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CHAPTER 1

Smooth manifolds

1. Tangent vectors, cotangent vectors and tensors

1.1. LEMMA. Let F: M™ — N™ be a smooth map. Suppose that (z',...,x™) are local co-
ordinates on M and (y',...,y") local coordinates on N. Then
Ay’ .
(1.2) R =200 1<j<m,
(1.3) Fr(dy') = 290 4! = dy'F), 1<i<n
(W) : (2w P\ :
The (n x m)-matriz < o7 ) is the matriz for F, and the (m x n)-matriz ( o7 ) is the matriz
for F*. In other words,
el o\ _ (.0 ) A(y'F)
(Feger - F*aTm)—(aT,l ay)( D )
F*dy* da’t
: _ a(y@))
. oxd :
F*dy™ dz™
PROOF. F*(dy’)(5%) = dy'(Fu(52)) = F. (52%) () = 2L, O

2. The tangent bundle of a smooth manifold
3. Vector fields, covector fields, tensor fields, n-forms

1.4. PROPOSITION. The differential d: C*°(M) — T*(M) is an R-linear map satisfying the
derivational rules

d(uv) = (du)v + u(dv), d(%) = du_udv w

v v v?2 v

for all smooth functions u,v € C*°(M) (where v(p) # 0 for all p € M in the last formula).
If F: M — N is a smooth map, then the diagram

C> (M) < = (N)

d |

THM) <Z— TY(N)

commutes meaning that F*(du) = d(uF) for all w € C*(N).

1.5. EXAMPLE. Let s: R"™!1 — R be the smooth map s(z) = |z|? = Z;:rll(x’)z Then
s71(1) = S™ C R is the sphere of radius R. The differential ds = 3 2z'd2’ is the linear
map R = T,R"*! — R given by ds,(v) = Y 2p'v’ = 2(p,v) with kernel kerds, = p* at any
point p # 0. Let p be any point of S™ and ¢,: T,5™ — T,R"™! = R"*! the linear map induced
by the inclusion, ¢. For any tangent vector X € T,S™, ds(:.X) = X(st) = X (1) = 0. Hence the
tangent space at p is the kernel of ds,,

T,8" = p* c R = T, R™!
and the tangent bundle of S,
TS" = {(p,v) C 8" x R"*! | (v,p) = 0} C §" x R"*!

5



6 1. SMOOTH manifoldS

is the vector bundle whose fibre over any p € S™ is p. A smooth vector field on S™ is a smooth
map v: S™ — R"! such that v(p) L p for all p € S™. Show that any odd sphere has a vector field
without zeros. Does S? admit a smooth vector field with no zeros? Can you describe TRP"? Can
you describe TM if M = f~1(0) consists of the manifold solutions to the equation f(z) = 0 for
some smooth map f: R"*! — R?

1.6. DEFINITION. A smooth <lz> -tensor field on M is a smooth section of the tensor bundle
Tzk(M) — M.

Particular cases are
o Iy (M) = C>(M)
e T.°(M) consists of vector fields on M
e 7' (M) consists of 1-forms on M
Tensor fields admit

. 'T[’fl (M) x T;fl (M) 2, ']ZTZQ (M) (tensor product of tensor fields)

. Telfll(M) i T} (M) (contraction of tensor fields)

1.7. EXAMPLE. Let w € 73 (M) be a 1-form and X € 7°(M) a vector field on M. Then

X®weTHM) is (1)—tensor field with contraction tr(X ® w) = w(X) (5.7).

In a coordinate patch any (lz) -tensor field A is (5.5) a C°°(M)-linear combination

(1.8) A=Ay @0, @da" @ - da'™

’Ll-“ik

Jl]e

of tensor products of the basis tensor fields and basis 1-forms. The smooth functions A“,_.lk

called the components of the tensor field A.

The tensor algebra of M is the graded algebra 7*(M) = Y2, 7" (M) equipped with the tensor
product 7"(M) x T5(M) 2, Tr+s(M). If F: M — N is a smooth map, F*: TF(N) — T+(M)
is the linear map given by F*(A)(X1y,...,Xy) = A(F.X1,...,F.X}) for all A € TF(N) and all
smooth vector fields X7,..., X on M.

1.9. LEMMA. 7*(M) is a graded algebra. F*: T*(N) — T*(M) is a homomorphism of C*°(N)-
algebras: F*(aw @ n) = F*(a)F*(w) ® F*(n).

are



CHAPTER 2

Riemannian manifolds

Riemann’s idea was that in the infinitely small, on a scale much smaller than the the smallest
particle, we do not know if Euclidean geometry is still in force. Therefore we better not assume that
this is the case and instead open up for the possibility that in the infinitely small there may be other
length functions, there may be other inner products on the tangent space! A Riemannian manifold
is a smooth manifold equipped with inner product, which may or may not be the Euclidean inner
product, on each tangent space.

1. Riemannian metric

2.1. DEFINITION. A Riemannian metric on a smooth manifold M is a symmetric, positive

definite <(2)> -tensor g € T¢(M).

In a coordinate frame we may write
g = gijdz’ ® da? gij = 9(0;,05)
This means that g(U%0;,V?0;) = ¢;;U*V? and in particular that
(2~1) <3i,5i> = Gii» <8ia aj> = Gij
Note that there are only %n(n + 1) different functions here as g;; = g;; by symmetry.

2.2. REMARK. Since the metric tensor is symmetric, it is traditional to write it in a basis of
symmetric tensors. The symmetrization of w ® 7 is the tensor

1
wy=Wen+new)
Note that wn = nw and that w? = ww = w ® w. Observe that

g = gi;datda? = QZgii(dxi)z +2 Z gijdztdal
i=1 1<i<j<n
2.3. LEMMA. Let F': M — N be an immersion and g a Riemannian metric on N.
(1) F*g is a Riemannian metric on M.
(2) If g = gijdy'dy’ in a coordinate frame on N, then
F*(9)|[F~H(U) = gijdy' Fdy’' F

PRrROOF. It is a general fact that F*(g) is a smooth 2-form on M (1.9). F*(g) is symmetric

because ¢ is symmetric and it is positive definite because g is positive definite and F, is injective

on each fibre. F*(g;;dy’dy’) (L9 gi; F*dy' F*dy? (8 gi;dy' Fdy’ F. O

For instance if F': U — M is a parameterization (an inverse chart) of an open subset of M C
R™, then the pull-back of the induced metric on M is

m
(2.4) F*(g) = F*(8ijda’da’) = 6;;dF dF) =) (dF")?
i=1
These expressions are tensor fields living in the tensor algebra 7*(M) of M.

7
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8 2. RIEMANNIAN MANIFOLDS

2.5. EXAMPLE. (Graphs) Let M C R™ x R be the graph of the smooth function f: M — R.
Then s(z) = (z, f()) is a diffeomorphism so that the Riemannian manifold (M, :*g" ™) is isometric
to (R",s*g"*!) where the metric s*g"*? is

n+1 n

(3 (dr)?) = 3 (do)? + )2 =3 (e 01 O e
i=1 i=1 i=1
- - of o .
) (6” + )dx d ' - ; (1 i ( ) dxl)2 i ? 1<;<n 8f 6‘}; lditj

2.6. EXAMPLE. let S’JQr be the upper hemisphere on S? C R? considered as the graph of the
function f(z,y) = y/1 — 22 — y? defined on the unit ball B> C R?. Then (S2%,:*g") is isometric
to (B2,5*g%) where

2
*—3 2 2 —Z -y
s = (dx)* + (dy)~ + dz + d

9" = (dx)” + (dy < Ty Ty y)

1—19? 1—a? 2y

= ——"—(dx)* dy)? + ————dxd
1—m2—y2( ) +1—m2—y2( Y) +1—:r2—y2 ray
This means (2.1) that
1—y? 1— a2 xy
Opy Op) = ——5—, (0y,0)) = ——5—, (04,0,) = ———

at the point (x,y) € B2. In this metric, the basis tangent vectors, 9, and 0y, are not orthogonal
at any point of the unit ball away from the axes. If we consider the curve v(t) = (¢,0), —1 <t < 1,

then the tangent vector . (%) = d@”)a + d“”)a = d, so that the length of this curve is

+1 +1
Lo - .
o= [ = [yt

What is the distance between (0, —1/2) and (1/2,0)? What is the curve of shortest length between
these two points?

2.7. EXAMPLE. (Surface of revolution in R?)

2.8. DEFINITION. A smooth map F: (M, g) — (N, h) between two Riemannian manifolds is an
isometry if g = F*h; if g(X,Y) = h(F. X, F.Y) for all tangent vectors X,Y € T,M, p € M.

Two Riemannian manifolds are isometric if we can deform one into the other by bending but
not stretching. Is the upper unit hemisphere Si C R?3 isometric to the open unit ball B2 C R??
Certainly, the diffeomorphism s: B> — 53 from Example 2.6 is not an isometry as for instance
(Ox,0z) # 1 or because the tangent vectors d, and 9, are not orthogonal throughout any open
(nonempty) subspace of B2 But there are many other diffeomorphisms and maybe we could
find one that preserves the metrics? To decide if this is the case we need to find invariants of
Riemannian metrics. Is Si curved? And what does that mean? We need to develop some theory
to answer these questions.

In order to decide if two given Riemannian manifolds are isometric we have to know have
the metric tensor transforms under change of coordinate system? (Remember that the coordinate
expression for a metric is an artefact of the coordinate system and not an intrinsic property of the
metric.)

2.9. LEMMA. Let ¢: R™ — M and: R™ — M be parameterizations of the same open subspace
of M. If
¢ (g9) = a;jdz* da?, ¥V (g) = bijdy* dy’

(aij) = (}%’;)t (bis) (ng)

then

where y = oL



2. THE THREE MODEL GEOMETRIES 9

Proor. Put P = (8—747) Then (1.1)

oxd
dy! dz!
vl o | =P
dy™ dz™
Therefore
ajdz'da’ = ¢*g = (Yy)*g = y* (¥*g) = y* (bi;dy’dy?)
dy?
dy™
dz!
= (da? dz™) P'(bj;)P | :
da™
so that (a;;) = P*(bi;)P. 0

Suppose that ¢*g = a;;dz’da’ for some parameterization ¢. Is M locally flat? In other
words, does there exist a re-parameterization 1) = ¢y of M such that 1*g = §;;dy’dy’? Such a
re-parameterization exists if and only if the set of n(n — 1) PDEs

(9ij) = (gg;)t (gia)

or equivalently,

n
oy* oy* . .
(2-10) gij = Z 3‘11‘ 311" 1<i<j<n,
k=1
has a solution y = (y*,...,4y"). Riemann showed (in an essay that was never properly recognized)

that (2.10) is equivalent to

82?% k Oyt ..
9o — Liige  1S6il<n,

and thereby that (2.10) has a solution if and only if

;?d:()? 1§j,k,€7m§n,

where the I‘fj (the Christoffel symbols) and the R}, are certain functions defined in terms of the
functions g;;. This was the birth of the Riemann curvature tensor R;’}d! This direct approach,
however, is not the one used today since it is conceptually simpler first to introduce a device called
a connection that will enable us to work in a coordinate-free way on M.

2.11. ExaMPLE. (Cylinders are flat.) Let v(s) = (z(s),y(s)), a < s < b, be a smooth curve in
R? such that the tangent 'y*(%) = 2/(5)0; +y'(s)0y # 0 for all t. Let M C R? be the cylinder
over 7, the surface with parameterization ¢(s,t) = (z(s),y(s), z(t)) where z(t) = ¢t. Then (2.3),

¢*(7°) = (dz)* + (dy)* + (d2)* = (2'(s)ds)* + (4 (s)ds)® + (dt)* = W*(C? )*(ds)? + (dt)?

S

What are Riemann’s equations in this case? Is there a solution?

2. The three model geometries

The model geometries are Euclidean geometry, spherical geometry, and hyperbolic geometry.



10 2. RIEMANNIAN MANIFOLDS

2.1. Euclidean geometry. Euclidean geometry is the geometry of the Riemannian manifold
(R™,g") where
n
g" = d;da'dr! = Z(dnci)2

i=1

meaning that g"(U%0;,V70;) = > i, U'V'. (The straight line over the g is to remind you of
Euclidean geometry.)
The isometry group of Euclidean geometry

Isom(R",g") = Aff(n) = R" x O(n)

acts transitively on R™ by the rule (v, A)(z) = v + Az. The isotropy subgroup at 0 € R™ is O(n)
and the projection

O(n) — Aff(n) = O(TR") — Aff(R")/O(n) = R"
is the unit n-frame bundle of Euclidean geometry R™.
2.2. Spherical geometry. Spherical geometry is the geometry of the Riemannian manifold
(St g4) where
Sk=1{(&7) eR" xR|[¢* +7° = R*}

is the n-sphere of radius R and g = o* (Y1, (d&)* + (dr)?) is the restriction of the Euclidean
metric on R" x R.
The isometry group of spherical geometry

Tsom (S}, gr) = O(n + 1)

(The smooth action of O(n + 1) C Aff(n + 1) on R™*! restricts to a smooth action on S™ —
and in fact these are all isometries.) O(n + 1) acts transitively on S™. The isotropy subgroup at
N =(0,...,0,1) € S™ is O(n) and the projection

O(n) - O(TS")=0(n+1) —0O(n+1)/0O(n)=5"
is the unit n-frame bundle of spherical geometry S™.

2.12. PROPOSITION. Stereographic projection o: S% — N — R" is given by
R

o(&,7) = ﬁf
and the inverse is given by
_ 2R%u |u|> — R?
oM (u) = (&(u), T(w), §(u) = m» 7(u) = Rm
Stereographic projection is a diffeomorphism.
Proor. Elementary. O

2.13. PROPOSITION. The Riemannian manifold (S§ — N, g}) is isometric to the Riemannian
manifold (R™, (c=1)*g%) where
( 71)* n 4R4 —-n
o =——
T
is conformally equivalent to the Euclidean metric.

Proor. By 2.3

n

(0 ") 'gr =) _(d€")* + (dr)?

j=1
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We will now use the derivation rules 1.4. The denominator of € and 7 is |u|?+ R? and d(|u|?+R?) =
d(|u|?) = 3" 2u/ du? which we shall write as 2(u, du). Because

iel = d < 2R%u > _ 2R*dw’ 4R (u, du)
WP ) TuE TR (R
dr = d <R|u|2 — R2> _ 2(u,du) (|Ju|> — R?)2(u, du)
) A TR L (T O
_ 2R(u, du)(|u|* + R?) — 2R{u, du)(|u|* — R?)
a (lul*> + Rr?)?
_ AR*(u,du)
 (lul* + R?)?

e "\ (4R*(du?)?  16R*(w’)*(u, du) B 16 R*u? du? (u, du)
I e R (55 M (k32

n

_ AR*(du?)? Z du) 16R4\u| (u, du)? 16R4<u7du>2

|u|2+R2 )2 (Ju|?> + R?)* (Ju|?> + R?)3
~ARYdw?)? _,  16RYul*(u, du) — 16R*|ul*(u, du)® — 16RS (u, du)?
~ (ul? + r2)2? (Jul® + R?)*

AR dw?)? - 16 RS (u, du)?
T (PR T (uP + R2)?

4R4(duj)2 —n 2

= Qe+ r? )

O

2.14. Hyperbolic geometry. Hyperbolic geometry is the geometry of the Riemannian man-
ifold (H}%, h;) where
Hp ={(&71) e R" xRy | [¢] — 7% = —R?}
id the hyperbolic space n-space of radius R and hl = o*( Y1 | (d€")? — (d7)?) is the restriction of
the Minkowski metric on R” x R. Let N = (0,...,0,R) € H} be the north pole.

2.15. REMARK. (Minkowski metric) Let m be the inner product on R"™! with matrix D =
diag(1,...,1,—1). We can view m both as an inner product on the vector space R" ((X,Y) =
m(X,Y) = X'DY) or as a Minkowski metric on the manifold R"*! ((X?9;,Y?9;) = m(X,Y)).
For each p € HF, the tangent space

T,Hf =p~ C R = T,R""!
exactly as in 1.5.

Let
O(n,1) = {A € GL(n,R) | A'DA = D}

be the group of linear automorphisms of R"*! that preserve the inner product. The columns (or
rows) of each A € O(n, 1) form an orthogonal basis for R"*! of vectors of length 1,...,1,—1.
The elements of the Lie group O(n,1) preserve the subspace {(£,7) € R"™! | |(£,7)]? = —R?} of
vectors of square length —R?. This subspace has two connected components. Let O (n,1) be the
subgroup of O(n, 1) consisting of the elements that take the connected component H}, to itself.
The Lie group O4(n, 1) acts transitively on Hp; given any v € H}, we can find an A € O4(n,1)
whose last column is %v so that AN = v where N is the north pole. The isotropy subgroup at N
consists of the A € O, (n,1) whose last column is (0,...,0,1). The isotropy subgroup, isomorphic
to O(n), act transitively on the tangent space Tn HJ. The projection

O(n) — O(THE) = O4(n,1) = O4(n,1)/0(n) = Hp

is the unit n-frame bundle of H7.
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2.16. PROPOSITION. Hyperbolic stereographic projection w: Hp, — B} is given by

R¢
and its inverse is given by
2R%u R? 4 |ul?
—1 o _ .
™ (u) - (f(u)77—(u))’ f(u) RQ ‘U|2, T(’LL) RR2 _ |U‘2
Hyperbolic stereographic projection is a diffeomorphism.
ProoOF. Elementary. 0

2.17. PROPOSITION. The Riemannian manifold (H%, h') is isometric to the Riemannian man-
ifold (B™(R), (r~1)*h’) where

4R*
—1\x/1n —n
h =
(ﬂ- ) ( R) (R2 . |’U4‘2)2g
is conformally equivalent to the Euclidean metric.

