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PREFACE

These lectures originate with a course MZ taught at UC Berkeley
during the spring semester of 2003, notes for which LCE took in class.

In this presentation we have tried hard to work out the full details
for many proofs only sketched in class. In addition, we have reworked
the order of presentation, added additional topics, and included more
heuristic commentary.

We have as well introduced consistent notation, much of which is
collected into Appendix A. Relevant functional analysis and other facts
have been consolidated into Appendices B-D.

We should mention that two excellent treatments of mathematical
semiclassical analysis have appeared recently. The book by Dimassi
and Sjostrand [D-S] starts with the WKB-method, develops the general
semiclassical calculus, and then provides “high tech” spectral asymp-
totics. The presentation of Martinez [M] is based on a systematic
development of FBI (Fourier-Bros-lagolnitzer) transform techniques,
with applications to microlocal exponential estimates and propagation
estimates.

These notes are intended as a more elementary and broader intro-
duction. Except for the general symbol calculus, where we followed
Chapter 7 of [D-S], there is little overlap with these other two texts,
or with the early and influential book of Robert [R]. In his study of
semiclassical calculus MZ has been primarily influenced by his long
collaboration with Johannes Sjostrand and he acknowledges that with
pleasure and gratitude.

Our thanks to Faye Yeager for typing a first draft and to Hans Chris-
tianson for his careful reading of earlier versions of these notes. And
thanks also to Jonathan Dorfman for TeX advice.

We are quite aware that many errors remain in our exposition, and
so we ask our readers to please send any comments or corrections to us
at

evans@math.berkeley.edu zworski@math.berkeley.edu.

This Version 0.1 represents our first draft, the clarity of which we hope
greatly to improve in later editions. We will periodically post improved
versions these lectures on our websites.

LCE is supported in part by NSF grant DMS-0500452, and MZ by
NSF grant DMS-0200732.
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1. INTRODUCTION

1.1 Basic themes
1.2 Classical and quantum mechanics
1.3 Overview

1.1 BASIC THEMES

Our basic theme is understanding the relationships between dynam-
ical systems and the behavior of solutions to various linear PDE con-
taining a small positive parameter h.

Small parameters. Our principal source of motivation is quantum
mechanics, in which case we understand h as denoting Planck’s con-
stant. With this interpretation in mind, we break down our basic task
into these two subquestions:

e How and to what extent does classical dynamics determine the
behavior as h — 0 of solutions to Schrodinger’s equation

(1.1) ihOyu = —h*Au+ V (z)u,
and the related eigenvalue equation
(1.2) —h*Au+V(z)u = Eu?

e Conversely, given various mathematical objects associated with
classical mechanics, for instance symplectic transformations, how can
we profitably “quantize” them?

In fact the techniques of semiclassical analysis apply in many other
settings and for many other sorts of PDE. For example we will later
study the damped wave equation

(1.3) Otu + a(x)Ou — Au =0

for large times. A rescaling in time will introduce the requisite small
parameter h.

Basic techniques. We will construct in Chapters 2—4 a wide variety
of mathematical tools to address these issues, among them

e the apparatus of symplectic geometry (to record succintly the be-
havior of classical dynamical systems);

e the Fourier transform (to display dependence upon both the posi-
tion variables z and the momentum variables &);

e stationary phase (to describe asymptotics as h — 0 of various
expressions involving rescaled Fourier transforms);
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e pseudodifferential operators (to “microlocalize” estimates in phase
space).

1.2 CLASSICAL AND QUANTUM MECHANICS

In this section we introduce and foreshadow a bit about quantum
and classical correspondences.

eObservables. We can think of a given function a : R® x R" — C,
a = a(x,§), as a classical observable on phase space, where as above x
denotes position and & momentum. We will also call a a symbol.

Now let A > 0 be given. We will associate with the observable a, a
corresponding quantum observable a*(x,hD), an operator defined by
the formula

a® (z, hD)u(z) :=
(1.4) <2W1h)n / n / ety (x;%) uly) dédy

for appropriate smooth functions w.

This is Weyl’s quantization formula. We will later learn that if we
change variables in a symbol, we preserve the principal symbol up to
lower order terms (that is, terms involving high powers of the small
parameter h.)

¢ Equations of evolution. We are concerned as well with the evolu-
tion of classical particles and quantum states.

Classical evolution. Our most important example will concern the
symbol

p(@,8) = [Ef* + V(2),

corresponding to the phase space flow

% = 2¢
£=-0V.

We generalize by introducing the arbitrary Hamiltonian p : R” x R" —
R, p = p(x, &), and the corresponding Hamiltonian dynamics

X = afp(X’ E)

It is instructive to change our viewpoint somewhat, by firstly in-
troducing some more notation. Let us define ®; = exp(tH,) for the
solution of (1.5), where

H,q = {p,q}
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is the Poisson bracket. Set

(1.6) ay(z, &) = a(Py(x,§)).
Then
(1.7) %at = {p a:}.

This equation tells us how the symbol a evolves in time.

Quantum evolution: Now put P = p*“(z,hD), A = a"(x,uD), and
define

(1.8) Aji=en Ae'n
Then we have the evolution equation
d i
1.9 —A;, =[P A
( ) dt t h[ Y t]’

an obvious analog of (1.7).

Here then is a basic principle: any assertion about Hamiltonian dy-
namics, and so the Poisson bracket {-,-}, will involve at the quantum
level the commutator [+, -].

1.3 OVERVIEW

Chapters 2—4 and 8 develop the basic machinery, and the other chap-
ters cover applications to PDE. Here is a quick overview, with some of
the highpoints:

Chapter 2: We start with a quick introduction to symplectic geometry
and its implications for classical Hamiltonian dynamical systems.

Chapter 3: This chapter provides the basics of the Fourier transform
and derives also important stationary phase asymptotic estimates, of
the sort

io(zq)

I = (2mh)"Pdet O (a) |26 o0 26 ) 4 O (n°52)

as h — 0, for the oscillatory integral

i¢
1, ::/ eradz.

We assume here that the gradient 0¢ vanishes only at the point x.

Chapter 4: Next we introduce the Weyl quantization a®(z, hD) of
the symbol a(z, &) and work out various properties, among them the
composition formula

a’(x,hD) o b”(z,hD) = c“(x,hD),
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where the symbol ¢ := a#b is computed explictly in terms of a and b.
We will prove as well the sharp Garding inequality, stating that if a is
a nonnegative symbol, then

(a“(z, hD)u,u) > —Chlul3-
for all v and sufficiently small A > 0.

Chapter 5: This section introduces semiclassical defect measures, and
uses them to derive decay estimates for the damped wave equation

(02 + a(x)0, — A)u =0,

where a > 0, on the flat torus T".

Chapter 6: In Chapter 6 we begin our study of the eigenvalue problem
P(h)u(h) = E(h)u(h),

for the operator
P(h) == —h*A + V().

We prove Weyl’s Law for the asymptotic distributions of eigenvalues
as h — 0, stating for all a < b that

#{E(h) | a < E(h) < b}
(1.10)

(27;)“ (Vol{a < [¢[2 + V(z) < b} + o(1)),

where “Vol” means volume.

Chapter 7: Chapter 7 continues the study of eigenfunctions, first
establishing an exponential vanishing theorem in the “classically for-
bidden” region. We derive as well a Carlemann-type inequality

_c
[l L2y = e F [lu(h)]| 2@y

where £ C R™. This is a quantitative estimate for quantum mechanical
tunneling.

Chapter 8: We return to the symbol calculus. We introduce the useful
formalism of “half-densities” and use them to illustrate how changing
variables in a symbol affects the Weyl quantization. We introduce the
notion of the semiclassical wave front set and show how a natural lo-
calization in phase space leads to pointwise bounds on approximate
solutions. We also prove a semiclassical version of Beals’s Theorem,
characterizing pseudodifferential operators. As an application we show
how, on the level of order functions, quantization commutes with ex-
ponentiation.

Chapter 9: Chapter 9 concerns the quantum implications of ergod-
icity for our underlying dynamical systems. A key assertion is that if
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the underlying dynamical system satisfies an appropriate ergodic con-
dition, then

@rh)" Y

a<E;<b

2

(Auj, uj) —][ o(A)dxdé| — 0
{a<p<b}

as h — 0, for a wide class of pseudodifferential operators A. In this
expression the classical observable o(A) denotes the symbol of A.

Chapter 10: The concluding Chapter 10 explains how to quantize
symplectic transformations, with applications including local construc-
tions of propagators, LP bounds on eigenfuctions, and normal forms of
differential operators.

Appendices: Appendix A records our notation in one convenient lo-
cation, and Appendix B collects various useful functional analysis theo-
rems (with selected proofs). Appendix C is a quick introduction/review
of differential forms.

Appendix D discusses general manifolds and modifications our the
symbol calculus to cover pseudodifferential operators on manifolds.



2. SYMPLECTIC GEOMETRY

2.1 Flows

2.2 Symplectic structure on R?"
2.3 Changing variables

2.4 Hamiltonian vector fields

Since our task in these notes is understanding some interrelation-
ships between dynamics and PDE, we provide in this chapter a quick
discussion of the symplectric geometric structure on R® x R® = R?"
and its interplay with Hamiltonian dynamics.

The reader may wish to first review our basic notation and also the
theory of differential forms, set forth respectively in Appendices A and
C.

2.1 FLOWS

Let V : RY — R¥ denote a smooth vector field. Fix a point m € RV
and solve the ODE

(2.1) {m@) =V(m(t) (teR)

m(0) = m.

We assume that the solution of (2.1) exists and is unique for all times
teR.

NOTATION. We define
O,m = mf(t)
and sometimes also write
O, =: exp(tV).
We call {®;},er the exponential map.

The following lemma records some standard assertions from theory
of ordinary differential equations:

LEMMA 2.1 (Properties of flow map).

(i) Pom = m.

( ) (I)t—l-s == (IDt o} (I)

(iii) For each time t, ®; : RN — RN is a diffeomorphism.
(iv) (@)1 = .

2.2 SYMPLECTIC STRUCTURE ON R?*"
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We henceforth specialize to the even-dimensional space RY = R?" =
R™ x R™.
NOTATION. We will often write a typical point of R?" as
m = ($7 5)7
and interpret x € R™ as denoting position, & € R™ as momentum.

Alternatively, we can think of ¢ as belonging to TR", the cotangent
space of R™ at .

We let (-,-) denote the usual innner product on R", and then define
this new inner product on R?":

DEFINITION. Given two vectors u = (z,€), v = (y,n) on R?" =
R™ x R™, define their symplectic product

(2.2) o(u,v) = (& y) — (z,m).
Observe that
(2.3) o(u,v) = (u, Jv)

for the 2n x 2n matrix
0 -1
» (0 )

LEMMA 2.2 (Properties of o).

(i) o is bilinear.

(ii) o is antisymmetric.

(iii) o is nondegenerate; that is,

(2.5) if o(u,v) =0 for all v, then u = 0.

These assertions are straightforward to check.

NOTATION. Using the terminology of differential forms, reviewed in
Appendix C, we can write

(2.6) o=diNdr = d&; Ada;.
j=1
Observe also that

(2.7) o=dw for w:=~¢&dr = Zéjdacj.

j=1

2.3 CHANGING VARIABLES.
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Suppose next that U,V C R?" are open sets and
k:U—-YV

is a smooth mapping. We will write

K(z,€) = (y,n) = (y(z,8),n(z,£)).

DEFINITION. We call k a symplectomorphism if
(2.8) K'o =o.

We will usually write (2.8) as
(2.9) dn N dy = dé N dx.

NOTATION. Here the pull-back k* of the symplectic product is de-
fined by

(k7o) (u,v) = o(Ks(u), Ka(v)),
K, denoting the push-forward of vectors.
EXAMPLE 1: Lifting diffeomorphisms. Let
(2.10) P—

be a diffeomorphism, with nondegenerate Jacobian matrix
oy [0y
ox = \ox; ) .

We propose to extend (2.10) to a symplectomorphism

(z,8) = (y,n) = (y(z),n(z,£)),

by “lifting“ to the momentum variables. In other words, we want to
find a function 7 so that

dn N dy = dé A dx.

Now
{dn_de+ng,
N =

dy = A dx
for A := 8y , M = 8—” 82. Therefore

dpNdy = (M dx+ N d§) A (A dx)
= (Nd¢ENAdx)+ (M doe N Ado)
= (d¢ A (NTA)dw) + (de A (MT A)dz).
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We need to construct 1 so that both
(2.11) (i) NFA=1T and (ii) MT A is symmetric,

the latter condition implying, as we will see, that the term dzA(M?T A)dz
vanishes. To do so, let us define

(212) 0, €) = [(%)]s

T _
Then NT = <@> = (&) " and so (i) holds. A direct calculation

o€ ox
confirms (ii). Since M7T A is symmetric and dx; A dz; = 0 for all i, j,
we deduce that dn A dy = d§ A dx, as desired. 0

INTERPRETATION: This example will be useful later, when we
quantize symbols in Chapter 4 and learn that the operator

(2.13) P(h) = —h*A

is associated with the symbol p(z,&) = [£|*>. If we change variables
y = y(z), then we can ask how

transforms. Now 0, = (g—i)T 0, and so

Ax—<az,ax>—<(—ax) on.(52) o).
ay\" ay\ "
a o (2) a((2) ).

We will see later that this operator is associated with the symbol
W\, (o)
or) T\oz) "/

And this is consistent with the transformation (2.12) discovered in
Example 1.

Hence

Here is an instance of another general principle: “ if we change vari-
ables in a symbol, we preserve the principal symbol, modulo lower order
terms”. 0

EXAMPLE 2: Generating functions. Our next example demon-
strates that we can, locally at least, build a symplectic transformation
from a real-valued generating function.
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So suppose ¢ : R" x R" — R, ¢ = ¢(x,y), is smooth. Assume also
that

det(@iyqb(wo, Yo)) # 0.
Define
(2.14) £ =0u, n=—0y0,

and observe that the Implicit Function Theorem implies that (y,n) is
a smooth function of (z,&) near (zg, 0.0 (xo, yo)).

THEOREM 2.3 (Generating functions and symplectic maps).
The mapping Kk defined by

(2.15) (x,0:0(x,y)) — (y, —09,(x,y))

is a symplectomorphism near (o, &p).

Proof. We compute
dpNdy = d(—0,¢) Ndy
= [(=050dy) A dy] +[(=05,ddx) A dy]
since ;S is symmetric. Likewise,
dENdr = d(0,0) Adx
= (03¢ dx) A da] +[(92,6 dy) A da]
= —(0%,0)dx N dy = dn A dy.
0

TERMINOLOGY. The word “symplectic” means “intertwined” in
Greek and this nomenclature is motivated by Example 2. The generat-
ing function ¢ = ¢(x,y) is a function of a mixture of half of the original
variables (z, &) and half of the new variables (y, 7).

APPLICATION: Lagrangian submanifolds. A Lagrangian sub-
manifold A of R*" is defined by the property that
CT’A =0.
Then
dw|A = UlA =S O;
and so
w = do
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according to Poincaré’s Theorem C.3. We will exploit this observation
in Section 10.2. O

2.4 HAMILTONIAN VECTOR FIELDS

DEFINITION. If f € C~(R?*"), we define the corresponding Hamil-

tonian vector field by requiring

(2.16) o(u, Hy) = df (u).

This is well defined, since o is nondegenerate. We can write explicitly
that

(2.17) Hy = (0 f,02) = (0uf, O¢) = Zag IJ_af

Oe; .

LEMMA 2.4 (Differentials and Hamiltonian vector fields). We
have the relation

(2.18) df = —(Hy o),
for the contraction _ defined in Appendix C.

Proof. We calculate for each vector u that
(Hydo)(u) = o(Hy, u) = —o(u, Hy) = —df (u).
O
DEFINITION. If f,g € C*(R?"), we define their Poisson bracket

(219) {f7g} = Hfg:O-(HfaHg>‘
That is,

af o af o
(2.20)  {£.0} = (O], 0u9) — (0., Oeg) = Z%%—%f%

LEMMA 2.5 (Brackets and commutators). We have the indentity
(2.21) Hypgy = [Hy, Hy).

Proof. Calculate. 0
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THEOREM 2.6 (Jacobi’s Theorem). If k is a symplectomor-
phism, then

(2.22) K*(Hy) = Hypey.

In other words, the pull-back of a Hamiltonian vector field generated
by f is the Hamiltonian vector field generated by the pull-back of f.

Proof.
K'(Hf)do = K'(Hy) Ko
= K'(Hylo)
= —k'(df) = —d(k"[)
= Hy-5lo.
Since ¢ is nondegenerate, (2.22) follows. O

EXAMPLE. Define k = J; so that k(x,&) = (=&, ). We will later
in Section 10.2 interpret this transformation as the classical analog of
the Fourier transform.

Observe that k a symplectomorphism, since

d¢ N dx = dx N d(=E).
We explicitly compute that

Hf = <aff7 a:c> - <8xf7 a§>
= <azf7 a—£> - <a—§f= aﬂc> = Hﬂ*f‘
[

THEOREM 2.7 (Hamiltonian flows and symplectomorphisms).
If f is smooth, then for each time t, the mapping

(2, &) = @y (2, §) = exp(tH(z,£))

15 a symplectomorphism.

Proof. According to Cartan’s formula (Theorem C.2), we have
4
dt

Since do = 0, it follows that

d
(®)0) = d(~df) =~ =0
Thus (®;)*c = o for all times t. O

((®)*0) = Ly,0 = d(Hy do) + (Hy Jdo).
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THEOREM 2.8 (Darboux’s Theorem). Let U be a neighborhood
of (0,0) and suppose 1 is a nondegenerate 2-form defined on U, satis-

fying

dn = 0.
Then near (0,0) there ezists a diffeomorphism k such that
(2.23) K'n=o0.

INTERPRETATION. The assertion is that, locally, all symplectic
structures are identical, in the sense that all are equivalent to that
generated by o. 0
Proof. 1. We first find a linear mapping L so that

L*n(0,0) = ¢(0,0).
This means that we find a basis {eg, fx}7_, of R*" such that

n(fi,er) = O
n(ex,e) =0
n(fkafl) =0

forall 1 <k, 0 <n. Thenifu=73"", ze;+&ifi, v=">2""_, yje; +n;fj,
we have

n(u,v)

= wygnlen e;) + Emn(fi, ;) + wmjo(es, [;) + Syio(fire;)

— (6,9) — () = o(u,v).

2. Next, define 7, :=tn+ (1 —t)o for 0 <t < 1. Our intention is to
find k; so that k;n, = o near (0,0); then k := K; solves our problem.
We will construct &; by solving the flow

mezwmw» (0<t<1)

(2.24) m(0) = m,

and setting k; := ;.
For this to work, we must design the vector fields V; in (2.24) so that
(kim:) = 0. Let us therefore calculate

d * * d *
E("”tﬁt) = Kk (%nt> + ki Ly,my

4
di

= K;[(n—o)+d(V,dn) + Vi Jdny],

where we used Cartan’s formula, Theorem C.2.



17

Note that di, = tdn + (1 — t)do. Hence %(k;n,) = 0 provided
(2.25) (n—0o)+d(Vidm) =0.
According to Poincaré’s Lemma, Theorem C.3, we can write
n—o=da near (0,0).
So (2.25) will hold, provided
(2.26) Vidn = —« (0<t<1).

Using the nondegeneracy of  and o, we can solve this equation for the
vector field V. O
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3. FOURIER TRANSFORM, STATIONARY PHASE

3.1 Fourier transform on S

3.2 Fourier transform on &'

3.3 Semiclassical Fourier transform

3.4 Stationary phase in one dimension

3.5 Stationary phase in higher dimensions
3.6 An important example

We discuss in this chapter how to define the Fourier transform F and
its inverse F~! on various classes of smooth functions and nonsmooth
distributions. We introduce also the rescaled semiclassical transforms
Fn, Fy, ! depending on the small parameter h, and develop stationary
phase asymptotics to help us understand various formulas involving Fj,
in the limit as h — 0.

3.1 FOURIER TRANSFORM ON &

We begin by defining and studying the Fourier transform of smooth
functions that decay rapidly as |z| — oo.

DEFINITIONS (i) The Schwartz space is
S=SR") :=
{p € C*(R") | sﬂgp 12°0°p| < oo for all multiindices o, 3}.
(ii) We say
$; —¢ inS
provided
sup 2°0”(¢; — ¢)| — 0

for all multiindices «, (.
DEFINITION. If ¢ € S, define the Fourier transform

(31)  Foe) = d(e) = / cCO(a)dr (€ €RY).

n

The Fourier transform JF in effect lets us move from the position
variables & to the momentum variables &.

EXAMPLE: Exponential of a real quadratic form.
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LEMMA 3.1 (Transform of a real exponential). Let A be a real,
symmetric, positive definite n X n matriz. Then

n/2

—(Azaz)yy _ T —Lia-tee
. Fle ) = gy
We can of course replace A by %A, to derive the equivalent formula
—LAzz)\ _ (27T)n/2 —Lia-1ee
(33) f(e 2 >) = We 2 >,

which we will need later.

Proof. Let us calculate

Jf(e—(Aa:,x)) — / e (Az,z)—i(x, d$

R

B / e~ (A0, o 458 - H A0 gy
R
_ kA 1&5)/ ) gy,

We compute the last integral by making an orthogonal change of
variables that converts A into diagonal form diag(\, ..., ;). Then

/ €_<Ay’y>dy — / e—zzzlkkwi dw:H/ e—Aszdw
L /°° 2
- T [
1/2
k=1 >\k -

n/2

3

T 7.(.n/2

(A1 An)i/2 - (det A)172°

THEOREM 3.2 (Properties of Fourier transform).
(i) The mapping F : S — S is an isomorphism.
(ii) We have

1
(3.4) Fl= = 2 Ro F,
where Rf(z) := f(—x). In other words,
1 )
(35 F) = o [ e as
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and therefore

(3:6) o) = gz [ @90 de
(iii) In addition,
(3.7) D¢ (Fo) = F((—x)"¢)
and
(3.8) F(D3¢) = £ Fo.
(iv) Furthermore,
3.9) F(o0) = e F10) * F0)

REMARKS. (i) In these formulas we employ the notation from Ap-
pendix A that

1
2 (03
(ii) We will later interpret the Fourier inversion formula (3.5) as saying
that

1 .
(3.11) 5{y=x} — (27r)n/ ez(x—yyﬁ) dé’ in Sl,
Rn
0 denoting the Dirac measure. 0

Proof. 1. Let us calculate for ¢ € § that

Dg(Fo) = D¢ /IR" 6_i<$’§>q§(w) dr = — e_i@’@(—ix)a(b(x) dx

Likewise,

FDz0) = [ e Dtods = (-1)F [ e s

R
1 s\ —i(T «
= ([ i 0o ds = ¢ (Fo),
R”L
This proves (iii).
2. Recall from Appendix A the notation
() = (14 |2]*)2.
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Then for all multiindices «, 3, we have

sgplé‘ﬁD?cEI = Sgpléﬂf((—x)%)!

= sup [F(DI((—2)¢)]

= sup
3

< swp (o) DYoo)l [ S <o
Hence 7 : § — &, and a similar calculation shows that ¢; — ¢ in S
implies F(¢;) — F(¢).
3. To show F is invertible, note that
Ro}"o]—"oij = RoFoMgoF
= Ro(=D,,)oFoF
= Dy 0oRoFolF,

where M¢,; denotes multiplication by £;. Thus R o F o F commutes
with D, and it likewise commutes with the multiplication operator
M,. According to Lemma 3.3, stated and proved below, Ro F o F is
a multiple of the identity operator:

[ e i+1< 1 D(~a)°0) do

(3.12) RoFoF =cl.
From the example above, we know that
ﬂe-"”z‘ ) = (2m)"2e

Thus F(e _ET) (2m)"2e~ 2. Consequently ¢ = (27)", and hence

1
-1 _
F = (Qﬂ)nRO}—'

4. Lastly, since

T) = ! i) g ) = 1 pRICEOM)
o) = o / D) de. vle) = s [ i) dn

<
<-
Il
H
i
+
3
%>
€>
—
=
~—
S8
I
S
3

Il
—~
[\
3
S~—
o
N]
3\
@
>
VR
=
3
<
—~
i
SN—
<
—
e}
2%
SN—
=N
e}
~_
Iy
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But ¢vp = F1F(¢)), and so assertion (iv) follows. O

LEMMA 3.3 (Commutativity). Suppose L : S — S is linear, and

(3.13) LoMy=MyoL, LoD,; =D, 0oL
forAeRand j=1,...,n. Then
L=cl

for some constant c, where I denotes the identity operator.

Proof. 1. Choose ¢ € S, fix y € R", and write

n

o) = dy) = Y (w5 — y;)v(x)

Jj=1

for
() :=/0 bu,(y + t(z —y)) dt.

Since possibly 1; ¢ S, we select a smooth function y with compact
support such that xy = 1 for x near y. Write

6,10 = x(ay(o) + = = x()ote)
Then
(3.14) o) — o) = 3oy~ 1,)6,()
with ¢, € S. .

2. We claim next that if ¢(y) = 0, then L¢(y) = 0. This follows
from (3.14), since

Lo(x) = (x5 —y;)Le; =0
j=1
at z =y.
Therefore Lo(z) = c(x)¢(x) for some function c¢. Taking ¢(z) =
e 17 we deduce that ¢ € C*°. Finally, since L commutes with differ-
entiation, we conclude that ¢ must be a constant. O
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THEOREM 3.4 (Integral identities). If ¢, € S, then

(3.15) o dr = [ ¢ dy

R7 R7
and

_ 1 AT
3.16 de = —— d€.
(3.16) [ opde= g | 6 de
In particular,

o L a0

(317) 613 = s IOl

Proof. Note first that

b dv = ~i@y) d) d
[Gvie = [ ([ o) i) vie) ao

= [ (Lot ac) ot dy= [ oy
Replace ¢ by 1/:) in (3.15):

o dg= [ ¢()" du.
Rn Rn
But ¢ = [, e®99(x) do = (2m)"F () and so ()" = 2m)). O
We record next some elementary estimates that we will need later:

LEMMA 3.5 (Useful estimates).
(i) We have the bounds

(3.18) [all e < flullzs
and
1

3.19 o < ——||a|z1.
(3.19) Jull= < rsslalls

(ii) There exists a constant C' such that
(3.20) lal <C sup [%ullus

|a|<n+1

Proof. Estimates (3.18) and (3.19) follow easily from (3.1) and (3.6).
Then

all = [al(e)" )™ dg < Cs%p(|ﬁ|<€>”“)

Rn

< C swp [ =C sup [(0°w)'|<C sup [9ullps.
lal<n+1 la<n+1 la<n-+1
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This proves (3.20). O

We close this section with an application showing that we can some-
times use the Fourier transform to solve PDE with variable coefficients.

EXAMPLE: Solving a PDE. Consider the initial-value problem

du = x0yu+ ?u  on R* x (0,00)
U = O(z0.40) on R? x {t = 0}.

Let @ := Fu denote the Fourier transform of u in the variables z,y
(but not in ¢t). Then
(0 +nd¢)u = —&a.
This is a linear first-order PDE we can solve by characteristics:
At E+tmm) = @0, m)e P&
2 2_ 23
= a0, m)e s
_ ﬁ((),f,n)e*%wt(é’”)’(g’”»

2t 12
B = (t2 E) :
3
Furthermore, 4(0,&,n) = 0oy Taking F!. we find
u(t, T,y — 12) = O(ng.y) * F (e 2P EMEM))

for

J— 2 — — —_— 2
o7rt3 t 12 t3
and hence
u(t, z,y)
_ V3 (w0’ B m)y e —yo) Byt =)y
o3 t 1z t3

l
3.2 FOURIER TRANSFORM ON &'

Next we extend the Fourier transform to &', the dual space of S. We
will then be able to study the Fourier transforms of various interesting,
but nonsmooth, expressions.

DEFINITIONS.

(i) We write &' = S'(R") for the space of tempered distributions,
which is the dual of §. That is, u € &’ provided u : § — C is linear
and ¢; — ¢ in S implies u(¢p;) — u(¢).
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(ii) We say
u; —u inS'
if
uj(¢) — u(¢p) forall p €S.

DEFINITION. If u € &, we define
D%, 2%, Fu e 8’
by the rules
Du(¢) = (=1)"u(D)
(zu)(¢) = u(z®¢)
= u(Fo)
for ¢ € S.

EXAMPLE 1: Dirac measure. It follows from the definitions that
do(¢) = do(¢) = $(0) = [ ¢ du.
Rn

We interpret this calculation as saying that
(3.21) 0p=1 inR"
O

EXAMPLE 2: Exponential of an imaginary quadratic form.
The signature of a real, symmetric, nonsingular matrix () is

sgn () := number of positive eigenvalues of ()
(3.22)

— number of negative eigenvalues of Q).

LEMMA 3.6 (Transform of an imaginary exponential). Let )
be a real, symmetric, nonsingular n X n matriz. Then
(27)/2e T sEn(@)

e 3(Q716)
|det Q['/2 '

(3.23) Va (eé@z,w) _

Compare this carefully with the earlier formula (3.3). The extra
phase shift term €7 8" in (3.23) arises from the complex exponential.



26

Proof. 1. Let € > 0, Q. :== Q + eil. Then
F (e%<QEIE,x)> — / e%(Qéx,z)fi(x,g) dr

= /6;‘(626(»@—@615)7x—Q61£>€—;<Q615,§>dx

= e;<Q61§,s>/ e2(Qvv) gy

Now change variables, to write @) in the form diag(\, ..., \,), with
A, A > 0and Ayq, ... Ay < 0. Then

/ €%<Qey7y) dy:/ ezzzlé(ixk—e)wi dw:H/ 6%(1',\,€_6)w2 dw.
n n k‘=1 — o0

2. If 1 <k <r, then \; > 0 and we set z = (e — i\;)"/?w, and we
take the branch of the square root so that Im(e —i\,)"/2 < 0. Then

> l(i)\k—é)w2 dw = 1 / _2 d
2 = — 2
/Ooe w EWIE er 2,

for the contour I';, as drawn.
22 —22 .
Since e~z = ¢ 2z ¥ and 22 > y? on I'y, we can deform I'; into
the real axis.

Hence

22 0 .132
/ e 2dz = / e z2dx = V2.
Tk -

o0

Thus

. > L —e)w? r : 1
H/ e dw = m)” | 57
k=1~ k=1 k
Alsofor 1 <k <r:
1 1 e

1. = pu—
oo+ (€ — i) 1/? (_i)1/2)\’1€/2 )\Ilc/2’

since we take the branch of the square root with (—i)/? = e=i"/4.

3. Similarly for 7 + 1 < k < n, we set z = (e — i\;)"/?w, but now
take the branch of square root with Im(e —i)\;)!/? > 0. Hence

- OO Liiag—e)w? _ e 1—

k=r4+1" k=r+1
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and forr+1<k<n
y 1 1 e T
im = =
e—0t (€ —iA)V2  (=iNg)V2 AV

since we take the branch of the square root with /2

— €7,
4. Combining the foregoing calculations gives us

F(¢409) = i (o100

e—0
(27)/2 T (r=(n=r))
Mho - A1/
(@-1eg (2m) e T 80
|det @[/

— 3@

i
= e 2

3.3 SEMICLASSICAL FOURIER TRANSFORM

We will later need for h > 0 the semiclassical Fourier transform

(3.21) €)= Faol)i= [ e He9o(a) ds
and its inverse

(3.25) Fol() = —

i L et de
We record for future reference some formulas involving the parameter
h:

THEOREM 3.7 (Properties of semiclassical Fourier trans-
form). We have

(3.26) (hDe)* Frn¢p = Fu((—)%9),
(3.27) Fn((hDq)*) = & Fuo,
and
1
(3.28) ¢l = W||fh¢||m-
Consequently

1 i o

(3.29) Oymn) = @y / ) en™vE ¢ in 8.

The reader should compare this identity with the unscaled form (3.11).
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THEOREM 3.8 (Uncertainty principle). We have

h
(3.30)  Slfllee 1 Fnfllce < llwj fllez 1€ Fnfllz (G =1,--- ).

The uncertainty principle in its various guises limits the extent to
which we can simultaneously “localize” our calculations in both the x
and £ variables.

Proof. To see this, note first that
§iFnf (&) = Fu(hDy, f).
Also, if A, B are self-adjoint opertors, then
1
Im{Af, Bf) = o.(|B, Alf, f).
Let A= hD, B = x. Therefore

(e, hDIf = 2(n,0f) — e f)] = inh .
Thus
stz NEFf e = Nl lee | FalhDe, Pllzo
(k)22 12 [0 Dz, fll o
(@xh)"2|(hD,, 5 f)
(k)| Tn(hD,, ;1)

wh)"/?
BT (e, ., )1, )

(27rh)”/2

I ARV

——hllf 7

= §||f||L2 [ Fnfllz2-

3.4 STATIONARY PHASE IN ONE DIMENSION

Understanding the right hand side of (3.24) in the limit A — 0
requires our studying integral expressions with rapidly oscillating inte-
grands.

We start with one dimensional problems.

DEFINITION. Define for h > 0 the oscillatory integral

(3.31) I = Ii(a, ¢) = /00 elfadx

—00



29

where a € C®(R), ¢ € C*(R).

LEMMA 3.9 (Rapid decay). If ¢’ # 0 on K :=spt(a), then
(3.32) I, =0(h™) ash— 0.
NOTATION. The identity (3.32) means that for each positive integer

N, there exists a constant Cy such that
(3.33) 1| < CyRY forall 0 < h < 1.

Proof. We will in effect integrate by parts N times to achieve (3.33).
For this, observe that the operator

h 1
Xk
is defined for z € K, since ¢’ # 0 there. Notice also that

L <6%> = e%.

Hence LV (/") = ¢¢/h for N =1,2,.... Consequently

|Ih| - '/ LN (e%) a dx — '/ ei¢/h(L*>Na d.I

L* denoting the adjoint of L. Since a is smooth, L*a = —%&E (%) is
of order h. Therefore we deduce that |I,| < Cyh?. O

L=

Y

THEOREM 3.10 (Stationary phase asymptotics). Leta € C°(R).
Suppose xo € K = spt(a) and

gb,(l’o) = O, ¢,/<I0) 7é 0
Assume further that ¢'(x) #0 on K — {xo}.

(i) Then there exist for k =0,1,... differential operator Asy(z, D), of
order less than or equal to 2k, such that for each N

N-1
I, — (Z Ao (, D)a(xg)h’”é) en®(®)

k=0

(3.34)
< OyhNtz Z sup |a{™].

0<m<2N42 R

(i) In particular, we see that

(3:35) Ag = (2m) 216" (o) |26 T o8 o),
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and consequently
(336) Ih — (zﬂh)1/2‘¢//<x0)‘71/26%" Sgn¢//(x0)e

as h — 0.

z‘¢(hro) a(xo) 4 O(h3/2)

We will provide two proofs of this important theorem.

First proof of Theorem 3.10. 1. We may without loss assume zy = 0,
#(0) = 0. Then ¢(x) = Ld(x)a?, for

— 2
1
O(z) = 2/ (1 —1t)¢"(tz) dt.
0
Notice that ®(0) = ¢”(0) # 0. We change variables by writing
y = |®(x)[e
for  near 0. Thus
=l ate—y =0

Now select a smooth function xy : R — R such that 0 < y < 1,
X = 1 near 0, and sgn ¢"(z) = sgn ¢”(0) # 0 on the support of x. Then
Lemma 3.9 implies

i¢(x) g

I, = / e h X(:L’)a(a:)dx—i-/_ e n (1—x(x))a(z)dx

o0

B / 3 u(y) dy + O(h™),

for € := sgn ¢"(0) = £1, u(y) := x(x(y))a(z(y))| det Oyx|.

