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CHAPTER 1

A possible motivation: diffusions

Why study stochastic calculus? In this chapter we discuss one possible motivation.

1. Markov chains

Let (X,)n>0 be a (time-homogeneous) Markov chain on a finite state space S. As you
know, Markov chains arise naturally in the context of a variety of model of physics, biology,
economics, etc. In order to do any calculation with the chain, all you need to know are two
basic ingredients: the initial distribution of the chain A = ();),ecs defined by

N =P(Xo=1)forallies
and the one-step transition probabilities P = (p;;); jes defined by
pij = P(Xps1 = j|X,, =1) foralli,j € S, n>0.

We now ask an admittedly pure mathematical question: given the ingredients, can we
build the corresponding Markov chain? That is, given a A such that

Ai>0foralli€s, and » \=1

ies

and P such that
Aij > 0foralli,je S, and Y py=1

jes
does there exist a Markov chain with initial distribution A\ and transition matrix P? More
precisely, does there exist a probability space (€2, F,P) and a collection of measurable maps
X, : Q2 — S such that

P(Xo€i) =M\ forallie S
and satisfying the Markov property
P(Xn+1 = in—i—lan = ’in7 . ,X() = Zo) = Pinyint1 for all ’io, ce ,in+1 € S andn Z 07

The answer is yes, of course.

Here is one construction, involving a random dynamical system. For each i, let I;; C [0, 1]
be an interval of length p;; such that the intervals (I;;);cs are disjoint." Define a function
G:Sx[0,1] = S by

G(i,u) = j when u € I;;.

For instance, if S is identified with {1,2,3,...} then let

Jj—1 J
I;; = [Z Dik> Z Qik>

k=1 k=1



Now let Xy be a random taking values in S with law A, and let Uy, Us,... be independent
random variables uniformly distributed on the interval [0, 1] and independent of X. Finally
define (X,,),>0 recursively by

Xni1 = G(X,, Upqq) for n > 0.

Then it is easy to check that X is a Markov chain with the correct transition probabilities.
The lesson is that we can construct a Markov chain X given the basic ingredients A\ and
P. What can be said about the continuous time, continuous space case?

2. Continuous-time Markov processes

In this section, we consider a continuous-time Markov process (X;);>o on the state space
S = R. What are the relevant ingredients now? Obviously, we need an initial distribution
A, a probability measure on R such that

AA) =P(X, € A) for all Borel A CR.

In this course, we are interested in continuous Markov processes (also known as diffusions),
so we expect that over a short time horizon, the process has not moved too far. Heuristically
we would expect that when At > 0 is very small, we have

‘ E(Xt+At|Xt = ZL') ~ T+ b(l’)At ’
‘ Var(Xt+At|Xt = IE) ~ U($)2At ’

for some functions b and o.

Now given the function b and ¢ can we actually build a Markov process X whose infin-
itesimal increments have the right mean and variance? One way to answer this question is
to study stochastic differential equations.

3. Stochastic differential equations

Inspired by our construction of a Markov chain via a discrete-time random dynamical
system, we try to build the diffusion X introduced in the last section via the continuous
time analogue. Consider the stochastic differential equation

X =b(X) +o(X)N
where the dot denotes differentiation with respect to the time variable ¢ and where N is some
sort of noise process, filling the role of the sequence (U, ),>1 of i.i.d. uniform random variables
appearing the Markov chain construction. In particular, we will assume that (NV;);>o is a
Gaussian white noise, but roughly speaking the important property is that Ny and N, are
independent for s # t.

3.1. Case: o0 = 0. In this case there is no noise, so we are actually studying an ordinary
differential equation

(*) X =b(X)

where the dot denotes differentiation with respect to the time variable ¢. When studying
this system, we are lead to a variety of questions: For what types of b does the ordinary
differential equation (*) have a solution? For what types of b does the ODE have a unique
solution? Here is a sample answer:



THEOREM. If b is Lipschitz, i.e. there is a constant C' > 0 such that
16(z) = b(y)|| < Cllz —yl| for all z,y
then there exists a unique solution to equation (*).

3.2. The general case. Actually the above theorem holds in the more general SDE

(**) X =b(X) +o(X)N
This generalisation is due to Ito:
THEOREM. Ifb and o are Lipschitz, then the SDE (**) has a unique solution.

Now notice that in the Markov chains example, we had a causality principle in the sense
that the solution (X,,),> of the random dynamical system

Xn—|—1 - G(Xn7 Un+1)

can be written X,, = F,,(Xo,Us,...,U,) for a deterministic function F, : S x [0,1]" — S.
In particular, given the initial position X, and the driving noise Uy, ..., U, it is possible to
reconstruct X,,. Does the same principle hold in the continuous case?

Mind-bendingly, the answer is sometimes no! And this is not because of some technicality
about what is meant by measurability: we will see an explicit example of a continuous time
Markov process X driven by a white noise process IV in the sense that it satisfies the SDE
(**), yet somehow the X is not completely determined by Xy and (Ny)o<s<t-

However, it turns out things are nice in the Lipschitz case:

THEOREM. If b and o are Lipschitz, then the unique solution of the SDE (**) is a
measurable function of Xy and (Ns)o<s<t-

4. Markov calculations

The Markov property can be exploited to do calculations. For instance, let (X,,),>0 be
a Markov chain, and define
u(n, 1) = E(f(Xn)|Xo = i)
for some fixed function f : S — R. Then clearly
u(0,7) = f(i) for all i € S

and
u(n + 1,i) =Y P(Xy = j|Xo = )E(f(Xp41)| X1 = j)
jes
= sz‘ju(”aj)
jes
and hence

u(n, 1) = (P"f)(i)
where P" denotes the n-th power of the one-step transition matrix. We now explore the
analogous computation in continuous time.
Let (X¢)¢>0 be the diffusion with infinitesimal characteristics b and o. Define the transi-
tion kernel P(t,z,dy) by
P(t,z,A) =P(X, € A| X, = x)
7



for any Borel set A C R. The transition kernels satisfy the Chapman—Kolmogorov equation:
Pls-+t,0,4) = [ P(s,,9)Plt.y. 4)

Associated to the transition kernels we can associate a family (F;):>o of operators on suitably
integrable measurable functions defined by

(Pf) () = / P(t,x, dy) f(y) = E[f(X,)| Xo = 1],

Note that the Chapman—Kolmogorov equations then read
Pert = psPt

Since Py = I is the identity operator, the family (P;);>¢ is called the transition semigroup of
the Markov process.
Suppose that there exists an operator £ such that
P—-1
t
as t | 0 in some suitable sense. Then L is called the infinitesimal generator of the Markov
process. Notice that

— L

d, . Pu—P
it =T
_ iy BB
sl0 S
:,Cpt

This is called the Kolmogorov backward equation. More concretely, let
u(t, z) = E[f(X¢)[Xo = ]
for some given f : R — R. Note that

= (Bf)(@)
and so we expect u to satisfy the equation
ou
“_r
ot~ "

with initial condition u(0,z) = f(x).
The operator £ can be calculated explicitly in the case of the solution of an SDE. Note
that for small ¢ > 0 we have by Taylor’s theorem

(Prg)(x) = E[g(X¢)| Xo = ]

~ Elgle) + ¢ ()(X, — 2) + 39" (@) (X, — 2 Xo =
~ 900 + (M) () + 5ol )

8



and hence if there is any justice in the world, the generator is given by the differential
operator

o 1, 0

4.1. The case b = 0 and ¢ = 1. From the discussion above, we are lead to solve the
PDE

u(0,z) = f(z)
w15
ot 20x%

This is a classical equation of mathematical physics, called the heat equation, studied by
Fourier among others. There is a well-known solution given by

ult, ) = / &e—‘”fﬂy)dy.

On the other hand, we know that
u(t,z) = E[f(X¢)[ Xo = ]

where (X})¢>0 is a Markov process with infinitesimal drift b = 0 and infinitesimal variance
0% = 1. Comparing these to formulas, we discover that conditional on X, = z, the law of
X; is N(z,t), the normal distribution with mean x and variance ¢. Given the central role
played by the normal distribution, this should not come as a big surprise.

The goal of these lecture notes is to fill in many of the details of the above discussion.
And along the way, we will learn other interesting things about Brownian motion and other
continuous-time martingales! Please send all comments and corrections (including small
typos and major blunders) to me at m.tehranchi@statslab.cam.ac.uk.






CHAPTER 2

Brownian motion

1. Motivation

Recall that we are interested in making sense of stochastic differential equations of the
form

X =bX)+o(X)N
where N is some suitable noise process. We now formally manipulate this equation to see
what properties we would want from this process N. The next two sections are devoted to

proving that such a process exists.
Note that we can integrate the SDE to get

t+AL t+AL
Xt+At = Xt +/ b(XS)dS +/ U(XS)NS ds
t t
~ Xi 4+ b(X))At + o (X)W (t, t + At

where we think of NV is as the density of a ‘random (signed) measure’ W so that formally

W(A) = / N; ds
A
Since we want
‘ E(Xt+At|Xt = ZL') ~ T+ b(l’)At ’
‘ Var(Xt+At|Xt = IE) ~ U($)2At ’
we are looking to construct a ‘white noise’ W that has these properties:
e W(AUB)=W(A)+ W(B) when A and B are disjoint,

e E[IW(A)] =0, and
o E[W(A)? = Leb(A) for suitable sets A.

2. Isonormal process and white noise

In this section we introduce the isonormal processes in more generality than we need to
build the white noise to drive our SDEs. It turns out that the generality comes at no real
cost, and actually simplifies the arguments.

Let H be a real, separable Hilbert space with inner product (-, ) and norm || - ||.

DEFINITION. An isonormal process on H is a process {W(h),h € H} such that
o (linearity) W(ag + bh) = aW (g) + bW (h) a.s. for all a,b € R and g,h € H,
e (normality) W (h) ~ N(0,]||h||*) for all h € H.
Assuming for the moment that we can construct an isonormal process, we now record a
useful fact for future reference.

11



PROPOSITION. Suppose that {W(h) : h € H} is an isonormal process.
e For all hy,..., h, € H the random variables W (hy), ..., W (hy) are jointly normal.
o Cov(W(g), W(h)) = (g, h).
In particular, if (g,h) =0 then W(g) and W (h) are independent.

Proor. Fix 64,...,0, € R. Using linearity, the joint characteristic function is
E[ei(elW(h1)+---+0nW(hn))] _ E[eiw(61h1+---+9nhn)]

which the the joint characteristic function of mean-zero jointly normal random variables with
COV(W(hZ‘), W(h])) = <hz, h]> 0
Now we show that we construct an isonormal process.

THEOREM. For any real separable Hilbert space, there exists a probability space (2, F,P)
and a collection of measurable maps W(h) : Q@ — R for each h € H such that {W (h),h € H}
18 an isonormal process.

PRrOOF. Let (2, F,IP) be a probability space on which an i.i.d. sequence (&) of N(0,1)
random variables is defined. Let (gx)r be an orthonormal basis of H, and for any h € H let

= ka“% Gr)-
k=1

As the sum of independent normals, we have W,,(h) ~ N (0,>7_, (h, g)?).
With respect to the filtration o(&y,...,&,), the sequence W, (h) defines a martingale.
Since by Parseval’s formula

sup E[W, = (o)’ = |Ihl?
k=1

the martingale is bounded in L?*(P) and hence converges to a random variable W (h) on an
almost sure set {2;,. Therefore,

W(ag + bh) = im W,,(ag + bh) = lim aW,,(g) + bW,,(h) = aW (g) + bW (h)

on the almost sure set {gg44n N €2 N €2, Finally, for any 6 € R, we have by the dominated
convergence theorem

E[eiGW(h)} _ lim E[eiHWn(h)]

2 1p2 2
i e 3 Sho (e — 6%

n

so by the uniqueness of the characteristic functions W(h) ~ N (0, ||a|?). O
Now we can introduce the process was motivated in the previous section.

DEFINITION. Let (E,E&, i) be a measure space. A Gaussian white noise is a process
{W(A): Ae & u(A) < oo} satisfying
e (finite additivity) W(AU B) = W(A) + W(B) a.s. for disjoint measurable sets A
and B,

12



o (normality) W(A) ~ N(0, u(A)) for all Borel A.

THEOREM. Suppose (E,E, 11) is a measure space such that L>(E, €, i) is separable.” Then
there ezists a Gaussian white noise on {W(A) : A€ &, u(A) < oo}.

PROOF. Let {W(h) : h € L*()} be an isonormal process. Without too much confusion,
we use the same notation (a standard practice in measure theory) to define

W(A) =W (1a).
Note that if A and B are disjoint we have
W(AUB) =W (1aug)
(14 + 1p)
(La) +W(lp)
(A) +W(B).
Also, the first two moments can be calculated as

E[W(A)] = E[W(14)] = 0

w
w
w

and
E[W(A)*] = E[W(14)’]

= [[1allZ:

:/]lAd,u

= u(A).

As a concluding remark, note that if A and B are disjoint then

(La,1p)r2 = / T anpdp =0
and hence W(A) and W(B) are independent.

3. Wiener’s theorem

The previous section shows that there is some hope in interpreting the SDE

X =b(X)+o(X)N

as the integral eqution
t t
X = X +/ b(Xs)dS—i-/ o(Xs)W(ds)
0 0

Let & = {A € £ : u(A) < o0} be the measurable sets of finite measure. Define a pseudo-metric d on
Er by d(A, B) = u(AAB) where the symmetric difference is defined by AAB = (ANB°)U(A°NB). Say A
is equivalent to A’ iff d(A, A’) = 0, and let € + be collection of equivalence classes of €. Then the Hilbert
space L?(E, €, u) is separable if and only if the metric space (f:‘f, d) is separable.

13



where W is the white noise on ([0, 00), B, Leb). There still remains a problem: we have only
shown that W (-,w) is finitely additive for almost all w € Q. It turns out that W (-,w) is not
countably additive, so the usual Lebesgue integration theory will not help us!

So, let’s lower our ambitions and consider the case where o(z) = 0y is constant. In this
case we should have the integral equation

t
Xt = X[) ‘I— / b(XS)dS + O'()Wt
0

where W, = W(0, ] is the ‘distribution function’ of white noise set function W. This seems
easier than the general case, except that a nagging technicality remains: how do we make
sense of the remaining integral? Why should this be a problem? Recall that for each set A,
the random variable W(A) = W (14) was constructed via an infinite series that converged
on an almost sure event €24. Unfortunately, {24 depends on A in a complicated way, so it
is not at all clear that we can define W, = W (0, ¢] simultaneously for all uncountable t > 0
since it might be the case that M;>0{( is not measurable or even empty. This is a problem,
since we need to check that ¢t — b(X;(w)) is measurable for almost all w € Q to use the
Lebesgue integration theory.... Fortunately, its possible to do the construction is such a way
that ¢ — Wj(w) is continuous for almost all w. This we call a Brownian motion.

DEFINITION. A (standard) Brownian motion is a stochastic process W = (W;):>o such
that

e Wy =0 a.s.
e (stationary increments) W, — W, ~ N(0,t — s) for all 0 < s < ¢,
e (independent increments) For any 0 < tq < ¢; < .-+ < t,, the random variables

Wy, — Wy, oo, Wy, =W, | are independent.
e (continuity) W is continuous, meaning P(w € 2 : ¢ — W;(w) is continuous ) = 1.

THEOREM (Wiener 1923). There ezists a probability space (2, F,P) and a collection of
random variables Wy : 0 — R for each t > 0 such that the process (W;)i>o is a Brownian
motion.

As we seen already, we can take the Gaussian white noise {W(A) : A C [0,00)}, and set
Wy = W(0,t]. Then we will automatically have W, = 0, and since

W, — W, = W(s,t] ~ N(0, — )

for 0 < s < t, the increments are stationary. Furthermore, as discussed in the last section,
the increments over disjoint intervals are uncorrelated and hence independent. Therefore,
we need only show continuity. The main idea is to revisit the construction of the isonormal
process, and now make a clever choice of orthonormal basis of L?.

First we need a lemma that says we need only build a Brownian motion on the interval
[0, 1] because we can concatenate independent copies to build a Brownian motion on the
interval [0, 00). The proof is an easy exercise.

LEMMA. Let (Wt(n))ogtgl, n=1,2,... be independent Brownian motions and let
W, =W 4 W+ W forn <t <n+1

Then (Wy)¢>o is a Brownian motion.

14



Now the clever choice of basis is this:
DEFINITION. The set of functions
) 0. 0 71. 1.0 on_1q,
{1;  hg;  hy,hy o ihy, o Ry T
where

Ry = 2% (Lpan k41/2127) = LiGks1/212-m (4 1)2m))
is called the Haar functions.

LEMMA. The collection of Haar functions is an orthonormal basis of L*[0,1].

We will come back to prove this lemma at the of the section. Finally, we introduce some
useful notation:

HE®) = (bl Log) 12

= /Ot hE(s)ds.

h" Hk

n n

a—n/2-1
(k+1)2—" .
1

0 k2-n 1 0 k2-n (k4+1)2—m 1

271-/2

.2-71-/2

PROOF OF WIENER'S THEOREM. Let £* and (£F),, . be a collection of independent N (0, 1)
random variables, and consider the event
- oo} .

00 2n—1
Q= {w ; Z sup
Note that for every w € €, the partial sums Wt(N) (w) converge uniformly in ¢ where

> EWHN)

5 0<t<1

N 2"-1

W (w) =t (w) + > > eh(w)HE ().

n=0 k=0

Since t — Wt(N) (w) is continuous, and the uniform limit of continuous functions is continuous,
we need only show that 2 is almost sure.

Now note that, for fixed n, the supports of the functions H?, ..., H?
Hence

n__ P
L are disjoint.

2n—1
Z PR = 2727 max
k=0

su
P 0<k<2n—1

0<t<1

[€nl-

15



Now, for any p > 1 we have

1/p
E max [¢f] < (E max ]f’n“]p) by Jensen’s inequality

0<k<2n—1 0<k<2n—1
o1 1/p
< (=3 )
k=0
= (2ncp)1/p
where
cp = E(¢[°)
—1/22p/2r(p + 1)
Now, choosing any p > 2 yields
1

]EZ sup

0<t<1

2532-“ﬂ 'E( max |¢h)

O<k§2n—1

< Cll)/pQ—l Zg—n(1/2—1/p) < 00
n=0

This shows that P(€) = 1. O
And to fill in a missing detail:

PROOF THAT THE HAAR FUNCTIONS ARE A BASIS. The orthogonality and normalisa-
tion of the Haar functions is easy to establish.

First we will show that the set of functions which are constant over intervals of the form
(k27" (k + 1)27") are dense in L?[0,1]. There are many ways of seeing this. Here is a
probabilistic argument: for any f € L?[0,1], let

2" —1
k=0

where
I¥ = Tjpan (ks 1)2-m)
and
(k+1)2
e [ fla
k2"
Then f,, — f in L? (and almost everywhere). To see this, consider the family of sigma-fields
Fo=o(k27 (k+1)27"):0<k<2"—1)
on [0,1]. For any f € L?[0,1] let

where the expectation is with respect to the probability measure P = Leb. Since o(U,>0F,)
is the Borel sigma-field on [0, 1], the result follows from the martingale convergence theorem.