PROOF. By 2.3 (applied to the Minkowski metric)

n

(c™1)*hg =Y (d&)* — (dr)?

j=1
Using that d(R? — |u|?) = —2(u, du) and 1.4 we get
2R%du?  2R%*u?2(u, du)

J =
R e PR R
B <u du) (R? + |u|®)2{(u, du)
“R T -y
B 2R3<u,du> — 2R|u|*(u, du) + 2R3 (u, du) + 2R|u|*(u, du)
- (R? — [ul?)?
_ AR*(u,du)
(B2 [u]?)?
Therefore
= "\ [ 2R%du) 4R2uj (u, du) ?
a0 ( )
2.4 Z TP T~ PP
Z 2+ 16R4\u| (u,du) 16 R*(u, du)?
|u| )? —lul®)*t (B2 —[u?)?
B 4R* N 16 R*|ul? (u,du> + 16 RS (u, du)? — 16 R*|u|? (u, du)?
(P (7~ uf?)!
B 4R*  _  16R%(u,du)?
(R |u|2)29 (R? — [uf?)*
4R
—_— dr
= @—npr?

Let U" = {(z,y) € R"! x R |y > 0} be the upper half plane in R"™.

2.18. PROPOSITION. The Riemannian manifold (Hp, h'y) is isometric to the smooth manifold
U™ equipped with the Riemannian metric R? y%g”.

PROOF. A computation. d

Does the hyperbolic plane H? embed isometrically in R?? Any Riemannian ma embeds iso-
metrically into some Euclidean space [6].
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3. Connections

Let E — M be a smooth vector bundle over M and £(M) the C°°(M)-module of smooth
sections. A connection on F is a recipe for how to differentiate a section of E along a vector field.

2.19. DEFINITION. A connection on E is a map
T(M) x E(M) L £(M)
(X,Y) - VxY
which is C*°(M)-linear in X and R-linear in' Y and satisfies the product rule
Vx(fY) = (XY + fVxY
for all f € C=(M).
There always are connections, for instance the 0-connection given by VxY = 0.

2.20. LEMMA. The value VxY (p) at the point p € M only depends on'Y in a neighborhood of
p and X at p.

PROOF. Let us first focus on Y-variable. By linearity, it is enough to show that if Y =0 in a
neighborhood U of p, then VxY (p) = 0. Choose a smooth bump function ¢ such that ¢(p) =1
and ¢ = 0 outside U. Then ¢Y is the zero section so that

0=Vx0=Vx(¢Y)=(X¢)Y +¢VxY

Evaluating at p, we get 0 = VxY (p) since Y (p) = 0 and ¢(p) =1

Next, we focus on the X-variable. By an argument similar to the one just given, we first show
that if X is 0 in a neighborhood of p, then 0 = VxY (p). Suppose now that we only know that X
vanishes at the point p, X (p) = 0. Choose a moving frame E; in a neighborhood of p. Extend the
locally defined vector fields E; to globally defined smooth vector fields. There are smooth functions
X such that X = X"E; in a neighborhood of p. Then VxY (p) = Vxip, Y (p) since X and X'E;
are equal in a neighborhood of p. By C°° (M )-linearity in X,

Vxip,Y = X'VgY
which evaluated at p is 0 since X*(p) = 0 for all 1. a
We are particularly interested in connections on the tangent bundle of M.

2.21. DEFINITION. A linear connection is a connection T (M) xT (M) Y, T (M) on the tangent
bundle of M.

Are there any linear connections, apart from the 0-connection, on M?

2.22. EXAMPLE. The Buclidean connection Vx(Y?0;) = X (Y7)9; is a nonzero linear connec-
tion on Euclidean space M = R™. Note that ﬁalﬁ 0,1 < 14,7 <n. A smooth vector field
Y = Y'9; on R" is the same thing as a smooth map Y = Y?E;: R® — R". The derivative in the
direction of (tangent) vector X of the map Y = Y'E; is X(Y) = X(Y*)E;. For consistency sake
we better declare the derivative of the vector field Y = Y9; to be VxY = X (Y*)9; to ensure that
the diagram

COO Rn Rn) S COO RTL R'VL

commutes.

If we can construct connections on R™, maybe we can define a connection in each coordinate
patch on M and then put them together? What does a connection look like locally?
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2.23. LEMMA. Suppose that U is an open subspace of M that admit a moving frame E;. The
linear connection NV on M restricts to linear connection on U. If X = X'E; and Y = YjEj are
vector fields on U then

VxY = (XYY" + X'YIT})E),

where the n® smooth functions Ffj are the Christoffel symbols given by Vg, E; = Fijk.
ProOOF. We compute
VxY =Vx(Y'E;) = XY/E; + Y/VxE; XY'E; + YV xip, E; = XY'E; + X'YIV g, E;
= XY'E; + X'YT},E, = XY*Ey + X'YIT] By = (XY + X'YIT};) Ex
where we use the Christoffel symbols. O

Thus we see that we can express VxY by means of the n® smooth functions Fi—“j. Conversely,

for any choice of n3 smooth functions Ffj we can define VxY, X, Y € 7(U) by the above formula
and that will be a connection. So a linear connection on U is the same thing as a collection of n?
smooth functions on U.

In particular if M is a smooth manifold and {U,} a smooth atlas on M then can find a linear
connection V* on each U,. In order to construct a linear connection on M, let {¢,} be a smooth

partition of unity subordinate to {U,}.

THEOREM 2.24. (Ezistence of connections) Any smooth manifold M has many linear connec-
tions:

VxY =) ¢ ViY
«
is a linear connection on M.

Armed with a linear connection we know how to differentiate vector fields along vector fields.
But as a bonus we can even differentiate arbitrary tensor fields along vector fields!

2.25. LEMMA. (Ezistence and uniqueness of the covariant derivative of a tensor field) Let
T(M)xT(M) ~, T (M) be a linear connection on M (2.21). Then there are unique connections
T(M) x TH(M) = T} (M)

on all tensor bundles T (M) — M such that
(1) Vxf = Xf for all f € TY(M) = C(M)
(2) VxY is the given linear connection for all vector fields Y € T3 (M)
(3) Vx(A®B)=VxA®B+A®VxB
(4) VxtrA=trVxA for all A€ T} (M)
Namely, for any 1-form w, Vxw is the 1-form given by
(2.26) (Vxw)(Y) = X(w(Y)) —w(VxY)

and, in general, for any (2) -tensor A € TF(M), VxA is the (lz) -tensor given by
(2.27) (VxA) (W, ..., Y1, V) = X(A(W?,...,w5 Y1, YR)
¢
=D AW W YL VXYY = Y DAL Vw0 Y TR
; =

for any choice of k vector fields Y1, ...,Ys and £ 1-forms w', ..., w" on M.

PROOF. Let’s assume that we have connections that satisfy items (1)—(4). What is the cov-
ariant derivative of a 1-form w? For any two vector fields X and Y,

D) P vitrweY) L uviwey) 2 a(ViweY + we Vi)

wn

X(w(Y))

Vxw)(Y) 4+ w(VxY)
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which is (2.26). So we are forced to define Vxw as in (2.26). But then there is at most one
possibility for V x A since any tensor is a sum of a smooth function times tensor products of vector
fields and 1-forms (combine the local expression (1.8) for a tensor with a smooth partition of unity).
This shows uniqueness.

To show existence, use (2.26) to define the covariant derivative of a 1-form and then use (2.27)
to define Vx A in general. Check that this definition satisfies (1)—(4). O

2.28. DEFINITION. The total covariant derivative V: T5 (M) — Te T (M) is given by
VAW, ..., Y1, .. Y, X) = (VxA) (W, ..., 0" Y1, .., V)
for all A € T}F(M).

Note that the total covariant derivative of the tensor field A € 7,F(M) is zero if and only if
the covariant derivative of A along all vector fields is zero: VA =0 < VX € T(M): VxA =0.

2.29. EXAMPLE. There are total covariant derivatives

0% (M) = TX(M) L TH(M) L TE(M) L T (M) > -

If u € C*°(M) is a smooth function and X a vector field, then
(Vu)(X) = Vx(u) = X(u) = du(X)

so that Vu = du.
The 2-form V?u = VVu is called the covariant Hessian of u. If X and Y a vector fields, then

(2.28) (2.26)

(V2u)(Y, X) = (VVu)(Y, X) (VxVu)(Y) X((Vu)(Y)) = Vu(VxY)

V=M X (Y ()~ (V) (w)

Consequently,
Viu=0 < VX, Y € T(M): Y(X(u)) = (VyX)(u)
2.30. EXAMPLE. If g € 72(M) is the Riemannian metric, then Vg is the 3-form given by

(Vo)(X,Y,2) “2Y (V40 (X,v) *27 Zg(X,Y) - g(V£X,Y) — (X, V,Y)

for any three vector fields X,Y, Z. Consequently
Vg=0 <= VX, Y, Ze€T(M): Z(X,Y)=(VzX,Y)+ (X,VzY)
for all vector fields X,Y, Z.
2.31. EXAMPLE. There are total covariant derivatives

T(M)=T(M) = T (M) = T (M) -

If Ve T°(M) is a vector field then VV is the <1>—tensor given by

(VV)(w,X) = (VxV)(w) =w(VxV)
If V = V%9, in local coordinates, then
(VV)(da', ;) = da'(V,V) = da*(Vo,VFOr) = da' (9;V*0 + V*T4,0,) = 0,V + VT,

and therefore
VV = (0;V' + V)0 @ da?
We say that the vector field V' is parallel if VV = 0. Since
VV =0« VX eT(M): VxV =0,

V is parallel iff the covariant derivative of V along any vector field is zero. What tensor is V2V?
What does it mean if V2V = 0?
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4. Geodesics and parallel translation along curves
Let v: I — M be a smooth curve on M.

2.32. DEFINITION. For anyt € I, the tangent vector

d(f o)

Ty erwm,  Sor=2

dt
is called the velocity vector of v at the point y(t).

7 (8) =l (t), [feC®(M)

If z is a coordinate system around ~y(to) and 7y = (%,...,~™) then
. dfyi
(2.39) 3 = o)

as a special case of (1.2).

2.34. REMARK. We say that the curve =, defined in an open neighborhood of 0, represents

the tangent vector V' € T,M if v(0) = p and 5 (0) =V. Then V f =y (0)f = £(f7)(0) for any
smooth function f € C*°(M) and F,V is represented by the image curve Fy for any smooth map
F: M — N.

2.35. DEFINITION. A wvector field along v is a smooth map V: I — TM such that the diagram
™
.
I *’Y> M

commutes. A wvector field V along is extendible if V(t) = V(y(t)) for some vector field V on a
neighborhood of v(I). The C*(I)-module of all vector fields along ~ is denoted T (7).

The velocity field v (t) is an example of a vector field along .
The formulation of the lemma below makes use of 2.20.

2.36. LEMMA (Covariant differentiation along a curve). Let V be a connection on M. There
exists precisely one R-linear map Dy: T () — T () such that

d
D)=Ly o, feo=(), VeTw)
DV = v;(t)V V' extendible

e If E; is a local frame around ~y(to) and V = VIE;, then
dvi »
Y J .
D,V = 7 E;+V V,.Y(t)Ej
for t near tg.
o If x is a coordinate system around y(to) and V = Vjaj, then
dy* dy'

D,V = (— +TF

j
dt ii g V)0

for t near tg.

A curve on M is as close as possible to being a straight line if the curve at all times just
continues in the direction of ¥ (t), if its velocity ¥ (t) does not change. No change means zero
covariant derivative.

2.37. DEFINITION. A smooth curve v is a geodesic (with respect to the connection V) if the

L]
covariant derivative of its velocity field vanishes, DyY= 0.

A geodesic is a curve that follows its own nose. A geodesic is a curve with constant velocity.
Light rays follow geodesics in space-time.
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If x is a coordinate system around some point v(¢g) of v, then v is a geodesic iff
9 S
" ety
dt? Yt dt

near ty. In principle, we could determine geodesics by solving this equation. In practice, this is
close to impossible. Instead we try to identify some properties that a geodesic must have (2.54,
2.58).

(2.38)

2.39. PROPOSITION (Existence and uniqueness of geodesics). Let p be a point on M and
V e T,M a tangent vector at p There exists a unique mazimal geodesic vy : I — M defined on an

open interval containing 0 such that vy (0) = p and ’.YV 0)=V.

2.40. LEMMA (Rescaling lemma). Let V € T,M be a tangent vector at p € M and let c € R
be a real number. The geodesic .y is defined at t iff the geodesic vy is defined at ct and then

Yev (t) = v (ct).

PROOF. Consider the maximal geodesic vy : I — M. Put y(t) = vy (ct) for all t € ¢~ 1. Then
v(t) is a geodesic because it satisfies (2.38) in any coordinate system and it is defined at ¢~1¢. In

fact, (t) = Yev (1) as 7(0) = 1 (0) = p and 7 (0) = cV.. O

A vector field along a curve is parallel if it doesn’t change; no change meaning zero covariant
derivative. A curve is a geodesic if it has a parallel velocity field.

2.41. DEFINITION. A wvector field V' along 7 is parallel if it does not change along v, DV = 0.

2.42. PROPOSITION. Let v be a curve on M. Suppose that pg = v(to) is a point on v and
Vo € Ty M a tangent vector at that point. There exists precisely one parallel vector field V along
v such that V (tg) = V.
5. The Riemannian connection

On a Riemannian manifold there is a preferred connection.

THEOREM 2.43 (The fundamental theorem of Riemannian geometry). A Riemannian manifold
admits precisely one symmetric connection compatible with the metric.

This particular connection is called the Riemannian connection or the Levi—Civitta connection.
2.44. DEFINITION. The connection V is symmetric if
VxY - VyX = [X,Y]
for all vector fields X, Y € T(M).

2.45. LEMMA. Let E; be a local moving frame such that [E;, E;] =0, 1 < i,j <n (for instance
E; = 9; could be a coordinate frame). Then ¥V is symmetric if and only if

Iy =T% 1<ijk<n
PROOF. Vg, E; — Vg, E; = (T}, —T%)Ey. O
2.46. DEFINITION. The connection V is compatible with the metric g if

XY, Z)y=(VxY,Z)+(X,VxZ)

for any three vector fields X,Y,Z € T(M).

2.47. LEMMA. Let E; be a local moving frame. Then V is compatible with the metric g if and
only if
Evgij = Tagje + T 9i0, 1<i,j,kl<n

PROOF. Ek <E1,E]> — <kaEZ,EJ> — <EzakaE]> = Ekg” — Fiigje — Fi]gw O
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PROOF OF THEOREM 2.43. We first show uniqueness. Assume that V is a symmetric con-
nection that is compatible with g. Then

X(YZ>244<

VxY, Z) + (Y, Vx Z) "2 (VxY, Z) + (Y, V2 X) + (Y, [X, Z])
for any three vector fields X,Y, Z € T(M). Permute X,Y, Z cyclically, obtain

X (V,2) = Z(X,Y) + Y (X, 2) =2(VxY, Z) + (Y, [X, Z)) — (X, [Z,Y]) + (Z,[Y, X))
and conclude that

(248) (Vx¥,2) = L (X(¥,2) = Z(X,Y) +Y (X, 2) = (V,[X, Z]) + (X, [Z,Y]) — (Z,[V, X])

This equation shows that V, if it exists, is determined by the metric.
Next, we show existence. We will define V in any open submanifold where we have a moving
frame E; with [E;, E;] = 0 (for instance in a chart domain). The only possibility is to put

1
(2.49) Iy = 59“ (Eigje — Eegi; + Ejgie)
because
1
(2.50) IY.gke = (Vg Ej, By) = 5 (Eigje — Eegij + E;gir)

by equation (2.48). Since I'¥; = I'*; and

1 1
= (Brgij — Ejgar + Eigjr) + 5 (Ergij — Eigjr + Ejgix) = Ergij

2 2
this connection V is symmetric and compatible with g (2.45, 2.47). O

2.50
Thigie+T5gie = Thigej +T5pge =

2.51. EXAMPLE. The Euclidean connection V (2.22) is the Riemannian connection on Euc-
lidean space R™ for it is symmetric and compatible with the Euclidean metric g (2.1) since Ffj =0.