2. Note that ez¥” = (e 2a%")~1. Also, the Fourier transform formula
(3.23) tells us that

F <e) — (2nh) e T e

Applying (3.16), we see that consequently
h 1/2 iTE > i€ 2
I = <—) 64/ e~ a(€) de + O(h™).
2m oo
The advantage is that the small parameter h, and not h~!, occurs in

the exponential.
Next, write
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Then
0 ieng? ie€?
Ond (h,u) = / e 2 —Tu(g) d¢ = J(h, Pu)
for P := —%602. Continuing, we discover
ok J(h,u) = J(h, P*u).

Therefore

F

J(O PFu) + h—RN(h u),

Pr|b
-

>
I
o

for the remainder term
~(h,u) N/ YN (th, PN u) dt.

Thus Lemma 3.5 implies

|Ry| < Cnl[PNullpr < Cy > sup |0F(PVu)).

o<k<2 “

The second proof of stationary phase will employ this

LEMMA 3.11 (More on rapid decay). For each positive integer
k, there exists a constant C), such that

/ ewf(zx)a(x) dz| < CphF Z sup(|a™||¢'[™2F).

0<m<k
This inequality will be useful at points  where ¢'(z) is small, pro-
vided a™(z) is also small.

(3.37)

Proof. The proof is an induction on k, the case k = 0 being obvious.
Assume the assertion for £ — 1. Then

* h [ io\/
/ eta de = —,/ (eﬁb) gal:z:
1) 104

—00 [e.9]

for



32
By the induction hypothesis,

'/ e%a dx

< h

< Gkt 37 sup(fa™lg )

0<m<k—1
< CphF Y sup(la™]]| ™).
0<m<k

O

Second proof of Theorem 3.10. 1. As before, we may assume xy = 0,
#»(0) = 0. Then

¢'(z) = ¢"(0)x + O(a?).
Therefore
|z < [¢"(0)] 7' (x) + O(?)] < 2]¢"(0)| [ ()]

for sufficiently small z. Consequently,

x
is bounded near 0.
¢'(z)
Hence if [a/™)| < C|z|>*M =™ for m = 0,..., N, Lemma 3.11 implies
(3.39) / efad| < ChY Y sup(ja®™)||¢/™2Y)
o 0<m<nN *
T 2N—m
N N
< oV Yy 7 = O(h").
0<m<k
2. Return now to our integral
I :/ e%a dzx.
We write
2N (k) 0
a
GZZ /{'( )xk+a2N,
k=0
where
(3.39) |aé§r\b])| < Clz*™™™  form=0,...,N.
Then

2N

* ®) (0 g *
/_Ooe'?adxzzak!( )/ e gk dx+/ G%CLQN dx.

k=0 oo o0
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Estimates (3.39) and (3.38) demonstrate that the last term is O(hY)
as h — 0. O

3.5 STATIONARY PHASE IN HIGHER DIMENSIONS

We turn next to n-dimensional oscillatory integrals.
DEFINITION. We call the expression

(3.40) I = Ii(a, ¢) = / et ady

an oscillatory integral, where a € C2(R™), ¢ € C°(R").

LEMMA 3.12 (Rapid decay again). If 9¢ # 0 on K := spt(a),
then

I, = O(h™).

In particular, for each positive integer N
(3.41) |In] < CRN Y~ sup |0°al,

jal<n

where C' depends on K and n only.

Proof. Define the operator
h 1

e

0¢,0)

for x € K, and observe that

i® ¢
L(eh) =eh.
id

Hence LY <e%> = e . Consequently
N[ @ ra\N
L (eh)adx er (L") a dx

DEFINITION. We say ¢ : R®™ — R has a nondegenerate critical point
at xg if

|Ip| = < ChV.

0

d¢(xg) = 0, det P(x) # 0.

Next we change variables locally to convert the phase function ¢ into
a quadratic:
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THEOREM 3.13 (Morse Lemma). Let ¢ : R* — R be smooth, with
a nondegenerate critical point at xo. Then there exist neighborhoods U
of 0 and V' of xg and a diffeomorphism

k:V—-=U
such that

(342) (6o )(w) = dlw) + (a4 4k~ — ),

where r is the number of positive eigenvalues of 0*¢(xy).

Proof. 1. As usual, we suppose zg = 0, ¢(0) = 0. After a linear change
of variables, we have
Tt e —any o = 2) + Ol f);

and so the problem is to design a further change of variables that
removes the cubic and higher terms.

2. Now

1
1
o) = [ (= tPGFolte) dt = 5 (o, Qo))
0
where
2 (I O
0 -0~ (g %)
We want to find a smooth mapping A from R" to M"™*" such that
(3.43) (A(2)r, QO)A(x)z) = (v, Q(x)a).
Then
Kk(z) = A(x)x
is the desired change of variable.
Formula (3.43) will hold provided
(3.44) AT(@)Q(O0)A(x) = Q(a).
Let F': M™"™ — S™*" be defined by
F(A) = ATQ(0)A.
We want to find a right inverse G : S™*™ — M"™ " so that
FoG=1 near Q(0).
Then

will solve (3.44).



35

3. We will apply a version of the Implicit Function Theorem (Theo-
rem B.7). To do so, it suffices to find A € L(S™" M"*™) such that

OF(I)A=1.
Now
OF(I)(C) = CTQ(0) + Q(0)C.
Define
A(D) = 2Q(0) "D

for D € S**". Then
OF()A(D) =

THEOREM 3.14 (Stationary phase asymptotics). Assume that
a € CX(R™). Suppose xp € K :=spt(a) and

d¢(xo) = 0, det @ (xo) # 0.
Assume further that 0p(x) # 0 on K — {xg}.

(i) Then there exist for k =0,1,... differential operators Asy(x, D) of
order less than or equal to 2k, such that for each N

N-1 ]
[h — <Z Agk(l', D)CL(iCo)thrg) ew(hO) ‘

k=0

(3.45)
< Cyh*3 9°al.
< Cn Z sﬂg)\ al

|| <2N4n+1

(ii) In particular,

(3.46) Ay = (27m)"?|detd?p(xg)| 2T En %0 (0),

and therefore

I, =
347 im ip(x n+2
(3.47) (27rh)"/2|det82¢(x0)|_1/267Sg“a%(wo)e%a(xo) +0 (h%>

as h — 0.
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Proof. Without loss xy = 0, ¢(x¢) = 0. Introducing a cutoff function y
and applying the Morse Lemma, Theorem 3.13, and then Lemma 3.12,
we can write

I :/ e a dr :/ e+ @)y da + O(h™),

o=(, %)

and u is smooth. In this expression the upper indentity matrix is
r x r and the lower identity matrix is (n — r) x (n — r). Note that
sgn @ = sgnd?¢(zo) and |det@| = 1. Hence the Fourier transform
formulas (3.23) and (3.16) give

™ wma [ B0t
I, = o et e 2 Sa(€) dE.
T R™

J(h,u) = / e~ Q€04 (¢) de;

where

Write

for
(3.48) pi= —%(Q—lpz, D).
Therefore
N-1opp ) BN
J(h,u) = HJ(O’P u) + ﬁRN(h u),
k=0
for the remainder term
~(h,u) N/ YN (th, P™u) dt.

Then Lemma 3.5 implies

|Ry| < Cy||PVullp < Cy sup  |0%al.
|| <2N+n+1

3.6 AN IMPORTANT EXAMPLE.
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In Chapter 4 we will be primarily interested in the particular phase
function

(3.49) o(x,y) = (z,9)

on R2?":

THEOREM 3.15 (A simple phase function). Assume that a be-
longs to C(R*"). Then for each postive integer N, we have

/ e+ Y a(z,y) dedy =
R2n
(3.50)

N-1

(2mh)"/? (Z % (<D2—Dy>> a(0,0) + O(hN)> .

k=0

REMARK. It will be convenient later for us to rewrite this identity
in the form

/ e Yz, y) dedy
R2n

~ (2mh)"/2e=h{P=Dv) (0, 0).

(3.51)

Proof. We write (z,y) to denote a typical point of R?", and let

O I
@=- (1 0) ‘
Then Q - Q_17 |detQ‘ = 17 SgH(Q) = 0 and Q(-flf,y) = (_y7 —l’).

Consequently $(Q(z,y), (z,y)) = —(z,y). Furthermore the operator
P, introduced at (3.48) in the previous proof, becomes

1

l

A
. 1 F
J(0, P*a) = / e"h@’m((;(Dx,Dy)) a> d&dn
R2n

(PN
P = =5(Q7 Doy, D) = (D, D).

Hence
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REMARK. We can similarly write
/ 2 (@710 o (2 da

B2, .
~ (2_) 6% sgnQ|detC2’1/2ezh<QD,D>a(0)7
™

if ) is nonsingular and symmetric.

(3.52)
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4. QQUANTIZATION OF SYMBOLS

4.1 Quantization formulas
4.2 Composition

4.3 General symbol classes
4.4 Operators on L2

4.5 Inverses

4.6 Garding inequalities

The Fourier transform and its inverse allow us move at will between
the position z and momentum ¢ variables, but what we really want is
to deal with both sets of variables simultaneously. This chapter there-
fore introduces the quantization of “symbols”, that is, of appropriate
functions of both x and &. The resulting operators applied to functions
entail information in the full (z,£) phase space, and particular choices
of the symbol will later prove very useful, allowing us for example to
“localize” in phase space.

The plan is to introduce quantization and then to work out the re-
sulting symbol calculus, meaning the systematic rules for manipulating
symbols and their associated operators.

4.1 QUANTIZATION FORMULAS

NOTATION. For this section we take a € S = S(R*), a = a(x,§).
We hereafter call a a symbol.

DEFINITIONS.
(i) We define the Weyl quantization to be the operator a"(z, hD)
acting on u € S(R™) by the formula

a’(z, hD)u(z) :=
(4.1) (273;1)“ / n / ne%@*y’% (x; y,g) u(y) dydg.

(ii) We define also the standard quantization

(27r1h)n /n /n e%(x—y,f)a(x,f)u(y) dydg

(4.2) a(x,hD)u(x) =

forueS.
(iii) More generally, each 0 <t < 1, we set

Op, (a)u(z) =

(4.3) 1 £y,
(2mh)" /n /neh< Yate + (1~ t)y, E)uly) dydg

foru e S.
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NOTATION. We will often for notational simplicity just write “Op(a)”
for Op, j(a). Therefore

Op(a) = a“(x,hD).

EXAMPLES:
(i) If a(z, &) = £, then
Op,(a)u = (hD)%u (0<t<1).

(ii) If a(z,&) = V(x), then
Op,(a)u =V (z)u (0<t<1).
(iii) If a(x, &) = (x,&), then
Op;(a)u = (1 — t)(hD, zu) + t{x, hDu) (0<t<1).
(iv) If a(z, &) = 370 j<n Ga(x)€” and ¢ = 1, then
a(z,hD) = Y aa(z)(hD)u.

la]<N

These formulas follow straightforwardly from the definitions.

THEOREM 4.1 (Schwartz class symbols). Ifa € S, then Op,(a)

can be defined as an operator mapping S’ to S; and furthermore
Op;(a) : 8" — S 0<t<1)

1S continuous.

Proof. We have

Op(a)u(z) = . K(z,y)uly) dy
for the kernel
K(z,y) := (27r1h)” /n e%<x_y’5>a(tx + (1 —t)y, &) dE

Thus K € §, and so
Op,(a)u(z) = u(K(z,-))

maps S’ continuously into S. U
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THEOREM 4.2 (Adjoints). Assumea € S
(i) We have
Op(a)” = Op,(a)  (0<t<1).
(ii) Consequently,
a“(z,hD)* = a”(x,hD) if a is real.

In particular, the Weyl quantization of a real symbol is self-adjoint.

Proof. The kernel of Op,(a)* is K*(z,y) := K(y,x), which is the kernel
of Op,_,(a). O

We next observe that the formulas (4.1)-(4.3) make sense if a is
merely a distribution:

THEOREM 4.3 (Distributional symbols). If a € &', then Op,(a)

can be defined as an operator mapping S to S’; and furthermore
Op;(a) : § = &' (0<t<1)

1S continuous.

Proof. The formula for the distibutional kernel of Op,(a) shows that
it is an element K of &'(R™ x R™). Hence Op,(a) is well defined as an
operator from S to S: if u,v € § then

(Opi(a)u)(v) == K(u®v).

4.2 COMPOSITION

We begin now a careful study of the properties of the quantized
operators defined above. Our particular goal in this section is showing
that if a and b are symbols, then there exists a symbol ¢ = a#b such
that

a’(x,hD) o b (z,hD) = c“(x,hD).

4.2.1 Linear symbols. We begin with linear symbols.

LEMMA 4.4 (Quantizing linear symbols). Fiz (z*,£*) € R* and
define the linear symbol

(4.4) l(x,€) == (2", x) + (£, €).
Then
(4.5) Op,(Du = (2", x)u+ (£, hD)u 0<t<1).
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NOTATION. In view of this result, we hereafter write I(x, hD) for
[“(z,hD).

Proof. Compute the derivative
d 1 d i
- — - {@—y,8) * _
Gonu = gt [ [ R+ (1)
+(€%,€))uly) dydg

ehle= v (¥ & — y)u dydé

n

- <2wh>n/n<x’Df/Rn”<x Huy)d >df

) <2whh>n [ (& Dtet =i ac

Since u(€) — 0 rapidly as |£| — oo, the last expression vanishes. There-
fore Op,(l) does not in fact depend upon t; and consequently for all
0<t<1, Op(D)u=Op;(H)u = (x* x)u+ (£, hD)u.

n

O

THEOREM 4.5 (Composition with a linear symbol). Letb € S.

Then
(4.6) [(z,hD)b"(z,hD) = c*(x, hD),
for
h
(4.7) c:=1b+ Q_i{l’ b}.

NOTATION. Here we use the notation
(4.8) {l,b} = <8gl,8xb> — <8$l,8§b> = (£, 0,b) — <a:*,(9£b>.

Proof. According to Lemma 4.4,
l(z,hD) = (x*,z) + (£, hD).

Now

(x*, 2)b"(x,hD)u

(z*, z)en®™ yg)b(x;—y f) u(y) dydé.

We write
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and observe then that

%eh@v y,€) _ 2_86 <eh z— y§>>

An integration by parts shows that consequently
(x*, az)bw x,hD)u =

Llz—y,t) rt—y _ﬁ *
27rh /n/ne ( 5 )b 2i<x,8£b>)u dydg.

Furthermore

(¢, hD >bw(:v hD)u

( =8y, (x;_y,f>> u(y) dyd§

- (27Th)" / /n‘f’“"’c_y’£> <<£*,§>b+ Z@*,@mb)) u dydé.

Adding the last two equations shows us that
l(x,hD)b"(x, hD)
((x x) + (&, hD))b*(x, hD)

ﬁfl? Y,6)

n n

(GRS RO s
in view of (4.8). This proves (4.6), (4.7). O

THEOREM 4.6 (Quantizing the exponential of a linear sym-
bol). We have the identity

(4.9) Op (e_%l> — ¢ wlehD),

Proof. Consider the differential equation

ihOyu = l(x,hD)u (t eR)
(4.10) { w(0) o

the solution of which is
u := Op (e’%l) v,

since

ihdyu = Op <le_%l> v = Op(la)v
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for a := e~ #'. Observe that then {I,a} = 0, since a is a function of I.
Hence Theorem 4.5 implies

Op(la)v = l(z, hD)Op(a)v = l(z, hD)u.
As the solution of (4.10) is e~ #!@"D)y assertion (4.9) holds. O

LEMMA 4.7 (Translation and quantization). We have
(4.11) Op (e*%) = eI o Ty o o ER @),
where Te« 1s the translation operator.

See Appendix A for the definition of the translation operator. If we
write out (4.11) explicitly, we find

(4.12) e #HEID)y () = ¢ e "’>+ﬁ<x*’5*>u($ —&").

Proof. To check this, observe that

i
Op () u %h //eh“f FUE 06 25) ) dy
e~ 2 (7" ) Fy—
-G S [ [ b () dyag

€ 2n { 730 T
- o // rlrv) (e Ehu(y — ) dydg
— (@ 2h< O TS* oe” o G m>> u,

since
1

=) = Gy / e in S

according to (3.29) O

NOTATION. To simplify calculations later on, we henceforth identify
the linear symbol

Uz,8) == (2%, 2) + (£, §)
with the point (z*,£*) € R*.

LEMMA 4.8 (Two linear symbols). Suppose [,m € R**. Then

—+£1(z,hD) ,— tm(z,hD) _ 2h{lm} £ (I4+m)(z,hD)
(4.13) e e =e .



45
Proof. We have l(z,§) = (a7, )+ (&5, &), and m(z, €) = (xd, ) +(&5, €).
Then
(4.14) {l,m} = (O¢l, 0xm) — (Dul, Ogm) = (&7, w35) — (a7, &) = o (l,m),
According to (4.12)
e hm@hD)y (1) = e~ {Thel e E) (1 — £3):;
and consequently
(4.15) e~ wl@hD) o= gm(@hD)y (1) =
e h (@)t (180 o (w3 o€ 4 o (3.63) gy (2 — £ — &3).
On the other hand, (4.12) implies also that
e hAM@RD)y (1) = = h(Eitas ) ag (@RS HE) (o — g7 — €7)

e 2 (71.63)~(23 1)) o= L@ D) o =y m(@hD) ()

Y

the last equality following from (4.15). This proves (4.13). O

4.2.2 Fourier decomposition of a®. Suppose now a € S and [ €
R2?". We define

a(l) == /2 e‘ﬁl(m’oa(m,f) dxdg;
R n

so that by the Fourier inversion formula

1 S i(z€) A

This is a decomposition of the symbol a into linear symbols of the form
treated above. Therefore Theorem 4.6 provides the useful representa-
tion formula

1 i
4.1 “(2,hD) = —— [ a(l)ex" ") dl.
(4.16) a®(x,hD) GrhyE /R% a(l)en dl

4.2.3 Composing symbols. Next we establish the fundamental for-
mula:

(4.17) a’b" = (a#b)",

along with a recipe for computing the new symbol a#b:

THEOREM 4.9 (Composition for Weyl quantization).
(i) Suppose that a,b € S. Then

a’(x,hD) o b”(x,hD) = c*(x,hD)

for the symbol
c = a#b,
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where
(4.18) a#tb(x, £) 1= e27(PxDeDy D) (a(fv,f)b(y,n))’ =y
£=1

for

0(Dy, D¢, Dy, D,)) := (D¢, Dy) — (Dy, D).
(ii) We also have the integral representation formula

a#b(z,§) =
1
70w dydndzd(,
for
U<y7 sz, C) = <777 Z) - <y7 g)
Proof. 1. Similarly to (4.16), we have
1 .
w D) = m(z,hD) )
b“(z, hD) @y /R% b(m)eh dm

Therefore Lemma 4.8 lets us compute
a’(x, hD)bw(x hD)

2 h / / % th) m(w,hD) dmdl
T RQn ]RQTL
= a(D)b(m)ezr (bl e Hm)@hD) qrqp,
7 o /R%
1

- - A %r(w,hD)d
G o SOV

for

1 ~ i{l,m}
4.20 ér::—/ a(l)b(m)e 2r dl.
(4.20) )= i [, )

To get this, we changed variables by setting » = m + [.

2. We will show that ¢ defined by (4.20) is the Fourier transform of
the symbol ¢ defined by the right hand side of (4.18).
To see this, we simplify notation write z = (z,£), w = (y,7n). Then

c(2) = 2T P=P)(2)b(w) |z = 77 BP=PD) (2)b(w) ]y
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Now

1 Zm(w) ],

Furthermore, a direct calculation, the details of which we leave to the
reader, demonstrates that

0370 (hD2,hDw) o () +m(w)) _ o (1(2)+m(w))+550(Lm)
Consequently
o(z) = / / ¢ 3:0AD= D) o (1) £m(w) a)im) didm
27Th RQn RQn

— L(1(2)+m(2))+ - o(l,m) 7
%h S /R ) /R o % (l)b(m) didm.

The semiclassical Fourier transform of ¢ is therefore

(l+m r) d P (I,;m) A / I; didm.
27Th /R2n /]R;Qn ( 27Th)2n /]R” er 2) ez 27 ( ) ( ) m

According to (3.29), the term inside the parentheses is d(m=y) in
S’. Thus the foregoing equals

1 Sy A g A

in view of (4.20). We have made use of the rule o(l,m) = {l,m},
established earlier at (4.14).

3. We begin the proof of (4.19) by first introducing the more con-
venient variables z = (z,€),w; = (y,n),wy = (2,{) € R*". In these
variables, formula (4.18) says

a#tb(2)

_ 2 ]}_14 / / / / 6%((,21,z—w1>+(22,z—w2))eﬁa(zl,zg)
s n R2n JR2n JR2n JR2n

(wl)b(wz) dzledeldwg

/ / / / ((z1,w3)+ (22 w4>)€2h0(z1 22)
27Th R2n R2n R2n R2n

(z — w3)b(z — wy) dzydzedwsdwy.
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Next, observe that

% z1,w3)+(22,w1)) o 30 (21,22) dzydzs
R2n JR2n
g (21,w3)+(z2,wa)+1 (21, 22)) ) dz 1dzy
R2n JR2n
— o (#2,w1) ot (21w +3 J22>)dzl dzy
R2n R2n

= (27Th)2n/ eﬁ(zz,w‘l 5{w3+%JZ2}dZ2
R2n
— (27Th)2n22n/ eh <2J(w3 23),wa) 5{0} ng
R2n
= (27Th)2n22n€%<2Jw3,w4) — (27Th)2n22nef%a(w3,w4)'

We changed variables above, by setting z3 = w3 + %J 2.

Insert this calculation into the previous formula, to discover

a#b / / 2L (w3,wa) (Z _ IU5)b(Z — ’LU4) dwszdwy
7Th R2n JR2n

2L (wg,wy) (Z + w4)b(2 + wg) dwgdw4,

R2n R2n

this is (4.19). O

REMARK. For future reference, we record this alternative expression
for (4.19) that we just derived:

a#b(z)
/ / ——a (w1,w2) (z _ w1>b(2 — u}2> dwldwg.
7rh R2n JR2n

O

(4.21)

4.2.4 Asymptotics. We next apply stationary phase to derive a useful
asymptotic expansion for a#b:

THEOREM 4.10 (Semiclassical expansions). Assume a,b € S.
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(i) We can write for N =0,1,...,

a#tb(x, &) =
~ L (ih D,, D¢, D,, D k b
(4.22) %g(;a( z De, Dy, n)> a(x, §)b(y,n) r—t
y=1
+ O(hN T,

the error taken in S.

(i) In particular,

(4.23) a#b = ab+ %{a, b} + O(h?).

as h — 0.

(iii) Furthermore, if spt(a) Nspt(b) = 0, then
a#b = O(h™).

as h — 0.

Proof. 1. Apply the stationary phase Theorem 3.15 to prove (4.22).

2. We can compute

th
a#b = ab+EU(DI,D&Dy,Dn)a(x,ﬁ)b(y,n) v =y + O(h?)
§=1
— ab+t %((Dga, Dyb) = (Daa, D)) , —, +O(h?)
£=1

- %(@a, 0,b) — (Dua, D)) + O(h?)
= ab+ %{a, b} +O(h?).

3. If spt(a) Nspt(b) = 0, each term in the expansion (4.22) vanishes.
]

As a quick application, we record

THEOREM 4.11 (Commutators and brackets). Assume that
a,be S. If A=a" and B = b", then

(4.24) [A, B] = %{a, b} + O(h?),

the error taken in S.
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Proof. We have
[A,B] = a"b" —b"a" = (a#b — b#a)"
h h o)
= (ab + Z{a, b} — (ba + Z{b’ a}) + O(h ))

= %{a, b} + O(h?).

U

Next we replace Weyl (¢ = 3) by standard (¢ = 1) quantization in

our composition formulas.

THEOREM 4.12 (Composition for standard quantization). Let

a,beS. Then
a(x,hD) o b(z,hD) = ¢(x,hD)
for
c(w,§) = e Paz, by, )| , -
£=1n

Proof. We have
a(z, hD) ob(z,hD)u

zm / . / . / Cellen s a (e, n)b(y, §)a(€) dydnds
B L
- (27rh)" /R e, §)er*ag) de,

for

1 ;
c(z,§) = W/ / e~ H TV g (2 n)b(y, &) dydn.
Then

1 ; .
—_— e EW (2, w) dzdw ~ eMP=Puy (0,0
(2mh)

)" Jrn Jrn

by stationary phase.

O

4.2.3 Transforming between different quantizations. We lastly

record an interesting conversion formula:
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THEOREM 4.13 (Changing quantizations). If
A=0p(a;) (0<t<1),

then

(4.25) ay(z, &) = et=MDPaDed g (1 €).

Proof. The decomposition formula (4.16) demonstrates that

1 . i
Opt(at) = W /RQ” at(l)Opt(ehl) dl.

Denoting the Fourier transform used there by F,, we have
Fu (ei(t_s)hwﬂ“Df)as(m,&)) (1) = 6%(t_s)<x*’§*>.7:has(l);

and as before we identify | = (z*,£*) € R?" with the linear function

Uz, &) = (&", x) + (£",€).

The theorem will be a consequence of the identity
(4.26) Op, (6%1(17£)> = eh=EE) Op (e%l(mé)> .
Proceeding as in the proof of Lemma 4.7 shows that

Op, (ﬁ'z@;,g)) _ e%t<x,x*>T£*e%(14)<x,x*>’

from which (4.26) follows. O
4.3 GENERAL SYMBOL CLASSES

We propose next to extend our calculus to symbols a = a(z,&, h),
depending on the parameter h, which can grow as |z|, |{] — oo.

4.3.1 More definitions.

DEFINITION. A function m : R?*" — (0, c0) is called an order func-
tion if there exist constants C', N such that

(4.27) m(z) < Clz —w)¥m(w)
for all w, z € R".
Observe that if mq, my are order functions, so is mms.

EXAMPLES. Standard examples are m(z) = 1 and m(z) = (z)
(1+12)"2.

Ol

DEFINITIONS.
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(i) Given an order function m on R*", we define the corresponding class
of symbols:

S(m) :={a € C* | for each multiindex «

there exists a constant C, so that |0%/| < C,m}.

(ii) We as well define
S*(m) :={a € C* | |0%a| < Coh™"m for all multiindices o}
and
SE(m) = {a € C* | ]0%| < C,h~ 0% for all multiindices a}.

The index k indicates how singular is the symbol a as h — 0; the index
0 allows for increasing singularity of the higher derivatives. Notice that
the more negative k is, the more rapidly a and its derivatives vanish as
h — 0.

(iii) Write also
S7°°(m) := {a € C* | for each a and N, [0%a|] < Cynh™m}.

So if a is a symbol belonging to S~°°(m), then a and all of its derivatives

are O(h™) as h — 0.

NOTATION. If the order function is the constant function m = 1,
we will usually not write it:

Sk = Sk(1), S¥ .= Sk(1).
We will also omit zero superscripts. Thus
= {a € C°(R™) | |0%a| < C,, for all multiindices a}
Ss:={a € C* | |0%a| < C,h70%1! for all multiindices a}.
REMARKS: rescaling in h.

(i) We will in the next subsection show that if a € Ss, then the
quantization formula

a®(x, hD)u(x) := (27r1h)" /n /n ot (T=v:) (x ;_ ng) u(y)dédy

makes sense for u € S. It is often convenient to rescale to the case
h =1, by changing to the new variables

(4.28) Fi=h"rx, §i=h2y, £:=hT3E
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for
(4.29)  @(F) := u(z) = u(h2d), an(#, &) = a(z,€) = a(h2F, h2f).

Notice that (4.28) is the only homog?neous change of variables that
converts the term en =¥ into =94,

(ii) Observe also that if a € Sg, then
(4.30) 10%y| = 1'3'|0%a] < O, hlI(379)

for each multiindex . If § > %, the last term is unbounded as h — 0;
and consequently we will henceforth always assume

1
0<o<—.
- T2
We see also that the case .
0=~
2
is critical, in that we then do not get decay as h — 0 for the terms on
the right hand side of (4.30) when |a| > 0. O

4.3.2 Quantization. Next we discuss the Weyl quantization of sym-
bols in the class Ss(m):

THEOREM 4.14 (Quantizing general symbols). If a € Ss(m),
then

Op(a): S — S.

Proof. 1. We take h = 1 for simplicity, and set

Op(a)u(z) = (2710” / ) / el (“’ ; y,g) u(y)dédy.

where u € S.
Observe next that Le" %€ = ¢ie=v:8) for

1+<$_y>D§>
Lllz 5 N
1+ ({z—y)

?
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and Lye!@=v:€) = ¢i@=y:8) for

1-(Dy)
1+(6)?

We as usual employ these operators, to show that Op(a) : § — L.
2. Also

L2 =

z;0p(a ) / (D, +yj)e Y8 qu dédy.

Integrate by parts, to conclude that z*Op(a) : S — L.

Furthermore, since

Opy(a) (¢ (50P+P<a) = Op(a),
we have

D, Op(a)u = D, Op, <6_%Dmea>u

= m<27r /n/nGQDDﬁayé)“”f ()dfdy)

= G L] el =Dy e uty) dey.

Again integrate by parts, to deduce D?Op(a) : S — L™.

3. The estimates in Step 2 together show that D?z*Op(a) : S — L*°,
for all multiindices «, 8. It follows that Op(a) : S — S. O

4.3.3 Asymptotic series. Next we consider infinite sums of terms in
various symbol classes.

DEFINITION. Let a € 5¥(m) and a; € Sy’ (), where kj1 < kj,
kj — —oo. We say that a is asymptotic to Y a;, and write

(4.31) a~> aj
7=0

provided for each N =1,2,...

N-1
(4.32) a— Z a; € SEN(m
=0

INTERPRETATION. Observe that for each i > 0, the series 3 7% a;
need not converge in any sense. We are requiring rather in (4.32) that
for each N, the difference a — Z;V:Bl a;, and its derivatives, vanish at
appropriate rates as h — 0.
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Perhaps surprisingly, we can always construct such an asymptotic
sum of symbols:

THEOREM 4.15 (Borel’s Theorem).
(i) Assume a; € S(I;j(m), where kj1 < kj;, k; — —oo. Then there exists
a symbol a € S§°(m) such that

Proof. Choose a C* function x such that
0<x<1, x=1lonl0,1], x=0on [2,00).
We define

(4.33) ai=_ax(\h),

where the sequence A\; — oo must be selected. Since \; — oo, there
are for each h > 0 at most finitely many nonzero terms in the sum

(4.33).
Now for each multiindex «, with |a| < j, we have
10%(a;x(Nh)] = [(0%a;)x (A1)
< CjohFi0omy (\h)
—k-—6|a|)\jh
(434) = Cj oh ™" —mx()\Jh)
' Ajh
h—k‘j—l—(5|a|
S 2C'j,a)\—jm

it \; is selected sufficiently large. We can accomplish this for all j and
multiindices o with |a| < j. We may assume also A\; 1 > A, for all j.
Now

a—> aj= Y a;x(\jh) + > a;(x(Ah) — 1).

=0 j=N+1 J=0
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Fix any multiindex a. Then taking N > |«|, we have

0~ <G—Zaj> < > @%b

j=N+1

+ Z 10%a;|(1 — x(\jh))

=: A+ B.

According to estimate (4.34),

o
A< Z hkim1=0lel9 =iy < p kv —1=dlal
j=N+1

Also
N
B <) Cogh™71m(1 = x(\jh).
j=0
Since x =1on [0,1], B=0if 0 < h < Ay If A\y' <h <1, we have

N N
—k _ _
B < m Z Ca,j <m Z Ca,j)\N Nt1p kni1—dla

j=0 j=0
= mOC,h ool < o B

(o $0)

J=0

Thus

if N > |a, and therefore

r(o-3)

j=0

< O h kv =dladpy,,

O

4.3.4 Semiclassical expansions in Ss5. Next we need to reexamine
some of our earlier asymptotic expansions, deriving improved estimates
on the error terms:

THEOREM 4.16 (More on semiclassical expansions). Let

A(w) = 5(@w.2)

where Q) is symmetric and nonsingular.



57

(i) If 0 < § < 3, then

_2;

ZhA S(s( ) — S(;(m)

(i) If0<é < 1 5, we furthermore have the expansion

= 1
(4.35) eihAD Z k_ (thA(D in Ss(m).
k=0

REMARK. Since we can for § = 1/2 always rescale to the case h = 1,
there cannot exist an expansion like (4.35). O

Proof. 1. First, let 0 < ¢ < % Recall from (3.52) in §3.6 the stationary
phase expansion

/ @mﬁ(x)a(x) dr ~ (%) 64 sgandetQ’1/2 ihA(D) a(0)
for the quadratic phase

() = %(Q‘lx, x).

Let x : R" — R be a smooth function with y =1 on B(0,1), x =0
on R" — B(0,2). Shifting the origin, we have

- C i(w)
eMADg(z) ~ —= [ e a
R”

—

/2 2z —w)dw

C, :
= _hn/2/ e r x(w)a(z — w)dw
R’I’L

= A+ B,

for the constant
(271')”/26_% sgn Q

et Q|72

C, =

2. Estimate of A. Since x(w)a(z —w) has compact support,
= 1
A~ Z E (ihA(D))*a(2).
k=0
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3. Estimate of B. Let L := <a|<;as$|§)> and note Le® = e’ . Conse-
quently,
Cn N _i®
|B| = Wi | [, (L eh> (1 - x(w))a(z — w) dw
C, io
— e | [ R - 00 dul
< ChM7% sup 10%a(z — w)|[{z — w) ™ dw

|a|] <N JR™
< ChN727%Vm(2).

We similarly check also the higher derivatives, to conclude that B €
S;N(m) for all N.

4. Now assume ¢ = 1/2. In this case we can rescale, by setting

W= wh™Y2.

Then

AP () = O, [ e Da(z — @hY?) dub.

n

T

We use x to break the integral into two pieces A and B, as above. [

THEOREM 4.17 (Symbol class of a#b).
(i) If a € Ss(my) and b € Ss(my), then
(436) Cl#b S S(S(mlmg).

Furthermore,
Op(a) o Op(b) = Op(a#b)

in the sense of operators mapping S to S.
(i) Also
(4.37) a#tb — ab € SE 7 (mymy).

Proof. 1. Clearly
c(w, z) == a(w)b(z) € Ss(my(w)ma(z))
in R, If we put
A(Dyz) := 0(Da, De; Dy, Dy) /2,
for w = (x,€) and z = (y,n), then according to Theorem 4.16, we have
exp(ihA(D))c € Ss(my(w)ma(2)).
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Since (4.18) says
a#b(w) = (exp(ihA(D))c) (w, w),
assertion (4.36) follows.

The second statement of assertion (i) follows from the density of S

in Ss(m).
2.

