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ABSTRACT

Thisbookletdevelopsin nearly200pageghebasicsof combinatoriaenumeratiorthrough
anapproachhatrevolvesaroundgeneratingunctions. The major objectsof interesthere
arewords,trees graphsandpermutationswhich surfacerecurrentlyin all areasf discrete
mathematicsThetext presentshe coreof thetheorywith chapterson unlabelledenumer
ationandordinarygeneratingunctions,labelledenumeratiorandexponentialgenerating
functions,andfinally multivariateenumeratiorandgeneratingunctions. It is largely ori-
entectowardsapplicationsof combinatoriaenumeratiorio randomdiscretestructuresand
discretemathematicsnodels,asthey appeain variousbranche®of sciencelik e statistical
physics,computationabiology, probability theory and, last not least,computerscience
andthe analysisof algorithms.
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incited us to add a separatechapteron multivariategeneratingunctionsandto Brigitte Valleéefor
mary critical suggestionsegardingthepresentatiomndglobalorganizatiorof thistext. Thisbooklet
would be substantiallydifferent(andmuchlessinformative) without Neil Sloanes Encyclopediaf
Integer SequencesSteve Finch's MathematicalConstants both available on the internet. Bruno
Salvy and Paul Zimmermannhave developedalgorithmsand librariesfor combinatorialstructures
andgeneratingunctionsthatarebasedon the MAPLE systemfor symboliccomputationandhave
provento beimmenselyuseful.

“SymbolicCombinatoric is asetof lecturenotesthatareacomponenof awider bookprojecttitled
AnalyticCombinatoricswhichwill provideaunifiedtreatmenbf analyticmethodsn combinatorics.
This text is partly basedon an earlierdocumentitled “The AverageCaseAnalysisof Algorithms:
Countingand Generating-unctions”,INRIA Res. Rep. #1888(1993),116 pages,which it now
subsumes.
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FOREWORD

AnalyticCombinatoricaaimsatpredictingpreciselytheasymptotigropertieof struc-
tured combinatorialconfigurationsthroughan approachthat basestself extensively on
analyticmethods Generatindgunctionsarethe centralobjectsof thetheory

Analytic combinatoricsstartsfrom anexactenumeratie descriptionof combinatorial
structuresby meansof generatingunctions,which malke their first appearancaspurely
formal algebraicobjects. Next, generatingfunctionsare interpretedas analytic objects,
thatis, asmappingsof the complex planeinto itself. In this contet, singularitiesplay a
key rdlein extractingthefunctions’ coeficientsin asymptotidform andextremelyprecise
estimategesultfor countingsequences.This chainis applicableto a large numberof
problemsof discretemathematicselative to words,trees permutationsgraphsandsoon.
A suitableadaptatiorof the theoryfinally opensthe way to the analysisof parametersf
largerandomstructures.

Analytic combinatoriccanaccordinglybe organizedasedn threecomponents:

— SymbolicCombinatoricdevelopssystemati¢symbolic” relationsbetweersome
of themajorconstruction®f discretemathematicandoperationn generating
functionswhich exactly encodecountingsequences.

— Singularcombinatoricelaborates collectionof methodsy which onecanex-
tractasymptoticcountinginformationsfrom generatindgunctions,oncetheseare
viewedasanalytic(holomorphic)functionsover the complex domain.Singular
ities thenappeartto be a key determinanbf asymptoticoehaiour.

— RandontCombinatoricsconcernstself with probabilisticpropertieof largeran-
domstructures—whiclpropertieshold with “high” probability, which laws gov-
ernrandomnes#n large objects?In the context of analyticcombinatoricsthis
correspondso adeformationaddingauxiliary variables)andaperturbation(ex-
aminingtheeffectof smallvariationsof suchauxiliary variables)f the standard
enumeratie theory

The approacho quantitative problemsof discretemathematicgprovided by analytic
combinatoricxanbe viewed asan opermational calculusfor combinatorics.The booklets,
of which this is the first installment,exposethis view by meansof a very large num-
berof examplesconcerningclassicalkcombinatorialstructureglik e words, trees permuta-
tions,andgraphs) Whatis aimedat eventuallyis aneffective way of quantifying“metric”
propertiesof large randomstructures.Accordingly, the theoryis susceptibléo mary ap-
plications,within combinatoricstself, but, perhapanoreimportantly within otherareas
of sciencewherediscreteprobabilisticmodelsrecurrentlysurface lik e statisticalphysics,
computationabiology, or electricalengineering.Lastbut not least,the analysisof algo-
rithmsanddatastructuresn computersciencehassenedandstill senesasanimportant
motivationin the developmentf thetheory

This booklet specificallyexposesSymbolicCombinatorics which is a unified alge-
braic theory dedicatedo the settingup of functional relationsbetweencountinggener
ating functions. As it turnsout, a collectionof general(and simple) theoremsprovide a
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systematidranslationmechanisnbetweencombinatorialkconstructionandoperationon

generatingfunctions. (This translationprocesss a purely formal one, hencethe name
of “symbolic combinatorics"that we have adoptedto characterizat.) Precisely asre-

gardsbasiccounting,two parallelframewvorks coexist—onefor unlabelledstructuresand
ordinarygeneratingunctions,the otherfor labelledstructuresandexponentialgenerating
functions.Furthermorewithin the theory parametersf combinatoriakconfigurationsan
be easilytakeninto accounty addingsupplementaryariables.Threechapterghencom-

posethisbooklet: Chapterl dealswith unlabelledobjects;Chapteill developsin aparallel
way labelledobjects;Chapterlll treatsmultivariateaspectof the theorysuitablefor the

analysisof parametersf combinatoriaktructures.
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LEONHARD EULER 1707-1783

LeonhardEuler (born, 15 April 1707in Basel,Switzerland;died, 18 Sept1783in St Pe-
tersturg, Russia)wvasthefirst to relateclassicabnalysisandcombinatoricsn apublication
of 1753.Eulershovedhow to enumeratehetriangulationsof ann-gon: first, hemodelled
the combinatorialcountingproblemby a recurrencethenintroducedthe corresponding
generatingunction; finally he solved the resultingequationandexpandedthe generating
functionusingclassicalanalysis therebyproviding a closed-formsolutionto the original
countingproblemanddiscoveringthe“Catalannumbers”.

(Picturesarefrom TheMacTutor History of Mathematicsarchive hostedby the University of St Andrews.)






CHAPTER |

Combinatorial Structuresand
Ordinary Generating Functions

Laplacediscoveredthe remarkablecorrespondenceetween

settheoreticoperationsandoperationn formal powver series

andputit to greatuseto solve a variety of combinatoriaproblems.
— GIAN—CARLO ROTA [127

This chapterandthe next aredevotedto enumerationwherethe questionis to determine
the numberof combinatorialconfigurationsdescribedby finite rules, and do so for all
possiblesizes. For instance how mary differentpermutationsare thereof size 17? of
sizen, for generaln? whatif someconstraintsareimposed,e.g., no four elementsof
increasingorderin a row? The countingsequencesire exactly encodedby genemting
functions and,aswe shall see,genemting functionsare the central mathematicabbject
of combinatorialinalysis We examineherea framework that,contraryto moretraditional
treatmentdasedn recurrencesXxplainsthe surprisingefficiency of generatingunctions
in the solutionof combinatoriakenumeratiorproblems.

This chaptersenesto introducethesymbolicapproachio combinatoriaenumerations.
Theprincipleis thatmary generaket-theoreticonstructionadmita directtranslationas
operationsover generatingunctions. This is madeconcreteby meansof a “dictionary”
basedbn a coreof importantconstructionswhich includesthe operationf union, carte-
sianproduct,sequenceset,multiset,andcycle. (Supplementarypperationdike pointing
andsubstitutioncanbe alsobe similarly treated.)

In this way, a languagedescribingelementarycombinatorialclassess setup. The
problemof enumerating classof combinatoriaktructureghensimply reducego finding
a properspecification a sort of formal “grammar”, for the classin termsof the basic
constructionsThetranslatiorinto generatingunctionsthenbecomes purelymechanical
“symbolic” process.

We showv herehow to describen sucha context integer partitionsandcompositions,
aswell asseveral elementarystring andtreeenumeratiorproblems.A parallelapproach,
developedin Chapterll, appliesto labelledobjectsand exponentialgeneratingunctions,
andin contrastthe plain structuresconsideredn this chapterare calledunlabelled The
methodologyis susceptibléo multivariateextensionswith which mary characteristipa-
rametersof combinatorialobjectscanalsobe analysedn a unified manner:this is to be
examinedin Chapterlll. It alsohasthe greatmerit of connectingnicely with complex
asymptoticmethodsthat exploit analyticity propertiesandsingularities to the effect that
very preciseasymptoticestimatesare usually available whenever the symbolic method
applies—asystematidreatmenformsthe basisof the next bookletin the series Analytic
CombinatoricsSingularCombinatoricg ChapterdvV-VI).

1



2 I. UNLABELLED STRUCTURESAND ORDINARY GENERATING FUNCTIONS

I. 1. Symbolicenumeration methods

First andforemost,combinatoricdealswith discreteobjects thatis, objectsthatcan
be finitely describedoy constructiorrules. Examplesarewords, trees,graphs,geometric
configurationspermutationsallocations functionsfrom afinite setinto itself, andsoon.
A major questionis to enumeate suchobjectsaccordingto somecharacteristiqpparame-
ter(s).

DEFINITION I.1. A combinatorialclass or simplya class is a finite or denumeable
seton which a sizefunctionis defined satisfyingthe following conditions: the sizeof an
elemenis a nonngativeinteger; the numberof elementof any givensizeis finite.

If Aisaclassthesizeof anelementy € A is denoteddy |a|, or |a| 4 in thefew cases
wheretheunderlyingclassneedgo be madeexplicit. Givena classA, we consistentlyet
A, bethe setof objectsin A thathave sizen andusethe samegroup of lettersfor the
countsA,, = card A,) (alternatvely, alsoa,, = card A, )). An axiomaticpresentatioris
thenasfollows: a combinatorialclassis a pair (A4, | - |) where A is at mostdenumerable
andthemapping| - | € (4 — N) is suchthattheinverseimageof ary integeris finite.

DEFINITION |.2. Thecountingsequencef a combinatorialclass.A is the sequence
of integers { A, }n>0 Where A,, = card A,) is the numberof objectsin class.A thathave
sizen.

Considerfor instancethe set)V of binary words, which arewordsover a binary al-
phabet,
w:={...00, 01, 10, 11, 000, 001, 010, ..., 1001101, ...},

if thebinaryalphabets A = {0,1}. ThesetP of permutationss
P ={..12,21, 123,132, 213, 231, 312, 321, 1234, ..., 532614, ...},

sincea permutationof I,, := [1..n] is a bijective mappingthat is representablé®y an
an array( 011 022 07; ) or equivalently by the sequencer;os - - - o, Of distinct

elementsrom Z,,; The setT of triangulationsis comprisedof triangulationsof corvex
polygonal domainswhich are decompositionsnto non-overlappingtriangles. (For the
purposeof the presentdiscussionthe readermay contentherselfwith whatis suggested
by Figure1; the formal specificationof triangulationsappearn p. 18.) ThesetsW, P,
and7 constitutecombinatorialclasseswith the corventionthatthe size of aword is its
length,the sizeof a permutationis the numberof its elementsthe size of a triangulation
is the numberof trianglesit comprises.The correspondingountingsequencearethen
givenby

1 (2n (2n)!
(3 " ’ " ’ " n+1(n) (n+1)n!’
wheretheinitial valuesare
n 01 2 3 4 5 6 7 8 9 10
) Wha 1 2 4 8 16 32 64 128 256 512 1024
P, 1 1 2 6 24 120 720 5040 40320 362880 3628800
T, 1 1 2 5 14 42 132 429 1430 4862 16796

Indeedelementancountingprinciples,namely for finite setsB andC

cardBUC) = cardB) + cardC) (providedBN C = 0)
cardB xC) = cardB)-cardY),

(3)
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FIGURE 1. The class 7 of all triangulations of regu-
lar polygons (with size defined as the number of triangles)
is a combinatorial class. The counting sequence starts as
TOZ]., ZZ—'1=].7 T2=2, T3=5, T4=].4, T5=42, T6=132, e

Euler determined the OGF T(z) = >, T2 as
T(x) = 1 —\/22—4,2,

from whichthereresultsthatT,, = —+ (). Thesenumbersareknown
astheCatalannumbes (p. 17).

leaddirectly to expressiondor words(W,,) andpermutationg P,,). The sequencéV,, =

2™ hasa well-known legendassociatedvith the inventionof the chesggame:theinventor
waspromisedby his king onegrain of rice for thefirst squareof the chessboardwo for

the secondfour for thethird, andsoon; the king naturallycould not deliver. . . As to the
numberof permutationsit hasbeenknown for morethan1500yearsandKnuth[86, p. 23]

refersto the Hebrewv Bookof Creation(c. A.D.. 400),andto theAnuygad\arasutra (India,

C. A.D. 500)for the explicit formulan! = 1-2---n. Following Euler (1707-1783)the
countingof triangulationyT},) is bestapproachedby generatingunctions: the modified
binomialcoeficientssoobtainedareknown asCatalamumbergseethe discussiorp. 17)

andarecentralin combinatoriaknalysig(Sectionl. 5.3).

> 1. Permutationsandfactorials. For apermutatiorin P,, written asasequencef distinctnumbers,

therearen placeswhereonecanaccommodate:, n — 1 remainingplacesfor n — 1, andsoon.
Thereforepy (3), thenumberof permutationssn - (n — 1) --- = n!. <

> 2. Nedklaces.You aregiventonsof beadsof two colours,o ande. How mary differenttypesof
necklacedesignscanyou form with n beads™Herearethe possibilitiesfor n = 1, 2, 3:

2+ QOO OO0

This canbe reformulatedasthe problemof finding the countingsequencef the classof necklaces
definedformally asall thepossiblecirculararrangementsf two letters. Thecountingsequencstarts
as2,3,4,6, 8,14, 20, 36, 60, 108, 188, 352. The solutionappeardaterin this chapterp. 40. <

Two combinatoriatlassesd andB aresaidto beisomorphicwhichiswritten 4 = B,
iff their countingsequencesareidentical. This is equivalentto sayingthatthereexists a
bijectionfrom A to B that preseressize,andonealsosaysthat. A and B are bijectively



4 I. UNLABELLED STRUCTURESAND ORDINARY GENERATING FUNCTIONS

equivalent Sincewe areonly interestedn countingproblems;it provesoften corvenient
to identify isomorphicclassesandplainly considethemasidentical. We thenconfinethe
notation A = B (insteadof A = B) to the few caseawvherecombinatorialisomorphism
ratherthanplain identity needso beemphasized.

DerINITION |.3. Theordinarygeneratingunction (OGF) of a sequencd A, } is the
formal powerseries

(4) A(z) = i Ap2™.
n=0

Theordinarygeneratingunction(OGF) of a combinatorialclassA is thegenemting func-
tion of thenumbes 4,, = card A, ). Equivalentlythe OGF of classA is

(5) Az) =D Apz" =) 2o
n>0 acA
It is alsosaidthatthevariable z markssizein the genemting function.

We adhereto a systematimamingcorvention classestheir countingsequencesnd
their generatingfunctionsare systematicallydenotedby the samegroupsof letters: for
instance 4 for aclass,{A4,} (or {a,}) for the countingsequenceand A(z) (or a(z)) for
its OGF. Also, we let generally[z"]f (z) denotethe operationof extractingthe coeficient
of 2™ in theformal power seriesf (z) = Y fn2", sothat

(6) 2" ) faz™ | = fa

n>0

(Thecoeficientextractornotationreadsas“coefficientof 2™ in f(z)".)
The OGF’s correspondindo Eq. (1) arethen

1 > 1-22—+1—4z
W(z) = T2 P(z) = Zn!z ) T(z) = 5 .

n=0

The OGF's W(z) andT'(z) canbe interpretedas standardanalytic objects,uponassign-
ing to the formal variablez valuesin the complex domainC. In effect, the seriesiV (z)
andT(z) corvergein a neighbourhoof 0 andrepresentomplex functionsanalyticat
theorigin, while the OGF P(z) is a purelyformal power series(its radiusof corvergence
is 0) thatcannonethelesbe subjectedo the usualalgebraicoperationsof power series;
seeAPPENDIX: Formal powerseries p. 169. (Permutatiorenumeratioris mostcorve-
niently approachetby exponentialgeneratingunctionsdevelopedin Chapterl.)

The second'combinatorial’form in (5) resultsstraightforwardly from observingthat
the term 2™ occursas mary times asthereare objectsin 4 having sizen. This form
shaws thatgeneratingunctionsarenothingbut a reducedrepresentationf the combina-
torial clas$, where“internal” structuresare destroyed and elementscontributing to size
(“atoms”) arereplacedvy thevariablez. Hereis anillustration: startwith a (finite) family
of graphs7, with sizetakenasthenumberof verticegline 1]. Eachvertex in eachgraphis
replacedyy thevariablez andthegraphstructures “forgotten”[line 2]; thenthe monomi-
alscorrespondingo eachgraphareformed[line 3] andthegeneratingunctionis obtained
[line 4] by gatheringall the monomials:

IThis obseration of which greatusewasmadeby Schitzenbeger asearly asthe 19505 and 19605 “ex-
plains” why mary similaritiesareto be foundbetweercombinatoriaktructuresandgeneratingunctions.
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P VAR VA (A

2222 2z 222 2222 z 2222 22z
+ 24 +22 +22 + 24 +z +24 + 23
G(z) = 24+ 22 +22% 4+ 324

For instancetherearethreegraphsof size4, in agreementvith thefactthat[24]G(z) = 3.
If sizehadbeeninsteaddefinedby numberof edgesanothergeneratingunction would
have resultedpamely with y markingsize: 1+ y + 32 + 2y3 + y* + 3°. If bothnumberof
verticesandnumberof edgesareof interestthenabivariategeneratindunction,G(z,y) =
2+ 2%y + 22y? + 22y + 2%y® + 2ty + 2%y8; suchmultivariategeneratingunctionsare
developedsystematicallyn Chaptetll.