What is the Riemannian connection in spherical and hyperbolic space?

2.52. LEMMA. Let V be a connection and g a metric on M. The following conditions are
equivalent:
(1) V and g are compatible (2.46)
Vg=20
% (V,W) = (D;V,W) + (V, DiW) whenever V,W are vector fields along a smooth curve

(V,W) is constant whenever V,W are parallel vector fields along a smooth curve
Parallel transport is an isometry

(

(3
(4
(

ot [\
= O =

PRrOOF. (1) < (2): 2.30
(3) = (4) = (5) : Obvious.

(5) = (3) : Let Py,..., P, be parallel vector fields that are orthonormal at one point of the curve
and hence orthonormal at any point. Write V = VP, and W = W'P,. Then (V,W) = Y ViW?
and (2.36) D,V = V2P, and D,W = 9P, Hence

i z d i i_i
(DtV,W>+(V,DtW>_Z—W > Vi dt ava_dta/,vm

(3) = (1) : Let Y and Z be smooth vector fields on M and let v be a smooth curve, v(0) = p,
¥ (0) = X(p). Then
. d
X, (Y, 2) =7 (0)(Y.2) = = (V.2) = (DY, 2) + (Y. DiZ) = (Vx,Y. Z) + (Y. Vx, Z)

(1) = (3) : Let p = +(0), choose a vector field X with X (p) =7 (0), and choose an orthonormal
moving frame, E;, around p. Then

0= X(E;, E;) = (VxE;, Ej) + (E;, Vx Ej)
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since V and ¢ are compatible Write V = V*E; and W = WjEj. Then D,V =V*' E; + ViVxE;,
and similarly for W, at the point p (2.36). Therefore,

(DeV,W) +(V,D,W) = (V! Wi + V' W) (E;, E;) + V'WI((Vx E;, Ej) + (E;, Vx Ej))
- iy _ 4 i 4
= (VWi 4V W)fdtZVW = (VW)
(]
2.53. LEMMA (Covariant differentiation commutes with lowering and raising of indices (5.2)).

If the connection V is compatible with the metric then the diagram

#
T (M) = TE (M)

vxl lvx

#
T ) == TE (M)

commutes for any vector field X .

ProOF. It will be enough to prove this for vector fields (k = 0 = ¢)). Suppose that X, U,V
are vector fields. The claim is Vx(V?) = (VxV)?. We compute

(Vx(VH(U) = X(VE) =VHVxU) = X (U, V)= (VxU,V) = (VxU,V)+ (U, VxV) = (VxU,V)
= (U,VxV) = (VxV)}(U)
using (2.26) and (2.46). O

2.54. COROLLARY. Riemannian geodesics have constant speed.
PROOF. 4| Y (1)]2 = (7 (1),7 (1)) = 2(D,¥ (£),7 (1)) = 0. O
6. Connections on submanifolds and pull-back connections

Let (M,g) be a Riemannian L manifold and M C M be an embedded submanifold. Suppose
that we have a connection V on M. How can we obtain a connection on the submanifold M?
For any tangent vector X, € T, M, let Xg € T, M denote the orthogonal projection of X,.

2.55. PROPOSITION (Existence of uniqueness of tangential connections). There exists precisely
one connection VT on M such that

VY = (VxY)"
whenever X,Y are vector fields on M and X,Y their restrictions to M. If V is the Riemannian

connection on M, then VT is the Riemannian connection on M.

2.56. LEMMA. Let V be a connection and let X, Y € T(M) be vector fields on M. Then
VxY(p) only depends on X (p) and Y along a curve tangent to X (p).

PRrROOF. VxY(p) = V:/(O)Y(p) = D;Y(0) for any curve : (—e,e) — M with y(0) = p and
7 (0) = X(p). O

2.57. PROPOSITION (Pull-back connections). Let ¢: M — M be a diffeomorphism and V a
connection on M.
Let (also) V be the map that makes the diagram

T(M) x T(M) -3 =T(M)
duxmlﬁ ﬂlm
T (M) x T(M) —— T (3)

commutative. Thus ¢, VxY =V x¢.Y for all XY € T(M).
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(1) V is a connection on M.
(2) Covariant differentiation wrt V makes the diagram

T(dy) —5>T(d7)
commutative. Thus ¢.DiV = Dy, V' for any vector field V' along the curve v in M.
(3) Assume that M and M are Riemannian manifolds and that ¢ is an isometry. If V

the Riemannian connection on M, then V is the Riemannian connection on M. Thus
0. VxY = V¢*X¢* forall XY € T(M)

2.58. COROLLARY. Isometries of Riemannian manifolds take Riemannian geodesics to Rieman-
nian geodesics.

PROOF. Let ¢: (M, g) — (M,g) be an isometry of Riemannian manifolds. Then the connec-
tion on M is the pull-back of the connection on M (2.57.(3)). Let vy, V € T,M, be a geodesic on
M. Then

Dil(é1)*) = Di(¢e ) =P 6. Dy(%) = 6.0 =0

so that ¢yy = ve,v- O

7. Geodesics in the three geometries

We determine the geodesics in Euclidean, spherical, and hyperbolic geometry.

2.59. Euclidean geometry. The Riemannian connection on R” is the Euclidean connection
(2.22).

Let p = (0,...,0) € R" and V = (1,0,...,0) € T,R™. We know that there is a unique
maximal geodesic vy running through p with velocity V. We also know that ¢yy = ~y for any

isometry ¢ € O(n) of R" preserving (p7 V) The map ¢(£17 627 537 cee 7571) = (517 _527 537 s 75%)
is such an isometry (it is a diffeomorphism and it preserves |£]). Thus vy must have &2y = 0.
Similarly, &34y = 0,...,6%yy = 0. Thus 4y must run along the ¢!-axis. Since it has constant

speed and 7y (0) = V, we must have

w(t) = (¢,0,...,0)

This was just one geodesic! But since R"™ is homogeneous and isotropic, we have in fact determined
all geodesics: The geodesics in Euclidean geometry are the straight lines. For any point not on a
geodesic there is a unique geodesic passing through that point parallel to the given geodesic.

2.60. Spherical geometry. The Riemannian connection on
St ={(&1)eR"xR|[{*+7° =R’} CR""!

is the tangential connection (2.55) arising from the Euclidean connection on ambient R™*1.

Let N = (0,...,R) € S} be the North Pole and V' = (1,0,...,0) € Tn§%. What is vy, the
geodesic running through N with velocity V7 Using the isometries that change sign on &; for
2 <1 < n we see, as above, that vy must run in the intersection of S% and the § Lr-plane. Thus

(2.61) v (t) = (Rsin(t/R),0,...,0, Rcos(t/R))

We conclude that the geodesics in spherical geometry are great circles, the intersection of S3 with
planes through the origin. For any point not on a geodesic there is a no geodesic passing through
that point parallel to the given geodesic.
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2.62. Hyperbolic geometry. The Riemannian connection on
Hfp = {(¢7) €eR" xRy | [¢* =77 = —R?} C R"™

is the tangential connection (2.55) arising from the Euclidean connection, considered as the Rieman-
nian connection of Minkowski metric |(£,7)]? = |¢|> — 72, on ambient R" 1.

Let N = (0,...,R) € S} be the North Pole and V' = (1,0,...,0) € Tn§%. What is vy, the
geodesic running through N with velocity V? Using the isometries that change sign on &; for
2 < i < n we see, as above, that vy must run in the intersection of H% and the ¢!'7-plane. Thus

(2.63) v (t) = (Rsinh(¢/R),0,...,0, Rcosh(t/R))

We conclude that the geodesics in hyperbolic geometry are great hyperbolas, the intersection of
H7, with planes through the origin. (The isometry group O(n, 1)+ takes planes through the origin,
ut, to planes through the origin.) For any point not on a geodesic there are uncountably many
geodesic passing through that point parallel to the given geodesic.

8. The exponential map and normal coordinates
Let M be a Riemannian manifold with Riemannian connection V (2.43). Put

E={V e€TM |~y is defined at 1}

where vy, V € T, M, is the geodesic through v(0) = p with velocity g (0) =V (2.39). We define
(2.64) exp: £ —= M by exp(V)=~yy(1)
meaning that exp(V) is obtained by following the geodesic with initial velocity vector V for one
time unit. We let exp, denote the restriction of exp to &, = &NT, M.

2.65. PROPOSITION (Properties of the exponential map). Let exp: £ — M be the exponential
map on the manifold M.

(1) & is an open subspace of TM and exp: € — M is a smooth map.

(2) &, is star-shaped around O for each p € M.

(3) exp,: & — M takes straight lines through 0 € T,M to geodesics through p: exp,(tV) =
vy (t) (where both functions are defined for the same set of ts).

(4) (expp)s«: ToTpyM =T, M — T, M is the identity map.

(5) The exponential map commutes with isometries: The diagram

T,M —2> T3]

exppl ie"%(m

M—¢>M

commutes for any isometry ¢: M — M.
PrOOF. We defer the proof of (1). Let V € T,M and ¢t € R. Then
tV € £y < exp, is defined at tV <= 7y is defined at 1 <= 7y is defined at ¢
and for such a t, exp,(tV) = v (1) = yv(t) by the Rescaling lemma (2.40). In particular,
Ve& <= v isdefined at 1 = vy is defined at s <= sV €&,

when 0 < s < 1. Thus &, is star-shaped around 0. Assuming that &, is open in T, M and that exp,,
is smooth we now compute the differential of exp,,. Since the tangent vector V' € ToT,M = T,M
is (2.34) represented by the image curve t — tV, (exp,). is represented by curve exp(tV') = yv (t)

with 7y (0) = V. Thus (exp,).V = V. If ¢: M — M is an isometry, then ¢yy = v4,v (2.58) so

that ¢ exp, (V) = ¢yv (1) = v5.v (1) = expyp (V).
The geodesic vector field G on T M is the defined by

Gur= S| (Fiv @), fecxmm

t=0
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where ’.Yv(t) is curve on T'M obtained by taking the velocity of the geodesic ~y. Note that
yv(to+1t) = ’y’.Yv(to) (t) so that

GOv ()] = | 7Gv e+t = S| 16y )

where tg is an arbitrary point in the open interval of definition for vy . This means that integral
curves for the vector field G are velocity fields along geodesics. By a general theorem, there exists
a smooth map 6: O — TM, defined on an open subspace O C R x T'M containing 0 x T'M, such
that (¢, V') is the maximal integral curve for G through V' € TM at time ¢ = 0. Hence

E={VeTM|(,V)e0O}=ii'0, i1(V)=(1,V),
is open and exp(V) = 76(1,V) is smooth as a composition of smooth maps (w: TM — M is the
projection). O

2.66. EXAMPLE. Let N = (0,0,1) be the North Pole of $? C R? and let V be a unit vector
in the tangent space Ty S? = N+. The exponential map expy: TnS? = N+ — S? takes the unit
speed radial line ¢V to the unit speed geodesic whose trace is the intersection of S? with the plane
through 0 € R3 containing N and V.

Normal coordinates is special coordinate system determined by the metric.

Let U, C T,M be an open subset, star-shaped around 0, of the tangent space such that
exp,: U, — U is a diffeomorphism between U, and an open subset U of M. Choose an orthonormal
basis E; for T, M (with inner product g,) and an orthonormal basis e; for R™ (with standard inner
product g). Let E: (R",g) — (T,M, g,) be the isometry given by Fe; = E;. Then

(2.67) r=FE"'oexp,': M DU — z(U) CR" M&TPMLR"
\—’/

are normal coordinates around p. (We will often forget to mention E so that V' can stand for a
tangent vector V' € T,M as well as a vector V € R™.) The smooth function

(2.68) riU-p—R, (g =z =D 2(@)? =Vl (exp,(V)=q)

is the radial distance function and the unit radial vector field on U — p, denoted
0
(269) a(Q)a qec Ufpa
is the vector field formed by the velocity vectors of the unit speed radial geodesic; to any ¢ € U —p
it associates the velocity of the unit speed radial geodesic through gq.

If Br(0) C U,, then

Br(p) = exp,(Br(0)) = {¢ € z(U) | (q) < R}
Br(p) = exp,(Br(0)) = {g € z(U) | r(q) < R}
Sr(p) = exp,(0Br(0)) = {qg € z(U) | 7(¢) = R}

is a (closed) geodesic ball, respectively, a geodesic sphere around p. (Make a drawing of the
situation!)

2.70. PROPOSITION (Properties of normal coordinates). Let z: U — x(U) be normal coordin-
ates (2.67) around p.

(1) z(ypv(t)) =tV forallV € T,M and for all smallt. (In normal coordinates, the geodesics
through p are straight lines through 0.)

(2) =(p )—’0, M( ) = Ei, gi;(p) = 0ij, T3;(p) = 0, Orgij(p) = 0.

(3) & =483 forallge U —p.

PROOF. (1) 27 !(tV) = exp,(tE eV ().

V)=
(2) z71(0) = exp,(0) = p. Let v(t) = 2~ (tei) be the ith coordinate axis. Then 7 (t) = %(W(t))
in general (2.33). In this case, v(t) = (tei) = exp,(tE;) = 7E,(t) is the geodesic through

~(0) = p with velocity o (0) = E;. Thus E; = %(p). The components of the Riemannian metric



8. THE EXPONENTIAL MAP AND NORMAL COORDINATES 23

g at p are g;;(p) = g(%(l’)v %(P)) = g(E;, Ej) = §;;. The radial curve v(t) = 27! (t(e; + €;)) is
a geodesic so its coordinates v* satisfy the ODEs (2.38) which in this particular case means that
¥ (y(t)) = 0 for all . For t = 0, we get I'};(p) = 0. In other words, V,0;(p) = 0 for all ¢, j. Then
also

99i5(p) = Ok (8i, ;) (p) = (Vo,0i(p), 0;(p)) + (8i(p), Vo, 05(p)) =0+ 0 =0

since the Riemannian connection is compatible with the Riemannian metric (2.46).
(3) Let ¢ € U — p. Suppose that z(q) =V € R™. Then z(q) = V* and r(q) = |z(q)| = |V| (2.68).
The unit speed radial geodesic from p to g is y(t) = exp, (tV/|V]), 0 <t < |V|. Its velocity vector

is 7 t) = \Vﬁa%w(t)) (2.33); at g, in particular, its velocity is %%(q) = fj((qq)) 2:(q). O

Let T': (—¢,€) x [a,b] — M be a variation of the curve v(¢) = T'(0,t). We write (s, t) for points
n (—¢,e) x [a,b] (so that the interval [a,b] is placed on the vertical t-axis!). Let T's(t) = '(s,t) =
I'(s) so that T’ is a a curve in the ¢-direction (a main curve) and I'! is a curve in the s-direction
(a transverse curve). Let

0
%)7

be the velocities of the main, respectively, the transverse curves. We may view the main velocity
field 9,I" as a vector field along a transverse curve I'* and consider its covariant derivative D0,
along I'*. Similarly, we may view the transverse velocity field d,I" as a vector field along a main
curve I'y; and consider its covariant derivative D;9,I" along T's.

OL(s.1) = AT, (0) =P () =Tu(2), .0(s,) = ') =T (5) = L. (

2.71. LEMMA (Symmetry Lemma). DI’ = D;0sI" or Dj FS D, Ft

PRrROOF. This is a local question. Choose a coordinate system x around F(so,to) In local

coordinates, #T'(s,t) = (T''(s,t),...,T"(s,t)) and (2.33) &, F = f’F’a Os Ft 85 81. In local
coordinates there is a formula for the covariant derivative along a curve (2 36). Using that formula,

we get that
o’rk -, ort orv
Dol = (858t 155 o ) O

and there is a similar formula for D;0T"; except that the s and ¢t swap places. The point is now
that the Riemannian connection is symmetric so that the Christoffel symbols are symmetric in 4
and j (2.45). O

The variational field
.t a
(2.72) V(t) =I" (£,0) = Lo, (5;)
is the restriction to v(t) of the transverse vector field T'.

2.73. LEMMA (First Variation of smooth curves). 4 L(I',)(0) = <V,ﬁ.’>

i — <V, D, %> dt

when y(t) is a unit speed curve.

Proor. We differentiate the function s — L(I';) and then evaluate the result at s = 0. Using
that the connection is compatible with the metric (2.52) and The Symmetry lemma we get

o \1/2 b
/|r )|t = / (T 1) dtzéz/ o (D T Ty dt
o [Ty |
o (01 % e
7 = (D, T"1, ) dt
o [Ty |
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When s = 0, [s=To=", | 7| = 1, and I'; (0,¢) = V(¢) so that

iL(n)(()):/ab(Dtv,%} dt *2? /ab (jt (v.3) - (v.p, 7>) dt
_ <v(b),% (b)> - <V(a),% (a)> - /ab <V, D, %> dt
0

2.74. LEMMA (Gauss lemma). In a normal neighborhood of a point p we have:

(1) The geodesic spheres are orthogonal to the geodesic rays.
(2) (£,Y) = Y(r) = dr(Y) for any tangent vector Y € T,M, q # p (In other words,
gradr = 2 ).

