide

Figure 20.4: Ways to enhance the TEg; mode in a circular waveguide. Such waveguide is
used in astronomy such as designing the communication between antennas in a very large
array (VLA [109]), or it is used in a circular horn antenna [111].
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t" /

Figure 20.5: Picture of a circular horn antenna where corrugated wall is used to enhance the
TEo; mode (courtesy of [112]).

20.2 Remarks on Quasi-TEM Modes, Hybrid Modes,
and Surface Plasmonic Modes

We have analyzed some simple structures where closed form solutions are available. These
solutions offer physical insight into how waves are guided, and how they are cutoff from
guidance. As has been shown, for some simple waveguides, the modes can be divided into
TEM, TE, and TM modes. However, most waveguides are not simple. We will remark on
various complexities that arise in real world applications.

20.2.1 Quasi-TEM Modes

{ -
— [
VI @
Coplanar

Microstrip Line ;
I Waveguide

Optical
Fiber

Figure 20.6: Some examples of practical coaxial-like waveguides (left), and the optical fiber
(right). The environment of these waveguides is an inhomogeneous medium, and hence, a
pure TEM mode cannot propagate on these waveguides.
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Many waveguides cannot support a pure TEM mode even when two conductors are present.
For example, two pieces of metal make a transmission line, and in the case of a circular coax,
a TEM mode can propagate in the waveguide. But most two-metal transmission lines do not
support a pure TEM mode: Instead, they support a quasi-TEM mode. In the optical fiber
case, when the index contrast of the fiber is very small, the mode is quasi-TEM as it has to
degenerate to the TEM case when the contrast is absent.

When a wave is TEM, it is necessary that the wave propagates with the phase velocity
of the medium. But when a uniform waveguide has inhomogeneity in between, as shown
in Figure 20.6, this is not possible anymore. We can prove this assertion by reductio ad
absurdum. From eq. (18.1.16) of the previous lecture, we have shown that for a TM mode,
E. is given by

1

_ 2 2
E, = e (B; — B2) e (20.2.1)

The above derivation is valid in a piecewise homogeneous region. If this mode becomes TEM,
then E, = 0 and this is possible only if 5, = B;. In other words, the phase velocity of the
waveguide mode is the same as a plane TEM wave in the same medium.

Now assume that a TEM wave exists in both inhomogeneous regions of the microstrip line
or all three dielectric regions of the optical fiber in Figure 20.6. Then the phase velocities
in the z direction, determined by w/3, of each region will be w/f; of the respective region
where [3; is the wavenumber of the i-th region. Hence, phase matching is not possible, and the
boundary condition cannot be satisfied at the dielectric interfaces. Nevertheless, the lumped
element circuit model of the transmission line is still a very good model for such a waveguide.
If the line capacitance and line inductances of such lines can be estimated, (5, can still be
estimated. As shall be shown later, circuit theory is valid when the frequency is low, or the
wavelength is large compared to the size of the structures.

20.2.2 Hybrid Modes—Inhomogeneously-Filled Waveguides

For most inhomogeneously filled waveguides, the modes (eigenmodes or eigenfunctions) inside
are not cleanly classed into TE and TM modes, but with some modes that are the hybrid of
TE and TM modes. If the inhomogeneity is piecewise constant, some of the equations we have
derived before are still valid: In other words, in the homogeneous part (or constant part) of the
waveguide filled with piecewise constant inhomogeneity, the fields can still be decomposed into
TE and TM fields. But these fields are coupled to each other by the presence of inhomogeneity,
i.e., by the boundary conditions requisite at the interface between the piecewise homogeneous
regions. Or both TE and TM waves are coupled together and are present simultaneously, and
both E, # 0 and H, # 0. Some examples of inhomogeneously-filled waveguides where hybrid
modes exist are shown in Figure 20.7.

Sometimes, the hybrid modes are called EH or HE modes, as in an optical fiber. Never-
theless, the guidance is via a bouncing wave picture, where the bouncing waves are reflected
off the boundaries of the waveguides. In the case of an optical fiber or a dielectric waveguide,
the reflection is due to total internal reflection. But in the case of metalic waveguides, the
reflection is due to the metal walls.
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Figure 20.7: Some examples of inhomogeneously filled waveguides where hybrid modes exist:
(top-left) A general inhomogeneously filled waveguide, (top-right) slab-loaded rectangular
waveguides, and (bottom) an optical fiber with core and cladding.

20.2.3 Guidance of Modes

Propagation of a plane wave in free space is by the exchange of electric stored energy and
magnetic stored energy. So the same thing happens in a waveguide. For example. in the
transmission line, the guidance is by the exchange of electric and magnetic stored energy
via the coupling between the capacitance and the inductance of the line. In this case, the
waveguide size, like the cross-section of a coaxial cable, can be made much smaller than the
wavelength.

In the case of hollow waveguides, the E and H fields are coupled through their space and
time variations. Hence, the exchange of the energy stored is via the space that stores these
energies, like that of a plane wave. These waveguides work only when these plane waves can
“enter” the waveguide. Hence, the size of these waveguides has to be about half a wavelength.

The surface plasmonic waveguide is an exception in that the exchange is between the
electric field energy stored with the kinetic energy stored in the moving electrons in the
plasma instead of magnetic energy stored. This form of energy stored is sometimes referred
to as coming from kinetic inductance. Therefore, the dimension of the waveguide can be very
small compared to wavelength, and yet the surface plasmonic mode can be guided.

20.3 Homomorphism of Waveguides and Transmission
Lines

Previously, we have demonstrated mathematical homomorphism between plane waves in lay-
ered medium and transmission lines. Such homomorphism can be further extended to waveg-
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uides and transmission lines. We can show this first for TE modes in a hallow waveguide,
and the case for TM modes can be established by invoking duality principle.?

20.3.1 TE Case

For this case, E, = 0, and from Maxwell’s equations
V x H = jweE (20.3.1)

By letting V=V,+V,, H=H, + H, where V, = 2%, and H, = ZH,, and the subscript
s implies transverse to z components, then

(Vs + V) x(Hs+H,) =V, xH;+ V., xH, +V, xH, (20.3.2)

where it is understood that V, x H, = 0. Notice that the first term on the right-hand side
of the above is pointing in the z direction. Therefore, by letting E = E; + E,, and equating
transverse components in (20.3.1), we have®

V. x H, + V, x H, = jweE, (20.3.3)

To simplify the above equation, we shall remove H, from above. Next, from Faraday’s law,
we have

V x E = —jwpH (20.3.4)
Again, by letting E = E; + E., we can show that (20.3.4) can be written as
V. xE,+V, xE, +V, x E, = —jwu(H, + H,) (20.3.5)
Equating z components of the above, we have
Vs x By = —jwuH, (20.3.6)

Using (20.3.6), Eq.(20.3.3) can be rewritten as

1
Vo X H, 4 Vo x — Vo X B, = +juwe, (20.3.7)

The above can be further simplified by noting that
Vs x Vg x Eg =V4(Vy-Eg) — V- VE; (20.3.8)

But since V- E = 0, and E, = 0 for TE modes, it implies that V, - E; = 0. Also, from
Maxwell’s equations, we have previously shown that for a homogeneous source-free medium,

(V?+B)E =0 (20.3.9)

2T have not seen exposition of such mathematical homomorphism elsewhere except in very simple cases [31].
3And from the above, it is obvious that Vs x Hs = jweE;, but this equation will not be used in the
subsequent derivation.
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or that
(V2+B*)E; =0 (20.3.10)

Assuming that we have a guided mode, then

E, ~ eTif==, g—;ES = —B3.°E, (20.3.11)
Therefore, (20.3.10) becomes
(V2 + 8% = B.)E, =0 (20.3.12)
or that
(Vs? + B:°)E; =0 (20.3.13)

where 32 = 32 — 32 is the transverse wave number. Consequently, from (20.3.8)
V, x Vs x E, = -V2E, = §°E, (20.3.14)
As such, (20.3.7) becomes
) 1
V. xHg = jweEs + — V4 x V, x Eg
Jwp

1
= waEs + %ﬁz’?Es
Jwp

2 2
= ng (1 — %2 ) = ngﬁiEs (20315)

Letting 5, = B cos 6, then the above can be written as
V. x H, = jwe cos® IE, (20.3.16)

The above now resembles one of the two telegrapher’s equations that we seek. Now looking
at (20.3.4) again, assuming E, = 0, equating transverse components, we have

V. x B, = —jwuH, (20.3.17)

More explicitly, we can rewrite (20.3.16) and (20.3.17) in the above as

gz x H, = jwe cos? IE, (20.3.18)
z

%2 x By, = —jwuH, (20.3.19)
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The above now resembles the telegrapher’s equations. We can multiply (20.3.19) by £x to
get

B
5B = jupz x H, (20.3.20)

Now (20.3.18) and (20.3.20) look even more like the telegrapher’s equations. We can have
E, -V, 2xH, - —I. u = L, ecos’?§ — C, and the above resembles the telegrapher’s
equations, or that the waveguide problem is homomorphic to the transmission line problem.
The characteristic impedance of this line is then

L n w1 w
7 JE_ o EL _wen 20.3.21
0 C ecos2 0 ccosl S, (20.3.21)

Therefore, the TE modes of a waveguide can be mapped into a transmission problem. This
can be done, for instance, for the TE,,,, mode of a rectangular waveguide. Then, in the above

B. = \/52 - (?)2 - (%)2 (20.3.22)

Therefore, each TE,,,, mode will be represented by a different characteristic impedance Zj,
since (3, is different for different TE,,,, modes.

20.3.2 TM Case

This case can be derived using duality principle. Invoking duality, and after some algebra,
then the equivalence of (20.3.18) and (20.3.20) become

gEs = jwpcos® 02 x Hy (20.3.23)
z
gé x Hy = jweE (20.3.24)
32 s j S b

To keep the dimensions commensurate, we can let E;, — V, 2 x Hy, — —1I, pcos?8 — L,
€ — C, then the above resembles the telegrapher’s equations. We can thus let

L 2
Zo =1/ 2 = \/m _ P esn = B2 (20.3.25)
C € € we

Please note that (20.3.21) and (20.3.25) are very similar to that for the plane wave case, which
are the wave impedance for the TE and TM modes, respectively.
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Figure 20.8: A waveguide filled with layered medium is mathematically homomorphic to a
multi-section transmission line problem. Hence, transmission-line methods can be used to
solve this problem.

The above implies that if we have a waveguide of arbitrary cross section filled with layered
media, the problem can be mapped to a multi-section transmission line problem, and solved
with transmission line methods. When V and I are continuous at a transmission line junction,
E,; and H, will also be continuous. Hence, the transmission line solution would also imply
continuous E and H field solutions.
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Figure 20.9: A multi-section waveguide is not exactly homormorphic to a multi-section trans-
mission line problem, circuit elements can be added at the junction to capture the physics at
the waveguide junctions as shown in the next figure.

20.3.3 Mode Conversion

In the waveguide shown in Figure 20.8, there is no mode conversion at the junction interface.
Assuming a rectangular waveguide as an example, what this means is that if we send at TEqq
into the waveguide, this same mode will propagate throughout the length of the waveguide.
The reason is that only this mode alone is sufficient to satisfy the boundary condition at the
junction interface. To elaborate further, from our prior knowledge, the transverse fields of
the waveguide, e.g., for the TM mode, can be derived to be

Hs =V x 2\Des(rs)e¥jﬁzz (20326)

_ FB.

E, = 22V, U, (r,)eTIP:7 20.3.27
e (rs)e ( )
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In the above, 32 and W.4(rs) are eigenvalue and eigenfunction, respectively, that depend
only on the geometrical shape of the waveguide, but not the materials filling the waveguide.
These eigenfunctions are the same throughout different sections of the waveguide. Therefore,
boundary conditions can be easily satisfied at the junctions.

However, for a multi-junction waveguide show in Figure 20.9, tangential E and H con-
tinuous condition cannot be satisfied by a single mode in each waveguide alone: V and I
continuous at a transmission line junction will not guarantee the continuity of tangential E
and tangential H fields at the waveguide junction. Multi-modes have to be assumed in each
section in order to match boundary conditions at the junction. Moreover, mode matching
method for multiple modes has to be used at each junction. Typically, a single mode inci-
dent at a junction will give rise to multiple modes reflected and multiple modes transmitted.
The multiple modes give rise to the phenomenon of mode conversion at a junction. Hence,
the waveguide may need to be modeled with multiple transmission lines where each mode is
modeled by a different transmission line with different characteristic impedances.

However, the operating frequency can be chosen so that only one mode is propagating at
each section of the waveguide, and the other modes are cutoff or evanescent. In this case, the
multiple modes at a junction give rise to localized energy storage at a junction. These energies
can be either inductive or capacitive. The junction effect may be modeled by a simple circuit
model as shown in Figure 20.10. These junction elements also account for the physics that
the currents and voltages are not continuous anymore across the junction. Moreover, these
junction lumped circuit elements account for the stored electric and magnetic energies at the
junction.

le Lsz

Zot I C Zn

Figure 20.10: Junction circuit elements are used to account for stored electric and magnetic
energy at the junction. They also account for that the currents and voltages are not continuous
across the junctions anymore.
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Lecture 21

Resonators

21.1 Cavity Resonators

21.1.1 Transmission Line Model

The simplest cavity resonator is formed by using a transmission line. The source end can
be terminated by Zg and the load end can be terminated by Z;. When Zg and Zj are
non-dissipative, such as when they are reactive loads, then no energy is dissipitated as a wave
is reflected off them. Therefore, if the wave can bounce constructively between the two ends,
a coherent solution can exist due to constructive inference, or a resonance solution can exist.

Figure 21.1: A simple resonator can be made by terminating a transmission line with two
reactive loads at its two ends, the source end with Zg and the load end with Z.

The transverse resonance condition for 1D problem can be used to derive the resonance
condition, namely that

1 =TgT e 2P=d (21.1.1)

where I'g and I'j, are the reflection coefficients at the source and the load ends, respectively,
B, the the wave number of the wave traveling in the z direction, and d is the length of
the transmission line. For a TEM mode in the transmission line, as in a coax filled with

203
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homogeneous medium, then 8, = 3, where 3 is the wavenumber for the homogeneous medium.
Otherwise, for a quasi-TEM mode, 8, = 8. where 3. is some effective wavenumber for a z-
propagating wave in a mixed medium. In general,

Be = w/ve (21.1.2)

where v, is the effective phase velocity of the wave in a heterogeneous structure.
When the source and load impedances are replaced by short or open circuits, then the
reflection coefficients are —1 for a short, and +1 for an open circuit. The above then becomes

+1 = e 29Ped (21.1.3)
When a “+” sign is chosen, the resonance condition is such that
Bed =prw, p=0,1,2,..., or integer (21.1.4)

For a TEM or a quasi-TEM mode in a transmission line, p = 0 is not allowed as the voltage will
be uniformly zero on the transmisson line. The lowest mode then is when p = 1 corresponding
to a half wavelength on the transmission line.

Whereas when the line is open at one end, and shorted at the other end in (21.1.1), the
resonance condition corresponds to the “—” sign in (21.1.3), which gives rise to

Bed =pm/2, p odd (21.1.5)

The lowest mode is when p = 1 corresponding to a quarter wavelength on the transmission
line, which is smaller than that of the short terminated transmission line. Designing a small
resonator is a prerogative in modern day electronic design. For example, miniaturization in
cell phones calls for smaller components that can be packed into smaller spaces.

A quarter wavelength resonator made with a coax is shown in Figure 21.2. It is easier to
make a short indicated at the left end, but it is hard to make a true open circuit as shown at
the right end. A true open circuit means that the current has to be zero. But when a coax is
terminated with an open, the electric current does end abruptly. The fringing field at the right
end gives rise to stray capacitance through which displacement current can flow in accordance
to the generalized Ampere’s law. Hence, we have to model the right end termination with a
small stray or fringing field capacitance as shown in Figure 21.2.

& open
short

\ Z 7 7 7 7 7 7 7 7 7 /‘L/ Z 7 7 7 7 7 7 J

/I L L L [ [ [ [ [ [ [ [ [ [ [ [ [ [ [

// L L [ [ [ [ [ [ [ [ [ [ [ [ [ [ [ [

— I]- ‘
T C

Figure 21.2: A short and open circuited transmission line can be a resonator, but the open
end has to be modeled with a fringing field capacitance C'y since there is no exact open circuit.
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21.1.2 Cylindrical Waveguide Resonators

Since a cylindrical waveguide is homomorphic to a transmission line, we can model a mode
in this waveguide as a transmission line. Then the termination of the waveguide with either
a short or an open circuit at its end makes it into a resonator.

Again, there is no true open circuit in an open ended waveguide, as there will be fringing
fields at its open ends. If the aperture is large enough, the open end of the waveguide radiates
and may be used as an antenna as shown in Figure 21.3.

Figure 21.3: A rectangular waveguide terminated with a short at one end, and an open circuit
at the other end. The open end can also act as an antenna as it also radiates (courtesy of
RFcurrent.com).

As previously shown, single-section waveguide resonators can be modeled with a transmis-
sion line model using homomorphism with the appropriately chosen 3,. Then, 8, = /8% — 52
where S, can be found by first solving a 2D waveguide problem corresponding to the reduced-
wave equation.

For a rectangular waveguide, for example,

3, = \/52 _ (%)2 _ (”%)2 (21.1.6)

If the waveguide is terminated with two shorts (which is easy to make) at its ends, then the
resonance condition is that

B. =pr/d, p integer (21.1.7)
Together, using (21.1.6), we have the condition that
2 2 2 2
2 _ Y _ (@) (n_ﬂ) (]ﬂ) 21.1
g c? a + b + d (21.1.8)
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The above can only be satisfied by certain select frequencies, and these frequencies are the
resonant frequencies of the cavity. The corresponding mode is called the TE,,,, mode or the
TM,,np mode depending on if these modes are TE to z or TM to z.

The entire electromagnetic fields of the cavity can be found from the scalar potentials
previously defined, namely that

E=Vx 2V, H=VxE/(—jwuH) (21.1.9)
H=Vx2V¥,, E=V xH/(jweH) (21.1.10)
b £ F.A Lt v A A L 2 i

Figure 21.4: A waveguide filled with layered dielectrics can also become a resonator. The
transverse resonance condition can be used to find the resonant modes.

Since the layered medium problem in a waveguide is the same as the layered medium
problem in open space, we can use the generalized transverse resonance condition to find the
resonant modes of a waveguide cavity loaded with layered medium as shown in Figure 21.4.
This condition is repeated below as:

R_R e %P4 = (21.1.11)

where d is the length of the waveguide section where the above is applied, and R_ and R+ are
the generalized reflection coefficient to the left and right of the waveguide section. The above
is similar to the resonant condition using the transmission line model in (21.1.1), except that
now, we have replaced the transmission line reflection coefficient with TE or TM generalized
reflection coefficients.

Consider now a single section waveguide terminated with metallic shorts at its two ends.
Then RTF = —1 and RT™™ = 1. Right at cutoff of the cylindrical waveguide, 8, = 0 implying
no z variation in the field. When the two ends of the waveguide is terminated with shorts
implying that RT? = —1, even though (21.1.11) is satisfied, the electric field is uniformly zero
in the waveguide, so is the magnetic field. Thus this mode is not interesting. But for TM
modes in the waveguide, R = 1, and the magnetic field is not zeroed out in the waveguide,
when 3, = 0.

The lowest TM mode in a rectanglar waveguide is the TM;; mode. At the cutoff of this
mode, the 8, = 0 or p = 0, implying no variation of the field in the z direction. When the
two ends are terminated with metallic shorts, the tangential magnetic field is not shorted
out. Even though the tangential electric field is shorted to zero in the entire cavity but the
longitudinal electric still exists (see Figures 21.5 and 21.6). As such, for the TM mode, m = 1,
n =1 and p = 0 is possible giving a non-zero field in the cavity. This is the TM;19 mode
of the resonant cavity, which is the lowest mode in the cavity if a > b > d. The top and
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side views of the fields of this mode is shown in Figures 21.5 and 21.6. The corresponding

resonant frequency of this mode satisfies the equation

2 2 2
Wi _ (I) (I)
c? a + b

(21.1.12)

YA
b
— H-field
TMi10 ® E-field
mode
» X
Z a

Figure 21.5: The top view of the E and H fields of a rectangular resonant cavity.

e

Figure 21.6: The side view of the E and H fields of a rectangular resonant cavity (courtesy
of J.A. Kong [31]).

For the TE modes, it is required that p # 0, otherwise, the field is zero in the cavity. For
example, it is possible to have the TE;p; mode.

W)

(21.1.13)

Clearly, this mode has a higher resonant frequency compared to the TM;19 mode if d < b.
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The above analysis can be applied to circular and other cylindrical waveguides with B
determined differently. For instance, for a circular waveguide, 8, is determined differently
using Bessel functions, and for a general arbitrarily shaped waveguide, 55 may be determined
numerically.

d

Figure 21.7: A circular resonant cavity made by terminating a circular waveguide (courtesy
of Kong [31]).

For a spherical cavity, one would have to analyze the problem in spherical coordinates.
The equations will have to be solved by separation of variables using spherical harmonics.
Details are given on p. 468 of Kong [31].

21.2 Some Applications of Resonators

Resonators in microwaves and optics can be used for designing filters, energy trapping devices,
and antennas. As filters, they are used like LC resonators in circuit theory. A concatenation
of them can be used to narrow or broaden the bandwidth of a filter. As an energy trapping
device, a resonator can build up a strong field inside the cavity if it is excited with energy
close to its resonance frequency. They can be used in klystrons and magnetrons as microwave
sources, a laser cavity for optical sources, or as a wavemeter to measure the frequency of
the electromagnetic field at microwave frequencies. An antenna is a radiator that we will
discuss more fully later. The use of a resonator can help in resonance tunneling to enhance
the radiation efficiency of an antenna.
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21.2.1 Filters

Microstrip line resonators are often used to make filters. Transmission lines are often used to
model microstrip lines in a microwave integrated circuits (MIC). In MIC, due to the etching
process, it is a lot easier to make an open circuit rather than a short circuit. But a true open
circuit is hard to make as an open ended microstrip line has fringing field at its end as shown
in Figure 21.8 [113,114]. The fringing field gives rise to fringing field capacitance as shown
in Figure 21.2. Then the appropriate I's and I';, can be used to model the effect of fringing
field capacitance. Figure 21.9 shows a concatenation of two microstrip resonators to make
a microstrip filter. This is like using a concatenation of LC tank circuits to design filters in
circuit theory.

Figure 21.8: End effects and junction effects in a microwave integrated circuit [113,114]
(courtesy of Microwave Journal).

Figure 21.9: A microstrip filter designed using concatenated resonators. The connectors to
the coax cable are the SMA (sub-miniature type A) connectors (courtesy of aginas.fe.up.pt).
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Optical filters can be made with optical etalon as in a Fabry-Perot resonator, or concate-
nation of them. This is shown in Figure 21.10.
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Figure 21.10: Design of a Fabry-Perot resonator [50,75,115,116].

21.2.2 Electromagnetic Sources

Microwave sources are often made by transferring kinetic energy from an electron beam
to microwave energy. Klystrons, magnetrons, and traveling wave tubes are such devices.
However, the cavity resonator in a klystron enhances the interaction of the electrons with the
microwave field, causing the field to grow in amplitude as shown in Figure 21.11.
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Figure 21.11: A klystron works by converting the kinetic energy of an electron beam into the
energy of a traveling microwave next to the beam (courtesy of Wiki [117]).

Magnetron cavity works also by transferring the kinetic energy of the electron into the
microwave energy. By injecting hot electrons into the magnetron cavity, the cavity resonance
is magnified by the kinetic energy from the hot electrons, giving rise to microwave energy.

Output coupling
loop
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Resonant cavity magnetron high-power
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Figure 21.12: A magnetron works by having a high-Q microwave cavity resonator. When the
cavity is injected with energetic electrons from the cathode to the anode, the kinetic energy
of the electron feeds into the energy of the microwave (courtesy of Wiki [118]).

Figure 21.13 shows laser cavity resonator to enhance of light wave interaction with material
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media. By using stimulated emission of electronic transition, light energy can be produced.
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Figure 21.13: A simple view of the physical principle behind the working of the laser (courtesy
of www.optique-ingenieur.org).

Energy trapping of a waveguide or a resonator can be used to enhance the efficiency of
a semiconductor laser as shown in Figure 21.14. The trapping of the light energy by the
heterojunctions as well as the index profile allows the light to interact more strongly with
the lasing medium or the active medium of the laser. This enables a semiconductor laser
to work at room temperature. In 2000, Z. I. Alferov and H. Kroemer, together with J.S.
Kilby, were awarded the Nobel Prize for information and communication technology. Alferov
and Kroemer for the invention of room-temperature semiconductor laser, and Kilby for the
invention of electronic integrated circuit (IC) or the chip.

top contact

cladding (P)
output facet

active layer

bottom contact

Figure 21.14: A semiconductor laser at work. Room temperature lasing is possible due to
both the tight confinement of light and carriers (courtesy of Photonics.com).
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21.2.3 Frequency Sensor

Because a cavity resonator can be used as an energy trap, it will siphon off energy from
a microwave waveguide when it hits the resonance frequency of the passing wave in the
waveguide. This can be used to determine the frequency of the passing wave. Wavemeters
are shown in Figure 21.15 and 21.16.

Figure 21.15: An absorption wave meter can be used to measure the frequency of microwave
(courtesy of Wiki [119]).
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Figure 21.16: The innards of a wavemeter (courtesy of eeeguide.com).



Lecture 22

Quality Factor of Cavities, Mode
Orthogonality

22.1 The Quality Factor of a Cavity

22.1.1 General Concepts

The quality factor of a cavity or its () measures how ideal or lossless a cavity resonator is.
An ideal lossless cavity resonator will sustain free oscillations forever, while most resonators
sustain free oscillations for a finite time due to losses coming from radiation, or dissipation in
the dielectric material filling the cavity, or resistive loss of the metallic part of the cavity. Be-
cause of losses, the free oscillation in a cavity has electromagnetic field with time dependence
as follows:

E xe o cos(wt + ¢1), Hx et cos(wt + ¢2) (22.1.1)
The total time-average stored energy, which is proportional to %e |E|2 + % 1 \H\Z is of the form
(Wr) = (Wg) + (W) = Woe (22.1.2)

If there is no loss, (Wr) will remain constant. However, with loss, the average stored energy
will decrease to e~! of its original value at t = i The @ of a cavity is a measure of the
number of free oscillations the field would have before the energy stored decreases to e~! of
its original value (see Figure 22.1). In a time interval ¢t = i, the number of free oscillations

in radians is wt or #%; hence, the Q is defined to be [31]

Q=— (22.1.3)



216 ELECTROMAGNETIC FIELD THEORY
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Figure 22.1: A typical time domain response of a high @ system (courtesy of Wikipedia).

Furthermore, by energy conservation, the decrease in stored energy per unit time must be
equal to the total power dissipated in the losses of a cavity, in other words,

d(W.
(pp) = — 1) (22.1.4)
dt
By further assuming that Wr has to be of the form in (22.1.2), then
d(W:
—% = 2aWoe 2t = 2a(W;) (22.1.5)
Hence, we can write equation (22.1.3) as
w(WT>
= 22.1.6
< (Pp) ( )
By further letting w = 27/T, we lent further physical interpretation to express @ as
1 ~.
Q=on (Wr) 5 total energy stored (22.1.7)

(Pp)T 7TEnergy dissipated/cycle

In a cavity, the energy can dissipate in either the dielectric loss or the wall loss of the
cavity due to the finiteness of the conductivity.

22.1.2 Relation to the Pole Location

The resonance of a system is related to the pole of the transfer function. For instance, in our
previous examples, the reflection coefficient can be thought of as a transfer function in linear
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system theory: The input is the incident wave, while the output is the reflected wave. If
we encounter the resonance of the system at a particular frequency, the reflection coefficient
becomes infinite. This infinite value can be modeled by a pole of the transfer function in the
complex w plane. In other words, in the vicinity of the pole in the frequency domain,

A

W — wp

R(w) ~

(22.1.8)

In principle, when w = w,p, the reflection coefficient becomes infinite, but this does not
happen in practice due to loss in the system. In other words, wy, is not a real number and the
pole does not lie on the real w axis; the pole is displaced slightly off the real axis to account
for loss. In fact, it is quite easy to show that the pole is at w, = wp+ ja.! Then the full-width
half maximum (FWHM) bandwidth is Aw = 2«, and the @ can be written as

Q = wo/Aw (22.1.9)

Typical plots of transfer function versus frequency for a system with different @)’s are shown
in Figure 22.2.

mA

100.0

50.0

frequency  Hz

A high Q resonant circuit has a narrow bandwidth as compared to a low Q

Figure 22.2: A typical system response versus frequency for different @’s (courtesy of al-
laboutcircuits.com).

1t is quite easy to show that the Fourier inverse transform of the above corresponds to a decaying sinusoid
[45].
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22.1.3 Some Formulas for () for a Metallic Cavity

If the cavity is filled with air, then, the loss comes mainly from the metallic loss or copper-loss
from the cavity wall. In this case, the power dissipated on the wall is given by [31]

(Pp) = 7§R651§S(E><H*)~ﬁd5: %meyg(ﬁxE).H* ds (22.1.10)

where S is the surface of the cavity wall.? Here, (7 x E) is the tangential component of the
electric field which would have been zero if the cavity wall is made of ideal PEC. Also, n
is taken to be the outward pointing normal at the surface S. However, for metallic walls,

n x B = HyZ,, where Z,, is the intrinsic impedance for the metallic conductor, viz., Z,, =
/Em _] = /5e(1+ j),> where we have assumed that e,, ~ —%’, and H; is the

tangential magnetic field. This relation between E and H will ensure that power is flowing
into the metallic surface. Hence,

_ 1 W HZ dS = L [OR 2
<PD>—28%@§£S\/;(1+J)H4 ds = 5 20§£S|Ht| s (22.1.11)

By further assuming that the stored electric and magnetic energies of a cavity are equal
to each other at resonance, the stored energy can be obtained by

(Wr) = %u/ [H|?dV (22.1.12)
14

Written explicitly, the @) becomes

\ﬁfv H*dV _ 2 [, [H] aV
- 5 (22.1.13)
< [Hy|* dS o b [H|" dS
In the above, ¢ is the skin depth of the metallic wall. Hence, the more energy stored we can
have with respect to the power dissipated, the higher the @ of a resonating system. The lower
the metal loss, or the smaller the skin depth, the higher the @ would be.
Notice that in (22.1.13), the numerator is a volume integral and hence, is proportional to
volume, while the denominator is a surface integral and is proportional to surface. Thus, the
@, a dimensionless quantity, is roughly proportional to

v
Q~ o5 (22.1.14)

where V' is the volume of the cavity, while S is its surface area. From the above, it is noted
that a large cavity compared to its skin depth has a larger () than an small cavity.

2We have used the cyclic identity that a- (b x ¢) = b (c x a) = ¢ (a x b) in the above (see Some Useful
Mathematical Formulas).

3When an electromagnetic wave enters a conductive region with a large 3, it can be shown that the wave
is refracted to propagate normally to the surface, and hence, this formula can be applied.
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22.1.4 Example: The ) of TM;;;0 Mode

For the TM;;9 mode, as can be seen from the previous lecture, the only electric field is
E =ZF,, where
™

. T .
E, = Eysin (;) sin (%) (22.1.15)

The magnetic field can be derived from the electric field using Maxwell’s equation or Faraday’s
law, and

H, = j;ue QEZ / (E)E sin (B cos) (E) (22.1.16)
w? e Ay Wit a b

H, - _gweﬁEZ _ i) Ey cos (@) sin (@) (22.1.17)
w?pe Ox Wit a b

Therefore

0 b ra
§I§|H|2 dV:/ / / dwdydz || Haf* + |H, ||
1%

_ Bl / // 4o dy dz
[( ) s () oo () + () oo (Yo ()]

_ B 7 [ +b} d (22.1.18)

w22 4 b a

A cavity has six faces, finding the tangential exponent at each face and integrate

b ra
§I§|Ht\ dS:Q/ / dz dy [|Hz|2+|Hy|2]
, 0o Jo
0 a
+2/ / dedz |H,(y = 0)? +2/ / dy dz |H,(z = 0)|

B 2|Eo|? 72ab 1 +2<7T> By |2 ad 2(%) IE |2 bd
w4 b2 oﬂu 0
2 |E?>[b  a ad bd
= — 4 —+ = 22.1.1
w?p? {2& + 2b + b? + } ( 9
Hence the @ is
) ad 4 bd
Q== (5 +%) (22.1.20)

b d bd
0 (g5 + 35+ 55 +02)

The result shows that the larger the cavity, the higher the @. This is because the @, as
mentioned before, is the ratio of the energy stored in a volume to the energy dissipated over
the surface of the cavity.
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22.2 Mode Orthogonality and Matrix Eigenvalue Prob-
lem

It turns out that the modes of a waveguide or a resonator are orthogonal to each other. This
is intimately related to the orthogonality of eigenvectors of a matrix operator.® Thus, it is
best to understand this by the homomorphism between the electromagnetic mode problem
and the matrix eigenvalue problem. Because of this similarity, electromagnetic modes are also
called eigenmodes. Thus it is prudent that we revisit the matrix eigenvalue problem (EVP).

22.2.1 Matrix Eigenvalue Problem (EVP)

It is known in matrix theory that if a matrix is hermitian, then its eigenvalues are all real.
Furthermore, their eigenvectors with distinct eigenvalues are orthogonal to each other [69].
Assume that an eigenvalue and an eigenvector exists for the hermitian matrix A. Then

K'Vi = /\ivi (2221)

Dot multiplying the above from the left by vj where T indicates conjugate transpose, then
the above becomes

viiA v, = NVl (22.2.2)

Since A is hermitian, then the quantity V;r -A -v; is purely real. Moreover, the quantity VI -V
is positive real. So in order for the above to be satisfied, A\; has to be real.

To prove orthogonality of eigenvectors, now, assume that A has two eigenvectors with
distinct eigenvalues such that

A-v,=\v; (22.2.3)
X . Vj = )\jvj (2224)

Left dot multiply the first equation with v} and do the same to the second equation with V;r,
one gets

v;r» A v = )\iv;[ “V; (22.2.5)
v;r A vy = )\jvzr “Vj (22.2.6)

Taking the conjugate transpose of (22.2.5) in the above, and since A is hermitian, their left-
hand sides (22.2.5) and (22.2.6) become the same. Subtracting the two equations, we arrive
at

0=\ —A)vi v (22.2.7)

For distinct eigenvalues, A; # A;, the only way for the above to be satisfied is that

Hence, eigenvectors of a hermitian matrix with distinct eigenvalues are orthogonal to each
other. The eigenvalues are also real.

4This mathematical homomorphism is not discussed in any other electromagnetic textbooks.
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22.2.2 Homomorphism with the Waveguide Mode Problem

We shall next show that the problem for finding the waveguide modes or eigenmodes is
analogous to the matrix eigenvalue problem. The governing equation for a waveguide mode
is BVP involving the reduced wave equation previously derived, or

V23i(rs) + BEi(rs) =0 (22.2.9)

with the pertinent homogeneous Dirichlet or Neumann boundary condition,F depending on
if TE or TM modes are considered. In the above, the differential operator V2 is analogous to
the matrix operator A, the eigenfunction v;(rs) is analogous to the eigenvector v;, and 5%
is analogous to the eigenvalue ;.

Discussion on Functional Space

To think of a function v (rs) as a vector, one has to think in the discrete world.® If one needs
to display the function 1 (rs), on a computer, one will evaluate the function 1 (r,) at discrete
N locations rjs, where [ = 1,2,3,..., N. For every r;s or every [, there is a scalar number
¥ (r;s). These scalar numbers can be stored in a column vector in a computer indexed by .
The larger N is, the better is the discrete approximation of ¥(rs). In theory, one needs N to
be infinite to describe this function exactly.%

From the above discussion, a function is analogous to a vector and a functional space
is analogous to a vector space. However, a functional space is infinite dimensional. But in
order to compute on a computer with finite resource, such functions are approximated with
vectors. Infinite dimensional vector spaces are replaced with finite dimensional ones to make
the problem computable. Such infinite dimensional functional space is also called Hilbert
space.