A pathoftentakenin the older or moretraditionalliteratureconsistdn decomposing
thestructuredo beenumerateihto smallerstructuresitherof the sametypeor of simpler
types,andthenin extractingfrom sucha decompositiorrecurrencerelationssatisfiedby
the {4,}. In this context, the recurrenceelationsare either solved directly—wheneer
they aresimpleenough—otby meansf ad hocgeneratingunctions,thenintroducedasa
meretechnicalartefct.

In the framework to bedescribed¢lasse®f combinatoriaktructuresarebuilt directly
in termsof simplerclassedy meansof acollectionof elementarycombinatoriakonstruc-
tions. (This closelyresembleshedescriptionof formal language®y meansof grammars,
aswell asthe constructionof structureddatatypesin programminganguages.)The ap-
proachdevelopedherehasbeentermed‘symbolic”, asit relieson a formal specification
languagefor combinatorialstructures. Specifically it is basedon so—calledadmissible
constructionghatadmit directtranslationgnto generatingunctions. In this chapterthe
generatindunctionsconsideredreordinarygeneratingunctions.

DEFINITION I.4. Assumeahat® is a constructiorthatassociateso a finite collection
of classed3,C, - -- anew class
A:=9[B,C,..],

in a finitary way: eat A,, dependsn finitely manyof the {B;},{C;},.... Then® is
admissibleff the countingsequencg A,,} of A only depend®n the countingsequences
{B;},{C;},...of BandC:

{4n} = E[{B;}, {C}}]-
In that case,thereexists a well definedoperator¥ relating the associateardinary
generatingunctions
A(z) = ¥[B(2),C(2),.. ]

As an introductory example, take the construction of cartesianproductthat forms
orderedpairs(equivalently, “records”in classicaprogrammindanguages):

(a) A=BxC iff A={a=(8,7)|B€B, veCl},

thesizeof apaira = (3,v) beingdefinedby |a|4 = |8|s + |7|c. Then,consideringall
possibilities the countingsequencesorrespondingo A, B, C arerelatedby the corvolu-
tion relation

(b) Ap =" BiCr 4
k=0
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We recognizeherethe formulafor aproductof two power series.Thereforewith A(z) =
> >0 An2™ etc,onehas

(¢) A(z) = B(z) - C(z).

Thusin ourterminology thecartesiamproductis admissible A cartesianproducttranslates
asa productof OGF's.
Similarly, let A, B, C becombinatoriaklassesatisfying

(d) A=BuUC(C, with BNC =0,
with sizedefinedin a consistentmanner Onehas

(e) A, = B, + Cy,

which, atgeneratindunctionlevel, means

(f) A(z) = B(z) + C(2).

Thus,a disjointuniontranslatesasa sumof geneting functions
Thecorrespondencesq. (a)—(c) and(d)—(f) summarizedy thetable

A=BUC = A(2)=B()+C(2) (providedBNC = 0)
A=BxC = A(z)=B(z)-C(2)

are clearly very generalones. (Comparewith Eq. (3).) Their meritis thatthey canbe
statedas general-purposéanslationrulesthat only needto be establishednceand for
all. As soonasthe problemof countingelementf adisjointunionor acartesiarproduct
is recognizedjt becomegossibleto dispensealtogethemwith the intermediatestagesof
writing explicitly coeficient relationslike (f) or recurrencedike (b). This is the spirit
of the symbolic methodfor combinatorialenumerations.ts interestlies in the fact that
severalpowerful set-theoreticonstructionsareamenabléo suchatreatment.

I. 2. Admissible constructionsand specifications

Themaingoalof this sectionis to introduceformally the basicconstructionshatcon-
stitutethe coreof a specificatiolanguagédor combinatoriaktructuresThis coreis based
on disjoint unions(or sums)and on Cartesiarproductsthat we have just discussed.We
shall introducethe constructionsf sequencegycle, multiset, and powerset. A classis
(fully) constructibléf it canbedefinedfrom primal elementdy meansof theseconstruc-
tions. The generatingunction of arny suchclasssatisfiesunctionalequationghatcanbe
transcribedsystematicallffrom a specificationseeFigure2.

First,we assumgivenaclassf calledtheneutral classthatconsistof asingleobject
of size0; ary suchan objectof size0 is calleda neutral object andis usuallydenoted
by symbolslike e or 1. Thereasorfor thisterminologybecome<learif oneconsiderghe
combinatoriaisomorphism

A2EXAZAXE.

We alsoassumeas given an atomicclass Z comprisinga single elementof size 1; ary
suchelementis calledanatom;the atommay usedto describea genericnodein atreeor
graph,in which caseit may berepresentethy a circle (e or o), but alsoa genericletterin
aword, in which caseit may be instantiatedasa, b, ¢, . . .. Distinct copiesof the neutral
or atomicclassmay alsobe subscriptedy indicesin variousways. Thus,for instancewe
may usetheclassesZ, = {a}, Z, = {b} (with a,b of sizel) to build up binary words
overthealphabet{a, b}, or Z, = {e}, Z, = {o} (with e, o takento be of size1) to build
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1. The main construction®f union, product,sequenceset, multiset,andcycle andtheir
translationinto generatingunctions(Theoreml.1).

Construction OGF
Union A=B+C | A(z) = B(z) + C(z)
Product A=BxC | A(z) = B(2) - C(2)
Sequence A =&{B} | A(z) = 1%3(2)
Set A=P{B} | A(z) =exp (B(z) - %B(zz) + - )
Multiset A =9MM{B} | A(z) =exp (B(z) + 1B(zz) + )
Cycle A=¢{B} | A(z) =log %B(z) + %log =B +-

2. Thetranslatiorfor setsmultisets,andcyclesconstrainedy thenumberof components
(Theoreml.2).

&{B} : B(2)*

2 2
‘32{3} . B(zz) _ B(; )

2 2
93?2{8} . B(ZZ) + B(; )

2 2
€ {B} : B(;) +B(;)

. BGP _ BEIBGY | BGY)
PoiB}: G- T+ 75

3 2 3
M B} : EE° | BGBEE | BG)

3 3
¢3{B} . B(g) + 2B§’z )

4 2 2 3 242 4
PafB) : BLN  BEIBGY 4 BGBGY 4 BGY  BGY

4 2 2 3 242 4
M {B} : BE 4 BGEBGY | B@BGY) | BE? | BEY

4 2,2 4
(’:4{3}: B(Z) +B(z2) +B(22).

3. Theadditionalconstruction®f pointingandsubstitution(Sectionl. 6).

Construction OGF

Pointing A=0B | A(z) =2LB(2)
Substitution A =BoC | A(z) = B(C(z))

FIGURE 2. A “dictionary” of constructionsapplicableto unlabelled
structurestogethermwith their translationinto ordinarygeneratingunc-
tions (OGFs).(Thelabelledcounterparbf this tableappearsn Figure2
of Chapterl, p.67.)
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trees. Similarly, we may introduce&n, &£, &> to denotea classcomprisingthe neutral
objectsl], €1, €2 respectiely. Clearly, the generatingunctionsof a neutralclass€ andan
atomicclassZ are

B(z)=1,  Z(2) =z,
correspondingo theunit 1, andthevariablez, of generatingunctions.

I. 2.1. Basic constructions. Here are describeda few powerful constructionsthat
build upondisjoint unionsandcartesiarproductsandform sequencesets,andcycles.

Firstconsidethedisjointunionalsocalledthecombinatorialsumof classestheintent
beingto capturethe union of disjoint sets,but without the burdenof carryingextraneous
disjointnessconditions. We formalizethe (combinatorial)sumof two classed3 andC as
theunion (in the standardset—theoretisensef two disjoint copies sayB- andC®, of B
andC. A picturesquevay to view the constructions asfollows: first choosetwo distinct
coloursandrepaintthe elementsof B with the C-colour andthe elementsof C with the
¢-colour. This is madepreciseby introducingtwo distinct “markers” O and ¢, eacha
neutralobject(i.e., of sizezero); the disjoint union B + C of B,C is thendefinedasthe
standardset-theoretiainion,

B+C:= ({0} xB)U({0} xC).

Thesizeof anobjectin adisjointunion A = B + C is by definitioninheritedfrom its size
in its classof of origin. Onereasorbehindthe definitior? adoptechereof disjoint union
is thatthe combinatoriasumof two classess alwayswell-defined.Furthermorewe have
(= representsombinatoriaisomorphism)

B+C=BUC wheneer BNC =0.

Disjoint union in the above senseis thus equivalentto a standardunion whenever it is
appliedto disjoint sets.Then,becausef disjointnesspnehastheimplication

A=B+C = A,=B,+C, = A(z)=DB(2)+C(z2),
sothatdisjoint unionis admissible.Notethat, in contrast,standardset-theoretiainionis
notadmissiblesince

card B, UC,) = cardB,,) + cardC,,) — card B, N Cy,),

andinformationon the “internal structure”of B andC (i.e., the natureof thisintersection)
is neededn orderto be ableto enumeratehe elementf theirunion.

With thecornventionof identifyingisomorphicclassessumandproductacquirepleas-
antalgebraigoropertiessumsandcartesiarproductsbecomecommutatve andassociatie
operationse.g.,

(A+B)+C=A+(B+0), Ax(BxC)=(AxB)xC,
while distributivity holds, (A + B) x C = (A x C) + (B x C). (The proofsaresimple
verificationsfrom the definitionsandthe notion of combinatoriaisomorphism.)

Next, we turn to the sequenceonstruction. If C is a classthenthe sequencelass
G{C} is definedastheinfinite sum

S{C}={e}+C+(CxC)+(CxCxC)+---
2It would have beenincorvenientto have a constructionthat translatesinto generatingfunctionsunder

someexternal condition—disjointness—adi logical naturethatwould needto be establishedeparatelyn each
particularcase.
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with € beinga neutralstructure(of size0). (The neutralstructurein this context playsa
role similar to that of the “empty” word in formal languagetheory while the sequence
constructionis somavhat analogougo the Kleene star operation(‘*’); seeAPPENDIX:
Regular languages p. 171.) It is thenreadily checled that the constructiond = &{C}
definesa properclasssatisfyingthe finitenessconditionfor sizesif andonly if C contains
no objectof size0. Fromthe definitionof sizefor sumsandproductsthereresultsthatthe
sizeof asequencés to betakenasthe sumof the sizesof its components:

fy:(al,...,a() = |7|:|a1|++|a€|

> 3. Natural numbes. Let Z := {o} with e anatom(of sizel). ThenZ = &{Z} \ {¢} is away
of describingnaturalintegersin unarynotation:Z = {e, e e, eee ...}. Thecorrespondin®GFis
I(2)=z/(l—2)=z+22+224+---. <

> 4. Interval coverings.
Let Z := {e} beasbefore. Then A = Z + (Z x Z) is asetof two elementss and(e, o),
whichwe chooseo drav as{e, e—e}. ThenC = G{.A} containselementdike

.’ ..’ .—.’ ..—., .—.., .—..—.’ oo 0 0
With the notion of sizeadoptedthe objectsof sizen inC = G{Z + (£ x Z)} are(isomorphicto)
the coveringsof theintenval [0, n] by matchef lengtheitherl or 2. The generatindunction
C(2)=142422"+32° +52" +82°+132° + 212" + 3428 +552° +892"0+ .- |
is, aswe shallseeshortly (p. 24), the OGF of Fibonaccinumbers. <

Cyclesaremerelysequencedefinedupto acircularshift of theircomponentstheno-
tation being €¢{B}. Thus, ¢{B} := &{B}/S with S the equivalencerelation between
sequenceslefinedby (ay,...,a,)S (By,-..,B:) iff thereexists somecircular shift o
of [1..n] suchthatfor all j, 8; = a,;); in otherwords, for somed, onehasj; =
Q14(j+d) mod n- Hereis for instancea depictionof the cyclesformedfrom the 8 and 16
sequencesf lengths3 and4 overtwo typesof objects(a, b): thenumberof cyclesis 4 (for
n = 3) and6 (for n = 4). Sequencearegroupednto equivalenceclassesccordingo the

relationS.
a

o 8 oo %%%%%5% &%&%’%’
bhe abbb %2%%;8 babb

This constructiorcorrespond$o theformationof directedcycles.We malke only alimited
useof it for unlabelledobjects;however, its counterparplaysaratherimportantrolein the
contet of labelledstructuresandexponentialgeneratingunctions.

Multisetsarelik efinite set(thatis theorderbetweerelementdoesnot count)but arbi-
trary repetitionsof elementsareallowed. Thenotationis A = 9{B} when A is obtained
by forming all finite multisetsof elementsfrom B. The preciseway of defining9t{B}
is asaquotient: M{B} := &{B}/R with R the equivalencerelationbetweensequences
definedby (a1,...,a,) R (B1,..., Br) iff, thereexists somearbitrary permutationo of
[1..n] suchthatfor all j, 3; = a,(;). The powesetclass(or setclass)A = PB{B} is
definedasthe classconsistingof all finite subsetf classB, or equivalently, asthe class
B{B} C M{B} formedof multisetsthatinvolve no repetitions. We againneedto make
explicit the way the sizefunctionis definedwhensuchconstructionsare performed:like
for productsand sequencesthe size of a compositeobject—set,multiset, or cycle—is
definedasthe sumof the sizesof its components.

In whatfollows, we alsowant to imposerestrictionson the numberof components
allowedin sequencesetsmultisets,andcycles.Let & beary of &, &, 91, andlet Q be
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a predicateover the integers,then Rq {.A} will representhe classof objectsconstructed
by £ but with a numberof componentgonstrainedo satisfy(2. Then,thenotations

Sy (orsimply &), Gk, 61. .1

refer to sequencesvhosenumberof componentsare exactly k, largerthank, or in the
interval 1. . k respectiely. For example,onehas

k times
Gr{B}:=Bx---B=B*  IM{B}:= 6 {B}/R, 6>,{B}=B"x &{B}.

Similarly G444, Seven Will denotesequencewith anodd or evennumberof components,
andsoon.

I. 2.2. The admissibility theoremfor ordinary generatingfunctions. This section
shavsthatary specificatiorof aconstructibleclasstranslateslirectlyinto generatingunc-
tion equations.The cycle constructioninvolvesthe Eulertotientfunction o (k) definedas
the numberof integersin [1, k] that arerelatively primeto & (APPENDIX: Arithmetical
functions p. 165).

THEOREM .1 (Admissible unlabelledconstructions) The constructionsof union,
cartesianproduct, sequencemultiset, poweset, and cycle are all admissible The as-
sociatedoperators are

Union: A=B+C = A(z)=B(z)+C(2)
Productt A=BxC = A(z)=B(z)-C(2)
. _ 1
Sequence: A=6{B} = A(z)= loo_ B(]:)
Cycle: A=C¢{B} = A(z)= ; Sogc ) log 1-B(z")
( (1 —z")~Bn
Multiset: A=M{B} = A(z)={ "' )
X ~B(z")
| P (kzl B )
( H (1+2m)B»
Poweset: A=P{B} = A(z) =< . k-1
exp (Z ( 1]3 B(zk)>

\ k=1
For the sequencgecycle andsetconstructionsit is assumedhat By = 0.

Theclass€ = {e} consistingof the neutralstructureonly, andtheclassZ consistingof a
single“atomic” object(node letter) of sizel have OGFs

E(z)=1 and Z(z) ==z.

PrROOF. Union: Let 4 = B + C. Sincethe union is disjoint, and the size of an
A—elementoincideswith its sizein B or C, onehasA,, = B, + C,, and

A(z) = B(2) + C(2),
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ashasdiscussecrarlier Alternatively, thetranslationrule follows directly from the com-
binatorialform of generatingunctionsas

Z Slal — Z 2ol 4 Z Slal
acA aeB aeC
CartesianProduct: Theadmissibilityresultfor A = B x C hasbeendiscussealready
It followsfrom 4,, = >, B;Cr_ that
A(z) = B(z) x C(2).

Notealsothealternatve directderivationbasedn the combinatoriaform of GF's,

Yodel= Y kb= (Z zw) x (Zzﬂ),

acA (B,y)E(BXC) BEB veC

asfollows from distributing productsover sums.Theresultreadily extendsto anarbitrary
numberof factors.

SequenceAdmissibility for 4 = &{B} (with By = 0) follows from the unionand
productrelations.Onehas

A={e}+B+BxB)+ (BxBxB)+---,
sothat
_ 1
-~ 1-B(2)’
wherethegeometrisumcornvergesin thesensef formal powerseriessince[z°] B(z) = 0,
by assumption.