ProOOF. Let ¢ = exp,(V) where V # 0. Then z(q) = V and r(q) = |[V| = R. The claim is
that
W LV = (exp,).W LYy (1)
for any W € Ty T,M = T,M (where V+ = T, Sg(0)). Let o(s) be a curve in Sg(0) that represents
W, o(0) =V, o (0) = W. Consider the variation I'(s, ) = exp,,(to(s)) of yv (t) = exp,(tV). Put

S = 0s;I'"and T = O,I". Note that the curves in the t-direction, t — exp,(to(s)), are geodesics of
velocity T and speed |T'| = |o(s)| = R. Hence D;T = 0 and |T'| = R is constant. It follows that

0 2.52 2.71 252) 1 0
(8.7 ©2p,8, T + (S, D,T) = (DS, 1) “Z" (D, 1, T) *2 55T =0

where we use that the connection is compatible with the metric and symmetric. Thus
(5,1)(0,0) = (5, 7)(0,1)

since (S, T)(s,t) is independent of t. We know compute

S(0.0) =T (0) =0, 5(0,1) =T (0) = (exp, ). W, T(0.1) =Ty (1)

as [%(s) = p, [''(s) = exp,(0(s)), and Ty(t) = exp,(tV) = vy (t). It follows that

0=(5,1)(0,0) = (S, T)(0,1) = <(6pr)*W, v (1))

which is the first item of the lemma.
We now know that there is an orthogonal decomposition T,M = R%(q) ® T,Sr(p) for we

have already seen that %(q) is the unit vector proportional to ’.YV (1). Any Y € T,M therefore
admits an orthogonal decomposition of the form Y = a%(q) + X where a € R and X € T,Sr(p)
is tangent to the geodesic sphere. Hence

(@7 ) =aly @P=a

because X (r) = 0 as r is constant on Sg(p). On the other hand,

0 0
Ya(r) = (a5-(a) + X)(r) = a2 (a)(r)
where
0 xt o) /2 xt 2zt r?
ar D)= (8) (X)) =X -E-t
and we have proved also the second item of the lemma. O
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9. The Riemann distance function
Let M be a connected Riemannian manifold.

2.75. DEFINITION. A regular curve on M is a smooth map v: [a,b] — M such that ’.Y (t)#0
for all t € [a,b]. The real number

b
= [ 15 @)l

is the length of the reqular curve ~y.
A piecewise reqular curve on M is a continuous map 7: [a,b] — M such that y|[a;—1,a;] is
regular for some subdivision a = ag < a1 < --- < an = b of [a,b]. The real number

Ly = L(|lai-1.ai)

is the length of the piecewise regular curve .

A piecewise regular curve v on M has a velocity vector ’? (t) at all points ¢ which is not one of
the break points a;. At a break point a;, we let

A 7=7 (af)= 7 (a7)
denote the jump between the velocity from the left, ’; (a;’) € Ty(a,), and from the right, v (a]).

2.76. PROPOSITION. (1) The length of a (piecewise) regular curve is invariant under re-
parametrization.
(2) Any regular curve has a unit speed parameterization.

PROOF. Let 7: [a,b] — M be a regular curve.
(1) Let t: [e,d] — [a,b] be a bijective smooth map with #'(s) # 0 for all s € [¢,d]. Then
(yot)*(s) =t'(s) 7 (t(s))
so that
d d b,
[ oo @ds == [ 113 @l ds= [ 15 @l
where the + applies if ' > 0 and the — applies if ¢’ < 0.
(2) Let s: [a,b] — [0, L(7y)] be the smooth map s(t) = f;| gl (t)|dt. Then §'(t) = | gl (t)| by the

Fundamental theorem of Calculus. Let ¢ be the inverse function. Then (yot)®(s) = t'(s) 5 (t(s)) =

S,%t) vy (t) is a unit speed curve. .

2.77. LEMMA. Any two points in M can be connected by a piecewise reqular curve.

PROOF. Since connected and locally path-connected spaces are path-connected, M is path-
connected [5, §17]. Given any two points, p and ¢ in M, there exists a continuous curve v: [0,1] — M
connecting them. By the Lesbesgue number lemma [5, §19], there is a subdivision 0 = ag < a; <
-+ < ap =1 of [0,1] such that v([a;_1, a;]) is contained in a coordinate neighborhood z: U — R"
such that 2(U) is a ball. Replace v([a;—1,a;]) by a smooth curve within this coordinate neighbor-
hood between the two end-points. O

2.78. DEFINITION. The function d: M x M — [0,00) given by
d(p,q) = inf{L(7) | v is a piecewise regular curve from p to q}
is the Riemann distance function.

We all know from general topology that all topological manifolds are metrizable. On a Rieman-
nian manifold we can construct an explicit metric.

2.79. LEMMA. d s a metric on the topological space M.

Let T': [—¢,€] x [a,b] — M be a fixed endpoint variation of the unit speed piecewise regular
curve y(t) = T'(0,¢).

For each s, the length of the piecewise regular curve I'y is L(T'y). What is the rate of change
of the length of the main curves near v (hoping that this length function is smooth)?


http://www.math.ku.dk/~moller/e03/3gt/notes/gtnotes.pdf

26 2. RIEMANNIAN MANIFOLDS

THEOREM 2.80 (First variation formula for piecewise smooth curves). Let v be a unit speed
piecewise regular curve and I' any piecewise smooth variation of v. Then

d b . n—1 .
= L) = —/a <V, D, 7> dt — ; <V(ai), A, 7>
where V' is the variational field along .

PRrROOF. Since L(T's) = > L(Ts|[ai—1,a;]) is a sum, just add the contributions from each
subinterval [a;_1, a;] where we are in the smooth situation (2.73). Remember that the endpoints
are fixed under the variation so that the variational field is 0 at the endpoints. 0

The formula shows that the length decreases when we vary « in the direction of the jumps at

L]
the points a; or vary -y is the direction of the acceleration D; 7 between the points a;.

2.81. LEMMA. Any vector field V' (which vanishes at the endpoints) along a piecewise smooth
curve is the variational field of some (fized endpoint) variation of the curve.

PROOF. Thanks to compactness, we can find € > 0 so that eV (t) € € C TM for all ¢ € [a, b].
Let T'(s,t) exp(sV (t)) for (s,t) € (—¢,€) X [a,b]. Then I is a piecewise smooth variation of v whose

transverse curves are geodesics with velocity | I'(s,t) = & exp(sV (t)) 285 V(t). O
s=0 s=0

2.82. COROLLARY. (1) Piecewise reqular minimizing curves of constant speed are geodesics.
(2) Geodesics are locally minimizing curves.

PROOF OF FIRST PART OF 2.82. Let v be a minimizing curve. For any vector field V' along
7, the expression on the right hand side of the equation in 2.80 is 0 as L(7;) has a minimum at

s = 0. Use this to show first that D; ’.Y (to) = 0 at any point which is not a break point. Thus ~ is
a piecewise geodesic. Next show that there are no break points so that «y is in fact a geodesic. [

What we showed was in fact that geodesics are critical points of the functional L.

Is there a minimizing curve between any two points of M7 Are minimizing curves unique?
No, there are uncountably many minimizing curves between the North Pole and the South Pole.
Or look at the situation where you want to go to the other shore of a lake, there are usually two
possibilities. Only if two points are sufficiently close, then there is in fact a unique minimizing
curve between them.

THEOREM 2.83. Let p be a point of M and Br(p) a closed geodesic ball around p.

(1) For any point ¢ € Br(p) in the geodesic ball there is a unique minimizing curve from p to
q, namely the radial geodesic. Then d(p,q) = r(q) where r is the radial distance function
(2.68).

(2) For any point ¢ € Br(p) outside the geodesic ball there is a point x € Sgr(p) such that
d(p,q) = R+ d(z,q). Then d(p,q) > R.

PROOF. (1) Suppose that ¢ € Br(p) lies in the geodesic ball around p and that 7(q) =  where
r is the radial distance function (2.68) for that ball. The radial unit speed geodesic from p to ¢ is
v(t) = exp,(tV), t € [0,7], where V' € T}, M is the unit vector with exp,(rV) = ¢q. This curve has
length r so that d(p,q) < r.
Now let o: [a,b] — M be any piecewise regular unit speed curve from p to ¢q. Let ag be the
ke a drawing! last point where r(o(t)) = 0 and by the first point after ag such that r(o(t)) = r. Then o|[ag, bo]
runs inside the closed geodesic ball of radius r. On the interval (ag, bg] we decompose the velocity

(2.84) g (t) = a(t)%
9

into its radial component along the unit radial vector field (2.69) and a component X(t) L .
Then

(a(t)) + X (t)

OF = la®) +1XO) = |a(t)]?

Q
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for t € (ag,bp] and therefore

bo bo d

b—a= L) > L(o|la, bo]) = bo — ao > nméﬁo/ a(t)dt = an/ 4 royar
ao+4 ao+9d dt

— lims_o(r(q) — r(o(ao +8))) = r(g) = r

Since o was an arbitrary curve, we have shown that the radial geodesic 7 is minimizing and that
d(p,q) = R.

We will now show that + is the only minimizing curve (up to reparametrization). Suppose

that o: [0,r] — M is some minimizing unit speed curve from p to ¢. Then the inequalities in the
above computation are in fact equalities so that «(t) =1 for all ¢. Then X (¢t) = 0 and (2.84) says
that o(t) is an integral curve through p for the radial unit vector field. So is 4. Uniqueness of
integral curves implies that o(t) = v(t) for all ¢ € [0, r].
(2) Suppose that ¢ ¢ Br(p). By compactness, there is a point x € Sg(p) such that d(z,q)
is minimal. Then d(p,q) < d(p,z) + d(x,q) = R + d(x,q). Suppose that d(p,q) < d(p,z) +
d(z,q) = R+ d(x,q). Then there exists a piecewise smooth curve o connecting p and ¢ of length
L(o) < R+ d(x,q). Let o1 be the first part of o that runs entirely inside the closed geodesic ball
from p to a point on Sgr(p), and let oo be the last part of o that runs entirely outside the closed
geodesic ball from a point of Sg(p) to ¢g. Then

R+d(z,q) > L(¢) > L(o1) + L(o2) > R+ L(0)

because L(o1) > R by the first part of this theorem. Now L(032) < d(x,q) so that the start-point
of o9 is a point on Sgr(p) that is closer to ¢ than z. Contradiction! O

A smooth curve v: I — M is locally minimizing if any tg € I has a neighborhood such that
Y|[t1,t2] is minimizing for all ¢; < t9 in this neighborhood.

PROOF OF SECOND PART OF 2.82. Let v be a geodesic and «(tp) a point on 7. Choose a
uniformly geodesic neighborhood W around 7(tp). The preimage y~*(W) is a union of open
intervals. Let Iy C I be the interval containing tq. If t1,to € Iy then ~|[t1,t2] is geodesic in
W C Bs(y(t1)) through (1) so it is a radial geodesic in Bs(y(t1)), hence (2.83) minimizing. O

Also when we go beyond where exp,, is injective we can sometimes find minimizing curves,
they may no longer be unique, though. (Look at curves on S? from N to S.)

2.85. LEMMA. Suppose that there is a point p € M such that the exponential map at p is defined
on the whole tangent space T,M. Then there is a minimizing curve, of the form t — exp,(tV),
0 <t <d(p,q) for some unit vector V€ T, M, from p to any other point in M.

PROOF. Let g be some point different from p and let T = d(p, ¢) > 0 be the distanec between
p and q.

Choose a closed geodesic ball, Bg(p), around p. We may assume that ¢ is outside this ball, ie
T > R, for otherwise we already know that there exists a minimizing curve from p to ¢ (2.83). Let
x be a point on Sr(p) that realizes the distance between Sr(p) and ¢ and let v be the unit speed
radial geodesic from p through z. By assumption, v is defined for all ¢ > 0. The miracle is that v
goes through ¢: v(T) = q.

To see this, consider the set

S={be[0,7]|d(p,q) = d(p,7(b)) + d(v(b),q)}

By using the continuity of the distance function d one can show that S is closed (take a sequence
of points in §). From 2.83 we know that [0, R] C S. Let A = supS and put y = y(A). Then
T =d(p,q) = d(p,y) + d(y,q) = A+ d(y,q) as A € S. Suppose that A < T. Choose a closed
geodesic ball Bs(y) around y where 0 < 6 < T'— A. Let z be the point on the geodesic sphere
Ss(y) such that d(y,q) = d+d(z,q) (2.83) and let 7 be the unique radial unit speed geodesic from
y to z. The piecewise smooth curve ([0, A] U T from p to z has length A + § and as

d(p,z) > d(p,q) —d(z,q) =T — (d(y,q) =6) =T - (T —A—-0)=A+9

05.04.05
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it is minimizing, hence a geodesic (2.82), in particular a smooth curve with no breaks. Thus
~|[0, A] and 7 must fit together to form the geodesic ][0, A + §] by uniqueness of geodesics. Now
z=7(A+6) and d(p,z) = A+ 0 so that

d(p,z) +d(z,q9) = (A+0) + (T - A-0) =T =d(p,q)

which contradicts that A is the supremum of S.
Now we know that T" € S so that

T =d(p,q) = d(p,¥(T)) + d(v(T),q) = L(/[0, T]) + d((T),q) = T + d(v(T), q)
so that d(y(T),q) =0 and ¥(T') = q. O

Now comes a definition that will only be used for a very short time!

2.86. DEFINITION. A Riemannian manifold is geodesically complete if all maximal geodesics
are defined for all of R.

R? is geodesically complete, Bf(0) is not.
Recall that a metric space is complete if all Cauchy sequences converge. Compact metric
spaces are complete.

THEOREM 2.87 (Hopf-Rinow). M is complete as a metric space <= M is geodesically
complete.

PROOF. Suppose that M is complete as a metric space. The claim is that all geodesics are
defined for all time. Suppose that there is some unit speed maximal geodesic v: (a,b) — M that
cannot be extended beyond b. Let t; € (a,b) be an increasing sequence of points converging to
b. Then ~(t;) is Cauchy for d(v(t;),v(¢;)) < L(v|[ti, t;]) = |t: — ¢;]. Let ¢ = limg(¢;). Choose a
uniformly geodesic neighborhood W around ¢ and a § > 0 such that W C Bs(p) for all p € W.
This means that any unit speed geodesic through a point of W exists at least in a time span of 9.
Choose t; so that t; > b—0 and ¢(t;) € W. Then we can extend the geodesic v near t; for at least
time § beyond t;. Contradiction!

Next sssume that there is a point p € M such that exp, is defined for all T),M. Let (¢;) be a
Cauchy sequence. We can assume that p # ¢; for all ¢ (if not, throw away some of the ¢;). Choose
Vi € T, M such that t — exp,(tV;), 0 <t < 1, is a minimizing radial geodesic from p to g; (2.85).
Then d(p, ¢;) = fol |V;|dt = |V;|. Since Cauchy sequences are bounded, the sequence (V;) is bounded
in T, M. Any bounded sequence in the inner product space 7, M contains a convergent subsequence
by compactness. Suppose that V;, — V € T,M. Then ¢; = exp,(V;,) — exp,(V) € M by
continuity of exp,. Any Cauchy sequence containing a convergent subsequence is itself convergent.
Thus lim ¢; = exp, (V). O

In the future we will not bother to say ‘geodesically complete’ but just say ‘complete’.

We actually proved that the conditions

(1) M is metric complete
(2) All maximal geodesics in M are defined on R
(3) All maximal geodesics through one point of M are defined on R

are equivalent and that any of these conditions imply
(4) There is a minimizing curve between any two points of M.
The Heine—Borel theorem holds in any complete Riemannian manifold.



CHAPTER 3

Curvature

1. The Riemann curvature tensor
The Riemann curvature tensor is the obstruction to flatness.

3.1. DEFINITION. The Riemann curvature tensor is the (5.6) (3,1)-tensor R(X,Y,Z,w) =
w(R(X,Y)Z) corresponding to the C*°(M)-multilinear map
T(M) x T(M) x T(M) EiN T(M), (X,Y,Z)— R(X,Y)Z:=VxVyZ—-VyVxZ—-VixyZ
(in a somewhat unorthodox notation) called the Riemann curvature endomorphism.