It is also necessary to define the inner product between two vectors in a functional space
just as inner product between two vectors in an matrix vector space. The inner product (or
dot product) between two vectors in matrix vector space is

N
vievi = v (22.2.10)
1=1
The analogous inner product between two vectors in function space is”
<wi7¢j> = / drswi(rs)wj(rs) (22211)
s

where S denotes the cross-sectional area of the waveguide over which the integration is per-
formed. The left-hand side is the shorthand notation for inner product in functional space or
the infinite dimensional Hilbert space.

5Some of these concepts are discussed in [34,120].

6In mathematical parlance, the index for ¢(rs) is uncountably infinite or nondenumerable.

“In many math books, the conjugation of the first function t; is implied, but here, we follow the electro-
magnetic convention that the conjugation of 1; is not implied unless explicitly stated.
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Another requirement for a vector in a functional Hilbert space is that it contains finite
energy or that

(ff:/Sdrslw,(rs)\2 (22.2.12)

is finite. The above is analogous to that for a matrix vector v as

N
Em = |ul? (22.2.13)

=1

The square root of the above is often used to denote the “length” or the “metric” of the
vector. Finite energy also implies that the vectors are of finite length. This length is also
called the “norm” of a vector.

22.2.3 Proof of Orthogonality of Waveguide Modes

Because of the aforementioned discussion, we see the similarity between a function Hilbert
space, and the matrix vector space. In order to use the result of the matrix EVP, one key
step is to prove that the operator V?2 is hermitian. In matrix algebra, a matrix operator is
hermitian if

— — T — T — *
XZ A x; = (x;r A -xi) = (xj -A-xi) = (xj -A-xi) (22.2.14)

The first equality follows from standard matrix algebra,® the second equality follows if A =

KT, or that A is hermitian. The last equality follows because the quantity in the parenthesis
is a scalar, and hence, its conjugate transpose is just its conjugate.
By the same token, a functional operator V?2 is hermitian if

1. 20) = [ dri ) Vi ) = (05, 9200)" = [ drase) Vi) (2215
Using integration by parts for higher dimensions and with the appropriate boundary condition

for the function ¥(rs), the above equality can be proved.
To this end, one uses the identity that

V- [ (rs) Vi (rs)] = 07 () Vo (rs) + Vsti (rs) - Vit (rs) (22.2.16)

Integrating the above over the cross sectional area S, and invoking Gauss divergence theorem
in 2D, one gets that

/ dlis - (3 (5) Vs (1)) = / dr, (67(r) V205 (r.))
C S
+ [ e (Vo) Vo (e) (22.2.17)
S

8A-B-C)f=c'.B". A" [69].
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where C' the the contour bounding S or the waveguide wall. By applying the boundary
condition that 1;(rs) = 0 or that 2 - V1);(rs) = 0, or a mixture thereof, then the left-hand
side of the above is zero. This will be the case be it TE or TM modes.

0= / dry (] (rs)Vi;(rs)) +/ drs (V5 (rs) - Vstb;(rs)) (22.2.18)
s s

Applying the same treatment to the last term (22.2.15), we get

0=/drs (45 (rs) V3i (rs)) +/ drs (V5 (rs) - Visip;(rs)) (22.2.19)
s s
The above indicates that

(W7, V) = (05, Vig))* (22.2.20)

proving that the operator V2 is hermitian. One can then use the above property to prove the
orthogonality of the eigenmodes when they have distinct eigenvalues, the same way we have
proved the orthogonality of eigenvectors. The above proof can be extended to the case of a
resonant cavity. The orthogonality of resonant cavity modes is analogous to the orthogonality
of eigenvectors of a hermitian operator.
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Lecture 23

Scalar and Vector Potentials

23.1 Scalar and Vector Potentials for Time-Harmonic
Fields

23.1.1 Introduction

Previously, we have studied the use of scalar potential ® for electrostatic problems. Then
we learnt the use of vector potential A for magnetostatic problems. Now, we will study
the combined use of scalar and vector potential for solving time-harmonic (electrodynamic)
problems.

This is important for bridging the gap between static regime where the frequency is zero
or low, and dynamic regime where the frequency is not low. For the dynamic regime, it
is important to understand the radiation of electromagnetic fields. Electrodynamic regime
is important for studying antennas, communications, sensing, wireless power transfer ap-
plications, and many more. Hence, it is imperative that we understand how time-varying
electromagnetic fields radiate from sources.

It is also important to understand when static or circuit (quasi-static) regimes are impor-
tant. The circuit regime solves problems that have fueled the microchip industry, and it is
hence imperative to understand when electromagnetic problems can be approximated with
simple circuit problems and solved using simple laws such as KCL an KVL.

23.1.2 Scalar and Vector Potentials for Statics, A Review

Previously, we have studied scalar and vector potentials for electrostatics and magnetostatics
where the frequency w is identically zero. The four Maxwell’s equations for a homogeneous
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medium are then

VXxE=0 (23.1.1)
VxH=1J (23.1.2)
V-¢cE=p (23.1.3)
V-uH =0 (23.1.4)

Using the knowledge that V x V® = 0, we can construct a solution to (23.1.1) easily. Thus,
in order to satisfy the first of Maxwell’s equations or Faraday’s law above, we let

E=-Vo (23.1.5)

Using the above in (23.1.3), we get, for a homogeneous medium, that

4

Vo = = (23.1.6)
€
which is the Poisson’s equation for electrostatics.
By letting
pH=V x A (23.1.7)

since V - (V x A) = 0, the last of Maxwell’s equations above will be automatically satisfied.
And using the above in the second of Maxwell’s equations above, we get

VXxVxA=uJ (23.1.8)

Now, using the fact that Vx V x A = V(V-A) - V?A, and Coulomb’s gauge that V-A = 0,
we arrive at

VA = —puJ (23.1.9)

which is the vector Poisson’s equation. Next, we will repeat the above derivation when w # 0.

23.1.3 Scalar and Vector Potentials for Electrodynamics

To this end, we will start with frequency domain Maxwell’s equations with sources J and p
included, and later see how these sources J and g can radiate electromagnetic fields. Maxwell’s
equations in the frequency domain are

V x E = —jwuH (23.1.10)
VxH=jwE+1J (23.1.11)
V-uH =0 (23.1.12)
V-eE=p (23.1.13)

In order to satisty the third Maxwell’s equation, as before, we let

pH=V x A (23.1.14)
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Now, using (23.1.14) in (23.1.10), we have
V x (E+ jwA) =0 (23.1.15)
Since V x (V®) = 0, the above implies that
E=-Vd— jwA (23.1.16)

The above implies that the electrostatic theory of E = —V® is not exactly correct when
w # 0. The second term above, in accordance to Faraday’s law, is the contribution to the
electric field from the time-varying magnetic field, and hence, is the induction term.!

Furthermore, the above shows that given A and @, one can determine the fields H and
E. To this end, we will derive equations for A and ® in terms of the sources J and ¢ which
are given. Substituting (23.1.14) and (23.1.16) into (23.1.11) gives

VXV xA=—jwpe(—jwA — V) + uJ (23.1.17)
Or upon rearrangement, after using that Vx Vx A =VV-A —V:-VA, we have
V2A + wPueA = —puJ + joueVe + VV - A (23.1.18)
Moreover, using (23.1.16) in (23.1.13), we have

V- (jwA + V) = —g (23.1.19)

In the above, (23.1.18) and (23.1.19) represent two equations for the two unknowns A and @,
expressed in terms of the known quantities, the sources J and p which are given. But these
equations are coupled to each other. They look complicated and are rather difficult to solve
at this point.

As in the magnetostatic case, the vector potential A is not unique. One can always
construct a new A’ = A + VWV that produces the same magnetic field uH, since V x V¥ = 0.
It is quite clear that uH = V x A = V x A’. This implies that A is not unique, and one can
further show that ® is also non-unique.

To make them unique, in addition to specifying what V x A should be in (23.1.14), we
need to specify its divergence or V - A as in the electrostatic case.? A clever way to specify
the divergence of A is to make it simplify the complicated equations above in (23.1.18). We
choose a gauge so that the last two terms in the equation will cancel each other. Therefore,
we specify

V- A=—jwped (23.1.20)

The above is judiciously chosen so that the pertinent equations (23.1.18) and (23.1.19) will
be simplified and decoupled. Then they become

VZA +w?pueA = —puJ (23.1.21)
V20 + wped = — 2 (23.1.22)
€

INotice that in electrical engineering, most concepts related to magnetic fields are inductive!
2This is akin to that given a vector A, and an arbitrary vector k, in addition to specifying what k x A is,
it is also necessary to specify what k - A is to uniquely specify A.



228 ELECTROMAGNETIC FIELD THEORY

Equation (23.1.20) is known as the Lorenz gauge® and the above equations are Helmholtz
equations with source terms. Not only are these equations simplified, they can be solved
independently of each other since they are decoupled from each other.

Equations (23.1.21) and (23.1.22) can be solved using the Green’s function method. Equa-
tion (23.1.21) actually implies three scalar equations for the three z, y, z components, namely
that

V2A; + w?ueA; = —pd; (23.1.23)

where i above can be x, y, or z. Therefore, (23.1.21) and (23.1.22) together constitute
four scalar equations similar to each other. Hence, we need only to solve their point-source
response, or the Green’s function of these equations by solving

Vig(r,r') + B2g(r,r') = —5(r — ') (23.1.24)

where 32 = w?pe.
Previously, we have shown that when 8 = 0,

olrx') = gl =v') =
When § # 0, the correct solution is
, , e—3Blr—r'|
g(r,r') = g(r —x'[) = pp— (23.1.25)

which can be verified by back substitution.
By using the principle of linear superposition, or convolution, the solutions to (23.1.21)

and (23.1.22) are then
dr'I(x emrrl 93.1.26
—,u/// ’ 47r|rfr’| (23.1.26)

d emrrl 93.1.27
// rolr 47r|r—r’| (23.127)

In the above dr’ is the shorthand notation for dz dydz and hence, they are still volume
integrals.

23.1.4 More on Scalar and Vector Potentials

It is to be noted that Maxwell’s equations are symmetrical and this is especially so when we
add a magnetic current M to Maxwell’s equations and magnetic charge o,, to Gauss’s law.*
Then the equations become

VX E = —jupH - M (23.1.28)
V x H = jweE + J (23.1.29)
V.-uH = o, (23.1.30)
V-eE=o (23.1.31)

3Please note that this Lorenz is not the same as Lorentz.
4In fact, Maxwell exploited this symmetry [121].
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The above can be solved in two stages, using the principle of linear superposition. First, we
can set M = 0 and g,, = 0 and solve for the fields as we have done. Second, we can set J =0
and ¢ = 0 and solve for the fields next. Then the total general solution is just the linear
superposition of these two solutions.

For the second case, we can define an electric vector potential F such that

D=-VxF (23.1.32)
and a magnetic scalar potential ®,,, such that
H=-Vo,, —jwF (23.1.33)

By invoking duality principle, one can gather that [41]

, e—iBIr—r'|
_5///drM 47r|r_r/| (23.1.34)
e—iBlr—r'|
///dr om(r") yP P (23.1.35)

As mentioned before, even though magnetic sources do not exist, they can be engineered.
In many engineering designs, it is more expeditious to think magnetic sources to enrich the
diversity of electromagnetic technologies.

23.2 When is Static Electromagnetic Theory Valid?

We have learnt in the previous section that for electrodynamics,
E=-V®d—jwA (23.2.1)

where the second term above on the right-hand side is due to induction, or the contribution
to the electric field from the time-varying magnetic filed. Hence, much things we learn in
potential theory that E = —V® is not exactly valid. But simple potential theory that E =
—V® is very useful because of its simplicity. We will study when static electromagnetic theory
can be used to model electromagnetic systems. Since the third and the fourth Maxwell’s
equations are derivable from the first two, let us first study when we can ignore the time
derivative terms in the first two of Maxwell’s equations, which, in the frequency domain, are

V xE = —jwuH (23.2.2)
VxH=jwE+J (23.2.3)

When the terms multiplied by jw above can be ignored, then electrodynamics can be replaced
with static electromagnetics, which are much simpler. That is why Ampere’s law, Coulomb’s
law, and Gauss’ law were discovered first. Quasi-static electromagnetic theory eventually
gave rise to circuit theory and telegraphy technology. Circuit theory consists of elements like
resistors, capacitors, and inductors. Given that we have now seen electromagnetic theory in
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its full form, we like to ponder when we can use simple static electromagnetics to describe
electromagnetic phenomena.

E field

c > ® H tield

Figure 23.1: The electric and magnetic fields are great contortionists around a conducting
particle deforming themselves to satisfy the boundary conditions even when the particle is
very small. Hence, V ~ 1/L.

To see this lucidly, it is best to write Maxwell’s equations in dimensionless units or the
same units. Say if we want to solve Maxwell’s equations for the fields close to an object of
size L as shown in Figure 23.1. This object can be a small particle like the sphere, or it could
be a capacitor, or an inductor, which are small; but how small should it be before we can
apply static electromagnetics?

It is clear that these E and H fields will have to satisfy boundary conditions, which is de
rigueur in the vicinity of the object as shown in Figure 23.1 even when the frequency is low or
the wavelength long. The fields become great contortionists in order to do so. Hence, we do
not expect a constant field around the object but that the field will vary on the length scale
of L. So we renormalize our length scale by this length L by defining a new dimensionless
coordinate system such that.

(23.2.4)
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In other words, by so doing, then Ldz’ = dz, Ldy' = dy, and Ldz’' = dz, and
0 10 0 19 0 10

¢ 2__9 J__9 23.2.5
Oor Lox'" 0y Loy’ 0z Loz ( )
In this manner, V = %V’ where V' is dimensionless; or V will be very large when it operates
on fields that vary on the length scale of very small L, where V' will not be large because it
is in coordinates normalized with respect to L.

Then, the first two of Maxwell’s equations become

1
ZV’ x E = —jw,uoH (2326)
1
ZV’ x H = jwegE +J (23.2.7)

Here, we still have apples and oranges to compare with since E and H have different units;
we cannot compare quantities if they have different units. For instance, the ratio of E to the
H field has a dimension of impedance. To bring them to the same unit, we define a new E’
such that

mE =E (23.2.8)

where 19 = \/o/eo = 377 ohms in vacuum. In this manner, the new E’ has the same unit
as the H field. Then, (23.2.6) and (23.2.7) become

%v’ X E = —jwpcH (23.2.9)
1
2V H = jwsomE +J (23.2.10)

With this change, the above can be rearranged to become
! !/ - L
V' X E = —jwug—H (23.2.11)
Mo
V’ xH = jw€()770LEI + LJ (23212)

By letting 1o = +/o0/c0, the above can be further simplified to become

V' X E = —jcﬁLH (23.2.13)
0
V' x H = jcﬂLE' + LI (23.2.14)
0

Notice now that in the above, H, E’, and LJ have the same unit, and V’ is dimensionless
and is of order one, and wL/cy is also dimensionless.
Therefore, one can compare terms, and ignore the frequency dependent jw term when

YrL<«1 (23.2.15)
co
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or when

L
2r— <1 (23.2.16)
Ao
Consequently, the above criteria are for the validity of the static approximation when the time-
derivative terms in Maxwell’s equations can be ignored. When these criteria are satisfied, then
Maxwell’s equations can be simplified to and approximated by the following equations

V' xE =0 (23.2.17)
V' xH=LJ (23.2.18)

which are the static equations, Faraday’s law and Ampere’s law of electromagnetic theory.
They can be solved together with Gauss’ laws.

In other words, one can solve, even in optics, where w is humongous or the wavelength
very short, using static analysis if the size of the object L is much smaller than the optical
wavelength. This is illustrated in the field of nano-optics with a plasmonic nanoparticle. If
the particle is small enough compared to wavelength of the light, electrostatic analysis can be
used. For instance, the wavelength of blue light is about 400 nm, and 10 nm nano-particles can
be made. (Even the ancient Romans could make them!) And hence, static electromagnetic
theory can be used to analyze the wave-particle interaction. This was done in one of the
homeworks. Figure 23.2 shows an incident light whose wavelength is much longer than the
size of the particle. The incident field induces an electric dipole moment on the particle,
whose external field can be written as

E, = (72cosf + O sin ) (%)3ES (23.2.19)
while the incident field and the interior field to the particle can be expressed as

Eo = 2Ey = (# cos 0 — O sin ) E, (23.2.20)

E; = 2E; = (f cosf — fsin0)E; (23.2.21)
By matching boundary conditions, as was done in the homework, it can be shown that

€s— €

E, = E 23.2.22

s+ 2¢ 0 ( )
3e

E;, = E 23.2.23

€s + 2¢ 0 ( )

For a plasmonic nano-particle, the particle medium behaves like a plasma, and € in the above
can be negative, making the denominators of the above expression close to zero. Therefore,
the amplitude of the internal and scattered fields can be very large when this happens, and
the nano-particles will glitter in the presence of light.

Figure 23.3 shows a nano-particle induced in plasmonic oscillation by a light wave. Figure
23.4 shows that different color fluids can be obtained by immersing nano-particles in fluids
with different background permittivity causing the plasmonic particles to resonate at different
frequencies.
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Figure 23.2: A plane electromagnetic wave incident on a particle. When the particle size is
small compared to wavelength, static analysis can be used to solve this problem (courtesy of
Kong [31]).

Figure 23.3: A nano-particle undergoing electromagnetic oscillation when an electromagnetic
wave impinges on it (courtesy of sigmaaldric.com).
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Figure 23.4: Different color fluids containing nano-particles can be obtained by changing the
permittivity of the background fluids (courtesy of nanocomposix.com).

In (23.2.16), this criterion has been expressed in terms of the dimension of the object
L compared to the wavelength A\g. Alternatively, we can express this criterion in terms of
transit time. The transit time for an electromagnetic wave to traverse an object of size L
is 7= L/cop and w = 27/T where T is the period of one time-harmonic oscillation. Hence,
(23.2.15) can be re-expressed as

2t
o <1 (23.2.24)
The above implies that if the transit time 7 needed for the electromagnetic field to traverse
the object of length L is much small than the period of oscillation of the electromagnetic
field, then static theory can be used.

The finite speed of light gives rise to delay or retardation of electromagnetic signal when
it propagates through space. When this retardation effect can be ignored, then static elec-
tromagnetic theory can be used. In other words, if the speed of light had been infinite, then
there would be no retardation effect, and static electromagnetic theory could always be used.
Alternatively, the infinite speed of light will give rise to infinite wavelength, and criterion
(23.2.16) will always be satisfied, and static theory prevails.

23.2.1 Quasi-Static Electromagnetic Theory

In closing, we would like to make one more remark. The right-hand side of (23.2.11), which
is Faraday’s law, is essential for capturing the physical mechanism of an inductor and flux
linkage. And yet, if we drop it, there will be no inductor in this world. To understand this
dilemma, let us rewrite (23.2.11) in integral form, namely,

L
§£ E -dl= —jw,uo—// dS-H (23.2.25)
c Mo JJs
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In the inductor, the right-hand side has been amplified by multiple turns, effectively increasing
S, the flux linkage area. Or one can think of an inductor as having a much longer effective
length L.t when untwined so as to compensate for decreasing frequency w. Hence, the
importance of flux linkage or the inductor in circuit theory is not diminished unless w = 0.

By the same token, displacement current can be enlarged by using capacitors. In this
case, even when no electric current J flows through the capacitor, displacement current flows
and the generalized Ampere’s law becomes

5]5 H - dl = jwenoL // ds - E (23.2.26)
c s

The displacement in a capacitor cannot be ignored unless w = 0. Therefore, when w # 0,
or in quasi-static case, inductors and capacitors in circuit theory are important as we shall
study next. In summary, the full physics of Maxwell’s equations is not lost in circuit theory:
the induction term in Faraday’s law, and the displacement current in Ampere’s law are still
retained. That explains the success of circuit theory in electromagnetic engineering!



236 ELECTROMAGNETIC FIELD THEORY



Lecture 24

Circuit Theory Revisited

24.1 Circuit Theory Revisited

Circuit theory is one of the most successful and often used theories in electrical engineering.
Its success is mainly due to its simplicity: it can capture the physics of highly complex
circuits and structures, which is very important in the computer and micro-chip industry.
Now, having understood electromagnetic theory in its full glory, it is prudent to revisit circuit
theory and study its relationship to electromagnetic theory [29, 31,48, 59].

The two most important laws in circuit theory are Kirchoff current law (KCL) and Kirch-
hoff voltage law (KVL) [14,45]. These two laws are derivable from the current continuity
equation and from Faraday’s law.

24.1.1 Kirchhoff Current Law

I

|
I £
N '
[ /V/, ) \"--. 14
Figure 24.1: Schematics showing the derivation of Kirchhoff current law. All currents flowing

into a node must add up to zero.
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Kirchhoff current law (KCL) is a consequence of the current continuity equation, or that
V-J=—jwo (24.1.1)

It is a consequence of charge conservation. But it is also derivable from generalized Ampere’s
law and Gauss’ law for charge.!

First, we assume that all currents are flowing into a node as shown in Figure 24.1, and
that the node is non-charge accumulating with w — 0. Then the charge continuity equation
becomes

vV-J=0 (24.1.2)

By integrating the above current continuity equation over a volume containing the node, it
is easy to show that

N
> Ii=0 (24.1.3)
which is the statement of KCL. This is shown for the schematics of Figure 24.1.

24.1.2 Kirchhoff Voltage Law

Kirchhoff voltage law is the consequence of Faraday’s law. For the truly static case when
w =0, it is

VXxE=0 (24.1.4)

The above implies that E = —V®, from which we can deduce that

—55 E-dl=0 (24.1.5)
c
For statics, the statement that E = —V® also implies that we can define a voltage drop
between two points, a and b to be
b b
Via = f/ E-dl:/ Vo .-dl=d(ry) — O(r,) =V, -V, (24.1.6)

As has been shown before, to be exact, E = —V®—09/9tA, but we have ignored the induction
effect. Therefore, this concept is only valid in the low frequency or long wavelength limit, or
that the dimension over which the above is applied is very small so that retardation effect
can be ignored.

A good way to remember the above formula is that if V;, > V,, then the electric field
points from point a to point b. Electric field always points from the point of higher potential

1Some authors will say that charge conservation is more fundamental, and that Gauss’ law and Ampere’s
law are consistent with charge conservation and the current continuity equation.
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to point of lower potential. Faraday’s law when applied to the static case for a closed loop of
resistors shown in Figure 24.2 gives Kirchhoff voltage law (KVL), or that

N
Y Vi=0 (24.1.7)

Notice that the voltage drop across a resistor is always positive, since the voltages to the left
of the resistors in Figure 24.2 are always higher than the voltages to the right of the resistors.
This implies that internal to the resistor, there is always an electric field that points from the
left to the right.

If one of the voltage drops is due to a voltage source, it can be modeled by a negative
resistor as shown in Figure 24.3. The voltage drop across a negative resistor is opposite to
that of a positive resistor. As we have learn from the Poynting’s theorem, negative resistor
gives out energy instead of dissipates energy.

! R, R,

% +Vi- +Va-  + V-

Figure 24.2: Kichhoff voltage law where the sum of all voltages around a loop is zero, which
is the consequence of static Faraday’s law.

K, R;
R0 R —_—
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~
A
=
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Figure 24.3: A voltage source can also be modeled by a negative resistor.
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Faraday’s law for the time-varying case is

0B
VXE=—— 24.1.8
X T ( )
Writing the above in integral form, one gets
d
- E-dl=— {B-dS (24.1.9)
C dt s

We can apply the above to a loop shown in Figure 24.4, or a loop C that goes from a to b to
c to d to a. We can further assume that this loop is very small compared to wavelength so
that potential theory that E = —V® can be applied. Furthermore, we assume that this loop
C does not have any magnetic flux through it so that the right-hand side of the above can be
set to zero, or

—§£ E-dl=0 (24.1.10)
C

Figure 24.4: The Kirchhoff voltage law for a circuit loop consisting of resistor, inductor, and
capacitor can also be derived from Faraday’s law at low frequency.
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Figure 24.5: The voltage-current relation of an inductor can be obtained by unwrapping an
inductor coil, and then calculate its flux linkage.

Notice that this loop does not go through the inductor, but goes directly from ¢ to d.
Then there is no flux linkage in this loop and thus

b c d a
—/ E-dl—/ E-dl—/ E-dl—/ E-dl=0 (24.1.11)
a b c d

Inside the source or the battery, it is assumed that the electric field points opposite to the
direction of integration dl, and hence the first term on the left-hand side of the above is
positive while the other terms are negative. Writing out the above more explicitly, we have

Vo(t) + Vep + Ve + Vag = 0 (24.1.12)

Notice that in the above, in accordance to (24.1.6), V, > V., V.. > Vg, and V,, > V,. Therefore,
Vs Ve, and V4 are all negative quantities but Vy(¢) > 0. We will study the contributions
to each of the terms, the inductor, the capacitor, and the resistor more carefully next.

24.1.3 Inductor

To find the voltage current relation of an inductor, we apply Faraday’s law to a closed loop
C' formed by dc and the inductor coil shown in the Figure 24.5 where we have unwrapped the
solenoid into a larger loop. Assume that the inductor is made of a very good conductor, so
that the electric field in the wire is small or zero. Then the only contribution to the left-hand
side of Faraday’s law is the integration from point d to point ¢. We assume that outside the
loop in the region between ¢ and d, potential theory applies, and hence, E = —V®. Now,
we can connect Vy. in the previous equation to the flux linkage to the inductor. When the
voltage source attempts to drive an electric current into the loop, Lenz’s law (1834)2 comes
into effect, essentially, generating an opposing voltage. The opposing voltage gives rise to
charge accumulation at d and ¢, and hence, a low frequency electric field at the gap.

To this end, we form a new C’ that goes from d to ¢, and then continue onto the wire that
leads to the inductor. But this new loop will contain the flux B generated by the inductor

2Lenz’s law can also be explained from Faraday’s law (1831).
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current. Thus

¢ d
55 E-dl:/ E-dl=—-V;=—— | B-dS (24.1.13)
!’ d dt S/
The inductance L is defined as the flux linkage per unit current, or
L= { B~dS} /1 (24.1.14)
S/
So the voltage in (24.1.13) is then
d dI
Vie = —(LI) = L— 24.1.15
o= (L =1 (24.1.15)

Had there been a finite resistance in the wire of the inductor, then the electric field is
non-zero inside the wire. Taking this into account, we have

d
ygE-dlzRLI—Vdc:——/B-dS (24.1.16)
dt /g
Consequently,
dI

Thus, to account for the loss of the coil, we add a resistor in the equation. The above becomes
simpler in the frequency domain, namely

Vie = RpI + jwLI (24.1.18)

24.1.4 Capacitance

The capacitance is the proportionality constant between the charge @ stored in the capacitor,
and the voltage V applied across the capacitor, or @ = C'V. Then

Q

C=: (24.1.19)
From the current continuity equation, one can easily show that in Figure 24.6,
I= % = %(Cvda) = Odzl/;l“ (24.1.20)
Integrating the above equation, one gets
1 rt
Via(t) = 6/mfdt’ (24.1.21)

The above looks quite cumbersome in the time domain, but in the frequency domain, it
becomes

I = jwCVy, (24.1.22)
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Figure 24.6: Schematics showing the calculation of the capacitance of a capacitor.

24.1.5 Resistor

The electric field is not zero inside the resistor as electric field is needed to push electrons
through it. As is well known,

J=0E (24.1.23)

From this, we deduce that V., = V. — V}, is a negative number given by

(& (& J

Vcb:—/ E-dl:—/—-dl (24.1.24)
b b O

where we assume a uniform current J = [] /A in the resistor where [ is a unit vector pointing

in the direction of current flow in the resistor. We can assumed that I is a constant along the

length of the resistor, and thus,

¢ Idl ¢ dl
= — =7 — =] 24.1.2
Ve /b cA /b oA R ( 5)
and
¢ dl
— - 24.1.2
m= o 20

Again, for simplicity, we assume long wavelength or low frequency in the above derivation.

24.2 Some Remarks

In this course, we have learnt that given the sources ¢ and J of an electromagnetic system,
one can find ® and A, from which we can find E and H. This is even true at DC or statics.
We have also looked at the definition of inductor L and capacitor C'. But clever engineering
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is driven by heuristics: it is better, at times, to look at inductors and capacitors as energy
storage devices, rather than flux linkage and charge storage devices.

Another important remark is that even though circuit theory is simpler that Maxwell’s
equations in its full glory, not all the physics is lost in it. The physics of the induction
term in Faraday’s law and the displacement current term in generalized Ampere’s law are
still retained. In fact, wave physics is still retained in circuit theory: one can make slow
wave structure out a series of inductors and capacitors. The lumped-element model of a
transmission line is an example of a slow-wave structure design. Since the wave is slow, it has
a smaller wavelength, and resonators can be made smaller: We see this in the LC tank circuit
which is a much smaller resonator in wavelength compared to a microwave cavity resonator
for instance. The only short coming is that inductors and capacitors generally have higher
losses than air or vacuum.

24.2.1 Energy Storage Method for Inductor and Capacitor

Often time, it is more expedient to think of inductors and capacitors as energy storage devices.
This enables us to identify stray (also called parasitic) inductances and capacitances more
easily. This manner of thinking allows for an alternative way of calculating inductances and
capacitances as well [29].

The energy stored in an inductor is due to its energy storage in the magnetic field, and it
is alternatively written, according to circuit theory, as

Wy, = %LIQ (24.2.1)
Therefore, it is simpler to think that an inductance exists whenever there is stray magnetic
field to store magnetic energy. A piece of wire carries a current that produces a magnetic
field enabling energy storage in the magnetic field. Hence, a piece of wire in fact behaves
like a small inductor, and it is non-negligible at high frequencies: Stray inductances occur
whenever there are stray magnetic fields.

By the same token, a capacitor can be thought of as an electric energy storage device
rather than a charge storage device. The energy stored in a capacitor, from circuit theory, is

W, = %CVZ (24.2.2)

Therefore, whenever stray electric field exists, one can think of stray capacitances as we have
seen in the case of fringing field capacitances in a microstrip line.

24.2.2 Finding Closed-Form Formulas for Inductance and Capaci-
tance

Finding closed form solutions for inductors and capacitors is a difficult endeavor. Only certain
geometries are amenable to closed form solutions. Even a simple circular loop does not have
a closed form solution for its inductance L. If we assume a uniform current on a circular
loop, in theory, the magnetic field can be calculated using Bio-Savart law that we have learnt
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before, namely that

H(r) = / % (24.2.3)

But the above cannot be evaluated in closed form save in terms of complicate elliptic integrals.

However, if we have a solenoid as shown in Figure 24.7, an approximate formula for the
inductance L can be found if the fringing field at the end of the solenoid can be ignored.
The inductance can be found using the flux linkage method [28,29]. Figure 24.8 shows the
schematics used to find the approximate inductance of this inductor.

Figure 24.7: The flux-linkage method is used to estimate the inductor of a solenoid (courtesy
of SolenoidSupplier.Com).

H
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Figure 24.8: Finding the inductor flux linkage by assuming the magnetic field is uniform
inside a long solenoid.

The capacitance of a parallel plate capacitor can be found by solving a boundary value
problem (BVP) for electrostatics. The electrostatic BVP for capacitor involves Poisson’s
equation and Laplace equation which are scalar equations [42][Thomson’s theorem].
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|Q1| = |Q2|

Figure 24.9: The capacitance between two charged conductors can be found by solving a
boundary value problem (BVP).

Assume a geometry of two conductors charged to +V and —V volts as shown in Figure
24.9. Surface charges will accumulate on the surfaces of the conductors. Using Poisson’s
equations, and Green’s function for Poisson’s equation, one can express the potential in
between the two conductors as due to the surface charges density o(r). It can be expressed
as

d(r) = 1/Sds’”(r/) (24.2.4)

€ 4r|r — /|

where S is the union of two surfaces S; and Sy. Since ® has values of +V and —V on the
two conductors, we require that

@(r):l/SdS’a(r/) {W’ red (24.2.5)

€ 47T|I'*I‘l‘: -V, res

In the above, o(r’), the surface charge density, is the unknown yet to be sought and it is
embedded in an integral. But the right-hand side of the equation is known. Hence, this
equation is also known as an integral equation. The integral equation can be solved by
numerical methods.

Having found o(r), then it can be integrated to find @, the total charge on one of the
conductors. Since the voltage difference between the two conductors is known, the capacitance
can be found as C' = Q/(2V).

24.3 Importance of Circuit Theory in IC Design

The clock rate of computer circuits has peaked at about 3 GHz due to the resistive loss, or
the I?R loss. At this frequency, the wavelength is about 10 cm. Since transistors and circuit
components are shrinking due to the compounding effect of Moore’s law, most components,
which are of nanometer dimensions, are much smaller than the wavelength. Thus, most of
the physics of electromagnetic signal in a circuit can be captured using circuit theory.
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Figure 24.10 shows the schematics and the cross section of a computer chip at different
levels: the transistor level at the bottom-most. The signals are taken out of a transistor by
XY lines at the middle level that are linked to the ball-grid array at the top-most level of
the chip. And then, the signal leaves the chip via a package. Since these nanometer-size
structures are much smaller than the wavelength, they are usually modeled by lumped R,
L, and C elements if retardation effect can be ignored. If retardation effect is needed, it is
usually modeled by a transmission line. This is important at the package level where the
dimensions of the components are larger.

A process of parameter extraction where computer software or field solvers (software that
solve Maxwell’s equations numerically) are used to extract these lumped-element parameters.
Finally, a computer chip is modeled as a network involving a large number of transistors,
diodes, and R, L, and C elements. Subsequently, a very useful commercial software called
SPICE (Simulation Program with Integrated-Circuit Emphasis) [122], which is a computer-
aided software, solves for the voltages and currents in this network.
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Figure 24.10: Courtesy of Wikipedia and Intel.

The SPICE software has many capabilities, including modeling of transmission lines for
microwave engineering. Figure 24.11 shows an interface of an RF-SPICE that allows the
modeling of transmission line with a Smith chart interface.
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Figure 24.11: SPICE is also used to solve RF problems (courtesy of EMAG Technologies
Inc.).

24.3.1 Decoupling Capacitors and Spiral Inductors

Decoupling capacitors are an important part of modern computer chip design. They can
regulate voltage supply on the power delivery network of the chip as they can remove high-
frequency noise and voltage fluctuation from a circuit as shown in Figure 24.12. Figure 24.13
shows a 3D IC computer chip where decoupling capacitors are integrated into its design.

W—__

L decoupling
=T capacitor

Figure 24.12: A decoupling capacitor is essentially a low-pass filter allowing low-frequency
signal to pass through, while high-frequency signal is short-circuited (courtesy learningabout-
electronics.com).
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Figure 24.13: Modern computer chip design is 3D and is like a jungle. There are different
levels in the chip and they are connected by through silicon vias (TSV). IMD stands for inter-
metal dielectrics. One can see different XY lines serving as power and ground lines (courtesy
of Semantic Scholars).

Inductors are also indispensable in IC design, as they can be used as a high frequency
choke. However, designing compact inductor is still a challenge. Spiral inductors are used
because of their planar structure and ease of fabrication.

- dout .
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— d'. 'l - -
= ’ in | 5]
6 |- briugE \ |6

Via

Figure 24.14: Spiral inductors are difficult to build on a chip, but by using laminal structure,
it can be integrated into the IC fabrication process (courtesy of Quan Yuan, Research Gate).



Lecture 25

Radiation by a Hertzian Dipole

25.1 Radiation by a Hertzian Dipole

Radiation by arbitrary sources is an important problem for antennas and wireless communi-
cations. We will start with studying the Hertzian dipole which is the simplest of a radiation
source we can think of.