Set(or poweset)construction:Let A = PB{B} andfirst take B to befinite. Then,the
classA of all thefinite subset®f B is isomorphicto a product,

P{B} = [[ {e} + {8}

BeB

A(2) =14 B(2) + B(2)? + B(2)® + - --

with e a neutralstructureof size0. Indeed,distributing the productsin all possibleways
formsall the possiblecombinationsi.e., sets,0f elementof B with norepetitionallowed.
Thetechniquds similar to whatis requiredto establishdentitieslike

14+a)1+b)(1+c¢)=1+4[a+b+c]+ [ab+ bc+ ac] + abe,

whereall combination®f variablesappearThen,directly from thecombinatoriaform (4)
of OGF’'s andthesumandproductrules,we find

A(z) = H(l + 218l = H(l N

BeEB n

The“exp-log transformatiof, A(z) = exp(log A(z)), thenyields

A(z) = exp( i By log(1 +2"))

n=1
R
n=1 k=1
_ exp(B(z) _ B(¥*) N B(z%) Y

1 2 3
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wherethe secondine resultsfrom expandingthelogarithm,
u  u? ol
10g(1+u)—1—7+?—---
andthethird line resultsfrom exchangingsummations.

The proof extendsto the caseof B being infinite by noting that each.A4,, depends
only on thoseB; for which j < n, to which the relationsgiven above for the finite case
apply. Preciselylet B<<™ = "7 A; and AS™ = P{B(E™1. Then,with O(2™+!)
denotingary serieshathasnotermof degree< m, onehas

A(z) = A(ﬁm) (z) + O(zm-H) and B(z) — B(Sm) (z) + 0(zm+1)‘

Ontheotherhand,A(<™)(z) and B(<™) () areconnectedby thefundamentaéxponential
relation(7) , since A<™) is finite. Lettingm tendto infinity, therefollowsin the limit

B(z) _B(2*) , B(+°)

T T )
(SeeAPPENDIX: Formal powerseries p. 169for definitionsof formal corvergence.)The
necessargondition for validity is that [z°] B(z) = 0, a restrictionthat also appliesto

multisetsandcycles.
Multiset: Firstfor finite B (with By = ), themultisetclass.A = M{B} is definable

by

A(z) = exp(

m{B} = [[ &8}
peB
In words,arny multisetcanbesorted jn which caset canbeviewedasformedof asequence
of repeateatlements?, , followedby asequencef repeate@dlements3s, wheres,, fo, - . .
is acanonicalisting of theelementf B. Therelationtranslatesnto generatingunctions
by the productandsequenceules,

Az) = JJa-zPF) = ﬁa —z)7B»
pBeEB n=1

= exp(z B, log(l—2")"")
n=1

z Z2 23
_ eXp(B§)+B(2 )+B(3 )+___)’

wherethe exponentialform resultsfrom the “exp-log transformation”. The caseof an
infinite classB follows similarly by a continuityargument.
Cycle: Thetranslationof thecyclerelation A = €{B} is

= ok 1
SOEDY (pgc ) log 7= B(zk)’
k=1

wheregp(k) is the Eulertotientfunction: ¢ (k) equalsthe numberof integersin [1, k] that
arerelatively primeto &, with (1) = 1. Thefirstterms,with L;, = log(1 — B(z*))~! are

1 1 2 2 4 2 6
A(z)=IL1+§L2+§L3+ZL4+3L5+6L6+?L7+“'-

This translationwasfirst establishedy Readwithin the framework of Polya’s theory of
counting[115. An elementarycombinatoriaderivationbasedn [58] is givenin APPEN-
DIX: Cycleconstructionp. 168. O
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Theresultsfor setsmultisets,andcyclesareparticularcasesf thewell known Polya
theorythat dealsmore generallywith the enumeratiorof objectsundergroup symmetry
actions[113 115. This theoryis exposedin mary textbooks,seefor instance[28, 76].
The approachadoptedhereconsistsin consideringsimultaneoushall possiblevaluesof
the numberof componentdy meansof bivariategeneratingunctions. Paverful general-
izationswithin thetheoryof speciesarepresentedn thebook[13].

Restricted constructions. An immediateformulafor OGF'sis thatof thediagonal A
of acartesiarproductB x B definedas

A=ABx B):={(8,8) | B € B}.
Then,clearly A, = B,, sothat
A(z) = B(2%).

The diagonalconstructionpermits us to accesghe classof all unorderedpairs of
(distinct) elementsf B, whichis A = PB,{B}. A directagumentthenrunsasfollows:
the unorderedpair {«, 8} is associatedo the two orderedpairs(a, 8) and (8, «) except
whena = 3, wherean elementof the diagonalis obtained.In otherwords,onehasthe
combinatoriaisomorphism,

P2{B} + P2{B} + A(B x B) = B x B,
meaningthat
2A(z) + B(2*) = B(2)%.
Theresultingtranslationinto OGFsis thus
1
A = P2{B} = A(z) = EB(Z)2 — —B(2?).
Similarly, for multisets,we find
1 .
A =D{B} = A(z) = §B(z)2 + —B(2?%),
while for cyclesonehas¢, = 915, and
1 . 1
A = & {B} = A(z) = EB(z)Z + §B(z2).

This type of direct reasoningcould be extendedto treattriples, and so on, but the
computationgif not the reasoning}endto grow out of control. An approachbasedon
multivariategeneratingunctionsgeneratesimultaneoushall cardinality restrictedcon-
structions.

THEOREM [.2 (Component-restrictedonstructions) The OGF of sequencesith &
componentsA = &, {B} satisfies

A(z) = B(2)k.
TheOGF of sets, A = B, {B}, is a polynomialin thequantitiesB(z), . .., B(z*),

A(z) = [u*] exp (%B(z) - %23(22) + %3]3(2;3) - >

TheOGF of multisets, A = M, {B}, is

A(z) = [u*] exp (%B(z) + %23(22) + %33(23) 4. >
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TheOGFof cycles, A = €, {B},is

=1

Theexplicit formsfor smallvaluesof k£ aresummarizedn Figure?2.

ProoF. The resultfor sequencess obvious since {8} meansB x --- x B (k
times). For the otherconstructionsthe proof makesuseof thetechniqueof Theoreml.1,
but it is bestbasedon bivariategeneratindgunctionsthatare otherwisedevelopedfully in
Chapterlll to which we refer for details. The ideaconsistsin describingall composite
objectsandintroducinga supplementarynarkingvariableto keeptrack of the numberof
components.

Take £ to be a constructionamongstS, €, 901, P, set.A = K{B}, andlet x(«) for
a € A betheparametefnumberof B—components’Definethe multivariatequantities

card{a € A | |a| =n, x(a) =k}

ZAn,kukz" = Z Zlolyx(@),
n,k

acA

An,k
A(z,u)

For instancea directcalculationshavs that,for sequenceghereholds

A(z,u) = Z uFB(z)*

k>0

1—uB(z)’
For multisetsandpowersetsasimpleadaptatiorof thealreadyseerargumenigivesA(z, u)

as
A(z,u) = H(l —uz™) B, A(z,u) = H(l + uz™) B,
n n
respectiely. Theresultfollowsfrom thereby the“exp-logtransformation'Uponextracting
[uF]A(z,u). O
D> 5. Valléesidentity Let M = M{C}, P = P{C}. Separatingelementsf C accordingto the
parity of the numberof timesthey appeaiin a multisetgivesriseto theidentity
M(z) = P(2)M(z%).

(Hint: a multisetcontainselementsof either odd or even multiplicity.) Accordingly onecande-
ducethetranslationof powversetsrom the formulafor multisets. Iteratingthe relationabove yields

M(z) = P(2)P(22)P(2*)P(2®) - - - , thatis closelyrelatedto thebinaryrepresentationf numbers
andto Euler'sidentity on page28. <

> 6. Setawith distinctcomponensizes.Let A betheclassof thefinite setsof elementgrom B, with
theadditionalconstrainthatno two elementsn a sethave the samesize.Onehas

o0
A(z) = H(l + B,z").
n=1
Similaridentitiessene for instancdn the analysisof polynomialfactorizationalgorithms[49]. <

> 7. SequencewithoutrepeateccomponentsThesehave generatindunctionformally given by

/0 exp (Z(—l)J n (z])> e " du.

k>1

(This form is basedbn the Eulerianintegral: k! = [; e*u® dn.) <
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I. 2.3. Constructibility and combinatorial specifications. In theframework justin-
troducedthe classof all binarywordsis describedy

W= 6{A} where A = {a,b},

the groundalphabetcompriseswo elementgletters)of sizel. Thesizeof abinaryword
thencoincideswith its length(the numberof lettersit contains).In otherwords, we start
from basicatomic elementsand build up words by forming freely all the objectsdeter
minedby the sequenceonstruction.Sucha combinatorialdescriptionof a classthatonly
involvesa compositionof basicconstructionsappliedto initial classe<, Z is saidto be
aniterative (or nonrecussive specification Otherexamplesalreadyencounterednclude
binarynecklacegEx. 2, p. 3) andthe naturalintegers(Ex. 3, p. 9) respectiely definedby

N=¢{Z+2} and ZI=6>{Z}
Fromthere,onecanconstructever morecomplicatedbjects.For instance,
P =TI} = M{6>1{Z}}

meanghe classof multisetsof naturalintegers,whichis isomorphicto the classof integer
partitions(seeSectionl. 3 below for adetaileddiscussion) As suchexamplesdemonstrate,
a specificationthat is iterative canbe represente@sa singleterm built on £, Z andthe
constructionst, x, &, €, M, P. An iterative specificationcan be equivalently listed by
namingsomeof thesubtermgfor instancepartitionsin termsof naturalintegersthemseles
definedassetsof atoms).

We next turn our attentionto trees(cf. also APPENDIX: Treeconceptsp. 174 for
basicdefinitions).In graphtheory atreeis classicallydefinedasanundirectedyraphthatis
connectecéndagyclic. Additionally, atreeis rootedif aparticularvertexis distinguished—
the“root”. Computerscientistscommonlymake useof treescalledplanethatarerooted
but alsoembeddedn the plane. In otherwords, the orderingof subtreesattachedo ary
nodematters.Here,we will give the nameof “generalplanetrees”to suchrootedplane
treesandcall G their class,wheresizeis the numberof vertices;see[130. (Theterm
“general’refersto thefactthatall nodesdegreesareallowed.) For instancea generakree
of size16, drawn with therootontop, is:

As a consequencef the definition, if one interchangessay the secondand third root
subtreesthenthis will resultin a differenttree—theoriginal treeandits variantare not
homeomorphicallequivalent.(Generakreesarethuscomparabldo graphicalrenderings
of genealogiesywherechildrenareorderedby age.). Althoughwe have introducedplane
treesas2-dimensionalliagramsit is obviousthatary treealsoadmitsa linear represen-
tation: atreer with root ¢ androot subtreesr, ..., 7, (in thatorder)canbe seenasthe
object( , wherethe box enclosessimilar representationsf subtrees.Typo-
graphically abox[ - | maybereducedo a matchingpair of parenthese$(-)’, andonegets
in thisway alineardescriptiorthatillustratesthe correspondenceetweertreesviewedas
planediagramsandfunctionaltermsof mathematicalogic andcomputerscience.
Treesarebestdescribedecursvely. A treeis arootto which is attacheda (possibly
empty)sequencef trees.In otherwords,the classG of generaltreesis definableby the
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recursve equation

whereZ comprises singleatomwritten ¢ anddenotinga genericnode.

Althoughrecursve definitionsarefamiliarto computerscientiststhe specification(8)
may look dangerouslycircularto some. Oneway of making good senseof it is via an
adaptatiorof the numericaltechniqueof iteration. Startwith Gl% = ¢, theemptyset,and
definesuccessiely theclasses

gt — z x s{gih.

ForinstancegGl!l = Z x &{0} = {(¢,€)} = {¢} describegthelinearrepresentationf)
thetreeof sizel, and

g = {o.dd decldecdl o
g8 = (¢ qdhdedh dead) -

qalclh qela )l qeafa ) c,c\,...}.

First,eachgll] is well-definedsinceit correspond$o a purelyiterative specification Next,
we havetheinclusiongl! c gli+1 (Gl admitsof a simpleinterpretatiorasthe classof
all treesof height< j). We canthereforeregardthe completeclassG asdefinedby the
“limit" of theGlil: G := |J; GUL. (There,'U’ representtheusualset-theoretiainion.)

TN

G

G ¢

>

> 8. Limessuperiorof classes.Let {Am} beary increasingsequencef combinatoriakclassesin
the sensethat AUT ¢ AU+ |f glel = U, AUl is a combinatorialclass,thenthe correspond-

ing OGFs satisfy A[°°!(z) = lim;_, o, AUl(2) in the formal topology (APPENDIX: Formal power

series p. 169). <
In all generality a specificationfor anr—tuple 4 = (A®), ..., A™) of classess a
collectionof r equations,
AL = B (AW AM)
A® = 5D, A
)
A = ET(A“), . _7,4(r))

whereeach=; denotesatermbuilt from the A’s usingthe construction®f disjoint union,
cartesianproduct, sequenceset, multiset, and cycle, as well as the “initial structures”
£ and Z. We alsosay that the systemis a specificationof A(). A specificationfor a
classof combinatorialstructuregs thusa sortof formal grammardefiningthatclass.The
system(9) correspondgo an iterative specificationif it is stictly uppertriangular that
is, A" is definedsolely in termsof initial classesZ,&; the definition of A("=1) only
involves A", etc,sothat A(!) canbe equivalentlydescribedy a singleterm. Otherwise,
the systemis saidto berecussive In thelattercase the semantic®of recursionis identical
to theoneintroducedn the caseof trees:startwith the“empty” vectorof classes A% :=
@,...,0), iterate AU+ = Z[A11], andfinally take the limit.

DEerFINITION 1.5. A classof combinatorialstructuresis saidto be constructibleff it
admitsa (possiblyrecussive)specificatiorin termsof sum,product,sequenceset,multiset,
andcycleconstructions.
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At this stage,we have thereforedefineda specificationlanguagefor combinatorial
structureswhich is somefragmentof settheorywith recursionadded.Eachconstructible
classhasby virtue of Theoreml.1 an ordinary generatingfunction for which defining
equationscan be producedsystematically In fact, it is even possibleto use computer
algebrasystemsn orderto computeit automatically See[56] for the descriptionof such
asystem.

COROLLARY |.1. Thegenemting functionof a constructibleclassis a componenof
a systenof geneating functionequationsvhosetermsare built from

1,2z, +, x, &g, P, Pon, Py,

slf] = ﬁa Pe[f] = ngf)l()gl_;(zk)’
R N o (S S
mlf] = exp(d_ )|, @plf] = exp|) (DI
k=1 k=1

Thus,iterative classediave explicit generatingunctionsinvolving composition®f the ba-
sicoperator®nly, while recursve structuredhave OGF'sthatareonly accessibléndirectly
via system®f functionalequationsAs we seeatvariousplacesn this chapterthefollow-
ing classesare constructible:binary words, binary trees,generaltrees,integer partitions,
integercompositionsnonplandrees polynomialsoverfinite fields,necklacesandwheels.
For instancethe OGF of binarywordscorrespondingo W = 6(Z + 2) is
1
1-22’

Wi(z) =

whencetheexpectedresultthatW,, = 2.
For the classG of generaltrees,constructibilityleadsto an equationdefining G(z)
implicitly,
z

G(z) = -Gl

From this point on, basicalgebradoesthe rest. First the original equationis equivalent
(in thering of formal pawer series)to G — G? — z = 0. Next, the quadraticequationis
solvableby radicals,andonefinds

Giz) = :(1-V1-4)
= 24+ 224+223 4524 +14254+4220+13227 +42928 + - -
1/2n—2
- YY)
n\n—1
n>1

(Theconjugateaoot G(z) is to bediscardedsinceit involvesatermz—! aswell asnegative
coeficients;the expansiorresultsfrom Newton’s binomialtheoremappliedto (1 + z)'/?

atx = —4z.)
Thenumbers
1 /2n\ _ (2n)! . _1-y1-4z
(10) Cn = n+1(n) T (n+1)n! with OGF C(z) = 2z

areknown asthe CatalamumbergEISA0001082 in thehonourof EugeneCatalan(1814-
1894),a Frenchand Belgian mathematiciarwho developedmary of their properties.In

3 Throughouthisbook,areferencdike EISA000108pointsto Sloanes Encyclopediaf Integer Sequences
thatis availablein electronicform [1327 or asabookby SloaneandPloufe[133.
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summarygeneal treesare enumeatedby Catalannumbes:

1/2n—2 .

G,=0C,_1 = —( n ), whee C,, is a Catalannumber
n\n—1

For thisreasortheterm Catalantreeis oftenemplogyedassynorymousto “general(rooted

unlabelledplane)tree”.

We cannow concludewith theenumerationof triangulationspneof our threeleading
examplesat the beginning of this chapter Fix n pointsregularly spacedon a circle and
cornventionallynumberedrom 0 to n — 1 (for instancethe nth rootsof unity). A trian-
gulationis definedasa maximaldecompositiorof the regularn-goninto n — 2 triangles;
the size of the triangulationis taken asthe numberof triangles,thatis, n — 2. Givena
triangulation,we defineits “root” asa triangle chosenin somecorventionaland unam-
biguousmanner(e.g.,atthe start,thetrianglethatcontainghetwo smallestabels).Then,
atriangulationdecomposesto its root triangleandtwo subtriangulationgthat may well
be“empty”) appearingn theleft andright sidesof theroottriangle;the decompositioris
illustratedby thefollowing diagram(wherethe arrown pointsto a possiblechoiceof roots):

TheclassT of all triangulationscanbe specifiedrecursvely as
T=A{e+ (T xVxT),

provided that we considera 2-gon (a diameter)as giving rise to an empty triangulation.
Consequentlythe OGF satisfiegheequationl = 1 + 272 and

T(z) = 1 (1-v1-14z).

2z
As aresult,triangulationsare enumeatedby Catalannumbes:

1 2 .
T,.=C,= (:), whee C,, is a Catalannumber

This particularresultgoesbackto EulerandSegner(1753),a centurybeforeCatalan;see
Figurel for first valuesandp. 48 for relatedbijections.