3.2. PROPOSITION. The map from 8.1 is C°°(M)-multilinear.

ProOF. The function is clearly R-multilinear.
Note that [fX,Y] = f[X,Y] — Y (f)X by computing [fX,Y](g). The computation

VixVyZ —VyVixZ —Vixyv)Z = fVxVyZ -~ Vy(fVxZ) — fVixy1Z +Y(f)VxZ
= fVxVyZ-Y([)VNxZ—fVyVxZ—fVixy1Z+Y (f)VxZ = f(VxVyZ-VyVxZ-Vxy|Z)
shows that the function is C°°(M)-linear in the X-variable.
The function is anti-symmetric in the X and Y-variables, so it is also C°°(M)-linear in the

Y -variable.
A direct computation as above shows that is also C°°(M)-linear in the Z-variable. U

Equivalently, the Riemann curvature tensor is the (4,0)-tensor field Rm = R® given by (5.8)
Rm(X,Y, Z,W) = R(W,Y, Z,W") = W (R(X,Y)Z) = (R(X,Y)Z, W)
In local coordinates (z*), the components of the curvature tensors

R = Rijkédxi ® dr? @ dz* @ 8y, Rm = Rijkgd$i ® dr’ @ dz* @ dz’
are given by

R(8;,0;)0, = R,.."8;

ijk
so that
(3.3) Rijie = (R(0;,05)0k, 0p) = <Rijkm6’m7 6e> = gem R, R, = 9™ Rijre

3.4. EXAMPLE. In Euclidean geometry (R",3), Vx(Y*8;) = X(Y*)0y, and (2.22) shows that
R(9;,0;)0r = 0 as the basis vector fields commute, [0;,0;] = 0. Thus R = 0 on R". On S? with
spherical coordinates the curvature tensor is nonzero in that R(Jg, 04)0s = —0p.

3.5. LEMMA (Symmetries in the Riemann curvature tensor). Let R and Rm be the curvature
tensor of a Riemannian manifold.
(1) Rm is anti-symmetric in the first two variables: Rm(X,Y,Z,W)=—Rm(Y, X, Z, W)
(2) Rm is anti-symmetric in the last two variables: Rm(X,Y,Z,W) = —Rm(X,Y, W, Z)
(3) Rm is symmetric between the first two variables and the last two variables: Rm(X,Y,Z, W) =
—Rm(Z, W, X,Y)
(4) Rm satisfies a cyclic permutation property of the first three variables:

Rm(X,)Y,Z, W)+ Rm(Z, X, Y, W)+ Rm(Y,Z, X, W) =0
known as the First Bianchi identity.

29
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(5) VRm satisfies a cyclic permutation property of the last three variables:
VRm(X,Y,Z,V,W)+VRm(X,Y,W,Z,V)+ VRm(X,Y,V,W,Z) =0

known as the Second or Differential Bianchi identity.
In a local coordinate frame these identities are equivalent to
(1) Rijke = —Rjire
(2) Rijre = —Rijen
(3) Rijke = —Ruyeij
(4) Rijre + Riije + Rjkie =0
(5) Rijk:@;m + Rijmk:;@ + Rijfm;k =0
PROOF. Each item is a more or less clever calculation.
(1) Clear.
(2) It is enough to show that Rm(X,Y, Z, Z) = 0 as we see by expanding Rm(X,Y, Z+ W, Z+W)
using multilinearity. Now
XY|Z|* -YX|Z]? = [X,Y]|Z]?
28 2(VxVvZ,Z) + (Vv Z,VxZ)) = 2(VyVxZ, Z) + (Vx Z,Vy Z)) = 2(Vix 1 Z, Z)
< (VxVvZ,Z) —(VyVxZ,Z) = (Vixy|Z, Z) <= BRm(X,Y,Z,Z) =0

O

3.6. PROPOSITION. The Riemann curvature tensor Rm is invariant under local isometries.

PROOF. If ¢: M — M is a (local) isometry then Rm(¢, X, ¢.Y, .7, 6, W) = Rm(X,Y, Z, W)

by (2.57.(3)). O
3.7. EXAMPLE. The curvature tensor in Euclidean geometry is R = 0. The curvature tensor
of §? is not zero as, for instance, R(a%, %)8%5 = —% so that Rm(%, %, %) =g11 = —R?sin® ¢

using spherical coordinates as in [4, Exercise 5.7]. Thus S? is not locally isometric to R2.

A Riemannian manifold is flat if any point has a neighborhood isometric to an open subspace
of R™.

THEOREM 3.8. M is flat <— R =0.

PRrROOF. We have already established one direction. What remains is to show that if R = 0
is a neighborhood of a point p then there are coordinates (y') near p so that gij = 0;; in these
coordinates. Since this is a local question we may as well assume that M = R™ and p = 0.

Put E; = 9;(0) so that (E4,..., E,) is the standard orthonormal basis for ToR™.

First, we extend F; to a vector field on R". Let E; be the unique parallel vector field along
the 2! axis t — (¢,0,...,0) with F;(0) = E;. Next, for each fixed z{, let F; be the unique parallel
vector field along the line ¢t — (x},¢,0,...,0) satisfying the initial condition that at ¢ = 0 it is
Ej(z§,t,0,...,0). The vector field E; is now defined in the z'z2-plane. Continue this way. The
result is a smooth vector field on R™.

R = 0= Ej is parallel. By construction, E; is parallel along the z'-axis. Thus Vs, E; = 0 at

any point on the z'-axis. By construction, E; is parallel along the lines (z{,2%,0...,0,...,0).
Thus Vs, E; = 0 at any point in the z'z?-plane. Also the vector field V, E; is parallel along the
lines (xg,22,0...,0,...,0), 0o < x2 < 00, for

Vo,Vo, E; =V, Vo, E; =V 0=0

since R = 0 and [01,02] = 0. Thus Vy, E; is the parallel vector field along this line with value
Vo, Ej(2',0,...,0) = 0 at 2 = 0. That vector field is the zero vector field. We conclude that
Vo, E; = 0 at all points in the xlz2-plane. Continue this way and conclude that Vp, E; =
0,...,Va,E; = 0 at all points in z'2?---z"-space. Thus VxFE; = 0 for any vector field X by

C°(R™)-linearity.
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Compatibility = (F1,. .., E,) is an orthonormal frame. Since the Riemannian connection is com-

patible with the inner product, parallel translation preserves the inner product (2.52): For a point
in the z'22-plane for instance

(Ei(z',2°,0,...,0), Ej(z",2%,0,...,0)) = (E;(z",,0,...,0), E;(z',0,...,0))
= (E;(0,...,0), E(0,...,0)) = (E;, E;) = 6;;

In general, we see in this way that (Ey,..., E,) is an orthonormal moving frame.
Symmetry = the vector fields Fy, ..., E, commute. We have [E;, F;] = Vg, E; — Vg, E; = 0
since the Riemannian connection is symmetric (2.44).

Finally, a theorem of elementary differential geometry says that the vector fields F; are co-
ordinate vector fields for some coordinate system (y’) near 0. Thus g;; = §;; for this coordinate
system. U

2. Ricci curvature, scalar curvature, and Einstein metrics

3.9. DEFINITION. Ricci curvature is the trace on the first and last variable of the Riemann
curvature endomorphism: Rc = tr(R) = try(Rm) € T3Z(M).
This simply means that Ricci curvature is the tensor given by
Re(X,Y) =tr (U — R(U,X)Y)
Ricci curvature is a (2, 0)-tensor with components
Reij = Riij® = ¢" Ruije = 9% Ryijo = R'ije = R¥4j0,
The symmetries of the Riemann curvature give
o Reij = Rrij™ = By, = R,
o Reij = Riij" = —Rip" = —Rpi";
° RCij = Rjkki = Rkjik = RCji
where the last line means that the Ricci tensor is symmetric.

3.10. DEFINITION. Scalar curvature is the trace with respect to g (5.26) of the Ricci curvature:
S =trqy Re.

Scalar curvature is the smooth function on M given by
S =Rec;’ = R;;”’
3.11. DEFINITION. The divergence operators div are the maps
TO(M) 5 M) 5 T (M), TEO) T T M) S T ()

where in the last case the trace is taken with respect to the covariant differentiation index and some
other lower index.

For X € T)(M), div(X)J1de-1 = Xdi-de-1iand for X € TFE(M), div(X )iy, = Xil,..ik_lj;j.

k—1
For example

e the divergence of a vector field X = X79; € T{(M) is the smooth function div(X) = X?,

e the divergence of the Ricci curvature tensor Re € 72 (M) is the covector field div(Rc) €
7 (M) with components

diV(RC)m = Rij;j = Rimji;j

We compute this tensor below (3.12).

o the divergence of the metric ¢ is div(g) = try(Vg) = try(0) = 0 because Vg = 0 as the
connection and the metric are compatible (2.52).

e the divergence of the product Sg = S ® g of the scalar curvature and the metric is
div(Sg) = trg(V(Sg)) = try(VS®g+S®@Vyg) = try(VS®yg) = S,;9:/ = 5,;6] = S,; = VS
because (S ® g)mij; = Simij-

3.12. LEMMA (Contracted Bianchi identity). div(Rc) = $VS or S, = 2R = 2Rim;" 7.

14.04.05
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PROOF. Start with the Differential Bianchi identity
Rijre:m + Rijmkse + Rijem = 0
and take the g-trace over 7 and /,
Riji im' + Rijme;' + Rijim;k =0
and take the g-trace over j and k,

Rijji;m + Rijmj;i +R, =0

1] m;

The first term we recognize as S.,,. The second term is —Rjimjf = —div(Rc),,. The third term is

R, = —div(Re)pm. O
3.13. DEFINITION. The metric g is an Einstein metric if it is proportional to its Ricci curvature
at any point: Rc = \g for some smooth function X\ on M.

In fact, the function A is implicitly given by the Einstein equation:

1
Rec=Ag = try(Re) =try(A\g) <= S=An <= A= ES

because try(g) = n = dim M (5.26).

3.14. PROPOSITION. Any connected Riemannian manifold of dimension > 2 with an Einstein
metric has constant scalar curvature.

PROOF. Rec = 15 ® g = div(Re) = 1div(S®g) <= 1VS =1V 22 VS =0. so that §

is constant on each component of M. O

3.15. EXAMPLE (Curvature of surfaces). Let M be a Riemannian manifold of dimension 2, a
Riemann surface. Let K = 15 denote the function that is half of the scalar cuvature (we shall
later call it the Gaussian curvature of the surface). Let (Eq, E2) be an orthonormal basis for the
tangent space T, M at some point p of M.

Riemann curvature: The Riemann curvature tensor has 24 = 16 components Rijke = Rm(E;, E;, Ey, Ey),
1 <14,j < 2. However, for (anti-)symmetry reasons Rz = 0 = R;;x, so that

Ri201 = Ro112 = —Ra121 = —Ri212

are the only nonzero components.

Ricci curvature: The components of Rc = try(R) are Re;; = Rlijl + RQZ’J‘Q = Ryij1 + Roijo. Here
we use that Rujl = glth—jk = JIth-jk = Ry;;1 since the basis is orthonormal so that the matrix
for g and its inverse are identity matrices. Hence

Rei1 = Rat12 = Rigo1 Reip =0
Recy; =0 Rego = Rig21

are the components of Ricci curvature.
Scalar curvature: S = try(Rc) = Rei! 4+ Res? = Reyg + Reag = 2R1991. so that Risey = %S =K.
We conclude that K = Rji991 = Rc11 = Regg so that scalar curvature determines Ricci and
Riemann curvature for surfaces.
Until now we have been working with an orthonormal basis. Let us now consider an arbitrary
basis (X,Y) for T,M. Then

X X

X Y- (nE) &
By E2_|y_<yX>X|
VIXT /X

is the orthonormal basis obtained by applying the Gram—Schmidt process to (X,Y’). From the
above computations

Re(X,Y) =Re(X'Ey + X?Ey, Y'E; + Y?Ey) = X'Y'Reyy + X2Y?Regy
=KX'Y'+ KX?*Y?=K(X,Y)
Rm(X,Y,Z,W) = K(X,W)(Y,Z) — (X, Z) (Y,W))


http://www-history.mcs.st-andrews.ac.uk/Mathematicians/Gram.html
http://www-history.mcs.st-andrews.ac.uk/Mathematicians/Schmidt.html
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For the last equation, note that both sides are multilinear and equal in case X,Y, Z, W € {F1, Es};
try for instance (X,Y, Z, W) = (E1, Es, E5, E7). In the special case where Z =Y and W = X this
equation gives that

Rm(X,YY, X
(3.16) K — m( 3 9 ) ) 5
XY = (X,Y)
The denominator here is the area of the parallelogram spanned by vectors X and Y.

See ‘A compendium of Surfaces’ in [8] for much more information about surfaces.

3. Riemannian submanifolds

Let (]\7 ,g) be a Riemannian manifold and M C M an embedded submanifold equipped with
the induced metric, also called g. The 2nd fundamental form of the Riemannian submanifold M
is the difference between the Riemannian connections V and V. (The 1st fundamental form is the
metric g.)

The ambient tangent bundle T' M |M — M splits

TM|M =TM & NM

into the orthogonal direct sum of the tangent bundle of M with the normal bundle NM — M.

Any section of T' M |M splits orthogonally into a direct sum of its tangential and normal part.
If X,Y € T(M) are smooth vector fields on M, then VxV is a well-defined (2.56) section of
TM|M We already know (2.55) that VxY is the tangential component of VxY. If we write
I1(X,Y) for the normal component then the orthogonal splitting of VxY has the form

(3.17) VxY = (VxY)T + (VxY)' = VxY +1I(X,Y)  (Gauss formula)
W_/ A/—/
Ty M N, M

where the normal component I1(X,Y) € NM is called the second fundamental form. Equivalently,
II(X,Y)=VxY —VxY
is the difference between the extrinsic connection V and the intrinsic connection V.

3.18. LEMMA. Let M C M be a Riemannian submanifold and IT: T(M) x T (M) — N (M)
its second fundamental form.

(1) IT C*(M)-bilinear and symmetric.
(2) If X,Y € T(M) are vector fields and N € N (M) a normal field on M then

(3.19) <6XN,Y> =—(N,II(X,Y)) (Weingarten equation)
(3) If X,)Y,Z,W € T(M) are vector fields on M then
(3.20) Rm(X,Y,Z,W) = Rm(X,Y,Z,W) — (II(X, W), II(Y, Z)) + (II(X, Z), II(Y,W))
(Gauss equation)

(4) Letv: I — M be a curve in M and V a vector field in M along 7. Then
(3.21) D,V =D,V + II(%7 V) (Gauss formula along a curve)
Proor. (2) (Vi N)+(Y,VxN) = Vx (N, ) = Vx(0) = 0 where (VxV, N') = (II(X,Y), N).
(3) Riemann curvature computed in ambient space is
Rm(X,Y, Z,W) = (VxVyZ = VyVxZ = Vixy 2, W )
Observe that <%[X7y] Z, W> = <V[X7y] Z, W> because the normal part of the first vector does not
contribute to the inner product with a vector tangent to M. Observe also that
<%X§YZ,W> - <%X(VYZ LY, Z)),W> - <€XVYZ,W> + <%XH(Y, Z),W>
= (VxVy, W) — (II(Y. 2), II(X,W))
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It now follows that
R\IJH(X7 Y, Z,W)=Rm(X,Y,Z W) - (II(Y,2),II(X,W))+ (II(X, 2),[I(Y,W))
which is Gauss’s equation. O

3.21. REMARK (Gauss formula for the velocity field along a curve). If we apply the Gauss
formula along a curve to the special case where V' :5 is the velocity field then we get that
Dy =D, ¥ +I1(7,7)
and we see that
e If vis a geodesic in M, then D, ’.Y: II(’.Y7 ’.Y) Thus I1(V,V),V € T,M, is the acceleration
at p in M of the geodesic vy in M.
e If the curve vy in M is a geodesic in M, then v is also a geodesic in M and II(’.Y, ’.Y) = 0.
Thus II(V,V) = 0 if the geodesic vy in M, V € T,M C T, M, happens to stay inside M.

Since the second fundamental form is a symmetric bilinear form is it completely determined by its
quadratic function V' — II(V,V).

3.22. Gaussian and mean curvature of codimension one Euclidean embeddings.
We consider the simplest case of a Riemannian submanifold, namely that of (an orientable) hyper-
surface in Euclidean space, M™ C R"t!. We shall associate curvature to the embedding.

Choose a normal field N that is nonzero at every point of M. (This is possible if M is
orientable; in any case it is possible to choose such a normal field locally.) Using N, we may write
the second fundamental form IT: 7 (M) x T (M) — N (M) as

[1(X,Y) = h(X,Y)N so that (VxY,N) = (I[(X,Y),N) = |[N[*h(X,Y)

where h € 72(M) is symmetric (2, 0)-tensor on M, the scalar second fundamental form. In this case
of a codimension one embedding into Euclidean space R"*! the Gauss and Weingarten formulas
specialize to

T, M Ny M
— — —
(3.23) VxY =VxY+h(X,Y)N (Gauss formula)
(3.24) INP’h(X,Y) = (VxY,N)=—(VxN,Y) (Weingarten equation for N)
(3.25) Rm(X,Y,Z, W) = [N*(h(X,W)h(Y,Z) — h(X, Z)L(Y,W)) (Gauss equation)

For the Gauss equation (3.25) note that Rm = 0 in Euclidean space and that the inner product
(II(X, W), II(Y, Z)) = (h(X, W)N, h(Y. Z)N) = |N[2h(X,W)h(Y, Z).
The shape operator s € T*(M) is defined by
1
[N

1

(3.26) VXY € T(M): (sX,Y) = |N|h(X,Y) = I

(VxY,N) = (VxN,Y)
meaning that s* = |[N|h or s = |[N|h¥ (5.12) is obtained from h by raising an index. The shape
operator
1 —
sX = —7VXN
[N
informs about the shape of M since it measures the variation of the normal field N as it moves on
M. The shape operator is self-adjoint,

(sX,Y) =|N|h(X,Y)=|Nh(Y,X) = (sY,X) = (X, sY)

because h is symmetric. Therefore 7, M has an orthonormal basis E1,..., E, of eigenvectors,
sE; = k;F;, for s.