16



Now we will show that every indicator of a dyadic interval is a linear combination of Haar
functions. This is done inductively on the level n. Indeed for k = 25 we have

. 1 . ,
I = (I +27%)
and for k = 275 + 1 we have

PR = (5~ 2.

4. Some sample path properties

Recall from our motivating discussion that would like to think of the Brownian motion

as the integral
t
W, = / Nids
0

for some noise process N. Is there any chance that this notation can be anything but formal?
No:

THEOREM (Paley, Wiener and Zygmund 1933). Let W be a scalar Brownian motion
defined on a complete probability space. Then

P{w : t — Wy(w) is differentiable somewhere } = 0.

ProoOF. First, we will find a necessary condition that a function f : [0,00) — R is
differentiable at a point. The idea is to express things in such a way that computations of
probabilities are possible when applied to the Brownian sample path.

Recall that to say a function f is differentiable at a point s > 0 means that for any ¢ > 0
there exists an € > 0 such that for all £ > 0 in the interval (s — ¢, s 4 ¢) the inequality

[f(t) = f(s) = (t = s) ()] < O]t — s
holds.
So suppose f is differentiable at s. By setting 6 = 1, we know there exists an £y > 0 such

that for all 0 < e < gy and t1,ts € [s, s + €] we have

[F(t) = f(t2)] < [f(tr) = f(s) = (1 = )./ ()| + [ [ (t2) = f(s) = (t2 = )" (s)| + [(t2 — t2) f'(5)]
< [ty = s| + [t — 5| + [t2 — 2] f'(s)]
< (2411 (s)e
by the triangle inequality. In particular, there exists an integer M > 4(2 + |f’(s)|) and
integer N > 4/¢( such that
|f(t1) = ft2)| < M/n

whenever n > N and t1,ty € [s,s + 4/n]. (The reason for the mysterious factor of 4 will
become apparent in a moment.)

Note that any n > N, there exists an integer ¢ such that s < i/n < s+ 1/n. For this
integer 4, the four points i/n, (i + 1)/n, (i + 2)/n, (i + 3)/n are all contained in the interval
[s,s +4/n]. And in particular,

[F(E) = f(2)] < M/n

17



for j =4,74 1,7+ 2. Finally, there exists an integer K > s, and therefore 1 < nK + 1.
Therefore, we have shown that

{w: t — W, (w) is differentiable somewhere } C N

where
i+2
~N=UUUN U N4inu
M K N n>Ni<nK j=i
and

Ajnr = W1y m — Wil < M/n}.

Note that the sets A;, » are increasing in M, in the sense that A;, ;y € Aj, p41. Similarly,
the sets Uy U;<ni Ajn,m are increasing in K. Hence from basic measure theory and the
definition of Brownian motion we have the following estimates:

1+2

P(WN) = ]s\?g]P) (U ﬂ U ﬂ Aj7n7M}> continuity of P

N n>Ni<nK j=i

i+2
< sup liminf P < U ﬂ Aj,mM) Fatou’s lemma

n—oo
M.K i<nK j—i

nk i+2
< sup lim inf Z P (ﬂ Aj7n7M> subadditivity of P

M,K M0 .
’ =0 Jj=t

= sup lim inf [(nK + 1P (AO,n,M)S}
M,K n—oo

The last step follows from the fact that the increments W; 1)/, — W;/, are independent and
each have the N(0,1/n) distribution.
Note that

r/\V/t e—:c2/2

_rVE V2T

<c-

P([W| <71) = dx

S

where C' = /2/7 and hence

M
P(Aonar) = P([Wijn| < M/n) < C%‘

Putting this together yields

P(N) < sup lim inf
M,K n—oo

k1 1) (C%y’] 0,

18



REMARK. It should be clear from the argument that differentiability of a function at
a point means that we can control the size of increments of the function over p disjoints
intervals, where p > 1 is any integer, and so

{w: t — Wi(w) is differentiable somewhere } C N,

where
itp—1

N=UUUN U N AWsnym = Wil < M/n}

M K N n>Ni<nK j=i
The somewhat arbitrary choice of p = 3 in the proof above is to ensure that n'=?/2 — 0.
So, sample paths of Brownian motion are continuous but nowhere differentiable. It is

possible to peer even deeper into the fine structure of Brownian sample paths. The following
results are stated without proof since we will not use them in future lectures.

THEOREM. Let W be a scalar Brownian motion.
o The law of iterated logarithms. (Khinchin 1933) For fixed t > 0,
. Wits — Wi
im sup
510 2 loglog1/0
e The Brownian modulus of continuity. (Lévy 1937)

=1 a.s.

maXs te[o,1],|t—s|<d |Wt - Ws| —1as

lim sup
510 25log1/6

5. Filtrations and martingales

Recall that we are also interested in Markov processes with infinitesimal characteristics
E[X,iat| X = 2] = 2 + b(2) At and Var( X, A X, = 7) ~ o(z)*At
with corresponding formal differential equation
X = f(X) + o(X)N.

If o(x) = 0g and b is measurable, we can define the solution of the differential equation to
be a continuous process (X;);>o such that

t
Xt = X() + / b(Xs)dS + O'th
0

where W is a Brownian motion. We still haven’t proven? that this equation has a solution,
but at least we know how to interpret all of the terms.

But we are also interested in Markov processes whose increments have a state-dependent
variance, where the function ¢ is not necessarily constant. It seems that the next step in our
programme is to give meaning to the integral equation

Xt:XO+/Otb(X5)ds+/0ta(Xs)W(ds)

2When b is Lipschitz, one strategy is to use the Picard—Lindel6f theorem as suggested on the first example
sheet. On the fourth example sheet you are asked to construct a solution of the SDE, only assuming that b
is measurable and of linear growth and that oo # 0.
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where W is the Gaussian white noise on [0, 00). Unfortunately, this does not work:

DEFINITION. A signed measure p on a measurable space (F,€) is a set function of the
form p(A) = ui(A) — p_(A) for all A € €, where py are measures (such that at least one
of py(A) or p_(A) is finite for any A to avoid co — c0). For convenience, we will also insist
that both measures p4 are sigma-finite.

THEOREM. Let {W(A) : A C [0,00)} be a Gaussian white noise with Var[W(A)] =
Leb(A) defined on a complete probability space. Then
Plw: A~ W(A,w) is a signed measure ) =0
The following proof depends on this result of real analysis:

THEOREM (Lebesgue). If f : [0,00) — R is monotone, then f is differentiable (Lebesgue)-
almost everywhere.

PROOF. Suppose that W(-,w) is a signed measure for some outcome w. Then ¢t —
W((0,t],w) = p4(0,t] — pu—(0,¢] is the difference of two monotone functions and hence is
differentiable almost everywhere. But we have proven that the probability that this map is
differentiable some where is zero! O

Nevertheless, all hope is not lost. The key insights that will allow us to give meaning to
the integral f(f a,dW, are that

e the Brownian motion W is a martingale, and

e we need not define the integral for all processes (a;):>0, since it is sufficient for our
application to consider only processes that do not anticipate the future in some
sense.

We now discuss the martingale properties of the Brownian motion. Recall some defini-
tions:

DEFINITION. A filtration F = (F;);>0 is an increasing family of sigma-fields, i.e. Fy C F;
forall 0 <s <t.

DEFINITION. A process (X¢)i>o is adapted to a filtration F iff X is Fi-measurable for all
t>0.

DEFINITION. An adapted process (X;):>o is a martingale with respect to the filtration
F iff
(1) E(]X;]) < oo for all t > 0,
(2) E(Xy|Fs) = X forall 0 <s <t.
Our aim is to show a Brownian motion is a martingale. But in what filtration?

DEFINITION. A Brownian motion W is a Brownian motion in a filtration F (or, equiv-
alently, the filtration F is compatible with the Brownian motion W) iff W is adapted to [F
and the increments (W, — W})ucpt,00) are independent of F; for all ¢ > 0.

ExXAMPLE. The natural filtration
FV =o(W,,0<s<t)
is compatible with a Brownian motion W. This a direct consequence of the definition.
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The reason that we have introduced this definition is that we will soon find it useful
sometimes to work with filtrations bigger than a Brownian motion’s natural filtration.

THEOREM. Let W be a Brownian motion in a filtration F. Then the following processes
are martingales:

(1) The Brownian motion itself W.
(2) W2 —t.
(3) eOWetO2 for any complex 0, where i = /—1
ProOF. This is an easy exercise in using the independence of the Brownian increments
and computing with the normal distribution. 0

The above theorem has an important converse.
THEOREM. Let X be a continuous process adapted to a filtration F such that Xy = 0 and
10X +0%t/2
1s a martingale. Then X is a Brownian motion in F.
PROOF. By assumption

E(@i 0(X:—Xs) fs) _ efgz(tfs)/Q.

foralld e Rand 0 < s <t.
Sofix0<s<ty<t;<---<ty,andb,...,0,cR: By iterating expectations we have

E(ei k=1 Ok (Xt =Xty ) ’JT"S) = E[E(el 21 9k(th_th_1)|‘Ftn—1)|‘FS]

Ele! Zim XX D (el (X=Xt )| F, )| F]
Ele

[ LR Ok (X, — X, ) |]_—S]6—0,2L(tn—tn,1)/2

— 73 Tkt OR(t—tr—1)

Since the conditional characteristic function of the increments (X;, — Xy, ..., Xz, — X¢,_,)
given F; is not random, we can conclude that (X, — X;),>s is independent of F;. Details are
in the footnote®. Furthermore, by inspecting this characteristic function, we can conclude

3Fix a set A € F,. Define two measures on R” by
/J,(B) = P({(th — thv N ,th — th—l) € B} N A)

and
I/(B) = ]P((th — Xto’ . ,th — th—l) € B)]P(A)
Note that for any 0 € R™, we have

/e“"yu(dy) = ]E(eizgzl Ok (X1, _th—l)]]_A)

— ]E(eiZZzl ek(thixtk—l))]P)(A)

= / 0V (dy).

Since characteristic functions characterise measures, we have u(B) = v(B) for all measurable B C R", and
hence the random vector (X, — Xy, ..., X, — Xy, ) is independent of the event A. Since this independence
holds for all 0 < s <ty <t < --- < ty, the sigma-field o(X, — X5 : u > s) is independent of Fy.
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that the increments are independent with distribution X; — X ~ N(0, |t — s|). Finally, the
process is assumed to be continuous, so it must be a Brownian motion.

O

6. The usual conditions

We now discuss some details that have been glossed over up to now. For instance, we
have used the assumption that our probability space is complete a few times. Recall what
that means:

DEFINITION. A probability space (€2, F,P) is complete iff F contains all the P-null sets.
That is to say, if A C B and B € F and P(B) =0, then A € F and P(A) = 0.

For instance, in our discussion of the nowhere differentiability of Brownian sample paths,
we only proved that the set

{w : t — Wi(w) is somewhere differentiable }

is contained in an event N of probability zero. But is the set above measurable? In general,
it may fail to be measurable since the condition involves estimating the behaviour of the
sample paths at an uncountable many points ¢ > 0. But, if we assume completeness, this
technical issue disappears.
And as we assume completeness of our probability space, we will also employ a convenient
assumption on our filtrations.
DEFINITION. A filtration F satisfies the usual conditions iff
e Fy contains all the P-null sets, and
e [ is right-continuous in that F; = (1. Fi4e for all ¢ > 0.

Why do we need the usual conditions? It happens to make life easier in that the usual
conditions guarantee that there are plenty of stopping times...

DEFINITION. A stopping time is a random variable 7" : Q — [0, oo] such that {T" <t} €
Fi for all t > 0.

THEOREM. Suppose the filtration F satisfies the usual conditions. Then a random time
T is a stopping time iff {T <t} € F; for all t > 0.

PRrOOF. First suppose that {T" <t} € F; for all £ > 0. Since for any N > 1 we have

{T<t}=({T <t+1/n}

n>N

and each event {T" < ¢+ 1/n} is in Fiq1/n C Fiy1/n by assumption, then

{T<tte ﬂ]:tH/N = Fi
N

by the assumption of right-continuity. Hence T is a stopping time.
Conversely, now suppose that {T" <t} € F, for all t > 0. Since

(T<ty=\J{T<t-1/n}
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and each event {T' <t —1/n} is in F;_y,, C F; by the definition of stopping time, then by
the definition of sigma-field the union
{T <t} eF

is measurable as claimed. 0

THEOREM. Suppose X is a right-continuous n-dimensional process adapted to a filtration
satisfying the usual conditions. Fiz an open set A CR™ and let

T=inf{t>0:X, € A}

Then T is a stopping time.

PROOF. Let f :]0,00) — R™ be right-continuous. Suppose that for some s > 0 we have
f(s) € A. Since A is open, there exists a § > 0 such that

f(s)+yeA

for all ||y|]| < d. Since f is right-continuous, there exists ¢ > 0 such that ||f(s) — f(u)]| < ¢
for all u € [s, s+ €). In particular, for all rational ¢ € [s, s + €) we have

flq) € A.

Now, by the previous theorem is enough to check that {T" < t} € F; for each ¢t > 0. Note
that

{T <t} ={X, € Afor some s € [0,t)}
- U {X, € A}
q€[0,6)NQ

where () is the set of rationals. Since X, is F,-measurable by the assumption that X is
adapted, then {X, € A} € F, C F;. And since the set of rationals is countable, the union
is in F; also. O

REMARK. Note that by the definition of infimum, the event {7" = ¢} involves the be-
haviour of X shortly after time . The usual conditions help smooth over these arguments.

One of the main reasons why the usual conditions were recognised as a natural assumption
to make of a filtration is that they appear in the following famous theorem. The proof is
omitted since this is done in Advanced Probability.
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THEOREM (Doob’s regularisation.). If X is a martingale with respect to a filtration sat-
isfying the usual conditions, then X has a right-continuous®, modification, i.e. a right-
continuous process X* such that

P(X;=X/)=1 forallt > 0.
In the previous lectures, we have discussed filtrations without checking that the usual

conditions are satisfied. Do we have to go back and reprove everything? Fortunately, the
answer is no since we have been dealing with continuous processes:

THEOREM. Let X be a right-continuous martingale with respect to a filtration F. Then
X is also martingale for F* where

Fi=0 <ﬂ Fire U{P — null sets})

>0
PROOF. We need to show that for any 0 < s <t that
E[ti::] =X
which means that for any A € F;, the equality
E[(X; — X,)1a] =0

holds.
First, by the definition of null set, for any A € F; we can find a set B € F,; such that

1,=15 a.=s.
so it is enough to show that
E[(X; — X)15] = 0.
Now, since X is an F martingale, we have
E[Xt‘«/rs—i-e] = Xs+e
for any s + € < t. Hence, since B € Fy, C F,, we have
E[(Xt - X5+6)]]_B] - 0

Now note that X, — X, a.s. as € | 0 by the assumption of right-continuity, and that
the collection of random variables (Xic)ceo—s is uniformly integrable by the martingale
property. Therefore,
E[(X; — X)14] = E[(Xgye — Xs)15] — 0.
O

With these considerations in mind, we now state an assumption that will be in effect
throughout the course:

AssuMPTION. All filtrations are assumed to satisfy the usual conditions, unless otherwise
explicitly stated.

We are now ready to move on to the main topic of the course.

4 .. in fact the sample paths are cadlag, which is an abbreviation for continue & droite, limite d gauche
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CHAPTER 3

Stochastic integration

1. Overview

The goal of this chapter is to construct the stochastic integral. Recall that from our
motivating discussion, we would like to give meaning to integrals of the form

t
Xt:/ K dM;.
0

where M is a Brownian motion and K is non-anticipating in some sense.

It turns out that a convenient class of integrands K are the predictable processes, and a
convenient class of integrators M are the continuous local martingales. In particular, if K
is compatible with M is a certain sense, then the integral X can be defined, and it is also a
local martingale.

What we will see is that for each continuous local martingale M there exists a continuous
non-decreasing process (M), called its quadratic variation, which somehow measures the
‘speed’ of M. The compatibility condition to define the integral is that

t
/ K2d(M), < oo a.s. for all t > 0.
0

Note that since (M) is non-decreasing, we can interpret the above integral as a Lebesgue—
Stieltjes integral for each outcome w € 2, i.e. we don’t need a new integration theory to
understand it. Finally, to start to appreciate where this compatibility condition comes from,
it turns out that the quadratic variation of the local martingale X is given by

X0, = [ K.

That is the outline of the programme. In particular, we need to define some new vocab-
ulary, including what is meant by a local martingale. This is the topic of the next section.

2. Local martingales and uniform integrability

As indicated in the last section, a starring role in this story is played by local martingales:

DEFINITION. A local martingale is a right-continuous adapted process X such that there
exists a non-decreasing sequence of stopping times 7T}, 1 oo such that the stopped process

XT" — X() = (Xt/\Tn - XO)tZO
is a martingale for each n. The localising sequence (7},),>1 is said to reduce X to martingale.
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REMARK. Note that the definition can be simplified under the additional assumption
that X, is integrable: a local martingale is an adapted process X such that there exists
stopping times 7;, T oo for which the stopped process

X = (XtATn)tzo

is a martingale for each n.

This simplifying assumption holds in several common contexts. For instance, it is often
the case that Fy is trivial, in which case Xy is constant and hence integrable. Also, the
local martingales defined by stochastic integration are such that Xy = 0, so the integrability
condition holds automatically.

This definition might seem mysterious, so we will now review the notion of uniform
integrability:

DEFINITION. A family X of random variables is uniformly integrable if and only if X is
bounded in L' and
sup E(|X|14) —0
Xex
AP(A)<6
as 0 0.
REMARK. Recall that to say X is bounded in L? for some p > 1 means

sup E(|X|?) < oc.
Xex

There is an equivalent definition of uniform integrability that is sometimes easier to use:
PROPOSITION. A family X is uniformly integrable if and only if

sup E(|X|1gx>ry) — 0
Xex

as k 1 oo.

. The reason to define the notion of uniform integrability is because it is precicely the
condition that upgrades convergence in probability to convergence in L!:

THEOREM (Vitali). The following are equivalent:
(1) X, — X in L'(Q, F,P).
(2) X,, = X in probability and (X,,)n>1 is uniformly integrable.

Here are some sufficient conditions for uniform integrability:

PROPOSITION. Suppose X is bounded in LP for some p > 1. Then X is uniformly
integrable.

PROOF. By assumption, there is a C' > 0 such that E(]X?) < C for all X € X. So if
P(A) < § then by Holder’s inequality

sup E(|X[14) < sup E(|X|P)/PR(A) P
S

XeX
< oYrgt=lr .
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PROPOSITION. Let X be an integrable random wvariable on (Q,F,P), and let G be a
collection of sub-sigma-fields of F; i.e. if G € G, then G is a sigma-field and G C F . Let

Y ={E(X|9) : G € G}
Then Y is uniformly integrable.