> 9. A variant specificatiorof triangulations. Considerthe classi/ of “nonempty”triangulationof
then-gon,thatis, we excludethe 2-gonandthecorespondingempty” triangulationof size0. Then,
U =T \ {e} admitsthespecification

U=V +(VxU)+UXV)+UXV xU)

which alsoleadsto the Catalamnumbersiia U = z(1 + U)>. <
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300
n!
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log10 f(n) 150+
100 C_n
501 —
T 2"n
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n

FIGURE 3. Thegrowthregimesof threesequenceg(n) = 2", C,, n!,
with aplot of log;, f(n) versusn.

I. 2.4. Asymptotic interpretation of counting sequencesEvenin simplestcases,
countingsequencesleliveredby the symbolic methodmay not be too easyto interpret
directly. Ontheotherhand,from a quick glanceatthetableof initial valuesof W,,, P,,, Ty,
givenin Eq.(2), it is apparenthatW,, grows moreslowly thanT,,, whichitself growsmore
slowly thanP,,. Theclassificatiorof growth ratesof countingsequencebelongsproperly
to asymptoticanalysis pf which athoroughtreatments presentedh Chaptersll-V. Here,
we contentourseheswith a few remarksbasedon elementaryreal analysis. (The basic
notationsaredescribedn APPENDIX: Asymptotid\otation p. 166.)

The sequencd¥V,, = 2™ grows exponentiallyand,in suchan extremesimple case,
the exactform coincideswith the asymptoticform. The sequencé’, = n! mustgrow at
a fasterasymptoticregime. But how fast? The answeris provided by whatis known as
“Stirling’ sformula”, thatis, anapproximatiorto the factorialnumbersdueto the Scottish
mathematiciadamesStirling (1692-1770):

(11) n! = (ﬁ)" V2 (1 + o%)) (n = +00).

€

This formulashowns thatthefactorialnumberggrow supereponentiallyfast,andin partic-
ular, grow muchfasterthan,,. Theratiosof theexactvaluesto Stirling’sapproximations

n: 1 2 5 10 100 1,000

!
v 1.084437 1.042207 1.016783 1.008365 1.000833 1.000083

n"e""\/2nn

shavs anexcellentquality of the asymptoticestimatetheerroris only 8% for n = 1, less
than1%for n = 10, andlessthanl perthousandor any n greaterthan100.

Stirling’sformulain turn givesaccesgo theasymptoticorm of the Catalamumbers,
by meansf a simplecalculation:

1 (2n)!
" n+1(n!)?

(2n)*me=2"\/4mn

n2ne—2n2mn

1
~ —
’

n
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n Ch, cr Cr/Cy

1 2.25 2.2567583341910251477923178
10 16796 18707.89 1.113830512752448943789064
100 0.89651 - 1057 0.90661 - 1057 1.0112632841245405225713957
1000 0.20461 - 10598 0.20484 - 10598 1.00115132815424164701282

10000  0.22453 - 106015 0.22456 - 106015 1.0001125013281279291351406
100000 0.17805 - 1080199 (.17805 - 1080199 1.0000112500132812529296322
1000000 0.55303 - 10692051 (55303 - 10602051 1,0000011250001328125029296

FIGURE 4.  The CatalannumbersC,,, their Stirling approxima-
tion C; = 4" /v/mn?, andtheratio C}; / C,,.

which simplifiesto

(12) Cn~

Thus,the growth of Catalannumberss roughly comparabléo anexponential 4™, modu-
latedby a“polynomial” factor herel /v/7n3. A surprisingconsequencef thisasymptotic
estimateo the areaof boolearfunctioncompleity appearsn Examplel2 below.

Altogether the asymptoticnumberof generakreesandtriangulationss well summa-
rizedby asimpleformula. Approximationdbecomemoreandmoreaccuratesn becomes
large. Figure 1 exemplifiesthe quality of the approximationwith subtlerphenomenap-
parenton the figuresandwell explainedby asymptotictheory Suchasymptoticformulae
thenmake comparisorbetweerthe growth ratesof sequencesasy

> 10. Thecompleity of coding A company specializedn computeraideddesignhassoldto you
aschemehat(they claim) canencodeary triangulationof sizen > 100 usingat most1.5n bits of
storage.After readingthesepageswhatdo you do? [Hint: suethem!] SeealsoEx. 21 for related
codingarguments. <

> 11. Experimentalasymptotics.From the dataof Figure 4, guessthe value of CJy; / C1o7 and
of C3.,06 / Cs.106 10 25D. (See,e.g.,[89] for relatedasymptoticexpansionsand[22] for similar
properties.)

The interplaybetweencombinatorialstructureandasymptoticstructureis indeedthe
principalthemeof this book. We shall seethata vastmajority of the generatingunctions
provided by the symbolicmethod,however complicated]eadto similarly simpleasymp-
totic estimates.

I. 3. Integer compositionsand partitions

This sectionandthe next one provide first illustrationsof the symbolic methodand
of countingvia specifications.In this framawork, generatingunctionsare obtainedwith
hardly ary computation. At the sametime, mary countingrefinementsollow from a
basiccombinatorialconstruction. The most direct applicationsdescribedhererelateto
the additve decompositiorof integersinto summandswith the classicalcombinatorial-
arithmeticstructuresof partitionsand compositions.The specificationsareiterative and
they simply combinetwo levelsof construction®f type &, &, 901, 3.
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I. 3.1. Compositionsand partitions. Firstthedefinitions:

DEFINITION |.6. A compositionof an integer n is a sequenc€x, zs,. .., z) Of
integers (for somek) sud that

n=2x +T2+ -+ Ty, z; > 1.
A partition of aninteger n is a sequencézx; , x2, . . . , x) of integers (for somek) suc that
n==z1+Tz+ -+ Tk and 1 > @39 > - > T

In both casesthe z;'s are called the summands®r the parts and the quantityr is called
the sizeof thecompositioror the partition.

Graphically compositionsnaybe seenasas“ragged-landscapegtepresenthe sum-
mandsvertically) or equivalently as alignmentsof balls with dividing lines, the “balls-
and-bars’model;in contrast partitionsappearas“staircases” alsoknown asFerrersdia-
gramg 28, p. 100]; seeFigure5. WeletC andP denoteheclassof of all compositiongnd
all partitions. Sincea setcanalwaysbe presentedn sortedorder, the differencebetween
compositionsand partitionslies in the fact that the order of summandsioesor doesnot
matter This is reflectedby the useof a sequenceonstruction(for C) againsta multiset
construction(for P). In this perspecire, it provescorvenientto regard0 asobtainedby
theemptysequencef summandgk = 0), andwe shalldo sofrom now on.

First,letZ = {1,2,...} denotethe combinatorialclassof all integersat least1 (the
summands)andlet the sizeof eachintegerbeits value. Then,the OGFof 7 is

(13) I(2)=3 "=~

1-2’
n>1

sincel,, = 1 for n > 1, correspondingo thefactthatthereis exactly oneobjectin Z for
eachsizen > 1. If integersarerepresenteth unary sayby smallballs,onehas,

(14) IT={1,2,3 ...} ={e, 00,000, ...} =55 {e}
whichis anothemway to view theequalityI(z) = z/(1 — z).

Fromtheir definition,theclasse€ andP canthenbespecifiedas
(15) C = 6{71}, P =Mm{Z}.

In sequenceghe orderof componentss takeninto accout,which preciselymodelscom-
positions. In multisets,orderis not takeninto account(while repetitionsare allowed), so
that we do have an adequatespecificationof partitions. In both casessizeis correctly
inheritedadditively from summands.

[ ]
[ ]
.|...|.|....|. .|... [ ]
[ ]
FIGURE 5. Graphicalrepresentationsf compositionsand partitions:
(left) the compositionl + 3 + 1 + 4 + 2 + 3 = 14 with its “ragged-

landscapeand“balls-and-barsmodels;(right) thepartition8 + 8 + 6 +
54+44+4+4+2+1+1= 43 with its staircas€Ferrerdiagram)model.
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0 1 1

10 512 42

20 524288 627

30 536870912

40 549755813888

50 562949953421 204226

60 576460752303 6.

70 59029581035 51712 4087968

80 604462909807314587353088 15796476

90 618970019642690137449562112 56634173

100 633825300114114700748351602688 190569292

110  649037107316853453566312041152512 607163746

120  664613997892457936451903530140172288 1844349560
130 6805647338418769269267492148 5371315400
140  69689828745408197317299119602026! 15065878135
150  7136238463529799405291429847247475681! 40

160 73075081866545145910184241635814150982 271488 107438159466
170  748288838313422294120286634350736906063837462003712 274768617130
180  766247770432944429179173513575154591809369561091801088 684957390936
190  784637716923335095479473677900958302012794430558004314112 1667727404093
200  803469022129495137770981046170581301261101496891396417650688 3972999029388
210 82275227866060302107748459127867525249136793281678993167430451. 75102575355
220  84249833334845749358334422146936345855116076320439289003448782028 21248279009367
230  862718293348820473429344482784628181556388621521298319 14 9 782 5921
240  883423532389192164791648750371459257913741948437 6722733

8 5 1921 1648 4 913 3 10588224
250 90462569716653277674664832038037428010367175520031690655826B7E86312 230793554364681

FIGURE 6. Forn = 0,10,20,...,250 (left), the numberof composi-
tions C,, (middle)andthe numberof partitions(right). Thefigureillus-
tratesthedifferencein growth betweerC,, = 2»! andP,, = (V7).

First, the specificationC = &{Z} admits,by Theoreml.1, a directtranslationinto
OGF:

z
(].6) 67(2) = i‘::‘}z;;j.
Thecollectionof equationg13), (16) thusfully determine<’(z):
1 1-2
CE = T 1%

= 14242224423 4+824 41625432254+ ---

Fromthere,the countingproblemfor compositionss solved by a straightforward expan-
sionof the OGF:onehas

Z gn,n | _ Z on ,n+1 ’

n>0 n>0
implying

Chn=2""1n>1 C =1
(Naturally, the C,, bearno relationto the Catalannumbers,C,,.) This agreeswith basic
combinatoricsincea compositiorof n canbeviewedastheplacemenbf n — 1 separation
barsbetweem alignedballs (the “balls andbars”modelof Figure5), of which thereare
clearly2”—1! possibilities.
Next, the form of the partition generatingfunction derives from Theoreml.1; the

generakranslationrmechanisnprovidestherelation

(17)  P(z) =exp (I(z) + %I(zQ) + %I(z3) + - ) with I(z) =

In a specialcaselike this, it is just aseasy however, to appealdirectly to the product
representatioandgetthe morefamiliar form

z

(18)
Pe) = Il =5
m=1

= 14242224+3234+5244+7254+11254+152"4+22284+3027 +.--
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23

Spec. OGF coef. asympt.
. I-2 n_1 1.
Composition 6{6>1{Z}} 11_ 2 2 22
_ n
—, sum.<r 6{61r{Z}} m Eq.(19) CrpPr
P n—1 k1
— . VA _c -
K sum Se{€21{2}) 1= 2)F k-1 k—1)!
- a _ 1 Tn
Partitions M{G>1{Z 1—2zm)7! — —— "V
{6>:1{2}} 71_:[1( 2™) y
7 r—1
— < , — ym-1 — _n
,sum.<r M&1..{Z}} L[l(l 2") rl(r —1)!
I nk-1
_:S k sum. :iUt{le{Z}} 71_:[1(1—2 ) — m
Cycliccomp. ¢(651{2}} Eq.(23) Eq. (24) Z
L = P -
Part., distinctsum. PB{6>:{Z}} T}_:[l(l +2™) — Tona7i

FIGURE 7. Partitions and compositions: specifications,generating
functions,countingsequencesndasymptoticapproximation.

Contraryto compositionghat are countedby the explicit formula2”~!, so simpleform
existsfor p,. Asymptoticanalysisof the OGF (17) basedon the saddlepoint shavs that
P, = 9™ In factavery famoustheoremof Hardy andRamanujaraterimprovedby
Rademachese€[4], providesafull expansionof whichtheasymptoticalljdominanterm

is
1 2n
P,~——exp|m\/—|.

" i3 p( 3)
Thereareconsequentlynuchfewer partitionsthancompositiongFigure6).
> 12. Arecurrencefor the partition numbes. Logarithmicdifferentiationgives

n—1

P'(z) 2 n2t . . _ . .
Bl = > T implying nP, =Y o(j)Pa-j,

n=1 j=1

whereo(n) is the sumof the divisorsof n (e.g.,0(6) = 1+ 2 + 3 + 6 = 12). Consequently
Py, ..., Py canbecomputedn O(N?) integerarithmeticoperations.(The techniqueis generally
applicableto powversetsaandmultisets;seealsoEx. 33. Ex. 18 furtherlowersthe boundin the caseof

partitionsto O(Nv/N).) <
Whenconsideringvariationsof the schemg14), a numberof countingresultsfollow
ratherstraightfavardly. We discussbelow the caseof compositionsand partitionswith
restrictedsummandsaswell aswith afixednumberof parts.First, we state:
ProPOSITION I.1. LetT C 7 bea subsebf the positiveintegers. The OGF of the
classeC” := G{67{Z}} and P7T := M{G1{Z}} of compositionsand partitions
havingsummandsestrictedto 7 is givenby

1 1 1
O icg e e P01

PrROOF. Thestatementesultsdirectly from Theoreml.1. O
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ExAMPLE 1. Compositionswith restrictedsummands.In orderto enumeratehe class
¢{12} of compositionsof n whosepartsareonly allowedto be takenfrom the set{1, 2},
simply write

ctts =z with {42 = {1,2}.
Thus,in termsof generatingunctions,therelation
1,2 _ 1
M) = T
holds(seeEg. (16)), with

T2 () = 2 4 22

Then,

ci2(z) = 1

T 7 = L +H2+227 4327 4520 + 48 +1320+ .

andthe numberof compositionf n in this classis expressedy a Fibonaccinumber

59 -(5)

cit?t = F, ., whereF, =

NG
In particular therateof growth is of the exponentialtype ™, where

1++5
= —

is thegoldenratio.
Similarly, compositionssuchthatall their summanddie in theset{1,2,...,r} have
generatingunction

1 1 1—2
{1,...,r} _ _ _
c (z)_l—z—zz—---zT_l—zll__—z;_1—2z+zr+1’

andthecorrespondingountsaregivenby generalizedribonaccinumbers A doublecom-
binatorialsumexpresseshesecounts

1-27)Y’ N (n—rk-1

19 {1,...,r} — n Z( — -1 k .

a9 [z]%:(—(l_z) e () (52
Asymptotically for ary fixedr, onecheckghatthereis auniqueroot p,. of thedenominator
1 —2z+ 2" in (3, 1), thatthis root dominatesall the otherroots,andthatit is simple.
Consequentlyonehas

(20) Citomt & e pr™  for fixedr asn — co.

The quantityp, playsa role similarto thatof the goldenratiowhenr = 2. Detailsof the
asymptoticanalysisarediscussedn Chapterd. |
> 13. Compositionsnto primes. The additve decompositiorof integersinto primesis still sur
roundedwith mystery For instanceijt is not known whetherevery even numberis the sumof two

primes(Goldbachs conjecture).However, the numberof compositionf n into prime summands
(anynumberof summandss permitted)is B, = [2"]B(z) where

-1
(1—Zz”) =(1—z2—z3—z5—z7—z11—---)71

p prime

B(z)

= 1422422422 4+32°4+225462"+622+102°+162+--.

(EISA02336(0 andcomplex asymptotianethodmalke it easyfrom thereto determingheasymptotic
form B,, ~ 0.30365 - 1.47622"™ ; seeChapterd. <
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ExAMPLE 2. Partitionswith resrictedsummandanddenumeants. Whenezersummands
arerestrictedto a finite set, the specialpartitionsthat resultare called denumerants A
populardenumeranproblemconsistsin finding the numberof ways of giving changeof
99 centsusing coinsthat are pennies(1 £), nickels (5 £), dimes(10 £) and quarters(25
£). (Theorderin which the coinsaretaken doesnot matterandrepetitionsareallowed.)
For the caseof afinite 7, we predictfrom Proposition2 that P7 (z) is alwaysa rational
functionwith polesthatareatrootsof unity; alsothe P/ satisfyalinearrecurrenceelated
to the structureof 7. Thesolutionto the original coin changeproblemis foundto be

1
) T a ey - 2

In thesamevein, oneproves[28, p. 108] that
2n+3 (n + 3)*
4 12 5

There[z| = |z + 1] denotegheinteger closestto the realnumberz. Suchresultsare
typically obtainedby thetwo stepprocess{i) decompos¢herationalgeneratingunction
into simple fractions; (i) computethe coeficientsof eachsimple fraction and combine
themto getthefinal result[28, p. 108].