4.4 OPERATORS ON L?

So far our symbol calculus has built operators acting on either the
Schwartz space S of smooth functions or its dual space S’. But for ap-
plications we would like to handle functions in more convenient spaces,
most notably L2

Our next goal is therefore showing that if a € Sjs, then Op(a)
extends to become a bounded linear operator acting on L2.

Throughout this section, we always take
h=1.

Decomposition. We select x € C>°(R?*") such that
0<x<1, x=0 onR™-B(0,2),
and

(4.38) Y Xa=1,
aEgZ?m
where . := x(- — ) is x shifted by the lattice point o € Z?". Write
Ao i= Xal;
then

We also define

LEMMA 4.18 (Decay of mixed terms). For each N and each
multiindex v, we have the estimate

_ a+p
(139)  0bup(e)] < Cowla— ) V(- Ty

for z = (x,€) € R*".
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Proof. 1. We can rewrite formula (4.21) as

1 .
baﬁ(’z) = ﬁ /I;TL /R2n ezqﬁ(wl,wg)aa(Z - wl)ag(z — 'LUQ) dwldwg,

for
(440)  G(wr,ws) = —20(z,&,y,m) = 2e,n) — 2E 1)
and
(4.41) w = (wy,wg) for wy = (x,8), we = (y,n).

2. Select ¢ : R* — R such that
0<(¢<1, ¢(=1on B(0,1), ¢=0onR" - B(0,2).
Then

bap(z) = cn/ / ei‘ﬁg(w)aa(z — wy)ag(z — we) dwydwy
+cn/ / eid’(l — ((w))an(z — wr)ag(z — wsy) dwydwsy
= A+ B.
3. Estimate of A. We have

4] < // a2 — w1)||as(z — ws)| dwidws.
{lw]<2}

The integrand equals
X(z — w1 — a)x(z — w2 = B)a(z — wi)|a(z — w2)]
and thus vanishes, unless

|z —w; —a| <2and |z —wy — B] < 2.

But then
’Oé_ﬁ| §4—|—]w1\+|w2| SS
and
o+
Hence
_ a+p, _
41 < Cnfa— gz - CEP)
for any N. Similarly,
74| < Cypla— By Nz — S50

2
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4. Estimate of B. Observe from (4.40) and (4.41) that
agb(wl) w?) = 2(n7 Y, _Sa x)v

and so
[0¢(w)] = 2Jw].
Also, Le'® = €' for
{9¢, D)
091
Since the integrand of B vanishes unless |w| > 1, the usual integration-
by-parts argument shows that

|B| < CM/ / <w>_M/_1a(z—w1)A5(z—w2) dwidws
R2n Rn2

and sptA, C B(a,2), sptAg C B(f,2). Thus the integrand vanishes,
unless

Hence

Bl < Cula= 06— 0 [ [ dudu,

2
_ o+
< Oula— By (- 220
if M is large enough. Similarly,
_ a+p,
97 B] < Oxyla— 5Nz = 2F 0y

LEMMA 4.19 (Operator norms). For each N,
10p(bag) || z2—r2 < On{a — B) V.

Proof. Recall that

Op(a) = # / a(Op(e’)

and that Op(e?) is a unitary operator on L2 Consequently

10p(a)||r2—re < C [ a(l)|dl.

R2n
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Therefore for M > 2n we can estimate
[0(bag)llL2—r2 < Cllbagllr < CIHE) bapll Lo

< (C max ||ﬁ\ba/g||Loo
IvI<M
< C max HnybOﬁHLI
<M
< C sup [[(2)" Dbos|
<M
S O<O[ - 5>_N7
according to Lemma 4.18. O

THEOREM 4.20 (Boundedness on L?). If 0 < § < 1/2 and the
symbol a belongs to Ss, then

Op(a) : L*(R") — L*(R")
18 bounded, with the estimate

(4.42) I0p(a)|lromze < C ) [0l

lo| <M

REMARK. We again emphasize that the stated estimate is for the

case h = 1. If instead 0 < h < 1, we can rescale, as will be demon-

strated in the proof of Theorem 5.1. O

Proof. We have Op(b,3) = A% Az. Thus Lemma 4.19 says
145 Al z2r2 < Cla = B)™.

Therefore

sup » | AaA5|12 < CY (o= BV < C;
¢ o8 g

and similarly

sup » || A5 Ag||'? < C.
B
We now apply the Cotlar—Stein Theorem B.6. O

As a first application, we record the useful

THEOREM 4.21 (Composition and multiplication). Suppose
that a,b € S5 for 0 <9 < %
Then

(4.43) |a®b® — (ab)®|| 12— 2 = O(h'™%)

as h — 0.
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Proof. 1. In light of (4.22), we see that
a#tb —ab € S
Hence Theorem 4.20 impliles
a®b® — (ab)® = (a#b — ab)” = O(R'™%).

For the borderline case § = %, we have this assertion:
THEOREM 4.22 (Disjoint supports). Suppose that a,b € S%.
Assume also that spt(a),spt(b) C K and
dist(spt(a),spt(b)) > v > 0,
where the compact set K and the constant v are independent of h. Then
(4.44) la*b"|| 1212 = O(h™).

Proof. Remember from (4.21) that

1 i
) = (h)?n /Rzn /R2n e ) a (2 —w))b(2 — wz) dwydws,

for for w = (z, &), w1 = (y,n),ws = (2,(), and
Qs(wl’w?) = _20-(‘7:757:%7]) = 2<$’77> - 2<§7y>

We then proceed as in the proof of Lemma 4.18: |0¢| = 2|w| and
thus the operator
(09, D)

EZE
has smooth coefficients on the support of a(w — wy)b(w — wy). From
our assumption that a,b € S%, we see that

LN (a(w — wy)b(w — ws)) = O(h?).

The uniform bound on the support shows that a#b € S™°. Its Weyl
quantization is therefore bounded on L?  with norm of order O(h*).
O

4.5 INVERSES

At this stage we have constructed in appropriate generality the quan-
tizations Op(a) of various symbols a. We turn therefore to the practical
problem of understanding how the algebraic and analytic behavior of
the function a dictates properties of the corresponding quantized op-
erators.
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In this section we suppose that a : R** — C is nonvanishing; so that
the function a is pointwise invertible. Can we draw the same conclusion
about Op(a)?

DEFINITION. We say the symbol a is elliptic if there exists a con-
stant v > 0 such that
la] >~y >0 onR*™.

THEOREM 4.23 (Inverses for elliptic symbols). Assume that
a€ Sy for0 <6< % and that a is elliptic.
Then for some constant hg > 0,

Op(a)™!

exists as a bounded linear operator on L*(R™), provided 0 < h < hy.

Proof. Let b := 57 b S5. Then
a#tb = 1+ry, with r; € S22,
Likewise
b#a =1+ 1y, with ry € 555—1‘
Hence if A := Op(a), B := Op(b), R1 := Op(r1) and Ry := Op(ry), we
have
AB = I+R
B-A = I+ R,
with
|Ry|| 12— r2, || Roll 122 = O(RY%) <

DN | —

it 0 < h < hy.

Thus A = Op(a) has an approximate left inverse and an approximate
right inverse. Applying then Theorem B.2, we deduce that A~! exists.
O

4.6 GARDING INEQUALITIES

We continue studying how properties of the symbol a translate into
properties of the corresponding quantized operators. In this section
we suppose that a is real-valued and nonnegative, and ask the conse-
quences for A = Op(a).
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THEOREM 4.24 (Easy Garding inequality). Assume a = a(z,§)
s a real-valued symbol in S and

(4.45) a>v>0 on R?".

Then for each € > 0 there exists hg = ho(€) > 0 such that
(4.46) (a"(z, hD)u,u) > (v — €)[[ullz-

for all 0 < h < hy, u € CZ(R™).

Proof. We will show that
(4.47) (a=N)"teS ifa<y—e
Indeed if b := (a — \)7!, then
(a—N#b=1+ 2%{@ — A0} +O(R?) =1+ 0(h?),
the bracket term vanishing since b is a function of a — A. Therefore
(a” =X ob” =1+ O(h*)2_ 12,

and so b is an approximate right inverse of a — \. Likewise b" is an
approximate left inverse.

Hence Theorem B.2 implies a® — A is invertible for each A < v —e.
Consequently,

spec(a®) C [y — €,00).
According then to Theorem B.1,
(a”u,u) > (v = €)Jull72
for all u € C(R™). O

We next improve the preceding estimate:

THEOREM 4.25 (Sharp Garding inequality). Assume a = a(x,§)
s a symbol in S and

(4.48) a>0 on R™.

Then there exist constants hg > 0, C' > 0 such that

(4.49) (a“(z, hD)u,u) > —Chlul3-

for all0 < h < hg and u € CP(R™).
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REMARK. The estimate (4.49) is in fact true for each quantization
Op,(a) (0 <t < 1). And for the Weyl quantization, the stronger
Fefferman—Phong inequality holds:

(a" (2, hD)u,u) > —Ch?||ul|7
for 0 < h < hg, u € C=(R™). 0

We will need

LEMMA 4.26 (Gradient estimate). Let f : R" — R be C?, with
0°f| < A.

Suppose also f > 0. Then

(4.50) 0f] < (2AN)'? (zeR").

Proof. By Taylor’s Theorem,

ﬂx+w=fu»+Wﬂ@ww+A<L4xWﬂx+wwwwt

Let y = =AJf(z), A > 0 to be selected. Then since f > 0, we have
1
Nof(x)P < flz)+ A2/0 (1= 8)(0*f(x — NI f (2))0f (x), 0f (x)) dt

)\2

< fla)+ SAOFE)P
Let A = %. Then |0f(z)> < 2Af(z). O
Proof of Theorem 4.25 1. The primary goal is to show that if
(4.51) A= uh
and p is fixed sufficiently large, then

1

(4.52) h(a+ A"t e S1/2 (;) )

with estimates independent of .

To begin the proof of (4.52) we consider for any multiindex a =

(o, ..., as,) the partial derivative 9* in the variables x and &.
We claim that 9%(a 4+ A)~* has the form
(4.53)
|a| k

Fa+N"'=@+N"D> D> Cag[[la+ N0V,

k=1 q=p14...4-p*|87|>1 Jj=1
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for appropriate constants Cpg _gr. To see this, observe that when
we compute 9%(a + \)~! a typical term involves k differentiations of
(a + A\)~! with the remaining derivatives falling on a. In obtaining
(4.53) we for each k < || partition a into multiindex 3!, ..., 3% each
of which corresponds to one derivative falling on (a + A\)~! and the
remaining derivatives falling on a.

2. Now Lemma 4.26 implies for |37| = 1 that

(4.54) 0% a)(a+ \)~' < CN\V?
since A'/2|0a| < CAY/2a'/? < C(A\ + a). Furthermore,
(4.55) 0% al(a+\)"t < CAT!

if |B;| > 2, since a € S.
Consequently, for each partition o« = 31 +--- + ¥ and 0 < A < 1:

<cII ' II v 1/2<CH)CILJ—C>\ .
7j=1

k
H a+ ) “19%q
Jj=1 |B1>2 |B5]=1

Therefore

la|

(4.56) 10%(a+ A7 < Cola+ M)A 2.
But since A = ph, this implies

1
N tes — |
(CL+ ) € D12 (Mh) ;
that is,
1
h(a -+ /\)71 € Sl/g (—) y
L
with estimates independent of .

3. Since a + Ch € § C S%, we can define (a + Ch)#b, for b =
(a + Ch)~!. Using Taylor’s formula, we compute

(a+Ch)#h — %oD=DeDuDa)(q 1 Ch)(x,f)b(y,n))‘ =y
=1
= 1+ ﬁ{ + Ch,b}
BT

v [ - petec (Got >)2 (a-+ Chb dt
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Now according to (4.56), hb € Si/o(1/p) and so h?0%b € Sy 2(1/p) for

o

) preserves the symbol class. Hence

Cc 1
I (e D) a5
if 14 is now fixed large enough. Consequently b* is an approximate right
inverse of (a* 4+ Ch), and is similarly an approximate left inverse.

So (a4 Ch)~! exists. Likewise (a* 4+ Ch)~! exists for all v > 0.
Thus

la| = 2. The operation ez

spec(a”) C [-Ch, c0).
According then to Theorem B.1,
(a“(z, hD)u,u) > —Chlul3-
for all u € C(R™). O
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5. SEMICLASSICAL DEFECT MEASURES

5.1 Construction, examples
5.2 Defect measures and PDE
5.3 Application: damped wave equation

One way to understand limits as A — 0 of a collection of functions
{u(h)}o<n<n, bounded in L? is to construct corresponding semiclassical
defect measures 1, which record the limiting behavior of certain qua-
dratic forms acting on u(h). If in addition these functions solve certain
operator equations or PDE, we can deduce various properties of the
measure 4 and thereby indirectly recover information about asympto-
toics of the functions u(h).

5.1 CONSTRUCTION, EXAMPLES
In the first two sections of this chapter, we consider a collection of

functions {u(h)}o<n<n, that is bounded in L?*(R"):

(5.1) sup ||u(h)||zz < oo.
0<h<hg

For the time being, we do not assume that u(h) solves any PDE.

THEOREM 5.1 (An operator norm bound). Suppose a € S.
Then

(5:2) la*(z, hD)||z2—12 < C'sup|a| + O(h)
R2n

as h — 0.

Proof. We showed earlier in Theorem 4.20 that if a € S and h = 1,
then

(5.3) la®(z, D)|[p2—z2 < C sup |0%
jal<M

for some M.
Suppose now a € S and u € S. We rescale by taking
Fi=hotw, =y, £i=hog
and .
(%) := h'tu(z) = hiu(h2 ).
This is a different rescaling of u from that discussed earlier in (4.29),
the advantage being that u — 4 is now a unitary transformation of L?:

ul[z2 = (|| z2-



= / / o T5Y ) ehtvu(y) dyde
(5.4) 2mh)™ Jrn Jrn 2
| _hE TG 2\ o555 didé
— oo [ (T 8) i) ages
= h~%ay (7, D)u(7),
for

an(7.€) = alx,€) = a(hi 7, h:E).
Hence, noting that dz = h2d#, we deduce from (5.4) and (5.3) that
la® (2, hD)ull 2 = |lay (%, D)al| 2
lak [l z2—r2[la]] 22

C sup |0%an|||ul 12
o] <M

C sup h‘%‘maaH]uHLz.
o] <M

This implies (5.2). O

<
<

IA

THEOREM 5.2 (Existence of defect measure). There exists a
Radon measure pn on R™ and a sequence hj — 0 such that

(5.5) (a*(x, hyD)ulh;), u(hy)) — | alx, &) dp

R2n
for all symbols a € S.

DEFINITION. We call u a microlocal defect measure associated with
the family {u(h)}o<n<n,-

Proof. 1. Let {a;} € C°(R?") be dense in Cy(R?"). Select a sequence
hj — 0 such that

(ay (z, h;D)u(h;), u(h})) — ai.
Select a subsequence {h7} C {h;} such that
(a (z, h3D)u(h3), u(h?)) — as.

Continue, at the k™ step extracting a subsequence {h¥} C {h?’l} such
that

(ay (x, th)u(h?), u(hf)) — Q.
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By a standard diagonal argument, we see that the sequence h; := h;
converges to 0, with

(ag (z, hyD)u(hy), u(hy)) — o

forall k=1,....
2. Define ®(ay) := ag. Owing to Theorem 5.1, we see for each k
that

[©lan)] = low] = Tim [agu(hs), u(hy))]

< Climsup ||af||z2—r2 < C'sup |a].
hj—>00 R2n

The mapping ® is bounded, linear and densely defined, and therefore
uniquely extends to a bounded linear functional on .S, with the estimate

|®(a)| < C'suplal
R2n
for all @ € S. The Riesz Representation Theorem therefore implies the

existence of a (possibly complex-valued) Radon measure on R?" such
that

o) = [ ale.&)dn
R2n
O
REMARK. Theorem 5.2 is also valid if we replace the Weyl quanti-

zation a* = Op; j5(a) by Op,(a) for any 0 < ¢ < 1, since the error is
then O(h). O

THEOREM 5.3 (Positivity). The measure p is real and nonnega-
tive:

(5.6) p>0.

Proof. We must show that a > 0 implies

/ adp > 0.
R2n

Now since a > 0, the sharp Garding inequality, Theorem 4.25, implies
a“(z,hD) > —Ch;

that is,
(@ (2, hD)u(h),u(h)) > —Chllu(h)]7
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for sufficiently small A > 0. Let h = h; — 0, to deduce

/RQ” adp = lim (a“(z, h;D)u(h;), u(h;)) > 0.

hj—o00

EXAMPLE 1: Coherent states. Take the coherent state
u(h) («75) (Wh) 4€h (z—x0,£0)— |g;_zo|27

and observe that ||u(h)||zz = 1. Then there exists precisely one associ-
ated semiclassical defect measure, namely

M= 5(900,&))'
To confirm this statement, take ¢t = 1 in the quantization and calculate

{a(z, AD)u(h), u

27rh /// (2, )er " u(h) (y)u(h)(x) dydsdz
= (22;)3n / / / a(z, €)en (@ y=0.60) ~(a—r0.£0))
Th)?2 n n n

e~ 3k (y—eol*+Ha—0") gy ge 4y

alx Ha—y,E—&o)
a L[ e

e~ (=20l Hz=20?) g e g

For each fixed x and &, the integral in y is

/ 6%@ y:£—€0) o= S ly—a0|? dy = ei@—woyf—éo)/ e—%<y,5—50>€—ﬁ|y\2 dy
Rn n

= e%@ z0,§— 50>f (6 2h|y|2) 5 — 50
h
= (27Th)% (z—20,6~€0) o o 50\2

where we used formula (3.3) for the last equality. Therefore

(ala, hD)u(h) u(h))

/ / (x,8)e % 2=20,6—£0) o — 37, (l7—w0*+1E—€o*) drdg
27Th n Jgrn

a(mo, go)W / / e%(xﬁ’ﬁo,f*éwe*ﬁ(\$*$0|2+\§*€0|2) drdé + 0(1)
TN)" Jpn Jpn
= Ca(wo, &) + o(1),
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for the constant

o= 2 //ei<wvﬁ>@—%<lwz+lfz>dmg.
(2m)" Jrn Jrn

Taking @ = 1 and recalling that ||u(h)|2 = 1, we deduce that C' =
1. U

EXAMPLE 2: Stationary phase and defect measures. For our

next example, take
u(h)(x) = e
where ¢, b € C* and ||b||L2 = 1. Then

(a(z, hD)
%h / / | alg)ehtevotn- ey )i5) dyde

We assume a € C2°(R?") and apply stationary phase. For a given value
of x, define

b(x),

Then
OyP =0¢(y) — & P =z—y.

The Hessian matrix of ® is
¢ —I
28
po- (% 1)
1

Si 0 - =0,weh t0°¢ —1 =0for0<t<1:
mece sgn —I O we nave Sgl’l I 0 = or S < 1

this is so since the signature of a matrix is integer—valued, and conse-
quently is invariant if we move along a curve of nonsingular matrices.
Consequently

sgn(97®) =
In addition, |detd?®| = 1. Thus as h — 0 the stationary phase asymp-
totic expression (3.47) implies

(a“(z, hD)u(h),u(h)) — a(x, 06(z))|b(x)|? dz = / a(x, &) du

Rn ]RQn
for the semiclassical defect measure

= [b(x) [P ge—ao()y L£"

L" denoting n-dimensional Lebesgue measure in the xz-variables. U

5.2 DEFECT MEASURES AND PDE
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We now assume more about the family {u(h)}o<n<pn,, namely that
each function u(h) is an approximate solution of a equation involving
the operator P(h) = p“(x, hD) for some symbol p.

First, let us suppose P(h)u(h) vanishes up to an o(1) error term and
see what we can conclude about a corresponding semiclassical defect
measure .

THEOREM 5.4 (Support of defect measure). Suppose p € S((£)™)
is real and
pl =~ if [§>C
for constants C,~v > 0. Write P(h) = p*.
Suppose that u(h) satisfies

{||P(h)u(h)||L2 =o(1) ash — 0,

(5:) ()2 = 1.

Then if v is any microlocal defect measure associated with {u(h)}o<n<i,
(5.8) spt 1 C p~'(0).

INTERPRETATION. We sometimes call p~!(0) the characteristic
variety or the zero energy surface of the symbol p. We understand (5.8)
as saying that in the semiclassical limit A~ — 0, all of the mass of the
solutions u(h) coalesces onto this set. O

Proof. Select a € C°(R?") such that spt(a) N p~'(0) = 0. We must

show
/ adp =0.
RQn

To do so, first select y € C°(R?") such that spt(a) Nspt(y) = 0 and
lp+ix| >~ >0 onR™

Theorem 4.23 ensures us that P(h) +ix" is invertible on L?, for small
enough h. Observe also that

(5.9) W =X
p+x p+ax

Now write A = a". Since a and x have disjoint support, (5.9) and
Theorems 4.21, 4.22 imply

IA(P(h) +ix*) " P(h) — Al z2—.12 = O(h).
Therefore (5.7) implies
[Au(h)|[r> = o(1);
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and thus
(Au(h),u(h)) — 0.

But also
(Au(hy),ulhy)) — [ ady.

R2n

O

Now we make the stronger assumption that the error term in (5.7)
is o(h).

THEOREM 5.5 (Flow invariance). Suppose that p satisfies the
assumptions of Theorem 5.4. Assume also

|P(h)u(h)||z: = o(h) as h — 0,
(>10) {Hu(h)HLz 1
Then
(5.11) {p,a}dp=0

R2n

for all a € C=(R*™).

INTERPRETATION. Let ®, be the flow generated by the Hamil-
tonian vector field H,. Then

d ,
— / drady = / (Hpa)(Py) dp = {p,a}dpu.
dt R2n R2n R2n

Conseqently (5.11) asserts that the semiclassical defect measure p is
flow-invariant. O

Proof. Since p is real, P(h) = p% is self-adjoint on L?. Select a as
above and write A = a¥, A = A*. Then
([P(h), AJu(h),u(h)) = ((P(h)A— AP(h))u(h),u(h))
= (Au(h), P(h)u(h)) — (P(h)u(h), Au(h))
= o(h), as h — 0.
On the other hand,

h
[P(h), A] = ?{p, a}w + O(h2)L2_>L2.
Hence

([P(h), AJu(h), u(h)) = %Hp, a}®u(h),u(h)) + (o(h)u(h), u(h)).
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Cancel h and let h = h; — 0:

{p,a}dp=0.
R2n

Note that even though p may not have compact support, {p,a} does.
O

This proof illustrates one of the basic principles mentioned in Chap-
ter 1, that an assertion about Hamiltonian dynamics involving the
Poisson bracket corresponds to a commutator argument at the quan-
tum level.

REMARK. We have similar statements if we replace R” x R™ by
T™ x R™, where T™ denotes the flat torus. We will need this observation
in the following application. U

5.3 APPLICATION: DAMPED WAVE EQUATION

A damped wave equation. In this section T" denotes the flat n-
dimensional torus.
Consider now the initial-value problem

(5.12) (02 +a(z)0 — A)u=0 onT" xR
' u=0, uy = f on T" x {t =0},
in which the smooth function a is nonnegative, and thus represents a
damping mechanism, as we will see.
DEFINITION. The energy at time t is

1
E(t) := 3 /n(atu)2 + |0pul? dx.

LEMMA 5.6 (Elementary energy estimates).
(i) If a =0, t — E(t) is constant.
(ii) If a > 0, t — E(t) is nonincreasing.

Proof. These assertions follow easily from this calculation:
E'(t) = Oudiu + (Opu, 02,u) dx
']1‘77.

= Ou(0?u — Au) dx

’I[‘n

= — /n a(z)(pu)? dr < 0.
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O

Our eventual goal is showing that if the support of the damping
term a is large enough, then we have exponential energy decay for our
solution of the wave equation (5.12). Here is the key assumption:

DYNAMICAL HYPOTHESIS.

There exists a time 7" > 0 such that any
trajectory of the Hamiltonian vector field of
p(x, &) = |£[?, starting at time 0 with || =1,
intersects the set {a > 0} by the time 7.

(5.13)

Another way to write this is stating that for each initial point m =
(x,€) € T" x R™, with [£] =1,

1 /7
(a)p := —/ a(x +t&) dt > 0.
T Jo
Note that (a)r depends upon m = (x,§).

MOTIVATION. Since the damping term a in general depends upon
x, we cannot use Fourier transform (or Fourier series) in z to solve
(5.12). Instead we define

u=0 fort<O0

and, at first formally, take the Fourier transform in ¢:

w(x, 7)== /000 e "Tu(w,t)dt (1 € R).

Then
Au = / e T Au dt
0
_ / ¢ (070 + alx)Opu) dt
0
= / ((iT)* + a(z)it)e Tu dt — f
0
= (=7 +a(z)it)i — f.
Consequently,
(5.14) P(r)t = (=% +ita(zr) — A)a = f.

Now take 7 to be complex, with Re 7 > 0, and define
(5.15) P(z,h) := (—h*A +iv/zha(z) — 2)
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for the rescaled variable

(5.16) 2= %
Then (5.14) reads

(5.17) P(z,h)a = h*f;
and so, if P(z, h) is invertible,

(5.18) i = h?P(z,h)"'f.

We consequently need to study the inverse of P(z,h).

THEOREM 5.7 (Resolvent bounds). Under the dynamical as-
sumption (5.13), there ezist constants «, C,hg > 0 such that

C
(5.19) 1Pz, h) " Hlzzmpe < m
for
(5.20) Im z| < ah, |z—1| <a, 0<h < hy.

Proof. 1. We will see in the next chapter that P(z,h) is meromorphic.
Consequently it is enough to show that

C
lullze < —[[P(2, Ryul 2

for all u € L? and some constant C, provided z and h satisfy (5.20).

We argue by contradiction. If the assertion were false, then for m =
1,2,... there would exist z,, € C, 0 < h,, < 1/m and functions w,, in
L? such that

1Pl < 2, [ (2)] < 22 =1 <
We may assume ||uy,||z2 = 1. Then

(5.21) Pz, b)), = 0(hi).
Also,
(5.22) zm — 1, Im(z,) = o(hy,).

2. Let p be a microlocal defect measure associated with {u;,}>_;.
Then Theorem 5.4 implies that

spt(p) € {I¢]* = 1}.
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But (tm, um) =1, and so

(5.23) / dp = 1.
T xR™

We will derive a contradiction to this.

3. Hereafter write P, := P (2, hy). Then

Pn = —h2A+iyznhma(x) — 2,
Pr o= —h2A —iZnhma(x) — Zp;

and therefore
(5.24) P,—P = i(\/Zm+V Z2m)hma(x) — 20+ 2 = 2ihpa(x)+o(hy,),
since (5.22) implies that —z,, + Z,, = —2iIlm(2,,) = o(hm).

Now select b € C°(T™ x R™) and set B = b*. Then B = B*. Using
(5.21) and (5.24), we calculate that

0(hm) = 2i Im(B Pty U, (BPmum, um) (u, BPty,)
= ((BP, Py Bty )
= ([B, ]um, Upn)

+((Prn. — P},) B, Um)
h

= )
+2h,,8((ab) U, U ) + 0( M)

Divide by h,, and let h,, — 0 (through a subsequence, if necessary), to
discover that

(5.25) / {p,b} +abdp = 0.
T xR™
We will select b so that {p, b} + ab > 0 on spt(x). This will imply

(5.26) / dp =0,
Tn xR?

a contradiction to (5.23)
4. Define for (z,§) € T" x R", with |¢] = 1,

c(x, &) = %/0 (T —t)a(x + &) dt
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where T is the time from the dynamical hypothesis (5.13). Hence

1 (T
o) = 5 [ (=0 0ate+et)ar
I d
= T/o (T — t)aa(x + &) dt
T
= %/ a(x + &) dt — a(x)
0
= {(a)r —a.
Let
b:=e".
Then
(€,0.b) = e(&, 0pc) = e“(a)r — ab.
Consequently
{p,b} + ab = (£, 0,b) + ab = e“(a)r > 0,
as desired. 0

THEOREM 5.8 (Exponential decay in time). Assume the dy-
namic hypothesis (5.13) and suppose u solves the wave equation with
damping (5.12).

Then there exists constants C, 3 > 0 such that

(5.27) E(t) < Ce™P|f||2  for all times t > 0.

REMARK. The following calculations are based upon this idea: to
get decay estimates of g on the positive real axis, we estimate ¢ in a
complex strip [Im z| < a. Indeed if 5 < «, then

6/’6;9 _ / eﬁtg(t)e*m dt = / g(t)e*it(ﬂﬂriﬁ) dt = g(T + Zﬁ)

Hence an L? estimate of (- + i) will imply exponential decay of g(t)
for t — oo. U
Proof. 1. Recall from (5.15), (5.16) that

P(1) = h™%P(z,h) for 7* = h 2z
First we assert that if [Im 7| < «, then

(5.28) |1P(T) | 2mrr = O(1).



To prove (5.28) we note that
1P(z,h) " ullz < ClRPAP (2, h) " ullr2 + C|IP (2, )l e

. C
< Cliz +ivzhajul ez + —llull 2,
the last inequality holding according to Theorem 5.7. Thus
_ C
1Pz h) iz < ol e,
Rescaling, we find that
1P(T) " ull e < Clr | e

if |Im 7] < a. Also

_ C
1P(7) " ullze < llullze.

7l

Interpolating between the last two inequalities demonstrates that
1P(r) " ull < Cllullze.
This proves (5.28).
2. Next select y : R — R, x = x(t), such that
0<x<1 x=1lon[l,00),x =0 on (—o0,0).

Then if u; := yu, we have

(529) (83 + a(:x)at — A)Ul =01,
for
(5.30) g1 := X"u+2x'0u + a(z)x u.
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Note that ui(¢t) = 0 for ¢ < 0, and observe also that the support of ¢
lies within T™ x [0, 1]. Furthermore, using energy estimates in Lemma

5.6, we see that

1911 22((0,00); 2
(5.31) (0.00L%)

Now take the Fourier transform of (5.29) in time:
P(T)?jbl = §1-

Then
ﬂl = P(T)_lgl.

< C (Jlull20.1)22) + 0ull L2(0,1):22)) < CIf |22
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Using (5.28) and (5.31), we deduce that

lurll 20,00y = lltallz2(—c0,00):m)
< Cllg1] 2 ((=o0,00);22)
< Cllgillz2o,00)i22) < Cll f 22

3. We now modify the foregoing argument to obtain some exponen-
tial decay. For this, we recall the Remark above, and compute

le™urll 2oyt = Naa(- +iB)| 2 ooyt
= [IP(-+iB)7"g(- + iB) |l 2 ((—o00):t)
< Cllgllez(=oo,00)22)
< Cllgillzzo,00)ir2)y < C|l fll 22

Since u; = yu, we deduce that
(5.32) e ull 2,001,y < Cllf |22
4. Finally, fix T' > 2 and select a new function y : R — R, such that
0<x<1l, x=0fort<T—-1,x=1fort>T.
Let us = yu. Then

(5.33) (07 + a(2)0, — A)uy = go,
for
(5.34) g2 = X"u + 2X' 0 + a(x)x u.
Therefore sptg C T" x (T — 1,T).

Define

1
@@yzﬁ/(@mf+mmﬁ¢u

Modifying the calculations in the proof of Lemma 5.6, we use (5.33)
and(5.34) to compute

Eé (t) = @uzaqu + <axUJ2, ﬁitm) dz
TTL
= Oy (0Puy — Aug) dx

Tn

= —/ a(z)(Bpua)? dz + | Oyusgo dx

'ﬂ"l’L

< o/|awm@m+mnﬂ
’I["/L

< CE(t)+C | v+ (0u)®du.

’H"n
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Since Ey(T—1) = 0 and Ey(T) = E(T'), Gronwall’s inequality implies
that

(5.35) BT < C (Jularosm + 100l ) -
5. We need to control the right hand term in (5.35). For this select
X : R — R, such that
O<x=<1,
xX=0fort<T—2andt>T+1,
x=lfoT-1<t<T.

We multiply the wave equation (5.12) by x?u and integrate by parts,
to find

T+1
0 = / / Y2u(0Pu + a(z)0u — Au) dzdt

T+1
= / / 2(0pu)? — 2xx udwu + x*a(z)udu + x?|0yu|? dzdt.
From this identity we derive the estimate
10wl L2((r—1,1);02) < CllullL2(r—2,741);11)-
This, (5.35) and (5.32) therefore imply
E(T) < CHuH%?((T—ZT—f—l);Hl) < Ce ™| f| 12,
as asserted. U

REMARK. Our methods extend with no difficulty if T™ is replaced
by a general compact Riemannian manifold: see Appendix D. U
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6. EIGENVALUES AND EIGENFUNCTIONS

6.1 The harmonic oscillator
6.2 Symbols and eigenfunctions
6.3 Weyl’s Law

In this chapter we are given the potential V' : R" — R, and investi-
gate how the symbol

pla,§) = ¢ + V(z)
provides interesting information about the corresponding operator
P(h) = —h*A +V(z).
We will focus mostly upon learning how p controls the aysmptotic
distribution of the eigenvalues of P(h) in the semiclassical limit A — 0.

6.1 THE HARMONIC OSCILLATOR

Our plan is to consider first the simplest case, when the potential is
quadratic; and to simplify even more, we begin in one dimension. So
suppose that n = 1, h = 1 and V(z) = z?. Thus we start with the
one-dimensional quantum harmonic oscillator, meaning the operator

Pou = (=0 + 2°)u.

6.1.1 Eigenvalues and eigenfunctions of Py. We can as follows
employ certain auxillary first-order differential operators to compute
explicitly the eigenvalues and eigenfunctions for F.

NOTATION. Let us write
(6.1) Ay =D, +ix, A_ =D, — iz,

where D, = %(%;, and call A, the creation operator and A_ the anni-
hilation operator. (This terminology is from particle physics.)

LEMMA 6.1 (Properties of A.). The creation and annihilation
operators satisfy these identities:

(6.2) A=A A = A,

(63) PO == A+A, + 1 = A,A+ _— 1
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Proof. 1. It is easy to check that D} = D, and (iz)* = —ix.
2. Calculate
AA u = (D, +iz)(D, —ix)u

= (lﬁm + zx) (1% — z:z:u)
) 7

= Uy — (TU), + 2U, + 27U
= —Upy — U — TUy + TU, + 27U
= Fu—u.
Similarly,
A Au = (D, —iz)(D, +iz)u

= (1&,3 - zx) (lum + zxu)
i i

Uy + (TU)p — U, + 2
= PByu+ u.
d

We can now use A to find all the eigenvalues and eigenfunctions of
POZ

THEOREM 6.2 (Eigenvalues and eigenfunctions).
(i) We have
(Pou, u) > [lull7
for all u € C*(R™). That is, Py > 1.
(ii) The function

2

_z

vg =:€e 2
is an eigenfunction corresponding to the smallest eigenvalue 1.
(iii) Set
vy, 1= Al vg
form=1,2,.... Then
(6.4) Pyv, = (2n + 1)v,.

(iv) Define the normalized eigenfunctions
Un

Uy 1= .
" ol
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Then

(6.5) Un(2) = Hy(x)e™ 7

where Hp(x) = cpa™ + -+ +co (¢, #0) is a polynomial of degree n.
(v) We have

N

<un7 um) = 5nm

(vi) Furthermore, the collection of eigenfunctions {u,}o, is com-
plete in L*(R™).