PROOF. For all Y € ) we have

E(|Y

B(Y| > k) < 2
_E(X))
-k

as k 17 oo by Markov’s inequality and the conditional Jensen inequality. So let

d(k) =supP(|Y] > k).
Yey

— 0

Now, if Y = E(X|G) then Y is G-measurable, and particular, the event {|Y| > k} is in G.
Then

E(|Y|IL{|Y|>I<:}) < E(|X|1{\Y\>k}>
<

sup  E(|X|14),
A:P(A)<6(k)

where the first line follows from the conditional Jensen inequality and iterating conditional
expectation. Since the bound does not depend on which Y € ) was chosen, and vanishes as
k 1 0o, the theorem is proven. O

An application of the preceding result is this:

COROLLARY. Let M be a martingale. Then for any finite (non-random) T > 0, (M)o<i<r
15 uniformly integrable.

PROOF. Note that M, = E(My|F,) for all 0 <t < T. 0

The lesson is that on a finite time horizon, a martingale is well-behaved. Things are
more complicated over infinite time horizons.

THEOREM (Martingale convergence theorem). Let M be a martingale (in either discrete
time or in continuous time, in which case we also assume that M is right-continuous) which
is bounded in L'. Then there exists an integrable random variable M., such that

My — My, a.s. ast T oo.
The convergence is in L' if and only if (My)¢>o is uniformly integrable, in which case
M, = E(My|F) for allt > 0.
COROLLARY. Non-negative martingales converge.
PRrROOF. We need only check L' boundedness:
Sy D = Sgp B

= E(Mo) < Q0.
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Here is an example of a martingale that converges, but that is not uniformly integrable:

EXAMPLE. Let
Xt — eWt—t/2
where W is a Brownian motion in its own filtration F. As we have discussed, X is a
martingale. Since it is non-negative, it must converge. Indeed, by the Brownian law of large
numbers W, /t — 0 as t 1 oco. In particular, there exists a T' > 0 such that W/t < 1/4 for all
t > T. Hence, for t > T we have

Xt _ (GWt/tfl/Q)t < eft/4 0.

In this case X, = 0. Since X; # E(X|F:), the martingale X is not uniformly integrable.
(This also provides an example where the inequality in Fatou’s lemma is strict.)

Let’s dwell on this example. Let T,, = inf{t > 0 : X; > n}, where inf() = 400, and
note these are stopping time for F. Since ¢ — X; is continuous and convergent as t — oo,
the random variable sup, X; is finite-valued. In particular, for almost all w, there is an N
such that T, (w) = +oo for n > N. Now X7, is well-defined, with X7, = 0 when T}, = +o0.
Also, since the stopped martingale (X, ):>0 is bounded (and hence uniformly integrable),
we have

X, = B(Xr, | F)
The intuition is that the rare large values of X1 some how balance out the event where
X7, =0.

Now, to get some insight into the phenomenon that causes local martingales to fail to be

true martingales, let’s introduce a new process Y defined as follows: for 0 < u < 1, let

Y, = Xu/(l—u)

and
Gu = Fuj—u-
Note that Y is just X, but running at a much faster clock. In particular, it is easy to see
that (Y, )o<u<: is @ martingale for the filtration (G,)o<u<i. But let’s now extend for u > 1
the process by
Y,=0
and the filtration by
Gy = Foo = 0 (U0 F7) -
The process (Yy).>0 is not a martingale over the infinite horizon, since, for instance 1 = Y, #
E(Y1) = 0. Indeed, the process (Y, )o<u<1 1S not even a martingale.
The process Y actually is a local martingale. Indeed, let

U, =inf{u >0:Y, >n}

where inf ) = +oo as always. We will show that Y, .y, = E(Yy,|G.) for all u > 0 and hence
the stopped process YV is a martingale. We will look at the two cases v > 1 and u < 1
separately.

Note that for v > 1, we have G, = F and in particular Yy is G, measurable. Hence

E(Yy,|G.) = Yo,
- YU":H-{Un<u} + Yu]]-{Un:—‘roo} = Yu/\Un
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FIGURE 1. The typical graphs of ¢t — X;(w), above, and u + Y, (w), below,
for the same outcome w € €.

since U, takes values in [0,1) U {+o0} and Y,, = 0 = Y, when u > 1.
For 0 <wu <1, let t = u/(1 — u) and note

| U,/(1-U,) on{U, <1}
In = { +o0 on {U,, = +oo}

In particular, we have

E(Yy,

gu) = E<XTn

= XTn/\t

Fi)

== YUn Au
as claimed.

Now we see that local martingales are martingales ‘locally’, and what can prevent them
from being true martingales is a lack of uniform integrability. To formalise this, we introduce
a useful concept:
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DEFINITION. A right-continuous adapted process X is in class D (or Doob’s class) iff the
family of random variables

{X7r : T a finite stopping time }

is uniformly integrable. The process is in class DL (or locally in Doob’s class) iff for all t > 0
the family

{Xinr : T a stopping time }
is uniformly integrable.

PROPOSITION. A martingale is in class DL. A uniformly integrable martingale is in
class D.

PrOOF. Let X be a martingale and T a stopping time. Note that by the optional
sampling theorem

E(X¢|Fr) = Xiar.

In particular, we have expressed X;,r as the conditional expectation of an integrable random
variable X;, and hence the family is uniformly integrable.
If X is uniformly integrable, we have X, — X in L!, so we can take the limit ¢ — oo
to get
E(Xw|Fr) = X7

Hence { X7 : T stopping time } is uniformly integrable. O
PROPOSITION. A local martingale X is a true martingale if X is in class DL.

Proor. Without loss, suppose Xy = 0. Since X is a local martingale, there exists a
family of stopping times T}, 1 oo such that X" is a martingale. Note that Xy, — X;
a.s. for all t > 0. Now if X is in class DL, we have uniform integrability and hence we can
upgrade: Xy 7, — X; in L', In particular X, is integrable and

E(X:|Fs) = E(h};ﬂ Xinn, | Fs)
= lim E(Xnr, | Fs)
— lim X,
_X..
[

The last thing to say about continuous local martingales is that we can find an explicit
localising sequence of stopping times.

PROPOSITION. Let X be a continuous local martingale, and let
Then (S,,)n reduces X — Xq to a bounded martingale.

PROOF. Again, assume Xy = 0 without loss. By definition, there exists a sequence of
stopping times (T)y increasing to oo such that the process X7¥ is a martingale for each
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N. Since S, is a stopping time, the stopped process (XTV)5 = XTW"5» is a martingale.
Furthermore, it is bounded and hence uniformly bounded, so we have

(X, |73] = Ellin Xy s, 1)
— ln E[Xr, 15, 17
= li]{fn X Ty ASnAL

_ S
= X5,

3. Square-integrable martingales and quadratic variation

As previewed at the beginning of the chapter, for each continuous local martingale M
there is an adapted, non-decreasing process (M), called its quadratic variation, that measures
the ‘speed’ of M in some sense. In order to construct this process, we need to first take step
back and consider the space of square-integrable martingales.

We will use the notation

M? = {X = (X;);>0 continuous martingale with sup E(X}) < oo}
£>0

Note that if X € M? then by the martingale convergence theorem
X; — X, a.s. and in L?
Since (X?);>0 is a submartingale, the map ¢ + E(X?) is increasing, and hence

sup E(X}) = E(XZ)
t>0

Also, recall Doob’s L? inequality: for X € M? we have
E(sup X7) < 4E(XZ).

>0

So, every element X € M? can be associated with an element X, € L*(Q, F,P). Since
L? is a Hilbert space, i.e. a complete inner product space, it is natural to ask if M? has the
same structure. The answer is yes. Completeness is important because we will want to take
limits soon.

THEOREM. The vector space M? is complete with respect to the norm
X[l se = (E[XZ)Y2.

PROOF. Let (X™), be a Cauchy sequence in M?, which means
E[(X% — X2)*] =0

as m,n — oo.
We now find a subsequence (ny), such that

R[(X0 — X < 27
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Note that by Jensen’s inequality and Doob’s inequality, that
1/2
B (Sl - x1) < S8 (sl )
>0 k >0

<Y 2B (IX2 - X))
k

< ZQl’k/z < 00.
k

Hence, there exists an almost sure set on which the sum

k
X{* =X+ X - X

=1

converges uniformly in ¢t > 0. Since each X™* is continuous, so is the limit process X*.
Now since the family of random variables (X ), is bounded in L?, and hence uniformly
integrable, we have

E(X%|F) = lim E(X2|7)
= hTEH X}
= X;‘
so X* is a martingale. O
We now introduce a notion of convergence that is well-suited to our needs:

DEFINITION. A sequence of processes Z" converges uniformly on compacts in probability
(written u.c.p.) iff there is a process Z such that

P(sup |Z] — Zs| >¢) — 0

s€[0,t]
forall £ > 0 and € > 0.
With this, we are ready to construct the quadratic variation:

THEOREM. Let X be a continuous local martingale, and let

(O =" (King — Xingp_,)?

k>1

where we will use the notation t}; = k27". There there exists a continuous, adapted, non-
decreasing process (X) such that

(X)W = (X))  w.cp.
as n — oo. The process (X) is called the quadratic variation of X .

The proof will make repeated use of this elementary observation:
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LEMMA (Martingale Pythagorean theorem). Let X € M? and (t,), an increasing se-
quence such that t, T oo. Then

E(X%) = E(X7) + Y El(X:, - X)),

n=1

PRrROOF OF LEMMA. Note that martingales have uncorrelated increments: if ¢ < j — 1
then

E[(th - Xti71>(th - thfl)] = E[(th - Xtifl)E<th - thfl “’T_‘tjA)]
=0

by the tower and slot properties of conditional expectation. Hence

N 2
E(X;,)=E (Xto + > X, - thl)

n=1
N

=E(X})+ Y E[(X,, — X,,_,)".

n=1

Now take the supremum over N of both sides. 0

PROOF OF EXISTENCE OF QUADRATIC VARIATION. There is no loss to suppose that
Xo = 0. For now, we will also suppose that X is uniformly bounded, so that there ex-
ists a constant C' > 0 such that |X;(w)| < C for all (t,w) € [0,00) x Q. This is a big
assumption that will have to be removed later.

Since X € M?2, the limit X, exists. In particular,

<X>1En) - <X>§Ti)nL2ntJ = (Xt - XQ*”LQWH)Z —0ast T oo,
the limit
(X)) = sup(X);)
is unambiguous. By the Pythagorean theorem

E((X)%) = E(XZ) < ¢7

so (X )EQ) is finite almost surely.
Now, define a new process M ™ by

n 1 n
M = S (XE = (0).

Note that since X is continuous, so is M ™. Also, by telescoping the sum, we have



In particular, M is a martingale, since each term®

theorem

in the sum is. By the Pythagorean
E[(M{M)? EZan (X — X )

< CQEZ g — Xe )

= CZJE(Xgo)
<ct

since X is bounded by C.
For future use, note that

E[(X))?] = E[(X2, —2M{))?]
< 2E[X1] + SE[(M{)]
< 100"
from the boundedness of X and the previous estimate.

By some more rearranging of terms, we have the formula
Mo(g) - Mo(om) - Z(ij—n - X\_jzm_"JQ_m)<X(j+1)2_" - AijQ—n)7
j=1

for n > m, and once more by the Pythagorean theorem, letting Z,, = sup,_j<g-m |Xs — Xi|

E[(Még) - M(Eom))z} — E Z(ijfn - XUQ'mfnJ2fm)2(X(j+l)27n - X]2n)2]
Lj=1

S E sup (Xs — Xt)Q Z(X(j+1)2—n — ng—n)2]
J=1

|s—t|<2-m

=E[Z;(X)%]
<E[Z3]"E[(0)@)]
< VI0C*E(Z,,)"*

by the Cauchy—Schwarz inequality and the previous estimate. Now

Zm= sup |X;—X;| —0as.

|s—t|<2-m

by the uniform continuity? X, and that |Z,,| < 2C, so that E(Z*) — 0 by the dominated
convergence theorem. This shows that the sequence (M™),, is Cauchy.

1/2

Hfyisa uniformly integrable martingale and K is bounded and JF;,-measurable then K(Y; — Yins,)
defines a uniformly integrable martingale. We need only show E[K (Yo — Y;, )| Ft] = K (Y: — Yiat,) which can
be checked by considering the cases ¢ € [0,¢0] and ¢ € (¢o, c0) separately.

2The map t — X; is continuous by assumption, and it is uniformly continuous since X; — X .
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By the completeness of M2, there exists a limit continuous martingale M*. Let
(X)=X?*—-2M".
Note that (X) is continuous and adapted, since the right-hand side is. By Doob’s maximal
inequality

Efsup((X){" — (X))?] = 4E[sup(M;"™ — M;)?]

>0 >0
< 16E[(M™ — M*)?] =0
so that
(X)™ — (X) uniformly in L2

By passing to a subsequence, we can assert uniform almost sure convergence. Since

<X>§n) - <X>gri)nt2ntj - (Xt - XQ—nLQntJ)Z —Qasn T oo,
by the continuity of X, and ¢ — (X >gi)n L2n1 is obviously non-decreasing, the almost sure

limit (X') is also non-decreasing.
Now we will remove the assumption that X is bounded. For every N > 1 let
Ty =inf{t > 0:|X;| > N}.

Note that for every N, the process X'V is a bounded martingale. Hence the process
(XTn) is well-defined by the above construction. But since

T (n) _ sy Tn\(m)
peren - g { S0 S

for each n, just by inspecting the definition, we also have

=0 ift<T,
<XTN+1>t _ <XTN>t{ S0 ift ; T]]X

for the limit. In particular, the monotonicity allows us to define (X) by

(X)e = S§p<XTN>t

= lim (XV),.
N—00
That (X) is adapted and non-decreasing follows from the above definition. And since (X); =
(XTnY, on {t < Ty}, and the stopping times Ty — oo as N — oo, we can conclude that
(X') is continuous also.
Finally, for any ¢ > 0 and € > 0, we have

P(sup [(X), — (X)] > &) < P(sup [(X)s — (X)W > ¢, and Ty > t) + P(Ty < t)

s€[0,t] s€[0,t]
< P(sup (X)), — (XTI > ) + P(Ty < 1).
s>0
By first sending n — oo then N — oo, we establish the u.c.p. convergence. ([l

Now that we have constructed the quadratic variation process, we explore some of its
properties.
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PROPOSITION. For every X € M2, the process
M= X?—(X)
s a continuous, uniformly integrable martingale. In particular,
E[(X)o] = E[(Xoo — X0)*] = E[XZ] - E[Xg]-
PROOF. Assume without loss that X, = 0. Let
Ty =inf{t >0:|X;| > N}
The proof from last time shows that the process
(XT¥)? — (X7
is a continuous square-integrable martingale for all NV, and hence
E(X7, — (X)1y|F) = X7y a0 = (X)ne

Since X%N < sup;> X? for all N, which is assumed integrable, the first term above converges
by the dominated convergence theorem. Also, since N +— (X)r, is non-negative and non-
decreasing, second term above converges as N — oo by the monotone convergence theorem.
Hence
This shows M is a uniformly integrable martingale. U
Assuming that we can calculate the quadratic variation of a given local martingale, the
following theorem gives a useful sufficient condition to check whether the local martingale is
actually a true martingale.

PROPOSITION. Suppose X is a continuous local martingale with Xo = 0. If E((X)) <
oo then X € M? and
E[(X)o] = E[XZ].
PROOF. Suppose E[(X).] < co. Then, by the monotone convergence theorem
E[sup X}] = hj{an[ sup X7

£>0 0<t<Ty

= lim Efsup(X7*)?

< lim4 EI(X%N]
—4E[(X)s] < 00

where Doob’s inequality was used in the third line. In particular, since for any stopping time
X7 is dominated by the integrable random variable sup,sq|Xy|, the local martingale X is
class D and hence is a true martingale. ([l

COROLLARY. IfE((X):) < oo for allt > 0, then X is a true martingale and
E[X7] = E((X).).
PROOF. Apply the previous proposition to the stopped process X' = (X)o<s<i- 0
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REMARK. Be careful with the wording of the preceding results! In particular, we will
see an example of a continuous local martingale X such that sup,.,E(X?) < oo but is not
a true martingale. Indeed, for this example E({X);) = oo for all ¢ > 0.

The following corollary is easy, but is surprisingly useful:

COROLLARY. If X is a continuous local martingale such that (X), = 0 for all t, then
X, = Xp a.s. forallt > 0.

PROOF. By the previous proposition, since E((X)s) < oo then
S%)IE[(Xt — X0)%] = E((X)o) = 0.
t2>

O

The next result needs a definition. Recall that we are interested in developing an integra-
tion theory for (random) functions on [0, 00). The following definition is intimately related
to the Lebesgue—Stieltjes integration theory.

DEFINITION. For a function f : [0,00) — R, define || f||¢var by

n

1fllovar = sup > [ F(t) = f(tr-1)]-

0<to<..<tn<t £
A function f is of finite variation iff || f||;var < 0o for all £ > 0.

ExXAMPLE. If f is monotone, then f is of finite variation. Indeed, in this case

[ fltvar = [f(£) = f(O)].

The above example essentially classifies all finite variation functions:
PROPOSITION. If f is of finite variation, then f = g—h where g and h are non-decreasing.

PRrROOF. For a partition 0 <ty <t; <...<t, <s <t we have
D 1F ) = Fte)] + £ () = F8)] <1l var
k=1

by definition. Taking the supremum over the sub-partition of [0, s| yields
(*) [ Fllswar + [£(E) = F($)] < [ £l var

Hence

1 l[svar = f(8) < ([ fllsvar + [F(E) = F(s)| = f(2)

(**) < 1 levar = £(E)-
Let g(t) = || flltvar and h(t) = g(t) — f(¢). By (*) g is non-decreasing. and by (**) so is
h. O

Now back to stochastic processes...

PROPOSITION. If X is a continuous local martingale of finite variation (i.e. t — Xy(w)
is of finite-variation for almost all w), then X is almost surely constant.
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PROOF. Since the quadratic variation process (X) is the u.c.p. limit of processes (X )™,
for any fixed t > 0, we can find a subsequence such that (X >§n) —)X): a.s Now

<X>t = hnm Z(Xt/\t;; - XtAt271)2
k=1

< || X |Jtvar imsup — sup | Xy, — Xg,| =0
n 51,89€[0,t]
‘81—82|S2_"
by the uniform continuity of ¢ — X;(w) on the compact [0,¢] for almost all w and the
assumption that || X (w)||¢var < 0o for almost all w.
The result now follows from the above corollary. U

Finally, an important application of this proposition.

THEOREM. (Characterisation of quadratic variation) Suppose X is a continuous local
martingale and A is a continuous adapted process of finite variation such that Ay = 0. The
process X% — A is a local martingale if and only if A = (X).

EXAMPLE. It is an easy exercise to see that W2 —t is a martingale, where W is a Brownian
motion. Hence (W), =t. We will shortly see a striking converse of this result due to Lévy.

PROOF. Suppose that Xy = 0. Let (7},), reduce X to a square-integrable martingale.
Then Since (X™)* — (X™") = (X? — (X))™" is a martingale, then X? — (X) is a local
martingale. For general X, note that X? — (X) = (X — X()? — (X)) + 2Xo(X — Xo) + X¢.
The term 2Xo(X — X) + X¢ is also local martingale, proving the ‘if” direction.