The generalargumentalso gives the generatingfunction of partitionswhosesum-
manddie in theset{1,2,...,r} as

(21) pitmiz) = I 1_1zm.
m=1

In otherwords, we are enumeratingpartitionsaccordingto the value of the largestsum-
mand.Onethenhasby looking atthe poles

P = [E2 plat o

1
{L,...r} o k—1 \nsi —
P} cEn with ¢, = IRk
A similar argumentprovidesthe asymptoticform of P7 when7 is anarbitraryfinite set:
1 nrt
T i — —
T~ e 1 with 7 := H n, r:=cardT).
neT
Thisresultis dueto Schurandis provedin ChaptenV. |

We next examinethe statisticof the numberof summandsLet C(*) denotethe class
of compositionsnadeof k summandsk afixedinteger> 1. Onehas

Ck =T xTx---xT,
wherethe numberof termsin the cartesiarproductis k&, andZ still representshe sum-

mands,.e., the classof positive integers. Fromthere,the correspondingyeneratingunc-

tion is foundto be
z

1—z

c® = (1(2))*  with  I(z) =

Thenumberof compositionf n having k partsis thus

) = [z"]ﬁ - (Z:D’

a resultwhich constitutesa combinatorialrefinementof C,, = 2"~1. Note that the for-
muIaC,(Lk) = (Zj) alsoresultsdirectly from the “balls andbars” modelof compositions
(Figureb).
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Partitions, are naturally representeds collectionsof points (the staircasemodel of
Figureb) in the N x N lattice. A geometricsymmetryaroundthe main diagonal(also
known in the specializediteratureas conjugation)exchangesnumberof summandsnd
valueof largestsummandsothatthe OGF P(<¥) (z) of partitionswith atmostk summands
coincideswith the OGF of partitionswith summandsll at most alreadyenumerated
in (21)

1

1—zm’

k
(22) PR () = pllak} = H
m=1

consequentlthe OGF of partitionswith exactly & summandsP*) (z) = P(<k)(z) —
P(=k=1)(2), evaluateso

zk

(1—2)(1—22)---(1 —2k)"

> 14. Compositionsvith summand&oundedn numberand size The numberof compositionof
sizen with kK summandgachat mostr is

1 (A7)

andis expressibleasa simplebinomial corvolution. <

p) (z) =

> 15. Partitions with summand$&oundedn numberand size The numberof partitionsof sizen
with atmostk summandgachat most/ is

" (1—2)(1 =2 (1 -2
(=222 1A=2R) - (=202 1-2))
(Theverificationby recurrences easy) The GFreduceso thebinomialcoeficient (’“;g‘) asz — 1;

it is known asa Gaussiarbinomial coeficient, denoted(’“;g‘)z, or a “g-analogue”of the binomial
coeficient[4, 28). <

Thelastproblemof this sectionexemplifiesthe closeinterplaybetwencombinatorial
decompositionandspecialfunctionidentities which constitutesarecurrenthemeof clas-
sicalcombinatorialanalysis.The diagramof ary partitioncontainsa uniquelydetermined
squargthe “Durfee square”)thatis maximal,asexemplifiedby thefollowing diagram:

This decompositiorgivestheidentity
I P
am 12" (=) (1= 24)"

expressingyia (21) and(22), the combinatorialisomorphism(k is the size of the Durfee
square)

P=J (Z’“2 x PR x P{l""’k}) ,
k>0
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itself nothing but a formal rewriting of the geometricdecomposition.As time goes,we
shallmake greaterandgreateruseof such“direct” translationf objectdescriptiongnto
generatindunctionequations.

> 16. Stak polyominos. Theseare diagramsof compositionssuchthatfor somej, onehasl <
1 <x2 <--- <z >wjp1 > --- >z > 1. Thediagramrepresentatioof stackpolyominos,

f k P{l ..... k—1} « 2F « P{l ..... k}

translatesmmediatelyinto the OGF

1
Zl—zk —2)(1—22)--- (1 — zk-1))%’

onceuseis madeof thepartltlonGFsP{1 """ k(z) of (21). Thebookof vanRenslurg [144 describes
mary suchconstructionsandtheir relationto certainmodelsof statisticalphysics. <

I. 3.2. Integer related constructions. Finally, we say a few words aboutthe two
constructionof cycle and powersetthat haven't beenyet appliedto Z. First, the class
= ¢{I} comprisescyclic compositionsthat is, compositionsdefinedup to circular
shift; so,for instanc& + 3+ 1+ 2+ 5,3+ 1+ 2+ 5+ 2, etc,areidentified. Alternatively,
we mayview elementf D as“wheels” composedf circulararrangementsf sggments
(takenupto circularsymmetry).

A “wheel” (cyclic composition): ® ® ® ¢ o' o ¢ o e o

[ ] ® [ ]
[ ] ® [ ]
[ ]

By thecycle constructionthe OGFis
(23)

o0 k oo

_ w(k ¥4 ok X

D(z) = T log ( - zk) Z log 2F) —log(1 — 22%))

k=1
= 242224328 4+5244+72° +13z +1927 +3528+---

The coeficientsarethus(EISA008965

1 1
24 D, =— B@EvYE-1)=-1+ - k)2n/k ~
(24) nZw()( ) +nZ<p()

k|ln k|n

n

(Notice that D,, is of the sameasymptoticorderas %C’n, which is suggestedby circular
symmetryof wheelsbut D,, ~ C,,/(2n).)

More interestinglyperhapsthe classQ = B{I} is thesubclas®f P = M{I} corre-
spondingto partitionsinto distinctsummandsthesearedeterminedik e in Definition 1.6
but with the strictinequalitiesey, > --- > z1, sothatthe OGFis

Q@) = [Ja+=".

n>1
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Thecoeficientsarenotamenabléo closedfrom. Howeverthesaddlepointmethod(Chap-
ter 6) yieldstheapproximation:

33/4 n
(25) Qn ~ 12—n3/4 exp (71' 5) 5

which hasa shapesimilar to thatof P,.

> 17.0ddversusdistinctsummandsThepartitionsof n into oddsummandg¢O,,) andinto distinct
summandg¢Q,) areequinumerouslndeed,onehas

(o] oo

Q) =J[a+z"), ok =][a-=")"

m=1 j=0

Equalityresultsfrom substituting(1 + a) = (1 — a?)/(1 — a) with a = 2™,

Q(z)_l—z21—z41—z61—z81—z1°_“_ 1 1 I
T 1—21—221-—231—2%1—25 T 1—2z1—231-—25 ’
andsimplificationof the numeratorsvith half of the denominatorgin boldface). <

Let ZPov = {1,2,4,8,...} bethe setof pawersof 2. The corresponding® and Q
partitionshave OGFs

S |
Prvz) = ] 1=
7=0

= 14242224223 +42*+4254+6254+62"+1022+102° +---

o>
Qv(z) = JJ(+2*)
=0
= 1+z+22+284+24+25+---.

Thefirst sequencd, 1,2, 2, ... is the“binary partition sequence(EISA018819; the dif-

ficult asymptoticanalysiswasperformedby de Bruijn [34] who obtainedan estimatethat
involves subtlefluctuationsandis of the global form 0008’ n) - The function QPo™ (2)

reduceso (1 — z)~! sinceevery numberhasa uniqueadditive decompositioninto powers
of 2. Accordingly, theidentity

1

1+ 22
1—2 (1+27)

—

7=0

first obsened by Euler is sometimesiicknamedthe “computerscientists identity” asit
expresseshefactthatevery numberadmitsa uniquebinaryrepresentation.

Thereexists a rich setof identitiessatisfiedby partition generatingfunctions—this
factowesto deepconnectionswith elliptic functions,modularforms, andg-analogue®f
specialfunctionson the one hand, basiccombinatoricsand numbertheory on the other
hand.Seeg[4, 28] for anintroductionto this fascinatingsubject.

D> 18.Euler’s pentayonalnumbertheoem. This famousidentity expressed / P(z) as
n>1 kez

It is provedformally andcombinatoriallyin [28, p. 105]. As a consequencehe numbers{ P; }j"zo
canbedeterminedn O(N+/N) arithmeticoperations. <
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> 19. Lattice points. The numberof lattice pointswith integercoordinateshatbelongto the closed
ball of radiusn in d—dimensionabpaces

[z"Q] 1 i z(@(z))d where O(z)=1+2 i o

(SuchOGF’s areusefulin cryptography[93] andestimatesnay be obtainedfrom the saddlepoint
method.) <

I. 4. Words and regular languages

First a finite alphabet.A whoseelementsare calledletters is fixed. Eachletteris
taken to have size 1, i.e, it is anatom. A word is thenary finite sequencef letters,
usuallywritten without separatorsSo, for us, with the choiceof thelatin alphabe{A =
{a,...,z}), sequencewritten asygololihg, philology, zgrmblglps arewords. The setof
all words (often written as A* in formal linguistics)will be consistentlydenotedby W
here. Following a well-establishedradition in theoreticalcomputerscienceand formal
linguistics,arny subsebf W is calledalanguage (or formallanguagewhenthedistinction
with naturallanguagesasto be made).

Fromthedefinitionof the setof words)V, onehas

. . 1
(26) W= 6&{A} implying W(z)= Tp—
wherem is the cardinality of the alphabet,i.e., the numberof letters. The generating
functiongivesus (in anadmittedlydeviousway) the countingresult

Wy, =m".

As is usualwith symbolicmethodsmary enumeratre consequencassuallyresultfrom a
givenconstructionandit is preciselythe purposeof this sectionto examinesomeof them.

We shallintroducetwo frameaworksthateachhave greatexpressve powerto describe
languagesThefirst oneis iterative (i.e., nonrecursie) andit basestself on “regularspec-
ifications” thatonly involve sums productsandsequencedhe otheronethatis recursie
(but of averysimpleform) is bestconcevedof in termsof finite automataandis equivalent
to linearsystemf equationslt turnsoutthatbothframewnorksdeterminghesamefamily
of languagestheregular languages thoughthe equivalenceis nontrivial, andeachpartic-
ular problemusually admitsa preferredrepresentationThe resultingGFsareinvariably
rationalfunctions.

I. 4.1. Regular specifications. Considerfirst words (or strings)over the binary al-
phabet4 = {a, b}. Thereis analternatve way to constructbinary strings. It is basedon
the obsenationthat (with a minor adjustmentt the beginning) a string decomposemto
a successiomf “blocks” eachformedwith a singleb followed by an arbitrary (possibly
empty)sequencef a’'s. For instancezaabaababaabbabbaaa decomposeas

aaa || baa | ba | baa | b | ba | b| baaa.
Omitting redundarftsymbols we have the alternatve decomposition:
(27) W = &{a} 6{b&{a}}.

4As is usualwhen dealingwith words, we omit writing explicitly redundantoraces'{, }' and cartesian
products x’. Thus,forinstance&{a+b} and{ab} areshorthandhotationdor S{{a}+{b}} and{{a} x {b}}.
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A checkis providedby computingthe OGF correspondingo this new specification,
1 1
1

(28) e =i
1—

whichreducedo (1 — 2z)~! asit should.

The interestof the decompositiorjust seenis to take into accountvariousotherin-
terestingpropertiesfor examplelongestruns. Denoteby a<* := &, {a} thecollection
of all wordsformedwith theletter a only andwhoselengthis betweer) andk — 1; the
correspondin@GFis 1 + z + 22 + - - + 2F~! = (1 — 2*) /(1 — 2). ThecollectionW(*)
of wordswhich do not have k consecutie a’s is describecby an amendedorm of (27),
namely

(29) Wk = o<k §{ba<*}.
The corresponding GF obtainsimmediatelyfrom (29)
1—zF 1 1—zF

1—2z -1_3% T 12z 4 kL

This is thereforethe generatingunctionsof wordswhoselongestrun of consecutie a’s

is of length< k. Fromthis computatiorandsomeasymptoticanalysisjt canbe deduced
that the longestrun of a’s in a randombinary string of lengthn is aboutlog, n. Such

asymptoticaspectsvill befurtherexploredin laterchapters.

> 20.Runsin arbitrary alphabets For analphabebf cardinalitym, the quantity
k

1—=2
1—-—mz+ (m—1)zk+!
is the OGF of wordswithout k£ consecutie occurrencesf adesignatedetter. <

The caseof longestruns exemplifiesthe expressve power of nestedconstructions
involving sequencediVe set:

DEFINITION L.7. An iterative specificationthat only involvesatoms(e.g., letters of
a finite alphabet.A) togetherwith combinatorialsums cartesianproducts,and sequence
constructionss saidto bea regularspecification

A language £ is said to be S-regular (specification-egular) if there existsa regular
specificatioriR sud that £ andR are combinatoriallyisomorphic,. = R.

It is anon-trivial factthatthenotionof S-regularity introducecherecoincideswith the
usualnotionof regularity in formal languageheory SeeAPPENDIX: Regular languages
p. 171for explanations Fromthedefinitionandthe basictheorenregardingadmissibility
(Theoreml.1), onehasimmediately:

PROPOSITION |.2. Any S-regular language hasan OGF that is a rationalfunction.
This OGF is obtainedfrom a regular specificationof the language by translatingead
letter into thevariable z, disjoint unionsinto sums cartesianproductsinto products,and
sequencesto quasi-inverses,(1 — -) L.

This resultis technicallyshallov but its importancederivesfrom the factthatregular
language$ave greatexpressie power devolving from their rich closurepropertiesaswell
astheirrelationto finite automataliscussedn the next subsection.

EXAMPLE 3. Combinationsand spacings. The specifications = &{a} (6&{a})"
describesinambiguouslyhe setof wordsthatcontainexactly k occurrencesf theletterb.
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TheOGFis L(z) = 2¥F/(1 — z)*¥*!, andthe numberof wordsin thelanguagesatisfies

2k n
L= Bl = (1)

Eachword of lengthn is characterizedby the positionsof its lettersb, which meansthe
choicesof k positionsamongst: possibleones.Formallanguageheorythusgivesusback
thewell-known countof combinationsy binomial coeficients.

Let (Z)<d be the numberof combinationsof k elementsamongst[1,n] with con-
strainedspacings:no elementcan be at distanced or more from anotherelement. The
refinement

£ = &{a} (06 <a{a})" ™" (v6{a})
providesthe generatingunction

Z (n) L 2R = )kt
2=,

n>0 k) <a (1 —2)t+

which is equivalentto a binomial convolution expressionfor (Z)<d. (This problemis

clearlyanalogougo compositionswith boundedsummands.) a

ExAaMPLE 4. Doublerun statistics.By forming maximalgroupsof equallettersin words,
onefindseasilythat,for abinaryalphabet,

W = 6{b} 6{aG{a} b&{b}} &{a}.

Let W(*#) bethe classof all wordsthathave at mosta: consecutie a’s andat most 3
consecutie b's. The specificatiorof W producesa specificationof W{*8)  uponreplac-
ing 6{a}, &{b} by S.,{a}, S5{b} internally, andby S<.{a}, S<z{b} externally. In
particular the OGF of binarywordsthatnever have morethanr consecutie equalletters
is foundto be(seta = g =)

(1 _ zr+1)2
1—2z 4 227+2 — 22742

Révéeszin [121]] tells the following amusingstory attributedto T. Varga: “ A classof
highschoolchildrenis dividedinto two sectionsin oneof thesectionseachchild is given
a coin which hethrows two hundredtimes,recordingthe resultingheadandtail sequence
on a pieceof paper In the othersection,the childrendo not receve coins, but aretold
insteadthatthey shouldtry to write down a ‘random’ headandtail sequencef lengthtwo
hundred. Collectingtheseslips of paper [a statistician]thentriesto subdvide theminto
their original groups.Most of thetime, hesucceedsguitewell.”

The statisticians secretis to determinethe probability distribution of the maximum
lengthof runsof consecutie lettersin arandombinaryword of lengthn (heren = 200).
The probability of this parameteto equalk is
1 (W(k,k) _ W(kfl,kfl))

2_n n n

andis fully determinedby (30). The probabilitiesare then easily computedusing any
symbolicalgebrapackagefor n = 200, thevaluesfoundare

(30) W) =

k 3 4 5 6 7 8 9 10 11 12
P: 6.54 1078 7.0710~4 0.0339 0.1660 0.2574 0.2235 0.1459 0.0829 0.0440 0.0226
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Thus,in arandomlyproducedsequencef length200, thereare usuallyrunsof length7
or more: the probability of the event turns out to be closeto 80% (andthereis still a
probability of about8% to have a run of length 11 or more). On the other handmost
children(andadults)are usuallyafraid of writing down runslongerthan4 or 5 asthis is
felt asstrongly“non-random”.Hence the statisticiansimply selectshe slipsthatcontain
runsof length6 or more. Et voila! O

> 21. Codingwithoutlong runs. Becausef hysteresisn magneticheadsgcertainstoragedevices
cannotstorebinary sequencethathave morethan4 consecutie 0's or morethan4 consecutie 1's.
A codingschemehattransformsanarbitrarybinary stringinto a string obeying this constraintwill
be called“acceptable”.

Fromthe GF, onefinds[z!}]W (%% (z) = 1546 > 2'° = 1024. Consequentlya codecanbe
built thattranslated 0 bit blocksinto acceptabld 1 bit blocks,andonly needsa built-in tableof size
1024.Sucha codehasalossfactorof 10%.

Any acceptableeodemustuseasymptoticallyat least1.056: bits to encodestringsof n bits.
(Hint: leta betherootnearl of 1 — 2a + 2a° — o'® = 0, whichis a pole of W*%. Onehas
log,(1/a) = 1.05621.) Thus,alossof atleast5% mustbeincurredbecausef thecodingconstraint.
SeeEx. 10for relatedcodingtheoryargumentsThislimit rateof 1.056canbeapproachedrbitrarily
well, albeitwith codesof growing compleity. <

EXAMPLE 5. Patternsin arandomtext. A sequencef lettersthatoccursin therightorder,
but not necessarilyxontiguouslyin atext is saidto be a “hidden pattern”. For instancethe
pattern‘combinatoric$ is to befoundhiddenin ShalespearesHamlet(Act I, Scenel)

[ comblat[in | which ourv[aJian[t] Hamlet[. ..] forffe]i t[. ..] Whic]h he[S}tood. ..

A censushowsthattherearein fact1.63 103 occurrencesiddensomavhereamongsthe
120,057lettersthatconstitutethetext. Is this thesignof a secretencouragememtassedo
usby theauthorof Hamlet?