25.1.1 History

The original historic Hertzian dipole experiment is shown in Figure 25.1. It was done in 1887
by Heinrich Hertz [18]. The schematics for the original experiment is also shown in Figure
25.2.

A metallic sphere has a capacitance in closed form with respect to infinity or a ground
plane. Hertz could use those knowledge to estimate the capacitance of the sphere, and also,
he could estimate the inductance of the leads that are attached to the dipole, and hence, the
resonance frequency of his antenna. The large sphere is needed to have a large capacitance,
so that current can be driven through the wires. As we shall see, the radiation strength of
the dipole is proportional to p = ¢l the dipole moment. To get a large dipole moment, the
current flowing in the lead should be large.

251
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Hertz's first radio transmitter: a dipole resonator consisting of a pair of one meter copper wires with a 7.5 mm spark &7
gap between them, ending in 30 cm zinc spheres.I'2] When an induction coil applied a high voltage between the two
sides, sparks across the spark gap created standing waves of radio frequency current in the wires, which radiated radio
waves. The frequency of the waves was roughly 50 MHz, about that used in modern television transmitters.

Figure 25.1: Hertz’s original experiment on a small dipole (courtesy of Wikipedia [18]).

C
O
o S
M
Spark gap c Receiver
transmitter

Hertz's 1887 apparatus for generating and detecting  One of Hertz's radio
radio waves: a spark transmitter (left) consisting of a  wave receivers: a loop
dipole antenna with a spark gap (S) powered by high antenna with an

voltage pulses from a Ruhmkorff coil (T), and a adjustable micrometer
receiver (right) consisting of a loop antenna and spark spark gap (bottom).['?]
gap.

Figure 25.2: More on Hertz’s original experiment on a small dipole (courtesy of Wikipedia [18]

25.1.2 Approximation by a Point Source

A Hertzian dipole is a dipole which is much smaller than the wavelength under consideration
so that we can approximate it by a point current distribution, mathematically given by [31,38]

J(r) = 2116(r) (25.1.1)

The dipole may look like the following schematically. As long as we are not too close to the
dipole so that it does not look like a point source anymore, the above is a good model for a
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Hertzian dipole.

metallic spheres — charge reservoir

Figure 25.3: Schematics of a small Hertzian dipole.

n (25.1.1), [ is the effective length of the dipole so that the dipole moment p = gl. The
charge ¢ is varying in time harmonically because it is driven by the generator. Since

dgq
A7
dt ’
we have
dg
Il = El = jwql = jwp (25.1.2)

for a Hertzian dipole. We have learnt previously that the vector potential is related to the
current as follows:

dr'J(r')< o 25.1.3
_u// FI0) (25.1.3)
Therefore, the corresponding vector potential is given by
N
A(r) = Jer 25.1.4
(1) = £ (25.1.4)

The magnetic field is obtained, using cylindrical coordinates, as

1 1 10 ~ 0
H=-VxA=-=-(p-24a, - ¢—AZ> 25.1.5
j Iz (pp ¢ dp ( )
where a_¢ = y/p? + 22. In the above,
0 or 0 o g po

a_p:(?_p@r N 2t 22or  ror
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Hence,

_ogp It 11N e
H= ¢T4W( 2 ]BT)G (25.1.6)
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Figure 25.4: Spherical coordinates are used to calculate the fields of a Hertzian dipole.

In spherical coordinates, £ = sin, and (25.1.6) becomes [31]

) . e
H= ¢m(1 +jBr)e P sin @ (25.1.7)

The electric field can be derived using Maxwell’s equations.

1 1L (1 0 10
E = mv xH = E <7’rsin0%SlD€H¢ — QFETHd,) (2518)
Ile=87 , . . 2 s
= Gy |:7’2 cosO(1+ jpr) +0sinb(1 + jBr — p-r )} (25.1.9)

25.1.3 Case I. Near Field, gr < 1

Ex L _(72cos0 +sinf), Br<1 (25.1.10)
4mer3

H<«E, when fr < 1 (25.1.11)

where p = ¢l is the dipole moment, and r could be made very small by making 1 small or
by making w — 0. The above is like the static field of a dipole. The reason being that in
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the near field, the field varies rapidly, and space derivatives are much larger than the time
derivative.!
For instance,

Alternatively, we can say that the above is equivalent to

9,
ox c

or that
, 1 02
c2 Ot?
In other words, static theory prevails over dynamic theory.

~ V2

25.1.4 Case II. Far Field (Radiation Field), fr > 1

In this case,
N
E = fjwu—m=e 77" sind (25.1.12)
4dmr
and
oo I g
H=x=¢j8—e 7’ sinf (25.1.13)
4dmr

Note that E—Z = “"ﬁ“ = \/g = 1n9. Here, E and H are orthogonal to each other and are both

orthogonal to the direction of propagation, as in the case of a plane wave. A spherical wave
resembles a plane wave in the far field approximation.

25.1.5 Radiation, Power, and Directive Gain Patterns

The time average power flow is given by

_1! q_aL > .mo (BIN?
(S) = 2S‘Ee[ExH ] —r2n0|H¢,| =7 (4777“ sin” 0 (25.1.14)

The radiation field pattern of a Hertzian dipole is the plot of |E| as a function of 6 at a
constant r. Hence, it is proportional to sinf, and it can be proved that it is a circle.

IThis is in agreement with our observation that electromagnetic fields are great contortionists: They will
deform themselves to match the boundary first before satisfying Maxwell’s equations. Since the source point
is very small, the fields will deform themselves so as to satisfy the boundary conditions near to the source
region. If this region is small compared to wavelength, the fields will vary rapidly over a small lengthscale
compared to wavelength.
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P> X,y

Figure 25.5: Radiation field pattern of a Hertzian dipole.

The radiation power pattern is the plot of (S,.) at a constant r.

A7

> X,y

Figure 25.6: Radiation power pattern of a Hertzian dipole which is also the same as the
directive gain pattern.
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The total power radiated by a Hertzian dipole is given by

2w ™ ™ ﬂ-” 2
P:/ dgzb/ dfr? sin 0(S,) =27T/ o™ () sin® (25.1.15)
0 0 0 2 \ 4rm
Since
™ —1 1 4
dfsin® 0 = —/ (d cos 0)[1 — cos® 0] = / dr(l —2?%) = 3 (25.1.16)
0 1 -1
then
P b (P11 (25.1.17)
== 371"[70 an 1.

The directive gain of an antenna, G(0, ¢), is defined as [31]

G(0,¢) = & (25.1.18)

where

472

is the power density if the power P were uniformly distributed over a sphere of radius r.
Substituting (25.1.14) and (25.1.17) into the above, we have

2
L (%) sin® 6

G(0,¢) = s = gsinzﬂ (25.1.19)
1 4 BIl
4mr2 377071' ( 47 )

The peak of G(0,¢) is known as the directivity of an antenna. It is 1.5 in the case of a
Hertzian dipole. If an antenna is radiating isotropically, its directivity is 1. Therefore, the
lowest possible values for the directivity of an antenna is 1, whereas it can be over 100 for
some antennas like reflector antennas (see Figure 25.7). A directive gain pattern is a plot
of the above function G(0, ¢) and it resembles the radiation power pattern.
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Figure 25.7: The gain of a reflector antenna can be increased by deflecting the power radiated
in the desired direction by the use of a reflector (courtesy of racom.eu).

If the total power fed into the antenna instead of the total radiated power is used in the
denominator of (25.1.18), the ratio is known as the power gain or just gain. The total
power fed into the antenna is not equal to the total radiated power because there could be
some loss in the antenna system like metallic loss.

25.1.6 Radiation Resistance

Defining a radiation resistance R, by P = I?R,, we have [31]

2P 1)?
R, = 7= 770(@—72 ~ 20(B1)?, where 1y = 377 =~ 1207 Q (25.1.20)

For example, for a Hertzian dipole with [ = 0.1\, R, ~ 8.

The above assumes that the current is uniformly distributed over the length of the Hertzian
dipole. This is true if there are two charge reservoirs at its two ends. For a small dipole with
no charge reservoir at the two ends, the currents have to vanish at the tip of the dipole as
shown in Figure 25.8.
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Figure 25.8: The current pattern on a short dipole can be approximated by a triangle since
the current has to be zero at the end points of the short dipole.

The effective length of the dipole is half of its actual length due to the manner the currents
are distributed. For example, for a half-wave dipole, a = %, and if we use log = % in (25.1.20),
we have

R, ~ 509 (25.1.21)

However, a half-wave dipole is not much smaller than a wavelength and does not qualify to
be a Hertzian dipole. Furthermore, the current distribution on the half-wave dipole is not
triangular in shape as above. A more precise calculation shows that R, = 73 for a half-wave
dipole [48].

The true current distribution on a half-wave dipole resembles that shown in Figure 25.9.
The current is zero at the end points, but the current has a more sinusoidal-like distribution
like that in a transmission line. In fact, one can think of a half-wave dipole as a flared,
open transmission line. In the beginning, this flared open transmission line came in the
form of biconical antennas which are shown in Figure 25.10 [123]. If we recall that the
characteristic impedance of a transmission line is y/L/C, then as the spacing of the two
metal pieces becomes bigger, the equivalent characteristic impedance gets bigger. Therefore,
the impedance can gradually transform from a small impedance like 50  to that of free
space, which is 377 2. This impedance matching helps mitigate reflection from the ends of
the flared transmission line, and enhances radiation.

Because of the matching nature of bicone antennas, they tend to have a broader band-
width, and are important in UWB (ultra-wide band) antennas [124].
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Current and voltage waveforms on a half wave
dipole

Figure 25.9: A current distribution on a half-wave dipole (courtesy of electronics-notes.co).

Figure 25.10: A bicone antenna can be thought of as a transmission line with gradually
changing characteristic impedance. This enhances impedance matching and the radiation of
the antenna (courtesy of antennasproduct.com).



Lecture 26

Radiation Fields, Far Fields

26.1 Radiation Fields or Far-Field Approximation

A Z J(¥)

r—r

|- —

v
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Figure 26.1:

In the previous lecture, we have derived the relation of the vector and scalar potentials to the
sources J and ¢.! They are given by

e —jBlr—r|
= er (26.1.1)

47r|r — 1|

dr’ eﬂﬁl”l 26.1.2
/// r'o(r 47T|r—r’| (26.1.2)

IThis topic is found in many standard textbooks in electromagnetics [31,41,48]. They are also found in
lecture notes [38,125].
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The integrals in (26.1.1) and (26.1.2) are normally untenable, but when the observation point
is far from the source, approximation to the integrals can be made giving them a nice physical
interpretation.

Figure 26.2:

26.1.1 Far-Field Approximation

When [r| > |r/|, then |r —r'| = r — 1/ - #, where r = |r| and ' = |r/|. This approximation can
be shown algebraically or by geometrical argument as shown in Figure 26.2. Thus (26.1.1)

above becomes
J DY NP —3JBr RPN
/// ; pJT) - —]BT-&-]BI‘ oy pe /// dr/J(rl>e]Br N (26.1.3)
r— r’ 4rr v

In the above we have made used of that 1/(1 — A) ~ 1 when A is small, but e/#® # 1, unless
JBA < 1. Hence, we keep the exponential term in (26.1.3) but simplify the denominator to
arrive at the last expression above.
If we let 8 = 87, and v’ = 22’ + 9y’ + 22/, then
eIBr' P B iBea +iByy +iB22 (26.1.4)

Therefore (26.1.3) resembles a 3D Fourier transform integral, namely

—jpr
Ar “Z /// dr'J(r))eB (26.1.5)
wr

and (26.1.5) can be rewritten as

—jBr
Ar) = HC

F(B) (26.1.6)

47r
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where

F(B) = ///V dr' J(r')e?P’ (26.1.7)

is the 3D Fourier transform of J(r') with 8 = #4.

It is to be noted that this is not a normal 3D Fourier transform because |3]? = B2 —|—ﬁy2 +
8.2 = 2. In other words, the length of the vector 3 is fixed to be 5. In a normal 3D Fourier
transform, B, By, and 3, are independent variables, with values in the range [—oo, oo], and
B2+ ByQ + 8.2 ranges from zero to infinity.

The above is the 3D “Fourier transform” of the current source J(r’) with Fourier variables,
Bz, By, B> lying on a sphere of radius 5 and 8 = 7. This spherical surface in the Fourier
space is also called the Ewald’s sphere.

26.1.2 Locally Plane Wave Approximation

We can write # or B8 in terms of direction cosines in spherical coordinates or that
7 =T cos@sinh + gsin¢psinf + 2 cos (26.1.8)
Hence,

F(B) =F(Br) = F(B,0,9) (26.1.9)

It is not truly a 3D function, since § is fixed. It is a 3D Fourier transform with data restricted
on a spherical surface.

Also in (26.1.6), when 7 >> r’ - #, ¢ 7P is now a rapidly varying function of r while, F(B)
is only a slowly varying function of 6 and ¢, the observation angles. In other words, the
prefactor in (26.1.6), exp(—j8r)/r, can be thought of as resembling a spherical wave. Hence,
if one follows a ray of this spherical wave and moves in the r direction, the predominant
variation of the field is due to e 77", whereas the direction of the vector B changes little, and
hence F(3) changes little. Furthermore, r’ in (26.1.7) are restricted to small or finite number,
making F(3) a weak function of 3.

The above shows that in the far field, the wave radiated by a finite source resembles a
spherical wave. Moreover, a spherical wave resembles a plane wave when one is sufficiently
far from the source. Hence, we can write e 78" = ¢ 798" where B = #3 and r = 7r so that a
spherical wave resembles a plane wave locally. This phenomenon is shown in Figure 26.3.
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Figure 26.3: A spherical wave emanating from a source becomes locally a plane wave in the
far field.

Then, it is clear that with the plane-wave approximation, V — —j8 = —j8#, and

1 ~ ~ ~ ~
H= 2 x A~ 25 x 040+ d4,) = 204, — d49) (26.1.10)
p p 7
Similarly [38,125],
1 B A 2
E=  VxH2 j i xHe ju@A + dAy) (26.1.11)
jwe we

Notice that 3 = S is orthogonal to E and H in the far field, a property of a plane wave.
Moreover, there are more than one way to derive the electric field E. Using (26.1.10) for the
magnetic field, the electric field can also be written as

1

E=-
Jwpe

VxVxA (26.1.12)

Using the formula for the double-curl operator, the above can be rewritten as

1 1 -
E=—(VV-A-V’A)=— (-688+5°1)-A (26.1.13)
Jwpe JWUE
where we have used that V2A = —32A. Alternatively, we can factor 32 = w?ue and rewrite

the above as

E— —juw (—BB+T) A= —jw (- +1)-A (26.1.14)
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Since I = 77 + 06 + d;gZAL then the above becomes
E— —jw (éé + q%) A= —jw(BAg + dAy) (26.1.15)

which is the same as previously derived. It also shows that the electric field is transverse to
the B vector. We can also arrive at the above by lettering E = —jwA — V&, and using the
appropriate formula for the scalar potential.

Furthermore, it can be shown that in the far field, using the plane-wave approximation,

|E[/H| ~n (26.1.16)

where 7 is the intrinsic impedance of free space, which is a property of a plane wave. Moreover,
one can show that the time average Poynting’s vector in the far field is

1
() ~ o |B* (26.1.17)
1

which resembles also the property of a plane wave. Since the radiated field is a spherical
wave, the Poynting’s vector is radial. Therefore,

(S) =75,.(0,9) (26.1.18)
The plot of |E(8, ¢)| is termed the far-field pattern or the radiation pattern of an antenna or
the source, while the plot of |E(f, ¢)|? is its far-field power pattern.
26.1.3 Directive Gain Pattern Revisited

Once the far-field power pattern S, is known, the total power radiated by the antenna can
be found by

™ 27
Pr = / / 2 sin 0dOdeS, (0, $) (26.1.19)
0 0

The above evaluates to a constant independent of r due to energy conservation. Now assume
that this same antenna is radiating isotropically in all directions, then the average power
density of this fictitious isotropic radiator as r — oo is

Pr
av — 26.1.2
) 4mr? (26.1.20)
A dimensionless directive gain pattern can be defined such that [31,125]
Sy (0, 4772S,.(0,
G(0,9) = 9.9) _ 4nr5.(6,9) (26.1.21)

Sav PT

The above function is independent of r in the far field since S, ~ 1/r? in the far field. As in
the Hertzian dipole case, the directivity of an antenna D = max(G(6, ¢)), is the maximum
value of the directive gain. It is to be noted that by its mere definition,

/ d0G(0, 6) = 4r (26.1.22)
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where [dQ = f027r o sinfdfde. Tt is seen that since the directive gain pattern is normalized,
when the radiation power is directed to the main lobe of the antenna, the corresponding side
lobes and back lobes will be diminished.

An antenna also has an effective area or aperture, such that if a plane wave carrying power
density denoted by Sj,. impinges on the antenna, then the power received by the antenna,
Preceived is given by

Preceived = SincAe (26123)

A wonderful relationship exists between the directive gain pattern G(6, ¢) and the effective
aperture, namely that?

Ao =2-G(6,9) (26.1.24)

Therefore, the effective aperture of an antenna is also direction dependent. The above implies
that the radiation property of an antenna is related to its receiving property. This is a
consequence of reciprocity theorem that we will study later. The constant of proportionality,
A2 /(4r) is a universal constant that is valid for all antennas satisfying reciprocity theorem.
The derivation of this constant for a Hertzian dipole is given in Kong [31], and using blackbody
radiation law [125,126].

The directivity and the effective aperture can be enhanced by designing antennas with
different gain pattern. When the radiative power of the antenna can be directed to be in a
certain direction, then the directive gain and the effective aperture (for that given direction)
of the antenna is improved. This is shown in Figure 26.4. Such focussing of the radiation fields
of the antenna can be achieved using reflector antennas or array antennas. Array antennas,
as shall be shown, work by constructive and destructive wave field of the antenna.

Being able to do point-to-point communications at high data rate is an important modern
application of antenna array. Figure 26.5 the gain pattern of a sophisticated antenna array
design for 5G applications.

2The proof of this formula is beyond the scope of this lecture, but we will elaborate on it when we discuss
reciprocity theorem.
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Figure 26.4: The directive gain pattern of an array antenna. The directivity is increased by
constructive interference (courtesy of Wikepedia).
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Figure 26.5: The directive gain pattern of a sophisticated array antenna for 5G applications
(courtesy of Ozeninc.com).



Lecture 27

Array Antennas, Fresnel Zone,
Rayleigh Distance

27.1 Linear Array of Dipole Antennas

Antenna array can be designed so that the constructive and destructive interference in the far
field can be used to steer the direction of radiation of the antenna, or the far-field radiation
pattern of an antenna array. The relative phases of the array elements can be changed in
time so that the beam of an array antenna can be steered in real time. This has important
applications in, for example, air-traffic control. A simple linear dipole array is shown in Figure
27.1.

e e > X

do ¥ d dy d3 d, 4 s by dii

Figure 27.1: Schematics of a dipole array. To simplify the math, the far-field approximation
can be used to find its far field.

First, without loss of generality, we assume that this is a linear array of Hertzian dipoles

269
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aligned on the x axis. The current can then be described mathematically as follows:

J(I‘l) = 2Il[A06(x’) + A1(5(.%‘I — dl) + AQ(S((E/ — dg) + -
4 Ay 182 — dw_1)]8(5)5 (=) (27.1.1)

27.1.1 Far-Field Approximation

The vector potential on the zy-plane in the far field, using the sifting property of delta
function, yield the following equation, to be

A(r) = ML o ///dr’[AocS(a:’) + Ay5(2 — dy) + -+ 10(y)S(2)ed P T

- gy

= 2%6”“[140 + AjePdrcosé | f,eifdacosd g Ay edfdn-icosd] (977 9)
In the above, we have assumed that the observation point is on the xy plane, or that r = p =
Zx + gyy. Thus, 7 = T cos¢ + §sin¢. Also, since the sources are aligned on the x axis, then
r' =22/, and v’ - # = 2’ cos ¢. Consequently, e/Fr' " = gifz’ cosé,
If d, = nd, and A, = e’ then the antenna array, which assumes a progressively
increasing phase shift between different elements, is called a linear phase array. Thus, (27.1.2)
in the above becomes

Alr) = éiﬂe—jﬁr[l L ei(Bdcos i) | pi2(Bdeos v .
mr
e (N—1)(Bdcos ¢+¢)} (27.1.3)

27.1.2 Radiation Pattern of an Array
The above(27.1.3) can be summed in closed form using

N-1 N

1—x
"= 27.1.4
Yoot )

3

Then in the far field,

AMIZ 7jﬂr1 _ ejN(Bdcos¢+’¢’)
s

Ar) =2 e 1 — ¢ (Bdcos o)

IR

(27.1.5)

Ordinarily, as shown previously, E =~ —jw(éAg + (;ASA(b). But since A is 2 directed, Ay = 0.
Furthermore, on the zy plane, Fy ~ —jwAy = jwA,. Therefore,

1 — eiN(Bdcos p+1))
|Eo| = |Eo| 1 — oiBdeospta) |7 T 7
in & (8d +
= |Eo| j;?((§d§§:5+ ;f)) S e
2
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The factor multiplying |Ey| above is also called the array factor. The above can be used to
plot the far-field pattern of an antenna array.

Equation (27.1.6) has an array factor that is of the form |S|ISI:III\1T|
digital signal processing frequently, and is known as the digital sinc function. The reason why
this is so is because the far field is proportional to the Fourier transform of the current. The
current in this case a finite array of Hertzian dipole, which is a product of a box function and
infinite array of Hertzian dipole. The Fourier transform of such a current, as is well known
in digital signal processing, is the digital sinc.

. This function appears in

[sin 3z| .
. is also shown
|sin z|

in Figure 27.2. The function peaks when both the numerator and the denominator of the
digital sinc vanish. This happens when x = nz for integer n.

Plots of [sin 3z| and |sin z| are shown as an example and the resulting

----- |sin x|
— |sin 3%/

A\

|sin 3.\:'
ZHL %
smx

- X

n 4

Figure 27.2: Plot of the digital sinc, 5232l

> sinz] *

In equation (27.1.6), z = 5(Bd cos ¢+1p). We notice that the maximum in (27.1.6) would
occur if z = nm, or if

Bdcos o+ = 2nm, n=0,+1,42,+3,--- (27.1.7)

The zeros or nulls will occur at Nz = nx, or

2
5dcos¢+¢:%, n=41,42,43,---, n#mN (27.1.8)

For example,

Case I. v = 0,8d = m, principal maximum is at ¢ = £5. If N = 5, nulls are at
¢ = +cos™! (%"), or ¢ = +66.4°,£36.9°,4+113.6°,+£143.1°. The radiation pattern is seen
to form lopes. Since ¥ = 0, the radiated fields in the y direction are in phase and the peak
of the radiation lope is in the y direction or the broadside direction. Hence, this is called a
broadside array.
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Broadside Direction

P x Endfire Direction

Figure 27.3: The radiation pattern of a three-element array. The broadside and endfire
directions of the array is also labeled

Case II. ¢y = 7,8d = m, principal maximum is at ¢ = 0,7. If N = 4, nulls are at
¢ =+cos™! (% — 1), or ¢ = £120°,4+90°,+60°. Since the sources are out of phase by 180°,
and N = 4 is even, the radiation fields cancel each other in the broadside, but add in the z
direction or the end-fire direction.
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Figure 27.4: By changing the phase of the linear array, the radiation pattern of the antenna
array can be changed.

From the above examples, it is seen that the interference effects between the different
antenna elements of a linear array focus the power in a given direction. We can use linear
array to increase the directivity of antennas. Moreover, it is shown that the radiation patterns
can be changed by adjusting the spacings of the elements as well as the phase shift between
them. The idea of antenna array design is to make the main lobe of the pattern to be much
higher than the side lobes so that the radiated power of the antenna is directed along the main
lobe or lobes rather than the side lobes. So side-lobe level suppression is an important goal
of designing a highly directive antenna design. Also, by changing the phase of the antenna
elements in real time, the beam of the antenna can be steered in real time with no moving
parts.

27.2 When is Far-Field Approximation Valid?

In making the far-field approximation in (27.1.2), it will be interesting to ponder when the
far-field approximation is valid? That is, when we can approximate

e—IBIr—r'|  o—iBr+ipr’# (27.2.1)
to arrive at (27.1.2). This is especially important because when we integrate over r’, it can
range over large values especially for a large array. In this case, r’ can be as large as (N —1)d.

To answer this question, we need to study the approximation in (27.2.1) more carefully.
First, we have

r—rP=@—r) - (r—r)=r>—2r-1 +o° (27.2.2)
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We can take the square root of the above to get

o v r? 12
r—r|=r|1—-——+ (27.2.3)

r2 r2

Next, we use the Taylor series expansion to get, for small z, that

-1
1+2)"~1+nx+ %I2+"' (27.2.4)
or that
1 1
(1+z)'/? ~ 1t s §x2—|—-~ (27.2.5)
We can apply this approximation by letting
or-r  1r'?
TETT 2
To this end, we arrive at
r-r' 177 1 /r-r'\?
ol (- S g e () (27:26)

In the above, we have not kept every terms of the 2 term by assuming that 2 < r’ - r, and
terms much smaller than the last term in (27.2.6) can be neglected.
We can multiply out the right-hand side of the above to further arrive at

2
r—r|~r— o L LA § L
2r 2 7
1?1
f— 7/\./ —777/\. /2 DR
=r—7-r +2 " 2T(T r')° + (27.2.7)

The last two terms in the last line of (27.2.3) are of the same order. Moreover, their sum is
bounded by r/?/(2r) since 7 - r' is always less than /. Hence, the far field approximation is
valid if

12

527 <1 (27.2.8)

In the above, § is involved because the approximation has to be valid in the exponent, namely
exp(—jpBlr —r'|). If (27.2.7) is valid, then

A 12
eIPm 1

and then, the first two terms on the right-hand side of (27.2.7) suffice to approximate the
left-hand side.
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27.2.1 Rayleigh Distance

Figure 27.5: The right half of a Gaussian beam [74] displays the physics of the near field, the
Fresnel zone, and the far zone. In the far zone, the field behaves like a spherical wave.

When a wave field leaves an aperture antenna, it can be approximately described by a Gaus-
sian beam [74] (see Figure 27.5). Near to the antenna aperture, or the near zone, it is
approximately a plane wave with wave fronts parallel to the aperture surface. Far from the
antenna aperture, or in the far zone, the field behaves like a spherical wave, with its typical
wave front. In between is the Fresnel zone.

Consequently, after using that 8 = 27 /), for the far-field approximation to be valid, we
need (27.2.8), or that

r> gr'z (27.2.9)

If the aperture of the antenna is of radius W, then 1’ < ry. = W and the far field approxi-
mation is valid if

r> §W2 ~rr (27.2.10)
If r is larger than this distance, then an antenna beam behaves like a spherical wave and starts
to diverge. This distance rg is also known as the Rayleigh distance. After this distance, the
wave from a finite size source resembles a spherical wave which is diverging in all directions.
Also, notice that the shorter the wavelength A, the larger is this distance. This also explains
why a laser pointer works. A laser pointer light can be thought of radiation from a finite size
source located at the aperture of the laser pointer. The laser pointer beam remains collimated
for quite a distance, before it becomes a divergent beam or a beam with a spherical wave
front.
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In some textbooks [31], it is common to define acceptable phase error to be /8. The
Rayleigh distance is the distance beyond which the phase error is below this value. When the
phase error of 7/8 is put on the right-hand side of (27.2.8), one gets

I
fo-~ 2 (27.2.11)

Using the approximation, the Rayleigh distance is defined to be

2
rR = % (27.2.12)

where D = 2W is the diameter of the antenna aperture.

27.2.2 Near Zone, Fresnel Zone, and Far Zone

Therefore, when a source radiates, the radiation field is divided into the near zone, the Fresnel
zone, and the far zone (also known as the radiation zone, or the Fraunhofer zone in optics).
The Rayleigh distance is the demarcation boundary between the Fresnel zone and the far
zone. The larger the aperture of an antenna array is, the further one has to be to reach the
far zone of an antenna. This distance becomes larger too when the wavelength is short. In the
far zone, the far field behaves like a spherical wave, and its radiation pattern is proportional
to the Fourier transform of the current.

In some sources, like the Hertzian dipole, in the near zone, much reactive energy is stored
in the electric field or the magnetic field near to the source. This near zone receives reactive
power from the source, which corresponds to instantaneous power that flows from the source,
but is return to the source after one time harmonic cycle. Hence, a Hertzian dipole has input
impedance that looks like that of a capacitor, because much of the near field of this dipole is
in the electric field.

The field in the far zone carries power that radiates to infinity. As a result, the field in the
near zone decays rapidly, but the field in the far zone decays as 1/r for energy conservation.
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Different Types of
Antennas—Heuristics

28.1 Types of Antennas

There are different types of antennas for different applications [127]. We will discuss their
functions heuristically in the following discussions.

28.1.1 Resonance Tunneling in Antenna

A simple antenna like a short dipole behaves like a Hertzian dipole with an effective length.
A short dipole has an input impedance resembling that of a capacitor. Hence, it is difficult
to drive current into the antenna unless other elements are added. Hertz used two metallic
spheres to increase the current flow. When a large current flows on the stem of the Hertzian
dipole, the stem starts to act like inductor. Thus, the end cap capacitances and the stem
inductance together can act like a resonator enhancing the current flow on the antenna.

Some antennas are deliberately built to resonate with its structure to enhance its radiation.
A half-wave dipole is such an antenna as shown in Figure 28.1 [123]. One can think that these
antennas are using resonance tunneling to enhance their radiation efficiencies. A half-wave
dipole can also be thought of as a flared open transmission line in order to make it radiate.
It can be gradually morphed from a quarter-wavelength transmission line as shown in Figure
28.1. A transmission is a poor radiator, because the electromagnetic energy is trapped between
two pieces of metal. But a flared transmission line can radiate its field to free space. The
dipole antenna, though a simple device, has been extensively studied by King [128]. He has
reputed to have produced over 100 PhD students studying the dipole antenna.
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Current

Current and voltage waveforms on a half wave

dipole

Figure 28.1: A half-wave dipole can be thought of as a resonator. It can be thought of as
a quarter-wavelength transmission line that is gradually opened up (courtesy of electronics-
notes.com).

The disadvantage of a half-wave dipole is that it has to be at least about half a wavelength
before it radiates well. Engineers are creative, and they invent the folded dipole. For antennas
of the same size, a folded dipole can resonate at a lower frequency because the current does
not stop abruptly at its two ends. Figure 28.2 shows a Yagi-Uda antenna driven by a folded
dipole.
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Figure 28.2: In a Yagi-Uda antenna, when a wire antenna is less than half a wavelength,
it acts as a waveguide, or a director. Then the wire antenna is slightly more than half a
wavelength, it acts as a reflector [129]. Therefore, the antenna radiates predominantly in one
direction (courtesy of Wikipedia [130]).

A Yagi-Uda antenna is also another interesting invention. It was invented in 1926 by
Yagi and Uda in Japan by plainly using physical intuition [129]. Physical intuition was a
tool of engineers of yesteryears while modern engineers tend to use sophisticated computer
design software. Surprisingly, the elements of dipoles in front of the driver element are acting
like a waveguide in space, while the element at the back acts like a reflector. Therefore, the
field radiated by the driver element will be directed toward the front of the antenna. Thus,
this antenna has higher directivity than just a stand alone dipole. Due to its simplicity, this
antenna has been made into nano-antennas which can radiate at optical frequencies.
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Figure 28.3: A cavity-backed slot antenna radiates well because when the small dipole radiates
close to the resonant frequency of the cavity, the field strength is strong inside the cavity, and
hence around the slot (courtesy of antenna-theory.com).

Slot antenna is a simple antenna to make [131]. To improve the radiation efficiency of
slot antenna, it is made to radiate via a cavity. A cavity-backed slot antenna that uses such
a concept and this is shown in Figure 28.3. A small dipole with poor radiation efficiency is
places inside the cavity. When the operating frequency is close to the resonant frequency of
the cavity, the field strength inside the cavity becomes strong, and much of the energy can
leak from the cavity via the slot on its side. This makes the antenna radiate more efficiently
into free space compared to just the small dipole alone.

Another antenna that resembles a cavity backed slot antenna is the patch antenna, or
microstrip patch antenna. This is shown in in Figure 28.4. This antenna also radiates
efficiently by resonant tunneling. The resonant frequency of the patch antenna (top of Figure
28.4) is roughly when L is half a wavelength. This is similar to the resonant frequency of a
transmission line with open circuit at both ends. The current sloshes back and forth across
the length of the patch antenna along the L direction. The second design (bottom of Figure
28.4) has an inset feed. This allows the antenna to resonate at a lower frequency because the
current has a longer path to slosh through when it is at resonance.
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Figure 28.4: A patch antenna also radiates well when it resonates. The patch antenna
resembles a cavity resonator with magnetic wall (courtesy of emtalk.com).

28.1.2 Horn Antennas

The impedance of space is 377 ohms while that of most transmission line is 50 ohms. This
mismatch can be mitigated by using a flared horn (see Figure 28.5) [132].

One can think that the characteristic impedance of a transmission line made of two pieces
of metal as Zy = y/L/C. As the horn flares, C becomes smaller, increasing its characteristic
impedance to get close to that of free space. This allows for better impedance matching from
the source to free space.

A corrugated horn, as we have discussed previously in a circular waveguide, discourages
current flows in the non-axial symmetric mode. It encourages the propagation of the TEq;
mode in the circular waveguide and hence, the circular horn antenna. This mode is axially
symmetric. Hence, this antenna can radiate fields that are axially symmetric [133,134].
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Figure 28.5: A horn antenna works with the same principle as the biconical antenna. Its
flared horn changes the waveguide impedance so as to match from that of a waveguide to
that of free space. The lower figure is that of a corrugated circular horn antenna. The
corrugation enhances the propagation of the TEy; mode in the circular waveguide, and hence,
the cylindrical symmetry of the mode (courtesy of tutorialpoints.com and comsol.com).

A Vivaldi antenna (invented by P. Gibson in 1978 [135]), is shown in Figure 28.6. It is also
called a notch antenna. It works by the same principle to gradually match the impedance of
the source to that of free space. But such a gradually flared horn has the element of a frequency
independent antenna. The low frequency component of the signal will radiate from the wide
end of the flared notch, while the high frequency component will radiate from the narrow end
of the notch. Thus, this antenna can radiate well over a broad range of frequencies, and this
gives the antenna a broad bandwidth performance. It is good for transmitting a pulsed signal
which has a broad frequency spectrum.
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Figure 28.6: A Vivaldi antenna works iike a horn antenna, but uses very little metal. Hence,
it is cheap to build (courtesy of Wikipedia [136]).

28.1.3 Quasi-Optical Antennas

High-frequency or short wavelength electromagnetic field behaves like light ray as in optics.
Therefore, many high-frequency antennas are designed based on the principle of ray optics.
A reflector antenna is such an antenna as shown in Figure 28.7. The reflector antenna in this
case is a Cassegrain design [137]! where a sub-reflector is present. This allows the antenna
to be fed from behind the parabolic dish where the electronics can be stored and isolated as
well. Reflector antennas [139] is used a lot in radio astronomy and space exploration due to
their high directivity and sensitivity.

!The name came from an optical telescope of similar design [138]
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Figure 28.7: The top picture of an NRAO radio telescope antenna of Cassegrain design
(courtesy of Britannica.com). The bottom is the detail of the Cassegrain design (courtesy of
rev.com).

Another recent invention is the reflectarray antenna [140,141] which is very popular. One
of them is as shown in Figure 28.8. Due to recent advent in simulation technology, complicated
structures can be simulated on a computer, including one with a complicated surface design.
Patch elements can be etched onto a flat surface as shown, giving it effective impedance that
is spatially varying, making it reflect like a curved surface. Such a surface is known as a
meta-surface [142,143]. It can greatly economize on the space of a reflector antenna.
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Figure 28.8: A reflectarray where the reflector is a flat surface. Patches are unequally spaced
to give the array the focussing effect (courtesy of antenna-theory.com).