Proof. 1. We note that

1 T U
[D,, x]u = Z(mu)x - Sl =
and consequently
i[Dy,x] = 1.
Therefore
lullfe = (i[Ds,z]u,u)
< 2f|zul[2 | Deull 2
< wullze + 1Dsullze = (Pou, u).

2. Next, observe

A_vg = % <e_é> — ’L':L‘e_é = 0;
and so Pyvg = (A4 A_ + 1)vg = vy.
3. We can further calculate that
Py, = (AyA_+ 1A v,

= A (A_A; — Vv, +2A40,
= A, Pw, 1+ 2A,v, 4
= (2n—1)A v, 1+ 2A,v,_1 (by induction)
= (2n+ 1)v,.

4. The form (6.5) of v,, u, follows by induction.
5. Note also that

[A_,A_;'_] — A_A+ - A+A_
= (h+)-(R-1)=2
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Hence if m > n,
(Un, Um) = (ATv, ATvg)
= (ATA%vo,v9) (since A_ = A%)
= (A" ALA- +2) AT Mg, vp).
After finitely many steps, the foregoing equals
((...)A_vg,v9) =0,
since A_vg = 0.

6. Suppose (u,,g) =0 for n =0,1,2,...; we must show g = 0.

Now since H,(z) = ¢,z™ + ..., with ¢, # 0, we have
o0 322
| s@e Fpaydr =0

for each polynomial p. Hence

| szt = [ gwe

o0 —0o0

%,

— (—izg)"
kz l]jl dx;

0

N

x

12
and so F (ge’7> = 0. This implies ge~= = 0 and consequently
g=0. U

6.1.2 Higher dimensions, rescaling. Suppose now n > 1, and write
Py:= —A + |z|%
this is the n-dimensional quantum harmonic oscillator. We define also
() = [ Lty (25) = [T Ho )™ %
j=1 j=1
for each multiindex o = (ay, ..., ;). Then
Potg = (—A + |2)*)ue = (2]a| + n)ug,
for |a| = ay+- - -+a,. Hence u, is an eigenfunction of P, corresponding

to the eigenvalue 2|a| + n.

We next restore the parameter A > 0 by setting
(6.6) Py(h) := —h*A + |z|?,

||

. (&) "
Y \WVh

a3

(6.7) ua(h)(@) == h™

n

J
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and
(6.8) E.(h) :== (2]a] + n)h.

Then
Py(h)ua(h) = Eq(h)uq(h).

Upon reindexing, we can write these eigenfunction equations as

6.1.3 Asymptotic distribution of eigenvalues. With these explicit
formulas in hand, we can study the behavior of the eigenvalues F(h)
in the semiclassical limit:

THEOREM 6.3 (Weyl’s law for harmonic oscillator). Assume
that 0 < a < b< oo. Then
(6.10)

#{E(h) | a < E(h) < b}

- (zﬁlh)nwol{@ <[+ |alf® < b} + o(1).

as h — 0.

In this formula and hereafter, “Vol” means volume, that is, Lebesgue
measure.

Proof. We may assume that a = 0. Since E(h) = (2|a| + n)h for some
multiindex «, we have

b
#EM0<Em<0) = #{al0<daltazy)
= #{Oé|(l/1+“'+(l/n§R},
for R := & Therefore
#{E(h) |0 < E(h) < b}
=Vol {z|2z; >0, 1+ + 2, < R} + o(R")

1
= mR”—l—o(R”) as R — oo

1 b\" 1
—ﬁ(%) —0—0(%) as h — 0.

Recall that the volume of the simplex {z | z; >0, =1 + -+ z, < 1}
is (n!)~1.
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Next we note that Vol{|¢]? + |z|> < b} = a(2n)b", where a(k) :=
Wg(F(g + 1))7! is the volume of the unit ball in R*. Setting k = 2n,
we compute that a(2n) = 7"(n!)~!. Hence

HEW < B <0 = (5] +ol)
= g (VoI + Jof* < B + o).

U
6.2 SYMBOLS AND EIGENFUNCTIONS

For this section, we take the symbol

(6.11) pla,€) = € + V(2),
corresponding to the operator
(6.12) P(h) = —h*A + V().

We assume that the potential V' : R™ — R is smooth, and satisfies the
growth conditions:

(6.13) 109V (2)| < Colx)*, V(z) > Cx)* for |z| > R,
for appropriate constants k, C,C,, R > 0.

Our plan in the next section is to employ our detailed knowledge
about the eigenvalues of the harmonic oscillator

Py(h) = —h*A + |z|?
to estimate the asymptotics of the eigenvalues of P(h). This section

develops some useful techniques that will aid us in this task.

6.2.1 Concentration in phase space. First, we make the important
observation that in the semiclassical limit eigenfunctions u(h) “are con-
centrated in phase space” on appropriate energy surface {|¢[?+V (x) =
E'} of the symbol. The proof of this assertion illustrates well the power
of the pseudodifferential operator techniques.

THEOREM 6.4 (h>-estimates). Suppose that u(h) € L?(R") solves
(6.14) P(h)u(h) = E(h)u(h).
Assume as well that a € S is a symbol satisfying

{I1€)* + V(2) = E} Nspt(a) = 0.

Then if
|[E(h) — E| <¢
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for some sufficiently small 6 > 0, we have the estimate

(6.15) la*(x, hD)u(h)|| L2 = O(h>)[Ju(h)]| 2.

Proof. 1. The set K := {|{|* + V(z) = F} C R*" is compact. Hence
there exists a compactly supported C* function x on R?" such that

0<x<1, x=1lon K, x =0 on spt(a).
Define the symbol
b:=[§]* + V(x) — E(h) +ix = p(z,§) — E(h) + ix
and the order function
mi= (€2 + (2.
2. Then if |E(h) — E| is small enough,

1
|b| > am on R?"

for some constant C' > 0. Consequently b € S(m), with b~! € S(m™').
Thus there exist ¢ € S(m™'), 71,7y € S such that

bYocV =1+ry
c’ob”=1+ry.

where 71, 7y are O(h™).
Then

(6.16)  a“(xz,hD)oc"(x,hD) o b"(x,hD) = a"(x,hD) + O(h*),

and

(6.17) b (x,hD) = P(h) — E(h) 4+ ix"
Furthermore

(6.18) a’(z,hD) o c”(x,hD) o x"(x,hD) = O(h*),

since spt(a) Nspt(x) = 0. Since P(h)u(h) = E(h)u(h), (6.16) and
(6.17) imply that

a’(z,hD)u(h) = a” oc” o (P(h)— E(h)+ix")u(h) + O(h™) = O(h™).
U

For the next result, we temporarily return to the case of the quantum
harmonic oscillator, developing some sharper estimates:
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THEOREM 6.5 (Improved estimates for the harmonic oscil-
lator). Suppose that u(h) € L*(R") is an eigenfuction of the harmonic
oscillator:

(6.19) Py(h)u(h) = E(h)u(h).
If the symbol a belongs to S, then

h oo
0200 a0l =0 () ) Il
REMARK. The precise form of the right hand side of (6.20) will later
let us handle eigenvalues E(h) — oo. O

Proof. 1. We as follows rescale the harmonic oscillator, in order that
we may work near a fixed energy level E.
Set

r - h - E(h)
=— h:=—=, E(h) = —=;
y \/E? E’ ( ) E )
so that |[E(h) — E| < 0E. Then put
Po(h) i= —h*Ay + |22, Po(h) := =h*Ay + |yl
whence .
Py(h) — E(h) = E(P(R) — E(R)).
We next introduce the unitary transformation
Ugu(y) := E3u(Ey).
Then )
UpPo(h)Ug' = EPy(h);
and more generally
Upb” (2, hD)U" = 5"(y,hD), bly,n) := b(E?y, E*7).

We will denote the symbol classes defined using i by the symbol Ss.

2. Theorem 6.4, applied now to eigenfuctions of Fy(h), shows that if
|E(h) — 1| < § and (Py(h) — E(h))u(h) = 0, then

6% (y, hDYa(h) || 2 = O(h)|[a(R) || 1z,

where g(y, n) € S is assumed to have support contained, say, in |y|* +
nl* <1/2.

Translated to the original A and z as above, this assertion provides
us with the bound

(6.21) 16 (2, D)u(h)|| 2 = O((h/E)®)|lu(h)]| L2,
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for _
b(z,€) = b(E~Y?z, E7Y%¢) € S.
Note that spt(b) C {|z|> + [£|* < E/2}.
3. In view of (6.21), we only need to show that for @ in the statement
of the theorem, we have

[(a® (2, AD)(1 = b"(x, hD))| 22 = O((h/ E)),
where b is as in (6.21). That is the same as showing
(6.22) @ (y. D)(L = 5" (y. hD)) |22 = O(h),

for

d(y,n) = a(E2y, E2n) € Sy,
with B

dist(spt(a),spt(1 — b)) > 1/C > 0,

uniformly in h. And estimate (6.22) is a consequence of Theorem 4.22.

U

6.2.2 Projections. We next study how projections onto the span of
various eigenfunctions of the harmonic oscillator Py(h) are related to
our symbol calculus.

THEOREM 6.6 (Projections and symbols). Suppose that a is a
symbol such that
spt(a) C {[¢* + |2 < R}.
Let
I1 := projection in L? onto
span{u(h) | Po(h)u(h) = E(h)u(h) for E(h) < R+ 1},

Then

(6.23) la* o (I = )||z2—r2 = O(h™)
and

(6.24) I =TT 0 0¥ ags = O(h™).

Proof. First of all observe that we can write
(I-) = > u(h)@u;h),
Ej(h)>R+1
meaning that

(I-Mu= Y (u(h), u)u,(h).

Ej(h)>R+1
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Therefore
a’o(I-T)= Y (a"u;(h)) ®u;(h);
Ej(h)>R+1
and so
%
(6.25) la* o (I =TD)|[er2 < > lla"uy(h)][7
Ej(h)>R+1

Next, observe that Weyl’s Law for the harmonic oscillator, Theorem
6.3, implies that

Ej(h) > cjnh

for some constant ¢ > 0. According then to Theorem 6.5, for each
M < N we have

la®u; (]2 < (ELW)N

J

sont (Ej}éh)>N_M

< ChMj_N;M
Consequently, if we fix N — M > n, the sum on the right hand side of
(6.25) is less than or equal to Ch*. This proves (6.23) O

6.3 WEYL’S LAW

6.3.1 Spectrum and resolvents. We next show that the spectrum
of P(h) consists entirely of eigenvalues.

THEOREM 6.7 (Resolvents and spectrum). There ezists a con-
stant hg > 0 such that if 0 < h < hg, then the resolvent

(P(h) —2)~": L*(R") — L*(R")
is a meromorphic function with only simple, real poles.

In particular, the spectrum of P(h) is discrete.

Proof. 1. Let |z| < E, where E is fixed; and as before let Py(h) =
—h?A + |z|* be the harmonic oscillator. As in Theorem 6.6 define

I := projection in L? onto
span{u | Py(h)u = E(h)u for E(h) < R+ 1}.
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Suppose now spt(a) C {|z]* + [£|* < R}. Owing to Theorem 6.6, we
have

(6.26) a® — a®TI|| 22 = ||l — a®||z2z2 = O(h%).

2. Fix R > 0 so large that
{I€F +V(x) < B} C {|l=]* +[¢]° < R}
Select x € C(R*") with spt(x) C {|z|* + |{]*> < R} so that
1
P+ V(x) —z+x > rolk

for m = (£)?+(z)* and all |z| < E. From (6.26) we see that y = I[IxII+
O(h*). Recall that the symbolic calculus guarantees that P — z + y is
invertible, if h is small enough. Consequently, so is P — z + I[TxII, since
the two operators differ by an O(h*) term.

3. Now write
P—z=P —z+ IIxII - IIxII
Consequently
P—z = (P—z+TID)(I — (P — z+TxI) ')

Note that IIxII is an operator of finite rank. So Lemma 6.8, stated and
proved below, asserts that the family of operators

(I — (P — 2+ HxII) " IxID) !

is meromorphic in z. It follows that (P — 2)~! is meromorphic on L.
The poles are the eigenvalues, and the self-adjointness of P implies that
they are real and simple. O

LEMMA 6.8 (Inverses). Suppose that z — M/(z) is an analytic
mapping of a connected open set & C C into the space of finite rank
operators on a Hilbert space H.

If (I + M(z0))™! emists at some point zy € 0, then (I + M(z))™! is
a meromorphic family of operators on ().

Proof! 1. If H is finite dimensional, we observe that the function
det(I 4+ M(z)) is analytic and not identically zero in €, in view of our
assumption that (I + M (z))™! exists. Thus

_cof (I +M(2))
T+ ME)" = T3 0)

(Cramer’s rule)

1Omit this proof on first reading.
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is meromorphic. Here “cof A” means the cofactor matrix of A.

2. For the general case that H is infinite dimensional, let z; be an
arbitrary point in 2. We can choose two finite rank operators

R_:C"~—H, R,:H—C"
such that
R_(C")NRange (I + M(z)) = {0},
Ker (Rylie)(I + M(z1)) = {0}.
We can choose R4 to be of maximal rank, in which case
ny = dim Ker (I + M(z2))
n_ =dimKer (I + M(z)").

An argument from linear algebra shows that

P(2) ;:(]RtM(Z) fg-) . H®C™ — H@C™,

is invertible at z = z; and hence for 2z in a neighbourhood of z;. We
can write the inverse as

P = f0) B)) et — neen

Next, the simple and celebrated Schur complement formulas
(I+M(2)™ = B(z) = By(2)E_y (=) E_(2),
E_(2)7'=—R_(I+M(2))"'Ry

show that (4 M(z))~! is invertible if and only if ny =n_ and E_, ()
is invertible.

(6.27)

3. The foregoing argument shows that there exists a locally finite
covering {€;} of Q, such that for z € Q;, I+ M (z) is invertible precisely
when E_(z), defined for z € Q;, is invertible.

Since 2 is connected and since I + M (z) is invertible, we deduce
that n_ = n, for all points in {2 and that det £_, (2) is not identically
zero in ;. The finite dimensional argument shows that F_,(z)™! is
meromorphic and then (6.27) gives the meromorphy of (I + M(z))™'.

U

REMARK: Theorem 6.7 can be obtained more directly by using the
Spectral Theorem and compactness of (P +4)~!. We will demonstrate
this in our later discussion Schrodinger operators on manifolds in Ap-
pendix D. The approach using the Schur formulas is Grushin’s method:

see [S-Z2]. O
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6.3.2 Spectral asymptotics. We are now ready for the main result
of this section:

THEOREM 6.9 (Weyl’s Law). Suppose that V satisfies the condi-
tions (6.13) and that E(h) are the eigenvalues of P(h) = —h*A+V (x).

Then for each a < b, we have
#{E(h) | a < E(h) < b}

6.28

( ) - (27T1h)n (Vol{a < |f]2 + V(z) <b}+o0(1)).
as h — 0.

Proof. 1. Let

NQA) = #{E(h) | E(h) < A},
Select x € C°(R*") so that
X=lon{p<A+e}, x=0on{p>X\+2¢}.
Then

1
aizp—l—()\—l—e)x—)\zam,

for m = (£)2 + (x)™, is elliptic. Consequently for small h, a® is invert-
ible.

2. Claim #1. We have
(6.29) (P(h) + (A +ex* = Nu,u) > yull72

for some v > 0.
To see this, take b € S(m'/?) so that b = a. Then b* = b#b + 7,
where = O(h); and thus

Op(a) = Op(t?) = Op(B)Op(b) + Op(r) = BB + O(h) 12
for B = Op(b). Hence for sufficiently small h > 0,
((P(h) + (A +e)x* = Mu,u) = (Op(a)u, u)
= [|Bul|2 + {O(h)u, )
> || Bull* = O(h)|lullzz = yllullZ,
for some v > 0, since B! exists. This proves (6.29).

3. Claim #2: For each 0 > 0, there exists a bounded linear operator
Q such that

(630) Xw = Q + O(hOO)L2_)L2
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and

(6.31) rank(Q) <

(2;}1)” (Vol{p < A+ 26} + 0).

To prove this, cover the set {p < A+2¢} with balls B; = B((x;,&;),7;)
(j=1,...,N) such that

N
> Vol B; < Vol{p < A+ 2¢} + g

j=1
Define the “shifted” harmonic oscillator

Pj(h) == (hDy — &)* + (x — z;)%;

and set
II := projection in L? onto V, the span of
{u] Pj(h)u=E;(h)u, E;j(h)<r;, j=1,...,N}
Then
XY= I+ = I)x”
= IIx“+ O(h*™) by Theorem 6.6
= Q+0(h)
for
Q = 1Ix".

Clearly @ has finite rank, since

rank @ = dim(image of Q)
< dim(image of IT)

_ Z#{Ej(h) | Ej(h) <rj}

— (zﬁlh)n (Z\/ol Bj+o(1)) ,

according to Weyl’s law for the harmonic oscillator, Theorem 6.3. Con-
sequently

rank @ < ﬁ (Vol{p < A+2€e}+ g + 0(1)> :

This proves Claim #2.
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4. We next employ Claims #1,2 and Theorem B.4. We have
(P(hyu,uy = (A+N)ullze = (A + )(Qu, u) + (O(h*)u, u)
> Aullzz = (A + e)(Qu, w),

where rank @) < =(Vol{p < A+ 2¢} + ). Theorem B.4,(i) implies

then that

(2h

N\ < e 1h) (Vol{p < A+ 2} +d+0(1)).

This holds for all €, > 0, and so
(6.32) N\ <

~(Vol{p < A} +o(1)

as h — 0.

5. We must prove the opposite inequality.
Claim #3: Suppose B; = B((z;,&;),7;) C {p < A}. Then if

P(h)u = E;(h)u
and E(h) < r;, we have
(6.33) (Pi(h)u,u) < (A + e+ O(h™))||ull72
To prove this claim, select a symbol a € C2°(R?"), with
a=1on{p <A}, spt(a) C{p < A+e}

Let ¢ :==1—a. Then u — a“u = ¢*u = O(h™) according to Theorem
6.6, since spt(1 —a) N B; = 0.

Define b* := P(h)a®. Now p € S(m) and a € S(m~"'). Thus b* is
bounded in L?, since b = pa 4+ O(h) € S. Observe also that b < A + £,
and so

b = Op(h) < A+%.

Therefore
3
(Pl u) = 0 < (34 5 ol
Since a®u = u + O(h*>), we deduce
(P(h)u,u) < (A + e+ O(h*))]|ul|Z..
This proves Claim #3.
6. Now find disjoint balls B; C {p < A} such that

N
Vol{p < A} <) Vol B; +.

j=1



Let V := span{u | Pj(h)u = E;(h)u, Ejh) < r;, j
Owing to Claim #3,

(Pu,u) < (A +0)||ull72
for all uw € V. Also, Theorem 6.3 implies

N
dimV > S #{E(h) < r,}
j=1

N
1
oy (Z Yol Bl )>
1
(2mh)"
According then to Theorem B.4,(ii),

>

N(A) >

> (%1]1)” (Vol(p < A} — 6+ o(1)).

(Vol{p < A} —d+0(1)).

1,...
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7. EXPONENTIAL ESTIMATES FOR EIGENFUNCTIONS

7.1 Estimates in classically forbidden regions
7.2 Tunneling
7.3 Order of vanishing

This chapter continues our study of semiclassical behavior of eigen-
functions:

for
P(h) = —h*A +V(z).

We first demonstrate that if E(h) is close to the energy level E, then
u(h) exponentially small in the physically forbidden region V—!((E, o0)).
Then we show, conversely, that in any open set the L? norm of u(h) is
bounded from below by a quantity exponentially small in h.

We conclude with a discussion of the order of vanishing of eigenfunc-
tions in the semiclassical limit.

7.1 ESTIMATES IN CLASSICALLY FORBIDDEN REGIONS
For the classical Hamiltonian
p =&+ V(x)
the classically forbidden region at energy level E is the open set
VH(E, 00)).

We will show in this section that an eigenfunction of P(h) = —h?*A +
V(x), for V satisfying the assumptions of §6.3, is exponentially small
within the classically forbidden region.

We begin with some general facts and definitions.

DEFINITION. Let V' C R" be an open set. The semiclassical Sobolev

norms are defined as
1/2

[l gy == Z |(hD)*u|*dx
o<tV

for u e C=(V).

LEMMA 7.1 (Semiclassical elliptic estimates). Let V CC U be
open sets. Then there exists a constant C' such that

(7.1) [ull vy < CUPR)ull 2wy + llull2w))
for all u € C*(U).
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Proof. 1. Let x € C>®(U), x = 1 on V. We multiply P(h)u by x*u
and integrate by parts:

/ R (0(x*a), Ou) + (V — E)|ul*x* dv = / P(h)utix? d.
U U

Therefore
;ﬂ/ Cloul dz < o/ P(h)ul? + |uf? de:
U U
and so
h2/ Ouf? dz < c/ P(h)ul® + Juf? de
Vv U

2. Similarly, multiply P(h)u by x?*Au and integrate by parts, to
show

h4/ |0%u|? do < C/ |P(h)ul? + |u|? dx.
v U

O

Before turning again to eigenfunctions, we present the following gen-

eral estimates for the operator P(h) = —h?A + V(z) where V €
C>(R™).

THEOREM 7.2 (Exponential estimate from above). Suppose
that U is an open set such that

UccV Y E, ).

Then for each open set W DD U and for each X\ in a small neigh-
borhood of E, there exist constants 6,C' > 0, such that
(7.2)  ullzzwy < Ce™ [lullzwy + CI(P(R) = Nl 2w
for all uw € C*(R™).

We call (7.2) an Agmon-type estimate.
Proof. 1. Select ¢, ¢ € C3°(W) such that 0 < ¢,¢ < 1,9 =1on U,
and ¢ =1 on spt 1.

We may as well assume that W cC V~1((E,00)) and require also
that

spt o C W cC VY((E,0)).
2. Observe that the symbol of
VM P(h) — N)e %" = P(h) — X — 8%|0|* — hd Avp + i5(0np, hD)
is

(€ +3000)* + V(x) — A+ O(h).
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Now for A close to E/, x € W and ¢ sufficiently small, we have
(€ +60)? + V(z) = N)[*> ¢ >0

for some positive constant ¢y. Then according to the easy Garding
inequality, Theorem 4.24, we see that provided § > 0 is sufficiently
small, then

(7.3) A(h)*A(h) > *¢?
for some constant ¢ > 0 in the sense of operators, for
A(R) == ¥/M(P(h) — N)e %/t
3. Estimate (7.3) implies that
l6e®/mull 2 < ¢ | A(RYullzz
< e G(P(R) = Null 2 + ¢ M| [P(R), glull 2,
for u € C*(R™). Since 1 = 0 on spt [P(h), ¢|u, Lemma 7.1 gives
1 [P (), glull 2 < C(IADsull 2w ) + llullz2)
< Cllullzavy + CIP(R) = Aull2qv) -
Combining these estimates, we conclude that
Mullizio) < Cllullzzy + C " + ON(P(R) = 2)ull 2y

and the theorem follows. O

Specializing to eigenfunctions, we obtain

THEOREM 7.3 (Exponential decay estimates). Suppose that
UccCVY(E,0)), and that u(h) € L*(R™) solves

P(h)u(h) = E(h)u(h),

where
E(h) - E ash— 0.
Then there exists a constant & > 0 such that

(7.4) lu() 2wy < e [u(h)l|2ny.

7.2 TUNNELING

In the previous section we showed that an eigenfunction is expo-
nentially small in the physically forbidden region. In this section we
will show that it can never be “smaller” than that: in any open set
the L? norm of an eigenfuction is bounded from below by a quantity
exponentially small in hA. This is a mathematical version of quantum
mechanical “tunneling into the physically forbidden region”.
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We will assume in this that section u = u(h) solves
P(h)u = E(h)u in R",
where
P = P(h) = —h*A + V(z) = Op(p)
for the symbol
p(z,€) = ¢ + V(2).
Our goal is deriving for small A > 0 the lower bound
lullz) = € % llull 2y
where U is a bounded, open subset of R".
NOTATION. We will also use conjugation by an exponential and to

make it more systematic we now introduce some notation. Assume
that ¢ : R” — R and define

(7.5) P, = Py(h) := e?"Pe=?/" = Op(py + O(h))
for
po(x,€) = (€ +i0¢(x))* + V().

We call Py the conjugation of P by the term e?/". By carefully select-
ing the weight ¢ we can ensure that Py has some desirable properties.

DEFINITION. Hormander’s hypoellipticity condition is the require-
ment that:

(7.6) if p, =0, then i{py Dy} > 0.

REMARK. Observe that for any complex function ¢ = ¢(x, &),
i{q,q} = i{Re ¢+iIm ¢q, Re ¢ — i Im ¢} = 2{Re ¢,Im ¢}.
Hence the expression i{py, Dy} is real. O

LEMMA 7.4 (L?-estimate). If Hormander’s condition (7.6) is valid
for allx in'V CCR", then

(7.7) W2 |ull ey < Ol Poullreqry

for all u € CX(V), provided hy > 0 is sufficiently small and 0 < h <
hg.
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Proof. We calculate that
[Pyullz = (Pyu, Psu) = (P Pyu, u)
= (P¢P(;§u, u) + <[P;, Pylu, u)
= [[Pgullez + ([P, Polu, u).

The symbol of PyPj + [Py, Py| is

B h __ . .
a = pyPy + ;{Pmpqs} + O(h?) = |pg|* + ih{ps, D5} + O(h?).

Owing to Hérmander’s condition (7.6), we have

a > Ch+ O(h?) > gh

if 0 < h < hg. We apply the easy Garding inequality, Theorem 4.24,
to deduce for small h that
(7.8) |Pyullie = (PyPy + [Py, Pslu,u) > Chllul7..

O

LEMMA 7.5 (Constructing a weight). Let 0 < r < R. There ex-
ists a C*°, bounded, radial function ¢ : R" — R such that Hormander’s

condition (7.6) holds on B(0, R) — B(0,r).

Proof. 1. We will take p = |{|* + V(z) — E, and then compute
(7.9)  ps = ((+i06(x))* +V(x)— E

= [¢* = 106(2)[* + V(z) — E + 2i(¢, 06 ().
S0 py = 0 implies

(7.10) €1 = [0¢(2)* + V(2) = E =0
and

(7.11) (&, 00(x)) = 0.
Furthermore,

(7.12) %{P¢717¢} = {Re pg,Im py}
= (0c(|E] = 09]° + V — E), 0,(2¢,09))
—(0:(I€]> — [09]> + V — E), 0¢(2€,09))
= 4(0°¢E, &) + 2(0° 00, D) — (OV, 09).
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2. Assume now
6=,
where A > 0 will be selected and ¢ : R® — R is positive and radial;
that is, ¢ = ¢(|z|). Then

Dp = e O
and
0% = M (N200 @ O + \O*).
Hence
(7.13)  (9°0€,€) = (N0, €) + MO*YE, €)) = M MI™E, ),
since p, = 0 implies (0¢, &) = 0 and so (0¢, &) = 0. Also
(2900, 0¢) = A9 ['e™ + N (Ppdp, ) e,
and
9V, 06) = A (OV, D).
According to (7.12), we have
S{Po T} = M (GP0E, &)+ 2X 0|

+ 203(0%p 0O, 0np) >N — NIV, O eV

(7.14)

Now take
= C = xf,
for a constant C' so large that ¢» > 1 on B(0, R). Then
0y =1, |0%¢| < C on B(0,R) — B(0,r).
Furthermore according to (7.10) we have
(7.15)  |£P < C + |09 < C+C e on B(0,R) — B(0,r).

Plugging these estimates into (7.14), we compute
%{m%} =2\ — ON3 P — O > 1,

if A is selected large enough. We can now modify ¢ in B(0, ) to obtain
a smooth fuction on B(0, R). O

THEOREM 7.6 (Exponential estimate from below). Let U C
R™ be an open set. There exist constants C, hy > 0 such that if u(h)
solves

P(h)u = E(h)u(h) in R"
for E(h) € [a,b], then
(7.16) |u(h)|| 2@y > e

_<
h

|w(h) || 22 ey
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for all 0 < h < hy.
We call (7.16) a Carleman-type estimate.
Proof. 1. Without loss U = B(0, 2r) for some (possibly small) r > 0.
Select R > 0 so large that
(@, &) = [§7 + V(w) > ¢ + (z)*
for |x| > R. That is, the symbol p is elliptic in R" — B(0, R).
Select two radial functions x1, x2 : R?" — R such that 0 < y; < 1,
x1 =0 on B(0,7),
x1 =1 on B(0,R+2)— B(0,2r),
x1=0 onR?"— B(0,R+3)
and 0 < o <1,

x2=0 on B(0,R)
x2=1 on R - B(0,R+1).

2. Since p is semiclassically elliptic on R" — B(0, R), we have the
estimate

ull L2n—B(0,R)) < C||P(h)ullL2@®n—B(0,R))
for all w € CX(R™ — B(0, R)).
Hence

Ixaullz: < CILP(R) (x2u)l 2 = ClI[P(h), xa]ul| 2.

Now [P(h), x2Ju = —h*ulxs — 2h?{Dxs, Ou). Thus [P(h), x2]u is sup-
ported in B(0, R+ 1) — B(0, R). Hence, according to Lemma 7.1,

(7.17) Ix2ullze < Chlx1ullL2(B(0,R+1)-B(0,R))-
3. Next apply Lemma 7.4:
B2 ’ FP(h H - c) .
en P(h)(x1u) L L

Now [P(h), x1] is supported in the union of B(0,2r) — B(0,r) and
B(0,R+3) — B(0, R +2). Thus

/2 ‘

eh [P(h), x1]u

v, <]
L2

+ C|u _
L2(B(0,R+3)—B(0,R+2)) [ull 20

@
eﬁxluH < Ch ‘
L2

@
en X2u‘
4. Select a positive constant ¢y so that

¢>¢y on B(O,R+1)— B(0,R)
¢ <¢y on B(0,R+3)—B(0,R+2).
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Multiply (7.17) by e?o/" and add to (7.17):

20 @
€ X2U erxX1u

o]
L2

L2
< Ch He%xlu‘

L2(B(0,R+1)—B(0,R))

+Ch!/?

o _
eh)@u‘ +Ch 1/2||u||L2(U)

L2(B(0,R+3)—B(0,R+2))

¢ _
ehxaul| -+ Cn? ‘LQ + Ch™2 )| 2o

%0
eh Xall

gCh‘

A
Take 0 < h < hg, for hg sufficiently small, to deduce

b0 _
e xau ‘m < OB Y2 ||| 2o

¢
erxiu

|+
.2

Since x1+ x2 > 1 on R" — B(0,2r) = R™ — U, the theorem follows. [

7.3 ORDER OF VANISHING
Assume, as usual, that
(7.18) P(h)u(h) = E(h)u(h),

where E(h) € [a,b]. To simplify notation, we will in this subsection
write u for u(h).

We propose now to give an estimate for the order of vanishing of u,
following a suggestion of N. Burq.

DEFINITION. We say u vanishes to order N at the point z if
u(z) = O(|x — oY) as x — .

We will consider potentials which are analytic in  and, to avoid tech-
nical difficulties, make a strong assumption on the growth of deriva-
tives:

(719) V(@) 2 (@)"/Co~Co, |0°V(2)| < " |al ()
for some m > 0 and all multiindices a.

We note that the second condition holds when V' has a holomorphic
extension bounded by |z|™ into a conic neighbourhood of R™ in C".

THEOREM 7.7 (Semiclassical estimate on vanishing order).
Suppose that uw € L? solves (7.18) for a < E(h) < b and that V a real
analytic potential satisfying (7.19). Let K be compact subset of R™.

Then there exists a constant C' such that if u vanishes to order N at
a point rg € K, we have the estimate

(7.20) N <Cht.
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We need the following lemma to establish analyticity of the solution
in a semiclassically quantitative way:

LEMMA 7.8 (Semiclassical derivative estimates). If u satisfies
the assumptions of Theorem 7.7, then there exists a constant Cy such
that for any positive integer k:

(7:21) ol gy < CEQL+ BR) ey

Proof. 1. By adding Cj to V' we can assume without loss that V' (z) >
(x)™/Cy. The Lemma will follow from the following stronger estimate,
which we will prove by induction:

(1o POl + (O (D) e
' < CFF2(1 4 kR |ul| 2.
for |o| = k.

2. To prove this inequality, we observe first that our multiplying
(7.18) by @ and integrating by parts shows that estimate (7.22) holds
for |a| =0

Next, note that

1 (03 (03
V2 (hD)ull72 + || (h0) (h D) ull»
= ((=P*A+V = E(h))(hD)u, (hD)*u) + E(h)||(hD)*ul|7
= (V72 V. (hD)u, V= (hD)u) + E()]|(hD) ul 5
1 1 1
< 2[V2 [V, (AD)Jullzz + 5 1VZ (hD) ullz2 + E(R) || (D) ul 2.
Hence
(7.23)
1 L o «
5IIVZ(hD)*ullzz + [|(h0) (hD)*ull7:
< 2| V72V, (kD) JulZ2 + E(h)[|(hD)*ulf7.
3. We can now expand the commutator, to deduce from (7.19) (with
V replaced by V + Cj) the inequality:
[V=2 [V, (hD)Jul 2 <
(7.24) k1 (k
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We proceed by induction, and so now assume that (7.22) is valid for
la| < k. Now Stirling’s formula implies

k kF
<(—m—.
<Z) = T

Hence, in view of (7.23) and (7.24), it is enough to show that there
exists a constant C5 such that

k—1

k,k
> h’“‘ll—lCé“‘l“CéJrz(l + 1R)H + CEFH1 + hE)* < CEF2(1 + hik)EHL
=0

This estimate we can rewrite as
k-1 oo B
Co ) (-0) (h)~Y(1 + RD)'(1 + hl) + C3 Y (hk) ™5 (1 + hk)*
=1 Cy
< (hk)7F(1 + hk)*(1 + Rk).

Since we can choose C5 to be large and since we can estimate the (1+hl)
factor in the sum by (1 + hk), this will follow once we show that for e
small enough,

E

-1
¢ lay < ap for a;:= (1+ (b))
!

Il
=)

This is true by induction if a;_1/a is bounded:

N

-1

" lay < 2eay_.

~
Il
o

In our case,

a;kl (1 +1(i(éfh;)1)l)_ ) - (14 (k)™

1 k-1 L
= (1+(k—1)(1+hk)> (14 (hk)™)

< e 1 Ik <1
X .
= P\ k) 11 hk

U

Proof of Theorem 7.7: Assume now that ||u||z2 = 1 and that u vanishes
to order N at a point xg € K.
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Then D*u(zg) = 0 for |a| < N and Taylor’s formula shows that

N
(7.25) lu(z)| < £ sup sup |D%(y)| for |z — o] < e.
N |a=N yern

The Sobolev inequality (Lemma 3.5) and Lemma 7.8 allow us to
estimate the derivatives. If say M = N 4+ n and |a| = N, then

sup 1D*u(y)| < [lullar < A=Y full e < A7HCY (1 + R
y n

Inserting this into (7.25) and using Stirling’s formula, we deduce that
if for |x — x| < ¢, then

u(z)] < (%)N (%)M (14 WM < (g)n (%)M (14 hM)M.

If we put A := Mh, then for € small enough we have, with K = Ce !
large,

Ah—1
o) < WAy () e

= (KAL) (1+1/A)"" exp(—Ah~'log K).