Take afixedfinite alphabet4 comprisingm letters(m = 26 for English). Letp =
p1ps - - - pr, beaword of lengthk. Considertheregularspecification

O =6{A} p1 6{A} p2 6{A}---S{A} pr—1 6{A} pr G{A}.
An elementof O is a (2k + 1)-tuple whosefirst componenis an arbitraryword, whose
secondcomponents the letter p;, andso on, with lettersof the patternandfree blocks
alternating In otherterms,ary w € O representpreciselyonepossibleoccurrencef the
hiddenpatternp in atext built overthe alphabet4. Theassociate®GFis simply

2k

(1 —mz)k+1’
The ratio betweenthe numberof occurrenceandthe numberof wordsof lengthn then
equals

(31) Q, =196 _ - (Z)

mn

0(z) =

andthis quantityrepresentshe expectednumberof occurrencesf the hiddenpatternin a
randomword of lengthn, assumingall suchwordsto be equallylikely. For the parame-
terscorrespondindo the text of Hamlet(n = 120, 057) andthe pattern“combinatoric$
(k = 13), the quantityQ,, evaluateso 6.96 103®. The numberof hiddenoccurrencesb-
sened is thus 23 times higherthanwhat the uniform model predicts! However, similar
methodsmake it possibleto take into accountnonuniformletter probabilities(seeChap-
terlll): basedon thefrequencief lettersin the Englishtext itself, the expectednumber
of occurrencess foundto be 1.71 103*—this is now only within 5% of whatis obsened.
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Thus,Shalespearelid not (probably)concealin histext arny messageelative to combina-
torics.

In thesamevein,onecandescribeall theoccurrencesf afixedwordp = pi1ps - - - pg
asacontiguousblock (a“factor”) in texts:

O = 6{A} (pip2- - pi) S{A},

k

sothatthe OGFis

-~ z
01 = T may
Consequentlythe expectechumberof suchcontiguousoccurrencesatisfies
~ _ n
(32) Qn:m’“(n—k+1)~m.

O
For patternsthe estimationof the meanin (31) and (32) canbe easily obtainedby
directprobabilisticreasoning.The exampleis only meantto demonstrat@ symbolicap-
proachto patternstatisticsthat proves extremely versatile: it canaccommodatearious
notionsof patterns(e.g.,we may imposemaximalspacingshetweenletters)andprovide
valuableinformationson probability distributionsaswell; see[50]. Suchmethodsare of
interestin the statisticalanalysisof texts andin assessinghe significanceof patternsde-
tectedin moleculamiology; see[149 Ch. 12] for anintroduction.Fromthecombinatorial
standpointtheseexamplesillustrate the countingof structureghatarericherthanwords
(namely patternoccurrenceshy meansof regularspecifications.

> 22. Patternswith gaps.If lessthand symbolsof thetext mustseparat¢helettersof the patternin
orderto form avalid occurrencethenthe OGF of occurrencess

& (1 _ mdzd)k—l
(1 —mz)k+t ~
See[50] for variationsof thistheme. <

I. 4.2. Finite automata. Let againa finite alphabetA be fixed. We first definea
simpledevice thatis ableto “process”words over the alphabetandhaswide descriptve
power asregardsstructuralpropertiesof words.

DEFINITION 1.8. Afinite automatoris a directedmultigraphwhosesdgesare labelled
by letters of the alphabet. It is customaryto call the verticesby the nameof statesand
denoteby () the setof states.Aninitial stategy € () anda setof final statesQ); C @) are
alsodesignatedA word w = wy . . . w, is acceptedy theautomatonif there existsa path
in themultigraphconnectingheinitial statego to oneof thefinal statesof )y andwhose
sequencef edee labelsis preciselyws, . . . , wy,.

An automatoris saidto bedeterministiaf for eac pair (¢, o) withqg € @ anda € A
there existsat mostoneedge (onealsosaysa transition)startingfromgq thatis labelledby
theletter a. A language is saidto be A—regular (automatonregular) if it coincideswith
the setof words acceptedy a deterministidinite automaton.

Thefollowing equivalencetheoremis briefly discussedn the Appendix(seeAPPEN-
DIX: Regular languages p. 171):
THEOREM (Kleene—Rabin—Scott)For a language, the following four condi-
tionsare equivalent:(i) to be S-regular (i.e., representablédy a regular specifi-
cation); (i¢) to be A-regular (i.e., recanizableby a deterministicfinite automa-
ton); (ii7) to bethesetof wordsacceptedy a nondeterministiginite automaton;
(iv) to bedescribedby a standad regular expression
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In the caseof a deterministicautomatonit is easyto determinewhethera word w is
acceptedit sufficesto startfrom theinitial stateqy, scanthe lettersof theword from left
to right, andfollow at eachstagethe only transitionpermitted;theword is acceptedf the
statereachedn this way after scanninghelastletter of w is afinal state.A deterministic
automatoris thusa simpleprocessinglevice thathasa finite instructionsetgoverningits
evolutionwhencharactersreread.Hereis arendering:

lalbfalb]b]al

As anillustration, considerthe class. of all wordsw that containthe patternabb as
afactor(thelettersof the patternshouldappearcontiguously).Suchwordsarerecognized
by afinite automatorwith 4 statesgo, g1, g2, ¢3. The constructionis classical:stateg; is
interpretedasmeaning‘thefirst j characters of the patternhavejust beenscanned, and
thecorresponding@utomatorappearsn Figurel. 4.2. Theinitial stateis qo, andthereis a
uniquefinal stategs.

We next examinethe way generatingfunctions can be obtainedfrom a determin-
istic automaton. The processwas first discoseredin the late 1950's by Chomsk and
Schitzenbeger[26]. It provescorvenientatthis stageto introducelversons braclet nota-
tion: for apredicateP, thevariable[ P] hasvaluelif P is trueand0 otherwise.

PropPosITION 1.3. Let G be a deterministicfinite automatonwith stateset) =
{qo0,---,qs}, initial stateqo, and setof final statesQ) = {4¢,,---, i, }. Thegeneating
functionof the language £ of all words acceptedoy the automatornis a rational function
thatis determinedindermatrix form as

L(z) =u(I — 2T) " !v.
There thetransitionmatrix T is definedby

T;,; = card{a € A suchthatanedge(g;, g;) is labelledby a} ;

aQL@b
1)

FIGURE 8. Wordsthat containthe patternabb arerecognizecby a 4—
stateautomatorwith initial stategy andfinal stategs.
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theline vectoru is thEvector(l,0,0, ...,0) andthe columnvectorv = (vg, ...,vs)t is
sudthatv; = [g; € Q].

In particular by Cramers rule, the OGF of a regularlanguagss the quotientof two
sparseleterminantsvhosestructuredirectly reflectsthe automatortransitions.

PrROOF. Forj € {0,..., s}, introducetheclass(language)C; of all wordsw suchthat
the automatonwhenstartedin stateg;, terminatesn oneof the final statesafter having
readw. Thefollowing relationholdsfor ary j:

(33) L;=A;+ <Z{a}£(4100)> ;
a€A

thereA; is theclass{e} formedof theword of lengthO if ¢; is final andthe emptyset()
otherwisethenotation(g; o a) designateshe statereachedn onestepfrom stateg; upon
readingletter «. Thejustificationis simple: alanguageC; containsthe word of lengthO
only if the correspondingtateg; is final; a word of length> 1 thatis acceptedstarting
from stateg; hasa first letter  followed by a word that mustleadto an acceptingstate
whenstartingfrom stateg; o a.

Thetranslationof (33) is thenimmediate:

(34) LJ(z) = [[qj € a]] +z Z L(qjoa) (Z)
acA
Thecollectionof all theequationsas; variesformsalinearsystem:with L(z) thecolumn
vector(Lo(z), ..., Ls(z)), onehas
L(z) =v+ 2T L(2),
wherev andT areasdescribedn the statement.The resultfollows by matrix inversion
uponobservinghat L(z) = Lo(z). O

For instanceconsiderthe automatorrecognizinghe patternabb asgivenin Figure8.
Thelanguage<; (whereL; is the setof acceptedvordswhenstartingfom stateg;) are
connectedy the systemof equations

Lo = ali1 +bLy
L:l = aL’l + b£2
EQ = aL'l + b£3
L3 = als +bLs e

which directly reflectsthe graphstructureof the automaton. This givesrise to a setof
equationdor theassociate®@®GFs

LO = ZL1 + ZLO
Ll = le + ZL2
Ly = 2zLi +2zLj
L3 = ZL3 + ZL3 + 1.

Solving the systemwe find the OGF of all wordscontainingthe patternabb: it is Lo(z)
sincetheinitial stateof theautomatoris ¢q, and

23

(1-2)1-22)(1—2—22)"
The partialfractiondecomposition

(35) Lo(z) =

1 242 1
T 1-22 1—z-22 1-=-2’

L() (Z)
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thenyields
LO,n =2" - Fn+3 +1,

with F,, a Fibonaccinumber In particularthe numberof words of lengthn thatdo not
containabb is F, 3 —1, a quantity that grows at an exponentialrate of ™, with ¢ =

(1 + +/5)/2 the goldenratio. Thus,all but an exponentiallyvanishingproportionof the
stringsof lengthn containthegivenpatternabd, afactthatwasotherwiseto beexpectecon

probabilisticgrounds.(For instancefrom theprevioussubsectionarandomword contains
alargenumberabout~ n/8, of occurrencesf the patternabb.)

This exampleis simpleenoughthatonecanalsocomeup with anequialentregular
expressiondescribingLy: anacceptingpathin the automatorof Figure 8 loopsaround
state0 with a sequencef b, thenreadsana, loopsaroundstatel with a sequencef a’s
andmovesto state2 uponreadinga b; thenthereshouldbe lettersmakingthe automaton
passshroughstatesl-2-1-2- - - -1-2andfinally ab followedby anarbitrarysequencef a’s
andb’s at state3. This correspondso the specification

Lo = 6{b} a&{a}b&{aS{a}b} bS{a+ b},

which givesbackaform equivalentto (35), namely

23

Lo(z) = (1= 22(1= Z)(1-22)

11—z

The generalconstructionthat reducessystematicallyfinite automatao regular specifica-
tionsis dueto the logician Kleeneand s discussedn APPENDIX: Regular languages
p.171.

EXAMPLE 6. Wobrds containingor excludinga pattern. Fix an arbitrary patternp =
ppe - - - p andlet £ bethe languageof wordscontainingat leastoneoccurrenceof p as
a contiguousblock. The constructiorgivenfor the particularpatternp = abb generalizes
in an easymanner: thereexists a deterministicfinite automatorwith & + 1 statesthat
recognize<, thestatescorrespondingo the prefixesof the patternp. Thus,the OGF L(z)
is a priori arationalfunctionof degreeatmostk + 1. (Thecorresponding@utomatoris in
factknown asa Knuth—Morris—Pratautomatori88].)

The automatonconstructionprovidesthe OGF L(z) in determinantaform but the
relationbetweerthis rationalform andthe structureof the patternis not transparentAn
explicit constructiondue to Guibasand Odlyzko [74] nicely circumwentsthis problem;
it is basedon an “equational” specificationthat yields an alternatve linear system. The
fundamentahotionis that of anautocorelationvector. For a givenp, this vectorof bits
¢ = (co,-..,cr—1) is mostcorvenientlydefinedin termsof Iversonsbracletas

¢i = [p1p2 - Pr—i = Piv1Pir2 - - Pi]-

In otherwords,thebit ¢; is determinedy shifting p right by ¢ positionsandputtinga 1 if
theremaininglettersmatchthe original. For instancewith p = aabbaa, onehas

aabbaa

aabb
a a
a

DT
VYT
VOTTO QD
DTTOD
ST QD
ToOQ

(oR
PROOOR
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Theautocorrelations thenc = (1,0, 0,0, 1, 1). Theautocorelationpolynomialis defined

as
k-1
c(z) == Z ciz™.
=0

For theexamplepattern thisgivesc(z) = 1 + 2* + 2°.

Let S bethelanguageof wordswith no occurrencef p and7 thelanguageof words
thatendwith p but have no otheroccurrencef p. First, by appending letterto a word of
S, onefindsanonemptyword eitherin S or T, sothat

(36) S+T={e+Sx A
Next, appendinga copy of theword p to aword in S may only give wordsthat containgp

ator “near” theend.Preciselythe decompositioasedn the leftmostoccurrencef p in
Spis

(37) Sx{p} =T x Y {pix1pir2---pi},
correspondingo the configurations o
| S [//11110111111]
[ 11701117 [ -]
T

Thetranslationof the system(36), (37) into OGF's thengives:
TheOGF of words not containingthe patternp is
c(2)
38 =
(38) 5() 2k + (1 —m2)e(z)’
whee m is the alphabetcardinality, ¥ = |p| the patternlength,and ¢(z) the
autocorelationpolynomial,c(z) = Y-, ¢;2".
Similarly, the GF's of wordscontainingatleastoncethe pattern(anywhere)andcontaining
it only onceattheendare

Sk B 2k
MO = o Ammaee) T T F A ma)e)”

respectiely. a

D> 23.\Waiting timesin strings.Let £ C &{a, b} bealanguagandS = {a, b}*° bethesetof infinite
stringswith the productprobabilityinducedby Pr(a) = P(b) = é The probability thata random
stringw € S startswith aword of L is 3(1/2), whereL(z) is the OGF of the “prefix language”
of L, thatis, the setof wordsw € L thathave no strict prefix belongingto £. The GF E(z) senes

to expressthe expectedtime at which aword in £ is first encounteredthis is 1/2L'(1/2). Fora
regularlanguagethis quantitymustbe arationalnumber <

> 24. A probabilistic paradox on strings. In a randominfinite sequencea patternp of lengthk
first occurson averageattime 2% ¢(1/2), wherec(z) is the correlationpolynomial. For instancethe
patternp = abb tendsto occur“sooner” (at averageposition8) thanp’ = aaa (at averageposition
14). See[74] for athoroughdiscussionHerearefor instancethe epochsat which p andp’ arefirst
foundin asampleof 20runs

p: 3,4,5,5,6,6,7,8,8,8,8,9,9,10,11, 14,15, 15, 16, 21
P’ 3,4,8,8,9,10,11,11,11,12, 17, 22, 23,27, 27, 27, 44, 47, 52, 52
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Ontheotherhand patternof the samdengthhave the sameexpectechumberof occurrencesyhich
is puzzling. (The catchis that, dueto overlapsof p’ with itself, occurrence®f p’ tendto occurin
clustersput, then,clustergendto beseparatethy wider gapsthanfor p; eventually no contradiction
occurs.) <

> 25.Borges’s Theoem. Take ary fixedsetII of finite patterns A randomtext of lengthn contains
all the patternsof the setll (ascontiguousblocks)with probabilitytendingto 1 exponentiallyfastas
n — oco. (ReasontherationalfunctionsS(z/2) with S(z) asin (38) have nopolein |z| < 1; see
alsoChapterd.)

Note: similar propertieshold for mary randomcombinatorialstructuresThey are sometimes
called“Borgess Theorem”asa tribute to the famousArgentinianwriter Joige Luis Borges(1899—
1986)who, in his essay‘The Library of Babel”, describesa library so hugeasto contain: “Ev-
erything: the minutely detailedhistory of the future, the archangelsautobiographiesthe faithful
catalogue®f the Library, thousandsindthousandsf falsecataloguesthe demonstratiorof thefal-
lacy of thosecataloguesthe demonstratiorof the fallagy of the true cataloguethe Gnosticgospel
of Basilides thecommentaron thatgospel the commentarnpn the commentanpnthatgospel the
true story of your death,the translationof every bookin all languagesthe interpolationsof every
bookin all books'. <

In generalautomataareusefulin establishinga priori therationalcharacteof gener
atingfunctions. They arealsosurroundedy interestinganalyticpropertieqe.g.,Perron-
Frobeniugheorythatcharacterizethe dominantpoles)andby asymptotiqrobability dis-
tributionsof associategarameterthatarenormally GaussianThey aremostcorveniently
usedfor proving existencetheoremsthensupplementesvhenpossibleby regular specifi-
cationsthatmayleadto moreexplicit expressions.

D> 26. Variable lengthcodes. A finite set7 C W, whereW = G{A} is calledacodeif ary word
of W decomposes at mostone mannerinto factorsthat belongto F (with repetitionsallowed).
For instanceF = {a,ab, bb} is a codeandaaabbb = ala|ablbb hasa unique decomposition;
F' = {a,aa,b} is nota codesinceaaa = alaa = aala = alala. The OGF of the setSx
of all words that admit a decompositioninto factorsall in F is a computablerational function,
irrespectve of whetherF is acode.(Hint: useaconstructiorby automaton.)A finite set’F isacode
iff Sx(2z) = (1— F(2))~*. Consequentlythe propertyof beingacodecanbedecidedn polynomial
time usinglinearalgebra.Thebook of BerstelandPerrin[16] developssystematicallythe theoryof
such“variable-length’codesseealsothe constructiorof the “Aho—Corasickautomatorin [1]. <

> 27.Knight's tours. For the numberof knight's toursonann x w chessboargwith fixedw and
varyingn), the OGFis arationalfunction. In statisticalphysics,suchautomataelatedmethodsare
commonlyusedandknown astransfermatrix methods <

I. 4.3. Word related constructions. Wordscanencodeary combinatorialstructure.
We detail hereone examplethat demonstratethe usefulnes®f suchencodingsiit is rel-
ative to setpartitionsand Stirling numbers. The point to be madeis that someamount
of “combinatorialpreprocessingfs sometimesecessaryn orderto bring combinatorial
structuresnto the framework of symbolicmethods.