Another quasi-optical antenna is the lens antenna as shown in Figure 28.9 [144]. The
design of this antenna follows lens optics, and is only valid when the wavelength is very short
compared to the curvature of the surfaces. In this case, reflection and transmission at a curve
surface is similar to that of a flat surface. This is called the tangent-plane approximation of
a curve surface, and is valid at high frequencies.
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Figure 28.9: The top figure shows a lens antenna where the lens is made of artificial dielectrics
made from metallic strips (courtesy of electriciantutoring.tpub.com). The bottom figure shows
some dielectric lens at the aperture of an open waveguide to focus the microwave exiting from
the waveguide opening (courtesy of micro-radar.de).

28.1.4 Small Antennas

Small antennas are in vogue these days due to the advent of the cell phone, and the importance
of economizing on the antenna size. Also, the antennas should have enough bandwidth to
accommodate the signals from different cell phone companies, which use different carrier
frequencies. An interesting small antenna is the PIFA (planar inverted F antenna) shown in
Figure 28.10 [145]. Because it is shorted at one end and open circuit at the other end, it acts
like a quarter wavelength resonator, making it substantially smaller. But the resonator is low
Q@ because of the “slots” around it from whom energy can leak. The low @ gives this antenna
a broader bandwidth.
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Figure 28.10: A PIFA (planar inverted F antenna) is compact, broadband, and easy to
fabricate. It is good for cell phone antennas due to its small size (courtesy of Mathworks).

An interesting small antenna is the U-slot antenna shown in Figure 28.11 [146, 147]. Be-
cause the current is forced to follow a longer path by the U-slot, it has a lower resonant
frequency and hence, can be made smaller. In order to give the antenna a larger bandwidth,
its @ is made smaller by etching it on a thick dielectric substrate (shown as the dielectric
material region in the figure). But feeding it with a longer probe will make the bandwidth
of the antenna smaller, due to the larger inductance of the probe. An ingenious invention
is to use an L probe [148]. The L probe has an inductive part as well as a capacitive part.
Their reactance cancel each other, allowing the electromagnetic energy to tunnel through the
antenna, making it a better radiator.
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Figure 28.11: The top figure shows a U slot patch antenna design. The bottom figure shows
a patch antenna fed by an L probe with significant increase in bandwidth (courtesy of K.M.
Luk) [148].

Another area where small antennas are needed is in RFID (radio frequency identification)
tag [149]. Since tags are placed outside the packages of products, an RFID tag has a transmit-
receive antenna which can talk to a small computer chip where data about the package can be
stored. An RFID reader can quickly communicate with the RFID tag to retrieve information
about the package. Such a small antenna design for RFID tag is shown in Figure 28.12. It
uses image theorem so that the antenna can be made half as small. Then slots are cut into the
radiating patch, so that the current follows a longer path. This lowers the resonant frequency
of the antenna, allowing it to be made smaller.
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Figure 28.12: Some RFID antennas designed at The University of Hong Kong (courtesy of P.
Yang, Y. Li, J. Huang, L.J. Jiang, S.Q. He, T. Ye, and W.C. Chew).

An RFID reader can be designed to read the information from a batch of vials or tubes
containing different chemicals. Hence, a large loop antenna is needed at a sufficiently high
frequency (for large bandwidth). However, driving a loop antenna at a sufficiently high
frequency will result in a non-constant current around the loop. (Fundamentally, this comes
from the retardation effect of electromagnetic field.) This will result in a non-uniform field
inside the loop defeating the design of the RFID reader.

One way to view how the non-uniform current come about is that a piece of wire becomes
a tiny inductor. Across an inductor, V = jwLI, implying a 90° phase shift between the
voltage and the current. In other words, the voltage drop is always nonzero, and hence, the
voltage cannot be constant around the loop. Since the voltage and current are locally related
by the local inductance, the current cannot be constant also.

To solve the problem of the current and voltage being non-constant around the loop, the
local inductor is connected in series with a capacitor [150]. This causes them to resonate.
At resonance, the current-voltage relationship across the tank circuit is such that there is no
voltage drop across the tank circuit. In this case, the voltage becomes uniform across the
loop so is the current. Therefore, one way to enable a uniform current in a large loop is
to capacitively load the loop. This will ensure a constant phase, or a more uniform current
around the loop, and hence, a more efficient reader. Such a design is shown in Figure 28.13.
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Figure 28.13: The top figure shows a RFID reader designed by [151]. The bottom figure
shows simulation and measurement done at The University of Hong Kong (courtesy of Z.N.
Chen [151] and P. Yang, Y. Li, J. Huang, L.J. Jiang, S.Q. He, T. Ye, and W.C. Chew).



Lecture 29

Uniqueness Theorem

29.1 Uniqueness Theorem

The uniqueness of a solution to a linear system of equations is an important concept in
mathematics. Under certain conditions, ordinary differential equation partial differential
equation and matrix equations will have unique solutions. But uniqueness is not always
guaranteed as we shall see. This issue is discussed in many math books and linear algebra
books [69,81]. The prove of uniqueness for Laplace and Poisson equations are given in
[29, 48] which is slightly different for electrodynamic problems. In this section, we will prove
uniqueness theorem for electrodynamic problems [31,34,47,59,75]. First, let us assume that
there exist two solutions in the presence of one set of common impressed sources J; and M;.
Namely, these two solutions are E¢, H*, E?, H?. Both of them satisfy Maxwell’s equations
and the same boundary conditions. Are E¢ = Eb, H* = H®?

To study the uniqueness theorem, we consider general linear anisotropic inhomogeneous
media, where the tensors @ and € can be complex so that lossy media can be included, it
follows that

V x E* = —jwn - H* — M, ( )
V x E’ = —jum-H’ — M; ( )
V x H* = jwe - E* + J; (29.1.3)
V x H" = jwg -E' +J; ( )
By taking the difference of these two solutions, we have

V x (E* - Eb) = —jwp - (H* — HY) (29.1.5)
V x (H* — H’) = jug - (E* — EY) (29.1.6)

Or alternatively, defining §E = E* — E® and §H = H* — H’, we have
V x 6E = —jwp - dH (29.1.7)
V x 6H = jwe - 0E (29.1.8)

291
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The difference solutions satisfy the original source-free Maxwell’s equations.
By taking the left dot product of 6H* with (29.1.7), and then the left dot product of dE*
with the complex conjugation of (29.1.8), we obtain

§H* -V x 6E = —jwsH* - 1 - 6H
SE -V x 6H* = —jwsE -&* - 0E* (29.1.9)

Now, taking the difference of the above, we get

JH* -V xJE — 0E -V x dH" =V - (0E x dH")
= —jwésH* -1 - 0H + jwdE - * - SE* (29.1.10)

Figure 29.1: Geometry for proving the uniqueness theorem. We like to know the boundary
conditions needed on S in order to guarantee the uniqueness of the solution in V.

Next, integrating the above equation over a volume V bounded by a surface S as shown
in Figure 29.1. Two scenarios are possible: one that the volume V contains the impressed
sources, and two, that the sources are outside the volume V. After making use of Gauss’
divergence theorem, we arrive at

// V. (6E x §H*)dV = # (6E x 6H") - dS
1% S
= /// [—jw(SH* - 0H + jwdéE -g* - 5E*]dV (29.1.11)
g

And next, we would like to know the kind of boundary conditions that would make the
left-hand side equal to zero. It is seen that the surface integral on the left-hand side will be
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zero if:!
1. If 7 X E is specified over S so that n x E, = i X Ey, then 7 Xx E = 0 or the PEC boundary
condition for §E, and then?

¢ (0E x 6H*) - 1dS = ¢py (7 x JE) - SH*dS = 0.

2. If n x H is specified over S so that n x H, = 1 x Hy, then 1 x dH = 0 or the PMC
boundary condition for 6H, and then
gjis(éE x 0H*) - 7dS = — #S(ﬁ x 0H*) - 0EdS = 0.

3. If 7 x E is specified over S7, and # x H is specified over Sy (where S; U Sy = S), then
7 Xx 0E = 0 (PEC boundary condition) on Sy, and # x {H = 0 (PMC boundary condition)
on Sy, then the left-hand side becomes
¢ (OE x 6H*) - ndS = ffsl +ff52 = ffsl(ﬁ x 0E) - SH*dS
_ffsz(ﬁ x 0H*) - 0EdS = 0.

Thus, under the above three scenarios, the left-hand side of (29.1.11) is zero, and then
the right-hand side of (29.1.11) becomes

/// [—jwéH* - - 0H + jwdE - " - dE*]dV =0 (29.1.12)
v

For lossless media, 1z and € are hermitian tensors (or matrices®), then it can be seen, using
the properties of hermitian matrices or tensors, that {H* - 1w - 0H and dE -€* - §E* are purely
real. Taking the imaginary part of the above equation yields

/// [-0H" - - dH+0E-g" - §E*]dV =0 (29.1.13)
\4

The above two terms correspond to stored magnetic field energy and stored electric field
energy in the difference solutions éH and JE, respectively. The above being zero does not
imply that 6H and JE are zero.

For resonance solutions, the stored electric energy can balance the stored magnetic energy.
The above resonance solutions are those of the difference solutions satisfying PEC or PMC
boundary condition or mixture thereof. Therefore, {H and JE need not be zero, even though
(29.1.13) is zero. This happens when we encounter solutions that are the resonant modes of
the volume V bounded by surface S.

Uniqueness can only be guaranteed if the medium is lossy as shall be shown later. It is
also guaranteed if lossy impedance boundary conditions are imposed.* First we begin with
the isotropic case.

n the following, please be reminded that PEC stands for “perfect electric conductor”, while PMC stands
for “perfect magnetic conductor”. PMC is the dual of PEC. Also, a fourth case of impedance boundary
condition is possible, which is beyond the scope of this course. Interested readers may consult Chew, Theory
of Microwave and Optical Waveguides [75].

2Using the vector identity that a- (b x ¢) =c-(ax b) =b - (c x a).

3Tensors are a special kind of matrices.

4See Chew, Theory of Microwave and Optical Waveguides.
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29.1.1 Isotropic Case

It is easier to see this for lossy isotropic media. Then (29.1.12) simplifies to

/// [—jwp|dH|? 4 jwe*|6E[*]dV =0 (29.1.14)
\4

For isotropic lossy media, u = p' — ju'’ and e = &’ — je”. Taking the real part of the above,
we have from (29.1.14) that

/// [ |FH]? — we" |SB[2JdV = 0 (29.1.15)

1%

Since the integrand in the above is always negative definite, the integral can be zero only if
SE=0, 0H=0 (29.1.16)

everywhere in V', implying that E, = E;, and that H, = H;,. Hence, it is seen that uniqueness
is guaranteed only if the medium is lossy. The physical reason is that when the medium is
lossy, a pure time-harmonic solution cannot exist due to loss. The modes, which are the
source-free solutions of Maxwell’s equations, are decaying sinusoids.

Notice that the same conclusion can be drawn if we make p” and €” negative. This
corresponds to active media, and uniqueness can be guaranteed for a time-harmonic solution.
In this case, no time-harmonic solution exists, and the resonant solution is a growing sinusoid.

29.1.2 General Anisotropic Case

The proof for general anisotropic media is more complicated. For the lossless anisotropic
media, we see that (29.1.12) is purely imaginary. However, when the medium is lossy, this
same equation will have a real part. Hence, we need to find the real part of (29.1.12) for the
general lossy case.

About taking the Real and Imaginary Parts of a Complex Expression

To this end, we digress on taking the real and imaginary parts of a complex expression. Here,
we need to find the complex conjugate® of (29.1.12), which is scalar, and add it to itself to
get its real part. The complex conjugate of the scalar

c=0H" - -oH

is
¢ =0H - 0H*=6H" - - 6H

5Also called hermitian conjugate.

6To arrive at these expressions, one makes use of the matrix algebra rule that if D = A - B - C, then
D' =C' . B'-A". This is true even for non-square matrices. But for our case here, A is a 1 X 3 row vector,
and C is a 3 x 1 column vector, and B is a 3 x 3 matrix. In vector algebra, the transpose of a vector is implied.

Also, in our case here, D is a scalar, and hence, its transpose is itself.
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Similarly, the complex conjugate of the scalar
d=0E & -0E* =E"-g' - JE
is
d* =0E* -&' - 6E
Therefore,
1
Sm (6H* - - 6H) = Z—jéH* (m—7'") - 0H

1
Im (JE - - 0E*) = 27_<5E* (-2 -E

and similarly for the real part.
Finally, after taking the complex conjugate of the scalar quantity (29.1.12) and adding it
to itself, we have

/// [—jwdH* - (F— @) - 6H — jwdE* - (E —&') - SE]dV =0 (29.1.17)
v

For lossy media, —j(fz — @t') and —j(€ — €') are hermitian negative matrices. Hence the
integrand is always negative definite, and the above equation cannot be satisfied unless {H =
0E = 0 everywhere in V. Thus, uniqueness is guaranteed in a lossy anisotropic medium.

Similar statement can be made as the isotropic case if the medium is active. Then the
integrand is positive definite, and the above equation cannot be satisfied unless 0H = dE = 0
everywhere in V and hence, uniqueness is satisfied.

29.1.3 Hind Sight

The proof of uniqueness for Maxwell’s equations is very similar to the proof of uniqueness for
a matrix equation [69]

A-x=b (29.1.18)

If a solution to a matrix equation exists without excitation, namely, when b = 0, then the
solution is the null space solution [69], namely, x = xx. In other words,

A-xy=0 (29.1.19)

These null space solutions exist without a “driving term” b on the right-hand side. For
Maxwell’s Equations, b corresponds to the source terms. They are like the homogeneous
solution of an ordinary differential equation or a partial differential equation [81]. In an
enclosed region of volume V bounded by a surface S, homogeneous solutions are the resonant
solutions of this Maxwellian system. When these solutions exist, they give rise to non-
uniqueness.

Also, notice that (29.1.7) and (29.1.8) are Maxwell’s equations without the source terms.
In a closed region V' bounded by a surface S, only resonance solutions for dE and dH with
the relevant boundary conditions can exist when there are no source terms.
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As previoulsy mentioned, one way to ensure that these resonant solutions are eliminated
is to put in loss or gain. When loss or gain is present, then the resonant solutions are decaying
sinusoids or growing sinusoids. Since we are looking for solutions in the frequency domain,
or time harmonic solutions, we are only looking for the solution on the real w axis on the
complex w plane. These non-sinusoidal solutions are outside the solution space: They are
not part of the time-harmonic solutions we are looking for. Therefore, there are no resonant
null-space solutions.

29.1.4 Connection to Poles of a Linear System

The output to input of a linear system can be represented by a transfer function H (w) [45,152].
If H(w) has poles, and if the system is lossless, the poles are on the real axis. Therefore, when
W = Wpole, the function H (w) becomes undefined. This also gives rise to non-uniqueness of the
output with respect to the input. Poles usually correspond to resonant solutions, and hence,
the non-uniqueness of the solution is intimately related to the non-uniqueness of Maxwell’s
equations at the resonant frequencies of a structure. This is illustrated in the upper part of
Figure 29.2.

Im[ )] complex @ plane
H(w)
lossless system
poles ’
0 Re[a]
Im[ @]
H(w)
poles lossy system
X X X .
0 Re[a]

Figure 29.2: The non-uniqueness problem is intimately related to the locations of the poles
of a transfer function being on the real axis.
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If the input function is f(¢), with Fourier transform F'(w), then the output y(t) is given
by the following Fourier integral, viz.,

y(t) = % /00 dwe? H(w) F(w) (29.1.20)

— 00

where the Fourier inversion integral path is on the real axis on the complex w plane. The
Fourier inversion integral is undefined or non-unique.

However, if loss is introduced, these poles will move away from the real axis as shown
in the lower part of Figure 29.2. Then the transfer function is uniquely determined for all
frequencies on the real axis. In this way, the Fourier inversion integral in (29.1.20) is well
defined, and uniqueness of the solution is guaranteed.

29.1.5 Radiation from Antenna Sources

The above uniqueness theorem guarantees that if we have some antennas with prescribed
current sources on them, the radiated field from these antennas are unique. To see how this
can come about, we first study the radiation of sources into a region V bounded by a large
surface Siy¢ as shown in Figure 29.3 [34].

Even when n X E or n x H are specified on the surface at Sj,¢, the solution is nonunique
because the volume V bounded by Siu¢, can have many resonant solutions. In fact, the
region will be replete with resonant solutions as one makes Si,¢ become very large. The way
to remove these resonant solutions is to introduce an infinitesimal amount of loss in region
V. Then these resonant solutions will disappear. Now we can take Sj,¢ to infinity, and the
solution will always be unique.

Notice that if Sinf — oo, the waves that leave the sources will never be reflected back
because of the small amount of loss. The radiated field will just disappear into infinity. This
is just what radiation loss is: power that propagate to infinity, but never to return. In fact,
one way of guaranteeing the uniqueness of the solution in region V' when Sj¢ is infinitely large,
or that V is infinitely large is to impose the radiation condition: the waves that radiate to
infinity are outgoing waves only, and never do they return. This is also called the Sommerfeld
radiation condition [153]. Uniqueness of the field outside the sources is always guaranteed if
we assume that the field radiates to infinity and never to return. This is equivalent to solving
the cavity solutions with an infinitesimal loss, and then letting the size of the cavity become
infinitely large.
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Figure 29.3: The solution for antenna radiation is unique because we impose the Sommerfeld
radiation condition when seeking the solution. This is equivalent to assuming an infinitesimal
loss when seeking the solution in V.
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Reciprocity Theorem

30.1 Reciprocity Theorem

E, H
E, H,

/

J, M,

Ho, €0 / /

Figure 30.1: The geometry for proving reciprocity theorem. We perform two experiments:
With sources J; and M; turned on, generating fields E; and H;, and J; and My turned off,
and vice versa.

Reciprocity theorem is one of the most important theorems in electromagnetics. With it we
can develop physical intuition to ascertain if a certain design or experiment is wrong. It
also tells us what is possible and what is impossible in design of many systems. Reciprocity
theorem is like “tit-for-tat” relationship in humans: Good-will is reciprocated with good will
while ill-will is reciprocated with ill-will. Not exactly: In in electromagnetics, this relationship
can be expressed precisely and succinctly using mathematics. We shall see how this is done.

Consider a general anisotropic inhomogeneous medium where both f(r) and &(r) are
described by permeability tensor and permittivity tensor over a finite part of space as shown in
Figure 30.1. This representation of the medium is quite general, and it can include conductive
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media as well. It can represent complex terrain as well as complicated electronic circuit
structures in circuit boards or microchips, and complicated antenna structures.

When only J; and M; are turned on, they generate fields E; and H; in this medium.
On the other hand, when only Jo and My are turned on, they generate Es and Hy in this

medium. Therefore, the pertinent equations, for linear time-invariant systems, for these two

cases arel

V xEy = —jwp-H; — M, ( )
VxH; =jwe-E1+J; ( )
V x Ey = —jwfi - Hy — My (30.1.3)
V x Hy = jwe - Es + Jo (30.1.4)

From the above, we can show that (after left dot-multiply (30.1.1) with Hs and (30.1.4) with
E1)7

HQ'VXElifijQ'ﬁ'HlfHQ'Ml (3015)
E, - VxH; =jwE;-€-Ey+E;-Jo (3016)

Then, using the above, and the following identity, we get the second equality in the following
expression:

V- (E;xHy)=Hy-VxE; —E;-V-H,
=—jwHsy -m-Hy — jwE; -€-Ey —Hs-M; —E; - Jo (30.1.7)
By the same token,
V- (Es xH;)=—jwH; - ;-Hy — jwEy-8-E; —H; - My —Ey - Jy (30.1.8)
If one assumes that
n=n', g=¢ (30.1.9)
or when the tensors are symmetric, then H; -ft-Hy = Hy - i-H; and E; -€-Ey = Ey-2-E;.2
Upon subtracting (30.1.7) and (30.1.8), one gets
V- (E;xHy—EyxH))=-Hy-M; —E;-Jo+H; -My+Ey - J4 (30.1.10)

IThe current sources are impressed currents so that they are immutable, and not changed by the environ-
ment they are immersed in [47].

21t is to be noted that in matrix algebra, the dot product between two vectors are often written as a’ - b,
but in the physics literature, the transpose on a is implied. Therefore, the dot product between two vectors
is just written as a - b.
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Vs

Figure 30.2: The geometry for proving reciprocity theorem when the surface S does not
enclose the sources.

Figure 30.3: The geometry for proving reciprocity theorem when the surface S encloses the
sources.

Now, integrating (30.1.10) over a volume V bounded by a surface S, and invoking Gauss’
divergence theorem, we have the reciprocity theorem that

%dS{El x Hy — Eo x Hy)
:—///VdV[H2~M1+E1-J2—H1-M2—E2-J1] (30.1.11)
When the volume V' contains no sources (see Figure 30.2), the reciprocity theorem reduces to
%dS(El < Hy — By x Hy) = 0 (30.1.12)

The above is also called Lorentz reciprocity theorem by some authors.?
Next, when the surface S contains all the sources (see Figure 30.3), then the right-hand
side of (30.1.11) will not be zero. On the other hand, when the surface S — oo, E; and

3Harrington, Time-Harmonic Electric Field [47].
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H, becomes spherical waves which can be approximated by plane waves sharing the same (3
vector. Moreover, under the plane-wave approximation, wuoHs = 8 X Eq, wuoH; = 8 X Eq,
then

E1 X H2 ~ E1 X (ﬂ X EQ) = El(ﬁ . Ez) — ,B(El . EQ) (30113)
E2 XHlNE2 X (ﬂXEl):EQ(ﬁEl)fﬂ(EQEl) (30114)

But 8-E; = 3-E; = 0 in the far field and the 3 vectors are parallel to each other. Therefore,
the two terms on the left-hand side of (30.1.11) cancel each other, and it vanishes when
S — oco. (Furthermore, they cancel each other so that the remnant field vanishes faster than
1/r2. This is necessary as the surface area S is growing larger and proportional to r2.)

As a result, (30.1.11) can be rewritten simply as

/ dV[Ey - Jy — Hy - M| = / dV[E; - J5 — H; - M) (30.1.15)
14 \4

The inner product symbol is often used to rewrite the above as
(Eo,J1) — (Ho, M) = (Eq,J2) — (Hy, M) (30.1.16)

where the inner product (A, B) = [{, dVA(r) - B(r).
The above inner product is also called reaction, a concept introduced by Rumsey. There-
fore, the above is rewritten more succinctly as

(2,1) =(1,2) (30.1.17)
where
(2,1) = (Eg,J1) — (Hz, M) (30.1.18)

The concept of inner product or reaction can be thought of as a kind of “measurement”. The
reciprocity theorem can be stated as that the fields generated by sources 2 as “measured”
by sources 1 is equal to fields generated by sources 1 as “measured” by sources 2. This
measurement concept is more lucid if we think of these sources as Hertzian dipoles.

30.1.1 Conditions for Reciprocity

It is seen that the above proof hinges on (30.1.9). In other words, the anisotropic medium has
to be described by symmetric tensors. They include conductive media, but not gyrotropic
media. A ferrite biased by a magnetic field is often used in electronic circuits, and it cor-
responds to a gyrotropic, non-reciprocal medium.* Also, our starting equations (30.1.1) to
(30.1.4) assume that the medium and the equations are linear time invariant so that Maxwell’s
equations can be written down in the frequency domain easily.

4Non-reciprocal media are important for making isolators in microwave. Microwave signals can travel from
Port 1 to Port 2, but not vice versa.
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30.1.2 Application to a Two-Port Network

/

J]\/\ /\’JZ

Figure 30.4: A geometry for proving the circuit relationship between two antennas using
reciprocity theorem. Circuit relationship is possible when the ports of the antennas are small
compared to wavelength.

The reciprocity theorem can be used to distill and condense the interaction between two
antennas over a complex terrain as long as the terrain comprises reciprocal media. In Figure
30.4, we assume that antenna 1 is driven by current J; while antenna 2 is driven by current
Jy. Since the system is linear time invariant, it can be written as the interaction between
two ports as in circuit theory as shown in Figure 30.5. Assuming that these two ports are
small compared to wavelengths, then we can apply circuit concepts like potential theory at
the ports.

L 5
+ +
Jitn v, 4 I

Figure 30.5: The interaction between two antennas in the far field of each other can be
reduced to a circuit theory description since the input and output ports of the antennas are
small compared to wavelength.

Focusing on a two-port network as shown in Figure 30.5, we have
Vi Zu  Zig| |
= 30.1.19
[VJ [Zm Zaa| |12 ( )

Then assuming that the port 2 is turned on with Jo # 0, while port 1 is turned off with
J1 = 0. In other words, port 1 is open circuit, and the source Jo will produce an electric field
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E, at port 1. Consequently,

(Eh,Jl):l/,dV(E2~J1)::Il/" Bo-dl = — LV (30.1.20)
\% P

ort 1

Even though port 1 is assumed to be off, the J; to be used above is the J; when port 1
is turned on. Given that the port is in the circuit physics regime, then the current J; is a
constant current at the port when it is turned on. The current J; = I 1/A where A is the
cross-sectional area of the wire, and [ is a unit vector aligned with the axis of the wire. The
volume integral dV = Adl, and hence the second equality follows above, where dl = [dl. Since
fport 1 E2 - dl = =V, we have the last equality above.

We can repeat the derivation with port 2 to arrive at

(B1,Js) = 12/ E, - dl = —LVy° (30.1.21)

Port 2

But from (30.1.19), we can set the pertinent currents to zero to find these open circuit
voltages. Therefore, V°¢ = Z191s, V5'° = Zs111. Since I; V¢ = I,V by the reaction concept
or by reciprocity, then Z15 = Z5;. The above analysis can be easily generalized to an N-port
network.

The simplicity of the above belies its importance. The above shows that the reciprocity
concept in circuit theory is a special case of reciprocity theorem for electromagnetic theory.
The terrain can also be replaced by complex circuits as in a circuit board, as long as the
materials are reciprocal, linear and time invariant. The complex terrain can also be replaced
by complex antenna structures.

30.1.3 Voltage Sources in Electromagnetics

1 I

Figure 30.6: Two ways to model voltage sources: (i) A current source J, driving a very
short antenna, and (ii) A magnetic frill source (loop source) M, driving a very short antenna
(courtesy of Kong, ELectromagnetic Wave Theory [31]).
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In the above discussions, we have used current sources in reciprocity theorem to derive certain
circuit concepts. Before we end this section, it is prudent to mention how voltage sources are
modeled in electromagnetic theory. The use of the impressed currents so that circuit concepts
can be applied is shown in Figure 30.6. The antenna in (a) is driven by a current source.
But a magnetic current can be used as a voltage source in circuit theory as shown by Figure
30.6b. By using duality concept, an electric field has to curl around a magnetic current just
in Ampere’s law where magnetic field curls around an electric current. This electric field will
cause a voltage drop between the metal above and below the magnetic current loop making
it behave like a voltage source.®

30.1.4 Hind Sight

The proof of reciprocity theorem for Maxwell’s equations is very deeply related to the sym-
metry of the operator involved. We can see this from linear algebra. Given a matrix equation
driven by two different sources, they can be written succinctly as

A-xi=b; (30.1.22)
A X9 = bz (30123)

>

We can left dot multiply the first equation with x2 and do the same with the second equation
with x; to arrive at

t
Xo -

x| -

X1 = Xé . b1 (30124)
‘Xg =X} - by (30.1.25)

> >

If A is symmetric, the left-hand side of both equations are equal to each other. Subtracting
the two equations, we arrive at

The above is analogous to the statement of the reciprocity theorem. The above inner product
is that of dot product in matrix theory, but the inner product for reciprocity is that for
infinite dimensional space. So if the operators in Maxwell’s equations are symmetrical, then
reciprocity theorem applies.

5More can be found in Jordain and Balmain, Electromagnetic Waves and Radiation Systems [48].
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30.1.5 Transmit and Receive Patterns of an Antennna

Figure 30.7: The schematic diagram for studying the transmit and receive properties of
antennas.

Reciprocity also implies that the transmit and receive properties of an antenna is similar to
each other. Consider an antenna in the transmit mode. Then the radiation power density
that it will yield around the antenna, is®

I

Sred = g2

G(0,9) (30.1.27)

where P; is the total power radiated by the transmit antenna, and G(6, ¢) is its directive gain
function. It is to be noted that in the above [, dQG(0,¢) = 4.

Effective Gain versus Directive Gain

At this juncture, it is important to introduce the concept of effective gain versus directive
gain. The effective gain, also called the power gain, is

Ge(0,9) = f.G(0,9) (30.1.28)

where f. is the efficiency of the antenna, a factor less than 1. It accounts for the fact that
not all power pumped into the antenna is delivered as radiated power. For instance, power
can be lost in the circuits and mismatch of the antenna. Therefore, the correct formula the

6The author is indebted to inspiration from E. Kudeki of UITUC for this part of the lecture notes [125].
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radiated power density is

P,
Srad = WGE(G, (b) (30129)
If this power density is intercepted by a receive antenna, then the receive antenna will see
an incident power density as

Py
Sinc = Sra.d - mGe(e, ¢) (30130)
The effective area or aperture of a receive antenna is used to characterize its receive
property. The power received by such an antenna is then

P = SincAc(0',¢) (30.1.31)

where (6',¢) are the angles at which the plane wave is incident upon the receiving antenna
(see Figure 30.7). Combining the above formulas, we have

I

P.=—=
472

Ge(0,0)A(0',¢) (30.1.32)

Now assuming that the transmit and receive antennas are identical. We swap their roles
of transmit and receive, and also the circuitries involved in driving the transmit and receive
antennas. Then,

L 0,646, 0) (30.1.33)

Pr = e
42

We also assume that the receive antenna, that now acts as the transmit antenna is transmitting
in the (0, ¢’) direction. Moreover, the transmit antenna, that now acts as the receive antenna
is receiving in the (0, ¢) direction (see Figure 30.7).

By reciprocity, these two powers are the same, because Z12 = Zs;. Furthermore, since
these two antennas are identical, Z1; = Z33. So by swapping the transmit and receive
electronics, the power transmitted and received will not change.

Consequently, we conclude that

Ge(0,0)Ac(0',9") = G (0, 9")Ac(0, D) (30.1.34)
The above implies that

Ae(0,9) = A0, ¢') = constant (30.1.35)

Ge(0,0)  Ge(0/,¢')

The above Gedanken experiment is carried out for arbitrary angles. Therefore, the constant is
independent of angles. Moreover, this constant is independent of the size, shape, and efficiency
of the antenna, as we have not used their shape, size, and efficienty in the above discussion.
One can repeat the above for a Hertzian dipole, wherein the mathematics of calculating P,
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and P, is a lot simpler. This constant is found to be A?/(47).” Therefore, an interesting

relationship between the effective aperture (or area) and the directive gain function is that

/\2
Ac(0,9) = 1 -Ge(0,9) (30.1.36)

One amusing point about the above formula is that the effective aperture, say of a Hertzian
dipole, becomes very large when the frequency is low, or the wavelength is very long. Of
course, this cannot be physically true, and I will let you meditate on this paradox and muse
over this point.

"See Kong [31][p. 700]. The derivation is for 100% efficient antenna. A thermal equilibrium argument is
used in [125] and Wikipedia [126] as well.



Lecture 31

Equivalence Theorem, Huygens’
Principle

31.1 Equivalence Theorem or Equivalence Principle
Another theorem that is closely related to uniqueness theorem is the equivalence theorem or
equivalence principle. This theorem is discussed in many textbooks [31,47,48,59,154]. Some
authors also call it Love’s equivalence principle [155].

We can consider three cases: (1) The inside out case. (2) The outside in case. (3) The
general case.

31.1.1 Inside-Out Case

@ i M i = ® { E=0,H=0 :

Figure 31.1: The inside-out problem where equivalent currents are impressed on the surface
S to produce the same fields outside in V, in both cases.

In this case, we let J and M be the time-harmonic radiating sources inside a surface S
radiating into a region V =V, UV;. They produce E and H everywhere. We can construct

309
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an equivalence problem by first constructing an imaginary surface S. In this equivalence
problem, the fields outside S in V, are the same in both (a) and (b). But in (b), the fields
inside S in V; are zero.

Apparently, the tangential components of the fields are discontinuous at S. We ask our-
selves what surface currents are needed on surface S so that the boundary conditions for
field discontinuities are satisfied on S. Therefore, surface currents needed for these field
discontinuities are to be impressed on S. They are

J,=nxH,  M,=Exn (31.1.1)

We can convince ourselves that n x H and E x 7 just outside S in both cases are the same.
Furthermore, we are persuaded that the above is a bona fide solution to Maxwell’s equations.

e The boundary conditions on the surface S satisfy the boundary conditions required of
Maxwell’s equations.

e By the uniqueness theorem, only the equality of one of them E x n, or 7 x H ons S,
will guarantee that E and H outside S are the same in both cases (a) and (b).

The fact that these equivalent currents generate zero fields inside S is known as the
extinction theorem. This equivalence theorem can also be proved mathematically, as shall be
shown.

31.1.2 Outside-in Case

2
-

; =
=N
=
Il
=

Figure 31.2: The outside-in problem where equivalent currents are impressed on the surface
S to produce the same fields inside in both cases.

Similar to before, we find an equivalent problem (b) where the fields inside S in V; is the
same as in (a), but the fields outside S in V, in the equivalent problem is zero. The fields
are discontinuous across the surface S, and hence, impressed surface currents are needed to
account for these discontinuities.

Then by the uniqueness theorem, the fields E;, H; inside V' in both cases are the same.
Again, by the extinction theorem, the fields produced by E; x 7 and 7 x H; are zero outside

S.
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31.1.3 General Case

From these two cases, we can create a rich variety of equivalence problems. By linear su-
perposition of the inside-out problem, and the outside-in problem, then a third equivalence
problem is shown in Figure 31.3:

Figure 31.3: The general case where the fields are non-zero both inside and outside the
surface S. Equivalence currents are needed on the surface S to support the discontinuities in
the fields.

31.1.4 Electric Current on a PEC

First, from reciprocity theorem, it is quite easy to prove that an impressed current on the
PEC cannot radiate. We can start with the inside-out equivalence problem. Then using a
Gedanken experiment, since the fields inside S is zero for the inside-out problem, one can
insert an PEC object inside S without disturbing the fields E and H outside. As the PEC
object grows to snugly fit the surface S, then the electric current J5 = 2 x H does not radiate
by reciprocity. Only one of the two currents is radiating, namely, the magnetic current
M, = E x n is radiating, and J, in Figure 31.4 can be removed. This is commensurate with
the uniqueness theorem that only the knowledge of E x 7 is needed to uniquely determine
the fields outside S.
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Figure 31.4: On a PEC surface, only one of the two currents is needed since an electric current
does not radiate on a PEC surface.

31.1.5 Magnetic Current on a PMC

Again, from reciprocity, an impressed magnetic current on a PMC cannot radiate. By the
same token, we can perform the Gedanken experiment as before by inserting a PMC object
inside S. It will not alter the fields outside S, as the fields inside S is zero. As the PMC
object grows to snugly fit the surface S, only the electric current J3 = 1 x H radiates, and
the magnetic current My = E x n does not radiate and it can be removed. This is again
commensurate with the uniqueness theorem that only the knowledge of the 7 x H is needed
to uniquely determine the fields outside S.

Figure 31.5: Similarly, on a PMC, only an electric current is needed to produce the field
outside the surface S.

31.2 Huygens’ Principle and Green’s Theorem
Huygens’ principle shows how a wave field on a surface S determines the wave field outside the

surface S. This concept was expressed by Huygens in the 1600s [156]. But the mathematical
expression of this idea was due to George Green'! in the 1800s. This concept can be expressed

LGeorge Green (1793-1841) was self educated and the son of a miller in Nottingham, England [157].
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mathematically for both scalar and vector waves. The derivation for the vector wave case is
homomorphic to the scalar wave case. But the algebra in the scalar wave case is much simpler.
Therefore, we shall first discuss the scalar wave case first, followed by the electromagnetic
vector wave case.