We can assume that A is large, as otherwise there is nothing to prove.
Hence
Ju(@)] < exp(—aAn™),

for a > 0 and |z — x| < e. It follows that

/ u(z)|? do < Cre=204/,
{|lz—=zo|<e}

uniformly in h. But according to Theorem 7.6,

/ lu(z)|? dz > e~ /",
{|lz—=z0|<e}

Consequently A = Mh = (N + n)h is bounded, and this means that
N < Ch™1, as claimed. O

EXAMPLE : Optimal order of vanishing. Theorem 7.7 is optimal
in the semiclassical limit, meaning as regards the dependence on h in
estimate (7.20).

We can see this by considering the harmonic oscillator in dimension
n = 2. In polar coordinates (r,6) the harmonic oscillator for h = 1
takes the form

Po=r7((rD;)* + Dy +1).
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The eigenspace corresponding to the eigenvalue 2k 4 2 has dimension
k 4 1, corresponding to the number of multiindicies o = (o, as), with
la| = o + a9 = k. Separating variables, we look for eigenfunctions of
the form
U = Upyn (7)™,
Then
r2((rDy)? +m? +r* — (2n + D)rH)ug,(r) = 0.

Since the number of linearly independent eigenfunctions is k + 1, there
must be solution for some integer m > k/2. Near r = 0, we have the
asymptotics up, ~ r*™, and the case uy, ~ r~™ is impossible since
u € L?. Therefore v ~ r™ has to vanish to order m.

Rescaling to the semiclassical case, we see that for the eigenvalue

E(h) = (2k 4+ 1)h ~ 1 we have an eigenfunction vanishing to order
~ 1/h. O
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8. MORE ON THE SYMBOL CALCULUS

8.1 Invariance, half-densities

8.2 Changing variables

8.3 Essential support, wavefront sets

8.4 Wave front sets and pointwise bounds
8.5 Beals’s Theorem

8.6 Application: exponentiation of operators

This chapter collects together various more advanced topics concern-
ing the symbol calculus, discussing in particular invariance properties
under changes of variable, a semiclassical version of Beals’s charac-
terization of pseudodifferential operators, extensions to manifolds, etc.
Chapters 9 and 10 will provide applications.

8.1 INVARIANCE, HALF-DENSITIES

Invariance. We begin with a general discussion concerning the
invariance of various quantities under the change of variables

(8.1) T = k(x),
where k : R" — R” is a diffeomorphism.

e Functions. We note first that functions transform under (8.1) by
pull-back. This means that we transform u into a function of the new
variables & by the rule

(8.2) w() = a(k(r)) = u(),

for x € R™. Observe however that in general the integral of u over a
set E is not then invariant:

L R [E u(z) da.

e Densities. One way to repair this defect is to change our definition
(8.2) to include the Jacobian of the transformation k. We elegantly
accomplish this by turning our attention to densities, which we denote
symbolically as

We therefore modify our earlier definition (8.2), now to read
(8.3) (%) = u(k(x)) = u(z)|det(dk(x))| "

Then we have the invariance assertion

“u(7)|dr] = u(r)|dz], 7
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meaning that

/R(E)@(ZE) d:z:/Eu(x) dz

for all Borel sets £ C R".

e Half-densities. Next recall our general motivation coming from
quantum mechanics. The eigenfunctions v we study are then inter-
preted as wave functions and the squares of their moduli are the prob-
ability densities in the position representation: the probability of “find-
ing our state in the set £” is given by

/E lu(z) 2dz.

This probability should be invariantly defined, and so should not de-
pend on the choice of coordinates x. As above, this means that it is
not the function u(x) which should be defined invariantly but rather
the density |u(z)|?dz, or equivalently the half-density

u(z)|dz|2.
For half-densities we therefore demand that
“a(z)|dz|> = u(w)|dz]2”,

which means that integrals of the squares should be invariantly defined.
To accomplish this, we once again modify our original definition (8.2),
this time to become

(8.4) W(7) = G(k(z)) == u(z)| det(dk(z))| 2.

Then
/ |a(:z)|2d:z=/ () [? da.
w(E) E

for all Borel subsets £ C R"™.

DISCUSSION. The foregoing formalism is at first rather unintuitive,
but turns out later to play a crucial role in the rigorous semiclassi-
cal calculus, in particular in the theory of Fourier integral operators,
which we will touch upon later. Section 8.2 below will demonstrate
how the half-density viewpoint fits naturally within the Weyl calculus,
and Section 10.2 will explain how half-densities simplify some related
calculations for a propagator.

Our Appendix D provides a more careful foundation of these concepts
in terms of the s-density line bundles over R", denoted Q*(R™). In this
notation, a density is a smooth section of Q!'(R") and a half-density is

a smooth section of Qz (R"). O
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NOTATION. We write

u|dz| € C(R", Q' (R™))
for densities, and

uldz|z € C™(R", Q% (R™))
for half-densities.

REMARK: Operator kernels. Another nice aspect of half-densities
appears when we use operator kernels. Suppose that

K € C®(R" x R"; Q2 (R" x R")).
Then K, acting as an integral kernel, defines a map
K : CX(R",Q3(R") — C*(R",Q5(R")),
in an invariant way, independently of the choice of densities:
Ku(o)delt = [ K e.g)ldeldyluly)ldy
(8.5) e
= ([ Kty ) ol

8.2 CHANGING VARIABLES

In this section we illustrate the usefulness of half-densities in charter-
izing invariance properties of quantization under changes of variables.

We observe that the half-density sections over R?® = R” x R" are
identified with functions if we consider symplectic changes of variables,
in particular

(8.6) (,8) = (2,€) = (r(x), (Ir(x)")"€).
(Recall the derivation of this formula in Example 1 of Section 2.3.)

We will consider the Weyl quantization of a € C>(R*") as an oper-
ator acting on half-densities. That is done as in (8.5) by defining

1 1
Koz, y)|dx|?|dy|>

(87) 1 T -+ (z—y,€) 1 1
= o [ o () ¢ alaat
Rn

Then

(88)  Op(a)(u(y)ldy|?)|dz|* == / Ku(z,y)uly) dyldz]*.
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The arguments of Chapter 4 show that for a € S we obtain a bounded
operator that quantizes a:

Op(a) : L*R",Q2(R") — L2(R",Qz(R")).

Next, let £ : R® — R™ be a smooth diffeomorphism and a € S. We
write A = Op(a) for the operator acting on half-densities. As above, if
we write & = k(z), we define u by

(8.9) @(7)|dE|? = u(z)|dz|?.
Then A = (k~1)*Ar*, acting on half-densities, is given by the rule
(8.10) Au(z) = Au(z),

when acting on functions.

THEOREM 8.1 (Operators and half-densities).
(i) Consider A acting on half-densities. Then

(8.11) (k 1)*Ak* = Op(a)

for

(8.12) a(z, &) = a(k™H(x),0k(x)TE) + O(h?).
That 1s,

(8.13) a(z,€) = a(k(z), (Or(z)") ') + O(R?).

(ii) When we consider A acting on functions and define

Ay = (k)" Ak,

then
Ay = Op(a1),
for
(8.14) ay(z,€) = a(k ' (x),0k(x)T€) + O(h).
That 1is,
(8.15) a(z,€) = ar(k(x), (Ok(2)")7'E) + O(h).

INTERPRETATION. The point is that assertion (i) for half-densities
(with error term of order O(h?)) is more precise than the assertion (ii)
for functions (with error term O(h)). O

Proof. 1. Remember that

Aua)ldal = [ Kulary)ldal gl o)yl
]Rn
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for
1 T4y i(w—y,€)
K, (xz,y) = —— —, d€.
o i (52 )
Likewise
- SRS TR RSSO |
Au(z) = | Ka(2,7)|dz|z|dy|2a(y) |dy|>
Rn
for

o 1 (TH+y 2\ we-ud
K; = — dg.
(l(x7 y) (27Th)n /Rn a ( 2 7€> € h g
Since @(3)|dj|z = u(y)|dy|z and dj = |det Ok (y)|dy, it follows that

At(z) = | Ka(&7)|det 9 (y)|2|det 9k (x)|Zu(y) dy.
]Rn
Hence we must show

(8.16) K, (z,y) = K3(Z,9)|det 8&(y)\%\det 81@(:1:)]% + O(Rh?).
2. Now

1 1 Uy~ i~ o~ & ~
Ki(7,5) = / a(“%) e @8 ¢

(2mh)™ 2
_ i (B HEW) 2\ e w8 g¢
(k) / . ( > ’5) de
We have
(8.17) k(z) — k(y) = (k(z,y),r —y),
where
(8.18) k(z,y) = Ok (x ; y) +O(|z — y]?)
Also

(8.19) K(x) + Kk(y) =2k (—) +O(|z — y*).

Let us also write

(8.20) €= (k(z.y)") '€
Substituting above, we deduce that
Kd(j'7 g)

= G o[ (= (552) ™))+ 001 = )

e (w(@)—r(w). (@) )TE) gE
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Now, we apply the “Kuranishi trick” to rewrite this expression as a
pseudodifferential operator. First,

(k(z) = K(y), (k(z,y)") 7€) = (k(z,y) " (k(2) — K(Y). &) = (& —y. &),

according to (8.17). Remembering also (8.18), we compute

1 ~ T4y e\ T\ _ Hz—y.8)
o S |2 (5 (552), (05 (551)7) ) + Ollw — yP) | ehev9d€

= o Jro [0 (52,€) + Oz — yf)] ex v,
Furthermore d¢ = |det k(z,y)|1d¢ and

det k(x,y) = det Ok <x—;—y> + O(Jx — y]?).

Also
r+y

) ‘ = |det Ok(z)||det Ok (y)| + O(Jx — y|?).

det Ok (

3. Finally we observe that
(8.21) (x —y)” e (T=9:) = (hDg)* ot (@=v.)

Hence integrating by parts in the terms with O(|z — y|?) gives us terms
of order O(h?). So

K&('%a g) -

(27r1h)" / (a (x;ry f) +O(h2)) (w8 e

|det Ok (z)|~V/?|det Ok (y)| /2.

This proves (8.16).

4. When A acts on functions, then K, has to transform as a density.
In other words, we need to show

(8.22) Koz, y) = Ko, (Z,7)|det Or(y)| + O(h),
instead of (8.16). Since
[det Or(y)| = |det Or(y)["/?|det Ir(x)[V* + O(lx —y]),

we see from (8.21) that (8.22) follows from (8.16) with a; = a + O(h).
U
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8.3 ESSENTIAL SUPPORT, WAVEFRONT SETS

We devote this section to a few definitions built around the notion
of the essential support of a symbol.
Let m denote some order function.

DEFINITION. Let a = a(z,£, h) be a symbol in S(m). We define

the essential support of a, denoted

ess-spt(a),
to be the complement of the set of points with neighbourhoods in which
(8.23) 10%a| < Cp ymh™,
for each V.

REMARK. The proof of Theorem 8.1 shows that this notion does
not depend on the choice of coordinates, in the sense that if x is a
diffeomorphism and Op(a,.) = Op((k~')*Op(a)k*), then
(8.24)  ess-spt(ax) = {(k(x), (Ok(x)") 1) | (z,€) € ess-spt(a)}.

O

DEFINITION. A family of smooth functions {u(h)}o<n<n, is called
h-tempered on R™ if for each multiindex « there exist N = N, and
C = C, such that

H<x>_Naau<h)||L2(Rn) < ChN
for 0 < h < hy.

DEFINITION. For a tempered family we define the semiclassical
wavefront set

WFh(u)

to the complement of the set of points (x,&) € R?" for which there
exists a symbol a € S such that:

a(z,§) #0
and
(8.25) |a® (2, AD)u(h)|| 2 < CohF

for all integers k. We note that this a local property of the family wu(h)
in phase space — see Theorem 8.3 below.



119

Thus

(8.26)
WF(u) = {(x,€) | there exists a € S such that

a(x,&) # 0 and a”(x,hD)u(h) = Or2(h™)}°.

The superscript “c” means the complement.
The meaning of the wavefront set is illucidated by the following

LEMMA 8.2 (Localization and wavefront sets). Suppose that
(20,&0) & WEL(u) then for any b € C°(R™) with support sufficiently
close to (xg,&y) we have

b (z,hD)u = Os(h™),

where the notation means that we have decay in any seminorm in the
Schwartz class S.

Proof: 1. Suppose a € S has the property that a(zg,&) # 0. Then
there exists x € C*(R?*") supported near (g, &) such that

|X($,£)(G<£L‘,f) - a(l'OafO)) + 1| > 1/07 (1'7 g) € RQn :
By Theorem 4.23 there exists ¢ € S such that
c(x, hD)(x"(z,hD)a” (z, hD) + a(xo, &) (I — x*“(x,hD))) = 1.

2. Now consider
bY(z, hD)u(h) =b"(x, hD)c”(z, hD)x"(x,hD)a" (x, hD)u(h)
- b7(z, hD)alwo, €)(I — X" (2, hD)))u(h).

If we choose a to be the symbol appearing in (8.25) then the first term
on the right hand side is bounded by O(h*) in b(z,hD)L* C S. If
support of b is sufficiently close to (g, &) then spt(b) Nspt(1 —x) =0
and the second term has the same property. This proves the lemma. [J

Much can be said about the properties of semiclassical wave front
sets and we refer to [A] for a recent discussion. Here we will only
present the following general result:

THEOREM 8.3 (Wavefront sets and pseudodifferential oper-
ators). Suppose that a € S(m) for some order function m, and that
u(h) is an h-tempered family of functions. Then

W Ey(a¥(x, hD)u) C WE,(u) Ness-spt(a) .
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Proof: 1. We need to show that if (x, &) ¢ W Fy,(u) or (x,&) ¢ ess-spt(a)
then (z,&) ¢ WFy(a®(z, hD)u).

2. Suppose that (z,€) is not in W Fj,(u). Choose b € C§°(R?"), with
b(z,€) # 0 a and such that v (x,hD)u = Or2(h*). The existence of
such b’s is clear from Lemma 8.2. Now the pseudodifferential calculus
shows that

b (z,hD)a”(z,hD) = c“(x,hD) + r*(z, hD),
sptec Csptb, re S™(1).
Lemma 8.2 implies that
16° (@, hD)a® (x, hD)u(h)|[r> = O(h),
showing (z,§) ¢ WFy(a*(x, hD)).

3. Now suppose that (x,&) ¢ ess-spt(a) and use the same b as above.
Then, if the support of b is sufficiently close to (z,€), (8.23) implies
that b*(x,hD)a"(x,hD) = ¢“(z,hD) where ¢ = Og(h™), and that
shows that for any h-tempered family

169 (2, hD)a® (z, hD)u(h)|| 2 = O(h™) .

Motivated by Theorem 8.3 we give the following

DEFINITION. Let A be an h-dependent family of operators. We
define the wavefront set of A to be

(8.27) Wy (A) == JWFy(u) N WE,(Au),
the union taken over all h-tempered families {u(h)}.
It is not hard to check that if A = Op(a), then
W F,(A) = ess-spt(a)
and hence is a closed set. 0
REMARK. The definitions of wavefront sets do not depend on the

choice of coordinates. We can use it to give an alternative definition of
ess-spt(a) which can then be adapted to the case of manifolds:

if A= Op(a), then (z,¢) ¢ ess-spt(a) if and only if
(8.28) for any tempered family {u(h)}o<n<no
we have (x,&) ¢ WF,(Au).
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8.4 WAVEFRONT SETS AND L>* BOUNDS

Here we will show how a natural frequency localization condition
on approximate solutions to (pseudo)-differential equations implies h-
dependent L*>° bounds. As an application we will give well known
bounds on eigenfuction clusters for compact Riemannian manifolds.

We start with the following semiclassical version of the Sobolev in-
equality (Lemma 3.5):

LEMMA 8.4 (Basic L* bounds). Suppose that u(h) € L*(RF) is
an h-tempered family of functions, and that there exists » € C°(R™)
such that
(8.29) 11 =9 (hD))u(h)|[r2 = Oh>)ul|L> .
Then

lu(h) | < CR™2||u(h)]| 1
Proof: 1. We can assume that [|u(h)|/2 = 1. We can also assume that
u(h) is compactly supported since for ¢ € C°(R"), (1 — ¢(hD))¢p =
(1 —(hD)) 4 r(x,hD) with r € S and ess-spt(r) compact. We can
choose 9, € Cg° for which

(L=9)X =) =1 =¢1), (I —11)]esssprr) = 0
Then
(1 =(hD))pu(h) = (1 = P1(hD)) (1 — (hD))u(h)
+ (1 — o1 (hD))r(x, hD)u(h)
= Op2(h™).

2. For u(h) compactly supported (uniformly in h) the h-temperance
assumption implies that |[(hD)*u(h)| < h=Nr for every k. Hence, by
the Cauchy-Schwartz inequality,

I(RDYE(1 = p(hD))u(h)|| < [[(hD)* u(h)[[Z ]| (1 = ¥ (AD))*u(h)||?
and by Lemma 3.5
(1 = (hD))u(h)]| L = O(h™).

3. It remains to estimate |[¢)(hD)u||~ and we simply use the semi-
classical inverse Fourier transform (3.25):

1
[P (hD)ul| Lo < WH#}HBHHUIIL?
1

= WWHBHUHLQ’
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proving the lemma. O

THEOREM 8.5 (L bounds for approximate solutions). Let
m = m(x,&) an order function. Suppose that p € S(T*R",m) is real
valued, and for some fivred K C T*R",

(830)  p@,©) =0, (1.6 €K — dep(x,6) £0.

If an h-tempered family u(h) satisfies the frequency localization condi-
tion (8.29), and

(8.31) [P (z, hD)u(h)| 2 = O(h)[|u(h)|z2, WEy(u) C K,
then
(8.32) [u(P)|| s < Ch=" D2 (|u(B)| L2 .

REMARK. The bound given in Theorem 8.5 is already optimal in
the simplest case in which the assumptions are satisfied: p(z,§) = &.
Indeed, write z = (x1,2’) and let x; € C°(R), and x € C(R"1).
Then
u(h) == h="D 2y (@) x (2 /h)
satisfies
P(h)u(h) = hDqyyu(h) = Or2(h), [lu(h)]lz2 = O(1),
and for any non-trivial choices of y; and ¥,
l|w(h)]|| g ~ R™(""1/2

The condition (8.30) is in general necessary as shown by another simple
example. Let p(z, &) = x1, and

u(h) = h™"?x1(z1/R)x('/h).
Then
P(h)u(h) = hh™""(tx1 (t)) =z nx (2’ /B) = Op2(h) , [Ju(h)||2 = O(1),

and
Ju(h)|| e ~= B2,

which is the general bound of Lemma 8.4.

Proof of Theorem 8.5: 1. First we observe that, as in Lemma 8.4 we
can assume that u(h) is compactly supported. We also note that the
hypothesis on w(h) is local in phase space: if x € C(T*R") then,
normalizing to ||u(h)|| 2 = 1,
P(h)x"(x, hD)u(h) = x*(x, hD)P(h)u(h) + [P(h), X" (z, hD)]u(h)
- OL2 (h) 5
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and, by Theorem 8.3, W Fj,(x"u) C K.

2. Hence it is enough to prove the theorem for wu(h) replaced by
x“u(h), where y is supported near a given point in K as a partition of
unity argument will then give the bound on w(h). A partition of unity,
in this case, means a set of functions,,

{x;}jto € CZ(T"R™),

such that
N
ZXJ(Q;7€> = XO(maf) )
j=1
(8.33) N
spt x; C Uj, sptxo C U := UUj,
j=1

where Uy is a neighbourhood of W F},(u), a compact set, in which (8.30)
holds.

3. Suppose that p # 0 on the support of x. Then we can use Theorem
4.23 as in part 1 of the proof of Lemma 8.2 to see that P(h)x"“u(h) =
Opz2(h) implies that x*“u(h) = Orz(h). Lemma 8.4 then shows that

X u(h)| e < ChA™? < Ch~(=D/2

4. Now suppose that p vanishes in the support of x. By applying
a linear change of variables we can assume that p;, # 0 there. The
implicit function theorem shows that

(8.34)  p(x,8) =e(x,8)(& —a(x,£), £=(&,¢), e(x,§) >0,

holds in a neighbourhood of spt y. We extend e arbitrarily toe € S, e >
1/C, and a(z,&’) to a real valued a(x, ') € S. The pseudodifferential
calculus shows that

¢*(x,hD)(hDz, — a(x, hDy))(xu(h)) = P(h)(x"u(h)) + Or2(h)
= Op2(h),
and since e is elliptic,

(835) (th - CL(I’, hDa:’))(qu(h)) = OLQ(h) :

5. The proof will be completed if we show that
(8.36) (X u) (21, ®)|| L2@n-1) = O(1),

and for that we need another elementary lemma:
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LEMMA 8.6 (A simple energy estimate). Suppose that a € S(Rx
T*R¥) is real valued, and that

(hDy 4+ a”(t,x,hD,))u(t,x) = f(t,z), u(0,z)=wuy(z),
feL* R xR, wuye L*(RY).
Then
\/—

t
(8.37) lut, )2y < <=l fllr2xery + [luoll o)

Proof: Since a®(t,z,hD) is family of bounded operators on L?(IR¥)
existence of solutions follows from existence theory for (linear) ordinary
differential equations in t. Suppose first that f = 0. Then

5= )72 @y = Re(@ru(t), u(t)) p2mey
_ %Re(z’aw(m, hDYu(t), u(t)) = 0.
Thus, if we put E(t)ug := u(t),

| E(t)uoll L2@ry = ol 2wy -

If f # 0, Duhamel’s formula gives

u(t) = E(t)ug + 1/0 E(t—s)f(s)ds,

h
and hence
t
)2y < Nl + | 1766) o
0
The estimate (8.37) is an immediate consequence. O

The estimate (8.36) is immediate from the lemma and (8.35). We
now apply Lemma 8.4 in 2’ variables only, that is with £ = n—1. That
is allowed since we clearly have

I(1 = (R D)X u(h)(z1, @) || L2n-1) = O(h™),

uniformly in z;. U
As an application we give a well known L bound on spectral clus-
ters. The statement requires the material presented in Appendix D.3.

THEOREM 8.7 (Bounds on eigenfuctions). Suppose that M is an
n-dimensional compact Riemannian manifold and let A, be its Laplace-
Beltrami operator. If

0:)\0<)\1S'~-)\j—>00
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is the complete set of eigenvalues of —A,, and

—Agh; = Aj¢;
are the corresponding eigenfunctions, then for anyc; € C, j =0,1,---,
(8.38) I > bl <Cul™21 YT gigyllie

p<y/Nj<ptl p<y/Nj<ptl

In particular

(8.39) 5l < CAT D551 2

Proof: We put P(h) := —h?A, — 1. Then the assumption (8.30) holds
everywhere. If

U(h) = Z Cj¢j7 [Lzl/h
p<y/ A <pt
then
[PRyum)z =1 D c(h®N = 1oyl
p<y/ A<t

ol

= > PPN = 12l
p<A/Aj<pt

<2n > ol
SVANESTES|

which means that the assumption (8.31) holds. On a compact manifold
the frequency localization (8.29) follows from

11 = @(=h*Ag))u(h)|| = OB=) u(h)[7
p e CR), »(t)=1, Jt] <2,
and that follows from the spectral theorem. O
The estimate (8.38) is essentially optimal. On the other hand the
optimality of (8.39) is very rare — see [S-Z] for a recent discussion.
8.5 BEALS’S THEOREM

We next present a semiclassical version of Beals’s Theorem, a char-
acterization of pseudodifferential operators in terms of h-dependent
bounds on commutators.
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EXAMPLE: Resolvents. As motivation, take the following simple

example. Suppose a € S is real-valued. Consequently A = Op(a) is

a self-adjoint operator on L?(R™), and so the resolvent (A +i)~! is a

bounded operator on L?*(R™).
But we are then confronted with a basic question:

Is (A+4)'=0p(b) for some symbol b € S?

Theorem 8.9 below provides a simple criterion from which this conclu-
sion easily follows. We will return to this example later. U

We start with

THEOREM 8.8 (Estimating a symbol by operator norms).
Take h = 1. Then there exist constants C, M > 0 such that

(5.40) Jbllie < C 37 OD(@B) 1

la|<M

for all b € §'(R*™).

Proof. 1. We will first consider the classical quantization

1 )

| bee9ate) de
(2m)™ Jgn

where by the integration we mean the Fourier transform in S’.

Then if ¢ = ¢(x), 1) = (&) are functions in the Schwartz space S, we
can regard F(bprpe’™€)) as a function of the dual variables (z*,£*) €

R?*". We have
Five=)0.0] = G| [ [ b i@ drde

= | (z, D), )| < ||bl|L2—r2]|@l L2 [|¥]| L2

Fix (z*,£*) € R?" and rewrlte the foregoing inequality with ¢(x)e?@"
replacing ¢(z) and 1 (&)e ¢4 replacing ¥(€), a procedure which does
not change the L? norms. It follows that

[F(bgipe’ ) (2", &) < [[bll e r2llg ] 2] =

b(x, D)u(x) =

1
(2m)"

1
(8.41) T

2. Now take x € C>°(R?"). Select ¢,% € S so that

¢(r) =1 if (x,£) € sptx
) 1 if (x,€) € spty.
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Write
(8.42) P = ye 1@,
Then

x(x,€) = ®(z, &) ()b (€)@,
According to (3.20),

IFxler <O Y 10Xl

|| <2n+1

and so (8.42) implies

(8.43) IFol <C Y 0%l
|| <2n+1

Thus (8.41) shows that for any (z*,£*) € R?" we have

[F(xb) (", €] < || F(@bhe’ ™) oo
1 .
= —_— @ b /[/<x7£> )
e | F(@) « Flhiie )|
1
(2m)"
S CHbHL2—>L27
the constant C' depending on ¢, ¥ and x, but not (z*,£*). Hence
(8.44) [F(Oxb) e < Cfbll o1

with the same constant for any translate of x.

IN

17 (b)) | oo | F (@) 1

3. Next, we assert that

(8.45) |F(xb)(a*,€)| < C((a", €))7 Y {|Op(0°) |2 r2.

|a|<2n+1

To see this, compute
() () F(xb)(z,€*) = / (@) (&) e O Dy (2, €) dude
R2n

= / e*i(@*,$>+<€*,£>)D§D?(Xb>dxdg_
R2n

Summing absolute values of the left hand side over all («, 5) with ||+
18] < 2n + 1 and using the estimate (8.44), we obtain the bound

@ ENT" M FD) e < C1 > |F(DID(xH))]
|| +|B]<2n+1

< G Y 0p(@B)zeie.

|a|<2n+1
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This gives (8.45).
Consequently,
bl < CIFOD)r <C D 0p(0°b) |l 12— 12

|a|<2n+1

4. This implies the desired inequality (8.40), except that we used the
classical (t = 1), and not the Weyl (¢t = 1/2) quantization. To remedy
this, recall from Theorem 4.13 that if

b = ex{PeDep,

then

(9°0)*(z, D) = (8°b)(x, D).

The continuity statement in Theorem 4.16 shows that

bl < C > 0%l ree,

<K

{b%, D) = b(z, D)

and reduces the argument to the classical quantization.

NOTATION. We henceforth write
adpA = [B, A];
“ad” is called the adjoint action.

Recall also that we identify a pair (z*,£*) € R?*" with the linear
operator I(x,§) = (2%, z) + (£", &).

THEOREM 8.9 (Semiclassical form of Beals’s Theorem). Let
A:S — & be a continuous linear operator. Then

(i) A= Op(a) for a symbol a € S
if and only iof
(ii) for all N =0,1,2,... and all linear functions ly, ..., ly, we have

(8.46) ladi, @,npy © -+ 0 adiy @) All 212 = O(RY).

Proof. 1. That (i) implies (ii) follows from the symbol calculus devel-
oped in Chapter 4. Indeed, ||Al|z2_.2 = O(1) and each commutator
with an operator [;(x, hD) yields a term of order h.
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2. That (ii) implies (i) is harder. First of all, the Schwartz Kernel
Theorem (Theorem B.8) asserts that we can write

(8.47) Au(z) = | Ka(z,y)uly) dy

R

for K4 € S'(R™ x R™). We call K, the kernel of A.

3. We now claim that if we define a € §'(R*") by

(8.48) a(x,§) = / e n WO, <.CE + %,x - %) dw,

then

1
(8.49) Ka(z,y) = (nh) / (x+y,§) i (e—ve) ge.

where the integrals are a shorthand for the Fourier transforms defined
on §'.
To confirm this, we calculate that

1 T+ g
w—hw/ G(Ty’f)e’” e

Ha—y-w) r+y wrty w dwd
27rh //e A( y Ty Ty )dwd

= KA(JU Y),

since

Ha—y—we&) j¢ _ ; !
(27rh)”/n6 dé = 0,_y(w) in S

In view of (8.47) and (8.49), we see that A = Op(a), for a defined by
(8.48).

4. Now we must show that a belongs to the symbol class S; that is,

(8.50) sup |0%| < C,

R2n

for each multiindex «.
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To do so we will make use of our hypothesis (8.46) with [ = x;,¢;,
that is, with [(z, hD) = x;, hD;. We compute

Op(hDe¢;a)u(x )
hD, ( (x oy 5)) T uly) dedy
" (x + y7£) WD, (em? )

) uly) dedy

B 27rh /n /n (ery ) S (1 — y)uly) dedy

= —ad,; Au(z)
Likewise,
Op(hD,,a)u(x)
= 1 T+y Hz—y,&)
~ (2wh)n /R,L /Rn e ( 9 ’5) u(y) dédy
1 +y
= D, + D 2 J
(2mwh)" /R /R M(Da; + Dy) ( ( 5 6))
7 uly) dedy
_ 1 x + Yy %
= Lo Lo ( 2 5)) e T uly)didy
1 rT+y He—y,&)
* (2mh)™ /Rn /R"a( 9 ’5) € (& — Dy,uly)) dsdy
— [hD,,, Alu = adsp, Au(z)
In summary, for j =1,...,n,
A= D,
(8.51) ady, Op(hD¢,a)
adnp, A = Op(hDy;a).

5. Next we convert to the case h = 1 by rescaling. For this, define
Upu(z) := h"4u(hY?x)
and check that Uy, : L? — L? is unitary. Then
Una® (x, hD)U, = a*(h*?x, h'/?D) = Op(ay,)
for

(8.52) an(z, &) = a(hY?x, hY?€).
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Our hypothesis (8.46) is invariant under conjugation by Uj, and is
consequently equivalent to
(853) adll(hl/%’huzD) 0--+0 alN(h1/2I7h1/2D)Op(ah) = O(hN>

But since [; is linear, {;(h'/2z, hY/2D) = hY/2(z, D). Thus (8.53) is
equivalent to

(8.54) ady,(z.0) © -+ 0 Ay (2.0) © Op(an) = O(KN?).
Taking ly(x, &) = x; or £, it follows from (8.54) that
(8.55) |0p(@”ay)]| < Chs

for all multiindices (5.
6. Finally, we claim that
(8.56) 10%| < Cohl/? for each multiindex a.
But this follows from Theorem 8.8, owing to estimate (8.55):
lailz < C Y 0P8 an)ll ez < Cahl.
|8l<n+1

Recalling (8.52), we rescale to derive the desired inequality (8.50). O

REMARK. In Beals’s Theorem we can replace linear symbols by sym-
bols in the class S, since for any linear [, we can find a € S so that
H, = H, locally. We will need this observation in Chapter 10. ]

EXAMPLE. We can now go back to the example in the beginning of
this section, in which A = Op(a) for a real-valued symbol a € S(1),

and B = (A +14)~!. Since
ad;B = —B(ad;A)B,
we see that the assumptions of Beals’s Theorem are satisfied and hence
B = Op(b) for be S(1).
O

8.5 APPLICATION: EXPONENTIATION OF OPERATORS

As we have see in Theorem 4.6. quantization of exponetiation com-
mutes with quantization for linear symbols. That is of course not true
for non-linear symbols — see Section 10.2 below for an example for the
subtleties involved in exponention of skew-adjoint pseudodifferential
operators, that is in the study of propagation.

In this section we will consider one parameter families of operators
which give exponentials of self-adjoint pseudodifferential operators. We
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will show that on the level of order functions exponentiation commutes
with quantization. This is a special of a general result [B-C, Théoreme
6.4].

THEOREM 8.10. Let m(x,&) be an order function and suppose that
G = G(x,&, h) satisfies
G(l‘7£> - logm(:p,ﬁ) - O(l) )

(8.57)
9°G e S5(1), lal=1, 0<5<

Then the equation

%B(t) = G"Y(z,hD)B(t), B(0)=Id,
has a unique solution B(t) : S — S, and
(8.58) B(t) = B{(x,hD), B;e S(m').

Theorem 8.10 gives a construction of exp(tG™(x, D)) and describes
it as a quantization of an element of Ss(m'). Since m may grow in
some directions and decay in other directions that is far from obvious.
In Chapter 7 we saw advantages of conjugation by exp(¢(x)) where ¢
was real valued. In many problems one may want to do it in phase
space and then operators of the form

Pt — e—tGw(x,hD)PetGw(m,hD)

are useful — see [D-S-Z], [S-Z3] for examples of such techniques, and [M]
for a slightly different perspective. Here we only note one application
of Theorem 8.10: if G is as above and P is bounded on L2, then P, is
bounded on L?. In fact, we simply apply Theorems 4.17 and 4.20. It
would be difficult to obtain this basic result without Theorem 8.10.

To prove Theorem 8.10 we start with

def

LEMMA 8.11. Let U(t) = (exptG)*“(z,D) : S(R") — S(R").
For |t| < €(G), the operator U(t) is invertible, and

Uty =B¥(x,D), B,eS(m™).
Proof: 1. We apply the composition formula given in Theorem 4.17 to

obtain

U(-t)U(t) = Id + E"(z, D), E, € S(1).
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2. More explicitely we write

S
Et(l’l,f) :/ €SA(D)A(D)( —HGELa)HG(@242) )|$2 =zr1=1,{2=61= fds
0

S
:/ Zt(fSA(D)FeitG(m A1) FG (2,82 ’ ro=x1=2,§2=€1= §d8/2
0

where
A(D) = i0(Dz,, Dey; Day, D, ) /2,
F = 0,,G(21,81) - 05,G(22,8) — 0, G(21,&1) - 05, G (2, &2) -
3. We conclude that E, = tE, where E, € S (1), and thus
E"(x,D) = O(t) : L*(R") — L*(R").

This shows that for |t| small enough Id + E}’(z, D) is invertible, and
Theorem 8.9 gives

(Id+ EP(z, D))" = CP(x. D), Cye S(1).
Hence B, = Ci# exp(—tG(z,§)) € S(m™). O
Proof of Therem 8.10: 1. We first note that we only need to prove the
result in the case h = 1 by using the rescaling given in (4.28). Also,
GY(x,hD) : § — S shows that B; : § — S is unique.

2. The hypotheses on G in (8.57) are equivalent to the statement
that exp(tG) € S(m?"), for all ¢ € R. We now observe that

(8.59) % (U(=t) exp(tG"(x, D))) = V(t) exp(tG*(z, D)),
V(t)=Af(z,D), A € S(m™).

In fact, we see that

SU(~t) = ~(Gop(~1G))"(z, D).