Now suppose that X2 — A is a local martingale. Then (X? — (X)) — (X2 - A) = A— (X)
is a local martingale. But A — (X)) is of finite variation. Hence, the difference A — (X) is
almost surely constant. 0

4. The stochastic integral

Now with our preparatory remarks about local martingales and quadratic variation out
of the way, we are ready to construct the stochastic integral, the main topic of this course.
We first introduce our first space of integrands.

DEFINITION. A simple predictable process Y = (Y});~0 is of the form

wa) = Z Hk(w)ﬂ(tk_l,tk}(t)
k=1

where 0 <ty < ... < t, are not random, and for each k£ the random variable H}, is bounded
and F;, , measurable. That is to say, Y is an adapted process with left-continuous, piece-wise
constant sample paths.

NOTATION. The collection of all simple predictable processes will be denoted §. The
collection of continuous local martingales will be denoted M.

And here is the first definition of the integral:
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DEFINITION. If X € M), and Y € S, then the stochastic integral is defined by

t n
/ Y;dXs = Z Hk(Xt/\tk - Xt/\tk—l)

0 k=1

PROPOSITION. If X € My, and Y € S then [YdX is a continuous local martingale

and </YdX>t )

=Y H((X)int, — (XD)inte_,)-

t

Y2d(X),

:o\..

=
Il

PRrOOF. For of all, note that there is no loss assuming X, = 0. Now, to show that
JYdX is a local martingale, we need to find a sequence of stopping times (7},),, such that
the ([ YdX)™ is a martingale. The natural choice is T,, = inf{t > 0 : | X;| > n}. Therefore,
we need only show that if X is a bounded martingale then so is [YdX. This can be
confirmed term by term: if s <, 1 then

E[Hk(th - th_1)|'/—_.s} = E[HkE(th - th_1|ftk_1)|~Fs]
=0
= Hk(Xs/\t,c - Xs/\tk,l)
and if s > #;,_; then
E[Hi( Xy, — Xi )| Fs] = HLlE(X:, — Xo, (| Fs)
= Hk<Xs/\tk - Xs/\tk,l)

where in both cases the assumption that the random variable Hj is bounded and F;, -
measurable is used to justify pulling it out of the conditional expectations.

The verification of the quadratic variation formula is left as an exercise. One method is
to use the characterisation of quadratic variation, and show that

</ YdX)2 - /Y2d<X>

is a local martingale. By localisation, we can assume X is bounded as before. Now apply
the Pythagorean theorem. Another method is to show that the sum of the squares of the
increments of the integral converge to the correct expression. 0

COROLLARY (Itd’s isometry). IfY € S and X € M? then [YdX € M? and

( / ) stxsf _E { / t Y.3d<X>s]

PROOF. Since Y is bounded and has a bounded number of jumps and since X is square

integrable, one checks that
t 2
(sup/ Y;dXs) ] < 00
>0 Jo
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by the triangle inequality, for instance. Hence ([ YdX )2— J Y2d(X) is a uniformly integrable
martingale and hence the claim. 0

The next stage in the programme is to enlarge the space of integrands. The idea is
that we should be able define the stochastic integral of certain limits of simple predictable
processes by using the completeness of M?2. What limits should we consider?

There are several ways to view a stochastic process Y. For instance, either as a collection
of random variables w — Y;(w) for each ¢t > 0, or as a collection of sample paths ¢t — Y;(w)
for each w € Q. There is a third view that will prove fruitful: consider (¢,w) — Y;(w) as a
function on [0, 00) X €. Since we are interested in probability, we need to define a sigma-field:

DEFINITION. The predictable sigma-field, denoted P is the sigma-field generated by sets
of the form (s,t] x A where 0 < s <t and A € F,. Equivalently, the predictable sigma-
field is the smallest sigma-field for which each simple predictable process (¢,w) — Y;(w) is
measurable.

Now motivated from the discussion above, for fixed X € M?, we construct a measure jix
on the predictable sigma-field P as follows: For almost every w € €, the map t — (X);(w)
is continuous and non-decreasing. Hence, we can associate with it the Lebesgue-Stieltjes

measure
(X))
on the Borel subsets of [0, 00). This measure has the property that
(X)((s,1], w) = (X)i(w) = (X)s(w).
We can use this measure as a kernel, and define ux on P by
px (dt x dw) = (X)(dt,w)P(dw).
In particular, we have the following equality
pc((s,] % A) = E[({X), = (X)) 1]

for A€ F, and 0 < s < t. Finally, we let L?(X) = L?([0,00) x Q, P, ux) denote the Hilbert
space of square-integrable predictable processes with norm

1Y 220, = / Y2y
[0,00) X2

_E / Y2d(X),.
0

In particular, if we want to extend the definition of the stochastic integral to include inte-
grands more general then simple predictable processes, a natural place to look is the space

L*(X).
We will use the following notation:

if X € M? then || X |l = E(X2)Y2
PROPOSITION. For simple predictable Y € S and X € M? we have

/YdX
M?2

PROOF. This is just It6’s isometry in different notation. O

1Yl z2x) =
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PROPOSITION. Given a sequence of simple predictable processes Y, € S which converge
Y, = Y in L*(X), there exists a martingale M € M? such that

/Y"dX — M in M2

Furthermore, if Y,, — Y in L*(X) and [YdX — M in M?, then M = M.

PROOF. Note that the sequence of integrands Y,, is Cauchy in L*(X). By Itd’s isometry,
the sequence of integrals [ ¥,dX is Cauchy in M?. And since we know that the space M? of
continuous square-integrable martingales is complete, we can assert the existence of a limit
M to the Cauchy sequence.

For the second part, we just use a standard argument:

1M = M| g2 < |M = M|l ye + 1M = Myl s + | My = M| ve
= [|M = My |[pez + |M — M|y + [[Ya = Yall2ex)
<M = My |[pe + | M = M|y + Y = Yall 2oy + 1Y = Yallr2x)
— 0

where M, = [Y,dX and M, = i Y, dX and hence

M, — M, = /(Yn —Y,)dX.

Now we state a standard result from measure theory:

PROPOSITION. Let p be a finite measure on a measurable space (E, &), and let A be a
w-system of subsets of E generating the sigma-field £. Then the set of functions of the form

n

Zai]lAi, a; € R and A; € A,
i=1
is dense in LP(E,E, u) for any p > 1.
COROLLARY. When X € M?, the simple predictable process S are dense in L*(X). That
is to say, for any predictable process Y € L*(X), we can find a sequence (Yy,), of simple

predictable processes such that
1Y = Yol 2x) — 0.

The above proposition justifies this definition:

DEFINITION. For a martingale X € M? and a square-integrable predictable process Y’
which is the L?(X) limit of a sequence Y;, € S, the stochastic integral [ YdX is defined to
be the (unique) M? limit of the sequence [ Y,dX.

The next result says that the stochastic integral behaves nicely with respect to stopping:

THEOREM. Fiz X € M? and Y € L*(X), and a stopping time T. Then XT € M? and
Y1om € L*(ux) and
(1) (X7) = (X)*
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2) [Y1pmdX = [YdXT = (deX)
PROOF. By the optional sampling theorem, the stopped martingale X7 is still a martin-
gale, and by Doob’s inequality
IX" e = E(X7) < E(sup X7)

>0
<AE(X2) = 4[| X || a2 < 00.
and hence XT € M? as claimed.

Also the process 1 7] is adapted and left-continuous, so it is predictable. And since Y
is predictable by assumption, so is the product Y1 7. We also have the calculation

B[ 0ian@)f a0, <B [Ty, <o

so Y1 € L*(X) as claimed.
(1) This is an exercise.

T
(2) First we show that / YdXx"' = < / YdX) :

Case: Simple predictable Y € §. This is obvious. Indeed, let Y have the representation

Y = Z Hy Ly, 4)-

k=1

Then

/YdXT ZHk tALy th;\tk 1)

= Z Hk(XT/\t/\tk - XYIZ:AtAtk—l)
k=1

()

Case: General Y € L*(X). Let (Y™), be a sequence in S converging to Y in L*(X). We
have already shown that [Y"dX” = ([Y"dX ) for each n.
o [Y"dXT — [YdX™T in M?. Proof: Y™ — Y in L*(X7) also, since

E / (Y -V )Rd(XT), = E / T(Ys" — Yo)?d(X),

s

< E/OO(Y" — Y,)?d(X), — 0.

And by the definition of stochastic integral, [Y"dXT — [YdXT.
e (JY"dx)" = (fYdX)" in M2 Proof: note that if M* — M in M?2, then
(M™T — MT also, since
I(M™)" = M g = [(M™ = M)" a2 < 2| M = M| pe.
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And since [Y"dX — [YdX by the definition of stochastic integral, we are done.

T
Now show that /Yl(oyT]dX = </ YdX) )

Case: Simple predictable Y € § and T takes only a finite number of values 0 < 51 < -+ <
sy. The process 1o is a simple and predictable since

N
Lo = Z Lir=siy Lio,s4]
k=1

N
= Z ]]-{T>5k:71} ﬂ(skfhsk]
k=1

where sy = 0. Note that {T" > sx_1} = {T < sx_1}° € F;,_, since T is a stopping time.
Consequently, the product Y17 € S. As before, we have the identity
T

t
/ Yol o.r1(s)dX, = ( / YdX>
0 t

by expanding both sides into finite sums and routine book-keeping.

Case: Simple predictable Y € S and general stopping time 7. The process Y1) is
generally not simple. So we approximate it by 7,, = (27"[2"T"]) A n. Note that T, is a
stopping time taking only a finite number of values since

< - 1 L —n n
{Tngt}:{g—’@ Vo k2m <t < (k4 127"k < n2

ift>n
o fY]l(o’Tn]dX — fY]l(O’T]dX in M2. Proof. Note that Y]l(O,Tn] — Y]I(O,T] in LQ(X)
since T,, — T a.s. and

E [ (Vlom(s) ~ Yilon(s)dX), - 0
0

by the dominated convergence theorem. Now apply the definition of stochastic
integral.

e (JYdX)" = (fYdX)" in M? . Proof. Let M = [YdX. Then |My, — My|?
converges to 0 a.s. and is dominated by the integrable random variable 2 sup,s, M2,
so the result follows from the dominated convergence theorem. -

Case: General Y € L?(X) and general stopping time T. Let (Y™), be a sequence in S
converging to Y in L*(X). We have already shown ([ Y"dX)" — ([YdX)". So we now
show fY”IL(O,T]dX — fY]l(o,T}dX. Proof. We need only show that Y"1 — Y11 in
L?*(X). But

E [ (2 Lom(s) - Yilam(s)?d(X), <E [ (47 = Vifd(x). =0,
0 0
O

The above proof is a bit tedious, but the result allows us to extend the definition of sto-
chastic integral in considerably. Before making this extension, we make an easy observation:
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PROPOSITION. Let X € M? and Y € L*(X). If S and T are stopping times such that
S <T a.s., then

t t
/ K]l(oﬂ](s)dXSS = / Ysﬂ(ng](S>dX;F
0 0
on the event {t < S}.

PROOF. The left integral is (f YdX)t/\S and the right is (f YdX)MT so they agree on
{t < S}. O
PROPOSITION. Suppose X is a continuous local martingale with Xg = 0 and Y is a

predictable process such that

t
/ Y2d(X), < oo a.s. for all t > 0.
0

Let
t
T, —inf{t >0:|Xy| >nor / Y2d(X), > n}
0

Then (Ty,), is an increasing sequence of stopping times which have the property that X™ €
M? and Y1, € L*(X™). Let

M(n) = /Y]]_(O’Tn}dXTn.

Then there is a continuous local martingale M such that M™ — M wu.c.p.

PROOF. By the preceding proposition on the event {7,, > t} we have that Mt(n) = Mt(N)
)

for all N > n. Hence for every t > 0 the sequence Mt(n converges almost surely to a random

variable M;. In particular, we have

P(sup |M™ — M,| > ¢) < P(T, >t) — 0.

s€[0,t]

for every € > 0. Note that M™ = M™ and since M™ is a continuous martingale for each
n, the limit process M is a continuous local martingale. 0

DEFINITION. Suppose X is a continuous local martingale with X, = 0 and Y is a
predictable process such that

t
/ Y2d(X), < oo a.s. for all t > 0.
0

/ YdX

is defined to be the u.c.p. limit of [ Y1, 1d X" where

Then the stochastic integral

t
Tn:inf{t20:|Xt| > n or / de(X)8>n}.
0
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REMARK. Note that this definition of the stochastic integral actually does not depend
on the particular localising sequence of stopping times. For instance, let (U, ), be another

increasing sequence of stopping times U, — oo with the properties that XY € M? and
Y1, € L*(XY"). Then

/ Y1y, dX" — / YdX.

Indeed, note that

Tm Un T AUp,
(/Y]l(O,Un]dXU") = (/Yﬂ(o,Tm]dXTm> = (/ YdX) )

ExAMPLE. Here is the typical example of a local martingale that we shall encounter.
Let a = (a;)i>0 be an adapted, continuous process and let W = (W,;);>9 be a Brownian
motion. Note that a is predictable and locally bounded, and that W is a martingale. Hence
the stochastic integral M, = f(f asdW defines a continuous local martingale M. It is a true
martingale if

t
E/ agds<ooforallt20.
0

5. Semimartingales

We have now seen three mutually consistent definitions of stochastic integral as we have
generalised, step by step, the class of integrands and integrators. We will now give a final
one. First a definition:

DEFINITION. A continuous semimartingale X is a process of the form
Xt - X(] + At + Mt

where A is a continuous adapted process of finite variation and M is a continuous local
martingale and Aqg = My = 0.

PROPOSITION. The decomposition of a continuous semimartingale is unique.

PROOF. Suppose
X=Xo+A+M=X,+A + M.
Then A — A" = M’ — M is a continuous martingale of finite variation. Hence, it is almost

surely constant. O

We will define integrals with respect to semimartingales in the obvious way

/YdX:/YdM—i-/YdA

where the second integral on the right is a Lebesgue—Stieltjes integral. For completeness, we
now recall some facts about such integrals.
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5.1. An aside on Lebesgue—Stieltjes integration. Recall, that if g is non-decreasing
and right-continuous, there exists a unique measure s, such that p,(a, b = g(b) — g(a). We
can then define the Lebesgue—Stieltjes integral via

[ ots1dats) = [ 1101,

for a Borel set A and measurable function ¢ such that the function 14¢ is p,-integrable.

PROPOSITION. Suppose ¢ is locally-ji, integrable, and let
O(t) = [ o(s) dg(s).
(0,1]
Then ® is right-continuous. If g is continuous, then ® is also continuous.

PROOF. Write
P(t+h)—P(t) = / Lit,t40) @ djig

and note that 1 44¢ — 0 everywhere as h | 0, and is uniformly dominated by 1 ;41)]¢]|.
Right-continuity then follows from the dominated convergence theorem.
Similary, write

B(t) = 0t~ 1) = [ Lngo di

If g is continuous, then 1_; ¢ — 0 almost everywhere, since py{t} = 0. Apply the domi-
nated convergence theorem again for left-continuity. U

When g is continuouss, there is no confusion then using the notation

s)dg(s) = s) dg(s).
ot /O¢<> 4(s)

Of course, we have already been using this type of integral to give sense to expressions such
as [Y?2d(X).

Now, if f is of finite variation, we can write f = g — h where g and h are non-decreasing.
If f is continuous, more is true:

THEOREM. Suppose f is continuous and of finite variation. Then f = g—h where g and
h are non-decreasing and continuous.

PROOF. From last time, we need only show that ¢ — || f||;var is continuous.

First we begin with some vocabulary and two easy observations. A partition of the
interval [a, 0] is a finite set P = {py,...,pn} such that a < p; < --- < py < b. First, observe
that if P and P’ are partitions of [0, 7] such that P C P’, then the inequality

D 1F o) = Foe) <D0 1F () = Fpamr))|
P P’
holds by the triangle inequality. Second, observe that if P[0, s] is a partition of [0, s] and

Pl[s,T] is a partition of [s,T] we have
Wl > 3 1£@0) — Foedl + 3 1£@w) — £
]

P[0,s P[s,T)
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by the definition of the left-hand side. By taking the supremum over all such partitions
P[0, s] we have

Z |f pk pk—l)l S ||fHT,Var - ”f”t,var

P[s,T)
for any partition P[s, T of [s,T].

Now, fix a T > 0 and an € > 0. Pick any 0 < ¢t < T". By continuity, there exists a § > 0

such that |f(s) — f(t)]| < efort —§ < s < t+J. Now, by the definition of the variation
norm, there exists a partition 0 < p; < --- < py < T such that

(*) [ fll7var < €+ Z |f (k) = f(Pr-1)]

k=1
By the first observation above, we can find (perhaps by refining the partition) a number M
such that py; 1 >t — 0, pyy =t and pyo1 < t+ 9. Now expanding the inequality (*) yields

1flrsar < e+ > 1£or) = Foe-0)| + () = f(prr-1)]

P[0,t—4]
1 (oar) = F@O1+ Y 1F(pr) = fpr—)]
Plt+6,T)]

S 3€ + Hf”t—é,var + HfHT,var - ”th—i—(S,var
where P[0,t — 0] = {p1,...,pm—1} and P[t + 6,T] = {pm+1,-..,pn} and we have used the
second observation. Hence, by the monotonicity of ¢ — || f||;var We have

HthJrJ,var — e S Hf”lffé,var S Hf”t,var S Hf“t+6,var S Hthf(S,var + J€.
Taking € | 0 shows that ¢ — || f||¢var is continuous. O
REMARK. If f is only assumed right-continuous, the above proof can be modified to

show that ¢ is right-continuous also. Similarly, if f is only left-continuous, we can show g is
left-continuous by a similar argument.

Now if f is continuous and of finite variation, we can define the Lebesgue—Stieltjes integral

) (/¢# /¢dg /¢cm

where g, h are non-decreasing continuous functions such that f = g — h. Note that this
integral does not depend on decomposition. Indeed, if f = g—h = ¢ —h' then g+h' = ¢ +h
and hence

/¢ )+ (s /¢ T h(s)] =
/¢dg /¢dh /¢dg /¢dw

The integral is of finite variation since it can be written as the difference of monotone
functions:

/¢# /¢ﬂw /¢ ~dh(s !/¢ Q—KWWMﬂ



Also note if f is finite variation and g(t) = || f||¢.var then for 0 < s < ¢ we have

|f(s) = f)] < g(t) — g(s)
and hence for h =g — f,
|h(s) — h(t)] < 2[g(t) — g(s)]-

In particular, the measure pu; associated with the non-decreasing process h is such that
pn(A) < 2p4(A) for all A, and hence we have

| o

We will use the notation [ |¢| |df| to denote the integral on the right-hand side above.

<3 / 16(5)]dg(s).

DEFINITION. Let X = Xy+ A+ M be a continuous semimartingale. Let Lj,.(X) denote
the set of predictable processes such that

t t
/ Y| |dAs| —i—/ Y2d{M)s < oo a.s. for all t > 0.
0 0

We single out a useful subset of Lj.(X):

DEFINITION. A predictable process Y is locally bounded iff there exists a non-decreasing
sequence of stopping times Ty 1 oo and constants Cy > 0 such that

Yi(w) [T <ty < C for all (¢,w)
for each N.