31.2.1 Scalar Waves Case

O Source

=0

Figure 31.6: The geometry for deriving Huygens’ principle for scalar wave equation.

For a 1 (r) that satisfies the scalar wave equation
(V2 +EHy(r) =0, (31.2.1)
the corresponding scalar Green’s function g(r,r’) satisfies
(V2 + k¥ g(r,r') = —6(r — /). (31.2.2)
Next, we multiply (31.2.1) by g¢(r,r’) and (31.2.2) by #(r). And then, we subtract the
resultant equations and integrating over a volume V' as shown in Figure 31.6. There are two
cases to consider: when r’ is in V, or when r’ is outside V. Thus, we have
Ly v = Lae o) 9200) - 00 V(e ) (31.2.9
ifr' gV, 0 ’ BN -
1

The left-hand side evaluates to different values depending on where r’ is due to the sifting
property of the delta function §(r —1’). Since gV?¢p —9pV3g = V- (gV) —1)Vg), the left-hand
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side of (31.2.3) can be rewritten using Gauss’ divergence theorem, giving?

oy o) b= fasi Vo) - v Vote)L (3124
S

where S is the surface bounding V. The above is the mathematical expression that once 9 (r)
and 7 - Vii(r) are known on S, then ¢ (r’) away from S could be found. This is similar to the
expression of equivalence principle where 7 - Vi)(r) and ¢(r) are equivalence sources on the
surface S. In acoustics, these are known as single layer and double layer sources, respectively.
The above is also the mathematical expression of the extinction theorem that says if r’ is
outside V, the left-hand side evaluates to zero.

In (31.2.4), the surface integral on the right-hand side can be thought of as contributions
from surface sources. Since g(r,r’) is a monopole Green’s function, the first term can be
thought of as radiation from single layer sources on the surface S. Also, since 7 - Vg(r,r’)
is the field due to a dipole, the second term is thought of as contributions from double layer
sources.

/”’ HH\
- N
// L
/! \\
/ \
/ \
/ \
l \ .
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\ /
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~ 7
\'--..\M // ‘S'mf

Figure 31.7: The geometry for deriving Huygens’ principle. The radiation from the source can
be replaced by equivalent sources on the surface S, and the field outside S can be calculated
using (31.2.4).

If the volume V is bounded by S and S;,; as shown in Figure 31.7, then the surface
integral in (31.2.4) should include an integral over Si,s. But when S;,,; — oo, all fields look
like plane wave, and V — —#jk on Ss. Furthermore, g(r — r’) ~ O(1/r),> when r — oo,

2The equivalence of the volume integral in (31.2.3) to the surface integral in (31.2.4) is also known as
Green’s theorem [81].
3The symbol “O” means “of the order.”
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and ¥(r) ~ O(1/r), when r — oo, if ¢(r) is due to a source of finite extent. Then, the
integral over S;ns in (31.2.4) vanishes, and (31.2.4) is valid for the case shown in Figure 31.7
as well but with the surface integral over surface S only. Here, the field outside S at r’ is
expressible in terms of the field on S. This is similar to the inside-out equivalence principle
we have discussed previously.

Notice that in deriving (31.2.4), g(r,r’) has only to satisfy (31.2.2) for both r and ' in V
but no boundary condition has yet been imposed on g(r,r’). Therefore, if we further require
that g(r,r’) = 0 for r € S, then (31.2.4) becomes

P(r') = — 515 dSy(r)n-Vg(r,r'), reV. (31.2.5)
S

On the other hand, if require additionally that g(r,r’) satisfies (31.2.2) with the boundary
condition 7 - Vg(r,r’) = 0 for r € S, then (31.2.4) becomes

P(r') = %ng(r,r’) i - Vi (r), reV. (31.2.6)
S

Equations (31.2.4), (31.2.5), and (31.2.6) are various forms of Huygens’ principle, or equiv-
alence principle for scalar waves (acoustic waves) depending on the definition of g(r, r’). Equa-
tions (31.2.5) and (31.2.6) stipulate that only ¥(r) or 7 - Vi(r) need be known on the surface
S in order to determine ¥ (r’). The above are analogous to the PEC and PMC equivalence
principle considered previously. (Note that in the above derivation, k% could be a function of
position as well.)

31.2.2 Electromagnetic Waves Case

M S

C/J

=

Figure 31.8: Derivation of the Huygens’ principle for the electromagnetic case. One only
needs to know the surface fields on surface S in order to determine the field at r’ inside V.
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In a source-free region, an electromagnetic wave satisfies the vector wave equation
V xV xE(r) - k*E(r) = 0. (31.2.7)

The analogue of the scalar Green’s function for the scalar wave equation is the dyadic Green’s
function for the electromagnetic wave case [1, 31,158, 159]. Moreover, the dyadic Green’s
function satisfies the equation®

V xV x G(r,r') — k> G(r,r') =I5(r — 1'). (31.2.8)

It can be shown by direct back substitution that the dyadic Green’s function in free space
is [159]

\AY%

G@J0:<L+k2>mr—ﬂ) (31.2.9)

The above allows us to derive the vector Green’s theorem [1,31,158].

Then, after post-multiplying (31.2.7) by G(r,r’), pre-multiplying (31.2.8) by E(r), sub-
tracting the resultant equations and integrating the difference over volume V', considering
two cases as we did for the scalar wave case, we have

ifr' eV, E( —
i1 gV O( )}z/dV[E(r)-VXVXG(r,r’)
%

-V xVxE(r) G(r,1r')]. (31.2.10)
Next, using the vector identity that®
V. [E(r) x V x G(r,r') + V x E(r) x G(r, r’)]
=E(r)-VxVxG(r,r') -V x VxE()G(r,r), (31.2.11)
Equation (31.2.10), with the help of Gauss’ divergence theorem, can be written as

ifr eV, Er) } = —%dSﬁ- [E(r) x Vx G(r,r') + V x E(r) x G(r,r')]

ifr' ¢V, 0
S
:—%&9MXEunyémﬂymmeH@yémﬂﬂ. (31.2.12)
S

The above is just the vector analogue of (31.2.4). Since E x i and 7t x H are associated
with surface magnetic current and surface electric current, respectively, the above can be

4A dyad is an outer product between two vectors, and it behaves like a tensor, except that a tensor is more
general than a dyad. A purist will call the above a tensor Green’s function, as the above is not a dyad in its
strictest definition.

5This identity can be established by using the identity V- (A x B) = B-V x A — A -V x B. We will have
to let (31.2.11) act on a constant vector to convert the dyad into a vector before we can apply this identity.
The equality of the volume integral in (31.2.10) to the surface integral in (31.2.12) is also known as vector
Green’s theorem [31,158]. Earlier form of this theorem was known as Franz formula [160].
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thought of having these equivalent surface currents radiating via the dyadic Green’s function.
Again, notice that (31.2.12) is derived via the use of (31.2.8), but no boundary condition has
yet been imposed on G(r,r’) on S even though we have given a closed form solution for the
free-space case.

Now, if we require the addition boundary condition that 7 x G(r,r’) =0 for r € S. This
corresponds to a point source radiating in the presence of a PEC surface. Then (31.2.12)
becomes

E(r) = —%dSﬁ x E(r) -V x G(r,r), reV (31.2.13)
S

for it could be shown that A x H- G =H -Ax G implying that the second term in (31.2.12)
is zero. On the other hand, if we require that 7 x V x G(r,r’) =0 for r € S, then (31.2.12)
becomes

E(r') = —z’w,uygdSﬁ x H(r) - G(r,r’), rev (31.2.14)
s

Equations (31.2.13) and (31.2.14) state that E(r’) is determined if either 7 x E(r) or i x H(r) is
specified on S. This is in agreement with the uniqueness theorem. These are the mathematical
expressions of the PEC and PMC equivalence problems we have considered in the previous
sections.

The dyadic Green’s functions in (31.2.13) and (31.2.14) are for a closed cavity since bound-
ary conditions are imposed on .S for them. But the dyadic Green’s function for an unbounded,
homogeneous medium, given in (31.2.10) can be written as

G(r,v') = %[V xVxIgr—r)—Ir—1)), (31.2.15)
Vx G(r,t') =V xIg(r—r'). (31.2.16)

Then, (31.2.12), for v’ € V and r’ # r, becomes

1
E(r) = —V’x;ﬁng(r —r')AxE(r) + EV' x V' ><§£ng(1' —r')AaxH(r). (31.2.17)
s S

The above can be applied to the geometry in Figure 31.7 where r’ is enclosed in S and Sy .
However, the integral over S;,s vanishes by virtue of the radiation condition as for (31.2.4).
Then, (31.2.17) relates the field outside S at r’ in terms of only the field on S. This is similar
to the inside-out problem in the equivalence theorem. It is also related to the fact that if the
radiation condition is satisfied, then the field outside of the source region is uniquely satisfied.
Hence, this is also related to the uniqueness theorem.
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Lecture 32

Shielding, Image Theory

32.1 Shielding

We can understand shielding by understand how charges move around in a conductive medium.
These charges move around to shield out the electric field. So it is imperative to understand
how charges are shielded in an electrostatic problems.

32.1.1 A Note on Electrostatic Shielding

For electrostatic problems, a conductive medium suffices to produce surface charges that
shield out the electric field from the conductive medium. If the electric field is not zero,
then since J = oE, the electric current inside the conductor will keep flowing until inside the
conductive medium E = 0, and no electric current can flow in the conductor. In other words,
when the field reaches the quiescent state, the charges redistribute themselves so as to shield
out the electric field, and that the total internal electric field, E = 0. And from Faraday’s
law that tangential E field is continuous, then n x E = 0 on the conductor surface since
n X B = 0 inside the conductor. Figure 32.1 shows the static electric field, in the quiescent
state, between two conductors (even though they are not PEC), and the electric field has to
be normal to the conductor surfaces.

32.1.2 Relaxation Time

The time it takes for the charges to move around until they reach their quiescent distribution
is called the relaxation time. It is very much similar to the RC time constant of an RC circuit
consisting of a resistor in series with a capacitor. It can be proven that this relaxation time
is related to /o, but the proof is beyond the scope of this course. Note that when o — oo,
the relaxation time is zero. In other words, in a perfect conductor or a superconductor, the
charges can reorient themselves instantaneously if the external field is time-varying.

Electrostatic shielding or low-frequency shielding is important at low frequencies. The
Faraday cage is an important application of such a shielding.

319
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Figure 32.1: The objects can just be conductors, and in the quiescent state (static state), the
tangential electric field will be zero on their surfaces.

However, if the conductor charges are induced by an external electric field that is time
varying, then the charges have to constantly redistribute/re-orient themselves to try to shield
out the incident time-varying electric field. Currents have to constantly flow around the
conductor. Then the electric field cannot be zero inside the conductors as shown in Figure

32.2. In other words, a finite conductor cannot shield out completely a time-varying electric
field.
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Figure 32.2: If the source that induces the charges on the conductor is time varying, the
current in the conductor is always nonzero so that the charges can move around to respond
to the external time-varying charges.

For a perfect electric conductor (PEC), E = 0 inside with the following argument: Because
J = oE where 0 — 00, let us assume an infinitesimally time-varying electric field in the PEC
to begin with. It will yield an infinite electric current, and hence an infinite time-varying
magnetic field. A infinite time-varying magnetic field in turn yields an infinite electric field
that will drive an electric current, and these fields and current will be infinitely large. This is
an unstable sequence of events if it is true. Hence, the only possibility is for the time-varying
electromagnetic fields to be zero inside a PEC.

Thus, for the PEC, the charges can re-orient themselves instantaneously on surface when
the inducing electric fields from outside are time varying. In other words, the relaxation time
e/o is zero. As a consequence, the time-varying electric field E is always zero inside PEC,
and hence 17 X E = 0 on the surface of the PEC.
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32.2 Image Theory

Image theory can be used to derived closed form solution to boundary value problems when
the geometry is simple and has a lot of symmetry. The closed form solutions in turn offer
physical insight into the problems. This theory or method is also discussed in many textbooks
[1,48,59,71,154,161,162].

32.2.1 Electric Charges and Electric Dipoles

Image theory for a flat conductor surface or a half-space is quite easy to derive. To see that,
we can start with electro-static theory of putting a positive charge above a flat plane. As
mentioned before, for electrostatics, the plane or half-space does not have to be a perfect
conductor, but only a conductor (or a metal). The tangential static electric field on the
surface of the conductor has to be zero.

The tangential static electric field can be canceled by putting an image charge of opposite
sign at the mirror location of the original charge. This is shown in Figure 32.3. Now we can
mentally add the total field due to these two charges. When the total static electric field due
to the original charge and image charge is sketched, it will look like that in Figure 32.4. It
is seen that the static electric field satisfies the boundary condition that 7 x E = 0 at the
conductor interface due to symmetry.
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Figure 32.3: The use of image theory to solve the BVP of a point charge on top of a conductor.
The boundary condition is that 7 x E = 0 on the conductor surface.
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Figure 32.4: The total electric of the original problem and the equivalent problem when we
add the total electric field due to the original charge and the image charge.

An electric dipole is made from a positive charge placed in close proximity to a negative
charge. Using that an electric charge reflects to an electric charge of opposite polarity above
a conductor, one can easily see that a static horizontal electric dipole reflects to a static
horizontal electric dipole of opposite polarity. By the same token, a static vertical electric
dipole reflects to static vertical electric dipole of the same polarity as shown in Figure 32.5.
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Figure 32.5: On a conductor surface, a horizontal static dipole reflects to one of opposite
polarity, while a static vertical dipole reflects to one of the same polarity. If the dipoles are
time-varying, then a PEC will have a same reflection rule.

If this electric dipole is a Hertzian dipole whose field is time-varying, then one needs
a PEC half-space to shield out the electric field. Also, the image charges will follow the
original dipole charges instantaneously. Then the image theory for static electric dipoles over
a half-space still holds true if the dipoles now become Hertzian dipoles.

32.2.2 Magnetic Charges and Magnetic Dipoles

A static magnetic field can penetrate a conductive medium. This is apparent from our
experience when we play with a bar magnet over a copper sheet: the magnetic field from the
magnet can still be experienced by iron filings put on the other side of the copper sheet.

However, this is not the case for a time-varying magnetic field. Inside a conductive
medium, a time-varying magnetic field will produce a time-varying electric field, which in
turn produces the conduction current via J = o¢E. This is termed eddy current, which by
Lenz’s law, repels the magnetic field from the conductive medium."

Now, consider a static magnetic field penetrating into a perfect electric conductor, an
minute amount of time variation will produce an electric field, which in turn produces an
infinitely large eddy current. So the stable state for a static magnetic field inside a PEC is
for it to be expelled from the perfect electric conductor. This in fact is what we observe when
a magnetic field is brought near a superconductor. Therefore, for the static magnetic field,
where B = 0 inside the PEC, then 7 - B = 0 on the PEC surface.

Now, assuming a magnetic monopole exists, it will reflect to itself on a PEC surface so
that n- B = 0 as shown in Figure 32.6. Therefore, a magnetic charge reflects to a charge of
similar polarity on the PEC surface.

IThe repulsive force occurs by virtue of energy conservation. Since “work done” is needed to set the eddy
current in motion, or to impart kinetic energy to the electrons forming the eddy current, a repulsive force is
felt in Lenz’s law so that work is done in pushing the magnetic field into the conductive medium.
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Figure 32.6: On a PEC surface, n - B = 0. Hence, a magnetic monopole on top of a PEC
surface will have magnetic field distributed as shown.

By extrapolating this to magnetic dipoles, they will reflect themselves to the magnetic
dipoles as shown in Figure 32.7. A horizontal magnetic dipole reflects to a horizontal magnetic
dipole of the same polarity, and a vertical magnetic dipole reflects to a vertical magnetic dipole
of opposite polarity. Hence, a dipolar bar magnet can be levitated by a superconductor when
this magnet is placed closed to it. This is also known as the Meissner effect [163], which is
shown in Figure 32.8.

A time-varying magnetic dipole can be made from a electric current loop. Over a PEC, a
time-varying magnetic dipole will reflect the same way as a static magnetic dipole as shown
in Figure 32.7.
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Figure 32.7: Using the rule of how magnetic monopole reflects itself on a PEC surface, the
reflection rules for magnetic dipoles can be ascertained.

Figure 32.8: On a PEC (superconducting) surface, a vertical magnetic dipole reflects to one
of opposite polarity. Hence, the dipoles repel each other displaying the Meissner effect. The
magnet, because of the repulsive force from its image, levitates above the superconductor
(courtesy of Wikipedia [164]).

32.2.3 Perfect Magnetic Conductor (PMC) Surfaces

Magnetic conductor does not come naturally in this world since there are no free-moving
magnetic charges around. Magnetic monopoles are yet to be discovered. On a PMC surface,
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by duality, n x H = 0. At low frequency, it can be mimicked by a high p material. One can
see that for magnetostatics, at the interface of a high p material and air, the magnetic flux is
approximately normal to the surface, resembling a PMC surface. High 1 materials are hard
to find at higher frequencies. Since 7 x H = 0 on such a surface, no electric current can flow
on such a surface. Hence, a PMC can be mimicked by a surface where no surface electric
current can flow. This has been achieved in microwave engineering with a mushroom surface
as shown in Figure 32.9 [165]. The mushroom structure consisting of a wire and an end-cap,
can be thought of as forming an LC tank circuit. Close to the resonance frequency of this
tank circuit, the surface of mushroom structures essentially becomes open circuits resembling
a PMC. Therefore, there is no surface electric current on this surface, and the tangential
magnetic field is small, the hallmark of a good magnetic conductor.

Figure 32.9: A mushroom structure operates like an LC tank circuit. At the right frequency,
the surface resembles an open-circuit surface where no current can flow. Hence, tangential
magnetic field is zero resembling perfect magnetic conductor (courtesy of Sievenpiper [165]).

Mathematically, a surface that is dual to the PEC surface is the perfect magnetic conductor
(PMC) surface. The magnetic dipole is also dual to the electric dipole. Thus, over a PMC
surface, these electric and magnetic dipoles will reflect differently as shown in Figure 32.10.
One can go through Gedanken experiments and verify that the reflection rules are as shown
in the figure.
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Figure 32.11: Image theory for multiple images [29].

32.2.4 Multiple Images

For the geometry shown in Figure 32.11, one can start with electrostatic theory, and convince
oneself that 7 x E = 0 on the metal surface with the placement of charges as shown. For
conducting media, they charges will relax to the quiescent distribution after the relaxation
time. For PEC surfaces, one can extend these cases to time-varying dipoles because the
charges in the PEC medium can re-orient instantaneously (i.e. with zero relaxation time) to
shield out or expel the E and H fields. Again, one can repeat the above exercise for magnetic
charges, magnetic dipoles, and PMC surfaces.
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Figure 32.12: Image theory for a point charge near a cylinder or a sphere can be found in
closed form [29].

32.2.5 Some Special Cases

One curious case is for a static charge placed near a conductive sphere (or cylinder) as shown in
Figure 32.12.2 A charge of +(Q reflects to a charge of —Q; inside the sphere. For electrostatics,
the sphere (or cylinder) need only be a conductor. However, this cannot be generalized to
electrodynamics or a time-varying problem, because of the retardation effect: A time-varying
dipole or charge will be felt at different points asymmetrically on the surface of the sphere
from the original and image charges. Exact cancelation of the tangential electric field cannot
occur for time-varying field.
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Figure 32.13: A static charge over a dielectric interface can be found in closed form.

When a static charge is placed over a dielectric interface, image theory can be used to
find the closed form solution. This solution can be derived using Fourier transform technique
which we shall learn later [34]. It can also be extended to multiple interfaces. But image
theory cannot be used for the electrodynamic case due to the different speed of light in
different media, giving rise to different retardation effects.

2This is worked out in p. 48 and p. 49, Ramo et al [29].
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High Frequency Solutions,
Gaussian Beams

33.1 High Frequency Solutions

High frequency solutions are important in many real-world applications. This occurs when the
wavelength is much smaller than the size of the structure. This can occur even in microwave
interacting with reflector antennas for instance. It is also the transition from waves regime
to the optics regime in the solutions of Maxwell’s equations. Often times, the term “quasi-
optical” is used to describe the solutions in this regime.

33.1.1 Tangent Plane Approximations

We have learnt that reflection and transmission of waves at a flat surface can be solved in
closed form. The important point here is the physics of phase matching. Due to phase
matching, we have the law of reflection, transmission and Snell’s law [52].1

When a surface is not flat anymore, there is no closed form solution. But when a surface is
curved, an approximate solution can be found. This is obtained by using a local tangent-plane
approximation when the radius of curvature is much larger than the wavelength. Hence, this
is a good approximation when the frequency is high or the wavelength is short. This is similar
in spirit that we can approximate a spherical wave by a local plane wave at the spherical wave
front when the wavelength is short.

When the wavelength is short, phase matching happens locally, and the law of reflection,
transmission, and Snell’s law are satisfied approximately as shown in Figure 33.1. The tangent
plane approximation is the basis for the geometrical optics (GO) approximation [31,167]. In
GO, light waves are replaced by light rays. The reflection and transmission of these rays at
an interface is estimated with the tangent plane approximation. This is also the basis for lens
or ray optics from which lens technology is derived. It is also the basis for ray tracing for
high-frequency solutions [168,169].

I This law is also known in the Islamic world in 984 [166].

331
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Most of these problems do not have closed-form solutions, and have to be treated with ap-
proximate methods. In addition to geometrical approximations mentioned above, asymptotic
methods are also used to find approximate solutions. Asymptotic methods implies finding
a solution when there is a large parameter in the problem. In this case, it is usually the
frequency. Such high-frequency approximate methods are discussed in [170-174].

&1,

Figure 33.1: In the tangent plane approximation, the surface where reflection and refraction
occur is assumed to be locally flat. Hence, phase-matching is approximately satisfied, and
hence, the law of reflection, transmittion, and Snell’s law.

33.1.2 Fermat’s Principle

Fermat’s principle (1600s) [52,175] says that a light ray follows the path that takes the shortest
time between two points.? Since time delay is related to the phase delay, and that a light ray
can be locally approximated by a plane wave, this can be stated that a plane wave follows the
path that has a minimal phase delay. This principle can be used to derive law of reflection,
transmission, and refraction for light rays. It can be used as the guiding principle for ray
tracing.

2This eventually give rise to the principle of least action.
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A

Figure 33.2: In Fermat’s principle, a light ray, when propagating from point A to point C,
takes the path of least delay.

Given two points A and C' in two different half spaces as shown in Figure 33.2. Then the
phase delay between the two points, per Figure 33.2, can be written as

P:ki-ri—kkt-rt (3311)

As this is the shortest path according to Fermat’s principle, another other path will be longer.
In other words, if B were to move to another point, a longer path will ensue, or that B is the
stationary point of the path length or phase delay. Specializing (33.1.1) to a 2D picture, then
the phase delay as a function of x; is stationary. In this Figure 33.2, we have x; + x; = const.
Therefore, taking the derivative of (33.1.1) with respect to z;, one gets

oP
321?,’

0=k —k (33.1.2)

The above yields the law of refraction that k; = k;, which is just Snell’s law. It can also be
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obtained by phase matching. Notice that in the above, only xz; is varied to find the stationary
point and k; and k; remain constant.

33.1.3 Generalized Snell’s Law

Figure 33.3: A phase screen which is position dependent can be made. In such a case, one
can derive a generalized Snell’s law to describe the diffraction of a wave by such a surface
(courtesy of Capasso’s group [176]).

Metasurfaces are prevalent these days due to our ability for nano-fabrication and numerical
simulation. One of them is shown in Figure 33.3. Such a metasurface can be thought of as a
phase screen, providing additional phase shift for the light as it passes through it. Moreover,
the added phase shift can be controlled to be a function of position due to advent in fabrication
technology and commercial software for numerical simulation.

To model this phase screen, we can add an additional function ®(z,y) to (33.1.1), namely
that

P:ki‘ri+kt‘1‘t _(p(xuyz) (3313)

Now applying Fermat’s principle that there should be minimal phase delay, and taking the
derivative of the above with respect to z;, one gets

or 0P (i, 1)
—k —k — = 1.4
G = ki ke o 0 (33.1.4)
The above yields that the generalized Snell’s law [176] that
0®(xi, i)
ki — ki = ————= 33.1.5
7 t axl ( )

It yields the fact that the transmitted light can be directed to other angles due to the
additional phase screen.



High Frequency Solutions, Gaussian Beams 335

33.2 Gaussian Beam

We have seen previously that in a source free space

VA +w?ueA =0 (33.2.1)

V20 + wped =0 (33.2.2)
The above are four scalar equations with the Lorenz gauge
VA= —jwued (33.2.3)
connecting A and . We can examine the solution of A such that
A(r) = Ao(r)e_jﬁz (33.2.4)

where Ag(r) is a slowly varying function while e=7%% is rapidly varying in the z direction.
(Here, 8 = wy/pe.) This is primarily a quasi-plane wave propagating predominantly in the
z-direction. We know this to be the case in the far field of a source, but let us assume that
this form persists less than the far field, namely, in the Fresnel as well.

Taking the 2 component of (33.2.4), we have?

Ay(r) = U(r)e P> (33.2.5)

where ¥U(r) = U(x,y, 2) is a slowly varying envelope function of z, y, and z.

33.2.1 Derivation of the Paraxial/Parabolic Wave Equation
Substituting (33.2.5) into (33.2.1), and taking the double z derivative first, we arrive at

02 - 02 0 ;
pye) [\I/(x,y,z)efjﬁz] = @‘H%yaz) - 2j/6$‘1’(537ya2) - B*V(z,y,z) e 17 (33.2.6)
Consequently, after substituting the above into the 2 component of (33.2.1), we obtain an
equation for ¥(r), the slowly varying envelope as
0? 0? 0 0?
—VU+ =V -2j—V4+——U=0 33.2.7
Ox? + Oy ]ﬂaz + 072 ( )

When 8 — oo , or in the high frequency limit,

0 0?

In the above, we assume the envelope to be slowly varying and 8 large, so that |8¥] >
|0/02¥|. And then (33.2.7) can be approximated by

0% n 0%
ox2  0y?

3 Also, the wave becomes a transverse wave in the far field, and keeping the transverse component suffices.

- 2j5%§ ~0 (33.2.9)
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The above is called the paraxial wave equation. It is also called the parabolic wave equation.*
It implies that the B vector of the wave is approximately parallel to the z axis, and hence,
the name.

33.2.2 Finding a Closed Form Solution

A closed form solution to the paraxial wave equation can be obtained by a simple trick®. It
is known that
e~ iBlr—r]

A0 = T

(33.2.10)
is the solution to
V2A, + B*A, =0 (33.2.11)

if r # r’. If we make r' = —Zjb, a complex number, then (33.2.10) is always a solution to
(33.2.10) for all r, because |r — r'| # 0 always. Then

e —r'| = Va2 + % + (2 + jb)?
x2+y2 1/2
Gop
) x? + y? .
~ (z+]b)+m+..., |z 4+ jb| = o0 (33.2.12)

~(z+44b) |1+

And then
e—IB(z+3b)
Y an(z14b)°

i gt

2G+55) (33.2.13)

Ay(r)

By comparing the above with (33.2.5), we can identify
b
02+ 7b

12+2

U(z,y,2)=A e P (33.2.14)

By separating the exponential part into the real part and the imaginary part, and writing
the prefactor in terms of amplitude and phase, we have

w2442 2242
U(z,y,2) = /1AOZ/b Eejtanil(%)e_mzuiybmZe_bﬁw;sz) (33.2.15)
+z
The above can be rewritten as
A a24?  oPay?
U(z,y,2) = 0 —iB% g =3 oiv (33.2.16)

4The paraxial wave equation, the diffusion equation and the Schrodinger equation are all classified as
parabolic equations in mathematical parlance [34,43,177,178].
5Tntroduced by Georges A. Deschamps of UTUC [179].
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where Ag is a new constant introduced to absorb undesirable constants arising out of the
algebra, and

2b 22 22 +v? z
2 _ — — = = -1 —
w® = 3 (1 + b2> , R p 1 = tan (b) (33.2.17)

For a fixed z, the parameters w, R, and 9 are constants. Here, w is the beam waist which

varies with z, and it is smallest when z = 0, or w = wy = ,/%. And R is the radius of

curvature of the constant phase front. This can be appreciated by studying a spherical wave
front e=7#% and make a paraxial wave approximation, namely, 22 4+ % < 22 to get

. 22442\ 1/2
e—IBR _ 67j6($2+y2+z2)1/2 _ 6—352(1-1‘%)

22 4y?

. . . o2 2
o o iBzIBTEE o —iBz—iB TSR

(33.2.18)

In the last approximation, we assume that z &~ R in the paraxial approximation. The phase
1 changes rapidly with z.
A cross section of the electric field due to a Gaussian beam is shown in Figure 33.4.

Figure 33.4: Electric field of a Gaussian beam in the x — z plane frozen in time. The wave
moves to the right as time increases; b/A = 10/6 (courtesy of Haus, Electromagnetic Noise
and Quantum Optical Measurements [74]).

33.2.3 Other solutions

In general, the paraxial wave equation has solution of the form®

1/2
\Ifnm(:c,y,z):( ; |> 2~/ <i> e~ (@) /07 =i (@) g (mnt )¥
T:1m. w

H, (x\/i/w) Hy, (y\/i/w) (33.2.19)

6See F. Pampaloni and J. Enderlein [180].
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where H,,(§) is a Hermite polynomial of order n. The solution can also be express in terms
of Laguere polynomials, namely,

2

v Lo _ 0w i(ndma )V jle
— min(n, m)!—e J2RF —¢ e e
mnlm! w

. \/Qp 2p2
( ) ( w min(n,m) (wQ > ( )

where LE (¢) is the associated Laguerre polynomial.

These gaussian beams have rekindled recent excitement in the community because, in
addition to carrying spin angular momentum as in a plane wave, they can carry orbital
angular momentum due to the complex transverse field distribution of the beams.” They
harbor potential for optical communications as well as optical tweezers to manipulate trapped
nano-particles. Figure 33.5 shows some examples of the cross section (zy plane) field plots
for some of these beams.

o) =

Laguerre-Gaussian Beams and Orbital Angular Momentum

I patz=z 2it patz=2z

Figure 1.1 Examples of the intensity and phase structures of Hermite—Gaussian modes (lefr) an
Laguerre-Gaussian modes (right). plotted at a distance from the beam waist equal to the Rayleig

range. See color insert.

Figure 33.5: Examples of structured light. It can be used in encoding more information in
optical communications (courtesy of L. Allen and M. Padgett’s chapter in J.L.. Andrew’s book
on structured light [181].

7See D.L. Andrew, Structured Light and Its Applications and articles therein [181].
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Rayleigh Scattering, Mie
Scattering

34.1 Rayleigh Scattering

Rayleigh scattering is a solution to the scattering of light by small particles. These particles
are assumed to be much smaller than wavelength of light. Then a simple solution can be found
by the method of asymptotic matching. This single scattering solution can be used to explain
a number of physical phenomena in nature. For instance, why the sky is blue, the sunset so
magnificently beautiful, how birds and insects can navigate without the help of a compass.
By the same token, it can also be used to explain why the Vikings, as a seafaring people,
could cross the Atlantic Ocean over to Iceland without the help of a magnetic compass.

339
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Figure 34.1: The magnificent beauty of nature can be partly explained by Rayleigh scattering
[182,183].

When a ray of light impinges on an object, we model the incident light as a plane elec-
tromagnetic wave (see Figure 34.2). Without loss of generality, we can assume that the
electromagnetic wave is polarized in the z direction and propagating in the = direction. We
assume the particle to be a small spherical particle with permittivity €5 and radius a. Essen-
tially, the particle sees a constant field as the plane wave impinges on it. In other words, the
particle feels an almost electrostatic field in the incident field.

t

Ak

— 204 —

Figure 34.2: Geometry for studying the Rayleigh scattering problem.
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34.1.1 Scattering by a Small Spherical Particle

The incident field polarizes the particle making it look like an electric dipole. Since the
incident field is time harmonic, the small electric dipole will oscillate and radiate like a
Hertzian dipole in the far field. First, we will look at the solution in the vicinity of the
scatter, namely, in the near field. Then we will motivate the form of the solution in the far
field of the scatterer. Solving a boundary value problem by looking at the solutions in two
different physical regimes, and then matching the solutions together is known as asymptotic
matching.
A Hertzian dipole can be approximated by a small current source so that

J(r) = 2116(r) (34.1.1)
In the above, we can let the time-harmonic current I = dg/dt = jwq
Il = jwql = jwp (34.1.2)

where the dipole moment p = ¢l. The vector potential A due to a Hertzian dipole, after

substituting (34.1.1), is
J(r’ , '
A(r) = N /// dr’ﬁeﬂﬂlr*r |
dr JIfy o v =1/

n .
2%5]“ (34.1.3)

Near Field

From prior knowledge, we know that the electric field is given by E = —jwA — V®. From a
dimensional analysis, the scalar potential term dominates over the vector potential term in
the near field of the scatterer. Hence, we need to derive the corresponding scalar potential.

The scalar potential ®(r) is obtained from the Lorenz gauge that V - A = —jwucd.
Therefore,

-1 n o1 _.
P — A= — L ZeTIbT 4.1.
(x) jwusv A Jjwedm 0z r¢ (34.1.4)

When we are close to the dipole, by assuming that gr < 1, we can use a quasi-static approx-
imation about the potential.! Then

01 jBTNgl_ﬁral_ zi

L ZeTIBT o = _— - =_C 34.1.5
dzrC Ozr 0zO0rr rr? ( )
or after using that z/r = cos#,
O(r) = _at_ cos (34.1.6)
= dmer? o

IThis is the same as ignoring retardation effect.
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This dipole induced in the small particle is formed in response to the incident field. The
incident field can be approximated by a constant local static electric field,

Eine = 2E; (34.1.7)
The corresponding electrostatic potential for the incident field is then?
Dipe = —2E; (34.1.8)

so that E;n. & —V®;,. = 2E;, as w — 0. The scattered dipole potential from the spherical
particle in the vicinity of it is given by
3

a
Dy = EST—2 cos 6 (34.1.9)

The electrostatic boundary value problem (BVP) has been previously solved and?

 Es—¢€
€s + 2¢

(34.1.10)

S

Using (34.1.10) in (34.1.9), and comparing with(34.1.6), one can see that the dipole moment
induced by the incident field is that

p=ql= 47r5§s_;256a3Ei (34.1.11)
S

Far Field
In the far field of the Hertzian dipole, we can start with

1
Jwue

E = —jwA — V& = —jwA — VV-A (34.1.12)

But when we are in the far field, A behaves like a spherical wave which in turn behaves
like a local plane wave if one goes far enough. Therefore, V. — —j3 = —j57. Using this
approximation in (34.1.12), we arrive at

P

where we have used # = 3/5.