EXAMPLE 7. Setpartitionsand Stirling partition numbes. A setpartition is a partition
of afinite domaininto a certainnumberof nonemptysets alsocalledblocks. For instance,

if the domainis D = {«,§,7,d}, thereare 15 waysto partitionit (Figure9). Let Sff)
denotethecollectionof all partitionsof theset[1 . . n] into & non—empt)blocksandS,(f) =
cardSﬁf“)) the correspondingardinality The basicobjectunderconsideratiorhereis a
setpartition (not to be confusedwith integer partitionsconsidereaarlier).

It is possibleto find an encodingof partitionsin S of an n—setinto k blocks by
wordsoverak letteralphabet = {by, ba, . .., by} asfollows:
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apfly

alBlvd
ay|Bd

aly[Bd
ad|By

FIGURE 9. Thel5waysto partitionafour-elementomaininto blocks
correspondo SV =1, S =7 s¥ =6 5s¥=1

Considera setpartitionco thatis formedof & blocks. Identify eachblock by its

smalleselementalledtheblockleader, thensortthe blockleadersnto increas-

ing order Definetheindex of ablock astherankof its leaderamongsall the k

leaderswith rankscorventionallystartingat 1.

Scantheelementd to n in orderandproducesequentiallyn, lettersfrom theal-

phabet: for anelementelongingto theblock of index r, producetheletterb,..
For instanceto n = 6, k = 3, the setpartitionw = {{6,4},{5,1,2},{3,7,8}}, is
reomganizedby puttingleaderdn first positionof the blocksandsortingthem,

by ba b
w = {{la 27 5}7 {§7 77 8}5 {47 6}}7

sothattheencodings

oo

(1 234567 )
by b1b2b3b1 bgbgbg .

In this way, a partitionis encodedasa word of lengthn over B with the additional
propertieghat: (i) all &£ lettersoccur;(ii) thefirst occurrencef b; precedeshefirst occur

renceof b, whichitself precedeshefirst occurrencef b3, etc. ThusS,(Lk) is mappedS,(f)
into wordsof lengthn in thelanguage

(39) by G{bl} - by 6{b1 + bz} - b3 G{b1 + by + b3} <o by G{b1 +by+---+ bk}

(The encodingis clearly revertible.) Graphically this canbe renderedby an “irregular
staircase’tepresentatioriike

’.)‘. °

wherethe staircaseéhaslengthn andheightk, eachcolumncontainsexactly oneelement,
andthe columnsexposedNorth-Westaresystematicallyfilled.
Thelanguagespecificatiorimmediatelygivesthe OGF

2k

(1—2)1-22)1-32)---(1—kz2)’

S®(2) =
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The partial fractionexpansiorof S*)(z) is readilycomputed,

k

k .
K)oy _ L Z k) (=1)* K _ 1 Z ki (kY n
Jj=0

j=1
In particular onehas

1 1
52" —2); S3) = (3" =3-2"+3).
Thesenumbersareknown asthe Stirling numbersof the seconckind, or better asthe Stir-

ling partitionnumbersandtheSﬁf) arenowadaysusuallydenotedy {Z} SeeAPPENDIX:
Stirling numbes, p. 173.

s =1; 8P =

The countingof set partitions could eventually be done successfullythanksan en-
codinginto words, andthe correspondindanguageforms a constructibleclassof com-
binatorial structuregactuallya regular language).In the next chaptey we shall examine
anotherapproacho the countingof setpartitionsthatis basedon labelledstructuresand
exponentialgeneratingunctions.

We concludethis sectionwith a brief mentionof “circular words”. Let A beabinary
alphabetyviewed as comprisedof beadsof two distinct colours. The classN = ¢€{A}
representshe setof wordsto taken up to circular shift of their letters. Equivalently; with
A = {e,0}, theclassV describesnecklaces”(p. 3). The OGF of necklacess giventhe
cyle constructioroperator:

N(z) = Z@log L

1— 22k
= 2243224422462 +825+14264+20274+3628+602°+---.

Consequentlyonehas

(40) Nop==" p(k)2"/*.

kln

Thisis sequenc&lS A000031andonehasN,, = D,, + 1 whereD,, is thewheelcount,
p. 27.[The connectionis easilyexplainedcombinatorially:startfrom a wheelandrepaint
in white all the nodesthatarenot on the basiccircle; thenfold themontothecircle.] The
sameargumentprovesthatthe numberof necklaceoveranm-ary alphabets obtainedby
replacing2 by m in (40).

I. 5. Treesand tr ee-like structur es

This sectionis concernedwith basictree enumerations.Treesare, as we saw, the
prototypicalrecursve structure. There,recursie specificationsiormally leadto nonlin-
earequationgand systemsof suchequations)over generatingunctions. The Lagrange
inversiontheoremis usefulin solving the simplestcatayory of problems.The functional
equationsfurnishedby the symbolic methodare then corveniently exploited by the as-
ymptotictheoryof Chapter5. a certaintype of analyticbehaiour appeardo be universal
in trees,namelya , /—singularity;asa consequencemosttreesfamiliesoccurringin the

combinatoriaorld have countingsequencesbeying theasymptotidorm C' A™n—3/2,
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I. 5.1. Plane tr ees. Planetreesare also sometimesalled orderedtrees. There,the
subtreeslanglingfrom a nodeareorderedbetweernthemseles. Alternatively, thesetrees
may be viewed asabstracgraphstructuresaccompaniedy anembeddingnto the plane;
seeAPPENDIX: Treeconceptsp. 174 for key conceptsassociatedvith trees. They are
preciselydescribedin termsof unions, cartesianproducts,and sequenceonstructions.
Here,we restrictattentionto rootedtrees.

First,considettheclassg of “general”planetreeswhereall nodedegreesareallowed,;
it satisfiegherecursve specificationalreadydiscusseanp. 17,

(41) G =2 x6{g},
and,accordingly G(z) is determinedby
z 1—+/1-—4z
G(Z) = m, hence G(Z) = f

As aresult,the numberof generakreesof sizen is the CatalanrnumberC,,_:

G o_Ll(m=-2y_ 1 (m-1\_ (n-2)
"_n(n—l) _2n—1( n ) Conl(n—1)!

Many classe®f treesdefinedby all sortsof constrainton propertiesof nodesappear
to be of interestin combinatoricsandin relatedareaslike logic and computerscience.
Let ) be a subsetof the integersthat contains0. Define the class7* of Q-restricted
treesas formed of treessuchthat the outdegreesof nodesare constrainedo lie in .
Thus,for instance? = {0, 2} determinedinarytrees,whereeachnodehaseither0 or 2
descendants) = {0,1,2} and2 = {0, 3} determinerespectiely unary-binarytreesand
ternarytrees; the caseof generaltreescorrespondso Q@ = Zx>q. In whatfollows, an
essentiatdle is playedby the (ordinary)characteristiédunctionof 2, namely

o(u) = Z u®.

weR

It is in termsof this characteristidunction that 2-restrictedtreescan be enumerateds
shawn by thefollowing statement:

PROPOSITION |.4. Theordinary genesting function T%}(z) of the class 7 of -
restrictedtreesis determinedmplicitly by the equation

T(z) = 2 (T (2)),
whet ¢ is the ordinary characteristicof 2, namely¢(u) := Zweg u¥. Thetreecounts
are givenby

(42 79 = ["T%(n) = - [u" ()"

n

PrROOF. TheGF equatioris adirectconsequencef thespecificatior7*? = 26 {7}
andof the obvioustranslationof Q-restrictedsequences:

A=6o{B} = A(z) =¢(B(2)).
ThisshovsthatT = T is relatedto z by functionalinversion:
T
5T

z =
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TheLagrangdnversionTheorempreciselystateghatthe expansionof aninversefunction
(hereT') aredeterminedsimply by coeficientsof powersof the“direct” function (thatin-
volvesg): seeAPPENDIX: Lagrange Inversion p. 170. Thisis preciselywhatis expressed
by (42. a

The statementextendstrivially to the casewhere( is a multisetof integers,thatis,
a setof integerswith repetitionsallowed. For instance,Q? = {0,1,1,3} corresponds
to unary-ternarytreeswith two typesof unary nodes,say having one of two colours;
in this case,the characteristids ¢(u) = u® + 2u' + u®. The theoremgives backthe
enumeratiorof generaltrees,whereg(u) = (1 — u)~!, by way of the binomial theorem
appliedto (1 — «) ™. In generaljt impliesthat,wheneer Q2 comprises elements) =
{wi,...,w,}, the tree countsare expressedas an (r — 1)-fold summationof binomial
coeficients(usethe multinomial expansion).An importantspecialcasedetailedbelow is
when() hasonly two elements.

> 28.Forests. Considerrderedk-forestsof treesdefinedby F = &,{7 }. The Burmannform of
Lagrangenversionimplies

[")F(2) = ["T ()" =

S|

[ "] ()"

In particular onehasfor forestsof generatrees(¢(u) = (1 — u)~'):

[zn]<1—¢21—w>k=§<2n—k—1>;

n—1

the coeficientsarealsoknown as“ballot numbers”. <

EXAMPLE 8. “Regular” (t-ary) trees. A treeis saidto bet-regularor t-ary if Q2 consists
only of theelementd[0, t}. In otherwords,all internalnodeshave degreet exactly, hence
the name. Let A := 7%t} In anelementof A, a nodeis either terminal or it has
exactly ¢ children. In this case,the characteristids ¢(u) = 1 + »* andthe binomial
theoremcombinedwith the Lagrangenversionformulagives

1
An = =+t
1

— (,ﬁl> providedn = 1 mod t¢.
n\T

As theformulashaws, only treesof total sizeof theformn = tv + 1 exist (awell-known
factotherwiseeasilychecledby induction),and

1 tv+1 1 tv
(43) At”+1_tv+1< v >_(t—1)l/+1<y>'

A particularréle is playedby binarytrees.Thenaform equivalentto (43) reads:

Thenumberof planebinary treeshavinga total of 2v + 1 nodes(i.e., v binary
nodesandv + 1 externalnodes)s the CatalannumberC, = =5 (*).
In thisbook,we shalluseB to denotetheclassof binarytrees.Sizewill befreelymeasured,
dependingon context andcorveniencepy recordinginternal,external,or all nodes.
Thereis a variant of the determinationof (43) that avoids congruenceestrictions.
Let A be the classof t-ary treesand definethe classﬁ of “pruned” treesastreesof 4
deprivedof all their externalnodes. The treesin A now have nodesthatare of degreeat
mostt. In orderto make A bijectively equivalentto A , it sufficesto regardtreesof A

ashaving ( ) possibletypesof nodesof degreej for ary j € [0,¢]: eachnodetypein A
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s H0,

FIGURE 10. A generaltree of Gs; (left) anda binary tree of 7, {0 2}
(right) drawn uniformly at randomamongstthe C59 and Cas p033|ble

treesrespectiely, with C,, = -1+ (%) thenth Catalamumber

plainly encodesvhichof theoriginalt — j subtreehiave beerpruned.TheAequationsabO/e
immediatelygeneralizeto the caseof anQ2 with multiplicities. Onefinds¢(u) = (1 + u)?
andA(z) = z¢(A(z)), sothat,by Lagrangenversion,

~ 1/ tv
AV = - 3
v <1/ — 1)
yetanotherequialentform of (43), since,by basiccombinatorics A, = Atvya. a

D> 29.Motzkinnumbes. Let M (z) bethegeneratindunctionfor unary-binantrees(Q2 = {0, 1, 2}):

M(z) = 2(1+ M(2) + M(2)’) =  M(2) = 1—2—\/;—%7—3%_

OnehasM (z) = z+22+2 23 +4 2 +92°+21 26451 27 +- - - . ThecoeficientsM,, = [z"]M (z)

aregivenin Lagrangeform as
1 n\[n—k
M, = — ,
() 60)

andcalledMotzkin numberqgEIS A00100§. <

> 30. Yetanothervariant of t-ary trees.Let A betheclassof t-ary trees but with sizenow defined
asthe numberof externalnodeqleaves). Then,onehas

A=z +6,{A}.
Thebinomialformulafor A,, follows from Lagrangenversionappliedto A = z/(1 — A*™!). <

ExXAMPLE 9. Hipparchusof Rhodesand Sdrdder In 1870,the Germanmathematician
Ernst Schibder (1841-1902)publisheda paperentitled Vier combinatorisbe Probleme
The paperhadto do with the numberof termsthat canbe built out of n variablesusing
nonassociatie operationsin particular the secondf hisfour problemsasksfor thenum-
ber of ways a string of n identicalletters,say x, canbe “bracketted”. Therule is best
statedrecursvely: z itself is a braclkettingandif o1, 0, ..., 0 With k¥ > 2 arebracletted
expressionsthenthe k-ary product(c;)(o2) - - - (o) is abracletting.

Let S denotetheclassof all braclettings,wheresizeis thenumberof variables.Then,
therecursve definitionis readilytranslatednto the formal specification

(44) §=Z+65{S}, Z={z}.

To eachbracletting of sizen is associated tree whoseexternalnodescontainthe vari-
ablex (anddeterminesize),with internalnodescorrespondingo braclettingsandhaving
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FIGURE 11. An and-orpositive propositionof the conjunctive type
(top), its associatedree (middle), and an equialent planar series-
paralllelnetwork of the serialtype (bottom).

degreeatleast2 (while not contributing to size). The functionalequationsatisfiedby the
OGFis then

S(2)?
1-S5(2)°

This is not a priori of the type correspondingo Propositionl.4 becausenot all nodes
contribute to sizein this particularapplication. However, the quadraticequationinduced
by (45) canbe solved,giving

S = 7 (1+2-V1-6:+2)
= 2+2%+32°% + 112% +452° + 1972° + 90327 + 42792° + 2079327
+ 10304920 4 518859211 + - - -

(45) S(z)=z+

wherethe coeficientsare EIS A001003 (Thesenumbersalso countseries-parallehet-
works of a specifiedtype (e.g.,serialin Figure11, bottom),whereplacementn the plane
matters.)

In aninstructive paper Stanlgy [136] discusses pageof Plutarchs Moralia where
thereappearshefollowing statement:

“Chrysippussaysthatthe numberof compoundpropositionghatcan
be madefrom only ten simple propositionsexceedsa million. (Hip-
parchus,to be sure, refutedthis by shaving that on the affirmative
sidethereare103,049compoundstatementsandon the negative side
310,952)"

It is notablethat the tenth numberof Hipparchusof Rhodes (c. 190-12@®.C.) is pre-
cisely S1o = 103,049. Thisis, for instance the numberof logical formuleethat canbe
formedfrom ten booleanvariablesz,, ..., 219 (Usedonceeachandin this order)using

SThis was first obsered by David Houghin 1994; see[13€. In [75], Habsiger et al. further notethat
%(510 + S11) = 310, 954, andsuggesa relatedinterpretation(basedon negatedvariables)or the othercount
givenby Hipparchus.
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Treevariety 12345 6 7 8 ‘ n ‘ 400

Planegen. G =2 x6{G} |11 2 5 14 42 132 429| L(>*7) |~ 4"~ 1 /V/7n?
Planebin. 7 =2Z+62{T}|1 1 2 5 14 42 132 429 1 (") |~ 4" ! /V/7n?
Unord.gen. H=Z x M{H} |1 12 4 9 20 48 115 — |~ X-B"/n®?
Unod.bin. Y =Z+M{U4}|1 112 3 6 11 23 - A2 - B3 /n/?

FIGURE 12. Thenumberof rootedtreesof type plane/unorderednd
general/binarffor n = 1..8 andthe correspondingasymptoticforms
where) = 0.43992, 8 = 2.95576; A\ = 0.79160, B = 2.48325. For
binarytrees sizeis by corventionthe numberof externalnodes.

and-orconnectvesin alternation(no “negation”), uponstartingfrom thetop in somecon-
ventionalfashion(e.g,with anand-clause)seeFigure11°. Hipparchuswvasnaturallynot
cognizantof generatingfunctions,but with the technologyof the time (and a ratherre-
markablemind!), hewould still beableto discoverarecurrenceequivalentto (45),

(46) Sn=[[n22]]< 3 SmSM---Sn)—}-[[n:l]],

ni+-+ng=n

wherethe sumhasonly 42 essentiallydifferenttermsfor n = 10 (see[136 for a discus-
sion),andfinally determineSy,. O

> 31.TheLagrangeanform of Strdoder’s GF. Thegeneratindgunction S(z) admitstheform

S(2) = 9(S(z)) where ¢(y) = ;-

is the OGF of compositionsConsequentlyonehas

_ l n—1 1—u "
Sn = n[u ]<1—2u>

- BRI e)

3 l’i’(zn—k—2>(n—2>
T on n—1 k)
k=0

Is therea directcombinatoriakelationto compositions? <

> 32. Faster determinationof Sdrdder numbes. By forming a differential equationsatisfied
by S(z) andextractingcoeficients,oneobtainsarecurrence

(n + Z)Sn+2 — 3(2n =+ 1)Sn+1 + (n — 1)Sn = 0,

that entailsa fast determination(in linear time) of the S,,. In contrast,Hipparchuss recurrence
impliesanalgorithmof complecity V™) in thenumberof arithmeticoperationsnvolved. <

6Any functionalterm admitsa uniquetree representationHere, as soonasthe root type hasbeenfixed
(e.g.,an A connectre), the othersaredeterminedy level parity. The constraintof nodedegrees> 2 in thetree
meanghat no superfluousonnecties areused. Finally, ary monotonebooleanexpressioncanbe represented
by a series-parallehetwork: thez; areviewed asswitcheswith the true andfalsevaluesbeingassociateavith
closedandopencircuits, respectiely.
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I. 5.2. Nonplanetree. An unorderedtreg alsocallednonplanetree,is atreein the
generalgraph—theoretisensesothatthereis no orderdistinctionbetweersubtreesema-
natingfrom acommonnode.Theunorderedreesconsiderederearefurthermorerooted,
meaningthatoneof thenodess distinguishedastheroot. Accordingly, in thelanguageof
constructiblestructuresarootedunoreredtreeis arootnodelinkedto amultisetof trees.
Thus,the classH of all unorderedrees,admitstherecursve specification

H=ZxM{H},

whichtranslatesnto the functionalequation

H(z) = z2(1-27M1-2) -2
= zeXp(H(z)+%H(z2)+%H(z3)+.._)‘

Thefirstform is dueto Cayley in 1857[17, p. 43]; it doesnotadmitaclosedform solution,
thoughthe equationpermitsoneto determineall the H,, recurrently(EIS A000081)

H(2) =z + 2% +22° + 42" + 92° + 202° + 482" + 1152° + 2862° + 7192'0 + - - .