U(=1)G"(z, D) = (exp(tG)#G)"(z, D) .
As before, the composition formula (4.22) gives

exp(—tG)#G — G exp(—tG) =
1
/O exp(sA(D))A(D) exp(—tG(z", £ )G (2%, €%)| 1 —prmp g1 == ,

A(D) = iO'(Dzl, Dgl, Dz2, D£2>/2 .

From the hypothesis on G we see that A(D)exp(tG(x',&1))G (22, €?)
is a sum of terms of the form a(z',£)b(x?, £%) where a € S(m™") and
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b € S(1). The continuity of exp(A(D)) on the spaces of symbols in
Theorem 4.16 gives (8.59).
3. If we put

C(t) < ~VnU(-n,
then by Lemma 8.11, C(t) = ¢}’ where ¢, € S(1). Symbolic calculus
shows that ¢; depends smoothly on t and

(O + C(t))(U(=t) exp(tG*(x,D))) = 0.
4. The proof of Theorem 8.10 is now reduced to showing

LEMMA 8.12. Suppose that C(t) = ¢’ (x, D), where ¢; € S(1), de-
pends continuously on t € (—eg, €9). Then the solution of
(8.60) 0+ C()Q() =0, QO0)=¢"(z,D), qeS(1),

is giwen by Q(t) = q:(x, D), where ¢ € S(1) depends continuously on
t € (—¢o, €0)-

Proof: The Picard existence theorem for ODEs shows that Q(t) is

bounded on L% If ¢;(x,£) are linear functions on T*R™ then

d
—ady, (z,p) © -+ 0 adyy (2, 0)Q(t)+

dt
ady, (z,p) 0+ 0 adyy (2,0) (C(t)Q(t)) = 0,
ady, (z,p) 0+ 0 adgy (2, 0)@(0) : L*(R") — L*(R™).
If we show that for any choice of E;-s and any N
(8.61) ady, (z,p) © - - 0 adyy (2,0 Q(t) : L*(R") — L*(R"),
then Beals’s Theorem concludes the proof. We proceed by induction
on N:
ady, (z,p) © +++ 0 adyy (2,0) (C (1) Q(1)) =
C(t)ady,(2,p) © -+ 0 adyy(@,0)Q(t) + R(t),
where R(t) is the sum of terms of the form
Ap(t)ady, (@,p) 0 ady, (2,0)Q(t) , kK <N, Ap(t) = ap(t)",

where a(t) € S(1) depend continuously on ¢. This also follows by an
inductive based on the derivation property of adp:

adg(CD) = (adgC)D -+ C’(ang) .

Hence by the induction hypothesis R(t) is bounded on L?, and depends
continuously on ¢. Thus

(0 + C(t) ady, 2,0y © - - - 0 adey (2,0) Q(t) = R(t)
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is bounded on L2 Since (8.61) is valid at ¢ = 0 we obtain it for all
te (-60, 60). O
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9. QUANTUM ERGODICITY

9.1 Classical ergodicity

9.2 Egorov’s Theorem

9.3 Weyl’s Theorem generalized
9.4 A quantum ergodic theorem

In this chapter we are given a smooth potential V' on a compact
Riemannian manifold (M, ¢g) and write

(9.1) pla,&) = [¢f; + V()
for (x,&) € T*M, the cotangent space of M. As explained in Appendix
D, the associated quantum operator is

(9.2) P(h) = —=h*Ag +V,
and the Hamiltonian flow generated by p is denoted
P, = exp(tH,) (t € R).

We address in this chapter quantum implications of ergodicity for the
classical evolution {®;};cg. The proofs will rely on various advanced
material presented in Appendix D.

9.1 CLASSICAL ERGODICITY
We hereafter select a < b, and assume that
(9.3) 0p| = 7> 0on {a <p<b}

According then to the Implicit Function Theorem, for each a < ¢ <'b,
the set

Y= p_l(c)
is a smooth, 2n — 1 dimensional hypersurface in the cotangent space
T*M. We can interpret . as an energy surface.

NOTATION. For each ¢ € [a,b], we denote by u Liouville measure
on the hypersurface 3, = p~!(c¢) corresponding to p. This measure is
characterized by the formula

b
// fdxdfz/ fdude
p~1a,b] a JX.

for all a < b and each continuous function f : 7T*M — R".

DEFINITION. Let m € ¥, and f : T*M — C. For T > 0 we define

the time average

(9.4) (= %/0 F o @y(m) dt ][Ofoq)t(m) dt.
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the slash through the second integral denoting an average. Note care-
fully that (f)r = (f)r(m) depends upon the starting point m.

DEFINITION. We say the flow ®; is ergodic on p~t[a,b] if for each
c € la,b,

if £ C . is flow invariant, then
(9.5)

either p(E) =0 or else u(E) = pu(X.).

In other words, we are requiring that each flow invariant subset of the
energy level X, have either zero measure or full measure.

THEOREM 9.1 (Mean Ergodic Theorem). Suppose the flow is
ergodic on 3. := p~'(c). Then for each f € L*(X., 1) we have

(9.6) jim | (<f>T— / Cfdu)Qduzo.

T—o0

REMARK. According to Birkhoft’s Ergodic Theorem, for u—a.e. point
m belonging to X,

(fir — fdp asT — oo.
Ze

But we will only need the weaker statement of Theorem 8.1. 0
Proof. 1. Define
A={f e L*Sc,pu) | ®;f = f for all times ¢},
By:={H,g| g€ C®(%.)}, B:=DB,.
We claim that
(9.7) h € By if and only if h € A.
To see this, first let h € A and f = H,g € By. Then

RS /hHgdu——/ hBg o
e
:—/ O* , hg dp)i—o = —/ hg dpti—o = 0;

and consequently h € By
Conversely, suppose h € By. Then for any g € C*, we have

- d — d o =
O:/ th<I)itgdp:£/E h@*_tgd,uzafz O hgdp.
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Therefore for all times ¢ and all functions g,

/@:hgdu:/ hgdpu.
c PP

Hence ®fh = h, and so h € A.
2. It follows from (9.7) that we have the orthogonal decomposition
L*(S.,pn) = A® B.
Thus if we write f = fa + fp, for f4 € A, fp € B, then

<fA>T = fa

for all T'.
Now suppose fp = Hpg € By. We can then compute

<fB>T|2dM = %/

1 *
= ﬁ/z @49 — g du

2

T
/ (d/dt)®;gdt| du
0

|
e

as T — oo. Since fp € B := By, we have (fg)r — 0 in L*(3,, du).

3. The ergodicity hypothesis is equivalent to saying that A consists
of constant functions. Indeed, for any h € A, the set h™'([o,00)) is
invariant under the flow, and hence has either full measure or measure
zero. Since the functions in L?*(X,, du) are defined up to sets of measure
zero, h is equivalent to a constant function.

Lastly, observe that the orthogonal projection f +— f4 is just the
space average with respect to p. This proves (9.6). 0

9.2 EGOROV’S THEOREM

We next estimate the difference between the classical and quantum
evolutions governed by our symbol p(z,&) = [£]? + V(z).

NOTATION. (i) We write
9.8) et (teR)
for the unitary group on L?(M) generated by the self-adjoint operator
P(h).
Note that since P(h)u;(h) = E;(h)u;(h), we have

_itP(h) 22

(9.9) e uj(h)=e " uj(h) (t € R).
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(ii) If A is a symbol in ¥~>°, we also write

itP(h) _itP(h)

(9.10) Ayi=e n Ae h (t € R).

THEOREM 9.2 (Weak form of Egorov’s Theorem). Fiz a time
T > 0 and define for 0 <t <T

(9.11) A, := Op(ay),

where

(9.12) ay(x, &) = a(Py(x,§)).

Then

(9.13) |A; — Ayl o2 = O(h)  uniformly for 0 <t <T.

Proof. We have

d
Eat = {p, at}-

Recall from Appendix D that o denotes the symbol of an operator.
Then, since o (£[P(h), B]) = {p,o(B)}, it follows that

d -~ i -

%At == E[P<h‘)7At] + Et7
with an error term || Ey||z2_.z2 = O(h). Hence

d itP(h) ~ itP(h)
(e_ R Ae R )

dt
__itP(h) d -~ 7 ~ itP(h)
=e€ h (EAt — —[P(h), At]) e h

itP(h)

= (1P A+ B - P, A]) 5

itP(h) itP(h)

=e r» FEe » =0(h).

Integrating, we deduce

(9.14)

_itP(h) ~ itP(h)

||€ h At€ h — A||L2—>L2 = O(h)7
and so
itP(h) _itP(h)

1A, — Ayll 22 = [ A — e 7 Ae™ || 22 = O(h),
uniformly for 0 <t <T. ]
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9.3 WEYL’S THEOREM GENERALIZED

NOTATION. We hereafter consider the eigenvalue problems
P(h)u;(h) = Ej(h)u;(h) (G =1,...).

To simplify notation a bit, we write u; = u;(h) and E; = E;(h). We
assume as well the normalization

The following result generalizes Theorem 6.9, showing that we can
localize the asymptotics using a quantum observable:

THEOREM 9.3 (Weyl’s Theorem generalized). Let B € W(M).
Then

(9.16) @2rh)" Y (Buj,u;) — /{ _ <b}a(B) dxde.

G,SE]' Sb

REMARK. If B = I, whence o(B) = 1, (9.16) reads

(2mh)"#{a < E; < b} — Vol({a < p < b}).
This is the usual form of Weyl’s Law, Theorem D.7. O
Proof. 1. We first assume that B € U~°; so that the operator B

L*(M) — L*(M) is of trace class. According to Lidskii’s Theorem B.9
from Appendix B, we have

017)  tr(B) = ﬁ (/M / o(B) dzds + O(h)) |

2. Fix a small munber ¢ > 0 and write Q. := p~'(a — ¢,a + €) U
pH(b—¢€b+¢). Select P € O, ¢ € C™ so that

WE,(¢e) € {a <p <b}
WFy(¢.) C{p <a}U{p>b}
WFy(I — ¢ + 1) C Qe.
Define
IT := projection onto the span of {u; | a < E; < b}.
We claim that

(9.18)

¢€H - we + O(hoo)
61 = O(h™).



141

The second assertion follows by an adaptation of the proof of Theorem
D.7.

To establish the first part, we need to show that ¢ (I —II) = O(h™).
We can find f satisfying the assumptions of Theorem 7.6 and such

that c(z, &)/ f(p(z,€)) is smooth. Using a symbolic construction we
can find T, € U= with WF,(T.) = W F,(¢.), for which

The first term on the right hand side can be rewritten as
> fE)) Ty @,
Ej(h)<a,Ej(h)>b

The rough estimate (D.31) and the rapid decay of f show that for
all M we have the bound

F(E;(h)) < Car(hg)™.

The proof of Theorem 6.4 shows also that T.u; = O(h*), uniformly in
j. Hence

ITef(P)(I = )| L2—p2 = O(R%).

3. We now write

> (Buj,u;) = tr(I1BII)

a<E;<b
Using (9.18) we see that
(27h)"tr(IIB¢I1) = O(h).
The Weyl Law given in Theorem D.7 implies
(2h)"tr(IIB(1 — ¢ — 9 )II) = O(e),
since 1 — ¢. — ¥, # 0 only on 2. Furthermore,
(2mh)" tr(T1 B I1)
= (2wh)"tr(I1B.) + O(h™)
= (2mh)"tr(((Ye + e
+ (1 - ¢e - we)HBwe) + O<hoo)
= (27h)"tr(v¥Bi.) + O(h™) 4+ O(e).
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Combining these calculations gives

(2rh)" Y (Bujuy) = (20h)"tr($Bye) + O(h) + O(e)

a<E;<b

_ / / o ()20 (B) dude + O(h) + O(e)

- / /{ IR

4. Finally, to pass from B € U~ to an arbitrary B € ¥, we
decompose the latter as

as h — 0,e — 0.

B = By + Bx,
with By € ¥~ and
WFE,(By) C{a—2<p<b+2},
WF,(B)N{a—1<p<b+1}=0.
We have Byu; = O(h™) for a < E;(h) < b; and hence only the By part
contributes to the limit. U
9.4 A QUANTUM ERGODIC THEOREM

Assume now that A € W(M) has the symbol o(A) with the property
that

(9.19) = ][ o(A)dp is the same for all ¢ € [a, b],
e

where the slash through the integral denotes the average. In other
words, we are requiring that the averages of the symbol of A over each
level surface p~'(c) are equal.

THEOREM 9.4 (Quantum ergodicity). Assume the ergodic con-
dition (9.5) and that A € V(M) satisfies the condition (9.19).

(i) Then

(9.20) @rh)" )

a<E;<b

(ii) In addition, there exists a family of subsets A(h) C {a < E; < b}
such that

2

— 0.

(Auj, ;) — ][ o (A) dade
{a<p<b}

. #AR)
021 M Fa< B <0y
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and for each A € V(M) satisfying (9.19), we have
(9.22) (Auj, uj) — ][ o(A)dzd, ash—0
{a<p<b}
for E; € A(h).
Proof. 1. We first show that assertion (i) implies (ii). For this, let

(9.23) B:=A—al,
a defined by (9.19). Then [, _,, 0(B) dzd§ = 0. According to (9.20),

(2wh)" Z (Buj,u;)* =: e(h) — 0.

a<E;<b
Define
L(h) = {a < B, <b| {Buy,u;)? > &(h)):
so that
(2mh)"#T(h) < (k)12
Next, write

A(h) :={a < E; <b} —T'(h).
Then if E; € A(h),
[(Buy, uj)| < €74 (h);

and so
[(Auy, uz) — af < e/4(R).
Also,
#AB) L #T()
Ha<BE <b = #Ha<E<b}
But according to Weyl’s law,
4T (h) (2mh)" 4T (h)

Ha<F <0}~ Vol <p< b)) £om) = (W =0

This proves (ii).

2. Next we establish assertion (i). Let B be again given by (9.23);
so that in view of our hypothesis (9.19)

(9.24) / o(B)du =0 for each ¢ € [a,].

c

Define
((h) = 2mh)" Y (Bugu)

a<E;<b

we must show e(h) — 0.
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Now
itE; 1tE . .
Ry Ry _itP(h) _itP(h)
(Buj,uj) = (Be” " uj,e” n u;) = (Be  h uj,e b ouj

according to (9.9). Consequently

itP(h) _itP(h)

(9.25) (Buj,uj) = (e~ » Be  * wuj,u;) = (Buj,u;)

in the notation of (9.10). This identity is valid for each time ¢t € R.
We can therefore average:

026)  (Bujuy) = ][ By dtu,u;) = ((B)ru; uj),

for
1 /7 T
(B)r = —/ B, dt :][ B, dt.
T Jy 0

Now since |Ju;|* =1, (9.26) implies
(Buj,u;)* = ((B)ruj,u;)* < [(B)ru;||* = ((B*)r(B)ru;, u;).
Hence

(9.27) e(h) < 2rh)" > ((B*)r(B)ru;,u;)

a<E;<b

3. Theorem 9.2 tells us that
T

(B)r = (B)r 4+ Or(h), (B)p:= ][O B, dt,

where B; € W(M) and o(B,) = ®*o(B). Hence

o((B)y) = ][O o(B) o ®, dt + Op(h) = (o(B))r + Op(h).

as h — 0.

Since modulo O(h) errors we can replace ¢/t Be=itP(/h by B,
Theorem 9.1 shows that

lim sup ¢(h) < / /{ o)D) e

h—0
_ / /{ oy 1B d

as the symbol map is multiplicative and the symbol of an adjoint is
given by the complex conjugate.

(9.28)

4. We can now apply Theorem 9.3 with a = o(B), to conclude that
| lotB)eidsds o
p~a,b]
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as T'— oo. Since the left hand side of (9.28) is independent of T, this
calculation shows that the limit must in fact be zero. U

APPLICATION. The simplest and most striking application con-
cerns the complete set of eigenfuctions of the Laplacian on a compact
Riemannian manifold:

—Ang :)\juj (j: ]_,...),
normalized so that
[wjllL2(ar) = 1.

THEOREM 9.5 (Equidistribution of eigenfunctions). There ez-
ists a sequence jr — oo of density one,

lim #{k g <m} _

m— oo m

such that for any f € C*(M),

(9.29) / |w;, |* f dvol, — / f dvol,.
M M

L,
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10. QUANTIZING SYMPLECTIC TRANSFORMATIONS

10.1 Deformation and quantization

10.2 Semiclassical analysis of propagators

10.3 Application: semiclassical Strichartz estimates and L? bounds for
approximate solutions

10.4 More symplectic geometry

10.5 Normal forms for operators with real symbols

10.6 Normal forms for operators with complex symbols

10.7 Application: semiclassical pseudospectra

This final chapter presents some more advanced topics, mostly con-
cerning how (and why) to quantize symplectic transformations.

10.1 DEFORMATION AND QUANTIZATION

Throughout this chapter, we identify R?" = R" x R". In this section
Kk : R?™ — R?" denotes a symplectomorphism:

K'o=0 for o= dej Ndxj,
j=1
normalized so that «(0,0) = (0,0). Our goal is to quantize k locally,
meaning to find a unitary operator F': L*(R") — L*(R") such that

F'AF =B  near (0,0)
for A = Op(a), where a € S and B = Op(b) for
b=kr"a+ O(h).

This can be useful in practice, since sometimes we can design K so
that K*a is more tractable than a.

The basic strategy will be (i) finding a family {&;}o<;<1 of symplec-
tomorphisms so that ko = I and k; = K; (ii) quantizing the functions
q: generating this flow of mappings; and then (iii) solving an associated
operator ODE (10.7).

10.1.1 Deformations. We begin by deforming & to the identity map-
ping. So assume U, and U; are simply connected neighborhoods of
(0,0) and k : Uy — U is a symplectomorphism such that #(0,0) =
(0,0).
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THEOREM 10.1 (Deforming symplectomorphisms). There ez-
ists a continuous, piecewise smooth family

{’it}ogtgl
of local symplectomorphisms Ky : Uy — Uy =: k(Uy) such that
(i) ke(0,0) =0 (0<t<1)
(i) k1 = K, ko = 1.
(iii) Also,
d

for a smooth family of functions {q }o<i<1-

REMARK. The statement (10.1) means that for each function a €
C>(U,), we have

(10.2) %Kja = H,K;a.
In fact,
d
%nfa = (da,dk,/dt) = (da, (ki) Hy,) = Hy,Kja,
where (-,-) is the pairing of differential 1-forms and vectorfields on
Us. O

Proof. 1. We first consider the case that k is given by a linear sym-
plectomorphism K : R?" — R?™:

(10.3) K*JK =J

for
0 I
(1)

Since K is an invertible matrix, we have the unique polar decompo-
sition
K =QP,
where @) is orthogonal and P is positive definite. From (10.3) we deduce
that
Q' Pl = Kl = QU TP

whence the uniqueness of () and P implies
Q*—l — JQJ_I, P*—l — JPJ_I.
That is, both @) and P are symplectic. Furthermore, we can write

P=expA,
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where A = A* and JA+ AJ = 0.
2. We identify R?" = R" x R" with C", under the relation (z,y) <
x + 1y. Since
(z +iy,2" +iy)en = ((2,9), (@', y))rn +i0((2,9), (2", ¥)),
the fact that @) is orthogonal and symplectic implies it is unitary:

Q=Q""'=-JQJ.
(Similarly, any unitary transformation on C™ gives an orthogonal sym-
plectic transformation in R™ x R™.)
We can now write
Q = expiB,
where B* = B is Hermitian on C". A smooth deformation to the
identity is now clear:

Ky = exp(itB) exp(tA) (0<t<1).

3. For the general case that k is nonlinear, set K := 0k(0,0). Then
for 1/2 <t <1,
ki =Ky ok
is a piecewise smooth family of symplectomorphisms satisfying
K1 =K, 81@1/2(0,0) =1.
For 0 <t <1/2, we set

K (m) = 2—tlil/2+t(2tm) .

4. Define V; := %K,t; we must show
Vi= (K’t)*HQt
for some function ¢;. According to Cartan’s formula (Theorem C.2):

Ly,0 =do 1V, +d(o V).

But Ly,0 = %nja = %0’ = 0, since K;o = 0. Furthermore, do = 0,

and consequently d(o 1V;) = 0. Owing to Poincaré’s Lemma (Theorem
C.3), we have

K (o JV;) = dg
for a function ¢;; and this means that V; = (k;).H,,. O

To define our symbol classes, we hereafter consider the order function
m = (1 +[al” + [¢]°)

for some positive integer k.

E
2
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THEOREM 10.2 (Quantizing families of symplectomorphisms).
Let {K;}o<i<1 be a smooth family of symplectomorphisms of R*", such
that

d
Ko = ]a — Ky = (K‘t)*HQﬂ

dt
where q; € S(m) is a smooth family of real valued symbols.
Then there exists a family of unitary operators

F(t): L*(R") — L*(R")

such that
F(0) =1,
and for all A = Op(a) with a € S, we have
(10.4) F(t)'oAoF(t) = B(t) 0<t<1)
for
(10.5) B(t) = Op(by),
where
(10.6) by = kja + he,
for, e SNS.

Proof. 1. We define
Q) :=0p(q:): S — S (0<t<1),
and recall that
Q)" = Q(1).
Since Q(t) depends smoothly on t as an operator on S, we can solve
the operator ODE

10.7) {thF(t) +FH)Q(t) =

for F(t): S — S. Then
(10.8) {thF (1) — Qt)F(t) =

2. We claim that
F(t) is unitary on L*(R™).
To confirm this, let us calculate using (10.7) and (10.8):
hDy(F(H)F(t)") = hD F(H) F(1)" + F(H)hDF(t)*
= —FOQMF)" + FI)QRM)F(t)" =0.
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Hence F(t)F(t)* = I. On the other hand,
hD(F @) F(t) — 1) = Q) F()"F(t) — F(t)" F(1)Q(t)
= [Qt), F(t)"F(t) — 1].

with F'(0)*F(0) — I = 0. Since this equation for F(¢)*F(t) — I is
homogeneous, it follows that F(t)*F(t) = I.

3. Now define
(10.9) B(t) := F(t)""AF(t).
We assert that
(10.10) B(t) = Op(by)
for
(10.11) by = kja+ O(h)r2_ 2.

To prove this, define the family of pseudodifferential operators
B(t) := Op(k}a).

We calculate

~ h d h
h

= ~Op({a, Kia}) = [Q(t), B(t)] + E(t),
and the pseudodifferential calculus implies that
|E(t)]| 22 = O(R)
where E(t) = Op(e;) for a symbol ¢; € S72.

Therefore
hD,(F()B()F(1)™") = (th ()B)Ft)~" + F(t)(hDB(t))F ()"
F()B()hD,(F(t)” 1)
( HQM)B)FE) ™ + F()([Q(1), B(t)]
EM)F(t)™" + F(t)BHQ)F() ™

- F( VE()F ()™ = O(h).
Integrating and dividing by A, we deduce
F()B)F(t)™ = F(0)B(0)F(0)™' +O(h) = A+ O(h);

and so
B(t) = F(t) ' AF(t) + O(h).
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Hence
(10.12) 1B() = B 212 = O(h).

4. We now look at the remainder E(t) = Op(e;), the symbol e,
belonging to S~2. Introduce

B (t) := Op((k; ') er).
Noting that hDse; € S73(1), we see by the same argument as in Step
3 above that
FOE@)F ()™ = Ey(t) + O(R®).

Since
. t
B(t) = B(t) + F(t)™! <%/ Ey(s) ds) F(t) + O(h?),
0
we can apply the same argument again, to obtain
B(t) = B(t) + hB(t) + O(h?),
where By (t) = Op(b}) for b} € S.
Iterating this procedure, we deduce that
B(t) = B(t) + hBy(t) + - - - BN By (t) + O(hN+Y) 2 12,
where By(t) = Op(bf), bF € S.

5. It remains to show that B(t) — B(t), and hence B(t) is a pseu-
dodifferential operator. To do so, we invoke Beals’s Theorem 8.9 (and

the Remark after it), by showing that for any choices aq,--- ,an € S,
we have the estimate
(10.13) ad,, - - -ad,, (B(t) — B(t)) = O(hN*Y).

But this statement is clear from Step 3: for any N we can find a
pseudodifferential operator Op(bY), with b € S7!, such that

B(t) — B(t) = Op(b™) + O(hN+1).

Since
aday - - -ad,, Op(bY) = O(hN ™),
and each a; is bounded on L?, estimate (10.13) follows. O

REMARK. The argument used in Step 2 of the proof shows that if
in Theorem 10.2 we have

a(x, & h) ~ ap(x, &) + hay(x, &) + - + hNaN(x,S) +
for a; € S, then
bt<x)§; h) ~ I{:ao(l’,f) + hbi(l’,f) +oe hNbiv(xvg) +oeee
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However, the higher order terms are difficult to compute. U

10.1.2 Locally defined symplectomorphisms. The requirement
that the family of symplectomorphism be global on R?" is very strong
and often invalid in interesting situations. So we now discuss quantiza-
tion of locally defined symplectomorphisms, for which the quantization
formula (10.4) holds only locally.

THEOREM 10.3 (Local quantization). Let k : Uy — U; be a
symplectomorphism fizing (0,0) and defined in a neighbourhood of Uy.
Then there exists a unitary operator

F: L*(R") — L*(R™)
such that for all A = Op(a) with a € S, we have

(10.14) F~'AF = B,
where B = Op(b) for a symbol b € S satisfying
(10.15) by, = w*(alv,)|ve + O(h).

Proof. 1. According to Theorem 10.1, there exists a piecewise smooth
family of symplectomorphisms k; : Uy — U;, (0 < t < 1) such that
K =K1, kg =1, and

d

= (k) Hy  (0<t<1)

within U, for a smooth family {q; }o<i<1-

We extend ¢; smoothly to be equal to 0 in R?" — U, and then define a
family of global symplectomorphisms k; using the now globally defined
functions ¢;. Observe that

Rilu, = K - Uy — Uy
and hence

(10.16) i (a)lv, = & (alv,)lu,-

2. We now apply Theorem 10.2, to obtain the family of operators
{F(t)}o<t<1. We observe that since the supports of the functions ¢ lie
in a fixed compact set, the proof of Theorem 10.2 shows that (10.4)
holds for a € S. That is,

F(t)"'AF(t) = Op(b(t)) = B(1)

for
b(t) = kya+ O(h).
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We now put
F:=F(), B:=B(1).
Then (10.16) shows that formula (10.14) is valid. O

10.1.3 Microlocality. It will prove useful to formulate the theorems
above without reference to the global properties of the operator F'.

DEFINITIONS. (i) Let U,V be open, bounded subsets of R*", and

assume
T:SR") — SR
is linear.

We say that T' is tempered if for each seminorm || - ||; on S(R™), there
exists another seminorm || - || and a constant N € R such that
(10.17) ITully = O() Jull
forall u € S.

(ii) Given two tempered operators T and S, we say that
(10.18) T =S microlocally on U xV
if there exist open sets U DU and 14 D V such that
A(T — S)B = O(h™)
as a mapping S — 8, for all A, B such that
WF,(A) cV, WF,(B) cU.

(iii) In particular, we say
T =1 microlocally near U x U
if there exists an open set U D U such that
A—TA=A—- AT = O(h™)
as mappings S — S, for all A with WF,(A) c U.

(iv) We will say that T is microlocally invertible near U x U if there
exists an operator S such that T'S = [ and ST = I microlocally near

UxU.
When no confusion is likely, we write

S =71

and call S a microlocal inverse of T.
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LEMMA 10.4 (Wavefront sets and composition). If
WF,(ANU =0

and B = Op(b) forb € S, then

(10.19) WE,(BA)NU = 0.

Proof. The symbol of BA is b#a = O(h™) in U. O

LEMMA 10.5 (Tempered unitary transformations). The uni-
tary transformations F(t) given by Theorem 10.2 are tempered.

Proof. Up to powers of h, each seminorm on § is bounded from above
and below by these specific seminorms:

w ||Ayul| for Ay = (14 |z|* + |hD]*)N.

We observe that the operators Ay are invertible and selfadjoint and
that, in the notation of the proof of Theorem 10.2,

AvQ(t) Ay = Qn(t) = Op(qr),
for ¢V € S(m) such that ¢¥ — ¢, € S7'(m).
We then have

and hence the same arguments as before show that
IANF ()ull® = [ Anull.

Consequently for any seminorm || - ||; on S, there exists a seminorm
| - |2 and N such that

IFt)uls < OR™)ul>.
The previous two lemmas and Theorem 10.3 give

THEOREM 10.6 (More on local quantization). Let k : Uy — U,
be a symplectomorphism fizing (0,0) and defined in a neighbourhood of
Uy. Suppose U is open, U CC Uy N Uj.

Then there exists a tempered operator
F: L*R") — L*(R")
such that F' is microlocally invertible near U x U and for all A = Op(a),
with a € S,
(10.20) F'AF =B microlocally near U x U,
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where B = Op(b) for a symbol b € S satisfying
(10.21) b:=k"a+ O(h).

In (10.21) we do not specify the neighbourhoods, as we did in (10.16),
since the statement needs to make sense only locally near U x U.

The last theorem has the following converse which we include for
completeness:

THEOREM 10.7 (Converse). Suppose that F : L*(R") — L*(R")
is a tempered operator such that for every A = Op(a) with a € S, we
have
AF = FB
microlocally near (0,0), for
B =O0p(b), b=~r"a+O(h),

where Kk : R*™ — R*™ 4s a symplectomorphism, defined locally near U,
with k(0,0) = (0,0).

Then there exists a pseudodifferential operator Fy, elliptic near U,
and a family of self-adjoint pseudodifferential operators Q(t), such that

F =F(1) microlocally near U x U,

where
hD,F(t)+ F(t)Q(t) =0 (0<t<1)
F(0) = F,.

Proof. 1. From Theorem 10.1 we know that there exists a family of
local symplectomorphisms, k;, satisfying «;(0,0) = (0,0), k; = k and
Ko = 1. Since we are working locally, there exists a function ¢; so that
K is generated by its Hamiltonian vectorfield H,,.

As in the proof of Theorem 10.3 we extend this function to be zero
outside a compact set. Let us now consider the dynamics

{thFa) =QMWF(t) (0<t<1)
F(1) =CFC,

where C' is a pseudodifferential operator with WE,(I — C)NU = 0.
2. We claim that F'(0) satisfies

(10.22) Op(a)F(0) = F(0)Op(a + ha)
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for a,a € SN S°(1). To establish this, let us introduce V (t) satisfying
hDV (t) +V(t)Q(t) =0 (0<t<1)
V(0) =1.

Then using Theorem 10.3 and the assumption that b = k*a + 0(h), we
deduce that

Putting ¢ = 0 gives (10.22).

3. We now use Beals’s Theorem to conclude that F(0) € ¥° We
verify the hypothesis by induction: suppose we know that

adop(,) - - adopy) F'(0) = O(h™),
for any b; € S°(1). Then by (10.22)
Op(by+1)F(0) = F(0)Op(by+1) = hOp(by-+1) F(0);

and hence

ladop(v,) - - - adop(by)adop(py, ) F(0) [ 212 =
|hadop(,) - - - adop(y) (Op(bn41) F(0))| 22 = O(ANT1),
according to the induction hypothesis and the derivation property
ad4(BC) = B(adsC) + (adaB)C.
Hence Beals’s Theorem applies and shows that F'(0) is a pseudodiffer-
ential operator. By construction, F'(1) = CFC = F near (0,0). O
10.1.4. Quantization of linear symplectic maps.

Consider first the simple linear symplectic transformation kK = J,;
that is,

(10.23) k(z,§) = (=, z)
on R =R” x R"™.
Then we can take for 0 <t <1,

Ke(z, &) = (cos (%) x — sin <%T) &, sin (%) x + cos (%) {) :

so that
dl‘i/t

e (K1) Hy,
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for -
0= T (Jaf? +1¢?).

THEOREM 10.8 (J quantized). The operator F associated with
the transformation (10.23) as in Theorem 10.3 is

8721’ i(z,y) eigi
10.24 F = 7 TR dy = = Fru.
w21)  Fule) = o [ g ay = o

Proof. 1. To verify this, we first show that for a € &’ we have
(10.25) a’(z,hD)o F = Foa"(—hD,x);

that is, the conclusion of Theorem 10.2 holds without any error terms.
As in the proof of that theorem, we see that

thAt = %[—h?A + |I‘|2, At}
for
A, = F(t) 'a“(x, hD)F(t).

Let I(z,€) be a linear function on R?*" and consider the exponential
symbol

ay(x,§) = exp(kil(z,§)/h)
and its Weyl quantization
ay’(z,hD) = exp(k;l(x,hD)/h).
An explicit computation reveals that

hDya,(x, hD) = %[—th + |2[2, ay (2, hD)].

Since any Weyl operator is a superposition of exponentials of I’s (recall
(4.16)), assertion (10.25) follows.

2. Suppose now that F is another unitary operator for which (10.25)
holds. Then F = ¢F for ¢ € C, |¢] = 1, as follows from applying
Lemma 3.3 to L = F*F. Since the Fourier transform satisfies (10.25)
and (27h)~™2F, is unitary, we deduce that

c

=" _F
(2wh)2 "

3. Thus it remains to compute the constant c. For this, let us put
up = exp(—|z|*/2) and consider the ODE

{thu(t) — T(—h2A + [z[2)u(t),
u(0) = uo.
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Recalling (10.7), we see that u(t) = F(t)*ug. Since ug is the ground
state of the harmonic oscillator with eigenvalue h, we learn that u(t) =
a(t)ug, where a(t) solves the ODE

{%a@) = Tia(t)
a(0) = 1;

that is, a(t) = exp(mit/4). Finally, we note that
€™ty = F(1)*ug = &(2mh) ™2 Frug = Cug;
whence
c = exp(—mi/4).
O

REMARK. The family of canonical transformations &, (0 <t < 1),
used here can be extended to a periodic family of canonical transfor-
mations: K1y = K¢ (t € R). Extending F'(¢) using (10.7), we see that
the argument above gives

F(4k) = (=D*I, kg =1.

Consequently on the quantum level the deformation produces an ad-
ditional shift in the phase. This shift has an important geometric and
physical interpretation and is related to the Maslov index. For a brief
discussion and references see [S-Z1, Sect.7]. O

REMARK: Quantizing linear symplectic mappings.

Using Step 1 in the proof of Theorem 10.1, we can in fact quantize
any linear symplectic transformation. So given

A B
. 2n 2n _
K :R¥™ s R>™ K_<C_D»

where
C*A= A*C, D'B=B*D, D'A—BC=1,
we can construct Fy : L?(R") — L?(R") satisfying
FiFx = FFo = I, a®(z,hD) o Fix = Fi o (K*a)"(z, hD).

The operator Fx is unique up to a multiplicative factor; and hence
FK1 o FK2 = CFK10K27 |C| =1.

The association K +— F can in fact be chosen so that ¢ = +£1; therefore
it is almost a representation of the group of symplectic transformations.
To make it a representation, one has to move to the double cover of
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the symplectic group, the so-called the metaplectic group. Unitary op-
erators quantizing linear symplectic transformations are consequently
called metaplectic operators: see Dimassi-Sjostrand [D-S, Appendix to
Chapter 7] for a self-contained presentation in the semiclassical spirit,
and Folland [F, Chapter 4] for more and for references. O

EXAMPLE: A invertible. For reasons already apparent in the dis-
cussion of the Fourier transform, there cannot be a general formula for
the kernel F in terms of the entries A, B, C, D of K.