DEFINITION. Let X = X5+ A 4+ M be a continuous semimartingale and Y € Lj,.(X).
The integral [V dX is defined as the continuous semimartingale with decomposition

/YdXz/Yd/H—/YdM.

The first integral on the right is a path-by-path Lebesgue-Stieltjes integral so is continuous
and of finite variation, while the second integral is a continuous local martingale defined via
[t0’s isometry and localisation.

6. Summary of properties

Continuing the story, we need to consider the quadratic variation of a semimartingale:

DEFINITION. Let X be a continuous semimartingale such that X = X, + M + A where

M is a continuous local martingale and A is a continuous adapted process of finite variation.
Then

This definition is consistent with our existing notion of quadratic variation by the fol-
lowing proposition:
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PROPOSITION. Let X be a continuous semimartingale, and let
(X7 =D (Xingg — Xengg,)?
k>1
where t} = k27", Then
(X)" = (X) wu.cp.

as n — Q.

PrOOF. We already know that (M)™ — (M) = (X) u.c.p. By expanding the squares,
we have for any t < T,

(X7 = (M7 =D (Aingp = Anp_)2(Mingy — Mingp_ ) + (Aunsp — Aengg_ )]

k>1
< ||A||T,var sup |2(Mu — Mv) + Au _ Av|
u,v€[0,T]
lu—v|<27m
— 0 a.s.
by the uniform continuity of 2M + A on the compact [0, T7. 0

A related notion we will also find useful:

DEFINITION. Let X and Y be continuous semimartingales. Then the quadratic covaria-
tion is defined by

LUX 1Y) — (X - ).

(This is called the polarisation identity.)

<X’Y> =

REMARK. The quadratic covariation notation resembles an inner product. Note however,
that (X,Y’) is not a number but a stochastic process, i.e a map (t,w) — (X, Y);(w).

We now collect together a list of useful facts about quadratic covariation.

THEOREM. Let X and Y be continuous semimartingales.

(1) Zkzl(Xt/\tZ — Xinp 1)(thfg - Y%/\t;;_l) = (X,Y): wcp.
(2) (KunitafWatanabe inequality). If X and Y are continuous semimartingales and
H € Liy(X) and K € Lio(Y), then

[man. ([oenn) ([ )

) If A is of finite variation, then (A, X) = 0.

) The map that sends the pair X,Y to (X,Y) is symmetric and bilinear.

) If M and N are in M?, then MN — (M, N) is a uniformly integrable martingale.

) (Characterisation) Suppose M and N are continuous local martingales. Then (M, N)
18 the unique continuous adapted process of finite variation A with Aqg = 0 such that
MN — A is a local martingale.

(7) If X and Y are independent, then (X,Y) = 0.

(8) If H € Lipe(X) then ([ HAX) = [ H?d(X

49



(9) (Kunita—Watanabe identity) If H € Lioc(X) then

< /HdX> /HdXY

PROOF. (1) This is just a consequence of polarisation identity and the definition of
quadratic variation.
(2) This proof was not done in the lectures. We start with a result from real analysis. Let
f, ¢ and ¥ be continuous, where ¢ and v are increasing and f is a finite variation function
and such that

(*) 2ab|f(t) — f(s)| < @®[p(t) — B(s)] + b*[1h(t) — (s)]
for all 0 < s <t and all real a,b. Then

(%) A:ﬂﬁﬁ@Mﬂ$f§<At( Pdo(s) ) <//3 2 (s )

for all t > 0 and any o € L*(d¢) and 8 € L*(dv).
To see this, it enough to suppose f is increasing. Fix a,b and let

P(t) = a®¢(t) + b*¥(t) — 2abf (1)
Note that by equation (*) the function F is increasing, and hence corresponds to a Lebesgue—
Stieltjes measure pp. In particular, since pp(A) > 0 we have

2abpis(A) < a?pug(A) + by (A)

for any Borel A. If o and S are simple functions, then the above equation implies

(%) 2 [asdr < [aas+ [ v,

The validity of the above inequality for non-negative «, 8 follows from the monotone con-
vergence theorem, and for general «, § by the inequality af < |a] |5].

Finally, in equation (***), replace a with ca and replace § with 8/c for a positive real
c. Minimising the resulting expression over ¢ > 0 yields inequality (**).

The Kunita—Watanabe inequality follows from the fact there is an almost sure set {2
such that equation (*) holds where f = (X, Y)(w), ¢ = (X)(w) and ¥ = (¢)(w). Indeed, by
the u.c.p. convergence of (X)(™ (V)™ and (X,Y)™ there is an almost sure set Qy and a
subsequence (ny)x such that

/2

()™ (@) = (X)(w)
simultaneously for all ¢ > 0 with similar statements applying to (Y) and (X,Y). We are
done since it is easy to see that
2ab(X, )" (w) < a* (X)) +0(X)" (w).
(3) If X = Xo+ A+ M then (X + A) = (X — A) = (M), and so this follows from the

polarisation identity.

(4) The symmetry and bilinearity are obvious from (1).

(5) Since M? is a vector space, if M, N € M? then both M + N and M — N are in
M?2. By an earlier result on quadratic variation of square integrable martingales, both
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(M+N)?>—(M+N) and (M — N)?— (M — N) are uniformly integrable martingales. Hence,
SO 18
1 1
MN — (M,N) = Z—l[(MJrNV — (M = N)?| - Z[<M+N) — (M - N)].
(6) This follows from localising (5) and the uniqueness of the semimartingale decomposition.
(7) We may assume X and Y are local martingales by (3). First suppose X and Y are
square-integrable martingales. Let FXY be the filtration generated by X and Y. Since
FY C F, we have
E(XoolF ") = E[E(Xo|F)|IF ] = X,
and hence X is a martingale. Similarly, so is Y.

By the assumed independence of the processes X and Y, the random variables X, and
Y., are conditionally independent given .EX’Y. Indeed, recall that ]-'tX Y is generated by
events of the form {X, € A} N{Y, € B} where A, B are Borel and 0 < u,v < t. Now the
product XY is also an F**Y martingale since

E(XooYool Fi ) = E(Xoo| F; T E(Yoe[FT) = X,V

As we have proved in the first chapter, the martingale property is not affected by replacing
a given filtration F by the smallest completed right-continuous filtration F* containing F, we
now know that XY is a martingale with respect to a filtration satisfying the usual conditions,
so the previously proven results of stochastic calculus are applicable. In particular, by (5),
the quadratic variation is (X,Y’) = 0, at least when computed with respect to this filtration.
But the limit in (1) makes no reference to the filtration, so the (X,Y) = 0.

For general local martingales X and Y with with X, = Yy = 0, let

S =inf{t > 0:|X;| >k} and T} = inf{t > 0: |Y3| > k}

]FX’Y

so that X and Y7 are independent bounded martingales. In particular, the product
X5rYTk is a martingale. Therefore, the stopped process (XxYT#)Si"Tk = (XY )% Tk ig a
martingale, and hence XY is a local martingale.

(8) It is enough to consider the case where X is a local martingale. And by localisation, we
can assume X € M? and H € L*(X). We must show that M = ([ HdX)? — [ H*d(X) is a
martingale. We already know that this is the case when H is simple. So let (H,), € S be
such that H, — H in L*(X). Since [ H,dX — [ HdX in M? we have

(/OOO HndX>2 — (/OOOHdX>2 in L'(9)

/Ooo H2d(X) — /OOO H2d(X) in L'(Q).

The remainder of the proof is on the example sheet.

(9) Again, we need only consider the case where X and Y are local martingales. By (5), we
must show that Z =Y [ HdX — [ Hd(X,Y) is a local martingale. By localisation, we can
assume X and Y are square-integrable martingales and H € L*(X), in which case we must
show that Z is a true martingale. When H = K1y, ,, for a bounded F -measurable K we
have

Similarly,

Zt = K}/t(Xsl/\t - XSQ/\t) - K(<X7 Y>51/\t - <X7 Y>SO/\t)
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which is martingale by (5) and a routine calculation with conditional expectations. By
linearity Z is a martingale whenever H is simple.

Finally, let (H,), € S be such that H, — H in L*(X). Since [ H,dX in M?* we have
1/2

E ‘Ym /OOO(H — H,)dX,| <E(Y2)VE (/OOO(H — Hn)2d<X)s) -0

and

E /OOO(H — H"d(X,Y),| <E (/OOO(H — Hn)2d<X>S) 1/2E((Y)oo)1/2 —0

by the Kunita—Watanabe inequality and the Cauchy—Schwarz inequality. The proof con-
cludes as in (8). O

Here are some more properties:

PROPOSITION. Let X be a continuous semimartingale and Y € Lio(X). Let K be a
Fs-measurable random variable. Then KY 1(s o) € Lioc(X) and

/ KY1(sp0)dX = K / Y1 (g 00y dX.

THEOREM. Let X be a continuous semimartingale and let B € Lioe(X) and A € Lio.( B dX).

Then AB € Lio.(X) and
/Ad(/BdX):/ABdX.

PROOF. On the example sheet you are asked to prove this claim when the integrator is
of finite variation. Assuming that the chain rule formula holds in this case, we have

/ A2d < / BdX> = / A2d / B*d(X) = / A2B2d(X)

and hence AB € Ljy.(X).

We only consider the case where X is a local martingale. The claim is true if A € S
is simple and predictable just by comparing the sums defining both integrals and using the
above proposition. By localisation we assume that X € M? and let A® € S such that

A" — Ain L*([ BdX). But
(/OOO(At - Af)d/ot BSdXS)z =E :/OOO(At - Af)2d</thX> ]
—5 | [ (- app e

=F (/OOO(At - Ag)Btht)Ql

E

REMARK. We will adopt a more compact differential notation. For instance, if
t
Y=Y, + / Bsts
0
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we will write

dY = B dX

which should only be considered short-hand for the corresponding integral equation. Indeed,
recall that our chief example of a continuous martingale is Brownian motion, and the sample
paths of Brownian motion are nowhere differential. Hence the differential notation can only
be considered formally. Nevertheless, the notation is useful since the above chain rule can
be expressed as

AdY = AB dX.

7. Ito’s formula

We are now ready for It6’s formula, probably the single most useful result of stochastic
calculus. It says that a smooth function of n semimartingales is again a semimartingale with
an explicit decomposition.

THEOREM (It6’s formula). Let X = (X',..., X™) be an n-dimensional continuous semi-
martigale, let f : R™ — R be twice continuously differentiable. Then

(X)) = f(Xo) +Z/ ) dX! 4+ = Z/ 8$’8$J o) d(X?, X7,

REMARK. Notice that all of the integrands continuous and adapted and hence locally
bounded and predictable, and in particular, all integrands are well-defined.

REMARK. It0’s formula is equivalently expressed as

(%Z 2 Z (‘9x18x3 diXT, X7)

7]7

df(X)—

If X is of finite variation, then (X* X7) = 0, and Ito’s formula reduces to chain rule of
ordinary calculus. The extra quadratic co-variation term that appears in the general case is
sometimes called [t0’s correction term.

EXAMPLE. Let X be a scalar continuous semimartingale, and let Y = eX. Then
1
dY =YdX + 5Yd(X>.
We will use this fact many times.

REMARK. Before giving a detailed proof, let us first consider the underlying reason why
It6’s formula works. Simply put, it is Taylor’s formula expanded to the second order.
Indeed, expand f (Xt) about the point X, where 0 < s <t so that

) 1 - a2f 7 ) J J
f(Xt - + Z - X ) OrtOri (XS)(Xt - Xs)<Xt - Xs) +

7.]_

by Taylor’s theorem. In ordinary calculus, the second order terms are much smaller than
the first order terms, so that in the limit s — ¢, they can be ignored. However, in stochastic
calculus, non-trivial local martingales have positive quadratic variation, and so the second
order terms usually contribute a non-zero term to the limit. Hence, we are left with the It6
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correction terms involving second derivatives and quadratic covariations. Nevertheless, the
third and higher order terms are still relatively small and can be ignored.

To turn this argument into a proof, we would need to control the third and higher order
terms that we have discarded. Instead, we present a simpler proof that uses the density of
polynomials in the set of continuous functions.

We will prove Ito’s formula via a series of lemmas.

LEMMA. Let X be a continuous semimartingale, and Y locally bounded, adapted and
left-continuous. Then

t
ZYtZ_I(Xt/\tg — Xingn_ ) = / YsdXs u.c.p
0

k>1
where t} = k27",
REMARK. This lemma differs from similar results proven so far because, rather than

asserting by density the existence of an approximating sequence (Y"),, of simple predictable
process, we are given one explicitly. This is where we will use the left-continuity of Y.

PROOF OF THE LEMMA. If X = Xy + A+ M where A is of finite variation and M is a
local martingale, it is enough to prove

t
Zytg (AtAtg - At/\tg_1> - / Y,dA; u.cp
0

k>1
and .
Yy (Mung = Ming ) [ YedM, wep
E>1 0
First we consider the convergence of the ‘dM’ integral. As usual, we can assume Y is
uniformly bounded and that M is square integrable. Now note that the predictable process

Yr=2 Vel

k>1

is bounded and converges to Y pointwise by left-continuity. Hence
E [ - Y, 0
0

by the dominated convergence theorem and hence [Y"dM — [YdM in M?. The u.c.p.
convergence in the general case follows from a composition of Chebychev’s inequalty, Doob’s
inequality and localisation.

Now the ‘dA’ integral. Assuming A is of bounded variation and that Y is bounded then

t
/Of—nmm
0

by the dominated convergence theorem. The general case follows from localisation.

sup
>0

§3/|w—mW&MW
0

O

Now we come to the stochastic integration by parts formula. It says that the product of
continuous semimartingales is again a semimartingale with an explicit decomposition.
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LEMMA (Stochastic integration by parts or product formula). Let X andY be continuous
semimartingales. Then

t t
XY, = XoYy +/ XSdYSJr/ YdX, + (X,Y),.
0 0

PROOF OF THE INTEGRATION BY PARTS FORMULA. First we consider the case X =Y.
Then by the approximation lemma

t
2 / XodX, =1m > 2Xpm  (Xingp — Xz,
0 "1

. 2 2 2
= lim E Xt“? — Xt/\t;; — (Xinep — Xiner_ )
n —1

k>1
= X7 = X§ = (X)
where ¢ = k27",

Now we apply the polarisation identity:

2/t<Xs +Y)d(X, +Y.) = (X, + V)" — (Xo+ Yo)? — (X +Y),

> [0 ¥, Y2 = (6 K (X = Yo (X )

The result follows from subtracting the above equations and dividing by 4. 0

PROOF OF ITO’S FORMULA. We do the n = 1 case. The other cases are similar. First
we prove [to’s formula for monomials. We proceed by induction. Ito’s formula holds for
XY =1. So, suppose

d(X™) = mX"LdX + w

Now note that by bilinearity and the Kunita-Watanabe identity

X 2d(X)

d(X™, X) = mX" 1 d(X) + —m(mQ_ 2,
=mX" 'd(X)

where we have used to fact that (X) is of finite variation to assert ((X), X) = 0. Now by
the the integration by parts formula

d(X™) =d(X™X)
=X"dX + Xd(X™) 4+ d(X™, X)

X" 2d((X), X)

—1
—X"dX + (medX + %xmdoq) +mX™ (X))

(m+1)n

=(m+ 1)X"dX + X" ld(Xx),

completing the induction. Note that we have used the stochastic chain rule (lecture 11) to go
from the second to third line. By linearity, we have also proven Ito’s formula for polynomials.
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Now, for general f € C?, let us suppose X = Xy + M + A where X is a bounded
Fo-measurable random variable, M is a bounded martingale and A is of bounded variation.
Therefore, there is a constant N > 0 such that |X;(w)| < N for all (¢,w). Now by the
Weierstrass approximation theorem, given an n > 0, there exists a polynomial p,, such that
the C? function h,, = f — p, satisfies the bound

| (2)] + |, (2)| + |h! ()] < 1/n for all z € [-N, N]

where the i’ denotes the derivative of h, etc. Since It6’s formula holds for polynomials, we
have

7000 = £ [ rxgax. -3 [ i,

() — ha(X0) — / (X)X, — / W (X)d(X),

But by a now familiar argument, the terms on the right-side converge u.c.p. to 0 as n — oc.
Now, for general X = Xy + M + A, let
Ty =inf{t > 0: | Xy| > N, [|Altvar > N}

We have shown

PO = 1)+ [ peiaxt =5 [ pae),

2

(Note that the above formula holds even on the event {|X,| > N}, since in this case we have
Tyn = 0 and both integrals vanish.) Sending N — oo completes the proof. 0

tANTN tANTN
— F(X0) + / FX)AX, + 2 / (XA,
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CHAPTER 4

Applications to Brownian motion

1. Lévy’s characterisation of Brownian motion
We now see a striking application of 1t6’s formula.

THEOREM (Lévy’s characterisation of Brownian motion). Let X be a continuous d-
dimensional local martingale such that Xo =0 and

L t ifi=y
Jioviy
(X,X>t—{ 0 ifid]
Then X is a standard d-dimensional Brownian motion.

ProoF. Fix a constant vector § € R? and let
M, = e0-Xerlol%t/2,

By It6’s formula,

d
1 ind ; .
— M ;j:; 0o (X, X7),

2
dMy = M, <i 0-dX; + @dt)

== 1 Mte dXt

and so M is a continuous local martingale, as it is the stochastic integral with respect
to a continuous local martingale. On the other hand, since |M;| = el?l”t/2 and hence
E(supsepo,q |[Ms|) < oo the local martingale M is in fact a true martingale. Thus for all
0 < s <t we have

E(M,|Fs) = M;
which implies

E(ei 9-(Xt—XS) fs) — €_||9”2(t_5)/2‘

That X is a Brownian motion in the filtration is a consequence of a result proven in a
previous chapter. 0

The next result follows directly from Lévy’s characterisation theorem.

THEOREM (Dambis, Dubins—Schwarz 1965). Let X be a scalar continuous local martin-
gale for a filtration F, such that Xo = 0 and (X)s = 00 a.s. Define a family of stopping
times by

T(s) =inf{t > 0: (X); > s},
and a family of random variables by
W, = XT(S)
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and a family of sigma-fields by
gs = ]:T(s)'
Then G = (Gs)s>o0 is a filtration and the process W is a Brownian motion in G.

PROOF. For a fixed outcome w € Q, the map ¢t — (X);(w) is continuous and non-
decreasing. Hence, the map s — T'(s,w) is increasing and right-continuous. The relationship
is illustrated below. Since T'(s) < T'(s') a.s. whenever 0 < s < s/, we have the inclusion

t— (X), s = T(s)

o

Sot-- =

Lo (] S0

Frs) € Freey and so G is a filtration.
Now we will show that W is continuous. To see what we need to prove, consider the
figure. For the given realisation, we have

<X>t1 = <X>t0
so that Wy, = X;, while limg,, Wy = X;,. To show continuity, we must show X;, = X;

That is to say, that X and (X) have the same intervals of constancy.
So fix ty > 0 and let

0°

T = mf{u > to: <X>u > <X>t0}
so that T'(w) = t; in the figure. Define a process Y = (Y,)u>0 by
Yu = Xu/\T\/to - Xuvto

_ / 1y 21 (r)dX,
0

Note that Y is a continuous local martingale and that

(Vo = / " Loy (Nd(X),
= (X)r— (X = 0

by the definition of 7" and the continuity of (X). Hence, Y is almost surely constant and
Xp = X;,. This does the job for a fixed .
Now let
S, =inf{t > r: (X): > (X),}
and
T, =inf{t >r: X; # X, }.
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We have show that T, = S, a.s. for each r. Hence T, = S, for all rational r a.s. But since
S and T' are right-continuous, we have S, = T, for all r a.s. So X and (X) have the same
intervals of constancy afterall. In particular, we can conclude that W is continuous.