3.27. DEFINITION. The principal directions and the principal curvatures of the embedding
M C M are the orthonormal eigenvectors and the eigenvalues of the shape operator. The Gauss

curvature and the mean curvature of the embedding M C M is the determinant, K = det s = [] &,
and 1/nth of the trace, H = %trs = %Zlﬂi, of s.



3. Riemannian SUBMANIFOLDS 35

Principal curvatures are invariants of the embedding and not invariants of the manifold; see
[4, p 5-6] for examples. It therefore came as a total surprise that the product of the two principal
curvatures of an embedded surface does not depend on the embedding but only on the surface
itself.

3.28. REMARK (The shape operator in a local frame). Suppose that (E;) is a local frame. The
components of s = |N|h* are (5.27)

s/ = |N|hi’ = [N|g""hix
and we obtain the formulas
det(hi;)
det(gi;)
for the mean and Gaussian curvature. If IV is a unit normal field, the Gaussin curvature is the
determinant of the 2nd fundamental form relative to the determinant of the 1st fundamental form.

Inserting h;; = h(E;, E;) = U\}P (VEg,Ej,N) from the Weingarten equation (3.24) we can also
write

H: —trs = 7|N|gl‘]hzj7 K:detSZ |N|n
n n

1 det((Vi, B, N))
IN|™ det(gi;)

1 i =

for the mean and Gaussian curvature.

THEOREM 3.29 (Theorema Egregium, Gauss 1828). The Gaussian curvature of a Riemannian
embedding M? C R? of a Riemannian surface in R® does not depend on the embedding but only
on the Riemann surface itself. (In fact, the Gaussian curvature of the embedding equals half the
scalar curvature of the surface.)

PROOF. Choose an orthonormal local frame (E7, F3) and a unit normal field N for M (to
make life a little easier). Then the Gaussian curvature of the Riemannian submanifold M

3.28

3.25
K 2 det(hij) = h(Ey, B )h(By, Es) — h(By, B»)? ®2Y

1
Rm(Ey, By, o, By) 2 55

equals half of the scalar curvature of the Riemannian manifold M. O

In Gauss’ original formulation the theorem goes something like

If an area in E® can be developed (i.e. mapped isometrically) into another area
of E3, the values of the Gaussian curvatures are identical in corresponding points

Gauss received a prize from the University of Copenhagen for this theorem.
We can therefore speak of the ‘Gaussian curvature’ of an (orientable) Riemann surface (as we
did in (3.15)).

3.30. EXAMPLE (The shape of a parameterized surface in R?). Let X (u,v) be a parameteriz-
ation of a surface in M C R®. The vectors X,, = X.(9,) = aa)ii 0; and X, = X..(0y) = é)ii 0; (1.2)
form a basis for the tangent space of the surface. In this basis, the metric, the 1st fundamental

form, is

_ <XuaXu> <Xva> -1 __ 1 <XvaXv> - <Xquv>
9= <<XvaXu> <X’U7X’U>> ’ g o detg (_ <Xv;Xu> <XU7XU>> ’

The cross product N = X, x X, is an everywhere nonzero normal field. The vector X, = ﬁxu Xu,

J— p— P i . P i . 2Xi
qu — vXuXu — vXu(dX a) (2:22) Xu(dX )81 (2:34) %Tuaz

ou 7t ou
is simply obtained by differentiating each of the three coordinate functions in X twice wrt u. The
2nd fundamental form is

:1<<qu,N> <XM,N>>
2|N| \(Xvu, N)  (Xpo, N)


http://turnbull.mcs.st-and.ac.uk/history/Mathematicians/Gauss.html
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The formulas from 3.28 take the form

_ 1 (X X)) (X, N) — 2( X, Xo) (Ko, N) + (Xuy Xu) (Xow, N)
B Q‘Nl <Xu7Xu> <XvaXv> - <XuaXv>2

L (K V) (X, N) — (X, N)?

NP (X, Xu) (X, X)) — (X4, X)°

In particular, if M is the graph of the function f, then X (u,v) = (u,v, f(u,v)), Xy

Xy = (Ovlafv)’ Xuuw = (0,07fuu)a Xuw = (ana fuv), Xow = (anafvv)- As N
(=fu, —fv,1) the formula gives the equation
_ fuufv'u_ 2

_ S0+ D+ o0+ fD) = 2funfufo o b
201+ f2 + f2)°2 ’ A+ fi+ £

for the mean and Gaussian curvature of a graph of a function of two variables. We see that a graph
is isometric to a plane if and only if f,,fos = fuvfuv- (The next example is a generalization.)

H

(1,0, fu),

= (1,0,
X, X X, =

H

3.31. EXAMPLE (The shape of a graph). Let M C R™ be the graph of the smooth function
f: R"™ — R. We shall write f; for the ith partial derivative df/0u; and f;; for 02 f/Ou;0u;. The
embedding X (u) = (u, f(u)), u € R"™, is a parameterization of the graph. As in (3.30) the vectors

Xi:8i+fia’n:(07"'7071307"'u07fi)u 1§l§n7
form a basis for the tangent space T, M of the graph. Thus g;; = (X*, X7) = §;; + f; f; and

N: 72.}61314*8 = (7f177f2a"'37fn71)

is a nonzero normal field. Now, Vx:X7 = f;;0, as in (3.30) so that (Vx:XJ,N) = f;;. From
(3.28) we get the expressions

fijg" 1 det(f;) det(fi;)

BENE Nk TN det(giy)  (L+ 2o, S22 det(8; + fif;)

for the mean and the Gaussian curvature of a graph.

4. Sectional curvature

Let (M, g) be a Riemannian manifold. We shall give a geometric interpretation of the Riemann
curvature Rm tensor of M.

Let p be a point of M. For each 2-dimensional subspace II of the tangent space T,M, let
S C M be the surface in M that is the image under exp, of II, or rather the image of the
part of IT where exp, is a diffeomorphism, Sp = exp, (Il Ne,). We give S the induced metric
so that Sy C M is a Riemannian embedding. Note that the tangent space of S is 1,5m =
Tpexp,(IlNey) = (exp,).Toll = Toll = 11 C T),M (2.34, 2.65).

3.32. DEFINITION. Sectional curvature at p € M 1s the function that to any tangent plane II C
T,M to the manifold associates the Gaussian curvature K (II) = K(Su), at p of the Riemannian
surface Sy.

3.33. PROPOSITION. The sectional curvature of the tangent plane I C T, M is

Rm(X,Y,Y, X
[XPIYP - (X,Y)

where X,Y is any basis for 11.

Proor. For any V' € T},51 = 11, the geodesic vy in M runs inside Sy. Gauss formula for the
velocity of a curve (3.21) implies that II1(V, V) = 0. Since the second fundamental form vanishes
at p, Gauss’ equation (3.20) says that Rm(X,Y, Z,W) is the Riemann curvature tensor for the
surface Sy at p for all X,Y, Z, W € T,S1;. Now (3.16) tells us about the Gaussian curvature of Sy
at p. O
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In particular, if the oriented Riemannian manifold M™ C R"™*! sits as an embedded codi-
mension one manifold in R"*! with Euclidean or Minkowski metric then (3.33, 3.25) the sectional
curvature is

WX, X)h(Y,Y) = h(X,Y)? 1 (VxX,N)(VyY,N) - (VxV,N)*
9(X, X)g(Y,Y) —g(X,Y)?  |N|? (X, X)(Y,Y) — (X,Y)?

where N is a nowhere zero normal field.

(3.34) K(X,Y)=|NJ?

3.35. PROPOSITION. The sectional curvatures determine the Riemann curvature tensor of M.

Exactly how you get Riemann curvature out of sectional curvature is a bit complicated [1,
(1.10)]. It is easier to explain how you get Ricci and scalar curvature.

Let E4 € T, M be a unit vector. Expand (E1) to an orthonormal basis E1, Es, . .., E, for T,M.
Then

Re(Ey, Er) =Renn = Y Rinn® = > Renk = Y Rm(EBy, By, By, By) = Y K(Ey, Ey)
k k k>1
S=Rcj=> Repr =Y Rjwnj = Y Rm(Ej, Ey, By, E;) = Y K(Ej, Ey)
k Jik gk j#k

where we write K(X,Y) for the Gaussian curvature K (span{X,Y}) of the plane spanned by the
independent vectors X and Y.

We shall next see that the three model geometries, Euclidean, spherical, and hyperbolic, are
Riemannian manifolds of constant sectional curvature, space forms.

3.36. Euclidean geometry. In Euclidean geometry (2.1, 2.59) the curvature tensor Rm = 0
(3.4) so that the sectional curvature K (II) = 0 for any plane II C T,R™ at any point p € R".

3.37. Spherical geometry. In spherical geometry (2.2, 2.60), the tangent space 7,,S% = p*
(1.5) so that the normal space N,S% = Rp is the line through p. Thus N, = %p is the outward
pointing unit normal vector field. For any point p € S% and any unit tangent vector V' € T,,5%,
Gauss formula for the velocity field of a curve (3.21) tells us that

1 1
as this is the acceleration of the geodesic through p with unit speed V, the great circle through
p tangent to V € pt. Consider for instance the geodesic v through (0,...,0, R) with unit speed
ol (0) =(1,0,...,0) as in (2.61). Its acceleration is
(1) 1 1.1 1
= —— = ——(— frd _*N
T (0) = ~259(0) = —5(£2(0)) = ~ 5N (:(0)
Since h(V,V) = —+ for all unit tangent vectors V, h(U,V) = 0 for any orthonormal pair U,V of
tangent vectors. Formula (3.34) tells us that the sectional curvature of S%
1

is constant.

3.38. Hyperbolic geometry. In hyperbolic geometry (2.14, 2.62), the tangent space T, H; =
pT (2.15) so that the normal space N, Hp = Rp is the line through p. Thus N, = %p is a normal
vector field of constant square length |N|> = —1. For any point p € H% and any unit tangent
vector X € T,Hp, Gauss formula for the velocity field of a curve (3.21) tells us that

1 1
1I(V,V)= =N and h(V,V)=—
(VV)=gNand W(V,V) =5

as this is the acceleration of the geodesic through p with unit speed V', the great hyperbola through
p tangent to V € pt. Consider for instance the geodesic v through (0,...,0, R) with unit speed
Y (0) =(1,0,...,0) as in (2.63). Its acceleration is

T (0) = 257(0) = 5 (£1(0) = TN GO)

27.04.05
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Since h(V,V) = % for all unit tangent vectors V, h(U,V) = 0 for any orthonormal pair U,V of
tangent vectors. Formula (3.34) tells us that the sectional curvature of Hp
1

is constant.
For space forms there are explicit formulas for the curvature tensors.

3.39. PROPOSITION. In a Riemannian manifold with constant sectional curvature C,
RXYVZ=C[(Y,Z)X —(X,Z)Y]
Rm(X,Y,Z,W) = C[(X,W) (Y, Z) — (X, Z) (Y, W)
Re(X,)Y)=(n-1)C(X,Y)
S=n(n-1)C

PROOF. The first and the second equation are equivalent. Both sides of the second equation
are tensors with the symmetry properties of the curvature tensor. Thus they are equal if they
are equal for (XY, Z, W) = (X,Y,Y, X) with orthonormal X,Y (3.35). In that case the LHS is
K(X,Y)=C and the RHS is C.

Both sides of the third equation are symmetric tensors. Thus they are equal if they are equal
for (X,Y) = (X, X) with X a unit vector. In that case the LHS is (n — 1)C by the formula below
3.35 and the RHS is also (n — 1)C.

The formula below 3.35 says that constant sectional curvature C' implies constant scalar
curvature of value n(n — 1)C. O

3.40. EXAMPLE (The shape of the sphere). Since we know the 2nd fundamental form of
the sphere (3.37) we also know the shape operator. In fact, the shape operator (3.26) for the
codimension one Euclidean embedding S% C R™™! is the symmetric isomorphism

1
s: T,S% = pt — T,8% = p*, s(V)y=—-=V

R
for this is clearly self-adjoint and its bilinear form, or quadratic function, is given by (sV,V) =
—+ = h(V,V) when |V| = 1. Thus the principal curvatures all equal —+ and the mean and
Gaussian curvatures of the embedding S% C R"™! are
1 1 (=)™
H=-t =——, K = det(s) =
~a(s) = ctfs) = =)

The sign depends on the choice of unit normal field.

5. Jacobi fields
Let 7: [a,b] — M be a geodesic from v(a) = p to y(b) = q.
3.41. DEFINITION. A smooth vector field J along v is a Jacobi field if
DyD,J + R(J, %) =0 (Jacobi equation)

3.42. ProOPOSITION (Existence and uniqueness of Jacobi fields). There is an isomorphism of

vector spaces
{Jacobi fields along v} — T,M x T,M: J — (J(a), D:J(a))

ProoF. The claim is that for any given X,Y & T, M there exists a unique Jacobi field .J along
v such that J(p) = X and D;J(p) =Y. Let (F;(t)) be an orthonormal frame of parallel vector
fields along . Write J = J'E;. The vector field J is Jacobi if and only if
Vi: (D,DyJ,E;) = — <R(J, ) 7E>
The LHS is )
d2 dZJz

<DtDt<]a EZ> = 79 <Jv EZ> = di2

T a2 Ei

and the RHS is
- <R(J7 ,;/) ’;a EZ> = - <R(EJ7F;/) ’;a EZ> JJ = _Rm(Ejv%a’;»Ez)J]
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In matrix notation the requirement is

Jt J?
_ ((Rm(Ej,’Y,’}/,Ei)) :

Jn J"

This 2nd order linear system of ODEs has a unique solution with the given initial conditions. [

d2
dt?

3.43. LEMMA. Suppose that V is smooth vector field along a smooth variation of v through
geodesics T': (—g,€) x [a,b] — M. Then
D,D,V — D;D,V = R(9;T,0,T")V
PROOF. Choose local coordinates x: M — R". Let 2'(s,t) = (I''(s,t),...,I"(s,t)) and V =

V'i(s,t)0; be the local expressions for I' and V. By properties of the covariant derivative along a
curve (2.36)

, oV .
DtV = Dt(Vlaz) - Waz + VZ-Dtai
and
Vi » oV ;
DsDtV == DS(W@ + VZDtal) == DS(W@) + DS(VlDtarL)
Vi oV av' ;
alryn 0; + En D;0; + thai + V'DsD,0;

When we compute the difference D;D,V — D; D,V many terms cancel and we are left with
D.D,V — D;D,V =V*D,D; — D;D,)0;
Since the vector field 9; and its covariant derivative are extendible,
VY (DsDy—DyDy)0; = V' (Vo,rVo,r0i—Vo,rVo,r0:) = V' (Vo,rVo,r—Va,rVo,r)0; = R(0,I, 0,1V
where the last equality uses that [0sT, 9;T'] = [['«(0s), [« (9)] = T«[0s, 0¢] = Tx(0) = 0. O
3.44. PROPOSITION.

{Jacobi fields along v} = { Variational fields of smooth variations of v through geodesics}

PROOF. We shall only prove sup. Let I': (—¢,¢) x [a,b] — M be a smooth variation of
through geodesics. Lemma 3.43 applied to the vector field 0;I" along I" says that
D,D:o:T' — D;D;0,I" = R(9,T", 8,T")0, "
In the first term, D,;0;,I" = 0 as each main curve is a geodesic. In the second term, D 0;,I' = D;0sI"
by the Symmetry Lemma 2.71. Thus the equation says that

DtDtasF + R(@sf, 3tr)5tf - O

At s =0, 0,I' = V is the variational field and 0," —7 is the velocity field of v so that we have the
Jacobi equation D; D,V + R(V,7) 7= 0.
The opposite inclusion is also true [1], but we shall need it here. 0

For each Y € T, M, let Jy be the Jacobi field along v with Jy (a) = 0 and DyJy (a) = 0. Here
is an explicit description of Jy .

3.45. PROPOSITION (Jacobi fields vanishing at p). Let v(t) = exp,(tT), T € T,M, |T| =1, be
the unit speed parametrization of v (defined for t such that tT € e, C T,M ). For anyY € T, M,
Jy (t) = t(exp,)«er(Y)

PROOF. The variation I'(s,?) = exp,,(t(T + sY')) is a smooth variation of v through the radial
geodesics t — exp,(t(T + sY')). Its variational field J is therefore a Jacobi field. The tangent
vector J(t) at y(t) is represented by the curve

s — exp, (tT + stY’)

and hence J(t) = (exp,,)«7(tY) = t(exp,)wr(Y) = tU(t) and DiJ = Dy(tU) = U + tD,;U where
U(t) = (exp,)«¢7(Y). In particular, J(0) = 0 and D;J(0) = U(0)Y = (exp,)«(Y) =Y. O
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A Jacobi field J along v is normal if <J(t),’.Y (t)> =0 for all £.