But if det A # 0, we have for u € § the formula

(det A)~ i
10.2 F,  (Gam)= dyd
(1026)  Feulo) = <G // et u(y) dyde,
where
1 1
(1027)  @w,n) = —5(CA™ w,z) + (A7, m) + 5 (A B, m).
We will refer to this formula in our next example. U

10.2 SEMICLASSICAL ANALYSIS OF PROPAGATORS
In this section we consider the flow of symplectic transformations
(10.28) Kt = exp(tH,),

generated by the real-valued symbol p € S(m).
Let P = Op(p). Then in the notation of Theorem 10.2, F(t) =
e /M solves
(hDy + P)F(t)u =0
FO)u=u
for v € §. In this case, Theorem 10.2 reproduces Egorov’s Theorem
9.2: if a € S, then

eitP/hOp<a)e—itP/h _ Op(bt),

for
by = (exptH,)*a + O(h).

A Fourier integral representation formula. Our goal now is to
find for small times ¢y > 0 a microlocal representation of F'(t) as an
oscillatory integral. In other words, we would like to find an operator

U(t) so that for each h dependent family, u € S with W Fj,(u) CcC R*",
we have

(10.29) {thU(t)“ * Pg((é))zzi(h“) (~to < t < to)
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Using Duhamel’s formula, we can then deduce that
F(t)—=U(t) = O(h™).

THEOREM 10.9 (Oscillatory integral representation). We have
the representation
(10.30)

Ut)u(z) = !

#(e(tam—(ym) p(¢ B dud
e (6, h)uly) dydn,

for the phase ¢ and amplitude b as defined below.

The proof will appear after the following constructions of the phase
and amplitude.

Construction of the phase function. We start by finding the phase
function ¢ as a local generating function associated with the symplec-
tomorphisms (10.28). (Recall the discussion in §2.3 of generating func-
tions.)

Let U denote a bounded open set containing (0, 0).

LEMMA 10.10 (Hamilton—Jacobi equation). If t, > 0 is small
enough, there exists a smooth function

p =t z,n)
defined in (—to,to) x U x U, such that

I‘Lt(y, 77) = (33,6)
locally if and only if
(10.31) §=0p(t,,m), y=Opp(t,z,m).
Furthermore, ¢ solves the Hamilton—Jacobi equation
{@s@(t,x, n) + p(z, &p(t, x,m) =0

(10-52) o(0.2,1m) = {z.1).

Proof. 1. We know that for points (y,n) lying in a compact subset of
R?". the flow

(10.33) (y,m) = Ky, m)

is surjective near (0, 0) for times 0 < ¢t < tg, provided ¢y is small enough.
This is so since ko(y,n) = (y,7).

2. To show the existence of ¢, consider

A= {(t,p(y. n); kely, m);y,m) 1 t € R, (y,n) € R™},
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This is a surface in R? x R?" x R?", a typical point of which we will
write as (¢,7,2,&,y,n). Introduce the one-form

V= —Tdt + ijdl‘j + Zy]dnj
j=1 j=1

That k; is a symplectic implies dV |y = 0. By Poincaré’s Lemma
(Theorem C.3), there exists a smooth function ¢ such that
de =V.

In view of (10.33) we can use (¢, x,n) as coordinates on AN ((—to, ty) X
U x U); and hence

—rdt+ Y &dr; + Y yidn; = Oupdt + Y 0y pdxy + Y 0y pdn;.
j=1 j=1 j=1 j=1
Comparing the terms on the two sides gives (10.31) and (10.32). O
Construction of the amplitude. The amplitude b in (10.30) must

satisfy
(Dy + p* (w, RD)) (=D M0(t, 2,15 b)) = O(h™);
and so
(10.34)  (dyp + hDy + e~ /Mp® (2, hD)e™/™M)b(t, 2, m; h) = O(h™),
for (z,7n) in a neighbourhood of U x U, 0 <t < ty.
We will build b as an expansion in powers of h:
(10.35)  b(t,x,m; h) ~ bo(t, x,m) + hby(t, x,m) + hPba(t, ) + -+ - .

Once all the terms b; are computed, Borel’s Theorem 4.15 produces
the amplitude b.

LEMMA 10.11 (Calculation of bg). We have
(10.36) bolt, 7, 1) = (det 0o (t, 7, 7))7.

Note that det 85I<p > 0 for 0 < t < ty, if tg is sufficiently small.

Proof. 1. We first observe that
e~ WMy (2, hD)e¥/" = q,(x, hD; h),
where

(10.37) @ (7, & h) = p(x, 0.0 + &) + O(h?).
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In fact, writing p(z) — ¢(y) = F(z,y)(z — y), we easily check that
_i‘p/hpw(x, hD)ei‘p/hu =

J[a (55 e plam ) ey,

r+y

where

Flo) =oup (52 ) + Olla = 1),

Hence,
e~ i#/h (2, hD)e My = / / (al(z + 9)/2,€ + Dupl(x + )/2))
e,y ) — ), (x — y))) v () dyde

where the entries of the matrix valued function e are in S. Integration
by parts based on (8.21) gives (10.37).

2. Recalling from Lemma 10.10 that Oyp = —p(x, 0,p), we then
deduce from (10.34) that
(10.38) (hD; + f(x, hD,n))b(t, z,m) = O(h?),

where

fi(@, &) == p(w,0pp(t, z,m) + &) — p(x, 0pp(t, x,1)),

and where 7 considered as a parameter. So
(2,.7) 2@8@ z, 0up(t, ,1)) + O(IE]).

Hence for g = g(t,x,n) € S,
w 1 -
fi'(w, kD, m)g = 5 | ((9,p)hDa,g + hDs, (O, 9)) + O(h?),
j=1
in which expression the derivatives of p are evaluated at (x, 0, (¢, ,n)).
Consequently by satisfies:

1 n
thb() + 5 Z(@gjp)thJ bo + thJ (Ogjp bo) =0
j=1
This we rewrite as

1
with

‘/t = Z(@gjp)ﬁxj .
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3. To understand this equation geometrically, we consider by(, -, )
as a function on

At,n = {(I7 &Ego(t, xz, 77))}
Then
K's,t :Atfs,n - At,m
a4
ds

for u € C*°. But equation (10.39) can be further rewritten as

K':,tu|s:0 = Hp|At,nu = Viu,

d 1, .
(10.40) %n;‘bo(t, 1) = =g wi(div Ve bo(t, 1))
We claim next that
(10.41) Kibo(t,z,m) = |0k 2,

is the solution of (10.40) satisfying by(0, z,n) = 1. Here &, is considered
as a function Ay, — Ay,. In fact,

d 1 1
E'a"” 5 — d—8|antms,t|s;0
d

_1 -1
= %|8nt| 2Ky [0k 1] o2

1 _1

4. To obtain an explicit formula for by, we recall that

k' (2, 0up(t 2, m)) — (Oyep(t,z,m),n).

Hence
O(k; " n,) = Oap(t ,m),
and consequently, from (10.41), we see that (10.36) holds. O

Proof of Theorem 10.9 Using the same argument for the higher order
terms in b, we can find its full expansion with all the equations valid in
(—to,to) x U. That shows that U(t) given by (10.30) satisfies (10.29),
and thereby completes the proof of Theorem 10.9. 0

EXAMPLE. Revisiting example (10.26), we see that for the phase
(10.27) the corresponding amplitude is
by = (det 02, p(a, )"/ = (det A)~/2,
O

REMARK: Amplitudes as half-densities. The somewhat cumber-
some derivation of the formula for by, the leading term of the amplitude
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b in (10.30), becomes much more natural when we use half-densities,
introduced earlier in Section 8.1.

We first make a general observation. If a := u|dz|? is a half-density,
and k; is a family of diffeomorphisms generated by a family of vector-
fields:

Ent = (K't)*‘/;f?
then
d
(10.42) Ly,a = Emfa = (Viu + (div %/2)u)|dw|é.
Indeed,

Kia = m;‘u|8mt|%|dx|%;
and if we define

a0 = R (2), S Ra(@)lomo = Vi),

then

d d 1 . 1.
E\amtﬁ = E\ant 0 Kgt|2 = 5\8&t|%&tdlv Vi.

This means that if we consider by(t, z,n)|dz|? as a half-density on Ay
then (10.39) becomes
(d/dt)e; (boldz|?) = (0, + L) (bo(t, v, )| da| ) = 0.
This is the same as
i (bolts 2, )|l ) = ldal |,
It follows that Kby = |0k|~/2, the same conclusion as before.

It is appealing that the amplitude, interpreted as a half-density, is
invariant under the flow. When coordinates change, and in particular
when we move to larger times at which (10.31) and (10.32) are no longer
valid, the statement about the amplitude as a half-density remains
simple. O

REMARK: A more general version of oscillatory integral rep-
resentation.

If we examine the proof of Theorem 10.9 we notice that we did not
use the fact that P = p*(z, hD) is t independent. That means that we
can consider the solution of a more general problem,

(hD, + P(t))F(t)u = 0
(10.43) { PO - u
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where
P(t) = p“(t,z,hD), p(t,z,&) € C®(Ry, S(Rﬁf‘ﬁ,m)) .

For the approximate solution of this problem we still have the same
oscillatory integral representation as the one give in Theorem 10.9. In
particular that means that we have an oscillatory integral representa-
tion of the family of operators defined in Theorem 10.3 for small values
of t there.

For the yet more general problem of p depending on h we refer to
[S-Z1, Section 7] and references given there. Here we note that the
proof works for P(t) = p*“(t,z, hD) + h*p¥ (t,z,hD) and that form of
operators acting on half-densities is invariant (see Theorem 8.1).

10.3 APPLICATION: SEMICLASSICAL STRICHARTZ ES-
TIMATES AND L BOUNDS ON APPROXIMATE SOLU-
TIONS

In this section we will use Theorem 10.9 to obtain LP bounds on
approximate solutions to

Let p = p(t,x,€) € C®(R, S(T*R*, m)). We introduce the following
nondegeneracy condition at (t,z,&):

(10.44) Op(t,x,€) is non-degenerate .

REMARK. The Hessian, 852 f(&), of a smooth function f(£) is not
invariantly defined unless 0¢ f (&) = 0. However the statement (10.44)
is invariant if only linear transformations in ¢ are allowed. That is the
case for symbol transformation induced by changes of variables in =z,
see Theorem 8.1.

We consider the problem which essentially the same as (10.43):

{(th + PU)F(t,r)u=0

(10.45) F(t,r)u=wu

where 7 € R. As discussed in the remark at the end of Section 10.2,
Theorem 10.9 gives a description of F(¢,r) for small values of ¢.

THEOREM 10.12 (Semiclassical Strichartz estimates). Sup-
pose that p(t) € C®(Ry, S(T*R*¥,m)), is real valued, x € C*(T*R¥),
and that (10.44) holds in spt(x), t € R. With P(t) := p*(t,x, hD), let
F(t,r) be the solution of (10.45). Then for i» € C°(R) with support
sufficiently close to 0, any I CC R, and

U(t,r) =) F(t,r)x"(x,hD) or U(t,r) :=(t)x"(x,hD)F(t,r)
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we have

sup (/ U (t,r fHLq R¥) t> < Bh~ PHfHLz (RF) »
(10.46) <l

_+___a Spéooa 1SQSOO, pvQ#QaOO
“+t=3 (.a) # (2.00)

Proof: 1. In view of Theorem B.10 we need to show that

(10.47) Ut 7)U(s,7)* Fllzsoepm < ARt — 5|52 ¢ s € R,

with constants independent of » € I. We can put » = 0 in the argument
and drop the dependence on r in U and F.

2. We use Theorem 10.9. The construction there and the assumption
that x € C2° show that

Ut)=U(t) + E(t),
where
Et)=0(h>):8 — S,
and the Schwartz kernel of U(t) is

| i
(%—h)k/keh(m’ DI (t,y, ,m; h)dn,
o

be SNCERYH)  ©0,2,7) = (z,7),
atgo(t,x,n) +p(ta z, 8x90(ta$777)) = 0 :

(7(15, x,y) =
(10.48)

3. Hence we only need to prove (10.47) with U replaced by U
and that means that we need an L* bound on the Schwartz kernel
of W(t,s) :=U()U(s)*:

1

W(t, s, z,y) = 2rh)

/ eh @t —e(su.O0—~(=n=0) B q2dCdn
R3k
where

B = B(t,s,2,y, 2,0, h) € SN CP (R

4. The phase is nondegenerate in (z, () variables and stationary for
¢=mn, z=0cp(s,y,(). Hence we can apply Theorem 3.14 to obtain

1 1-
(27rh)k/ er(Pam eI By (5,2, ,m:h) dn,
RF

where B; € SN C®(R*™3%). We now rewrite the phase as follows:
¢ =t z,n) —e(s,y,n) = (t —s)p(0,z,7)
o —y,n+sE(s,x,y,n) + 0t —s)*, FeCO®R™TH),

W(t7 87 x’ y) =
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where using (10.48) we wrote
p(s,z,n) —@(s,y,m) = (& —y,n) + (x —y, sF(s,2,y,m)) .

5. The phase is stationary when
0 = (I + 50,F)( — ) + (t = 5)(Dyp + Ot — 5)) = 0,
and in particular, for s small, having a stationary point implies
r—y=0(t-s),
as then (I + s0,F) is invertible. The Hessian is given by
R0 =s02F(x—y)+ (t—s)(02p+ Ot — 5))
= (t = s)(@p + O(|t] + |s])) ,
where 92p = 97p(0, z, 7).

6. Hence, for t and s sufficiently small, that is for a suitable choice
of the support of ¢ in the definition of U(e), the nondegeneracy as-
sumption (10.44) implies that at the critical point

83& = (t - S)@Z)(JT, y) :

Hence for |[t—s| > Mh for a large constant M we can use the stationary
phase estimate in Theorem 3.14 to see that

W (t,s,z,y)] < Ch 2|t — 5|72
When |t —s| < Mh we see that the trivial estimate of the integral gives
\W(t,s,z,y)| < Ch™% < C'R*2|t — 5|72,
which is what we need to apply Theorem B.10. 0

We formulate the following microhyperbolicity assumption at (xg, &) €
T*R™, where p(zo,&) = 0, and J¢p(xo, &) # 0. By a linear change of
variables assume that Oep(xo,&) = (p,0,---,0), p # 0. Then near

(20, o),
p(xvf) = 6(%,5)(51 - Q(I,§/>> ’

and our assumptions reads
(10.49) d%a(xo,&)) is nondegenerate.

As in the remark following (10.44) we note that this assumption is
invariant under linear changes of coordinates in €. In particular (10.49)
is invariant under changes of variables.
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THEOREM 10.13 (L? bounds on approximate solutions). Sup-
pose that u(h), ||u(h)||2 =1, is an h-tempered family of functions sat-
isfying the frequency localization condition (8.29). Suppose also that
(10.49) s satisfied in W Fy,(u), and that

(10.50) p“(x,hD)u(h) = Op2(h).
Then for p=2(n+1)/(n—1), and any K CC R,
(1051) lu(®)llrae) = OR™H).

REMARK. The first example in the remark after Theorem 8.5 shows
that the microhyperbolicity condition (10 49) is in general necessary.
In fact, if P(h) = hD,, and u(h) = h~™"Y/2x(z,)x(2'/h) then for
p=2(n+1)/(n—1),

~ H(=1)(1/p=1/2) _ 3 —(n—1)/(n+1) -1/p
lullzr = R h # O(h™/7).

However for the simplest case in which (10.49) holds,

p(xag) :fl—gg__ 13,7
the estimate (10.51) is optimal. To see that put
u(h) = b= Do (21) exp(—[2'[?/2h)

where z = (z1,2'), xo € C*(R). Then
(=h*Ag + |2'[*)u(h) = (n = Dhu(h),
Ju(B)ll e = 1, 1o/ Pru(h) = Opa(h¥). Hence,
p*(z,hD)u(h) = Opz(h)
and

[u(h) | oany 2= ATV = p7P - p = 2(n+1)/(n - 1).

Before proving Theorem 10.13 we prove a lemma which is a conse-
quence of Theorem 10.12

LEMMA 10.14. In the notation of Theorem 10.13 we have
(10.52)

H/'tsh» (s, 2)dsllomnyy < C [ 15,2 gugyds.
R
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Proof: We apply the integral version of Minkowski’s inequality and
estimate (10.46):

t
H/U@$MWE@®MmM)
0

<C 1 L1s,00) (U (£, 8) f (5, %) || Lo, <y ds
INR4+

sc/ NU(t, )£ (5, )| ooty s
INR,

<" [ s, ds.
I
O

Proof of Theorem 10.13: 1. We follow the same procedure as in the
proof of Theorem 8.5. As in that case the condition (10.50) is local in
phase space, that is, it implies that for any y € C°(T*R"™),

p“(z, hDx"(x, hD)u(h)) = O(h).

2. We factorize p(z,§) as in (8.34) and we easily conclude that for x
with sufficiently small support,

(hDq, — a(z, hDy))(x“u(h)) = Or2(h) .
Let
f(z1,2',h) = (hDy, — a(x,hDy))(x"u(h)) .
Since || f]|z2 = O(h), we see

(10.53) [ 1 )lgeonydt < Clfluaeny = OB).
R

3. We now apply Theorem 10.12 with ¢ = x; and z replaced by
¢’ € R"7!, that is k = n — 1. The assumption (10.49) shows that Jza
is nondegenerate in the support of y. We can choose ¥ and x in the
definition of U(¢) in the statement of Theorem 10.12 so that

"z, RDYu(zr, 7', B) — % /0 U U 5) f(s,')ds + Os(h™)

Let us choose p = ¢ in (10.46) (now with n replaced by n — 1, that is,

2(n+1) ‘

p=qg= n—1



170

Then, using (10.46), (10.53), and (10.52),
1
Ix*(x, AD)ul|» < » h=Y/P / 1 f(s,®, h)||L2@n-1yds + O(h™)
R

= O(h~ V7).
A partition of unity argument used in the proof of Theorem 8.5 con-
cludes the proof. O

As a corollary we obtain Sogge’s bounds on spectral clusters on Rie-
mannian manifolds:

THEOREM 10.15 (L? bounds on eigenfuctions). Suppose that
M is an n-dimensional compact Riemannian manifold and let A, be
its Laplace-Beltrami operator. If

O:)\0<)\1§"')\j—>00
is the complete set of eigenvalues of —A,, and
—Agp; = Ajg;
are the corresponding eigenfunctions, then for anyc; € C, j =0,1,---,
I > il <C@ > el
VNSS! pEA/AjSpt

(10.54) n1 (% _ 119> for 2<p< 25::1)’
o(p) =
oy for M <p <o,

In particular

o 2
(10.55) leillee < CATP 05112

Proof: We argue as in the proof of Theorem 8.7. All we need to check
is (10.49) but that is clear since at any point (zg, &) and for suitable
coordinates

p(x()?é-) = |£|2 - 17 50 = (1707 70) .
Complex interpolation [H1, Theorem 7.1.12] between the estimate in

Theorem 8.7, the trivial L? estimate and the estimate in Theorem 10.13
gives the full result. U

10.4 MORE SYMPLECTIC GEOMETRY

To further apply the local theory of quantized symplectic transfor-
mations to the study of semiclassical operators we will need two results
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from symplectic geometry. The first is a stronger form of Darboux’s
Theorem 2.8, which we state without proof.

THEOREM 10.16 (Variant of Darboux’s Theorem). Let A and
B be two subsets of {1,--- ,n}, and suppose that

pi(z,§) (j€A), a(x,§) (k€ B)

are smooth, real-valued functions defined in a neighbourhood of (0,0) €
R?" | with linearly independent gradients at (0,0).

If
(10 56) {QHQJ} =0 (Z,] € A), {pk’pl} =0 (k’l c B)’
' {pk.q;} =0x; (j € Ak € B),

then there exists a symplectomorphism k, locally defined near (0,0),
such that k(0,0) = (0,0) and

(1057  Kq=a; GEA), Kp=§ (keB).

See Hormander [H2, Theorem 21.1.6] for an elegant exposition.

The next result is less standard and comes from the work of Duis-
termaat and Sjostrand: consult Héormander [H2, Lemma 21.3.4] for the
proof.

THEOREM 10.17 (Symplectic integrating factor). Let p and q
be smooth, real-valued functions defined near (0,0) € R*", satisfying

(10.58) p(0,0) = ¢(0,0) =0, {p,q}(0,0) > 0.
Then there exists a smooth, positive function u for which
(10.59) {up,uq} =1

in a neighborhood of (0,0).

10.5 NORMAL FORMS FOR OPERATORS WITH REAL
SYMBOLS

Operators of real principal type. Recall that we are taking our
order function to be
m= (1 | + ).
Set P = p“(x,hD;h), where

p(l’,f; h) ~ po(ff,f) + hpl(l',f) oot thN(xvf) +o
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for p; € S(m). We assume that the real-valued principal symbol py
satisfies

(10.60) Po(0,0) =0, 9po(0,0) # 0;
and then say that P is an operator of real principal type at (0,0).

THEOREM 10.18 (Normal form for real principal type oper-
ators). Suppose that P = p“(x, hD;h) is a semiclassical real principal
type operator at (0,0).

Then there exist
(i) a local canonical transformation k defined near (0,0), such that
K(0,0) = (0,0) and

(10.61) K*&1 = po;

and
(ii) an operator T, quantizing k in the sense of Theorem 10.6, such
that

(10.62) T~' exists microlocally near ((0,0),(0,0))
and
(10.63) TPT™' = hD,, microlocally near ((0,0),(0,0)).

INTERPRETATION. The point is that using this theorem, we can
transplant various mathematical objects related to P to others related
to hD,,, which are much easier to study. A simple example is given by
the following estimate:

C
lull < (12w,
when u = u(h) € S has W F},(u) in a small neighbourhood of (0,0). O
Proof. 1. Theorem 10.16 applied with A = () and B = {1}, provides k
satisfying (10.61) near (0,0). Then Theorem 10.1 gives us a family of
symplectic transfomations w; for 0 <t < 1.

Let F(t) be defined using the family &; in Theorem 10.6, and put
Ty = F(1). Then

ToP — hD,, = E microlocally near (0,0). ,
for E = Op(e), e € S~
2. We now look for a symbol a € S so that a is elliptic at (0,0) and
hD,, + E = AhD,, A~' microlocally near (0,0)
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for A := Op(a). This is the same as solving
[hD,,, Al + EA = 0.

Since P = p¥+hp¥+h*py+- - -, the Remark after the proof of Theorem
10.2 shows that

e(x,& h) = heo(, &) + hPer(z,€) + -+ .
Hence we can find ag € S such that a(0,0) # 0 and

1
;{517 ap} + epap =0

near (0,0).
Define Aj := Op(ayp); then

[hD.,, Ao] + EAy = Op(ro)
for a symbol ry € S72.
3. We now inductively find A; = Op(a;), for a; € S77, satisfying
WDy, Ao+ A1+ -+ An] + E(Ag + Ay + - - - Ay) = Op(rn),
for ry € STV72(1). We then put
Am A+ Ao+ + Ay + -+,
which is elliptic near (0,0). Finally, define
T:=A"'T,.
This operator quantizes & in the sense of Theorem 10.6. 0

10.6 NORMAL FORMS FOR OPERATORS WITH COM-
PLEX SYMBOLS

Operators of complex principal type. Assume as before that P =
p*(z, hD; h) has the symbol

p(x, & h) ~ po(x,&) + hpy (2, &) + - + WV py(z, &) + - -

with p; € S(m). We now allow p(z,§) to be complez-valued, and still
say that P is principal type at (0,0) if

20(0,0) =0, 9pe(0,0) # 0.

Discussion. If 9(Repy) and d(Impy) are linearly independent, then
the submanifold of R?® where P is not elliptic has codimension two —
as opposed to codimension one in the real-valued case. The symplectic
form restricted to that submanifold is non-degenerate if {Re pg, Im po} #
0.
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Under this assumption a combination of Theorems 10.16 and 10.17
shows that there exists a canonical transformation k, defined near
(0,0), and a smooth positive function u such that

K*(§1 i) = upo.

That is, after a multiplication by a function we obtain the symbol of
the creation or annihilation operator for the harmonic oscillator in the
(x1,&) variables. (Recall the discussion of the harmonic oscillator in
Section 6.1.)

THEOREM 10.19 (Normal form for the complex symplectic
case). Suppose that P = p*(x,hD;h) is a semiclassical principal type
operator at (0,0), with principal symbol py satisfying

(10.64) 10(0,0) =0, £{Repy, Impy}(0,0) > 0.

Then there exist
(i) a local canonical transformation k defined near (0,0) and a smooth
function u such that k(0,0) = (0,0), u(0,0) > 0, and
K*(§1 1) = upo;

and (ii) an operator T', quantizing k in the sense of Theorem 10.6, and
a pseudodifferential operator A, elliptic at (0,0), such that

(10.65) T~ exists microlocally near ((0,0),(0,0))
and

(10.66) TPT = A(hD,, +ix;) microlocally near ((0,0),(0,0)).

INTERPRETATION. We can transplant mathematical objects re-
lated to P to others related to A(hD,, £ ix;), which are clearly much
easier to study. O

Proof. 1. We start as in the proof of Theorem 10.18. To simplify the
notation, let us assume
{Repo, Impy} > 0.

As noted above, using Theorems 10.16 and 10.17 we can find a smooth
function w, with «(0,0) > 0, and a local canonical transformation &
such that £(0,0) = (0,0) and &*(& + ix1) = upp.

Quantizing as before, we obtain an operator Tj satisfying

(10.67) ToP = Q(hD,, + iz, + E)Ty,
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where ) = Op(q) for a function ¢ satisfying
K'q=1/u
and E = Op(e) for some e € S,

2. We now need to find pseudodifferential operators B and C, elliptic
at (0,0), and such that

(10.68) (hDy, +iz1 + E)B = C(hD,, + i),
microlocally near (0,0). As in the proof of Theorem 10.18, we have
E= Op(e)7 €= hﬁo(.T,g) + h261(x7§) +eee

We will find the symbols of B and C' by computing successive terms in
their expansions:

b~ by+hby+ -+ ANy 4
c~cog+her 4+ +hVen 4.

3. Let us rewrite (10.68) as
(hDy, +ix1 + E)B — C(hD,, +iz1) = Op(r),
for
r(z,&) = ro(x, &) + hry(z, &) + -+ hVry(z, &) + -+ -,

with

ro = (&1 + iz1)(by — o),

r1 = (& +ix1)(by — 1) + eobo + {&1 + 1w, bo } /20 — {co, & + ix1}/20.
Here we used composition formula in Weyl calculus (see Theorem 4.9).

We want to choose b and ¢ so that r; = 0 for all j. For ryp = 0 we
simply need by = ¢y. Then to obtain r; = 0 we have to solve

_i<a$1 - ia{l)bo + eObO + (51 + iSEl)(bl - Cl) =0.
4. We first find by such that
—i(&m — iagl)bo + €0b0 = O(JJ?O)
bO|x1:0 =1;

that is, the left hand side vanishes to infinite order at z; = 0, and by = 1
there. The derivatives 0% egly,—o determine 9% bo|,,—o. Then Borel’s
Theorem 4.15 produces a smooth function by with these prescribed
derivatives.

5. With by = ¢ chosen that way we see that
tl = (—z(@m - Za&)bo + GObO)/(§1 + Zl‘1>
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is a smooth function: the numerator vanishes to infinite order on the
zero set of the denominator. If we put

(10.69) c; = b + 1
then r; = 0.
6. Now, using (10.69) the same calculation as before, we see that
ry = (& +iw1)(bo — c2) + eoby — i{&y +iwy, b} + T,

where 73 depends only on by = cg, t1, and e. Hence 73 is already
determined. We proceed as in Step 4 and first solve

—i(@xl — Z'agl)bl + 60[)1 + fg = O(l’(l)o)
bl|x:1 =0.

This determines b; (and hence ¢;). We continue in the same way to
determine by (and hence c3). An iteration of the argument completes
the construction of b and ¢, for which (10.68) holds microlocally near
(0,0).

7. Finally, we put T' = B~'T,, where B~! is the microlocal inverse
of B near (0,0), and A = B7'QC, to obtain the statement of the
theorem. 0

10.7 APPLICATION: SEMICLASSICAL PSEUDOSPECTRA

We present in this last section an application to the so-called semi-
classical pseudospectrum. Recall from Chapter 6 that if P = P(h) =
—h?A + V(z) and V is real-valued, satisfying

(10.70) V € S({z)™), |€+V(2)] = (1+[¢]> +|z|™)/C for |z| > C,

then the spectrum of P is discrete. (We deduced this from the mero-
morphy of the resolvent of P, R(z) = (P —2)7%.)

Quasimodes. Because of the Spectral Theorem, which is applicable
as V is real, we also know that approximate location of eigenvalues is
implied by the existence of approximate eigenfunctions, called quasi-
modes. Indeed suppose that

1071) (P = 2()u(h)] = O(K™), Ju(h)] = 1.
Then there exist E(h) and v(h) such that
(10.72) (P = E(h))v(h) =0, [lu(h)]| =1, |E(h) = 2(h)| = O(h™).

In other words, if we can solve (10.71), then the approximate eigenvalue
z(h) is in fact close to a true eigenvalue E(h) (although u(h) need not
be close to a true eigenfunction v(h).)
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Nonnormal operators. But it is well known that this is not the case
for nonnormal operators P, for which the commutator [P*, P] does not
vanish. Now if If p = |£|? + V(z), then the symbol of this commutator
is

1
(10.73) -Ap.p} = 2{Rep,Imp};

and when this is nonzero we are in the situation discussed in Theorem
10.19. This discussion leads us to

THEOREM 10.20 (Quasimodes). Suppose that P = —h*A +V (z)

and that
(10.74) 20 =&+ V(xo), Im{&, 0V (x)) # 0.

Then there ezists a family of functions u(h) € C(R™) such that
(10.75) 1P = z)u(B) e = Oh™), [Ju(h)]lzz = 1.
Moreover, we can choose u(h) so that
(10.76) W Fy(u(h)) = {(z0,&)}, Im(&,dV(zg)) <O.

Proof. We first replace V' by a compactly supported potential agreeing
with V' near zp. Our function u(h) will be constructed with support
near x.

By changing the sign of & if necessary, but without changing z,, we
can assume that

{Rep,Im p}(xo, &) = 2Im(&y, OV (x0)) < 0.

According Theorem 10.19, P—zj is microlocally conjugate to A(hD,, —
iz1) near ((zo,&), (0,0)). Let

uo(z, h) := exp(—|z|*/2h);
so that
(hDy, —iz1)ug(h) =0, WFy(ug(h)) ={(0,0)}.

Following the notation of Theorem 10.19, we define u(h) := T ugy(h).
Then W Fy(u(h)) = {(zo,&)} and

(P — z)u(h) = T A(hD,, — iz1)T(T ' ug) = 0.
U

REMARK. If p(z, &) = [£]? + V(x), the potential V satisfies (10.70),
and

{p(x,8) : (2,€) e R} #C,



178

then the operator P still has a discrete spectrum. This follows from the
proof of Theorem 6.7, once we have a point at which P — z is elliptic.
Such a point is produced if there exists z not in the set of values of
p(z,€). However, the hypothesis of Theorem 10.20 holds in a dense
open subset of the interior of the closure of the range of p. O

EXAMPLE. It is also clear that more general operators can be con-
sidered. As a simple one-dimensional example, take

P = (hD,)* + ihD, + 2*
with
p(x, &) =& +i¢ + 2%, {Rep,Imp} = —27.
Hence there is a quasimode corresponding to any point in the interior

of the range of p, namely {z : Rez > (Im2)?}. On the other hand,
since

1
e/?h pe=2/?h — (hD)? + 2% + 7

P has the discrete spectrum {1/4 4+ nh : n € N}. Since the spectrum
lies inside an open set of quasimodes, it is unlikely to have any true
physical meaning. 0
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APPENDIX A. NOTATION
A.1 BASIC NOTATION.

R"™ = n-dimensional Euclidean space
R?" = R™ x R"

m = (z,§) = typical point in R" x R"
C = complex plane

C™ = n-dimensional complex space
T™ = n-dimensional flat torus = [0, 1]", with opposite faces identified
(x,y) :==>"  x;y; = inner product
2| = (z,2)"/?

(2) = (1+|af?) 12

M™*™ = m x n-matrices

S™ = n x n real symmetric matrices
AT = transpose of the matrix A

I denotes both the identity matrix and the identity mapping.

=5 %)

o(u,v) = (u, Ju) = symplectic inner product

A.2 ELEMENTARY OPERATORS.
Multiplication operator: My f(z) = Af(z)
Translation operator: T¢ f(z) = f(x — &)
Reflection operator: Rf(x) := f(—x)

A.3 FUNCTIONS, DIFFERENTIATION.

The support of a function is denoted “spt”, and a subscript “c” on
a space of functions means those with compact support.

e Partial derivatives:

0 10
Al ax = - Dx = -
(A1) ! 0z ! i Ox;
e Multiindex notation: A multiindex is a vector o« = (v, ..., qy),

the entries of which are nonnegative integers. The size of « is

lal = a3+ + ap.
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We then write for x € R™:

% =1
Also
0% =0, ..
and
D* = —(’)‘“ .

glel T

Xy

Qn

O
Opr

(67
.ogn.

(WARNING: Our use of the symbols “D” and “D®” differs from that

in the PDE textbook [E].)
If p: R* — R, then we write

00 := (Puys - - - Px,) = gradient,
and
Prizq Pria,
0*p = = Hessian matrix
Papxq Prpan,
Also .
Dy := =-0¢.
)
If © depends on both the variables x,y € R", we put
Pz Pz,
O =
Prpa Prpa,
and
Py Priyn
2 _
Oy yp =
()Oxnyl S0$nyn
e Jacobians: Let
Ty =y(x)

be a diffeomorphism. The Jacobian matrix is

(A.2) =

9 _ (9
(9acj

e Poisson bracket: If f,g: R"® — R are C* functions,

(A.3)

{fa g} = <a§f7 a:tg>

(02f, Ocg)

-So o
051 ij (9xj 8@ .
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e The Schwartz space is
S=SR") :=
{p € C(R™) | sup |2*0°p| < oo for all multiindices a, 5}.
RT’L

We say
provided
sup 2D (io; = )| = 0
for all multiindices «, 8

We write &’ = §'(R™) for the space of tempered distributions, which
is the dual of S = S(R™). That is, u € & provided u : S — C is linear
and ¢; — ¢ in S implies u(p;) — u(yp).

We say
u; —u inS'

provided
uj(p) — u(p) forall p €S.

A.4 OPERATORS.

A* = adjoint of the operator A

Commutator: [A, Bl = AB — BA

0(A) = symbol of the pseudodifferential operator A
spec(A) = spectrum of A.

tr(A) = trace of the A.

We say that the operator B is of trace class if

tr(B) =Y p; < 0,
where the u? are the eigenvalues of B*B.

e If A: X — Y is a bounded linear operator, we define the operator
norm
[A]l = sup{[|Aully | [[ullx <1}

We will often write this norm as
[Allx—y

when we want to emphasize the spaces between which A maps.
The space of bounded operators is denoted by B(X,Y’), and when
X =Y, by B(X).
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A.5 ESTIMATES.

o We write
f=0(h*) ash—0
if for each positive integer N there exists a constant Cy such that

|f| < CyRY forall0 < h < 1.

e If A is a bounded linear operator between the spaces X,Y, we will
often write

A=0Mm)x_y
to mean

1Al x—y = O(h™).