Now we show that W is a local martingale in G. Let

v =inf{t > 0: |X;| > N}
so that X™ is a bounded F-martingale for each N. Let oy = (X)
]E(WUN/\Sl |g80) - IE(‘XTN/\T(sl)|~FT(50))

= XTN/\T(S())

so that

TN

oN/A\So

for any 0 < s¢g < s1, by the optional sampling theorem. Hence W% is a G-martingale. Note
that o — oo since (X ), = 00, and hence we have shown W is a local martingale.

Finally, note that (W), = (X)p@) = s for all s > 0, and hence W is a Brownian motion
by Lévy’s characterisation theorem. 0

We now rewrite the conclusion of the above theorem, and remove the assumption that
(X)oo = 00 a.s.

THEOREM. Let X be a continuous local martingale with Xo = 0. Then X is a time-
changed Brownian motion in the sense that there exists a Brownian motion W, possibly
defined on an extended probability space, such that Xy = Wxy,.

PROOF. It is an exercise to show that lim; ., X;(w) exists on the set {(X)o < oo}.
Therefore, the process

W, = X + / Liue )1 d B
0

is well-defined, where B is a Brownian motion independent of X. Note that W is a local
martingale and

(W)s = (X)r(s) + /0 L (x) oyt
=5 A {X)oo + (5 = (X)oo)™

=5
so W is a Brownian motion by Lévy’s characterisation. 0
1.1. Remark on the conformal invariance of complex Brownian motion. This
section is an attempt to illustrate the application of a variant of the Dambis—Dubins—Schwarz
theorem to complex Brownian motion.
Let X and Y be independent real Brownian motions and let W = X +1iY be a complex

Brownian motion. Let f : C — C be holomorphic. Our aim is to show that there exists
another complex Brownian motion W and a non-decreasing process A such that

FWL) = £(0) + Wy,
Let © and v be real functions such that

flz+iy) = u(z,y) + iv(x,y).
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Recall that v and v are C*°| satisfy the Cauchy—Riemann equations
ou_ov ou_ oo
or Oy 8y ox

and are harmonic

Pu Pu_ P 0
ox2 oy Oz oy?
Hence, by 1to’s formula we have
ou ou 1 0%u 0%u 10%u
df (W) = (ade 8_dY Z@CKX) + 8x8yd<X’ Y)Y+ éﬁdﬁﬁ)

v v 10%v 9*v 10%v
dx + Zay + 22 % x AX, V) + =2y
1 <8x +8y o0 X0+ drdy (X Y)+ 2 Ox? < >>
ou ou ou ou

X+ —dY ——dX + —dY

= (Grax + ghar ) i (< Ghax + Stav).
If we define real processes U and V' by f(W) = f(0
({U,V)=0

)+ U +1iV, we see that

and
(U)y=(V)=A4

where A is the non-decreasing process given by
ou\’ N ou\?
ox dy

Ut = XAt and ‘/;5 = YAt

where X and Y are independent Brownian motions.

An application of this representation is this claim. Let W be a two-dimensional Brownian
motion. Then for any a € R? such that a # 0, we have

P(W; = a for any t > 0) = 0.

The idea of the proof is to identify W = (X,Y’) with the complex Brownian motion X + i}
and the point a = («, ) with the complex number o + i. Consider the holomorphic
function f(w) = a(l — €¥) so by the above argument, we have f(W) = Wy for another

complex Brownian motion W and a non-decreasing process A. Assuming! A, = oo a.s., we
have the following equalities

P(W; = a for any t > 0) = P(W, = a for any t > 0)
(Wa, = a for any t > 0)
(et =0 for any t > 0)

dAt - dt - |f/(Wt)’2dt

As before, we have

P
P
from which the claim follows.

In this case, we see that dA, = | f/(W)|?dt = |a|?e>X+dt. By the recurrence of scalar Brownian motion
we can conclude A, = co.
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2. Changes of measure and the Cameron—Martin—Girsanov theorem

The notion of a continuous semimartingale is rather robust. We have seen that if X is
a semimartingale, then so is the stochastic integral [V dX. Also, It6’s formula shows that
if f is smooth enough, then f(X) is again a semimartingale. In this section, if we will see
that often when we change the underlying probability measure P, the process X remains
a semimartingale under the new probability measure Q. To make this all precise we first
introduce a definition:

DEFINITION. Let (2, F) be a measurable space and let P and Q be two probability
measures on (2, F). The measures P and Q are equivalent, written P ~ Q, iff
P(A) =0« Q(A) =0.
(or equivalently, iff P(A) = 1< Q(A) =1.)
It turns out that equivalent measures can be characterized by the following theorem.

When there are more than one probability measure floating around, we use the notation EF
to denote expected value with respect to P, etc.

THEOREM (Radon-Nikodym theorem). The probability measure Q is equivalent to the
probability measure P if and only if there exists a random variable Z such that P(Z > 0) =1
and

Q(A) =E"(Z1,4)
for each A € F.

Note that EF(Z) = 1 by putting A = Q in the conclusion of theorem. Also, by the usual
rules of integration theory, if £ is a non-negative random variable then
E°(¢) = E*(Z¢).
If Q ~ P, then the random variable Z is called the density, or the Radon—Nikodym derivative,
of Q with respect to P, and is often denoted

dQ
7z =—.
dP
In fact, by the definition of equivalence of measure, we also have Q(Z > 0) = 1 and hence P
also has a density with respect to Q given by

ap 1

In particular,

1
P(A)=FEQ (=1
() =5° (1)
for all A € F.

ExaAMPLE. To anticipate the Cameron-Martin—Girsanov theorem, we first consider a
very simple and explicit example. It turns out that the main features of the theorem are
already present in this example, though the method of proof of the general theorem will use
the efficient tools of stochastic calculus developed in the previous lectures.
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Let X be an n-dimensional random vector with the N(0, I') distribution under a measure

P. Fix a vector a € R" and let
7 — e X—lal*/2.

Note that Z is positive and E¥(Z) = 1. So we can define an equivalent measure Q by
dQ _ ax—japs2
dP

How does X look under this new measure? Well, pick a bounded measurable f and consider
the integral

]EQ[f(X)] — EP[ea~X—||aH2/2f(X)]
_ / (;ea-x—uanm F)e I 2y

271')”/2

- | eyl e
]Rn

We recognise the density of the N(a, I) distribution in the final integral. Hence, we have the
conclusion that X —a ~ N(0, ) under Q.

Let X be a continuous martingale under a measure P. We now explore what X looks
like under an equivalent measure Q. The measures Q that we consider will be such that

dQ
“< o7
ap

where Z is a positive, continuous, uniformly integrable martingale with Z, = 1.

THEOREM. For a given probability measure P, suppose Z is a strictly positive P-uniformly
integrable martingale. Let X be a continuous P-local martingale. Define an equivalent mea-
sure Q by

dQ

—==7..
dP

Then the process X — (X,log Z) is a Q-local martingale.

PrROOF. Note by It6’s formula

az  d{Z)
dlog Z = - o

so by the Kunita—Watanabe identity we have
d(X,Z)

d({X,log Z) =

Let X = X — (X,log Z). The key observation is that X Z is a P-local martingale because
of the calculation

A(XZ) = Z(dX — d(X,M)) + X dZ + d(X, Z)
=ZdX +X dZ

By localisation we can assume that X is bounded. Since Z is a uniformly integrable
P-martingale then Z is in class D, i.e.
{Zr : T bounded stopping time }
62



is uniformly P-integrable for all ¢ > 0. By boundedness, the collection
{X71Zy : T bounded stopping time }

is also P-uniformly integrable, and hence the local martingale XZ is actually a uniformly
integrable P-martingale. In particular, X;7Z; — X7, in L'(P) and P-a.s. (and Q-a.s. by
equivalence) By Bayes’s formula we have

EF(Zoo X 0| Fr)

E%(X o) F7) =
S e )
= X,
This shows that X = X — (X, log Z) is a Q-martingale. O

A useful result which we have already used implicitly is the following:

PROPOSITION (Representation of positive local martingales). A positive, continuous pro-
cess Z is a local martingale if and only if Z = eM=M)/2 for some continuous local martingale

M.

PROOF. Suppose Z is a positive local martinglae. Let
tdz
- 12,
t 0 ZS
d(Z),s
o= [ 25

1
dlog Z = dM — §d<M>

so that

Now by It6’s formula we have

Conversely, if Z = eM~(M)/2 for a local martingale M, then Itd’s formula says
dZ = ZdM.
and hence Z is a local martingale. 0

DEFINITION. For a continuous semimartingale X, we will use the notation £(X) =
eX=X)/2 to denote the stochastic (or Doléans-Dade) exponential.

An important application of the previous theorem is this natural generalisation of the
above Gaussian example:

THEOREM (Cameron-Martin—-Girsanov). Fiz a probability measure P and let W be an

n-dimensional a P-Brownian motion and let o be an n-dimensional predictable process such
that

o0
/ lag||?ds < 00 P — a.s.
0

7 faar)

_ efg as-dWs—3 [¥las?ds

Let
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and suppose that Z is a P-uniformly integrable martingale. Let

dQ
o _ 7
dP >

The process
t
Wt == Wt — / OéSdS
0
defines a Q-Brownian motion.

PrROOF. By the previous theorem, the process W is a Q-local martingale. Also, note
by example sheet 3, u.c.p convergence and hence the calculation of quadratic variation is
unaffected by equivalent changes of measure. Now note that

t ifi=j
0 ifij

so W is a Q-Brownian motion by Lévy’s characterisation. 0

(W W3y, = (W8 W), = {

We now discuss when Z is a true martingale, but not necessarily uniformly integrable.

DEFINITION. Probability measures P and Q on a measurable space (2, F) with filtration
F are locally equivalent iff for every ¢t > 0, the restrictions P|z and Q| are equivalent.

THEOREM (Radon-Nikodym, local version). If the measures P and Q are locally equiv-
alent then there ezists a positive P-martingale Z with E(Zy) = 1 such that

d@|]:t
dP’}—t

Proor. To lighten the notation, let P, = P|, and Q; = Q|#. Note that by the ‘standard
machine’ of measure theory,

= t-

EF(X) = EF(X)

if X is non-negative and F;-measurable.
Now, by the Radon—Nikodym theorem, for every ¢t > 0 there exists an F; measurable
positive random variable Z; such that

dQy
=t _ 7.
dP, ¢

We need only show that Z is a P-martingale. Let 0 < s <t and let A € F,. By the definition
of the Radon—Nikodym density, we have

Qs(A) = E™*(Z,1a) = E*(Z.14)
Also, since A € F; as well, we have
Qi(A) = E*(Z14)
Of course Qs(A) = Q;(A) since A € F; C F;. Since A was arbitrary, we have shown
EY(Z|Fs) = Zs.
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REMARK. Locally equivalent measures P and Q are actually equivalent if 7 = a( U0 ft)
and the Radon—Nikodym density martingale Z is uniformly integrable. In this case there
exists a positive random variable Z,, such that Z; — Z,, a.s. and in L'(Q, F,P) and such
that

dQ
dP

EXAMPLE. Let P a probability measure such that the process W is a real Brownian
motion, and let Q be a probability measure such that the process W is a Brownian motion,
where W, = W, + at for some constant a # 0. The measures P and Q are locally equivalent
with density process

oo

dQ|}—t _ e—aWt—a2t/2

dP|.7:t

by the Cameron—Martin theorem. Note that the density process is a P martingale, but it is
not uniformly integrable, so the measures Q and P are not equivalent. Indeed, note that

P(?%Oast%oo)zl
but

Q(?%Oast%oo)z@(?—ﬂzast%oo):O.

For these theorems to be useful, we need some criterion to check whether a positive local
martingale is actually uniformly integrable.

PROPOSITION. Let M be a continuous local martingale with My = 0 and let

7 = M-0/2,

1) Z is a local martingale and supermartingale.

2) Z is a true martingale if and only if BE(Z,) =1 for all t > 0.

3) Zy = Zy a.s., and Z is a uniformly integrable martingale if and only if E(Z,,) = 1.

4) (Novikov’s criterion (1973)) If E(e2™=) < oo, then Z is a uniformly integrable
martingale.

(
(
(
(

PROOF. Items (1) and (2) are on example sheet 2. For (3), non-negative martingales
are bounded in L' and hence converge by the martingale convergence theorem. And if
E(Zy) = 1 = limyo E(Z;) then Z; — Z,, by in L' Scheffé’s lemma. Convergence in L'
implies uniform integrability by Vitali’s theorem. U

To prove Novikov’s theorem, we first establish two lemmas. This proof is inspired by a
paper of Krylov.

LEMMA. Let X be a continuous local martingale with Xo = 0. Then for any p,q > 1 and
stopping time T', we have

pa(pg—1) q—1
E(E(X)5) < E(e 20 XM=y,
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PRrOOF. First note the identity
q—1

E(XP = £(paX) " exp (X))

By Holder’s inequality we have
1 ra(pg—1) 7=
E(£(X)}) < E(E(peX)r)t E(e %0 ¥0r)"5",
Now E(pgX) is a supermartingale, so E(E(pgX)r) < 1 by the optional sampling theorem.
The result follows from the inequality (X)7 < (X). O

LEMMA. Let X be a continuous local martingale with Xo = 0. Then for any p > 1, we

have ,

E (E(pX)) 2 B (E(X)o) B 0=) 5.
PROOF. As above, note the identity
E(X) = E(pX)r exp (B(X)) 7 .
Then Holder’s inequality implies
E[£(X)no] < BE(pX )] pEle2 X1

p’ p=1
< E[(pX)oc]Ele 2 X))
where the second line follows from Jensen’s inequality. OJ

1
PROOF OF NOVIKOV’S CRITERION. Suppose E[ezM)=] < oo,

Note that {
palpg—1) _
qg—1
for all p,q > 1, and
—1
lim lim 224~ D)

dl pll  gqg—1

Therefore, for any 0 < a < 1 we can find p,q > 1 such that a

2% = 1 and hence

q

E(£(aM)b) < E(e3™M=)"T < oo
by the first lemma. In particular, the collection
{€(aM)r : T stopping time }

is bounded in L”, and hence uniformly integrable. That means the local martingale £(aM)
is in class D, implying it is a uniformly integrable martingale and hence

E[E(aM)s] = 1.
By the second lemma we have
E(£(M)s) > E (E(aM)o) @ E(ezaz (M)
= E(ez(M=)a-1

The conclusion follows upon sending a 1 1. 0
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3. The martingale representation theorem

Now we ask explore the characterisation of local martingales, not in a general probability
space, but in the special but important case where all measurable events are generated by a
Brownian motion.

THEOREM (It6’s martingale representation theorem). Let (2, F,P) be a probability space
on which a d-dimensional Brownian motion W = (Wy)i>o is defined, and let the filtra-
tion (Fi)i>o be the (completed, right-continuous) filtration generated by W. Assume F =

0 (Uszo 72)-
Let M = (My;)>0 be a cadlag locally square-integrable local martingale. Then there ezists

an Leb x P-unique predictable d-dimensional process o = (ay )0 such that fot |las||?ds < oo
almost surely for allt > 0 and

t
Mt:M0+/ Ofs'dWS.
0

In particular, the local martingale M s continuous.

PROOF. (Uniqueness) Suppose
Mt:MO—I—/tO/S'dWS
for another predictable process o/. Then by suk())tracting these two representations we have
/t(as —al)-dW, =0 for all t > 0.
Since right-hand side is a squ(z)ire—integrable martingale, we can apply [t0’s isometry
]E/oo las — o |[2ds = 0
from which the uniqueness follows. 0 O

For existence we proceed via a series of lemmas:

LEMMA (from local martingales to martingales). Suppose M is a locally square integrable
local martingale, so that there exists an increasing sequence (T),), of stopping times such
that the stopped processes M™ are square-integrable martingales. If we can find an integral
representation M™ = My + [ a™dW for each n, then there exists a predictable a € Lioo(W)
such that

M:M0+/OZdW

PROOF. Note that we have
(M) = M +/an+11(o,Tn}dW

and hence o" = 04”“]1(0%} by uniqueness. In particular, we can find the unique integral
representation of M by setting

a(w) = af(w) on {(t,w) : t < T, (w)}.
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Let M be a locally square-integrable local martingale. By lemma the above, in order to
show that M has the stochastic representation property, it is enough to show that for every
stopping time T such that M7 is a square integrable martingale there exists an o € L?(W)
such that M7 = My+ [« -dW. Hence we may assume M is a square-integrable martingale.

LEMMA (from martingales to random variables). Suppose that X € L*(P) has the prop-
erty that

X:x+/ g - dW,
0

for a constant x and a predictable process o such that

IE/ |cvs]|?ds < oc.
0

Then
t
E(X|F) == ~|—/ ag - dW,
0
PROOF. Let
t
Mt:x—f—/ g - dWs.
0

Note that M is a continuous local martingale, as it is the stochastic integral with respect to
the martingale W with quadratic variation

t
(M), = / | ds.
0

Since (M) is integrable by assumption, the local martingale X is in fact square integrable
martingale. Hence

E(X|~7:t) = M;.
U

Let M be a square-integrable martingale. By the martingale convergence theorem, there
is a square-integrable random variable X such that A, = E(X|F;). By the last lemma, in
order to show the integral representation of M, it is enough to show that for every X € L?(PP)
exists a real 2 and v € L*(W) such that X =z + [~ a, - dW,.

LEMMA (from random variables to approximations). Suppose X" — X in L*(P) and
each X™ has the form

X" = 2"+ / andw,.
0
where o € L*(W). Then X has the form
X ==z +/ o dWs.
0

where o € L*(W).
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PrRoOOF. Note that by [td’s isometry
E[(X™ — X™)?] = (z" — 2™)* + E/ ot — alt||ds — 0.
0

Hence the sequences (z") and (a™),, are Cauchy in R and L*(W) respectively. The conclusion
follows from completeness. O

From the above lemma, to show that a random variable X € L?*(PP) has the integral
representation property, it is enough to exhibit a sequence X™ — X in L?*(IP) such that each
X™ has the integral representation property. In particular, to show that every element of
L?(P) has the integral representation property, it is enough to show that a dense subset of
L?(P) has the integral representation property.