E— —jw (A BB .A> = —jw(A — - A) = —jw(BAs + A) (34.1.13)

34.1.2 Scattering Cross Section
From (34.1.3), we see that A, = 0 while

wigl 5,
Ag = 1L =BT gin g (34.1.14)
47r

21t is not easier to get here from electrodynamics. One needs vector spherical harmonics [184].
31t was one of the homework problems.
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Consequently, using (34.1.11) for gl, we have in the far field that*

200l . — 3 .
By —jwAg = f%eﬂﬁr sin 6 = —w?pe <E€:+ 265) %Eieﬂﬁr sin (34.1.15)
€ 1
Hy= |SEy=-E, (34.1.16)
p 7

where 7 = /u/e. The time-averaged Poynting vector is given by (S) = 1/2Re {E x H*}.
Therefore, the total scattered power is

1 T 2
Po=3 / 2 sin 6d6 / d¢EgH, (34.1.17)
0 0
_ gz 2‘16|E|2r2 /ﬂsmi”ada 2 (34.1.18)
- 2p ce+2) r277° 0 o
But
/ sin® 0df = —/ sin? 9dcos€=—/ (1 — cos®6)dcos
0 0 0
= f/ (1—a2*)de = - (34.1.19)
L 3
Therefore
dr [ es—c \°
p.o_ 2T ([ s 446|512 4.1.2
= () Sl (34.1.20)

The scattering cross section is the effective area of a scatterer such that the total scattered
power is proportional to the incident power density times the scattering cross section. As
such it is defined as

P, 8ra [ eq—e \°
¥, = * = s 4 34.1.21

In other words,
Ps = <Sinc> X Es

It is seen that the scattering cross section grows as the fourth power of frequency since
B = w/c. The radiated field grows as the second power because it is proportional to the
acceleration of the charges on the particle. The higher the frequency, the more the scattered
power. this mechanism can be used to explain why the sky is blue. It also can be used to
explain why sunset has a brilliant hue of red and orange. The above also explain the brilliant
glitter of gold plasmonic nano-particles as discovered by ancient Roman artisans. For gold,

4The w? dependence of the following function implies that the radiated electric field in the far zone is
proportional to the acceleration of the charges on the dipole.
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the medium resembles a plasma, and hence, we can have €5 < 0, and the denominator can be
very small.
Furthermore, since the far field scattered power density of this particle is

(S) = %EgH; ~ sin? § (34.1.22)

the scattering pattern of this small particle is not isotropic. In other words, these dipoles ra-
diate predominantly in the broadside direction but not in their end-fire directions. Therefore,
insects and sailors can use this to figure out where the sun is even in a cloudy day. In fact,
it is like a rainbow: If the sun is rising or setting in the horizon, there will be a bow across
the sky where the scattered field is predominantly linearly polarized.® Such a “sunstone” is
shown in Figure 34.3.

Figure 34.3: A sunstone can indicate the polarization of the scattered light. From that, one
can deduce where the sun is located (courtesy of Wikipedia).

34.1.3 Small Conductive Particle

The above analysis is for a small dielectric particle. The quasi-static analysis may not be
valid for when the conductivity of the particle becomes very large. For instance, for a perfect
electric conductor immersed in a time varying electromagnetic field, the magnetic field in the
long wavelength limit induces eddy current in PEC sphere. Hence, in addition to an electric
dipole component, a PEC sphere has a magnetic dipole component. The scattered field due
to a tiny PEC sphere is a linear superposition of an electric and magnetic dipole components.

5You can go through a Gedanken experiment to convince yourself of such.
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These two dipolar components have electric fields that cancel precisely at certain observation
angle. This gives rise to deep null in the bi-static radar scattering cross-section (RCS)® of a
PEC sphere as illustrated in Figure 34.4.
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Figure 34.4: RCS (radar scattering cross section) of a small PEC scatterer (courtesy of Sheng
et al. [185]).

34.2 Mie Scattering

When the size of the dipole becomes larger, quasi-static approximation is insufficient to
approximate the solution. Then one has to solve the boundary value problem in its full glory
usually called the full-wave theory or Mie theory [186,187]. With this theory, the scattering
cross section does not grow indefinitely with frequency. For a sphere of radius a, the scattering
cross section becomes ma? in the high-frequency limit. This physical feature of this plot is
shown in Figure 34.5, and it also explains why the sky is not purple.

6Scattering cross section in microwave range is called an RCS due to its prevalent use in radar technology.
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Radar Cross Section of Metal Sphere
with Asymptotes
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Figure 34.5: Radar cross section (RCS) calculated using Mie scattering theory [187].

34.2.1 Optical Theorem

Before we discuss Mie scattering solutions, let us discuss an amazing theorem called the
optical theorem. This theorem says that the scattering cross section of a scatterer depends
only on the forward scattering power density of the scatterer. In other words, if a plane wave
is incident on a scatterer, the scatterer will scatter the incident power in all directions. But
the total power scattered by the object is only dependent on the forward scattering power
density of the object or scatterer. This amazing theorem is called the optical theorem, and
the proof of this is given in J.D. Jackson’s book [42].

The true physical reason for this is power orthogonality. Two plane waves can interact or
exchange power with each other unless they share the same k or 3 vector. This happens in
orthogonal modes in waveguides [75,188].

The scattering pattern of a scatterer for increasing frequency is shown in Figure 34.6. For
Rayleigh scattering where the wavelength is long, the scattered power is distributed isotrop-
ically save for the doughnut shape of the radiation pattern, namely, the sin’ (6) dependence.
As the frequency increases, the power is scattered increasingly in the forward direction. The
reason being that for very short wavelength, the scatterer looks like a disc to the incident
wave, casting a shadow in the forward direction. Hence, there has to be scattered field in the
forward direction to cancel the incident wave to cast this shadow.
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In a nutshell, the scattering theorem is intuitively obvious for high-frequency scattering.
The amazing part about this theorem is that it is true for all frequencies.

Rayleigh Scattering Mie Scattering Mie Scattering,

% % =

—— Direction of incident light

Figure 34.6: A particle scatters increasingly more in the forward direction as the frequency
increases.Courtesy of hyperphysics.phy-astr.gsu.edu.

34.2.2 Mie Scattering by Spherical Harmonic Expansions

As mentioned before, as the wavelength becomes shorter, we need to solve the boundary
value problem in its full glory without making any approximations. This can be done by
using separation of variables and spherical harmonic expansions that will be discussed in the
section.

The Mie scattering solution by a sphere is beyond the scope of this course.” This problem
have to solved by the separation of variables in spherical coordinates. The separation of
variables in spherical coordinates is not the only useful for Mie scattering, it is also useful for
analyzing spherical cavity. So we will present the precursor knowledge so that you can read
further into Mie scattering theory if you need to in the future.

34.2.3 Separation of Variables in Spherical Coordinates

To this end, we look at the scalar wave equation (V24 32)¥(r) = 0 in spherical coordinates. A
lookup table can be used to evaluate V-V, or divergence of a gradient in spherical coordinates.

Hence, the Helmholtz wave equation becomes®
10 ,0 1 90 . 0 1 0? 9
——r"— 4+ ————sinl—=+ —5——-—— PU(r)=0 34.2.1
<r2 o ar Zsmo o0 "o T amzeage TP )T (34.2.1)

Noting the §%/9¢? derivative, by using separation of variables technique, we assume ¥(r) to
be

U(r) = F(r,0)e/™? (34.2.2)

"But it is treated in J.A. Kong’s book [31] and Chapter 3 of W.C. Chew, Waves and Fields in Inhomogeneous
Media [34] and many other textbooks [42,59,154].

8By quirk of mathematics, it turns out that the first term on the right-hand side below can be simplified
by observing that T% %7‘2 = %%r.
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where 88;2 eIm? = —m?2ei™?. Then (34.2.1) becomes

ﬁarr or r%inﬁ%sme% " r2gin24

<1 9 4,0 1 9 B m?2 +ﬂ2) F(r0) =0 (34.2.3)

Again, by using the separation of variables, and letting further that

F(r,0) = b,(Br)P*(cos ) (34.2.4)
where we require that
1 d . d m2 m
{sin@d@ sin 9@ + [n(n +1)— - ] } P (cosf) =0 (34.2.5)

when P7*(cosf) is the associate Legendre polynomial. Note that (34.2.5) is an eigenvalue
problem, and |m| < |n|.
Consequently, b, (kr) satisfies

[:%anzdfi _ w 4 52] b (Br) = 0 (34.2.6)

The above is the spherical Bessel equation where b, (0r) is either the spherical Bessel function
Jn(Br), spherical Neumann function n,,(8r), or the spherical Hankel functions, h;l)(ﬁr) and
hg)(ﬁr). The spherical functions are related to the cylindrical functions via [34,43] °

b (Br) = JWBH%(BT) (34.2.7)

It is customary to define the spherical harmonic as

Yo (60,6) = 4| 2"4:: ! MW(COS 0)eim? (34.2.8)

The above is normalized such that

Yem(0,6) = (1), (6, 0) (34.2.9)

and that
27 T
/ do / S0 0d0Y (0, 6) Y (0, 6) = SrrmGmrmn (34.2.10)
0 0

These functions are also complete!? if like Fourier series, so that

i zn: Y (0, ) Yom (0, 6) = 6(¢ — ¢ )d(cos 6 — cos ) (34.2.11)

n=0m=—n

9By a quirk of nature, the spherical Bessel functions needed for 3D wave equations are in fact simpler than
cylindrical Bessel functions needed for 2D wave equation. One can say that 3D is real, but 2D is surreal.

10In a nutshell, a set of basis functions is complete in a subspace if any function in the same subspace can
be expanded as a sum of these basis functions.



Lecture 35

Sommerfeld Integral, Weyl
Identity

35.1 Spectral Representations of Sources

A plane wave is a mathematical idealization that does not exist in the real world. In practice,
waves are nonplanar in nature as they are generated by finite sources, such as antennas
and scatterers. For example, a point source generates a spherical wave which is nonplanar.
Fortunately, these waves can be expanded in terms of sum of plane waves. Once this is done,
then the study of non-plane-wave reflections from a layered medium becomes routine. In the
following, we shall show how waves resulting from a point source can be expanded in terms of
plane waves summation. This topic is found in many textbooks [1,31,34,87,88,154,177,189].

35.1.1 A Point Source

From this point onward, we will adopt the exp(—iwt) time convention to be commensurate
with the optics and physics literatures.

There are a number of ways to derive the plane wave expansion of a point source. We will
illustrate one of the ways. The spectral decomposition or the plane-wave expansion of the
field due to a point source could be derived using Fourier transform technique. First, notice
that the scalar wave equation with a point source is

0* 0 02 2
o 92 + 32T ki | d(z,y,2) = —8(x) 6(y) 8(2). (35.1.1)

The above equation could then be solved in the spherical coordinates, yielding the solution
ei}@o’r

o(r) = (35.1.2)

dmr
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Next, assuming that the Fourier transform of ¢(z,y, z) exists, we can write
1 _ o
d(z,y, 2) = @7 // dkydkydk, ¢(ky, ky, k,)e'kerTikyytik=2 (35.1.3)
m

Then we substitute the above into (35.1.1), after exchanging the order of differentiation and
integration, one can convert

0? 0? 0? 9 9 o
@—F@—F@——k‘m—ky—kz

Then, together with the Fourier representation of the delta function, which is

1 o
6(x)0(y)6(z) = e /// dkpdkydk, eFamTikyytiksz (35.1.4)
we convert (35.1.1) into

/// dkgdkydk. [k§ — k2 — ki — k2| (ky, Ky, k) e Rovtihuytik== (35.1.5)

—0o0

=— /// dkydkydk, et ihvutiksz, (35.1.6)

Since the above is equal for all z, y, and z, we can Fourier inverse transform the above to get

- -1

K, by, k) = : 1.7

Consequently, we have

-1 o 6ikzm+ikyy+ikzz
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A Im [kz]

> Re [k,]

Fourier Inversion Contour

> X
2 2 2
«\/kokxkyj

Figure 35.1: The integration along the real axis is equal to the integration along C' plus the
residue of the pole at (k3 — k2 — k;)l/z, by invoking Jordan’s lemma.

In the above, if we examine the k. integral first, then the integrand has poles at k, =
+(k3 — k2 — ki)l/ 21 Moreover, for real kg, and real values of k, and ky, these two poles
lie on the real axis, rendering the integral in (35.1.8) undefined. However, if a small loss is
assumed in ko such that ko = k{ + ik({/, then the poles are off the real axis (see Figure 35.1),
and the integrals in (35.1.8) are well-defined. As we shall see, this is intimately related to
the uniqueness principle we have studied before. First, the reason is that ¢(x,y, z) is not
strictly absolutely integrable for a lossless medium, and hence, its Fourier transform may not
exist [45]. Second, the introduction of a small loss also guarantees the radiation condition
and the uniqueness of the solution to (35.1.1), and therefore, the equality of (35.1.2) and
(35.1.8) [34].

Observe that in (35.1.8), when z > 0, the integrand is exponentially small when Sm[k.] —
00. Therefore, by Jordan’s lemma, the integration for k&, over the contour C' as shown in Figure
35.1 vanishes. Then, by Cauchy’s theorem, the integration over the Fourier inversion contour
on the real axis is the same as integrating over the pole singularity located at (k3 — k2 —k2)'/2,
yielding the residue of the pole (see Figure 35.1). Consequently, after doing the residue
evaluation, we have

eikzz-‘rikyy-i-ik;z
/ b)
z

Z. oo
P(z,y,2) = 200)? // dkydky ? z >0, (35.1.9)

where kI, = (k§ — k2 — k2)1/2.

n (35.1.8), the pole is located at k% + kfj + kg = k(Q) This equation describes a sphere in k space, known
as the Ewald’s sphere [190].
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Similarly, for z < 0, we can add a contour C' in the lower-half plane that contributes to
zero to the integral, one can deform the contour to pick up the pole contribution. Hence, the
integral is equal to the pole contribution at k, = —(k — k2 — k2)1/? (see Figure 35.1). As
such, the result for all z can be written as ‘

etketikyy+ik’|z|
/
4

; o
E N — 11 z. 1.1
¢<$a97 Z) 2(27T)2 // dkmdky A , all z (35 O)

By the uniqueness of the solution to the partial differential equation (35.1.1) satisfying
radiation condition at infinity, we can equate (35.1.2) and (35.1.10), yielding the identity

0
ikor . ikpxtikyy+ik.|z|
& (3 & !
= — dk.dk, — 35.1.11
e // x Yy kz ’ ( )

r

where k2 +k2+k2 = k3, or k. = (k§ — k2 —k2)'/2. The above is known as the Weyl identity
(Weyl 1919). To ensure the radiation condition, we require that Sm[k.] > 0 and Re[k,] > 0
over all values of k, and k, in the integration. Furthermore, Equation (35.1.11) could be
interpreted as an integral summation of plane waves propagating in all directions, including
evanescent waves. It is the plane-wave expansion of a spherical wave.

k,

A
Evanescent
k 0 Spectrum

.......
_____
Pid -~

e

y

’
’
[
'
:
L]
.
\
5 Propagaling K
N Spectrym /
“~

[}

-
-
Sreeate--""

Figure 35.2: The wave is propagating for k, vectors inside the disk, while the wave is evanes-
cent for k, outside the disk.

One can also interpret the above as a 2D surface integral in the Fourier space over the k,
and k, variables. When k2 + k2 < kg, or inside a disk of radius ko, the waves are propagating
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waves. But for contributions outside this disk, the waves are evanescent (see Figure 35.2).
And the high Fourier (or spectral) components of the Fourier spectrum correspond to evanes-
cent waves. Since high spectral components, which are related to the evanescent waves, are
important for reconstructing the singularity of the Green’s function.

¢ > X

Figure 35.3: The k, and the p vector on the xy plane.
In (35.1.11), we can write k, = &k, cosa + gk, sina, p = Tpcosd + gpsin ¢ (see Figure
35.3), and dk,dk, = k,dk,da. Then, kyz + kyy =k, - p =k, cos(a — ¢), and we have

o0

etkor i 27 eikppcos(a—¢)+ikz|z|
— | kydk, / da (35.1.12)
0

r :27r k. ’
0

where k, = (k3 —k2 —k2)'/? = (k3 — k%)l/z, where in cylindrical coordinates, in the k,-space,
or the Fourier space, k7 = k7 + k. Then, using the integral identity for Bessel functions
given by?

27
1 )

Jo(k,p) = %/ da etkorcos(a=9) (35.1.13)

0
(35.1.12) becomes
ikof’ > k, .
er =i / dkpk—”Jo(kpp)e“fz'Z‘. (35.1.14)
.O z

The above is also known as the Sommerfeld identity (Sommerfeld 1909 [192]; [177][p. 242]).
Its physical interpretation is that a spherical wave can be expanded as an integral summation
of conical waves or cylindrical waves in the p direction, times a plane wave in the z direction
over all wave numbers k,. This wave is evanescent in the 2z direction when k, > kq.

28ee Chew [34], or Whitaker and Watson(1927) [191].
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By using the fact that Jo(k,p) = 1/2[Hél)(kpp) + Hé2)(kpp)], and the reflection formula

that Hél)(e”a:) = fH(()Q) (z), a variation of the above identity can be derived as

ikoT o >° k .

c — = % / dk, k—:Hél)(k:pp)eZkz‘zl. (35.1.15)

A Im [kp]
., - Tko

X A > \ »Re [kp]

0 Sommerfeld
Integration Path

Figure 35.4: Sommerfeld integration path.

Since H(()l)(x) has a logarithmic branch-point singularity at = = 0, and k, = (k3 — k'g)l/2
has algebraic branch-point singularities at k, = £ko, the integral in Equation (35.1.15) is
undefined unless we stipulate also the path of integration. Hence, a path of integration
adopted by Sommerfeld, which is even good for a lossless medium, is shown in Figure 35.4.
Because of the manner in which we have selected the reflection formula for Hankel functions,
ie., H(gl)(e”x) = —HéQ) (z), the path of integration should be above the logarithmic branch-
point singularity at the origin.

35.1.2 Riemann Sheets and Branch Cuts

The function k, = (k§ — k2)!/2 in (35.1.14) and (35.1.15) are double-value functions because,
in taking the square root of a number, two values are possible. In particular, k, is a double-
value function of k,. Consequently, for every point on a complex k, plane in Figure 35.4,
there are two possible values of k,. Therefore, the integral (35.1.10) is undefined unless we
stipulate which of the two values of k, is adopted in performing the integration.

A multivalue function is denoted on a complex plane with the help of Riemann sheets
[34,81]. For instance, a double-value function such as k, is assigned two Riemann sheets to
a single complex plane. On one of these Riemann sheets, k., assumes a value just opposite in
sign to the value on the other Riemann sheet. The correct sign for k, is to pick the square
root solution so that Sm(k,) > 0. This will ensure a decaying wave from the source.

35.2 A Source on Top of a Layered Medium

It can be shown that plane waves reflecting from a layered medium can be decomposed into
TE-type plane waves, where E, = 0, H, # 0, and TM-type plane waves, where H, = 0,

3H(()l)(x) ~ % In(z), see Chew [34][p. 14], or Abromawitz or Stegun [106].
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E. # 0.* One also sees how the field due to a point source can be expanded into plane waves
in Section 35.1.

In view of the above observations, when a point source is on top of a layered medium,
it is then best to decompose its field in terms of waves of TE-type and TM-type. Then,
the nonzero component of E, characterizes TM waves, while the nonzero component of H,
characterizes TE waves. Hence, given a field, its TM and TE components can be extracted
readily. Furthermore, if these TM and TE components are expanded in terms of plane waves,
their propagations in a layered medium can be studied easily.

The problem of a vertical electric dipole on top of a half space was first solved by Som-
merfeld (1909) [192] using Hertzian potentials, which are related to the z components of the
electromagnetic field. The work is later generalized to layered media, as discussed in the liter-
ature. Later, Kong (1972) [193] suggested the use of the z components of the electromagnetic
field instead of the Hertzian potentials.

35.2.1 Electric Dipole Fields

The E field in a homogeneous medium due to a point current source or a Hertzian dipole
directed in the & direction, J = &I¢§(r), is derivable via the vector potential method or the
dyadic Green’s function approach. Then, using the dyadic Green’s function approach, or the
vector/scalar potential approach, the field due to a Hertzian dipole is given by

) . vV . eikr
E(r) =iwu (I + k2> -all pp (35.2.1)

where I/ is the current moment and k¥ = w,/pe, the wave number of the homogeneous
medium. Furthermore, from V x E = iwpH, the magnetic field due to a Hertzian dipole is
given by

eik:r
H(r) = Al . 2.2
(r)=Vxa yp- (35.2.2)

With the above fields, their TM and TE components can be extracted easily.

4 Chew, Waves and Fields in Inhomogeneous Media [34]; Kong, Electromagnetic Wave Theory [31].
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(a) Vertical Electric Dipole (VED)

Region 1 > X

Region i —d:
1

Figure 35.5: A vertical electric dipole over a layered medium.

A vertical electric dipole shown in Figure 35.5 has & = Z; hence, the TM component of the
field is characterized by

iwpll (o, 0% ekr
E, = K+ — , 35.2.3
4rk? ( * 022) r ( )
and the TE component of the field is characterized by
H,=0, (35.2.4)

implying the absence of the TE field.
Next, using the Sommerfeld identity (35.1.15) in the above, and after exchanging the order
of integration and differentiation, we have®

I
o

8mwe

Tk _
/ dk, k—”Hé”(kpp)e“lez\, (35.2.5)

— 00

after noting that k‘,% + k2 = k2. Notice that now Equation (35.2.5) expands the z component
of the electric field in terms of cylindrical waves in the p direction and a plane wave in the z
direction. Since cylindrical waves actually are linear superpositions of plane waves, because
we can work backward from (35.1.15) to (35.1.11) to see this. As such, the integrand in
(35.2.5) in fact consists of a linear superposition of TM-type plane waves. The above is also
the primary field generated by the source.

Consequently, for a VED on top of a stratified medium as shown, the downgoing plane
wave from the point source will be reflected like TM waves with the generalized reflection

5By using (35.1.15) in (35.2.3), the 92/022 operating on e#z12l produces a Dirac delta function singularity.
Detail discussion on this can be found in the chapter on dyadic Green’s function in Chew, Waves and Fields
in Inhomogeneous Media [34].
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coefficient ]??QM . Hence, over a stratified medium, the field in region 1 can be written as

Elz =

/ dkpkp H(l (k) [ ik1z|2 \+RTM k1224 2ik1zda | (35.2.6)

— 00

87rw61

where ki, = (k% — kz) and k? = w?uie1, the wave number in region 1.
The phase—matchmg condition dictates that the transverse variation of the field in all the
regions must be the same. Consequently, in the i-th region, the solution becomes

—-Iv

€l = 787rw

B .
/ dk kp H (k,p)A; [e7hizz 4 RTM eikizzt2ikizdi| (35.2.7)

— 00

Notice that Equation (35.2.7) is now expressed in terms of ¢;E;, because ¢;F;, reflects and
transmits like H;,, the transverse component of the magnetic field or TM waves.® Therefore,
RZT%I and A; could be obtained using the methods discussed in Chew, Waves and Fields in
Inhomogeneous Media.

This completes the derivation of the integral representation of the electric field everywhere
in the stratified medium. These integrals are known as Sommerfeld integrals. The case

when the source is embedded in a layered medium can be derived similarly

(b) Horizontal Electric Dipole (HED)

For a horizontal electric dipole pointing in the x direction, & = &; hence, (35.2.1) and (35.2.2)
give the TM and the TE components as

il 9% ekr
= - 35.2.8
drwe 020x 1’ ( )

Il 0 er
H =—— . 35.2.9
At dy r ( )
Then, with the Sommerfeld identity (35.1.15), we can expand the above as
E, cosqs / dk, K2HM (k,p)ei=I?] (35.2.10)
44 P (1) ik, |z|

H, 28— sin ¢ dk;p " H, " (k,p)e™==1. (35.2.11)

Now, Equation (35.2.10) represents the wave expansion of the TM field, while (35.2.11) rep-
resents the wave expansion of the TE field. Observe that because E, is odd about z = 0 in
(35.2.10), the downgoing wave has an opposite sign from the upgoing wave. At this point,
the above are just the primary field generated by the source.

6See Chew, Waves and Fields in Inhomogeneous Media [34], p. 46, (2.1.6) and (2.1.7)
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On top of a stratified medium, the downgoing wave is reflected accordingly, depending on
its wave type. Consequently, we have

o0
1/ ; 5 i
By, = 8;%1 cos ¢ / dk, K2H" (k,p) [iemzlzl - RlTQMe”“*Z”d“} : (35.2.12)
ill . a ki (1) iki:|z| | PTE iki.(2+2d1)
le = 87s1n¢ dkp HHI (k'pp) |:6 + ng € :| . (35213)

— 00

Notice that the negative sign in front of RT}M in (35.2.12) follows because the downgoing
wave in the primary field has a negative sign.

35.2.2 Some Remarks

Even though we have arrived at the solutions of a point source on top of a layered medium
by heuristic arguments of plane waves propagating through layered media, they can also
be derived more rigorously. For example, Equation (35.2.6) can be arrived at by matching
boundary conditions at every interface. The reason why a more heuristic argument is still
valid is due to the completeness of Fourier transforms. It is best explained by putting a source
over a half space and a scalar problem.

We can expand the scalar field in the upper region as

Dy (z,y,2) = //dkzmdkyél(kr,ky,z)eik”“’“kyy (35.2.14)
and the scalar field in the lower region as
y(z,y,2) = //dkwdkyég(km,ky,z)eikm“+ikyy (35.2.15)
If we require that the two fields be equal to each other at z = 0, then we have
oo o0
// dkydky @1 (ky, ky, 2 = 0)eFetihsy — // dkydky ®o(ky, ky, 2 = 0)eF=tihoy (35 9.16)

In order to remove the integral, and replace it with a simple scalar problem, one has to impose
the above equation for all # and y. Then the completeness of Fourier transform implies that”

Dy (ky, by, 2 = 0) = Bo(ky, by, 2 = 0) (35.2.17)

The above equation is much simpler than that in (35.2.16). In other words, due to the
completeness of Fourier transform, one can match a boundary condition spectral-component
by spectral-component. If the boundary condition is matched for all spectral components,
than (35.2.16) is also true.

7Or that we can perform a Fourier inversion on the above integrals.
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36.1 Introduction to Computational Electromagnetics

Due to the advent of digital computers, numerical methods to seek solutions of Maxwell’s
equations have become vastly popular. Due to the high fidelity of Maxwell’s equations in
describing electromagnetic physics in nature, often time, a numerical solution obtained by
solving Maxwell’s equations are more reliable than laboratory experiments. This field is also
known as computational electromagnetics.

Computational electromagnetics consists mainly of two kinds of numerical solvers: one
that solves the differential equations directly, the differential-equation solvers; and one that
solves the integral equations which are derived from Maxwell’s equations.

Differential equation solvers are generally easier to implement, but they solve for the
fields directly. The fields permeate all of space, and hence, the unknowns are volumetrically
distributed. When the fields are digitized by representing them by their point values in space,
they require a large number of unknowns to represent.

On the other hand, the derivation of integral equations require the use of the Green’s
functions. Green’s functions are in general singular when r = r’, or when the observation
point (observation point) r and the source point r’ coincide. Care has to be taken to discretize
the integral equations. However, because the unnknowns are current sources or equivalent
sources rather the fields, the unknowns needed are greatly reduced.

There are differences between differential equation solvers and differential equation solvers
that will become clearer as we delve into this topic.
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36.2 Finite-Difference Method

To obtain the transient (time-domain) solution of the wave equation for a more general,
inhomogeneous medium, a numerical method has to be used. The finite-difference time-
domain (FDTD) method, a numerical method, is particularly suitable for solving transient
problems. Moreover, it is quite versatile, and given the present computer technology, it has
been used with great success in solving many practical problems. This method is based on a
simple Yee algorithm [194] and has been vastly popularized by Taflove [195,196].

In the finite-difference method, continuous space-time is replaced with a discrete space-
time. Then, in the discrete space-time, partial differential equations are replaced with differ-
ence equations. These difference equations are readily implemented on a digital computer.
Furthermore, an iterative or time-stepping scheme can be implemented without having to
solve large matrices, resulting in a great savings in computer time.! More recently, the
development of parallel processor architectures in computers has also further enhanced the
efficiency of the finite-difference scheme [197].

This method is also described in numerous works (see, for example, Potter 1973 [198];
Taflove 1988 [195]; Ames 2014 [199]; Morton 2019 [200].

36.2.1 The Finite-Difference Approximation

Consider first a scalar wave equation of the form

1 & t) = u(®)V - Y (r)Vo(r,t 36.2.1
Cg(r)@sb(r,)—u(r) T (r)Ve(r, t). (36.2.1)

The above equation appears in scalar acoustic waves in inhomogeneous media [34,201].

To convert the above into a form that can be solved by a digital computer, one needs to
find finite-difference approximations to the time derivatives. Then, the time derivative can
be approximated in many ways. For example,

8¢(I‘, t) ~ d)(I‘7 L+ At) — (25(1‘, t)

Forward difference: T A7 , (36.2.2)
4 t) — t— At
Backward difference: 9(r,?) 2 B(r,t) — &(r, ), (36.2.3)
ot At
t4 Aty _ t— At
Central difference: 5‘(1)(({;, 2 ~ or,t+ 5 >At¢(r’ 2 ), (36.2.4)

IWe shall learn later that most computational electromagnetics methods convert Maxwell’s equations into
a matrix equation. Then numerical linear algebra methods are used to solve the ensuing matrix equation.
Methods where such a matrix is not generated is called a matrix-free method, resulting in great savings in
memory.
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Figure 36.1: Different finite-difference approximations for the time derivative.

where At is a small number. Of the three methods of approximating the time derivative, the
central-difference scheme is the best approximation, as is evident in Figure 36.1. The errors in
the forward and backward differences are O(At) (first-order error) while the central-difference
approximation has an error O[(At)?] (second-order error). This can be easily illustrated by
Taylor series expanding the right-hand sides of (36.2.2) to (36.2.4).

Consequently, using the central-difference formula twice, we arrive at

82 0 715 + Aty _ 7t -4t
St~ o i - )At¢(r = (3029
St + AL — 2(¢A(1;,)§) +o(r,t = Al) (36.2.6)

Next, if the function ¢(r,t) is indexed on discrete time steps on the ¢ axis, such that for
t = I6t, then ¢(r,t) = ¢(r,IAt) = ¢!(r), where [ is an integer. Using this notation, Equation
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(36.2.6) then becomes

o () = 26! (r) + ¢ (x)
S0, t) ~ ot . (36.2.7)

36.2.2 Time Stepping or Time Marching

With this notation and approximations, Equation (36.2.1) becomes a time-stepping (or time-
marching) formula, namely,

¢t (r) = () (A p(r)V - 5 1)Vl (r) + 29 (r) — ¢! (x). (36.2.8)

Therefore, given the knowledge of ¢(r,t) at t = IAt and ¢ = (I—1)At for all r, one can deduce
o(r,t) at t = (I+1)At. In other words, given the initial values of ¢(r,t) at, for example, t =0
and t = At, ¢(r,t) can be deduced for all subsequent times, provided that the time-stepping
formula is stable.

At this point, the right-hand side of (36.2.8) involves the space derivatives. There exist
a plethora of ways to approximate and calculate the right-hand side of (36.2.8) numerically.
Here, we shall illustrate the use of the finite-difference method to calculate the right-hand
side of (36.2.8). Before proceeding further, note that the space derivatives on the right-hand
side in Cartesian coordinates are

_ o {0 a _,0 a _,0
)V - p 1(1‘)V¢(r):u%u 1%¢+M@M la*y¢+,u£ﬂ 1£¢- (36.2.9)

Then, one can approximate, using central differencing that

0 A A
5, 0@y, 2) = Aiz [(ﬁ (w,y,z + ;) —¢ (az7y7z - ;)} , (36.2.10)

Consequently, using central differencing two times,

o _,0 1 1 Az

e ) e ()
ut (z - A;) o(x,y, 2 — Az)} : (36.2.11)

Furthermore, after denoting ¢(x,y,2) = Gm.np, (T, Y,2) = lUm.n,p, o0 a discretized grid
point at x = mAx, y = nAy, z = pAz, we have (z,y, z) = (mAz, nAy, pAz), and then

0 9] 1 _
! {,u ! ¢m,n,p+1

&/L $¢(537ya3) ~ (AZ)Q m,n,p+%

-1 -1 -1
(it ) G T A bmnp] - (36.212)
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This cumbersome equation can be abbreviated if we define a central difference operator

aS2

O:m = é (¢m+% - qu_;) (36.2.13)

2
Then the right-hand side of the (36.2.12) can be written succinctly as

o _,0 - _
a:u 1@ (mayvz) %6z,um,n,paz¢m,n,p (36214)

With similar approximations to the other terms in (36.2.9), Equation (36.2.8) becomes

O = (A’ C i phtmnp [Oatim,n.pOs + Dyttim,n,pBy + Oz ttomn.p0z] Gmmp
+ 20 0 p — P (36.2.15)

The above can be readily implemented on a computer for time stepping. Notice however,
that the use of central differencing results in the evaluation of medium property p at half
grid points. This is inconvenient, as the introduction of half grid points increases computer
memory requirements. Hence, it is customary to the medium property at the integer grid
points, and to approximate

—_

:um-‘r%,n,p = 5(/”"”14‘1,7171) + ilJ’mﬂap)? (36216)

’um+%)n:p + lu’m*%,n,p = 2,U/m,n,p7 (36217)

and so on. Moreover, if p is a smooth function of space, it is easy to show that the errors in
the above approximations are of second order by Taylor series expansions.
For a homogeneous medium, with Az = Ay = Az = As, (36.2.15) becomes

At\?
(rblr:i,p = (AS) CQ [ £n+1,n,p + ¢£n—1,n,p + ¢lm,n+1,p + (rblm,,n—l,p + ¢lrn,n,p+1
+ (b%m,n,p—l - 6¢in7n,p] + 2¢£n,n,p - ¢£7:,1L,p' (36218)

Notice then that with the central-difference approximation, the value of (bﬁ,ﬂl’p is dependent
only on (i)fn’n’p, and its nearest neighbors, d)ﬁnilm’w ¢£n,nj:l,p7 gzbﬁn’mpﬂ, and ¢f;}%p, its value
at the previous time step. Moreover, in the finite-difference scheme outlined above, no matrix
inversion is required at each time step. Such a scheme is also known as an explicit scheme.
The use of an explicit scheme is a major advantage of the finite-difference method compared
to the finite-element methods. Consequently, in order to update N grid points using (36.2.15)
or (36.2.18), O(N) multiplications are required for each time step. In comparison, O(N?)
multiplications are required to invert an N x N full matrix, e.g., using Gaussian elimination.
The simplicity and efficiency of these algorithms have made them very popular.

2This is in the spirit of [202].
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36.2.3 Stability Analysis

The implementation of the finite-difference scheme does not always lead to a stable scheme.
Hence, in order for the solution to converge, the time-stepping scheme must at least be stable.
Consequently, it is useful to find the condition under which a numerical finite-difference
scheme is stable. To do this, one performs the von Neumann stability analysis (von Neumann
1943 [203]) on Equation (36.2.18). We will assume the medium to be homogeneous to simplify
the analysis.

As shown previously, any wave can be expanded in terms of sum of plane waves in different
directions. So if a scheme is not stable for a plane wave, it would not be stable for any wave.
Consequently, to perform the stability analysis, we assume a propagating plane wave as a
trial solution

b(x,y, 2, 1) = A(t)etkartikyytikaz (36.2.19)
In discretized form, it is just
fn,n,p — AlpikamAstikynlAstik.pAs (36220)

Using (36.2.20), it is easy to show that for the x space derivative,
£n+1,n,p - 2¢£n,n7p + ¢gm71,n,p = 2[COS([€IA8) - 1] fn,n,p

kn A
= —4sin? (25) & (36.2.21)

m,n,p*

The space derivatives in y and z directions can be similarly derived.
The time derivative can be treated and it is proportional to
82
ar?
Substituting (36.2.20) into the above, we have the second time derivative being proportional
to

P(r, ) (AL m Gt = 20k, 0+ Do - (36.2.22)

92 L
ﬁ¢(r7 t)(At)Q ~ (Al+1 _ 2Al 4 Al—l)ezkznbAa-HkynAs-‘rzkszb (36223)
To simplify further, one can assume that

At = gAl, (36.2.24)
This is commensurate with assuming that
A(t) = Age ™! (36.2.25)

where w can be complex. In other words, our trial solution (36.2.19) is also a time-harmonic
signal. If the finite-difference scheme is unstable for such a signal, it is unstable for all signals.
Consequently, the time derivative is proportional to

2

9 _
S @A)~ (9 =24 97 )b, (36.2.26)
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We need to find the value of g such that the solution (36.2.20) satisfies (36.2.18). To this
end, one uses (36.2.21) and (36.2.24) in (36.2.18), and repeating (36.2.21) for the n and p
variables, one obtains

At 2 k.As ky,As
1\ 1 2 2 x 2 Yy
(9—2+9) m,n,p 4 < QS) ¢ {Sm ( 2 > sm ( 2 )

kA
+Sin2 (225>:| djin,nJ)

= —4r?$L, s (36.2.27)
where
T = <§z> ¢, 5% = sin? (kx2AS> + sin? <ky2AS> + sin? <kz2As> . (36.2.28)
Equation (16) implies that, for nonzero (bﬁn’n_’p,
g? — 29+ 4r¥s’g+1 =0, (36.2.29)
or that
g=(1—2r%s%) 4 2rs\/(r2s2 — 1). (36.2.30)

In order for the solution to be stable, it is necessary that |g| < 1. But if
r?s? <1, (36.2.31)
the second term in (36.2.30) is pure imaginary, and
9> = (1 — 2r%s)% + 49252 (1 — r?s?%) = 1, (36.2.32)

or stability is ensured. Since s? < 3 for all k, k,, and k., from (36.2.31), one concludes that
the general condition for stability is

A
o At< 22, (36.2.33)

1
\/§ ’ C\/g
It is clear from the above analysis that for an n-dimensional problem,

As
N

One may ponder on the meaning of this inequality further: but it is only natural that
the time step At has to be bounded from above. Otherwise, one arrives at the ludicrous
notion that the time step can be arbitrarily large thus violating causality. Moreover, if the
grid points of the finite-difference scheme are regarded as a simple cubic lattice, then the
distance As/y/n is also the distance between the closest lattice planes through the simple
cubic lattice. Notice that the time for the wave to travel between these two lattice planes is

r <

At <

(36.2.34)
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As/(cy/n). Consequently, the stability criterion (36.2.34) implies that the time step At has to
be less than the shortest travel time for the wave between the lattice planes in order to satisfy
causality. In other words, if the wave is time-stepped ahead of the time on the right-hand side
of (36.2.34), instability ensues. The above is also known as the CFL (Courant, Friedrichs,
and Lewy 1928 [204]) stability criterion. It could be easily modified for Az # Ay # Az.