3.46. LEMMA. A Jacobi field J along v is normal iff J(0) and D;J(0) are orhtogonal to g (0)
iff J vanishes at two points.

PROOF. The point is that <J, ’.Y> is an affine function, t — at + b, of ¢t because

C{3) = 2 (D3 = (DiDs3) = = (RID 3.5) = Rm(23.3.5) = 0

dat? T dt
by anti-symmetry of the Riemann curvature tensor. If such a function vanishes at two points or
itself and its derivative vanishes at one point, then it is identically zero. O

The vector space of normal Jacobi fields is isomorphic to 3 (0)*x o (0)* of dimension 2n — 2.

The vector space of normal Jacobi fields J along v with J(p) = 0 is isomorphic to y (0)* of
dimension n — 1.

The Jacobi fields that are not normal are linear combinations of the two Jacobi fields Jy 25
and J; = tJo with Jo(0) =Y (0), DyJo(0) = 0 and J1(0) = 0, D,J1(0) =7 (0) and D;DyJy = 0 =
DD Jy.

3.47. Conjugate points. We say that two points on a geodesic segment vy are conjugate if
there exists a nonzero Jacobi (necessarily normal) field along v that vanishes at p and ¢q. The
dimension of the vector space of all such Jacobi fields is the multiplicity of conjugacy.

3.48. COROLLARY. Consider the smooth function exp,: e, — M. Let ¢ = exp,(rT) # p be a
point on the geodesic (t) = exp,(tT). Then

exp,, is not a local diffeomorphism at r'I' <= p and q are conjugate points

ProOOF. The Jacobi fields that vanish at p are Jy = t(exp,).«7(Y) (3.45). The value of such
a Jacobi field at ¢ = exp,(rT) is Jy (r) = t(exp,)«7(Y). Thus there is nonzero Jacobi field that
vanishes at p and ¢ iff there is a nonzero vector in the kernel of (expp)*rT. O

3.49. Jacobi fields in constant sectional curvature manifolds. Jacobi fields have par-
ticularly simple descriptions in Riemannian manifolds with constant sectional curvature.

3.50. PROPOSITION (Normal Jacobi fields in constant sectional curvature manifolds). Suppose
that M is a Riemannian manifold of constant sectional curvature C. Let y be a unit speed geodesic

in M with v(0) = p and ¥ (0) =T where T is a unit vector in T,M. For anyY € T+, the normal
Jacobi field Jy is

Jy (t) = uc()Y (t)
where Y (t) is the parallel vector field along v with Y (0) =Y and
Rsin(t/R) C=1/R?
Uc (t) =<t C=0
Rsinh(t/R) C = -1/R?
is the solution to ¢ +Cuc = 0, uc(0) =0, Ue (0) =1.

ProoF. Put J(t) = uc(t)Y(t). Then DyJ = upY and DyDJ = ulY = —CJ as Y (t) is
parallel. Thus J(0) = 0 and D;J(0) = Y. By construction, J is orthogonal to v (2.52). It is a
Jacobi field because (3.39)

R(J,%) A= C [<§,%>J UM =0J=-D,D,J
as v has unit speed and J is normal to y. We conclude that J = Jy. d

Look at concrete Jacobi fields along geodesics in R™ and S} obtained by variations through
geodesics.
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3.51. PROPOSITION (Space form metrics in normal coordinates). Let M be a Riemannian mani-
fold of constant sectional curvature C' and p a point of M. Consider the smooth map exp,,: €, — M.
Let T € T,M be a unit vector and r > 0 a positive scalar such that T € €,. Put q¢ = expp(rT).
The induced isomorphism (exp,,)wr7: TpyM — T, M satisifies

2
uc\r
l(exp,)wrrY |2 = Y2 + r(2) Y72, Y € T,7T,M = T,M

where Y =YL+ + YT are the components of Y orthogonal and tangent to the sphere through rT.

PrROOF. Let ¥(t) = exp,(tT) be the unit speed geodesic from p to g.
The Gauss lemma (2.74) says that

[(expy)rrY 5 = [(expy)urr (Y + YT) [T = [(exp, ) rr (Y )7 + |(expy)rr (Y1)

as the components (exp,)«7(Y ") and (exp,)..r(Y7) are orthogonal.

The radial component Y+ equals AT for some A > 0. Thus (expp)*rTYJ- is represented by the
radial curve

s — exp, (rT + sAT) = y(r + sA)
and therefore (exp, ) (Y1) = A o (r) has length [A| = |XT|, = [Y*],. Thus (exp, ). 1 preserves

length in the radial direction.
The normal Jacobi field J = Jiyr (3.45) has value 0 at p and value J(r) = r(expp)*rT(%YT) =

(epr)*TT(YT) at q. NOW,
T#) = Tuc (¥ ()

according to the description of normal Jacobi fields in manifolds of constant sectional curvature
(3.50) so that we may compute the length of J at any point y(t) on v as

2 UC(t)2 T2
|J(t)'y(t): r2 Y P

for the length of any parallel vector field is constant (2.52). In particular, the length of J at ¢ is

2
uc\r
(exp)orr (V)2 = ()2 = <0 e

as asserted. O

The above proposition says that constant sectional curvature metrics expressed in normal
coordinates (2.67)

exp,,

o~

T,M<——R"

only depend on the function u¢ so only depend on C.

3.52. COROLLARY (Local uniqueness of manifolds of constant sectional curvature). Let My
and My be two Riemannian manifolds of constant sectional curvature C. Any two points, pg € My
and p1 € My, have isometric neighborhoods.

PROOF. An isometry can be constructed as the composite in

o

(Tpo Mo, 90) ~—— (R, ") — (T, M1, 91)
eXpol leXP1

where the upper horizontal maps are linear isometries and the other maps are understood to be
defined only locally and to be diffeomorphisms. Since a space form metric in a normal neighborhood
around a point is determined by the the inner product at the tangent space of the point, this is an
isometry. O
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3.53. Second variation formula. For any variation I" of the geodesic v(¢) = I'(0, t) we know

that
2

7 is minimizing = %L(Fs)(O) =0 and %L(FS)(O) >0

But what is the second derivative?

3.54. LEMMA. Let~y: [a,b] — M be a unit speed geodesic and T': (—¢, €) X [a,b] — M a smooth
variation of v. Then

d2

ds?

L(T,)(0) —/b (|DtvL|2me(vL,%,%, VL)) dt+<Dsasr,%> '

a
where V1 is the normal part of V.

PROOF. In the proof of 2.73 we saw that the first derivative of the curve length function is

®(D,d,T, ;T ’ -
iL(FS):/ Mdt:/ (D:,T, 8,T) (0,7, ,T) /2 d
ds a |8tF| a

Differentiating once more we get that the second derivative is

der _ [t D,0.I,9,T) (8,I",9,T) " /?) ¢
@(s)—a£(<tsvt><t7t> >t

B /b(<DsDtasI‘,8tF> (D,d,T, D,0,T") <Dtasr,atr><Dsatr,atr>> i

o (o ENE
where
D,Dd,I' = D, DA, + R(A,T, 9,19, (3.43)
DO, =D, T (2.71)

At s=0, ]9, =|7|=1, and 8,T = V so that

d2 b . o o o\ 2
TS L)) = / <<DtD5851“,7> ~Rm(V, 3,3, V) + DV = (DiV, ) ) dt

In the first term we still use 9,I" and not V. Since ~ is a geodesic and D, ’.7: 0, the first term is

/b <DtDsasr,%> dt = /bc‘;t<Dsasr,%> dt — <Dsasr,%> '

a a

Now look at the last two terms. Split V = VT + V1 into the tangential and the normal part. The

tangential component, VT = <V7 ’.Y > ’.Y , has covariant derivative
T o L] L] _ L] ._ T
D(vT) = Di((V:7)3) = (Div.3 ) 3= (DY)
and therefore also D;(V+) = (D;V)1. Tt follows that

o\ 2
DV = [(DVYT ]2+ (D) = (DV.T) + DV

o 2
or |D;V|?2— <DtV, ol > = |D;V*|2. Finally we note that the tangential part of V does not contribute
to Rm(V, %, &, V') because Rm(’.Y, %, ’.Y, V) =0=Rm(V, ’.Y, %, ’.Y) O

THEOREM 3.55 (Second Variational Formula). Let 7: [a,b] — M be a unit speed geodesic and
T: (—¢,¢) X [a,b] = M a piecewise smooth proper variation of . Then
d2 b ° o
S L)) :/ (1IDVE2 = R(v4, 3,5, V4)) de

where V* is the normal part of V.
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PROOF. We appply the formula from 3.54 to each of the rectangels (—e¢,€) X [a;—1, a;] where
I' is smooth. This gives that j—;L(FS)(O) equals

/b (|th|2 — Rm(V+, 7,7, VL)> dt + zn: <Dsﬁsr(a;),% (ai)> - <Dsasr(ait1),& (ai)>

Note that D 0,I'(a; ) = DSGSF(a;r) because this vector field only depends on I' along the line t = a;.
Thus the contributions from the points a; telescope to <D865F(b),’.Y (b)> — <D585F(a)7’.y (a)> which
is 0 since the variation keeps the end-points fixed. O

The expression in the Second Variational Formula is the quadratic function I(V+, V<) of the
bilienar form (the index form)

b
(3.56) I(V,W) = / (v, D) = Rm(V, 7,7, W) ) at
defined for all piecewise smooth normal proper vector fields V and W along . If V- and W happen
to be smooth then the integrand is

d ° o o o d
DV, W) = (DD, W) = Rmn(V, 3,5, W) = = DDV + RV.A) 7. W) + = DV, W)

so that the index form may be written
b o o b
I(V,W) = —/ <DtDtv + R(V,7) 7, W> dt + (D V,W)

a

In general, there may be points a = ag < a3 < ---ar = b where V and W are not smooth and then

k—1
(3.57) I(V,W)=— /b <DtDtV +R(V,7) 7, W> dt =" (DV(a}) - DV (a;),W(a;))

@ i=1
which shows the connection to the Jacobi equation.

3.58. COROLLARY. If vy is a unit speed minimizing curve then v is a geodesic and I(V,V) >0
for any picewise smooth proper normal vector field V' along .

PROOF. Any such V is the variational field for some proper variation of v (2.81). Since v is
minimizing, - L(I',)(0) = 0 so that + is a unit speed geodesic (2.82) and %L(Fs)(O) =I(V,V)>0
by the Second Variation Formula (3.55). O

THEOREM 3.59. Let v be a geodesic segment from p to q. If ~v contains an interior point
conjugate to p, then v is not minimizing.

PRrROOF. It suffices to find a proper normal vector field V' along v with index form I(V, V) < 0.

By assumption there exists a nontrivial Jacobi field J vanishing at p and at some interior point
~(¢). The Jacobi field J is normal since it vanishes at two points (3.46), and D;J(c) # 0 as J is
not the zero field (3.42). Extend J to a piecewise smooth normal vector field by J = 0 from v(c)
to q.

Now choose a smooth normal proper vector field W along v such that W(c) = —D,J(c¢™)
(by using a smooth bump function). Since J is a piecewise smooth Jacobi field I(J,J) = 0 and
I(J,W) = —|DyJ(c7)|? (3.57). For any ¢ € R we have

I(J 4 eW,J + W) = —2¢|D, J(¢7)|? + 21(W, W)

which is negative when € is close to 0. O
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6. Comparison theorems

THEOREM 3.60 (Jacobi field Comparison). Suppose that the sectional curvature is bounded
from above by some constant C', K < C, in the manifold M. For T,Y € T,M, T LY, lety be the
unit speed geodesic through p € M in direction T' € T,M and Jy the normal Jacobi field along v
with Jy (p) =0 and DyJy (p) =Y. Then the inequality

[Ty (1) = uc ()Y
holds for t € [0,7R] if C = 1/R?> > 0 and for allt > 0 if C < 0. (The Jacobi field is longer than
it would have been had the sectional curvature been constant.)

PROOF. We may as well assume that Y is a unit vector. The claim is then that |J(¢)| > |uc(t)]

for certain values of ¢ where J is short for Jy. The function u¢ is the solution to % +Cu = 0 so
we want to apply the Sturm comparison theorem with u = uc and v = |J|. We need to verify that

v(0) = 0, that v is differentiable at 0 with © (0) = 1, and that %|J(t)| +C|J(t)] > 0 in an interval
[0, 7).
v(0) = 0: This is clear because J(0) = 0.
? (0) = 0: It is not a priori clear that the function v = |J, J| = (J, J>1/2 is differentiable at 0. But
J(t) = tU(t) for a certain vector field U (3.45) so that the difference quotient
/()] = 1J(0)]
t—0

converges to |U(0)| = |D;J(0)| = Y| =1 for t — 0. Thus v is differentiable at 0 and 0 (0) = 1.

Since v(0) = 0 and v (0) = 1 > 0, v(t) = |J(t)| is postive on some interval (0,T). In this
interval v(t) = [J(t)| = (J,J)"/? is smooth and we can compute its derivatives.
Y +Cv > 0: We compute (using the Schwartz inequality and the Jacobi equation)

= |U(t)], t>0,

j2

d? d 1 D2J,JY + (DyJ,DyJ)  (DyJ,J)?
L= 2 (1 L) - PR DD (Do)
dt dt 7] 7] 7]

_ “Rm(1.3,7.J) | IDJP (D]

|| || |JI?
_ “Rm(3,%.0) DI [DJPLIP
B || |/ |J?
~Rm(J,7,7,J) —Rm(J,7,7,J) .
- - J = KNI
> —C|J|

and obtain the required estimate.

We can therefore conclude from the Sturm comparison theorem that |J(¢)| > |uc(¢)| on [0, T].
If C <0, the function uc has no zeros on (0, 00), so |J(t)| can not become 0 either on this interval
and we can take T'= co. If C' = 1/R? > 0, then |.J(¢)| can not attain a zero before 7R and we can
take T' = mR. O

3.61. COROLLARY (Conjugate Point Comparison Theorem). Suppose that the sectional curvature
is bounded from above by some constant C, K < C, in the manifold M. If C = 1/R? > 0, then
there are no points conjugate to p in the geodesic ball Brr(p) of radius wR. If C <0, then there
are no points at all conjugate to p.

THEOREM 3.62 (Metric Comparison Theorem). Suppose that K < C in the manifold M. Then
we have that
uc(r)?
)

[(expy)srrY I3 = [Y ) +
in the situation of 3.51. If C' <0, then
[(expy,)errY[7 > Y5

Y72, YeTsT,M=T,M

meaning that exp, does not decrease length.
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PROOF. The proof is the same as in 3.51 execpt that at some point we must replace an equality
by the inequality from 3.60. g

THEOREM 3.63 (Cartan—Hadamard). Let M be a connected, complete Riemannian manifold
of monpositive sectional curvature. Then exp,: T, M — M is the universal covering space of M
(for any point p € M ). In particular, M is a K(mw,1), and if M is simply connected, then
exp,: T, M — M is a diffeomorphism.

3.64. LEMMA. Let ¢: M — M be local isometry between two connected Riemannian manifolds.
If M is complete, then ¢ is a covering map.

PrROOF OF THEOREM 3.63. The exponential map exp,, is defined on all of T, M because M
is complete (2.87); it is a local diffeomorphism since p has no conjugate points (3.48, 3.61). If we
let g = expj;(g) be the pull-back metric, then exp, is a local isometry (7,M,g) — (M,g). The
Riemannian manifold (7,M,g) is complete because the straight line ¢ — tY, Y € T, M, defined
for all ¢, is a geodesic as its image under the local isometry exp, is a geodesic. Lemma 3.64 now
implies that exp,, is a covering map. 0






CHAPTER 4
Space-times

Hall’s book on relativity [2] is in the library. Hawking and Ellis [3] or O’Neill [7] are also a
possibilities.

Let now M be a 4-dimensional smooth manifold with a Lorentz metric. Einstein’s gravitational
tensor is 1 1

G = Rc — ng =Rc — 3 trg(Re)g
The g-trace of G is
1
trg(G) = try(Re) — 545 =5-28=-S5

since try(g) = 4 in this case (5.26). Therefore
1 1 1

and we see that G and Rc determine each other, they contain the same information. The gravita-
tional tensor has zero divergence (3.11),

1 1 1
div(G) = div(Re — ng) = §VS — §VS =0

as div(Rc) = VS by the Contracted Bianchi identity (3.12).