LEMMA (density of cylindrical functions). Random variables of the form
Wy = Wi oo o, Wiy — Wiy y)
are dense in L*(P).
ProoOF. Introduce the notation ¢} = k27" and let
Gn =Wy — Wi ,1< k<2,
Note that G, C Gny1 and F = (|, Gn). Given a X € L?(P), let X,, = E(X|G,). By the

martingale convergence theorem we have X,, — X in L*(P) . But by measurability, there
exists a function f: (R?)Y — R such that

Xn - f<WtZ - Wtﬁ—l’l S k’ S N)
where N = 227, [l

To establish the integral representation property for every element of L*(P), the above
lemma says we only need to show that every X € L?*(P) of the form

X - f(Wtk —Wtk71,1 S k S N)
has the integral representation property.

LEMMA (density of exponentials). Fiz a dimension d and let p be a probability measure
on RY. Consider the complex vector space of functions on R? defined by

E = span{e?* : ) ¢ RY}
Then E is dense in the L*(u).
PROOF. Let f € L?*(u) be orthogonal to E, that is to say

/ f(x)e?*u(dr) = 0 for all § € RY.

This means that f(z) = 0 for p-a.e. x. First of all, by considering the real and imaginary
parts of f separately, we may assume f is real valued. Now let dvy = f¥du. Note that
vy are finite measures since f € L? C L'. Now, the above equation and the uniqueness of
characteristic functions of finite measures implies v, = v_, or equivalently f* = f~ p-a.e.
But pu{f* >0, >0) =0 and hence f =0 p-a.e.

Hence the closure of F is E = E++ = {0}* = L?(u) as desired. O
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By the above lemma, to establish the integral representation of cylindrical random vari-
ables, it is enough to establish the integral representation of exponentials.

LEMMA. Let
X = ¢ Sl Ok (Wey =Wy 1)

for fized 0, € R™ and 0 < tg < ... < ty. Then there exists a constant x and a predictable
process o valued in C™ such that

IE/ las|[2ds < oo.
0

and -
X:£E+/ ag - dW.
0
PROOF. Let
B = iz Hk:n'(tk—htk]
k

and

M = /ﬁdW
Note that

X =C&EM)y

where C = e 2k I0cl*(te—te-1)/2 — E(X).
By 1to’s formula

E(M)w =1+ / (M), 5, - AW,
0
we have the desired integral representation with
a=CEM)pB

since

/ losll2ds < €S 1012 (1 — i) < oo,
0 k

This concludes the proof of the martingale representation theorem.

4. Brownian local time

Let W be a one-dimensional Brownian motion, and fix zy € R. For the sake of motivation,
let
f(x) = |o —

with ‘derivative’

+1 if x>z

f'(z) = sign(z — z9) = 0 ifx=um

-1 ifz < x

and ‘second derivative’
f"(z) = 26(x — xo)
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where ¢ is the Dirac delta function. If It6’s formula was applicable, we would have

t t
(*) Wy — 20| = |xo] +/ sign(Wy — x0)dW, + / (W — xo)ds.
0 0

Now remember, the Dirac delta function is operationally defined by

/_00 g(x)d(x — xo)dx = g(x0)

o0

for smooth functions g. Of course, the correct way of viewing the above equation is to
interpret the notation §(x — xy)dx as the measure with a single atom, assigning unit mass
to © = xo. Is there a similar interpretation of equation (*)?

DEFINITION. The local time of the Brownian motion W at the point x up to time t is
defined by

t
= |W; — x| — |z| —/ sign(Wy — x)dWs.
0

For fixed x, it turns out that (L} ):>¢ is a non-decreasing process. Furthermore, it increases
precisely on the x level set of the Brownian motion. Since this set is of Lebesgue-measure
0 almost surely, the local time is another time scale, singular with respect to the natural dt
time scale. But it can be computed in terms of the Lebesgue measure of the amount of time
the Brownian motion spends in a small neighbourhood of x:

THEOREM. |
2—€Leb(s €0t - |Ws — x| <¢e) = Lf u.c.p.

PROOF. Without loss assume x = 0. Let

=] if |z] > ¢
Je(x) = { %ExQ—F% if |[x] <e

It0’s formula yields

£ /f AW + /f”

== —i—/ LW, th—i- Leb(s € [0,t] : |Wy| <e).
Since f.(z) — |x| uniformly, we have
fe(Wy) — g — || uniformly almost surely.
Also note that
fL(z) — sign(z) for all z € R.
and that
|fL(z) — sign(z)| < 1 for all (z,¢)

so that

E S (/OS[J‘E’(WS)—sign(Ws)]dWs)2 < 4E [/Ot[fs’(Ws)—sign(Ws)]QdS — 0
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by the dominated convergence theorem. In particular, the stochastic integral converges
uniformly on compacts in probability. 0

REMARK. The proof above is not quite rigorous, since we have proved Ito’s formula only
for twice-continuously differentiable functions, but the function f. has a discontinuous second
derivative. So actually, we really should deal with the discontinuities of f! by approximating
it with a smooth function, then take the limit as above...

There are lots of interesting facts about Brownian local time, but we will not need them
in this course. Here is one stated without proof.

THEOREM. Let W be a Brownian motion, L° its local time at 0 and M; = SUPg<s<t Wi

its running mazimum. Then the two dimensional processes (|W|, L°) and (M — W, M) have
the same law.

Finally, we can also define local time for continuous semimartingales:

DEFINITION. If X is a continuous semimartingale, the local time of X at the point z up
to time ¢ is

LY =Xy — x| — | Xy — 2| — /tg(XS — x)d X
where g = 1 o0) — L(—o0,0) = sign + Lyoy. "
The following theorem shows that the above definition is useful:
THEOREM (Tanaka’s formula). Let f be the difference of two convex functions (so that
[ is continuous, has a right-derivative f) at each point, and the function f. is of finite

variation) Let X be a continuous semimartingale and (L}) its local time. Then

(e 9]

(X0 = F(Xo) + / £ (X)X, + / Ledf, ().

—00
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CHAPTER 5

Stochastic differential equations

1. Definitions of solution

The remaing part of the course is to study so-called stochastic differential equations, i.e.
equations of the form

(*) dX, = b(X,)dt + (X, )dW,

where the functions b : R* — R" and o : R* — R™*? are given and W is an d-dimensional
Brownian motion.
Recall our motivation. If X satisfies equation (*) then it should be the case that

t+At t+AL
Xt+At = Xt + / b(Xs)dS + / U(Xs>dWs.
t t

Assuming that b and ¢ are sufficiently well-behaved, in particular, so that the dW integral
is a square-integrable martingale, we should be able to conclude (by I[td’s isometry) that

E(XadlFi) = X + b(X) At and Cov(Xipnd Fr) = (X))o (X,) T At

when At > 0 is small. Indeed, it is the formal calculation above which often leads applied
mathematicians, physicists, economists, etc to consider equation (*) in the first place.
A solution of the SDE (*) consists of the following ingredients:

(1) a probability space (€2, F,P) with a (complete right-continuous) filtration F =

(Ft)=0,
(2) a d-dimensional Brownian motion W compatible with F,

(3) an adapted X process such that b(X) and o(X) are predictable and

/Hb |ds<ooand/\|a )||°ds < 0o a.s. forallt >0
where ||o||* = trace(co™) is the Frobenius (a.k.a. Hilbert-Schmidt) matrix norm,
and
t t
X; = X0+/ b(Xs)d8+/ o(Xs)dWy
0 0
for all £ > 0.

Item (3) is obviously the integral version of the formal differential equation (*). The integra-
bility conditions are to ensure that the dt integral can be interpreted as a pathwise Lebesgue
integral and the dWW integral is well-defined according to our stochastic integration theory.

It turns out there are two useful notions solution to an SDE. The first one seems very
natural to me:

73



DEFINITION. A strong solution of the SDE (*) takes as the data the functions b and o
along with the probability space (€2, F,P) and the Brownian motion W. The filtration F is
assumed to be generated by W. The output is the process X.

Note that assuming that X is adapted to the filtration generated by W says that X is
a functional of the Brownian sample path W. That is, given only the infinitesimal char-
acteristics of the dynamics (the functions b and o) and the realisation of the ‘noise’, the
process X can be reconstructed. Strong solutions are consistent with a notion of causality,
in that the driving noise ‘causes’ the random fluctuations of X. It is this assumption which
distinguishes strong solutions from weak solutions:

DEFINITION. A weak solution of the SDE (*) takes as the data the functions b and o.
The output is the probability space (€2, F,P), the filtration F, the Brownian motion W and
the process X.

From the point of stochastic modelling, weak solutions are in some sense more natural.
Indeed, from an applied perspective, the natural input is the infinitesimal characteristics b
and o. The Brownian motion W could be considered an auxiliary process, since the process
of interest is really X.

ExAMPLE (Tanaka’s example). The purpose of the following example is illustrate the
difference between the notions of weak and strong solutions.
Consider the SDE with n =d =1 and

(**) dX; = Q(Xt)th7 Xo=0
where

g(z) = sign(x) + L{—o)

1 ifz>0
1 0 ifz<O.

First we show that this equation has a weak solution. Let (€2, F,[P) be a probability space on
which a Brownian motion X is defined. Let F be any filtration compatible with X. Define
a local martingale W by

¢
W= [ g(xax.
0
Note that the quadratic variation of W is
t
Wy = [ gxrax. —e
0

and hence W is a Brownian motion by Lévy’s characterisation. Now note that
t
&Z/M&W&
0

- /0 (X)W,

Therefore, the setup (2, F,P), F, W and X form a weak solution of the SDE (**).
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Now we show that Tanaka’s SDE does not have a strong solution. First we need a little
fact. Let X be a Brownian motion. Then

t t
/ g(X.)dX, — / Sign(X,)dX, = 0
0 0

since the expected quadratic variation of the left-hand side is

t t
E/ ]l{Xs}d:c = / P(Xs = O)dS = 0.
0 0

Now let X is be any solution of (*). Note that X is a Brownian motion since

(X), = / g(X.)%ds = 1.

The crucial observation is that W can be recovered from X by
t
Wi = / g(Xs)dXs
0

t
:/ sign(X,)d X
0
1
= —lim — : <e).
| X 1&(1)1 26Leb(s € [0,t] : | Xs] <€)

In particular, the random variable W; is measurable with respect to o(|Xs| : 0 < s <'t).

Suppose, for the sake of finding a contradiction, that X is a strong solution. Then X is
adapted to the filtration generated by W. But W is determined by |X|. In particular, this
says that we can determine the sign of the random variable X; just by observing (|Xs|)s>o0,
an absurdity!

The existence of weak, but not strong, solutions might come as a surprise. Indeed,
consider the SDE

It is natural to approximate this equation setting Xo = X, and discretising
th = th—1 + b(th—1)(tk - tk—l) + G(th—1)(Wtk - Wtk—l)

for a family of times 0 < ¢y < t; < .... By construction, the random variable th is mea-
surable with respect to the sigma-field generated by the random variables Xo, Wy, ..., W,,.
One could say that there is a ‘causality principle’, in the sense that the Brownian motion is
‘driving’ the dynamics of X.

The bizarre phenomenon is that somehow this measurable dependence on the driving
noise may not hold for the SDE. In particular, in some cases such as Tanaka’s example, it is
impossible to reconstruct X; only from Xy and (Wy)o<s<; — some other external randomisa-
tion is necessary.
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2. Notions of uniqueness

Just as there are at least two notions of solution of an SDE, there are at least two notions
of uniqueness of those solutions.
Again, we're studying the SDE

(*) dXt = b(Xt)dt + U(Xt)th
DEFINITION. The SDE (*) has the pathwise uniqueness property iff for any two solutions

X and X’ defined on the same probability space (€2, F,P), filtration F and Brownian motion
W such that X, = X{ a.s., we must have

P(X; = X; for all t > 0) = 1.

We see that the notion of pathwise uniqueness can be too strict for some equations. Here
is another notion of uniqueness, which might be more suitable for stochastic modelling;:

DEFINITION. The SDE (*) has the uniqueness in law property iff for any two weak
solutions (Q, F,P,F, X, W) and (', F, P, F', X', W') such that X, ~ X, we must have

(X)ezo ~ (X{)ezo-
ExAMPLE (Tanaka’s example, continued.). Again we're considering the SDE
(**) dXt = g(Xt)th, XO =0

where g(z) = sign(x) + L{;—0}. Suppose that X is a weak solution of Tanaka’s SDE. Note
that

d(—X:) = —g(Xe)dW,
= [g(—Xy) — 21{)(3:0}]th

As before, we conclude that

t
/ ]]_{sto}th - 0
0
by computing the expected quadratic variation by Fubini’s theorem. Hence

In particular — X is also weak solution of the SDE (**), and the pathwise uniqueness property
does not hold.

On the other hand, note that every weak solution of the Tanaka’s SDE are Brownian
motions. Hence, the SDE does have the uniqueness in law property.

EXAMPLE. Consider the ODE
dX, = 2v/X,dt, Xo=0
There is no uniqueness, since there is a whole family of solutions
X, - { 0 ) ift <7
(t—T)> ift>T.

The problem is the function b(x) = 2/ is not smooth at x = 0, since b’ is unbounded.
Therefore, it seems that a natural condition to impose to ensure path-wise uniqueness is
smoothness.
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THEOREM. The SDE (*) has path-wise uniqueness if the functions b and o are locally
Lipschitz, in that for every N > 0 there exists a constant Ky > 0 such that

16(z) = b(y)l| < Knllz =yl and [lo(z) = a(y)| < Knllz =y
for all x,y such that |z|| < N and ||y|| < N.

Before we launch into the proof, we will need a lemma that is of great importance in
classical ODE theory.

THEOREM (Gronwall’s lemma). Suppose there are constants a € R and b > 0 such that
the locally integrable function f satisfies

fli) < a—i—b/tf(s)ds forallt > 0.
0

Then
f(t) < ae” for allt > 0.

PROOF. By the assumption of local integrability we can apply Fubini’s theorem to con-

clude
/ / bet— s)f )du ds—/ / bebt=*) u)ds du
s=0 J u=0 u=0 Js=u
b(t—u)

- / = 1)

/Ot f(s)ds = /Ot et=*) (f(S) - b/os f(u)du> ds
< /Ot ) ds

= 5"~ 1)

and so the result follows from substituting this bound into the inequality

<a+b/f

<a+a(e”—1)

= ae'.

Hence, we have

O

PROOF OF PATH-WISE UNIQUENESS. Let X and X’ be two solutions of (*) defined on
the same probability space with Xo = X{. Fix an N > 0 and let Ty = inf{t > 0 : | X;| >
N or | X]| > N}. Finally,

F(#) = E(|Xenry — Xiary I17)-
We will show that f(¢) = 0 for all ¢ > 0. By the continuity of the sample paths of X and X’
this will imply
P( sup || X,—X||=0)=1.
0<t<Tyn
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By sending N — oo, we will conclude that X and X’ are indistinguishable.
Now, by Itd’s formula, we have

IXenty = Xinr, II” :/0 (X, - X0 ABXs) = o(X))ds + [0(Xs) — o(X)]dW,}

tATN
T / lo(X,) — o(X7)]%ds
0

Note that the integrand of the dIV integral is bounded on {t < Ty}, so the dW integral
is a mean-zero martingale. Hence, computing the expectation of both sides and using the
Lipschitz bound yields

£(t) =E / "X, — X0 B(X) — B(X))ds + E / "o () — o)\ Pds

t
<(2Ky +Kfv)/ f(s)ds
0
The conclusion now follows from Gronwall’s lemma. O

The following theorem shows that uniqueness in law really is a weaker notion than path-
wise uniqueness.

THEOREM (Yamada—Watanabe). If an SDE has the pathwise uniqueness property, then
it has the uniqueness in law property.

SKETCH OF THE PROOF. The essential idea is to take two weak solutions, and then
couple them onto the same probability space in order to exploit the pathwise uniqueness.

Let (Q,P, F,F, W, X) and (', P, F',F', W' X') be two weak solutions of the SDE. Sup-
pose Xy ~ X{ ~ A for a probability measure A on R".

Let C* denotes the space of continuous functions from [0, 00) into R*. We can define a
probability measures on R” x C?% x C™ by the rule

p(Ax BxC)=P(Xgec A, W e B, X eC).
Since Xy and W are independent under P, we factorise this measure as
p(de, dw, dy) = Mdz)W (dw)v(z, w; dy)

where W is the Wiener measure on R? and where v is the regular conditional probability
measures on C" such that

v(Xo, W;C) =P(X € C| Xy, W).
Define ' similarly and note that
f(dz, dw, dy) = Ndz)W(dw)v'(z, w; dy)

where 1/ is defined analogously. R
Now let 2 = R" x C?% x C™ x C™ be the sample space and P be the probability measure
defined by

~

P(dx, dw, dy, dy') = XNdx)W (dw)v(z, w; dy)v'(z, w; dy").
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Finally define Xo(x,w,y,y’) = x, Wt(a:,w,y,y’) = w(t), and Xt(x,w,y,y’) = y(t) and
X{(z,w,y,y") = y'(t). Note that X and X’ are two solutions of the SDE such that X, = X
P-a.s. By pathwise uniqueness, we have

P(X, = X forall t > 1) = 1.

Hence
P(X € C)=P(X € C)
—P(X' € C)
=P (X' eC)
proving that X and X’ have the same law. 0

It remains to find easy-to-check sufficient conditions that an SDE has the uniqueness in
law property. It turns out that this condition is intimately related to the Markov property,
as well as the existence of solutions to certain PDEs. We will return this later.

3. Strong existence

Just as smoothness of the functions b and o was sufficient for uniqueness, it is not very
surprising that smoothness is also sufficient for existence. But now we will assume not only
local smoothness, but a global smoothness.

To see what kind of bad behaviour the global Lipschitz assumption rules out, we consider
an example with locally, but not globally, Lipschitz coefficients:

dX, = X}2dt.
The unique solution is given by
Xo
X, = :
- Xt

If X > 0, then the solution only exists on the bounded interval [0,1/X).

THEOREM (It0). Suppose b and o are globally Lipschitz, in the sense that there ezists a
constant K > 0 such that

Ib(z) = b(y)ll < K|z —y|| and ||o(z) — o(y)l| < Kllz — y|| for all z,y € R7.
Then there exists a unique strong solution to the SDE
dX; = b(Xy)dt + o(Xy)dW,.
Furthermore, if E(|| Xo|P) < oo for some p > 2 then

E( sup || Xs|]P) < o0
0<s<t

for allt > 0.

Here is one way to proceed. First note the following: suppose that we can prove the
existence of a strong solution X' to the SDE for any initial condition X, on an interval
[0, T, where T' > 0 is not random and does not depend on X,. That is to say, suppose we
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can find a measurable map sending X, and the Brownian motion (W;)o<t<r to the process
X! where

t t
X! =X +/ b(X!)ds +/ o(XHdW, for 0 <t < T
0 0

Then we can now use this same map with the intial condition X} and the Brownian motion
(Wusr — Wr)uep,r] to construct a process X2 so that

X2 = Xj —i—/ b(X2)ds +/ o(XHdWep —Wyp) for 0<u<T
0 0

Now we set
Xy = Xo + X/ Vjocrery + X7 plirai<ory

The process X is a solution of the SDE on [0,27]. Indeed, since X = X' on the interval
[0, 7], and X! solves the SDE, we need only check that X solves the SDE on [T, 277:

t—T t—T
X, = XL+ / b(X2)ds + / F(XDA(Worr — W)
0 0

T T t t
~ X+ / b(X1)ds + / o (XY)dIV, + / B(X2)ds + / (X2, )V,
0 0 T

T
t t
= X, + / b(X,)ds + / o(X,)dW,.
0 0

By continuing this procedure, we can patch together solutions on the intervals [(N—1)T, NT|
for N =1,2,... to get a solution on [0, c0).