The above analysis implies that we can pick a larger time step if the space steps are
larger. A larger time step will allow one to complete generating a time-domain response
rapidly. However, one cannot arbitrary make the space step large due to grid-dispersion
error, as shall be discussed next.

36.2.4 Grid-Dispersion Error

When a finite-difference scheme is stable, it still may not produce good results because of
the errors in the scheme. Hence, it is useful to ascertain the errors in terms of the size of
the grid and the time step. An easy error to analyze is the grid-dispersion error. In a
homogeneous, dispersionless medium, all plane waves propagate with the same phase velocity.
However, in the finite-difference approximation, all plane waves will not propagate at the same
phase velocity due to the grid-dispersion error.

As a consequence, a pulse in the time domain, which is a linear superposition of plane waves
with different frequencies, will be distorted if the dispersion introduced by the finite-difference
scheme is intolerable. Therefore, to make things simpler, we will analyze the grid-dispersion
error in a homogeneous free space medium.

To ascertain the grid-dispersion error, we assume the solution is time-harmonic, or that
Al = e~wIAt in (36.2.20). In this case, the left-hand side of (36.2.27) becomes

) . At
(e—uuAt —24 6+zwAt) l =4 SiHQ (OJ) l (36235)

m,n,p 9 m,n,p*
Then, from Equation (36.2.27), it follows that

At
sin (“2> =rs, (36.2.36)

where r and s are given in (36.2.28). Now, Equation (36.2.36) governs the relationship between
w and kz, ky, and k. in the finite-difference scheme, and hence, is a dispersion relation.

But if a medium is homogeneous, it is well known that (36.2.1) has a plane-wave solution
of the type given by (36.2.19) where

w=cy/kZ + k2 + k2 = clk| = ck. (36.2.37)

where k = Tk, + yk, + £k, is the direction of propagation of the plane wave. Defining the
phase velocity to be w/k = ¢, this phase velocity is isotropic, or the same in all directions.
Moreover, it is independent of frequency. But in (36.2.36), because of the definition of s as
given by (36.2.28), the dispersion relation between w and k is not isotropic. This implies that
plane waves propagating in different directions will have different phase velocities.
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Equation (36.2.36) departs from Equation (36.2.37) as a consequence of the finite-difference
approximation. This departure gives rise to errors, which are the consequence of grid disper-
sion. For example, when c is a constant, (36.2.37) states that the phase velocities of plane
waves of different wavelengths and directions are the same. However, this is not true for
(36.2.36), as shall be shown.

Assuming s small, (36.2.36), after using Taylor series expansion, can be written as

At 3.3
YR sinlrs s+ (36.2.38)

When As is small, using the small argument approximation for the sine function, one obtains
from (36.2.28)

A
5~ 7‘9(1& R k)2 (36.2.39)

Equation (36.2.38), by taking the higher-order Taylor expansion of (36.2.38), then becomes

A A
“’Tt ne SR (2 K2+ k)2 (1 (36.2.40)
where (see [34])

57A52 kiJrk;LJrk;l r2As?
24 k;g+k§+k§+ 24

(k3 + K + k2) (36.2.41)

Since k is inversely proportional to wavelength A, then ¢ in the correction to the above
equation is proportional to As? /A2, Therefore, to reduce the grid dispersion error, it is
necessary to have

2
(AAS> < 1. (36.2.42)

When this is true, using the fact that r = cAt/As, then (36.2.40) becomes

% ~ Jh2 + k2 + k2. (36.2.43)

which is close to the dispersion relation of free space. Consequently, in order for the finite-
difference scheme to propagate a certain frequency content accurately, the grid size must be
much less than the wavelength of the corresponding frequency. Furthermore, At must be
chosen so that the CFL stability criterion is met. Hence, the rule of thumb is to choose about
10 to 20 grid points per wavelength. Also, for a plane wave propagating as e’®'*, an error
0k in the vector k gives rise to cumulative error e?’**. The larger the distance traveled, the
larger the cumulative phase error, and hence the grid size must be smaller in order to arrest

such phase error due to the grid dispersion.
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36.3 The Yee Algorithm

The Yee algorithm (Yee 1966 [194]) is specially designed to solve vector electromagnetic field
problems on a rectilinear grid. The finite-difference time-domain (FDTD) method (Taflov
1988) when applied to solving electromagnetics problems, usually uses this method. To derive
it, Maxwell’s equations are first written in Cartesian coordinates:

0B, 0E. OE,

) (36.3.1)
B % _ 8615;1 N 8;;;, (36.3.2)
_aiz _ 8£y _ aany’ (36.3.3)
aafiim _ aaHyZ B 8;? T (36.3.4)
aaDty _ a(iz B 5‘;% —J, (36.3.5)
OD. _ oM, OH, (36.3.6)

ot or dy

E;: - ]
\ YR A
| I
z Ho [Fy Ey 11,
1A
V'
v E | H, y:
- —Z E\-'L:’__?__LL 4
X V4 /H, =X
/ 7/

(1,1, k) E,

Figure 36.2: The assignment of fields on a grid in the Yee algorithm.

After denoting f(nAxz, mAy,pAz,IAt) = ffn’n’p, and replacing derivatives with central
finite-differences in accordance with Figure 36.2, (36.3.1) becomes

i l+% _ Bl_% _ 1 El o El
At L zmantgpts zmnt+ip+l| T Ay [T ymntgptl yymn+t3,p
1 1 l

_A_y |:Ez,m,n+1,p+% - EZ,m,n}p+%:| . (36.3.7)
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Moreover, the above can be repeated for (36.3.2) and (36.3.3). Notice that in Figure 36.2,
the electric field is always assigned to the edge center of a cube, whereas the magnetic field
is always assigned to the face center of a cube.

In fact, after multiplying (36.3.7) by AzAy, (36.3.7) is also the approximation of the
integral forms of Maxwell’s equations when applied at a face of a cube. By doing so, the
left-hand side of (36.3.7) becomes

(AyAz/At) [BF2 -3 (36.3.8)

1 1 1 1
r,mn+35,p+5 z,mn+5,p+3 |’

which is the time variation of the total flux through an elemental area AyAz. Moreover, by
summing this flux on the six faces of the cube shown in Figure 36.2, and using the right-
hand side of (36.3.7) and its equivalent, it can be shown that the magnetic flux adds up to
zero. Hence, %V - B = 0 condition is satisfied within the numerical approximations of Yee’s
algorithm.

Furthermore, a similar approximation of (36.3.4) leads to

1 {Dl . _pt } _ 1 {Hl*% _ g2
At T,m+35,n,p :L’,er%,n,p Ay z,m+%,n+%,p z,m+%,n7%,p
b {H“% g3 ] _ g (36.3.9)
Az y,m+3npti y,m+3mnp—3 z,m+3%,n,p’ e

Also, similar approximations apply for (36.3.5) and (36.3.6). In addition, the above has an
interpretation similar to (36.3.7) if one thinks in terms of a cube that is shifted by half a grid
point in each direction. Hence, the approximations of (36.3.4) to (36.3.6) are consistent with
the approximation of %V -D = =V - J. This way of alternatively solving for the B and D
fields in tandem while the fields are placed on a staggered grid is also called the leap-frog
scheme.

In the above, D = ¢E and B = uH. Since the magnetic field and the electric field are
assigned on staggered grids, p and € may have to be assigned on staggered grids. This does
not usually lead to serious problems if the grid size is small. Alternatively, (36.2.16) and
(36.2.17) can be used to remove this problem.

By eliminating the E or the H field from the Yee algorithm, it can be shown that the Yee
algorithm is equivalent to finite differencing the vector wave equation directly. Hence, the
Yee algorithm is also constrained by the CFL stability criterion.

The following figures show some results of FDTD simulations. Because the answers are
in the time-domain, beautiful animations of the fields are also available online:

https://www.remcom.com/xfdtd-3d-em-simulation-software
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Figure 36.3: The 2D FDTD simulation of complicated optical waveguides (courtesy of Math-
works).

Figure 36.4: FDTD simulation of human head in a squirrel cage of an MRI (magnetic reso-
nance imaging) system (courtesy of REMCOM).

36.3.1 Finite-Difference Frequency Domain Method

Unlike electrical engineering, in many fields, nonlinear problems are prevalent. But when
we have a linear time-invariant problem, it is simpler to solve the problem in the frequency
domain. This is analogous to perform a time Fourier transform of the pertinent linear equa-
tions.

Consequently, one can write (36.3.1) to (36.3.6) in the frequency domain to remove the
time derivatives. Then one can apply the finite difference approximation to the space deriva-
tives using the Yee grid. As a result, one arrives at a matrix equation

A-x=b (36.3.10)

where x is an unknown vector containing E and H fields, and b is a source vector that
drives the system containing J. Due to the near-neighbor interactions of the fields on the Yee
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grid, the matrix A is highly sparse and contains O(N) non-zero elements. When an iterative
method is used to solve the above equation, the major cost is in performing a matrix-vector
product A - x. However, in practice, the matrix A is never generated nor stored. Because of
the simplicity of the Yee algorithm, a code can be written to produce the action of A on x.
This can greatly result in memory savings: such methods are called matrix-free methods.

36.4 Absorbing Boundary Conditions

It will not be complete to close this lecture without mentioning absorbing boundary condi-
tions. As computer has finite memory, space of infinitely large extend cannot be simulated
with finite computer memory. Hence, it is important to design absorbing boundary conditions
at the walls of the simulation domain or box, so that waves impinging on it are not reflected.
This mimicks the physics of an infinitely large box.

This is analogous to experments in microwave engineering. In order to perform experi-
ments in an infinite space, such experiments are usually done in an anechoic (non-echoing or
non-reflecting) chamber. An anechoic chamber has its walls padded with absorbing materials
or microwave absorbers as to minimize the reflections off its walls (see Figure 36.5). Figure
36.6 shows an acoustic version of anechoic chamber.

Figure 36.5: An anechoic chamber for radio frequency. In such an electromagnetically quiet
chamber, interference from other RF equipment is minimized (courtesy of Panasonic).



372 ELECTROMAGNETIC FIELD THEORY

1 et

Ay e
=3 ;445‘!‘; T, I’;:‘_'_j =t
. 1

I

o g | —~
o q—‘_- -
13 ‘-1__ | 3

Figure 36.6: An acoustic anechoic chamber. In such a chamber, even the breast-feeding sound
of a baby can be heard clearly (courtesy of AGH University, Poland).

By the same token, in order to simulate an infinite box with a finite-size box, absorbing
boundary conditions (ABCs) are designed at its walls. The simplest of such ABCs is the
impedance boundary condition. (A transmission line terminated with an impedance reflects
less than one terminated with an open or a short circuit.) Another simple ABC is to mimick
the Sommerfeld radiation condition (much of this is reviewed in [34].

A recently invented ABC is the perfectly matched layers (PML) [205]. Also, another
similar ABC is the stretched coordinates PML [206]. Figure 36.7 shows simulation results
with and without stretched coordinates PMLs on the walls of the simulation domain [207].

Figure 36.7: Simulation of a source on top of a half-space (left) without stretched coordinates
PML; and (right) with stretched coordinats PML [207].



Lecture 37

Computational

Electromagnetics, Numerical
Methods

37.1 Computational Electromagnetics and Numerical Meth-
ods

Numerical methods exploit the blinding speed of modern digital computers to perform calcu-
lations, and hence to solve large system of equations. These equations are partial differential
equations or integral equations. When these methods are applied to solving Maxwell’s equa-
tions and related equations, the field is known as computational electromagnetics.

Maxwell’s equations are a form of partial differential equations (PDE). Boundary con-
ditions have to be stipulated for these PDE’s, and the solution can be sought by solving a
boundary value problem (BVP). In solving PDE’s the field in every point in space is solved
for.

On the other hand, the Green’s function method can be used to convert a PDE into an
integral equation (IE). Then the fields are expressed in terms of the sources, and the sources
are the unknowns to be solved. Sources in IEs are supported by a finite part of space, for
instance on the surface of the scatterer, whereas fields from PDEs permeate all of space.
Therefore, sources in IEs can be represented by a smaller set of unknowns, and therefore, are
easier to solve for compared to fields in PDEs.

37.1.1 Examples of Differential Equations

An example of differential equations written in terms of sources are the scalar wave equation:
(V2 + kY o(r) = Q(r), (37.1.1)
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An example of vector differential equation for vector electromagnetic field is
Vxp ' VxE([r)—w?e E(r) =iwl(r) (37.1.2)

These equations are linear equations. They have one commonality, i.e., they can be
abstractly written as

Lf=g (37.1.3)

where .Z is the differential operator which is linear, and f is the unknown, and g is the
driving source. Differential equations, or partial differential equations, as mentioned before,
have to be solved with boundary conditions. Otherwise, there is no unique solution to these
equations.

In the case of the scalar wave equation (37.1.1), .2 = (V2 + k?) is a differential operator.
In the case of the electromagnetic vector wave equation (37.1.2), £ = (Vx @ ' Vx) —w?e.
Furthermore, f will be ¢(r) for the scalar wave equation (37.1.1), while it will be E(r) in the
case of vector wave equation for an electromagnetic system (37.1.2). The g on the right-hand
side can represent @ in (37.1.1) or iwJ(r) in (37.1.2).

37.1.2 Examples of Integral Equations

This course is replete with PDE’s, but we have not come across too many integral equations.
Therefore, we shall illustrate the derivation of some integral equations. Since the acoustic
wave problem is homomorphic to the electromagnetic wave problem, we will illustrate the
derivation of integral equation of scattering using acoustic wave equation.!

The surface integral equation method is rather popular in a number of applications, be-
cause it employs a homogeneous-medium Green’s function which is simple in form, and the
unknowns reside on a surface rather than in a volume. In this section, the surface integral
equations? for scalar and will be studied first. Then, the volume integral equation will be
discussed next.

Surface Integral Equations

In an integral equation, the unknown to be sought is embedded in an integral. An integral
equation can be viewed as an operator equation as well, just as are differential equations. We
shall see how such integral equations with only surface integrals are derived, using the scalar
wave equation.

IThe cases of electromagnetic wave equations can be found in Chew, Waves and Fields in Inhomogeneous
Media [34].
2These are sometimes called boundary integral equations [208,209].
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Figure 37.1: A two-region problem can be solved with a surface integral equation.

Consider a scalar wave equation for a two-region problem as shown in Figure 37.1. In
region 1, the governing equation for the total field is

(V2 + k) ¢1(r) = Q(r), (37.1.4)

For simplicity, we will assume that the scatterer is impenetrable, meaning that the field in
region 2 is zero. Therefore, we need only define Green’s functions for regions 1 to satisfy the
following equations:

(V2 4+ k) gi(r,v') = —6(r — 1), (37.1.5)

The derivation here is similar to the that of Huygens’ principle. On multiplying Equation
(37.1.1) by ¢1(r,r’) and Equation (37.1.5) by ¢1(r), subtracting the two resultant equations,
and integrating over region 1, we have, for r’ € V7,

/ AV (g1 (1, 1) V21 (x) — 61 (1) V20 r,17)]

1%

- / AV g1 (5, 7)Q(r) + b1 (), 1 € Vi (37.1.6)
i
Since V - (gVé — ¢Vg) = gV3¢ — $V?g, by applying Gauss’ theorem, the volume integral

on the left-hand side of (37.1.6) becomes a surface integral over the surface bounding V;.
Consequently,?

- / 48 - [g1 (2, 7') Vs (x) — o (£) Vi (x, 1)
S+ Sing
= —Pinc(r') + 1 (r'), e (37.1.7)

3The equality of the volume integral on the left-hand side of (37.1.6) and the surface integral on the
left-hand side of (37.1.7) is also known as Green’s theorem.
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In the above, we have let

Gine(r') = —/dV g1(r,v)Q(r), (37.1.8)

Vi

since it is the incident field generated by the source Q(r).

Note that up to this point, g;(r,r’) is not explicitly specified, as long as it is a solution of
(37.1.5). A simple choice for g;(r,r’) that satisfies the radiation condition is

etk [r—r’|

g1(r, ") (37.1.9)

- dm|r — ']’

It is the unbounded, homogeneous medium scalar Green’s function. In this case, ¢;n.(r) is
the incident field generated by the source Q(r) in the absence of the scatterer. Moreover, the
integral over S;,; vanishes when S;,; — oo by virtue of the radiation condition. Then, after
swapping r and r’, we have

d1(r) = Pine(r) — /dS' A (g (e, e )V (x') — o1 (2 )V g1 (r,0)], reVi. (37.1.10)
S

But if v’ ¢ V4 in (37.1.6), the second term, ¢ (r), on the right-hand side of (37.1.6) would be
zero, for v’ would be in V5 where the integration is not performed. Therefore, we can write
(37.1.10) as

gi < é §1<r) } = dinelr) — /dS’ A g1 (e, 0 )V (1) — 1 (2)V gn (r, 1)) (37.1.11)
S

The above equation is evocative of Huygens’ principle. It says that when the observation
point r is in V7, then the total field ¢1(r) consists of the incident field, ¢;n.(r), and the
contribution of field due to surface sources on S, which is the second term on the right-hand
side of (37.1.11). But if the observation point is in V2, then the surface sources on S generate
a field that exactly cancels the incident field ¢;n.(r), making the total field in region 2 zero.
This fact is the core of the extinction theorem as shown in Figure 37.2 (see Born and Wolf
1980).

In (37.1.11), 7 - V¢1(r) and ¢4 (r) act as surface sources. Moreover, they are impressed on
S, creating a field in region 2 that cancels exactly the incident field in region 2 (see Figure
37.2).
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Figure 37.2: The illustration of the extinction theorem.

Applying the extinction theorem, integral equations can now be derived. So, using the
lower parts of Equations (37.1.11), we have

Dine(r) = /dS’ A" g () Vo) — g1 (2 )V gi(r,1')], 1€ Vo, (37.1.12)
S

The integral equations above still has two independent unknowns, ¢, and n - V¢;. Next,
boundary conditions can be used to eliminate one of these two unknowns.

An acoustic scatterer which is impenetrable either has a hard surface boundary condition
where normal velocity is zero, or it has soft surface where the pressure is zero (also called a
pressure release surface). Since the force or the velocity of the particle is proportional to the
V¢, a hard surface will have 7 - V¢ = 0, or a homogeneous Neumann boundary condition,
while a soft surface will have ¢; = 0, a homogeneous Dirichlet boundary condition.

Gine(r) = /dS’ i g1(r, v )V ¢1(r")], r € Vs soft boundary condition

S
(37.1.13)

Gine(r) = — / dS" ¢1(r')V'g1(r,r'], r € Ve, hard boundary condition

S
(37.1.14)

More complicated surface integral equations (SIEs) for penetrable scatterers, as well as
vector surface integral equations for the electromagnetics cases are derived in Chew, Waves
and Fields in Inhomogeneous Media [34,210]. Also, there is another class of integral equations
called volume integral equations (VIEs) [211]. They are also derived in [34].

Nevertheless, all the linear integral equations can be unified under one notation:

Lf=g (37.1.15)

where £ is a linear operator. This is similar to the differential equation case. The difference
is that the unknown f represents the source of the problem, while g is the incident field
impinging on the scatterer or object. Furthermore, f does not need to satisfy any boundary
condition, since the field radiated via the Green’s function satisfies the radiation condition.
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37.2 Subspace Projection Methods

Several operator equations have been derived in the previous sections. They are all of the
form

Zf=g (37.2.1)

37.2.1 Function as a Vector

In the above, f is a functional vector which is the analogy of the vector f in matrix theory
or linear algebra. In linear algebra, the vector f is of length N in an N dimensional space. It
can be indexed by a set of countable index, say ¢, and we can described such a vector with
N numbers such as f;,i =1,..., N explicitly. This is shown in Figure 37.3(a).

A function f(x), however, can be thought of as being indexed by x in the 1D case.
However, the index in this case is a continuum, and countably infinite. Hence, it corresponds
to a vector of infinite dimension and it lives in an infinite dimensional space.*

To make such functions economical in storage, for instance, we replace the function f(x)
by its sampled values at N locations, such that f(z;), ¢=1,..., N. Then the values of the
function in between the stored points f(z;) can be obtained by interpolation. Therefore, a
function vector f(x), even though it is infinite dimensional, can be approximated by a finite
length vector, f. This concept is illustrated in Figure 37.3(b) and (c¢). This concept can be
generalized to a function of 3D space f(r). If r is sampled over a 3D volume, it can provide
an index to a vector f; = f(r;), and hence, f(r) can be thought of as a vector as well.

4When these functions are square integrable implying finite “energy”, these infinite dimensional spaces are
called Hilbert spaces.
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Figure 37.3: A function can be thought of as a vector.

37.2.2 Operator as a Map

An operator like .2 above can be thought of as a map or a transformation. It maps a function
f defined in a Hilbert space V to g defined in another Hilbert space W. Mathematically, this
is written as

LV W (37.2.2)

Indicating that £ is a map of vectors in the space V to the space W. Here, V is also called
the domain space (or domain) of . while W is the range space (or range) of Z.

37.2.3 Approximating Operator Equations with Matrix Equations

One main task of numerical method is first to approximate an operator equation .2 f = g by
a matrix equation L - f = g. To convert the above, we first let

N
n=1



380 ELECTROMAGNETIC FIELD THEORY

In the above, f,,n,...,N are known functions called basis functions. Now, a,’s are the
new unknowns to be sought. Also the above is an approximation, and the accuracy of the
approximation depends very much on the original function f. A set of very popular basis
functions are functions that form a piece-wise linear interpolation of the function from its
nodes. These basis functions are shown in Figure 37.4.
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(b) Two Dimensions

Figure 37.4: Examples of basis function in (a) one dimension, (b) two dimension. Each of
these functions are define over a finite domain. Hence, they are also called sub-domain basis
functions.

Upon substituting (37.2.3) into (37.2.1), we obtain

N
> anLfa=g (37.2.4)

n=1

Then, multiplying (37.2.4) by w,, and integrate over the space that wy,(r) is defined, then
we have

N
Zan (Wi, L fr) = (W, g), m=1,...,N (37.2.5)

n=1

In the above, the inner product is defined as

(f1, f2) = / dr f1(r) fo(r) (37.2.6)

where the integration is over the support of the functions, or the space over which the functions
are defined.> For PDEs these functions are defined over a 3D space, while in SIEs, these

5This is known as the reaction inner product [34,47,120]. As oppose to most math and physics literature,
the energy inner product is used [120].
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functions are defined over a surface. In a 1D problems, these functions are defined over a 1D
space.

The functions w,,,m =1,..., N is known as the weighting functions or testing functions.
The testing functions should be chosen so that they can approximate well a function that
lives in the range space W of the operator .Z. Such set of testing functions lives in the dual
space of the range space. For example, if f,. lives in the range space of the operator .#Z, the
set of function fg, such that the inner product (fg, f) exists, forms the dual space of W.

The above is a matrix equation of the form

where
E] mn (Wi, Z fr)

7.2.
[a], = an, [g]m = (wm, g) (37.2.8)

What has effectively happened here is that given an operator . that maps a function that lives
in an infinite dimensional Hilbert space V', to another function that lives in another infinite
dimensional Hilbert space W, via the operator equation .Zf = g, we have approximated
the Hilbert spaces with finite dimensional spaces (subspaces), and finally, obtain a finite
dimensional matrix equation that is the representation of the original infinite dimensional
operator equation.

In the above, L is the matrix representation of the operator .Z in the subspaces, and a
and g are the vector representations of f and g, respectively, in their respective subspaces.

When such a method is applied to integral equations, it is usually called the method
of moments (MOM). (Surface integral equations are also called boundary integral equations
(BIEs) in other fields [209]. When finite discrete basis are used to represent the surface
unknowns, it is also called the boundary element method (BEM) [212]. But when this method
is applied to solve PDEs, it is called the finite element method (FEM) [213-216], which is a
rather popular method due to its simplicity.

37.2.4 Mesh Generation

In order to approximate a function defined on an arbitrary shaped surface or volume by
sum of basis functions, it is best to mesh (tessellate or discretize) the surface and volume by
meshes. In 2D, all shapes can be tessellated by unions of triangles, while a 3D volume can be
meshed (tessellated) by unions of tetrahedrons. Such meshes are used not only in CEM, but
in other fields such as solid mechanics. Hence, there are many commercial software available
to generate sophisticated meshes.

When a surface is curved, or of arbitrary shape, it can be meshed by union of triangles as
shown in Figure 37.5. When a volume is of arbitrary shape of a volume is around an arbitrary
shape object, it can be meshed by tetrahedrons as shown in Figure 37.6. Then basis functions
are defined to interpolate the field between nodal values or values defined on the edges of a
triangle or a tetrahedron.
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Figure 37.5: An arbitrary surface can be meshed by a union of triangles.

Figure 37.6: A volume region can be meshed by a union of tetrahedra. But the surface of the
aircraft is meshed with a union of trianlges (courtesy of gmsh.info).

37.3 Solving Matrix Equation by Optimization

When a matrix system get exceedingly large, it is preferable that a direct inversion of the
matrix equation not performed. Direct inversions (e.g., using Gaussian elimination [217]
or Kramer’s rule [218]) have computational complexity® of O(N?3), and requiring storage of
O(N?). Hence, when N is large, other methods have to be sought.

To this end, it is better to convert the solving of a matrix equation into an optimiza-
tion problem. These methods can be designed so that a much larger system can be solved
with a digital computer. Optimization problem results in finding the stationary point of a
functional.” First, we will figure out how to find such a functional.

Consider a matrix equation given by

Lf=g (37.3.1)

6The scaling of computer time with respect to the number of unknowns (degrees of freedom) is known in
the computer parlance as computational complexity.

"Functional is usually defined as a function of a function [34,43]. Here, we include a function of a vector
to be a functional as well.
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For simplicity, we consider L as a symmetric matrix.® Then one can define a functional
I=f . L-f-2f'.g (37.3.2)

Such a functional is called a quadratic functional because it is analogous to I = La? — 2zg,
which is quadratic, in its simplest 1D rendition.

Taking the first variation with respect to f, namely, we let f = f,+df, and find the leading
order approximation of the functional. Therefore, one gets

§I =o0f" L-f, +f -L-6f —26f" - g (37.3.3)
If L is symmetric, the first two terms are the same, and the above becomes
O =26f" - L-f, —25f" - g (37.3.4)

For f, to be the optimal point or the stationary point, then its first variation has to be zero,
or that 1 = 0. Thus we conclude that

Lf=g (37.3.5)

Hence, the optimal point to the functional I in (37.3.2) is the solution to (37.3.1).

Such method, when applied to an infinite dimensional Hilbert space problem, is called
variational method, but the main ideas are similar. The wonderful idea about such a method
is that instead of doing direct inversion, one can search for the optimal point or stationary
point of the quadratic functional using gradient search or gradient descent methods or some
optimization method.

37.3.1 Gradient of a Functional

It turns out that the gradient of a quadratic functional can be found quite easily. Also it
is cheaper to computer the gradient of a functional than to find the inverse of a matrix
operator. To do this, it is better to write out functional using index (or indicial, or Einstein)
notation [219]. In this notation, the functional first variation 61 in (37.3.4) becomes

In the above, we neglect to distinguish between f, and f and f represents the optimal point
is implied. Also, in this notation, the summation symbol is dropped, and summations over
repeated indices are implied. In this notation, it is easier to see what a functional derivative
is. We can differentiate the above with respect to f; easily to arrive at

ol
— =2L;; fi — 29; 37.3.7
afj Jf g] ( )

8Functional for the asymmetric case can be found in Chew, Waves and Fields in Inhomogeneous Media,
Chapter 5 [34].
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Notice that the remaining equation has one index j remaining in index notation, meaning
that it is a vector equation. We can reconstitute the above using our more familiar matrix
notation that

Vil =2L-f —2g (37.3.8)

The left-hand side is a notation for the gradient of a functional in a multi-dimensional space
defined by f, and the right-hand side is the expression for calculating this gradient. One needs
only to perform a matrix-vector product to find this gradient. Hence, the computational
complexity of finding this gradient is O(N?) at worst, and O(N) for many sparse matrices.
In a gradient search method, such a gradient is calculated repeated until the optimal point is
found. Such methods are called iterative methods.

If the optimal point can be found in Nji, iterations, then the CPU time scales as Nyje N¢
where 1 < a < 2. There is a clever gradient search algorithm, called the conjugate gradient
method that can find the optimal point in N, in exact arithmetics. In many gradient search
methods, Njer < N resulting in great savings in computer time.

What is more important is that this method does not require the storage of the matrix L,
but a computer code that produces the vector g, = L - f as an output, with f as an input.
Both f and g, require only O(N) memory storage. Such methods are called matrix-free
methods. Even when L is a dense matrix, but is the matrix representation of some Green’s
function, fast methods now exist to perform the dense matrix-vector product in O(N log N)
operations.?

The value I is also called the cost function, and its minimum is sought in the seeking of
the solution by gradient search methods. Detail discussion of these methods is given in [220].
Figure 37.7 shows the contour plot of a cost function in 2D. When the condition number!?
of the matrix L is large (implying that the matrix is ill-conditioned), the contour plot will
resemble a deep valley. And hence, the gradient search method will tend to zig-zag along the
way as it finds the solution. Therefore, convergence is slow for matrices with large condition
numbers

9Chew et al, Fast and Efficient Algorithms in CEM [9].
10This is the ratio of the largest eigenvalue of the matrix to its smallest eigenvalue.
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Figure 37.7: Plot of a 2D cost function for an ill-conditioned system (courtesy of Numerical
Recipe [220]).

Figure 37.8 shows a cartoon picture in 2D of the histories of different search paths from a
machine-learning example where a cost functional similar to I has to be minimized. Finding
the optimal point or the minimum point of a general functional is still a hot topic of research:
it is important in artificial intelligence.

X3

Figure 37.8: Gradient search or gradient descent method is finding an optimal point (courtesy
of Y. Ioannou: https://blog.yani.io/sgd/).
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Lecture 38

Quantum Theory of Light

38.1 Quantum Theory of Light

38.1.1 Historical Background

Quantum theory is a major intellectual achievement of the twentieth century, even though
we are still discovering new knowledge in it. Several major experimental findings led to the
revelation of quantum theory or quantum mechanics of nature. In nature, we know that
many things are not infinitely divisible. Matter is not infinitely divisible as vindicated by the
atomic theory of John Dalton (1766-1844) [221]. So fluid is not infinitely divisible: as when
water is divided into smaller pieces, we will eventually arrive at water molecule, HoO, which
is the fundamental building block of water.

In turns out that electromagnetic energy is not infinitely divisible either. The electromag-
netic radiation out of a heated cavity would obey a very different spectrum if electromagnetic
energy is infinitely divisible. In order to fit experimental observation of radiation from a
heated electromagnetic cavity, Max Planck (1900s) [222] proposed that electromagnetic en-
ergy comes in packets or is quantized. Each packet of energy or a quantum of energy F is
associated with the frequency of electromagnetic wave, namely

E=hw=h2rf=hf (38.1.1)

where 7 is now known as the Planck constant and h = h/27 = 6.626 x 1073 J.s (Joule-
second). Since h is very small, this packet of energy is very small unless w is large. So it
is no surprise that the quantization of electromagnetic field is first associated with light, a
very high frequency electromagnetic radiation. A red-light photon at a wavelength of 700
nm corresponds to an energy of approximately 2 eV ~ 3 x 107'°J ~ 75 kpT, where kT
denotes the thermal energy. A microwave photon has approximately 1 x 107° eV.

The second experimental evidence that light is quantized is the photo-electric effect [223].
It was found that matter emitted electrons when light shined on it. First, the light frequency
has to correspond to the “resonant” frequency of the atom. Second, the number of electrons
emitted is proportional to the number of packets of energy hw that the light carries. This

387
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was a clear indication that light energy traveled in packets or quanta as posited by Einstein
in 1905.

That light is a wave has been demonstrated by Newton’s ring effect [224] in the eighteenth
century (1717) (see Figure 38.1). In 1801, Thomas Young demonstrated the double slit
experiment [225] that further confirmed the wave nature of light (see Figure 38.2). But by
the beginning of the 20-th century, one has to accept that light is both a particle, called a
photon, carrying a quantum of energy with momentum, as well as a particle endowed with
wave-like behavior. This is called wave-particle duality.

Theory
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Fig. 1 Experimental set-up lo observe Newlon's ring Fig. 2. Newton’s rings

Figure 38.1: A Newton’s rings experiment (courtesy of [224]).
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Figure 38.2: A Young’s double-slit experiment (courtesy of [226]).

This concept was not new to quantum theory as electrons were known to behave both like
a particle and a wave. The particle nature of an electron was confirmed by the measurement
of its charge by Millikan in 1913 in his oil-drop experiment. (The double slit experiment for
electron was done in 1927 by Davison and Germer, indicating that an electron has a wave
nature [225].) In 1924, De Broglie [227] suggested that there is a wave associated with an
electron with momentum p such that

p=hk (38.1.2)

where k = 27 /), the wavenumber. All this knowledge gave hint to the quantum theorists of
that era to come up with a new way to describe nature.

Classically, particles like an electron moves through space obeying Newton’s laws of mo-
tion first established in 1687 [228]. Old ways of describing particle motion were known as
classical mechanics, and the new way of describing particle motion is known as quantum
mechanics. Quantum mechanics is very much motivated by a branch of classical mechanics
called Hamiltonian mechanics. We will first use Hamiltonian mechanics to study a simple
pendulum and connect it with electromagnetic oscillations.

38.1.2 Connecting Electromagnetic Oscillation to Simple Pendulum

The quantization of electromagnetic field theory was started by Dirac in 1927 [3]. In the be-
ginning, it was called quantum electrodynamics important for understanding particle physics
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phenomena and light-matter interactions [229]. Later on, it became important in quantum
optics where quantum effects in electromagnetics technologies first emerged. Now, microwave
photons are measurable and are important in quantum computers. Hence, quantum effects
are important in the microwave regime as well.