Einstein says that gravitation is not a force but a geometrical property of spacetime. A particle
in free fall, under the influence of gravity alone, will follow a geodesic in spacetime. When you
throw a stone it will trace out a geodesic in spacetime. Einstein’s equation

1
T= 87TG
says that the stress-energy tensor 7T of matter is proportional to the gravitational tensor. This
is not a mathematical statement but (an assertion about) a law of nature just like Newton’s law
of inertia. Einstein’s equation tells how matter generates Ricci curvature of space-time. The

equation div(T") = 0 tells how Ricci curvature moves matter. There is no definition of matter — it
is something that has stress—energy ... Check out

Baez and Bunn: The meaning of Einstein’s equation
Sean M. Carroll: Lecture Notes on General Relativity
Clifford M. Will: The Confrontation between General Relativity and Experiment.
Apparently T is determined by the distribution of mass/energy and the equation then expresses
the impact of matter on the Ricci curvature of spacetime [7].
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CHAPTER 5

Multilinear Algebra

We review some vector space constructions from linear algebra.

1. Tensors

An endomorphism of a vector space V is a special case of a tensor on V. Thus tensors are
generalized endomorphisms or, in coordinates, generalized matrices. The formal definition goes as
follows.

Let V be a finite dimensonal real vector space and V* = Hom(V,R) the dual space of linear
forms on V.

5.1. LEMMA. There are natural isomorphisms between the following three vector spaces
e Bilinear maps V* x V AR
e Linear maps V* EN Hom(V,R)
o Linear maps V <, Hom(V*,R)
given by A(w,v) = B(w)(v) = C(v)(w). In particular, the evaluation morphism ev: V* x V. — R,

given by ev(w,v) = w(v), corresponds to the identity V* = Hom(V,R) and to the isomorphism
V — Hom(V*,R) given by v — (w — w(v)).

5.2. DEFINITION. The (k

g)—tensor space of V' is the vector space Ték(V) of all R-multilinear

homomorphisms
Vix .. xV*xVx---xV->R
¢ k

An element of TF(V) is called a (g) -tensor.

The tensor product of A € Tekl1 (V) and B € Tf; (V), is the multilinear map A®Q B € Tgklfe’;? (V)
given as the composite

ViX e oo X V%XV X o xV=V"X o XV*XV X X VXV*X e x V"XV xV
L1442 k1+ka £y k1 12 k2

2B RxRSR

where - is multiplication in the ring R.

A (l;) -tensor A € TL,k(V) eats ¢ covectors w',...,w’ € V* and k vectors vy,...,v, € V and

spits out a real number A(w?,... w vy,..., ;) € R.
Some special cases of tensor spaces are
.« (V) =R

e T}(V) =Hom(V,R) = V*
5.1

o TP(V)=Hom(V*R) =2V

o THV)={V*xV 4, R} = {V — Hom(V* R)} = {V 2 V} = Hom(V, V), A(w,v) =
w(sv).

o THV) 2 T{(V7)

e T¥ is a contravariant and T} a covariant endofunctor of the category of finite dimensional
real vector spaces.
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There is a bilinear map
TOV)x To(V) =V x V* & THV)={V* xV — R}

given by (u ® ¢)(1,v) = ¥(u)p(v). Note that if E; is a basis for V and ¢’ the dual basis for V*,
then E; ® ¢/ is a basis for T} (V) = Hom(V, V).

Guided by the principle that tensors are generalized endomorphisms we define, more generally,
the tensor product as the bilinear map

TR (V) x Tf2(V) 2 Tfutl (v)

(A.B) — Ac B
given by
(A® B)(w', ..., it wh T ok Uk 1y s Uk k)

=AW, .., W, ) BB T 0BT o 1 v k)
5.3. LEMMA. dim T (V) = (dim V)*+*

- PRrROOF. Let Ey, ..., Ey be a basis for V and ¢', ..., ¢™ the dual basis for V* given by ¢*(E;) =
87, n=dimV. Then the set

(54) {EJ'1®”'®EJ'Z®¢7;1®"'®¢%|1§i17"'aik7jla~~'7jl§n}

is a basis for Ték(V): These multilinear maps are clearly linearly independent and since

(55) A=) ANIE,©-0B,0¢" @0, AN =AY, ¢ Ei,... By
for any multilinear map A € Ty (V), they generate T)(A) O

The convention is that vectors have a lower index so that components of vectors have an upper
index: V = VJE;. Similarly, covectors have an upper index and their components have a lower
index: w = w;¢.

Now comes a more natural way of considering tensors (as generalized endomorphisms). We
have already seen the special case of T} (V) = Hom(V, V). In general, we may view T, (V) as the
vector space of all multilinear maps (V*)* x V¥ — V.

5.6. LEMMA. There is an isomorphismbetween the vector space Ty, (V) of all multilinear

homomorphisms
A

Vix - xV*xVx---xV=>R
241 k
and the vector space of all multilinear homomorphisms
Vix - xVixVx--xVZV
¢ k
given by
Alw,w, .. wh o, o) =wB(Wh . W e, o)

PROOF. As in 5.1 there is an isomorphism bewteen
e the vector space of multilinear maps V* x (V*)¢ x V* 24 R and
e the vector space of multilinear maps (V*)* x V¥ 5, Hom(V*,R) = V.
given by A(w,v¥,v) = wB(¥,v). O

The trace homomorphism tr: T} (V) = Hom(V, V) — R = T9(V) is the unique homomorphism
that makes the diagram

VxV*
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commutative; it is given by tr(v ® ¢) = ¢(v). For eample, tr(id) = dim V. More generally, we
define the tr: Tgkjll — Tk(V) to be the unique homomorphism that makes the diagram

VX TE(V) x VF —2 = TFH(V)

N

commutative; it is given by tr(v ® A ® ¢) = ¢(v)A for all tensors A € TF(V).
5.7. LEMMA (Contraction of tensors). For each k and € there exits a unique R-linear map
tr: T, (V) — TF(V)
such that tr(v ®@ A® @) = ¢p(v)A for allv € V. =TY(V), A€ TF(V) and ¢ € V* =T (V).
PROOF. The only possibility is the linear map whose values on the basis (5.4) is
tr(E; @ F;, ®  ®E;,®¢" ® - @¢" @¢")=01E;, @ @E;,®¢" @@ ¢
and this map actually has the property because
trv® A®w) = tr(v'E; ® AQw;¢’) = wjvide =w(v)4
forallveV and we V*. O

The tensor algebra of V is the graded algebra T*(V) = @,—,T*(V) with tensor product as
product. T™ is a contravariant functor.

2. Tensors of inner product spaces
If V has an inner product then there is an isomorphism
THV) =Hom(V,V) = {V x V — R} = T2(V)

under which the endomorphism s: V' — V and the bilinear map h: V' x ¥V — R correspond to each
other if (su,v) = h(u,v). Since tensors are generalized endomorphisms, there should be a similar
correspondence for all tensor spaces.
Suppose that V has an inner product g = (, ) € T?(V). The inner product induces isomorph-
isms
b

#

(v,w") = w(v) |4 v 0 (u) = (u,v)

or, more generally,

b

V¥x oo xV*xXVxVxV...xV Vix o . xV*xV*xVxV-..xV
< q N——————’ N——

4 k 14 k

inverse to each other. Composition with these isomorphism induces isomorphism of tensor spaces

#
TIH(Y) =T} (V)

given by
Ab(qbl7 o v, 0, JUps1) = Ao, .. .,(bzﬂ)li,ﬂg, ey Vkt1), Ae TekH(V)
Bﬂ(qsl?"'7¢Z7¢£+17’U1a"'7vk) B(¢17'"a¢ea(¢2+1)ﬂavlv"'avk)7 BETZkJ’_l(V)

and again inverse to each other.
If we consider the tensor space Ték_|r1 (V) as the vector space of all multilinear maps (V*)*x V¥ —
V asin (5.6) (and now act on the last variable) then

(58) Ab(¢1,...,gbé,vl,...,vk,vkﬂ) = A(¢1,...,¢67U17...7’l)k7’1}]z+1)
= Ulbc—i-lA(d)la .- 'aqsgavla s ,Uk) = <A(¢17 : ~7¢e7vla s ,’Uk),’Uk+1>
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and, equivalently,
(5.9) B(o', ..., 0% v1,. . vk k1) = (B)HSY, ... 0% 01, U, Vkg)
<Bﬁ d)l ¢ vl?"'vvk)vvk+l>

for B € TZkH(V). In other words, A and B correspond to each other under the isomorphisms

{(V) < VI = R} = TEH(V) T (V) ={(V9) x Vi — v}

if and only if
(5.10) Al ..., o e, S Upt1) = <B(¢1, ot v, V), vk+1>
5.11. DEFINITION. The trace with respect to g is the linear map
trg: TEHH (V) £ T, (V) 5 171 (V)
where we dualize the first V-variable and take the trace with respect to the new V* and the next

V -variable.

5.12. EXAMPLE. The (2, 0) tensor h € T¢(V) and the (1,1)-tensor s € Hom(V, V) correspond
to each other, s = h¥ or h = s”, if and only if h(vy,v2) = (s(v1),v2). The trace with respect to g
of his trg h = trs.

3. Coordinate expressions

Let V be a real vector space with basis E1,..., E, and dual basis ¢!,...,#" so that the set
(5.4) is a basis for the tensor space T (V). For any tensor A € TF(V), the coordinates of A (5.5)
with respect to this basis,

AT = AL ¢ B, B,

110Uk

are called the components of A.

5.13. Kronecker’s §. The components of the (1

1>—tensor § € TH(V) given by §(w,v) = w(v)

are
‘ . 4 1 i
(5.14) ol =3¢ B) = ¢/ (B) =
0 i#]
5.15. Endomorphisms. Let A: V — V be an endomorphism of V. The components of A,
1)-tensor A e THV) given by A(w,v) = w(Av), are Al = A(¢, E;) = ¢/ AE;,
the entries in the matrix for A wrt basis E;.

5.16. Tensor product. If A € Tkl(V) and B € T[?(V) then

viewed (5.6) as the

(5 17) (A(X)B)Jl ]@1J51+1 Jel+e2 _ Ajl“'jzzl Bje1+1'“jel+22
: oy Uy +17 kg kg 81Tk kg 417 kg kg
5.18. Trace. If the tensor A € Ty T (V) has components AJ1 féf meaning that
A= Z Aﬁ zjiiiE " ® Ejeﬂ ® ¢“ Q-+ (bikH
then
tr(A) =Y AT (B, @B, ® @y, ®¢" @ @ @ @ ¢ )
- ZAJ_ j::giii(sgiﬂE, R ®F,, 0¢ ® @ ¢
= Z AmhzkﬁflE ® E.j15+1 ® ¢i1 ®--® ¢ik
which means that the components of tr(A) € TF(V) are
(5.20) tr(A)y 5 = AL

a sum of the components of A.
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5.21. Inner product. The inner product on V is a symmetric (2, 0)-tensor g € T (V) whose
components
(5.22) 9ij = 9(Ei, Ej) = (E;, Ej)
form a symmetric matrix (g;;).

5.23. Raising and lowering of the index. Since
(VE;)” = v B} = v/ E}(E))¢' = v/ (Ei, Bj) ¢' = gijv7 ¢’
we may write
(vjEj)b = v;¢' where v; = gijvj, (wigbi)u = ijj where W’/ = gYw;

because the linear map V' 2, V* has matrix (gi5) so that the inverse map V £ V* has (9i)" ' =
(g%) as its matrix. We get v; from v/ by lowering the index and w’ from w; by raising the index.
More generally, if A € Tf, | (V), then the components of A e TFH(V) are

(Ab)Jl Jz ngAJI Jw

%1

because
Ab(d)jl?'"a¢jz7Ei7Ei17"'7Eik) = A((bjlw"a(bjeaE?aEil?'";Eik)
= gij A", ..., 0", ¢ By, ... Ey,) = giy Al
and if B € T, (V), then the components of B € T}, (V) are
(5.25) (Bﬁ)z1 JeJ gszjl “Je

201 lk

because

Bﬁ(¢j17"'7¢jea¢j7Ei17"‘ Zk) (¢jl . ’,¢]Z (¢J) 11""7Eik)
:g”B(¢]17"'7¢£7Ei7 i17"'7Eik):gijBJ1 e

IEERER TN
Here are some special cases:
o g/ = g" g = 4] o
e If the basis F; is orthonormal so that (g;;) and its inverse are identity matrices, (A")7% =
gz]Ah Jz] — 51A31 JeJ AJl Jet and (Bn)h ]U B]1

st Jti-
5.26. Trace with respect to g. If B € TekH(V) has components B]1 z:+1 then the com-
ponents of tr,(B) € Ty (V) are
(520) (Bli)Jl Jed (525) zyle “Je

Jig ik 1J13 k41

try (B)LL 2t

k41

if we remember to take the trace at the right places.

5.27. EXAMPLE. Let h € Tg(V) is a (2,0)-tensor and s € T (V) the corresponding endo-
morphism of V as in 5.12. Then

hij = hW(E;, E;) = (sE;, Ej) = (s;"Ex, E;) = 5" gi;

or, equivalently, s;7 = ¢’Fh;;,. Lowering an index in s gives h and rasing an index in h gives s.
The problem we are solving here (hidden behind a lot of formalistic notation) is how to construct
s: V =V from knowledge of (sX,Y) = h(X,Y. Then tryh = trs = s;* = g"’h;;. In particular if
h = g is the metric, then try(g) = g, =






CHAPTER 6

Non-euclidean geometry

Historical account of non-euclidean geometry.

6.1. Axiom (Parallel axiom of euclidean geometry). For any straight line L and any point P
outside L there is a unique line through P that does not meet L.

6.2. AxtoMm (Parallel axiom of spherical geometry). For any straight line L and any point P
outside L there is no line through P that does not meet L.

6.3. AxioM (Parallel axiom of hyperbolic geometry). For any straight line L and any point P
outside L there are at least two lines through P that do not meet L.

1. The hyperbolic plane

The hyperbolic plane of radius R is the Riemannian manifold
Hp={(¢7) eR* xRy [ [} —7° = -R’} CR* xR =R’

with metric induced from the Minkowski metric on R3. Equivalently, the hyperbolic plane of
radius R is the disc of radius R

B(0) = {u e R*| |u| < R}
equipped with the metric induced from HIQ{ under hyperbolic stereographic projection
2R%y R? + |u|2)
RZ —|u|2” "R? — [uf?

T H%,{ — B%(O)7 W_l(u) = (

which is a diffeomorphism.
Stereograhic projection induces a correspondence between geodesics in the two models since
isometries preserve geodesics. Since the geodesics in the hyperboloid model Hz%c are the curves

{(EvT)ele%l (577—)'(04’6):0}’ RBB(a,ﬁ)#O,
the geodesics in the disc model are the curves
{u € BR(0) |77 (u) - (a, ) = 0} = {u € BR(0) | 2Ru - a + (R* + [u[*) 8 = 0}
parametrized as constant speed curves. If # = 0, this is a straight line through 0. If 8 # 0, we
replace («, 8) by a parallel vector of the form (—«, 1) and get
{u € BE(0) | |lu — Ral* + |Ral* = R?} = {u € B{(0) | |u — Ra|* = R*(1 — |Ra?)}

If |a] > 1, this is the empty set. When |a| < 1, this is part of a circle with center R and radius

1 — |a]?. If we let ug denote either of the two points where the circle meets the boundary of
the disc, then we see that

luo — Ral” + |Ra|? = Juo|?

which means that ug — Ra L ug so that the center, Ra, of the circle lies on the tangent to the
boundary circle at ug. We conclude that the geodesics in the ball model are straight lines through

0 and circular arcs meeting the boudary circle in right angles.
The geodescis crossing the boundary of the hyperbolic plane of radius 1 at the point (1,0) are

e circular arcs with radius V' > 0 and center (1,£V) on T
e the straight line through (1,0) perpendicular to T

where T is the tangent at (1,0) to the boundary circle.

6.4. DEFINITION. The Voronoi distance between the point P and the circle ¢ with centre C' and
radius R is V(c,P) = /|CP|? — R?.
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The geodlesics n the hyperbolic plare

F1GURE 1. Geodesics in the hyperbolic plane

FIGURE 2. Two lines through P that do not meet the green line!

If P is outside the circle, V (¢, P) is the length of the tangent segments through P; V (¢, P) =0
when P is on the circle; and V (¢, P) is purely imaginary when P is inside the circle.

The centers of the geodesic circular arcs through a point Py in the hyperbolic plane B%(0) of
radius R are the points P for which

|PoP| =V (0B%(0), P)

meaning that the euclidean distance to Py equals the Voronoi distance to the boundary circle
0B%(0). This locus is the perpendicular bisector of PyP} where P} is the point where the radius
through Py crosses the boundary circle.

If P, and P, are two given points in B%(0), not on the same diameter, then the center of the
geodesic through P; and P is the point @ for which

|P1Q| = V(8B%(0),Q) = | Q)|
meaning that @ is the intersection of the two bisecting lines associated to P, and P, as just
described.

It is known that the hyperbolic plane embeds isometrically into euclidean R® but not into R3.
It is unknown if there exists an isometric embedding of the hyperbolic plane into R*.
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F1cURE 3. The unique geodesic through two given points
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