With the above goal in mind, we recall Banach’s fixed point theorem, also called the
contraction mapping theorem. We state it in the form relevant for us.

THEOREM. Suppose B is a Banach space with norm || - ||, and F : B — B is such that
|1F(z) = Fy)ll < clz =yl for all z,y € B
for some constant O < ¢ < 1. Then there exists a unique fixed point x* € B such that
F(z*) = z".

PROOF OF STRONG EXISTENCE. Fix an intial condition Xy and let F' be defined by

F(Y)t:XOJr/Otb(Y;)der/Ota(Ys)dWs

for adapted continuous processes Y = (Y;)i>o. Indeed, if Y* is a fixed point of F' then Y* is
a solution of the SDE.

The art of the proof of this theorem is to find a reasonable Banach space B of adapted
processes on which to apply the Banach fixed point theorem. The specific choice of B is
somewhat arbitrary, since no matter how we arrive at a solution, it must be unique by the
strong uniqueness theorem from last lecture.

Now, we find a convenience Banach space. For an adapted continuous Y, let

V[l = E( sup [|Y;[*)"/?
te[0,7
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for a non-random 7" > 0 to be determined later. We consider the vector space B defined by
B={Y Y] <oc}.

Then B is a Banach space, i.e. complete, for the norm. (The proof of this fact is similar to
the proof that the space M? of continuous square-integrable martingales is complete.) We
now assume that X is square-integrable without loss'.
Now we show that F'is a contraction:
2
) + 2IE ( sup
te[0,T]

Here we use the Lipschitz assumption combined with Jensen’s inequality:

E (OiltlfT 2) <TE (/OT 10(X) — b(Ys)HQdS)

< K*T? E( sup || X — Yi||?)]
t€[0,T

u|F<X>—F<Y>Hr?s2E<sup / B(X,) — B(Y.)Jds / 0(X.) — o (Y2)]dW,

te[0,T

)

[ o0~ s0as

and here we use Lipschitz assumption combined with Burkholder’s inequality:

E <OZ?£T 2) <4E (/OT lo(Xs) — U(YS)HQdS)

< AK?T E( sup || X; — Yi|?)]
t€[0,T]

/0 0(X,) — o(Y)dW,

and hence
IF(X) - FOY)|? < (2T +8)K*T || X — Y*.

So, if we choose T small enough that ¢ = (2T + 8)K?T < 1, we can apply the Banach fixed
point theorem as promised — once we check that the map F' sends B to B. Clearly for any
X € B, the process F/(X) is adapted and continuous. Also, we have the triangle inequality,

[ECON < 1F(X) = FO) + £ O)]]
< ol XTI+ I (O]

so it is enough to show F(0) € B. But
F(0); = Xo + tb(0) + o(0);

which is easily seen to belong to B. 0

1 . since otherwise we could use the norm

IVl =E(e 17l sup [[v;[|?)"/2
t€[0,T)

instead...
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4. Connection to partial differential equations

One of the most useful aspects of the theory of stochastic differential equations is their
link to partial differential equations.
The main idea for this section is contained in this result:

THEOREM (Feynman—Kac formula, Kolmogorov equation). Let X be a weak solution of
the SDE
dX; = b(Xy)dt + o(Xy)dW,
and suppose v : [0, T] x R" — R is C?, bounded and satisfies the PDE

ov . Ov 1 0%
- g — v e
ot " Z, baxﬁzizja oriom "V

where

ay = § O_zko_]k
k

(T, z) = ¢(x) for all x € R™.

with terminal condition

Then
v(t, Xi) = E[o(X7)|F]
PROOF. Let M; = v(t, X;) and note that by Itd’s formula and the fact that v satisfies a
certain PDE, we have

dM, = Z o %dwj .
ij

Hence M is a local martingale. But since M is bounded by assumption, M is a true mar-
tingale. 0

The main reason for studying stochastic differential equations is that solutions to SDEs
provide examples of continuous time Markov processes.

DEFINITION. An adapted process X is called a Markov process in the filtration F iff
Elp(Xo)|Fs] = E[¢(X1)|X,]
for all bounded measurable functions ¢ : R® - R and 0 < s < t.

Recall that if U and V' are random variables such that V' is measurable with respect to
the sigma-field o(U) generated by U, then there exists a measurable function f such that
V = f(U). In particular, that for integrable £, the conditional expectation E(£|U) is defined
to be a o(U)-measurable random variable, and hence we have E(¢|U) = f(U) for some f.

We the above comment is mind, if X is Markov, then for any bounded measurable ¢ and
0 < s <, there exists a function Ps;¢ such that

E[Qﬁ(Xt)LFs] = Ps,t¢(Xs)'

DEFINITION. The Markov process is called time-homogeneous if P ¢ = Fy;_s¢ for all
bounded measurable ¢ and 0 < s < t.

PROPOSITION. If X is a continuous Markov process, then the conditional law of a Markov
process (Xi)iels,0) given the whole history Fy only depends on X;.
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ProOOF. This argument is in essence the same as that on page 21.

Note that since X is continuous we need only show that its conditional finite-dimensional
distributions only depend on X,. Therefore, fixing s = ty < t;... < tx we consider the
conditional joint characteristic function of X;,,..., Xy . Let 0;,...,0;, € R", and note by
iterating expectations that we have

B[ Xt |y | = Bl Tt O R B (e N | By )| )
= [ Xt X g (X, )| Fo)

= gO(Xto)
— E[elelxt1++16kth |Xt0]

P

where g; is the bounded measurable function defined recursively by g, = 1 and

E(ewj.th g; (th ) ’thfl) = gjfl(thfl )

For the rest of the section we fix some notation: We are concerned with the SDE
(SDE) dX =b(X)dt + o(X)dW, Xqg==x
It turns out that there is a differential operator £ associated to (*) defined by

fos Ay P
T 24  oriow

a = E :UZkU]k
k

This operator L is called the generator of X, and is the continuous space analogue of the
so-called Q-matrix from the theory of Markov processes on countable state spaces.
Finally, we are concerned with the PDE

(PDE) % = Lu, u(0,z) = ¢(z)

This PDE is usually called Kolmogorov’s equation .

where

THEOREM. Suppose the equation (SDE) has a weak solution X for every choice of initial
condition Xo = x € R™. Furthermore, suppose the equation (PDE) has a bounded C? solution
u for each bounded ¢. Then equation (SDE) has the uniqueness in law property, the process
X is Markov, and the equation (PDE) has a unique solution given by

u(t, ) = E[¢(X)|Xo = 2]
PrROOF. Fix a non-random 7" > 0 and a bounded ¢. Let w be a bounded solution to
(PDE) and set v(s,z) = u(T — s, x). Note that
ov

s + Ly =0, vo(T,x)=¢(z)

so by the theorem at the beginning of this section we have
U(Sa Xs) = E[¢(XT)|FS]
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Since the left side is X, measurable, we have
Since this holds for all 0 < s < T and all bounded ¢, we see that X is Markov.
Now setting s = 0, we have
u(T, Xo) = v(0, Xo) = E[p(Xr)| Xo]

showing that the bounded solutions to equation (PDE) is uniquely determined by the initial
condition ¢.

Now, to see that uniqueness in law property of equation (SDE), we note as before, that
by continuity the law of the solution is determined by its finite-dimensional distributions,
and that these are determined by joint characteristic functions, which can be computed
recursively as the unique solution of equation (PDE) with the appropriate boundary condi-
tion. 0

REMARK. Notice the interplay of existence and uniqueness above. The existence of the
solution of the SDE implies the uniqueness of the solution of the PDE, since if there was a
solution to the PDE, it would have to be given by the specific formula. On the other hand,
the existence of the solution of the PDE implies the uniqueness of law of the SDE since the
law of the solution of the SDE is characterised completely by the solutions of the PDE.

The above theorem has a converse:

THEOREM. Suppose X is a weak solution of (SDE) and is a time-homogeneous Markov
process such that P(X; € A| Xy =x) >0 fort >0, any open set A and any initial condition
r € R". Let

u(t, z) = E[p(X,)| Xo = 2].
for bounded ¢. If u is C?, then u satisfies equation (PDE).
ProOOF. Fix a non-random 7" > 0, and let v(s,z) = u(T — s,z) as before. Now
(s, x) = E[p(Xr—)| Xo = 2]
= E [¢(X7)| X = 7]
by time-homogeneity. Hence
v(s, Xs) = E[p(Xr)|F]

by the Markov property. Hence M = v(s, X,) defines a martingale. Finally, since v is C? by
assumption we can apply Ito’s formula:

ov 0 )
_ ij J
dM, = ( . —|—£v) ds + Eij o xidW )

Since M is a martingale, the drift term must vanish for Leb x P-almost every (t,w) by the
uniqueness of the semimartingale decomposition. The conclusion follows from the assump-
tion that the derivatives of the v are continuous and that X visits every point with positive
probability. O

There are lots of ways to generalise the above discussion. For instance,
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THEOREM. Suppose X is a weak solution of
dX =b(X)dt + o(X)dW
and that u is C? solution of

%zﬁu—l—gu‘i‘fa u(0, ) = ¢(x)

where ¢, g, f are bounded. Suppose that supy<,<p [u(t, )| is bounded for each T > 0.
Then

t
ut, x) =B |elo 9o (X, + / elo X £ )ds| X = o
0

4.1. Formulation in terms of the transition density. We will now consider the
density formulation of the Kolmogorov equations. That is, we study the equations that arise
when the Markov process X has a density p(t, z,y) with respect to Lebesgue measure, i.e.

E[¢(X,)|Xo = 2] = / S()p(t, 2, y)dy

In this section, we will use the word claim for mathematical statements which are not true in
general, but for which there exists a non-empty but unspecified set of hypotheses such that
the statement can be proven. And rather than proofs, we include ideas, which involve some
formal manipulations without proper justification. The claims can be turned into theorems
by identifying conditions sufficient to justify these manipulations.

Cramm (Kolmogorov’s backward equation). The transition density, if it exists, should
satisfy the PDE

with initial condition

IDEA. Fix a ¢ and let
E[p(Xe)|Xo = 2] = u(t, z).
In the previous section, we showed that if u is smooth enough then

ou

Writing u in terms of the transition density, and supposing that we can interchange integra-
tion and differentiation, we have

dp
| Litsrpotoiis = [ Laptt.e.ppotwiy
Since ¢ is arbitrary, we must have that p satisfies the PDE. O

Kolmogorov’s backward equation is simply

dP;
“t_rp
dt LE;
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where (P;);>o is the transition semigroup of X, i.e. where
(Pf)(x) = E[f(Xy)| Xo = z].
Formally speaking, the solution of this (operator valued) ODE is given by
P, = et
Hence, we should expect the semigroup to satisfy Kolmogorov’s forward equation

P,
—PL
at !

as well. To formulate this equation in terms of the transition density, we first need to define
some notation.

DEFINITION. The formal adjoint of £ is the second order partial differential operator L£*
defined by

£o=- Za ‘ vg) + Z 83:@81’3 (a9).

REMARK. Let (¢,¢)2 = [ ¢(x)(x)dx be the usual inner product on the space L? of
square-integrable functions on R™. Note that if ¢ and ¢ are smooth and compactly supported,
then

(6.£'0)12 = / D g + 30 Y - <aiﬂ‘w><x>] dr
[ [ o gL
— (L6 )1 |

by integrating by parts.

CramM (Kolmogorov’s forward equation/Fokker—Planck equation). The transition den-
sity p should satisfy the PDE

Op

E = Eyp

with initial condition

IDEA. Suppose ¢ is smooth and compactly supported. By Ito’s formula

P(Xe) = ¢(Xo) + /Ot(ﬁcb) (Xs)ds + M,
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where M is a local martingale. Since M is bounded on bounded intervals, M is a true
martingale and therefore

[ pttrpots =ota)+ [ [ pis.rt,oms
= o) + / t [ £ipts.en sy

by formal integration by parts. Now formally differentiate with respect to ¢. O
ExAMPLE. Consider the SDE
dX, =dW;, Xo==x

where W is a n-dimensional Brownian motion, so that X; = x + W;. Since the increments of
X are normally distributed, it is easy to see that in this case the transition density is given

by
1 ly — =
t — .
p(t,z,y) Gry? &P ( 5

Also, in this case, the generator is given by

where A is the Laplacian operator. Notice that £ = £* in this case. You should check that
the given density solves both of the corresponding Kolmogorov equations.

We now turn our attention to invariant measures. A probability measure p on R" is
invariant for the Markov process defined by the SDE

dX; = b(Xy)dt + o(Xy)dW,
if Xog ~ p implies X; ~ pu for all £ > 0.
CLAIM. Suppose p is a probability density and satisfies
Lp=0.
Then p 1s an tnvariant density.

IDEA. Let

ult.a) = [ Blo(X,)1Xo =]
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and suppose u satisfies the Kolmogorov equatlon = Lu. Then

/( d;z:—/gb dx—// x)ds ds
:/ /Eu(t,x)ﬁ(m)dx
// (t, ) £7p(x)dx

by Fubini’s theorem and integration by parts. 0

y=G(x)

xeR"

ExAMPLE. Consider the gradient system
dXt = —VG(Xt)dt + €th

where n =d, b = —VG, 0 = el and G : R" — R is a smooth, strictly convex function taking
its minimum at the unique point x*.
In the case where ¢ = 0, one can show that for all initial condition X, € R", we have

X; — 2" ast — oo.

What happens when € > 07
The generator in this case is

82
Lz—VG~V+5A

One can then confirm that that an invariant density is
]3(1’) _ Ce—ZG(x)/£2

where C' > 0 is the normalising constant.
In example sheet 3, you were asked to find a Gaussian invariant density for the Ornstein—
Uhlenbeck process, corresponding to the case G(z) = ||z||*/2.
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2. An application of stochastic analysis to PDEs. This section is not exam-
inable. Our goal is to see a probablistic approach to finding sufficient conditions on the
coefficients b and ¢ such that the PDE

0
5%2&@U@)=¢

has a solution. We have seen that if
u(t, z) = Elp(X,)[Xo = 2]

and if u s smooth, then u is a solution.
As a warm-up, suppose that n = 1, that b = 0, that 0 = 1 and hence X; = Xo + W;. In

this case
= / \/% )6722/2 d
u(t, T+ z z
( ) QS( \/2_71

Assuming ¢ is smooth with all derivatives bound, we have by integration by parts

tx /¢x+\/_z)\/22_;2
/d)x—i—\/_z

e~ ? /2
:EP@+W®

Viva

The important point is that even if ¢ is not smooth, the last equation makes sense whenever
t>0.

We will suppose that b and ¢ are smooth with bounded derivatives. This implies that
the SDE has a strong solution. We will also suppose that ¢ is bounded from below. What
we will see is that if

u(t, ) = E[o(X))]

where X7 is the SDE started at X = z, then for each (¢, x) there exists an integrable random
variable 7f such that

ou
=(t,2) = Elg(XF)n]
with similar statements for n > 1. In particular, the function u(¢,-) is differentiable even is
the bounded function ¢ is not differentiable.
To begin to see how to prove such a statement, we very briefly discuss Malliavin calculus.
Our setting is a probability space (2, F,P) supporting a Brownian motion W which generates
the filtration.

DEFINITION. A random variable ¢ is called smooth if there is smooth function F : R¥ — R
with all bounded derivative and 0 < ty < ... < t; such that

§: F(th - th . '7Wtk - Wtk—l)'

DEFINITION. The Malliavin derivative of a smooth random variable is a process D¢

defined by
k
oF
Di€ = Z P
i=1

— WtO’ ey Wtk - Wtkfl):ﬂ‘(ti—lyti](t)

89



The key property of the Malliavin derivative is the following integration by parts formula:

THEOREM. Suppose & is smooth and « is a simple predictable process. Then

E UOOO(Dtg)at dt} —E {g/ooo o th] .

k
= Z Kl )
=1

where K is bounded and F;, 1—measurable. Hence

PROOF. Suppose

E U (D) ey dt} EZ th — Wiy, s Wey, — Wa VK, (t — ti1)
0

=E Z F(th - th T Wtk - Wtk—1>Kti(Wti - Wtiﬂ)

=1

—5 ¢ [“aam].

where we have used the Gaussian integration by parts formula. O

It is the above integration by parts formula is what allows us to extend the definition of
the Malliavin derivative to a larger class of random variables. We skip the details, but the
idea is that this extended definition has the convenient property that

E MOO(Dtg)at dt] —E {g /Ooo o th] .

holds for all £ in the domain D of the derivative operator D and all « € L*(WW).
Now we turn our attention to the solutions of the SDE:

t t
X7 :x+/ b(Xf)ds—i—/ o(X7)dWs.

0 0
Let
oX}
ox
Differentiating the integral equation (assuming integration and differentiation can be inter-
changed) yields

Y=

t t
Y = 1+/ b (XT)YE ds—l—/ o' (XT)YZE dW.,.
0 0

On the other hand, computing the Malliavin derivative of both sides of the integral
equation yields

T t
D, X5 = / V(XT)D X7 ds + / o(X*)DXE dW, + o(X7)
t t

for 0 <t < T, from which we have

Y,
DiX7 = 2o
t
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In particular, we have the identity
Y/
o(XY)

(T oyr
= — D, X7dt.
T/o U<Xt) '

Y/i=—D X7 forall 0 <t <T

—(t,z) = E[¢/(XP)Y}]

[/W” an
S(XT)7]

1 [t ye®
7 = - W,
K t/off(X;c)W

This is called the Bismut-Elworthy-Li formula. This little calculation is just the beginning
of an interesting story.

where
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differentiablity of Brownian motion, 17 quadratic covariation, 49
Doléans-Dade exponential, 63 quadratic variation, 32
Doob’s inequality, 31 quadratic variation of Brownian motion, 38

quadratic variation, characterisation, 38
equivalent probability measures, 61

Radon—Nikodym theorem, 61
filtration, 20

finite variation, 37 simple predictable process, 38
finite variation and continuous, 46 stochastic exponential, 63
Frobenius norm, 73 stochastic integral, definition, 39, 41, 44, 48

strong solution of an SDE, 74
genarator of a Markov process, 83

Gronwall’s lemma, 77 Tanaka’s example, 74, 76

Haar basis, 15 u.c.p. convergence, 32
uniformly integrable, 26

isonormal process, 11 uniqueness in law of an SDE, 76

1t6’s isometry, 39

weak solution of an SDE, 74
Kolmogorov’s equation, 83 white noise, 12
Kunita—Watanabe identity, 50 Wiener’s existence theorem, 14

Kunita—Watanabe inequality, 49
Yamada—Watanabe, 78

Lévy’s characterisation of Brownian motion, 57
law of iterated logarithms, 19

Lipschitz, global, 79

Lipschitz, local, 77

local martingale, 25

Markov process, 82

Markov process, time homogeneous, 82
martingale, 20

martingale convergence theorem, 27
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