Maxwell’s equations can be regarded as for describing an infinite set of coupled harmonic
oscillators. In one dimension, when a wave propagates on a string, or an electromagnetic
wave propagating on a transmission line, they can be regarded as propagating on a set of
coupled harmonic oscillators as shown in Figure 38.3. Maxwell’s equations describe the waves
travelling in 3D space due to the coupling between an infinite set of harmonic oscillators.
In fact, methods have been developed to solve Maxwell’s equations using transmission-line-
matrix (TLM) method [230], or the partial element equivalent circuit (PEEC) method [231].
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Figure 38.3: Maxwell’s equations describe the coupling of harmonic oscillators in a 3D space.
This is similar to waves propagating on a string or a 1D transmission line, or a 2D array of
coupled oscillators. The saw-tooth symbol in the figure represents a spring.

The cavity modes in electromagnetics are similar to the oscillation of a pendulum. To
understand the quantization of electromagnetic field, we start by connecting these cavity
modes oscillations to the oscillations of a simple pendulum. It is to be noted that funda-
mentally, electromagnetic oscillation exists because of displacement current. Displacement
current exists even in vacuum because vacuum is polarizable, namely that D = ¢E. Further-
more, displacement current exists because of the 9D /0t term in the generalized Ampere’s
law added by Maxwell, namely,

oD

H=""+J 1.
V x o+ (38.1.3)



Quantum Theory of Light 391

Together with Faraday’s law that

0B
VxE= 5 (38.1.4)
(38.1.3) and (38.1.4) together allow for the existence of wave. The coupling between the two
equations gives rise to the “springiness” of electromagnetic fields.
Wave exists due to the existence of coupled harmonic oscillators, and at a fundamental
level, these harmonic oscillators are electron-positron (e-p) pairs. The fact that they are
coupled allows waves to propagate through space, and even in vacuum.

X

Figure 38.4: A one-dimensional cavity solution to Maxwell’s equations is one of the simplest
way to solve Maxwell’s equations.

To make life simpler, we can start by looking at a one dimensional cavity formed by
two PEC (perfect electric conductor) plates as shown in Figure 38.4. Assume source-free
Maxwell’s equations in between the plates and letting E = 2E,, H = yH,, then (38.1.3) and
(38.1.4) become

0 0
0 0

The above are similar to the telegrapher’s equations. We can combine them to arrive at

0? 02

There are infinitely many ways to solve the above partial differential equation. But here, we
use separation of variables to solve the above by letting E,(z,t) = Eq(t) f(2). Then we arrive
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at two separate equations that

2
dfit@;t) — _W2E(t) (38.1.8)
and
2
ddi(f) — —wPpef () (38.1.9)

where w? is the separation constant. There are infinitely many ways to solve the above
equations which are also eigenvalue equations where w? and w? ue are eigenvalues for the first
and the second equations, respectively. The general solution for (38.1.9) is that

Ey(t) = Eqgcos(wit + 1) (38.1.10)

In the above, w;, which is related to the separation constant, is yet indeterminate. To make w?
determinate, we need to impose boundary conditions. A simple way is to impose homogeneous
Dirchlet boundary conditions thatf(z) = 0 at z = 0 and z = L. This implies that f(z) =
sin(k;z). In order to satisfy the boundary conditions at z = 0 and z = L, one deduces that

k:l:llr, 1=1,2,3,... (38.1.11)
L
Then,
0*f(z
62(2) = k2 f(2) (38.1.12)

where kl2 = w?ue. Hence, k; = w;/c, and the above solution can only exist for discrete
frequencies or that

¢,  1=1,2,3,... (38.1.13)

These are the discrete resonant frequencies w; of the modes of the 1D cavity.

The above solutions for F,(z,t) can be thought of as the collective oscillations of coupled
harmonic oscillators forming the modes of the cavity. At the fundamental level, these oscil-
lations are oscillators made by electron-positron pairs. But macroscopically, their collective
resonances manifest themselves as giving rise to infinitely many electromagnetic cavity modes.
The amplitudes of these modes, Ey(t) are simple harmonic oscillations.

The resonance between two parallel PEC plates is similar to the resonance of a trans-
mission line of length L shorted at both ends. One can see that the resonance of a shorted
transmission line is similar to the coupling of infnitely many LC tank circuits. To see this, as
shown in Figure 38.3, we start with a single LC tank circuit as a simple harmonic oscillator
with only one resonant frequency. When two LC tank circuits are coupled to each other, they
will have two resonant frequencies. For N of them, they will have N resonant frequencies. For
a continuum of them, they will be infinitely many resonant frequencies or modes as indicated
by (38.1.11).
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What is more important is that the resonance of each of these modes is similar or ho-
momorphic to the resonance of a simple pendulum or a simple harmonic oscillator. For a
fixed point in space, the field due to this oscillation is similar to the oscillation of a simple
pendulum.

As we have seen in the Drude-Lorentz-Sommerfeld mode, for a particle of mass m attached
to a spring connected to a wall, where the restoring force is like Hooke’s law, the equation of

motion of a pendulum by Newton’s law is
d*x

where k is the spring constant, and we assume that the oscillator is not driven by an external
force, but is in natural or free oscillation. By letting!

r = xoe ! (38.1.15)
the above becomes
—mw?zy + ko =0 (38.1.16)

Again, a non-trivial solution is possible only at the resonant frequency of the oscillator or

that when w = wg where
wo =4/ — (38.1.17)
m

38.2 Hamiltonian Mechanics

Equation (38.1.14) can be derived by Newton’s law but it can also be derived via Hamiltonian
mechanics. Since Hamiltonian mechanics motivates quantum mechanics, we will look at the
Hamiltonian mechanics view of the equation of motion (EOM) of a simple pendulum given
by (38.1.14).

Hamiltonian mechanics, developed by Hamilton (1805-1865) [232], is motivated by energy
conservation. The Hamiltonian H of a system is given by its total energy, namely that

H=T+V (38.2.1)

where T is the kinetic energy and V is the potential energy of the system.
For a simple pendulum, the kinetic energy is given by
1 1 P2
T =—mv*> = —m?? = Z— 38.2.2
2 2m 2m ( )
where p = mu is the momentum of the particle. The potential energy, assuming that the
particle is attached to a spring with spring constant «, is given by
L oo 1 55

V= JRa” = omwpr (38.2.3)

IFor this part of the lecture, we will switch to using exp(—iwt) time convention as is commonly used in
optics and physics literatures.
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Hence, the Hamiltonian is given by

2
P 1
H=T+V=2—+ imwgﬁ (38.2.4)
At any instant of time ¢, we assume that p(¢) = mo(t) = m%x(t) is independent of x(t).2

In other words, they can vary independently of each other. But p(t) and z(¢) have to time
evolve to conserve energy to keep H, the total energy, constant or independent of time. In
other words,

d dpO0H dx O0H
—Hp(t),z(t)]=0= —— 4+ —— 38.2.5
Therefore, the Hamilton equations of motion are derived to be?
dp oOH dx OH
dp _ _OH ar _ of 38.2.6
dt ox’ dt  Op ( )
From (38.2.4), we gather that
oH 9 OH p
— , = _ £ 38.2.7
ox Mo Op m ( )
Applying (38.2.6), we have?
dr p dp 2
=< = = 38.2.8
it~ m’dt (38.2.8)
Combining the two equations in (38.2.8) above, we have
d2
mﬁf = —mwir = —KT (38.2.9)
which is also derivable by Newton’s law.
A typical harmonic oscillator solution to (38.2.9) is
x(t) = g cos(wot + 1) (38.2.10)
The corresponding p(t) = m% is
p(t) = —mazowp sin(wot + 1) (38.2.11)
Hence
1 1
H= §mw§xg sin?(wot + ) + §mw(2)x8 cos®(wot + 1)
1
= —mwizg = F (38.2.12)

2
And the total energy E very much depends on the amplitude xg of the oscillation.

2p(t) and z(t) are termed conjugate variables in many textbooks.

3Note that the Hamilton equations are determined to within a multiplicative constant, because one has
not stipulated the connection between space and time, or we have not calibrated our clock [233].

4We can also calibrate our clock here so that it agrees with our definition of momentum in the ensuing
equation.
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38.3 Schrodinger Equation (1925)

Having seen the Hamiltonian mechanics for describing a simple pendulum which is homomor-
phic to a cavity resonator, we shall next see the quantum mechanics description of the same
simple pendulum: In other words, we will look at a quantum pendulum. To this end, we will
invoke Schrodinger equation.

Schrodinger equation cannot be derived just as in the case Maxwell’s equations. It is
a wonderful result of a postulate and a guessing game based on experimental observations
[63,64],. Hamiltonian mechanics says that

P L5 9
H="—+_-nmwjz*=F 38.3.1
o T 5o ( )
where FE is the total energy of the oscillator, or pendulum. In classical mechanics, the position
x of the particle associated with the pendulum is known with great certainty. But in the
quantum world, this position x of the quantum particle is uncertain and is fuzzy.

To build this uncertainty into a quantum harmonic oscillator, we have to look at it from
the quantum world. The position of the particle is described by a wave function,® which
makes the location of the particle uncertain. To this end, Schrodinger proposed his equation
which is a partial differential equation. He was very much motivated by the experimental
revelation then that p = hk from De Broglie and that E = Aw from Planck’s law. Equation
(38.3.1) can be written more suggestively as

PR 1 5,

To add more depth to the above equation, one lets the above become an operator equation
that operates on a wave function ¥(z,t) so that

n? 9?
- 2m 0a?

If the wave function is of the form

U(x,t) + %mw%xzw(x,t) = m%w(:p,t) (38.3.3)

Y(x,t) ~ ethrmivt (38.3.4)

then upon substituting (38.3.4) into (38.3.3), we retrieve (38.3.2).

Equation (38.3.3) is Schrodinger equation in one dimension for the quantum version of
the simple harmonic oscillator. In Schrodinger equation, we can further posit that the wave
function has the general form

Y(x,t) = e**T WAL, t) (38.3.5)

where A(z,t) is a slowly varying function of x and ¢, compared to e?**=%* 6 In other words,
this is the expression for a wave packet. With this wave packet, the §%/0x2 can be again

5Since a function is equivalent to a vector, and this wave function describes the state of the quantum
system, this is also called a state vector.

6This is similar in spirit when we study high frequency solutions of Maxwell’s equations and paraxial wave
approximation.
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approximated by —k? as has been done in the paraxial wave approximation. Furthermore, if
the signal is assumed to be quasi-monochromatic, then ihd/d:(z,t) ~ hw, we again retrieve
the classical equation in (38.3.2) from (38.3.3). Hence, the classical equation (38.3.2) is a
short wavelength, monochromatic approximation of Schrodinger equation. However, as we
shall see, the solutions to Schrodinger equation are not limited to just wave packets described
by (38.3.5).

For this course, we need only to study the one-dimensional Schrodinger equation. The
above can be converted into eigenvalue problem, just as in waveguide and cavity problems,
using separation of variables, by letting”

O(x,t) = P, (x)e”“nt (38.3.6)
By so doing, (38.3.3) becomes
R od* 1

where E,, = fw, is the eigenvalue of the problem while 1, (z) is the eigenfunction.

The parabolic 22 potential profile is also known as a potential well as it can provide the
restoring force to keep the particle bound to the well classically. The above equation is also
similar to the electromagnetic equation for a dielectric slab waveguide, where the second term
is a dielectric profile (mind you, varying in the z direction) that can trap a waveguide mode.
Therefore, the potential well is a trap for the particle both in classical mechanics or wave
physics.

The above equation (38.3.7) can be solved in closed form in terms of Hermite-Gaussian
functions (1864) [234], or that

1 mwo _mwg 2 mwo
= v H i— . .
VYn () =4/ o \/ e n (1/ - x) (38.3.8)

where H,(y) is a Hermite polynomial, and the eigenvalues are

B, = (n + ;) sy (38.3.9)

Here, the eigenfunction or eigenstate ¢, (z) is known as the photon number state (or just
a number state) of the solution. It corresponds to having n photons in the oscillation. If
this is conceived as the collective oscillation of the e-p pairs in a cavity, there are n photons
corresponding to energy of nhwy embedded in the collective oscillation. The larger F,, is,
the larger the number of photons there is. However, there is a curious mode at n = 0. This
corresponds to no photon, and yet, there is a wave function 9g(x). This is the zero-point
energy state. This state is there even if the system is at its lowest energy state.

It is to be noted that in the quantum world, the position z of the pendulum is random.
Moreover, this position z(t) is mapped to the amplitude Fy(t) of the field. Hence, it is the

"Mind you, the following is wr, not wo.
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amplitude of an electromagnetic oscillation that becomes uncertain and fuzzy as shown in
Figure 38.5.

Electric field

Time

Figure 38.5: Schematic representation of the randomness of measured electric field. The elec-
tric field amplitude maps to the displacement (position) of the quantum harmonic oscillator,
which is a random variable (courtesy of Kira and Koch [235]).
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Courtesy of Wiki
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Figure 38.6: Plots of the eigensolutions of the quantum harmonic oscillator (courtesy of
Wiki [236]).

38.4 Some Quantum Interpretations—A Preview

Schrodinger used this equation with resounding success. He derived a three-dimensional ver-
sion of this to study the wave function and eigenvalues of a hydrogen atom. These eigenvalues
FE, for a hydrogen atom agreed well with experimental observations that had eluded scientists
for decades. Schrodinger did not actually understand what this wave function meant. It was
Max Born (1926) who gave a physical interpretation of this wave function.

Given a wave function 1 (x,t), then |¢(x,t)|>?Az is the probability of finding the particle
in the interval [z, x + Ax]. Therefore, |1(z,t)|? is a probability density function (PDF), and
it is necessary that

/oo dzy(z, t)]> =1 (38.4.1)

— 00

The position x of the particle is uncertain and is now a random variable. The average value
or expectation value of x is given by

/_ "zl )2 = (a(t)) = 7(t) (38.4.2)

This is not the most ideal notation, since although x is not a function of time, its expectation
value with respect to a time-varying function, 1(z,t), can be time-varying.
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Notice that in going from (38.3.1) to (38.3.3), or from a classical picture to a quantum
picture, we have let the momentum become p, originally a scalar number in the classical
world, become a differential operator, namely that

0

p—p=—iho (38.4.3)

The momentum of a particle also becomes uncertain, and its expectation value is given by

(e}

/ " dww (e, Ople, 1) = —ih | @i = o) =50 (3849

oo — 0o
The expectation values of position £ and the momentum operator p are measurable in the
laboratory. Hence, they are also called observables.
One more very important aspect of quantum theory is that since p — p = —iha%, p and
x do not commute. In other words, it can be shown that

0
p, x| = | —th—,x| = —ih 38.4.5
s] = |-ing. o] (38.45)
In the classical world, [p, 2] = 0, but not in the quantum world. In the equation above, we
can elevate x to become an operator by letting & = xI, where I is the identity operator. Then
both p and & are now operators, and are on the same footing. In this manner, we can rewrite
equation (38.4.5) above as

[p, &) = —ihl (38.4.6)

It can be shown easily that when two operators share the same set of eigenfunctions,
they commute. When two operators p and  do not commute, it means that the expectation
values of quantities associated with the operators, (p) and (Z), cannot be determined to
arbitrary precision simultaneously. For instance, p and & correspond to random variables,
then the standard deviation of their measurable values, or their expectation values, obey the
uncertainty principle relationship that®

ApAz > h/2 (38.4.7)

where Ap and Ax are the standard deviation of the random variables p and .

38.5 Bizarre Nature of the Photon Number States

The photon number states are successful in predicting that the collective e-p oscillations are
associated with n photons embedded in the energy of the oscillating modes. However, these
number states are bizarre: The expectation values of the position of the quantum pendulum
associated these states are always zero. To illustrate further, we form the wave function with
a photon-number state

7/}(557 t) = wn(x)eiiw"t

8The proof of this is quite straightforward but is outside the scope of this course.
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Previously, since the 9, (z) are eigenfunctions, they are mutually orthogonal and they can be
orthonormalized meaning that

/00 dxp) (2)n (x) = dpp (38.5.1)

— 00

Then one can easily show that the expectation value of the position of the quantum pendulum
in a photon number state is

(x(t)y =z(t) = /jo daz|(x,t)|* = /;00 dzz|in, (z)|* =0 (38.5.2)

because the integrand is always odd symmetric. In other words, the expectation value of the
position z of the pendulum is always zero. It can also be shown that the expectation value
of the momentum operator p is also zero for these photon number states. Hence, there are
no classical oscillations that resemble them. Therefore, one has to form new wave functions
by linear superposing these photon number states into a coherent state. This will be the
discussion next.



Lecture 39

Quantum Coherent State of
Light

39.1 Quantum Coherent State of Light

We have seen that a photon number states' of a quantum pendulum do not have a classical
correspondence as the average or expectation values of the position and momentum of the
pendulum are always zero for all time for this state. Therefore, we have to seek a time-
dependent quantum state that has the classical equivalence of a pendulum. This is the
coherent state, which is the contribution of many researchers, most notably, George Sudarshan
(1931-2018) [237] and Roy Glauber (1925-2018) [238] in 1963. Glauber was awarded the
Nobel prize in 2005.

We like to emphasize again that the modes of an electromagnetic cavity oscillation are
homomorphic to the oscillation of classical pendulum. Hence, we first connect the oscillation
of a quantum pendulum to a classical pendulum. Then we can connect the oscillation of
a quantum electromagnetic mode to the classical electromagnetic mode and then to the
quantum pendulum.

39.1.1 Quantum Harmonic Oscillator Revisited

To this end, we revisit the quantum harmonic oscillator or the quantum pendulum with more
mathematical depth. Rewriting Schrodinger equation as the eigenequation for the photon
number state for the quantum harmonic oscillator, we have

h? d?

1
— g 7 + 5 mwba? | n(x) = Engn (). (39.1.1)

ﬁwn(m) =

where 1, (x) is the eigenfunction, and E,, is the eigenvalue. The above can be changed into

a dimensionless form first by dividing Awo, and then let £ = /"2x be a dimensionless

n quantum theory, a “state” is synonymous with a state vector or a function.

401
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variable. The above then becomes

1 d? 9 E
il = 1.2
5 (~ g+ €) 0O = v© (390.1.2)
We can define 7 = —id% and é =1 ¢ to rewrite the Hamiltonian as
S A2 | 22
H= ihwo(ﬂ +£&9) (39.1.3)

Furthermore, the Hamiltonian in (39.1.2) looks almost like A2 — B2, and hence motivates
its factorization. To this end, we first show that

1 d 1 d 1 d? 2) 1 ( d d )
— |\—-—5tE) =+t ) =5 |—55 + —= | =£—&= 39.1.4
(i) va e o) = (i ve) - (e (39014
It can be shown easily that as operators (meaning that they will act on a function to their
right), the last term on the right-hand side is an identity operator, namely that

d d A
) = 1.
(et <) =1 (3919
Therefore
1 d? 9 1 d 1 d 1
e =—|—-—= — | = = 39.1.6
(i) = ) v (o) (39:1:0)
We define the operator
1 d
AT _
a'=— |-+ 39.1.7
7 (i) (3947
The above is the creations, or raising operator and the reason for its name is obviated later.
Moreover, we define
1 d
6= —— [ —+ 39.1.8
o= 75 (7 +e) (39-15)

which represents the annihilation or lowering operator. With the above definitions of the
raising and lowering operators, it is easy to show that by straightforward substitution that

a,all =aat —afa=1 39.1.9
[a,a] (39.1.9)

Therefore, Schrédinger equation (39.1.2) for quantum harmonic oscillator can be rewritten
more concisely as

L (a'a+aa') = (afa + ;) S h%zp (39.1.10)
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In mathematics, a function is analogous to a vector. So 1 is the implicit representation of a

vector. The operator
ata+ L
2

is an implicit? representation of an operator, and in this case, a differential operator. So in
the above, (39.1.10), is analogous to the matrix eigenvalue equation A - x = Ax.
Consequently, the Hamiltonian operator can be expressed concisely as

- 1
H = hw <aTa + 2) (39.1.11)
Equation (39.1.10) above is in implicit math notation. In implicit Dirac notation, it is

((ﬂ& + ;) ) = h%'w (39.1.12)

In the above, () is a function which is a vector in a functional space. It is denoted as ¥
in math notation and |¢) in Dirac notation. This is also known as the “ket”. The conjugate
transpose of a vector in Dirac notation is called a “bra” which is denoted as (¢)|. Hence, the
inner product between two vectors is denoted as (11]t)2) in Dirac notation.?

If we denote a photon number state by ¢, (z) in explicit notation, v, in math notation
or |1,) in Dirac notation, then we have

(a*a + ;) ) = %wn) _ (n + ;) ) (39.1.13)

where we have used the fact that E,, = (n + 1/2)hwy. Therefore, by comparing terms in the
above, we have

alaltn) = nlin) (39.1.14)

and the operator afa is also known as the number operator because of the above. It is often
denoted as

n=a'a (39.1.15)

and [1,,) is an eigenvector of 7 = a'a operator with eigenvalue n. It can be further shown by
direct substitution that

atlin) = Vo + 1) < alln) = vVn+ 1n+1) (39.1.17)

hence their names as lowering and raising operator.*

2A notation like A - x, we will call implicit, while a notation > j Aijxj, we will call explicit.

3There is a one-to-one correspondence of Dirac notation to matrix algebra notation. Alz) <> A-x, (x| <

xT (z1|z2) & XJ{ - Xo.

4The above notation for a vector could appear cryptic or too terse to the uninitiated. To parse it, one can
always down-convert from an abstract notation to a more explicit notation. Namely, [n) = |[¢n) = ¥n ().
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39.2 Some Words on Quantum Randomness and Quan-
tum Observables

We saw previously that in classical mechanics, the conjugate variables p and = are determin-
istic variables. But in the quantum world, they become random variables with means and
variance. It was quite easy to see that x is a random variable in the quantum world. But the
momentum p is elevated to become a differential operator p, and it is not clear that it is a
random variable anymore.

Quantum theory is a lot richer in content than classical theory. Hence, in quantum theory,
conjugate variables like p and = are observables endowed with the properties of mean and
variance. For them to be endowed with these properties, they are elevated to become quantum
operators, which are the representations of these observables. To be meaningful, a quantum
state |¢) has to be defined for a quantum system, and these operators represent observables
act on the quantum state.

Henceforth, we have to extend the concept of the average of a random variable to the
“average” of a quantum operator. Now that we know Dirac notation, we can write the
expectation value of the operator p with respect to a quantum state v as

(B) = Wply) =p (39.2.1)

The above is the elevated way of taking the “average” of an operator which is related to the
mean of the random variable p.

As mentioned before, Dirac notation is homomorphic to matrix algebra notation. The
above is similar to ¢t - P -4 = p. This quantity p is always real if P is a Hermitian matrix.
Hence, in (39.2.1), the expectation value p is always real if p is Hermitian. In fact, it can be
proved that p is Hermitian in the function space that it is defined.

Furthermore, the variance of the random variable p can be derived from the quantum
operator p with respect to to a quantum state |¢). It is defined as

oy = (%) — (p)? (39.2.2)

where oy, is the standard deviation of the random variable p and ¢ is its variance.
The above implies that the definition of the quantum operators and the quantum states

is not unique. One can define a unitary matrix or operator U such 1 that UT .U =1 Then
the new quantum state is now given by the unitary transform 1)’ = U - 1. With this, we can
easily show that

U.P.U.U.v»
Py (39.2.3)

where P’ = ﬁ-ﬁ~ﬁT via unitary transform. Now, P’ is the new quantum operator representing
the observable p and 1)’ is the new quantum state vector.

In the previous section, we have elevated the position variable & to become an operator
é = ff . This operator is clearly Hermitian, and hence, the expectation value of this position
operator is always real. Here, é is diagonal in the coordinate representation, but it need not

be in other representations.
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39.3 Derivation of the Coherent States

As one cannot see the characteristics of a classical pendulum emerging from the photon
number states, one needs another way of bridging the quantum world with the classical
world. This is the role of the coherent state: It will show the correspondence principle, with a
classical pendulum emerging from a quantum pendulum when the energy of the pendulum is
large. Hence, it will be interesting to see how the coherent state is derived. The derivation of
the coherent state is more math than physics. Nevertheless, the derivation is interesting. We
are going to present it according to the simplest way presented in the literature. There are
deeper mathematical methods to derive this coherent state like Bogoliubov transform which
is outside the scope of this course.

Now, endowed with the needed mathematical tools, we can derive the coherent state. To
say succinctly, the coherent state is the eigenstate of the annihilation operator, namely that

ila) = ala) (39.3.1)

Here, we use a as an eigenvalue as well as an index or identifier of the state |a).”> Since the
number state |n) is complete, the coherent state |a) can be expanded in terms of the number
state |n). Or that

) = Culn) (39.3.2)
n=0
When the annihilation operator is applied to the above, we have

ala) = i Cpaln) = i Craln) = iCn\/ﬂn -1)
n=0 n=1 n=1

=Y CppVn+1in) (39.3.3)
n=0
Equating the above with a|a), then

iCnH\/n—k 1|n) = aiCﬂn) (39.3.4)
n=0

n=0

By the orthonormality of the number states |n), then we can take the inner product of the
above with (n| and making use of the orthonormal relation that (n’|n) = d,, to remove the
summation sign. Then we arrive at

Cpy1=aCp/vVn+1 (39.3.5)
Or recursively

Cp = Cpra/yv/n=Cp s0?/\/n(n—1)=...= Coa"/Vn! (39.3.6)

5This notation is cryptic and terse, but one can always down-convert it as |a) — |fo) — fa(€) to get a
more explicit notation.
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Consequently, the coherent state |a) is
«
o) =Co Y —|n) (39.3.7)

But due to the probabilistic interpretation of quantum mechanics, the state vector |a) is
normalized to one, or that®

(ala) =1 (39.3.8)
Then
. > a” an/
<Oé|0é> = CYOCVO Z/ ﬁ \/m<n/|n>
O; |a|2n 5
= [Co? Y- = = [CoPe =1 (39.3.9)
n=0 ’
Therefore, Cy = e*|°“2/2, or that
e n
ja) = 12 3 %,In) (39.3.10)
n=0 :

In the above, to reduce the double summations into a single summation, we have make use
of (n'|n) = 0,/p, or that the photon-number states are orthonormal. Also since @ is not a
Hermitian operator, its eigenvalue o can be a complex number.

Since the coherent state is a linear superposition of the photon number states, an average
number of photons can be associated with the coherent state. If the average number of
photons embedded in a coherent is N, then it can be shown that N = |a|?. As shall be
shown, « is related to the amplitude of the quantum oscillation: The more photons there are,
the larger is |«|.

39.3.1 Time Evolution of a Quantum State
The Schrodinger equation can be written concisely as
H) = ihdy|o)) (39.3.11)

The above not only entails the form of Schrodinger equation, it is the form of the general
quantum state equation. Since H is time independent, the formal solution to the above is

(1)) = e /My 0)) (39.3.12)

Applying this to the photon number state with H being that of the quantum pendulum,
then

e_mt/h|n> = e~ nt|p) (39.3.13)

5The expression can be written more explicitly as (a|a) = (falfa) = [ dEf4(E) fa(§) = 1.



Quantum Coherent State of Light 407

where w,, = (n + %) wp. The above simplification follows because |n) an eigenstate of the
Hamiltonian H for the quantum pendulum. The above follows because

H|n) = hw,|n) = hw (n + ;) n) (39.3.14)

In other words, |n) is an eigenvector of H.

Time Evolution of the Coherent State

Using the above time-evolution operator, then the time dependent coherent state evolves in
time as”

. S n,—iwnt

ja,t) = e/ M) = emlol?/2 3™ MTW (39.3.15)

n=0 :

By letting w,, = wy (n + %), the above can be written as

. o ae—iv.)ot n

o, t) = e iwot/2 —|al* /2 Z <\/ﬁ)|n> (39.3.16)
n=0 .

= e W0l/2|qe ity = om0t/ g) (39.3.17)

where @ = ae™ 0!, Now we see that the last factor in (39.3.16) is similar to the expression
for a coherent state in (39.3.10). Therefore, we can express the above more succinctly by
replacing « in (39.3.10) with & = ae= 0t as

ala, t) = e~iwot/2 (ae™™0!) |ae™™0") = Gla, t) (39.3.18)

Therefore, |a,t) is the eigenfunction of the a operator. But now, the eigenvalue of the
annihilation operator a is a complex number which is a function of time t.

39.4 More on the Creation and Annihilation Operator

In order to connect the quantum pendulum to a classical pendulum via the coherent state,
we will introduce some new operators. Since

at = 1 <d+§) (39.4.1)

o= = <d + 5) (39.4.2)

"Note that |a, t) is a shorthand for fo(€,1).
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We can relate a' and @, which are non-hermitian, to the momentum operator # and position
operator £ previously defined which are hermitian. Then

. 1 g
at = — (—ir+€) (39.4.3)
a= iz (i +€) (39.4.4)
We also notice that
£= % (o +a) =€l (39.4.5)
i = % (af —a) = —z‘d% (39.4.6)

Notice that both f and 7 are Hermitian operators in the above, with real expectation values.
With this, the average or expectation value of the position of the pendulum in normalized
coordinate, £, can be found by taking expectation with respect to the coherent state, or

c *Lacﬂ ala
<a|§|a>—ﬁ< |lat + ala) (39.4.7)

Since by taking the complex conjugation transpose of (39.3.1)%

(ala’ = (afa® (39.4.8)
and (39.4.7) becomes
_ . R 1 . B
§=(8) = (aff|a) = 7 (o +a) (a]a) = V2Re[a] #0 (39.4.9)

Repeating the exercise for time-dependent case, when we let o — a(t) = ae~™ot, then,
letting o = |a|e ™™, then

(€(t)) = V2|a cos(wot + 1) (39.4.10)
By the same token,
)

T = (7) = (a|f|a) = 7 (o — a) (a]a) = V23m[a] # 0 (39.4.11)

For the time-dependent case, we let a — @(t) = ae™0ot,
(7(t)) = —V2|a sin(wot + 1) (39.4.12)

Hence, we see that the expectation values of the normalized coordinate and momentum just
behave like a classical pendulum. There is however a marked difference: These values have

8Dirac notation is homomorphic with matrix algebra notation. (@-x)" = xt . (a)f.
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standard deviations or variances that are non-zero. Thus, they have quantum fluctuation or
quantum noise associated with them. Since the quantum pendulum is homomorphic with the
oscillation of a quantum electromagnetic mode, the amplitude of a quantum electromagnetic
mode will have a mean and a fluctuation as well.

Fig. 3.4. A coherent-state
wave function moves
through the harmonic
oscillator potential,
between the classical
turning points, without
dispersion.

¢_,_/L(_,

g

Figure 39.1: The time evolution of the coherent state. It follows the motion of a classical
pendulum or harmonic oscillator (courtesy of Gerry and Knight [239]).

. .
- " a3
o
3 7] e L5 5 -

Figure 39.2: The time evolution of the coherent state for different a’s. The left figure is for
« =5 while the right figure is for a = 10. Recall that N = |a/?.
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39.4.1 Connecting Quantum Pendulum to Electromagnetic Oscilla-
tor

We see that the electromagnetic oscillator in a cavity is similar or homomorphic to a pen-
dulum. To make the connection, we next have to elevate a classical pendulum to become a
quantum pendulum. The classical Hamiltonian is

2
H=T+V = ;L + %mwgﬁ = % [P2(t)+ Q*(t)] = E (39.4.13)
m

In the above, P is a normalized momentum and @ is a normalized coordinate, and their
squares have the unit of energy. We have also shown that when the classical pendulum is
elevated to be a quantum pendulum, then Schrédinger equation becomes

Fiy (aTa + ;) |4, t) = ihdy|ah, t) (39.4.14)

Our next task is to connect the electromagnetic oscillator to this pendulum. In general,
the total energy or the Hamiltonian of an electromagnetic system is

H= %/dr [5E2(r,t) + le(I‘,t) . (39.4.15)
w

It is customary to write this Hamiltonian in terms of scalar and vector potentials. For
simplicity, we use a 1D cavity, and let A = £A4,, V- A = 0 so that 0,4, = 0, and letting
®=0. Then B=V x A and E = —A, and the classical Hamiltonian from (39.4.15) for a
Maxwellian system becomes

H= %/dr [EAQ(r,t) + i (V x A(r,1)?] . (39.4.16)
|4

For the 1D case, the above implies that By = 0,A,, and E, = —0; A, = —Ax. Hence, we
let

A, = Ap(t) sin(k;2) (39.4.17)
E, = —Ao(t)sin(k;z) = Eo(t) sin(kz) (39.4.18)
By = ki Ao(t) cos(kiz). (39.4.19)

where Ey(t) = 7A0(t). After integrating over the volume such that [, dr = AfOL dz, the
Hamiltonian (39.4.16) then becomes

_ Vo ) g Yo 4
H== (Ao(t)> R AR, (39.4.20)

where V) = AL, is the mode volume. The form of (39.4.20) now resembles the pendulum
Hamiltonian. We can think of Ag(¢) as being related to the displacement of the pendulum.
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Hence, the second term resembles the potential energy. The first term has the time derivative
of Ap(t), and hence, can be connected to the kinetic energy of the system. Therefore, we can

rewrite the Hamiltonian as 1
H=<|
2

=/ V0€A0 =/ VO€E0 Qt) = ;/—Zkle(t) (39.4.22)

By elevating P and @ to be quantum operators,

0) P = Vhai(t), Q) — Q= VRaé() (30.4.23)

so that the quantum Hamiltonian now is

P(t) + Q*(t)] (39.4.21)

where

i= % [152 n QQ} - %ﬁwl (er + 52) (39.4.24)
similar to (39.1.3) as before except now that the resonant frequency of this mode is w; instead
of wp because these are the cavity modes, each of which is homomorphic to a quantum
pendulum. An equation of motion for the state of the quantum system can be associated
with the quantum Hamiltonian just as in the quantum pendulum case.

We have shown previously that

at +a=v2¢ (39.4.25)
al —a = —V2ix (39.4.26)
Then we can let
R Voe ~
p= f,/%EEO N (39.4.27)
Finally, we arrive at

A 2wy . 1 [hw . N
Fy=— F=4/— (aF - 39.4.28
0 eV i\ Vo (a a) ( )

Now that Ej has been elevated to be a quantum operator E’o, from (39.4.18), we can put in
the space dependence to get

E,(z) = Egsin(k;2) (39.4.29)
Consequently,

E.(2) = 1 E@Vé (a' — a) sin(k;2) (39.4.30)

Notice that in the above, Ey, and Ez(z) are all Hermitian operators and they correspond
to quantum observables that have randomness associated with them. Also, the operators
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are independent of time because they are in the Schrodinger picture. The derivation in the
Heisenberg picture can be repeated.

In the Schrodinger picture, to get time dependence fields, one has to take the expectation
value of the operators with respect to time-varying quantum state vector like the time-varying
coherent state.

To let E, have any meaning, it should act on a quantum state. For example,

WE) = Eul¢) (39.4.31)

Notice that thus far, all the operators derived are independent of time. To derive time
dependence of these operators, one needs to find their expectation value with respect to
time-dependent state vectors.”

To illustrate this, we can take expectation value of the quantum operator Em(z) with
respect to a time dependent state vector, like the time-dependent coherent state, Thus

1 Jhw

(Ex(2,1)) = (0, Ex(2)]a t) = - %@tlfﬁ—&\a,ﬂ

1 [hw ,_, ~ _ hwlo ~
= = (@*(t) — at)) (o, tla, t) = —2\/%0771(@) (39.4.32)

7

Using the time-dependent G(t) = ae~ ™!t = |ale~*“1*+¥) in the above, we have

(B (o)) = 24/ %ﬁm sin(wit + ) (39.4.33)

where a(t) = ae~™1*. The expectation value of the operator with respect to a time-varying
quantum state in fact gives rise to a time-varying quantity. The above, which is the average
of a random field, resembles a classical field. But since it is rooted in a random variable, it
has a standard deviation in addition to having a mean.

We can also show that

(a' +a) (39.4.34)

2pheoy é— \/ ey

By(z) = kiAg cos(kz) = \/ e e

Again, these are time-independent operators in the Schrodinger picture. To get time-dependent
quantities, we have to take the expectation value of the above operator with respect to to a
time-varying quantum state.

9This is known as the Schrodinger picture.
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