A.6. SYMBOL CLASSES.

We record from Chapter 4 the various definitions of classes for sym-
bols a = a(x, &, h).

e Given an order function m on R?", we define the corresponding

class of symbols:

S(m) = {a e C*|for each multiindex «

there exists a constant C,, so that |0%| < C,m}.
o We as well define
S¥(m) = {a € C*™ | |0“a] < Cyh™"m for all multiindices o}
and
SE(m) := {a € C* | 0% < Coh™°™=*m for all multiindices a}.

The index k indicates how singular is the symbol a as h — 0; the
index 0 allows for increasing singularity of the derivatives of a.

e Write also
S7°(m) := {a € C* | for each a and N, [0%a| < Cynh™m}.

So if @ is a symbol in S™*°(m), then a and all of its derivatives are
O(h™) as h — 0.

o If the order function is the constant function m = 1, we will usually
not write it:

SF .= Sk(1), S¥ = S¥(1).
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e We will also omit zero superscripts:
S :=8%=5%1)
= {a € C*(R*) | |0“a|] < C, for all multiindices a}.

A.7 PSEUDODIFFERENTIAL OPERATORS.
The following terminology is from Appendix D.

e A linear operator A : C®°(M) — C>*(M) is called a pseudodiffer-
ential operator if there exist integers m, k such that for each coordinate
patch Uy, and there exists a symbol a,, € S*((£)™) such that for any
@, € CF(Uy)

A = pra(z, hD) (k)" ()
for each u € C>(M).

o We write
A€ U™k (M)

and also put
UH(M) = WOF(M), W(M) = TOO(M).
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APPENDIX B. FUNCTIONAL ANALYSIS

Henceforth H denotes a complex Hilbert space, with inner product

<’>

THEOREM B.1 (Spectrum of self-adjoint operators). Suppose
A: H — H is a bounded self-adjoint operator. Then

(i) (A= X)"! exists and is a bounded linear operator on H for \ €
C — spec(A), where spec(A) C R is the spectrum of A.

(ii) If spec(A) C [a,00), then

(B.1) (Au,u) > allul|®* (ue A).

THEOREM B.2 (Approximate inverses). Let X,Y be Banach
spaces and suppose A : X — Y is a bounded linear operator. Suppose
there exist bounded linear operators By, By : Y — X such that

(B.2) ABi=1+R;, onY
BQA =1 + R2 on X,
where
[Ra]] <1, [[Ref < 1.
Then A is invertible.

Proof. The operator I + Ry is invertible, with

(e o]

(1+R)™ = 3 (~1)RE,

k=0
this series converging since || R;|| < 1. Hence

ACl =1 for Cl = Bl(I + R1>_1

Likewise,
(I + Ry)” Z )*RE;
k=0
and

CQA =1 for CQ = (] + RQ)_lBQ.

So A has a left and a right inverse, and is consequently invertible, with
= Cl - CQ. |:|



185

THEOREM B.3 (Minimax and maximin principles). Suppose
A H — H is bounded linear and is self-adjoint: A = A*. Denote by
A1 < Ay < A3... be the (real) eigenvalues of A. Then

(B.3) Aj = min max

and

A
(B.4) Aj = max min< U’U>.
VCH  veV  ||v]?
codim v<j V70

In these formulas, V denotes a linear subspace of H.

DEFINITIONS. (i) Let Q : H — H be a bounded linear operator.
We define the rank of @ to be the dimension of the range Q(H).

(ii)If A is an operator with real and discrete specrum, we set

NA) = #{A [ A <A

THEOREM B.4 (Estimating N(X)). (i) If

for each 6 > 0, there exists an operator @,
(B.5) with rank ) < k, such that
(Au,u) = (A = 0)[Jul* — (Qu,u) foru € H,

then
N <k.

for each 0 > 0, there exists a subspace V/
(B.6) with dim V' > k, such that
(Au,u) < (A +0)|Jul|? for u €'V,

N\ > k.
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Proof. 1. Set W := Q(H)T. Thus codim W = rank @ < k. Therefore
the maximin formula (B.3) implies

N = . <AU,U>> . (Av,v)
TV W TP T el ol
codim v<k v#0 v#0
= min )\—5—<QU’U> =\—0
o Rk |

v

since (Qu,v) =0 if v € Q(H)T. Hence A < A\, + 4. This is valid for all
0 >0, and so

N\) =max{j | \; <A} <E.
This proves assertion (i).

2. The minimax formula (B.2) directly implies that

A
A < max (Av, v)
eV [lol|?
v#£0

< A+0.

Hence Ay < A+ 4. This is valid for all 6 > 0, and so
N =max{j | \; <A} > k.

This is assertion (ii).
U

LEMMA B.5 (Norms of powers of operators). Let A € L(E, F).
Then

JA[*™ = [[(A"A)™ .

THEOREM B.6 (Cotlar—Stein Theorem). Let E, F be Hilbert
spaces and A; € L(E,F) for j=1,.... Assume

Su.pz HA;'Ak:Hl/2 < C, Supz ||AjAZ||1/2 <C.
= k=1

i J

Then the series

A= ZAj converges in L(E, F).
j=1

and
4] < c.
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Proof. 1. According to the previous lemma,
[A[P™ = [[(A"A)™]].

Also
o
(A" = Y AA, AL AL
j17---7j2m:1
= Z ajl:---7j2m'
J15--3J2m
Now
@y, gom || < AT Ap AT Al - 1A, Aol
and also
gy, ol < NG ALALN - N Ad AT A -

Multiply these estimates and take square roots:

@1 o | < CNAG A |V AGAS 112 AS, Ay 12,

""" Jm J2m—1
Consequently,
oo
JAIP™ = 1A A™ < D0 gl
J1,ejazm=1
[e.e]
S C Z HAle;QHl/Q ° HA;;m—lAJém 1/2
jl"“’j2m:1
< cc*™,
Hence
2m+1

|Al| < C2mm — C as m — 0.
2. Now take u € E, and suppose u = Ajv for some k. Then

S Aull = D AAw
j=1 j=1
< D IAANIAAL o)
j=1
< 7l

Thus > 7, Aju converges for u € ¥ := span{A;(E) | k = 1,...,n}
and so also for u € 3. If u is orthogonal to 3, then u € ker(4y) for all
k; in which case 377, Aju = 0. O
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THEOREM B.7 (Inverse Function Theorem). Let X,Y denote
Banach spaces and assume

fiX oY

is C1. Select a point xg € X and write yo := f(x0).
(i) (Right inverse) If there exists A € L(Y, X) such that

Of(x0)A =1,
then there exists g € CY(Y, X) such that
fog=1 nearyy.
(ii) (Left inverse) If there exists B € L(Y, X) such that
BOf(xo) =1,
then there exists g € CY(Y, X) such that

gof=1 near xg.

THEOREM B.8 (Schwartz Kernel Theorem). Let A : S — &
be a continuous linear operator.
Then there ezists a distribution K4 € S'(R™ x R™) such that

(B.7) Au(z) = [ Ka(z,y)u(y)dy

RTL

forallu e S.
We call K4 the kernel of A.

THEOREM B.9 (Lidskii’s Theorem). Suppose that B is an oper-
ator of trace class on L*(M,Qz(M)), given by the integral kernel

K € C™(M x M;Q2(M x M)).

Then Ka, the restriction to the diagonal A :={(m,m) :m € M},
has a well-defined density; and

(B.8) tr B = /AKA.

We will also use the following general result of Keel-Tao [K-TJ:
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THEOREM B.10 (Abstract Strichartz estimates). Let (X, M, p)

be a o-finite measure space, and let U € L™ (R, B(L*(X, u)) satisfy
U sz2x) < A, tER,

NU@RU(s) fllex < ATt = s fllrcxp, ts €R,

where A, o, u > 0 are fized.
The for every pair p,q satisfying

(B.9)

2 2
__'__O-:O,’ 2§p§007 1§C]§007 (p,Q)#(Q,OO),
p q

we have

(B.10) (/ o, dt) < BN | fllueoe

We should stress that in the application to bounds on approximate
solution (Section 10.3) we only use the “interior” exponent p = ¢ which
does not require the full power of [K-T| — see [S]. For the reader’s
convenience we present the proof of that case.

Proof of the case p = ¢q: 1. A rescaling in time easily reduces the
estimate to the case h = 1.

2. The estimate we want reads

(B.11) WU @) fllermexx) < Bl fllz2x)

I o
p 2(1+0)

Let p’ denote the exponent dual to p: 1/p + 1/p/ = 1. Then, since L*’
is dual to LP, (B.11) is equivalent to

/ Ut)f(z) G(t,x) du(x)dt < || fllL2x) |Gl 1o e x)
Rx X
for all G € L¥ (R x X), and that in turn means that

H / (Ot 26 < ClIG ] s -

or in other words that

(B.12) T:L”(Rx X)— L*(X), TG(x) ::/U(t)*G(t,x)dt.

3. We note that T* f(s,z) := U(s) f(x), and that the mapping prop-
erty (B.12) is equivalent to

<T*TG> F>L2(RXX) < OHGHLP'(RXX)HFHLP'(RXX) )
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which is the same as
/ @/R (U G(#), U(s) F(s)) dids

< CHGHLP’(RxX)HFHLP’(RxX)-

(B.13)

4. The two fized time estimates provided by the hypothesis (B.9)
give:
(B.14)
(U@ G({),U(s)" F ()] 12x) < ANG @)l 200 |1 F ()| 2y
U G(), Uls) F($)) 120y < Alt = s IGO0 | F$) o x) -
Real interpolation between the estimates (B.14) gives
(U)*G(),U(s)"F(s))|
(B.15) 3-2/p —o2/p' 1)
< AP — 1G] Lo ) 1E ()] 2o () »
1<p <2

5. We now need to use the Hardy-Littlewood-Sobolev inequality
which says that if K,(t) = [t|""/* and 1 < a < oo then

[ Ko ullprm) < CHUHLP/(R) )

B.16 1 1 1
( ) —+-==, 1<p<r,
p r a

see [H1, Theorem 4.5.3]. To obtain (B.13) from (B.15) we apply (B.16)

with

1 < 2 > 1 1 1

-=0|5—1 ;, —+t—-=—-, p=r,

a 4 p r a
which has a unique solution

2(1+o
p= 2 +o) :
o

completing the proof. O
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APPENDIX C. DIFFERENTIAL FORMS

NOTATION.
() o= (21,...,2,), £ = (&, ..,&), then duj, dE; € (R?™)* satisfy

drj(u) = dzj(z,§) =z;
d§i(u) = d§;(z, &) =¢§;.
(i) If o, B € (R?*™)*, then
(A B)(u,v) == a(u)B(v) — a(v)B(u)
for u,v € R*.

(iii) If f: R™ — R, the differential of f, is the 1-form

DEFINITION. If  is a 2-form and V' a vector field, then the con-
traction of n by V, denoted
V_n,

is the 1-form defined by
(Van)(u) = n(V,u).

DEFINITIONS. Let & : R® — R” be a smooth mapping.
(i) If V' is a vector field on R", the push-forward is

K.V = 0k(V).
(ii) If n is a 1-form on R", the pull-back is
(k™n)(u) = n(K.u).

THEOREM C.1 (Differentials and pull-backs). We have
(C.1) d(k* f) = K*(df)-

Proof. First of all, d(k*f) = d(k(f)) = 3.7, 2% 9L gy, Furthermore,

jzl axj 8yi

"0 )
R () = K (Z a—jdyi) =3 ).

i=1 v i=1 ¢
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DEFINITION. If V is a vector field generating the flow ¢, then the
Lie deriwative of w is

d .
= E((%) w)|s=o-

Here w denotes a function, a vector field or a form.

va .

EXAMPLE S. (i) If f is a function,
Ly f=V(f)
(i) If W is a vector field
LyW = [V, W].

THEOREM C.2 (Cartan’s formula). If w is a differential form,
(C.2) Lyw =d(V Jw) + (V Jdw).

THEOREM C.3 (Poincaré’s Lemma). If « is a k-form defined in
the open ball U = B°(0, R) and if

da =0,
then there ezists a (k — 1) form w in U such that

dw = a.

Proof. 1. Let QF(U) denote the space of k-forms on U. We will build
a linear mapping
H:QHU) — QL(U)

such that
(C.3) doH+Hod=1.
Then

d(Ha) + Hdo = «
and so dw = « for w := Ha.

2. Define A : Q¥(U) — QF(U) by

1
A(fdxiy Ao Ndry, ) = (/ t=1 f(tp) dt) dxgy Ao Ndy,.

0
Set



We claim

(C4) ALx =1 on QF(U).
and

(C.5) doA=Aod.

Assuming these assertions, define
H:=Ao0X_l
By Cartan’s formula, Theorem C.2,
Lx=do(X_)+ X _lod.
Thus

I=ALxy = Aodo(X_J)+AoX _Jod
d(Ao X )+ (Ao X N)od
doH + H od,

and this proves (C.3).
3. To prove (C.4), we compute
A;CX(fdl'“ A A diCm)

! k—1 - k—1 af
:/Okt fltp)+ )t xja—%(tp)

j=1

=A

1
d
= /0 E(tk f(tp)) dtdxs, A--- A da;,

193
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4. To verify (C.5), note

1 n
= / th=1 Z a—f(tp)dxjdt dai, N+ Ndx;,
0 ) Ox;

=d ((/0 t’“f(tp)dt> drg, N+ A d:cz-k)
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APPENDIX D. SYMBOL CALCULUS ON MANIFOLDS

D.1 Definitions. For reader’s convenience we provide here some basic
definitions.

DEFINITION. An n-dimensional manifold M is a Hausdorff topo-
logical space with a countable basis, each point of which has a neigh-
bourhood homeomorphic to some open set in R”.

We say that M is a smooth (or C*°) manifold if there exists a family
F of homeomorphisms between open sets:

k:Ug— V. UsCM, V,CR",
satisfying the following properties:
(i)(Smooth overlaps) If k1, ke € F then
Kyo kit € C®(Viey, N Viey;: Vie, N Viey).

(ii) (Covering) The open sets U,, cover M:

UUn:M.

KrEF

(iii) (Maximality) Let A be a homeomorphism of an open set Uy C M
onto an open set V), C R". If for all kK € F,

I{,O)\il € COO(V)\H Vn; V}\mvm)a
then A e F.

We call {(k,Ug) | k € F} an atlas for M. The open set U, C M is
a coordinate patch.

DEFINITION. A C* complex vector bundle over M with fiber di-
mension N consists of

(i) a C* manifold V,

(i) a C* map 7 : V — M, defining the fibers V, := 7w~ 1({x}) for
x € M, and

(iii) local isomorphisms
Vorl(y) Ly xCV,
»(Va) = {2} x C¥, 4|y, € GL(N,C),

where GL(N,C) is the group of invertible linear transformations on
CV.

(D.1)
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REMARKS. (i) We can choose a covering { X; };cr of M such that for
each index 7 there exists

v (XG) — Xy x CY
with the properties listed in (iii) in the definition of a vector bundle.
Then
gij =o' € C®(X; N X;;GL(N,C)).

These maps are the transition matrices.

(ii) It is important to observe that we can recover the vector bundle
V from the transition matrices. To see this, suppose that we are given
functions g;; satisfying the identities

gij(x) 0 gji(z) =1 for z € X;NX;,
gij(x)ogjk(x)ogkj(x) :I, for x € XZijﬂXk
Now form the set V! € I x M x CV, with the equivalence relation
(i, 2,t) ~ (¢, 2/, t') if and only if x = 2’ and ¢’ = gy;(x)t. Then
V=V/~.
O
DEFINITION. A section of the vector bundle V' is a smooth map
u: M—V

such that
mou(x) =z (x€ M).
We write

u e C®(M,V).

EXAMPLE 1: Tangent bundle. Let M be a C**° manifold and let
N be the dimension of M. We define the tangent bundle of M, denoted
(M),

by defining the transition functions

Irir; () == (ki o k') (2) € GL(n, R).
for v € U,,NUy;. Its sections C°°(M,T'(M)) are the smooth vectorfields
on M. U

EXAMPLE 2: Cotangent bundle. For any vector bundle we can
define its dual,

ve=J ),
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since we can take
Irin; — (g:mj)_l'
If V=T(M), we obtain the cotangent bundle, denoted
T*(M).
Its sections C°°(M,T*(M)) are the differential one-forms on M. O
EXAMPLE 3: S-density bundles. Let M be an n-dimensional

manifold and let (U, k,) form a set of coordinate patches of X.
We define the s-density bundle over X, denoted

(M),
by choosing the following transition functions:
i, () = | det O(k; o K’j_l)|8 o Kk;(x),

for z € Uy, N Uk;-
This is a line bundle over M, that is, a bundle with with fibers of
complex dimension one. 0

D.2 Pseudodifferential operators on manifolds.

Pseudodifferential operators. In this section M denotes a smooth,
n-dimensional compact Riemannian manifold without boundary. As
above, we have {(k,Uy) | k € F} for the atlas of M, where each K is a
smooth diffeomorphism of the coordinate patch U, C M onto an open
subset V,, C R™.

NOTATION. Recall that
SPE™) = {a € C=(R*™) | Sup |0%a] < Coh™"(€)™}.

The index k records how singular the symbol a is as h — 0, and m
controls the growth rate as |{| — oc.

DEFINITION. A linear operator
A:C®(M)— C®(M)

is called a pseudodifferential operator if there exist integers m, k such
that for each coordinate patch U, there exists a symbol a,, € S*¥((£)™)
such that for any ¢, € C(U,) and for each u € C*(M)

(D.2) pA(u) = pr*ag (e, hD)(k™1) (Yu).
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NOTATION. (i) In this case, we write
A€ U™k (M),
and sometimes call A a quantum observable.
(ii) To simplify notation, we also put

TH(M) = WOR(M), U(M) = TOO(M).

The symbol of a pseudodifferential operator. Our goal is to
associate with a pseudodifferential operator A a symbol a defined on
T*M, the cotangent space of M.

LEMMA D.1 (More on disjoint support). Let b € S*((£)™) and
suppose @, 1p € C®(R™). If

(D-3) spt(p) Nspt(y) =0,
then
(D.4) [00" (2, RD)Y|| gr—m—pym = O(h™)

for each m.

Proof. We have
gobw(x hD)y

%h // (Hyvﬁ)@b() (x)e 7
27rh /n/n <x+y )1|Dx(y)ga(|m)’$ e e

~dydE.

Since spty N sptyy = B, we see that |x —y| > d > 0 for x € spty,
y € sptyp. Furthermore

(x—y,&) i(x—y,&) 1l &)

(x — y)aei = h'a‘Do‘

Integrating by parts, we deduce that
|00 | < Ch™"
for all m. ]
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THEOREM D.2 (Symbol of a pseudodifferential operator).
There exist linear maps

(D.5) o UE(M) — S™F / Sk (T )
and

(D.6) Op : S™k(T*M) — U™F(M)
such that

(D.7) 0(A1A42) = 0(A1)o(As)

and

(D.8) o(Op(a)) = [a] € 8™ /S™ 1(T*M).

We call a = 0(A) the symbol of the pseudodifferential operator A.

REMARK. In the identity (D.8) “[a]” denotes the equivalence class
of a in S™*/S™k=L(T*M). This means that

[a] = [a] if and only if a —a € S™FYT*M).

The symbol is therefore uniquely defined in S™*, up to a lower order
term which is less singular as h — 0. 0

Proof. 1. Let U be an open subset of R. Suppose that B : C*(U) —
C*>(U) and that for all ¢,1 € C*° the mapping u — @Bvu belongs
to Uk (R"), for all u € S.

We claim that there then exists a symbol a € SF

loc

(U, (¢£)™) such that

(D.9) B =a(x, D) + By,
where for all m
(D.10) By: H-™(U) — H.(U) is O(h™).

To see this, first choose a locally finite partition of unity {t;};e; C
C*(U):
ij(:t)zl (xelU).
jed
Then
;B = afk(% hD),
where aj; € S*((¢)) and ajx(z,€) = 0 if = ¢ sptep;. Now put
/
a:=Y aj(x,) € ShUE™),
j.k
where we are sum over those indices j, k’s for which spti); N sptyy # 0.
This sum is consequently locally finite.
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2. We must next verify (D.10) for

By := B — a(x, hD) Z ¥; By,

the sum over 7, k’s for which

sptyp; Nsptayy, = 0

Let Kg(x,y) be the Schwartz kernel of B. Then the Schwartz kernel
of By is

(D.11) Kpy(,y) Z i (@) Kp(z, y)t(y),

with the sum locally finite in U x U. The operators ;B satisfy
the assumptions of Lemma 7.4, and hence have the desired mapping
property. Because of the local finiteness of (D.11) we get the global
mapping property from H " to H}

loc*

3. For each coordinate chart (k, Uy ), where k : Ug — V., we can now

use (D.9) with X =V, and B = (k')*Ak*, to define a,, € T*(U,).
The second part of Theorem 8.1 shows that if Uy, N Uk, # 0, then
(D‘12) (a"\"l - an2)‘Un1ﬂUn2 € Skil(T*(Um N Unz)a <€>m)

Suppose now that we choose a covering of M by coordinate charts,
{Ua}acs, and a locally finite partition of unity {@a }acs:

sptp. C Uy, Zgoj(x) =1,

aed

a = Z Dal-

acJ

We see from (D.12) that a € S¥(T*M, (£)™) is invariantly defined up
to terms in S*H(T* M, (€)™). We consequently can define

o(A) = [a] € SH(T"M, ()™)/S"H(T* M, (&)™).

and define

4. Tt remains to show the existence of
Op : SH(T*M, (&)™) — v™ (M), o(Op(a)) = la].

Suppose that for our covering of M by coordinate charts, {U, }acs, we
choose {1, }acs such that

Sptie C U, 3 0%(x) =

acJ
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a sum which is locally finite. Define

A=) ok Op(aa) (kg ') Yas

aed

where a, (7€) = a(k;'(z), (Ok(z)T)71¢). Theorem 8.1 demonstrates
that o(A) equals [al. O

Pseudodifferential operators acting on half-densities. We now
apply the full strength of Theorem 8.1 by making the pseudodifferential
operators act on half-densities.

DEFINITION. A linear operator
A C®(M,Qz(M)) — C(M, Q2 (M))

is called a pseudodifferential operator on half-densities if there exist
integers m, k such that for each coordinate patch U,, and there exists
a symbol a, € S*((£)™) such that for any ¢, € C*(Uy)

(D.13) pA(u) = prgag (z, hD)(k,")" (Yu)
for each u € C(M, Q2 (M)).

NOTATION. In this case, we write
A€ U™F(M, Q2 (M),

By adapting the proof of Theorem D.2 to the case of half-densities
using the first part of Theorem 8.1 we obtain

THEOREM D.3 (Symbol on half-densities). There exist linear
maps

(D.14) o UmE(M, QYA (M) — S™k /S™R2 (T M)
and

(D.15) Op : S™H(T* M) — ™ (M, QY*(M)))
such that

(D.16) 0(A1Ay) = 0(Ay)o(Ay)

and

(D.17) o(Op(a)) = [a] € S™*/S™ 2(T*M).
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D.3 PDE on manifolds.

We revisit in this last section some of our theory from Chapters 57,
replacing the flat spaces R” and T" by an arbitrary compact Riemann-
ian manifold (M, g), for the metric

g = Z gijdx;dz;.

Write B o
((g) = ((gi))",  §:= det((gi))-

D.3.1 Notation.

Tangent, cotangent bundles. We can use the metric to build an
identification of the tangent and cotangent bundles of M. We identify

EeTrM with X e T, M,
written £ ~ X, provided
§(Y) = g2(Y, X)
forall Y € T, M.

Flows. Under the identification X ~ &, the flow of H, on T*M,
generated by the symbol

(D.18) p=Lr=>g744 =) 95X X; = g(X, X),

i,j=1 1,j=1
is the geodesic flow on T'M.

Laplace-Beltrami operator. The Laplace-Beltrami operator A, on
M is defined in local coordinates by

1 < 0 ( =0
D.19 A= — Y g”\/ﬁ—).
( ) g \/E z; 8xj a.l‘j
The function p defined by (D.18) is the symbol of the Laplace-
Beltrami operator —h%A,.

PDE on manifolds. Given then a potential V' € C*(M), we can
define the Schrodinger operator

(D.20) P(h) :== —h*A, + V().

The flat wave equation from Chapter 5 is replaced by an equation
involving the Laplace-Beltrami operator:

(D.21) (0} + a(x)d; — Ay)u = 0.
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The unknown w« is a function of z € M and ¢ € R.

Half-densities. Half-densities on M can be identified with functions
using the Riemannian density:

u= u(:c)]dxﬁ = u(x) <gédx>; :

D.3.2 Damped wave equation on manifolds. We consider this
initial-value problem for the wave equation:

(D.22) {(83 +a(r)0y —A)ju=0 on M xR

u=0, u=f on M x {t =0},

where a > 0; and, as in Chapter 6, define the energy of a solution at
time ¢ to be

1
E(t) := 5 /M(atu)z + |0,ul? dx.

It is then straightforward to adapt the proofs in §5.3 to establish

THEOREM D.4 (Exponential decay on manifold). Suppose u
solves the wave equation with damping (D.21), with the initial condi-
tions

Assume also that there exists a time T > 0 such that each geodesic
of length greater than or equal to T intersects the set {a > 0}.

Then there exist constants C, 3 > 0 such that
(D.23) E(t) < Ce™| fl|.2

for all times t > 0.

D.3.3 Weyl’s Law for compact manifolds. More work is needed
to generalize Weyl’s Law from Chapter 6 to manifolds. We will prove
it using a different approach, based on the Spectral Theorem.

First, we need to check that the spectrum is discrete and that follows
from the compactness of the resolvent:

LEMMA D.5 (Resolvent on manifold). If P is defined by (D.20),
then

(P+i)"'=0(1) : L*(M)— H}(M),

where the semiclassical Sobolev spaces are defined as in §7.1.
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We prove this by the same method as that for Lemma 7.1.

Eigenvalues and eigenfunctions. According to Riesz’s Theorem on
the discreteness of the spectrum of a compact operator, we conclude
that the spectrum of (P +14)~! is discrete, with an accumulation point
at 0.

Hence we can write

(D.24) P(h) = Z Ej(h)u;(h) © u;(h),

where {u;(h)}52, is an orthonormal set of all eigenfunctions of P(h):
P(h)u;(h) = E;j(h)u;(h),  (ur(h), w(h)) = ou,

and
E;(h) — oo.

THEOREM D.6 (Functional calculus). Suppose that f is a holo-

morphic function, such that for |Imz| <2 and any N:
f(z)=0(()™").

Define

f(P) =

e L (=i Py (i) = (i = P (i)

Then f(P) € W=>°(M), with

a(f(P)) = f(lgl; + V(@).

Furthermore,
(D.26) f(P) = Zf(Ej(h))uj(h) ® u;(h)
in L?.

Proof. 1. The statement (D.26) follows from (D.24), which shows that

00 —
Uj@Uj

Ej(h,) - Z.
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Since f decays rapidly as t — oo, we can compute residues in (D.25)
to conclude that

f(E;(h) =

L (i = By ) ft— i) — (b i — B (h) " f(t + 1)) dt.

21 Jg

2. We now use Beals’s Theorem 8.9, to deduce that f(P) is a pseu-
dodifferential operator. As discussed in Appendix E all we need to
show is that for ¢, 9 € C§°(M), with supports in arbitrary coordinate
patches, ¢ f(P)1 is a pseudodifferential operator. As described there it
can be considered as an operator on R™ and, by Theorem 8.9, it suffices
to check that for any linear ¢;(z, ) we have

llade, (znp) © - © adgy @ npy f (P)||2—r2 = O(RY).
To show this, note that according to Lemma D.5,
|[(P—t+4)(adp, o---o0ady, P(P —t£1) Y22 = O(h¥),
where L; € W*°(M). Now for a linear function ¢ on R*",
ady(znp) (p(P—t£i) ") = —(P—t4i) ! (ad P)(P—t£i) ' +O0p2_12(h),
where L € W9(M). The rapid decay of f gives

||adL/Rf(t)(tii— P)_ldt|| <
/R FONP =t %) ad PP — t ) 1o pedt = O(h) .

and this argument can be easily iterated.
3. Since

Op(€lg +V(z) =t i) )P —t ki) =1+ Opap2(h),
it follows that

Op(|¢f2 + V(z) —t+i)™") = (P —t+4)" 4 Orz_p2(h).

Hence the symbol of (P + t 4 i)~' (which we already know is a
pseudodifferential operator) is given by (|¢]2 + V(z) —t +4)7".
A residue calculation now shows us that

f(P)=Op(f(l¢ly + V(z) =t £1)) + Ora_pa(h);
that is, the symbol of f(P)is f(|¢]2 4+ V (z)). O
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THEOREM D.7 (Weyl’s asymptotics on compact manifolds).
For any a < b, we have

#{E(h) | a < E(h) <b} =

(D.27) (Volpanr{a < €2+ V(z) < b} + o(1))

1
(2wh)"

as h — 0.

Proof. 1. Let fi, fo be two functions satisfying the assumptions of
Theorem D.6 such that for real

(D.28) fi(@) < oy (x) < fol),

where 1p,)() is the characteristic function of the interval [a, b].
It follows that

trfi(P) < #{E(h) | a < E(h) < b} < trfa(P).
2. Theorem B.9 now shows that for j = 1,2
1
h(P) = G ([ R+ Viodads +0(1))

We note that since f;(P) € W~°°(M), the errors in the symbolic com-
putations are all O(h(£)~>°), and hence can be integrated.

3. The final step is to construct ff and fs5 satisfying the hypotheses of
Theorem D.6 and (D.28), and such that for j = 1,2, we have

[ 06 4+ V@) dode — Volrarfa < 62+ Vi) <),
™M
as € — 0. This is done as follows. Define

X; = (]- - 6>1[a+6,b—e} - G(I[a—e,a-‘rs] + 1[b—e,b+e]> ) X; = (1 + E)l[a—e,b—‘re} )
and then put

fi(z) = o X]()GXP<—(x_Z)2)dx.

e €2

We easily check that all the assumptions are satisfied. 0

REMARKS. (i) If V = 0, we recover the leading term in the usual

Weyl asymptotics of the Laplacian on a compact manifold: let 0 =

A <A <Ay <o <A — oo be the complete set of eigenvalues of

—A, on M. Then

Vol(Bg-(0,1))
(2m)"

(D.29)  #{j : \; <r}~ Vol(M)r™? | r — co.
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In fact, we can take a = 0, b =1, and h = 1/4/r, and apply Theorem
D.7: the eigenvalues —A, are just rescaled eigenvalues of —h?A, and
the Vol(Bgn(0,1)) term comes from integrating out the £ variables.

We note also that (D.29) implies that
(D.30) G Chyr < A < Oy

(ii) Also, upon rescaling and applying Theorem B.4, we obtain esti-
mates for counting all the eigenvalues of P(h) = —h*A, + V(x). Let

Eo(h) < Ey(h) < --- < Ej(h) — oo be all the eigenvalues of the
self-ajoint operator P(h). Then for r > 1,

(D.31) #{j : E;j(h) <r} < Cuvh ™2,

This crude estimate will be useful in §9.3. U



208

SOURCES AND FURTHER READING

Chapter 1: Griffiths [G] is a nice elementary introduction to quan-
tum mechanics. For a modern physical perspective one may consult
Heller-Tomsovic [H-T] and Stockmann [St].

Chapter 2: The proof of Theorem 2.8 is due to Moser [M]. A
PDE oriented introduction to symplectic geometry is contained in [H2,
Chapter 21].

Chapter 3: Good references are Friedlander—Joshi [F-J] and Hor-
mander [H1]. The PDE example in §3.1 is from Hérmander [H1, Section
7.6].

Chapter 4: The presentation of semiclassical calculus is based upon
Dimassi-Sjostrand [D-S, Chapter 7]. See also Martinez [M], in partic-
ular for the Fefferman-Cordoba proof of the sharp Garding inequality.
The argument presented here followed the proof of [D-S, Theorem 7.12].

Chapter 5: Theorem 5.8 is due to Rauch-Taylor [R-T], but the
proof here follows Lebeau [L] and uses also some ideas of Morawetz.

Chapter 6: The proof of Weyl asymptotics is a semiclassical version
of the classical Dirichlet-Neumann bracketting proof for the bounded
domains.

Chapter 7: Estimates in the classically forbidden region in §7.1 are
known as Agmon or Lithner-Agmon estimates. They play a crucial role
in the analysis of spectra of multiple well potential and of the Witten
complex: see [D-S, Chapter 6] for an introduction and references. Here
we followed an argument of [N], but see also [N-S-Z, Proposition 3.2].
The presentation of Carleman estimates in §7.2 is based on discussions
with N. Burq and D. Tataru.

Chapter 8: The proof of symbol invariance is from [S-Z1, Appen-
dix]. The semiclassical wavefront set is an analogue of the usual wave-
front set in microlocal analysis — see [H2] and is closely related to
the frequency set introduced in [G-S]. The discussion of semiclassical
pointwise bounds is inspired by a recent article of Koch and Tataru
[Ko-T].

Our presentation of Beals’s Theorem follows Dimassi—Sjostrand [D-S],
where it was based on [H-S]. Theorem 8.10, in a much greater gener-
ality, was proved by Bony—Chemin in [B-C|. The self-contained proof
in the simple case considered here comes from [S-Z3, Appendix].

Chapter 9: The Quantum Ergodicity Theorem 9.4 is from a 1974
paper of Shnirelman, and it is sometimes referred to as Shnirelman’s
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Theorem. The first complete proof, in a different setting, was provided
by Zelditch. We have followed his more recent proof, as presented in
[Z-7Z]. The same proof applied with finer spectral asymptotics gives a
stronger semiclassical version, first presented in [H-M-R].

Chapter 10: The construction of U(t) borrows from the essentially
standard presentation in [S-Z1, Section 7]. For the discussion of the
Maslov index see [G-S| and [L-V]. Fourier Integral Operators which
are closely related to our discussion of quantization and of propagators
are discussed in detail in [D] and [H2, Chapeter 25].

Semiclassical Strichartz estimates for P = —h?A, — 1 appeared ex-
plicitely in the work of Burq-Gérard-Tzvetkov [B-G-T| who used them
to prove existence results for non-linear Schrodinger equations on two
and three dimensional compact manifolds. We refer to that paper for
pointers to the vast literature on Strichartz estimates and their appli-
cations. The adaptation of Sogge’s LP estimates to the semiclassical
setting was inspired by discussions with N. Burq, H. Koch, C.D. Sogge,
and D. Tataru, see [Ko-T] and [S].

The proofs for the theorems cited in §10.4 are in Hérmander [H2,
Theorem 21.1.6] and [H2, Theorem 21.1.6]. Theorem 10.18 is a semi-
classical analog of the standard C'* result of Duistermaat-Hormander
[H2, Proposition 26.1.3']. Theorem 10.19 is a semiclassical adapta-
tion of a microlocal result of Duistermaat-Sjostrand [H2, Proposition
26.3.1.

Theorem 10.20 was proved in one dimension by Davies [D]. See
[D-S-Z] for more on quasimodes and pseudospectra and for further
references.
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