In addition, the local analysisof the singularitiesof H(z) (Chapter4) yields a bonafide
asymptoticexpansiorfor H,,, afactfirst discoveredby Polya[115 who provedthat

ﬂ’n
" n32’

for somepositive constants\ = 0.43992 andg = 2.95576.

(47) H, ~\

> 33. Fast determinationof the Cayley—Polya numbes. Logarithmicdifferentiationof the equa-
tion satisfiedby H(z) providesfor the H,, a recurrencehat permitsoneto computeH,, in time
polynomialin n. (Note: asimilar techniqueappliesto the partitionnumbersP,, ; seep. 23.) <

The enumeratiorof the classof treesdefinedby an arbitrary setQ of nodesdegree
immediatelyresultsfrom the translationof setsof fixed cardinality

ProPOSITION I.5. Let2 C N be a finite setof integers containing0. Definethe
“exponentialcharacteristic”

weQ

The OGF U(z) of nonplanetreeswith degreesconstainedto lie in Q satisfiesthe func-
tional equation

U(z) = 26(U(2)) + 28(U(2*), U(2°), ...,
for somepolynomial®.

ProoF. Theclassof treessatisfieghe combinatorialequation,

U= Z x Mo{UU} (zmg{u} =) zmw{L{}> ,
weR
where the multiset constructionreflectsnon-planarity since subtreesstemmingfrom a
nodecanbefreely rearrangedetweerthemselesandmay appearepeatedTheoreml.2
impliesthatthetranslatiorof 90, { A} is A(z)* / k! plusapolynomialformin { A(z*)},>o;
theresultfollows. O
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Oncemore, thereare no explicit formulae but only functional equationsimplicitly
determininghegeneratindunctions.However, aswe shallseein Chapter, theequations
maybeusedto analysehedominantsingularityof U (z). It is foundthata “universal’law
governsthesingularitiesof simpletreegeneratingunctionsthatareof thetype /1 — z/p,
correspondingo a generalsymptoticschemeseeFigure12),

(Ba)”

el

Many of thesequestionshave their origin in combinatoriakchemistry startingwith Cayley
in the 19th century[17, Ch. 4]. Polya reexaminedthesequestionsandin his important
paperpublishedin 1937113 he developedat the sametime a generaltheory of com-
binatorial enumerationsindergroup actionsand of asymptoticsmethodsgiving rise to
estimatedike (48). Seethe book by Harary and Palmer[76] for more on this topic or
Reads editionof Pblya’s paper{115.

> 34.Binary nonplanetrees.Unorderedbinary treeswith sizemeasuredby the numberof external

nodesaredescribedy the equatiorid = Z + M2 {U}. ThefunctionalequationdeterminingU (z)
is

1 1
(49) U(z) =z+ EU(Z)2+ EU(zz); U)=z24+2"+22+22" +32° +--- .

(48) UL ~ Ao

The asymptoticanalysisof the coeficients (EIS A00119Q was carriedout by Otter[111] who es-
tablishedan estimateof type (48). (The valuesof the constantaresummarizedn Figure12.) The
quantityU,, is alsothe numberof structurallydistinct productsof n elementaundera commutatve
nonassociate binary operation. <

> 35. Hierarchies. Definethe class/C of hierarchiego be treeswithout nodesof outdeyreel and
sizedeterminedby the numberof externalnodes. The corresponding@®GF satisfies(Cayley 1857,
seg[17, p.43])
1 1 1
K(2) = 32+ 5 [exp(K () + 3K(z) +--) =1
from which thefirst valuesarefound (EISA000669

K(z) =z+2"+22° + 52" +122° +332° + 902" + 2612° + 7662° + 23122'° + - -

Thesenumbersalsoenumeratéopologicallyequivalentseries-parallehetworks (with no planeem-
beddingimposed)aswell ashierarchiedn statisticalclassificatiortheory[142. They arethe non-
planaranalogue®f the Hipparchus—Scladers numbersonp. 43.

I. 5.3. Treerelatedconstructions. Treesunderlierecursve structureof all sorts.A

first illustrationis provided by the fact that the Catalannumbers,C,, = —3- (*") count

generalrees(G) of sizen + 1, binarytrees(B) of sizen (if sizeis definedagﬁenumberof
internalnodes)aswell astriangulationg7") comprisedf n triangles.Thecombinatorial-
ist JohnRiordanevencoinedthename‘Catalandomain”for theareawithin combinatorics
thatdealswith objectsenumeratethy CatalamumbersandStanlg’sbookcontainsanex-
ercisg[137, Ex. 6.19]whosestatemenélonespandenfull pageswith alists of 66 typesof
objects(!) belongingto the Catalandomain. We shallillustratethe importanceof Catalan
numbersby describinga few fundamentaktorrespondencease “explain” the occurrence
of Catalamumbersn relationto thealreadyencounteredlasses;, B, 7T .

ThecombinatoriaisomorphisnrelatingG andB (albeitwith ashiftin size)coincides
with a classicatechniqueof computerscienceg 85, Sec.2.3.2]. To wit, ageneralkreecan
berepresentedh sucha way that every nodehastwo typesof links, onepointing to the
leftmostchild, the otherto thenext siblingin left-to-right order Underthis representation,
if theroot of thegeneralreeis left aside thenevery nodeis linkedto two other(possibly
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empty)subtreesin otherwords,generatreeswith n nodesareequinumerousvith pruned
binarytreeswith n — 1 nodes:

gn = Bn—l-

Graphically thisis illustratedasfollows:

A

The rightmosttreeis a binary treedrawvn in a corventionalmanney following a 45° tilt.
Thisjustifiesthe nameof “rotation correspondencesftengivento this transformation.

The relation betwenbinary treesB8 and triangulationsT is equally simple: drav a
triangulation; definethe root triangle as the one that containsthe edgeconnectingtwo
designatedrertices(for instance,the verticesnumbered0 and 1); associateo the root
triangletheroot of a binarytree;next, associateecursvely to the subtriangulatioron the
left of theroot trianglealeft subtreedo similarly for theright subtriangulatiomiving rise
to aright subtree.

Underthis correspondencetee nodescorrespondo trianglefaces while edgesconnect
adjacentriangles.Whatthis correspondencprovesis the combinatoriaisomorphism

Tn = By

We turn next to differenttypesof objectsthatarein correspondenceith trees.These
canbeinterpretedaswordsencodingtreetraversals andinterpretdgeometricallyaspaths
in thediscreteplaneZ x Z.

ExaMPLE 10. Treecodesand tukasiaviczwords Any tree canbe traversedstarting
from theroot, proceedinglepth-first(andleft-to-right), andbacktrackingupwardsoncea
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subtreehasbeencompletelytraversed.For instancejn thetree

(50) T=

thefirst visits to nodestake placein the following order
a’ b7 d7 h) e’ f7 c’ g’ 7;7 j N

(Note:thetagsa, b, . . . addedor corveniencen orderto distinguishnodeshave no special
meaning;only the abstractree shapemattershere.) This orderis known as preorder or
prefixorder sincea nodeis preferentiallyvisited beforeits children.

Givenatree,thelisting of the outdegreesof nodesin prefix orderwill be calledthe
preorderdegreesequencekor thetreeof (50), thisis

0=(2,3,1,0,0,0,1,2,0,0).

It is afactthatthe degreesequenceletermineghe treeunambiguouslylndeed giventhe
degreesequencethetreeis reconstructedtepby step,addingnodesoneafterthe otherat
theleftmostavailableplace.For o, thefirst stepsarethen

Next, if onerepresentslegree;j by a “symbol” f;, thenthe degreesequencdecomesa
word overtheinfinite alphabetF = { fo, f1, ...}, for instance,

o~ fafsfifofofofifafofo.

This can be interpretedin logical languagea denotationfor a functional term built out
symbolsfrom F, where f; represents “function” of degree;j. The correspondenceven
becomeshviousif superfluouparentheseare addedat appropriateplaceto delimitate
scope:

o~ fa(fs(f1(fo), fo, fo), f1(f2(fo, fo)))-

Suchcodesare known astukasiavicz code$, in recognitionof the work of the Polish
logicianwith thatname.Jantukasiaevicz (1878-1956)ntroducedthemin orderto com-
pletely specifythe syntaxof termsin variouslogical calculi; they prove nowadaysbasicin
thedevelopmenbf parsersandcompilersin computerscience.

A lessdignified nameis “Polish prefix notation”. The “reversePolish notation” is a variantbasedon
postordethathasbeenusedin calculatorssincethe 19705.
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Finally, atreecodecanberenderedisawalk overthediscretdattice Z x Z. Associate
to ary f; (i.e.,ary nodeof outdeyreeyj) thedisplacementl, j — 1) € Z x Z, andplot the
sequencef movesstartingfrom the origin. Ontheexampleonefinds:

fo fs i fo fo fo fr f2 fo fo
1 2 0 -1 -1 -1 0 1 -1 -1

There,thelastline representshe vertical displacementsThe resultingpathsareknown
ast.ukasiavicz paths. Sucha walk is thencharacterizedby two conditions: the vertical
displacementsirein theset{—1,0,1,2,...}; all theits points, exceptfor the very last
step,arealwaysin the upperhalf-plane.

By this correspondencehe numberof tukasiavicz pathswith n stepsis the shifted
Catalamumber £ (>, O

n—1
> 36. Conjugacyprinciple andcyclelemma. Let £ bethe classof all tukasievicz paths.Define
a “relaxed” pathas onethat startsat level 0, endsat level —1 but is otherwiseallowed arbitrary
negative steps;let M be the correspondinglass. Then, eachrelaxed path canbe cut-and-pasted
uniquelyafterits leftmostminimumasdescribechere:

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

This associateso every relaxed path of lengthv a uniquestandardpath. A bit of combinatorial
reasoningshavs that correspondencis 1-to~ (eachelementof £ hasexactly v preimages.)One
thushasM, = vL,. This correspondencpreseresthe numberof stepsof eachtype (fo, fi,-..),
sothatthe numberof Lukasievicz with v; stepsof type f; is

1. 1 0w _ 1 v
—[z 1uooull---](ac luo+m+mu2+x2u3+---)u=—( ),
v vV \Vo,Vi,...

underthenecessargondition(—1)vo + Ov1 + 1va +2v3 + -+ - = —1.

This combinatorialway of obtainingrefinedCatalanstatisticsis known asthe “conjugag prin-
ciple” [119 orthe“cyclelemma”[40]. Rang hasderivedfrom it apurelycombinatoriaproofof the
Lagranganversionformula[119 while Dvoretzky & Motzkin [40] have emplo/edthistechniqueo
solve anumberof countingproblemsrelatedto circulararrangements. <

ExamPLE 11. BinarytreecodesandDyck paths Walksassociatewvith binarytreeshave

avery specialform sincethe vertical displacementsanonly be +1 or —1. Theresulting
pathsof Lukasiavicz type arethen equivalently characterizedis sequencesf numbers
z = (xg,Z1,---,%Tan, T2ns1) Satisfyingtheconditions

(51) zo = 0; T >0 for1 SJ < 2n; |§L‘j+1 - $j| =1; Topnt1 = —1.
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Thesecoincidewith “gamblerruin sequences’afamiliar objectfrom probabilitytheory:a
playerplaysheadandtails. He startswith no capital(z, = 0) attime 0; histotal gainis z;
attime j; heis allowedno credit(z; > 0) andlosesatthevery endof thegameza, 41 =
—1; hisgainsare+1 dependingn the outcomeof thecointosseg|z;1 — z;| = 1).

It is customaryto dropthefinal stepandconsider‘excursions’thattake placein the
upperhalf-plane. The resultingobjectsdefinedassequenceézy = 0,z1, ..., 22, = 0)
satisfyingthefirst threeconditionsof (51) areknown in combinatoricsasDydck path$. By
constructionPyck pathsof length2n correspondijectively to binarytreeswith n internal
nodesandareconsequentlgnumeratedy Catalannumbers.Let D be the combinatorial
classof Dyck pathswith sizedefinedaslength. This propertycanalsobechecleddirectly:
thequadraticdecomposition
(52)

D = {e+(/D\)xD
inducesfor the OGF of Dyck pathsthe quadraticequation
D(z) =1+ (2D(2)z) D(2),

from which the CatalanGF results,and D,, = 2= (%), asexpected. The decomposi-
tion (52) is known asthe “first passagetecompositiorasit is basedon thefirst time the
cumulatedyainsin the coin-tossinggamepassthroughthevaluezero.

Dyck pathsalsoarisein connectionwill well-parenthetizedxpressions.Theseare
recognizedby keepinga counterthat recordsat eachstagethe excessof the numberof
openingbraclets’ (' over closingbraclets')’. Finally, oneof the origins of Dyck pathis
thefamous'ballot problem”,which goesbackto thenineteenttcentury[99): therearetwo
candidatesi and B thatstandfor election,2n voters,andthe electioneventuallyresultsin
atie; whatis the probabilitythat A is alwaysaheadbf or tied with B whenthe ballotsare
counted?Theanswelis

Ds, 1

(M) n+1
sincethereare (277) possibilitiesin total, of whichthe numberof favorablecasess D-,,, a
Catalanmnumber Thecentralrdle of Dyck pathsandCatalannumbersn problemscoming
from suchdiverseareasof sciencds quiteremarkable. O

> 37.Dyck pathsandgenegl trees.Theclassof Dyck pathsadmitsanalternatve sequencelecom-
position

- s ab . e LA

D=6{ZxDx Z},

8Dyck pathsare closely associatedvith free groupson one generatorand are namedafter the German
mathematiciaWalther(von) Dyck (1856—-1934Wwho introducedfree groupsaround1880.
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which againleadsto the CatalanGF. Thedecompositior{53)is known asthe“arch decomposition”.
It canalsobedirectly relatedto traversalsequencesf generalkrees but with the directionsof edge
traversalsbeingrecordedinsteadof traversalshasedn nodedegrees). <

> 38. Randomgeneation of Dyck paths. Dyck pathsof length2n canbe generatediniformly at
randomin time linearin n. (Hint: By the conjugag principle of Ex. 36, it suficesto generate
uniformly asequencef n a’sandn + 1 b's,thenreoilganizeit accordingo theconjugag principle.

> 39.Motzkinpathsandunary-binarytrees.Motzkin pathsaredefinedby changinghethird condi-
tion of (51) definingDyck pathsinto |z;+1 — z;| < 1. They appeaascodesfor unary-binarytrees
andareenumeratedby the Motzkin numbersof Ex. 29. <

ExaMPLE 12. Thecompleity of booleanfunctions. Compleity theoryprovidesmary
surprisingapplicationsof enumeratie combinatoricendasymptoticestimatesin general,
onestartswith afinite setof mathematicabbjects2 anda combinatorialclassD of “de-
scriptions”. By assumptionto every objectof 6 € D is associatednelementu(d) € Q,
its “meaning”; corverselyary objectof 2 admitsat leastone descriptionin D, thatis,
the function p is surjective. It is then of interestto quantify propertiesof the shortest
descriptionfunctiondefinedfor w € 2 as

o(w) := min {|6|p | p(d) =w},
andcalledthe“complexity” of elementof Q (with respecto D).

Wetake here2 to betheclassof all boolearfunctionsonm variables Theirnumbeiis
|Q] = 22". As descriptionsye adopttheclassof logical expressionsgnvolving thelogical
connectvesVv, A andpureor negatedvariables.Equivalently, D is theclassof binarytrees,
whereinternalnodesaretaggedby a logical disjunction(‘ v’) or aconjunction(*A’); each
externalnodeis taggedby eithera boolearvariableof {z1, ..., z,,} or anegatedvariable
of {—z1,...,-z,,}. Definethesizeof atreedescriptionasthe numberof internalnodes,
thatis, thenumberof logical operatorsThen,onehas

(54 Da= (i () -2 o,

asseenby countingtreeshapesndpossibilitiesfor internalaswell asexternalnodetags.
Thecrux of the matteris thatif theinequality

(55) > D, <],
j=0

holds,thentherearenotenoughdescription®f size< v to exhaust2. In otherterms,there
mustexist at leastoneobjectin 2 whosecomplexity exceeds. If theleft sideof (55) is
muchsmallerthantheright side,then,it mustevenbethecasethat“most” Q2-objectshave
acompleity thatexceeds.

In the caseof booleanfunctionsand tree descriptionsthe asymptoticform (12) is
available. Thereresultsfrom (54) that,for n, v gettinglarge,onehas

D, =0(16"m™n~%?), " D; =0(16"m"v=3/?).
7=0
Choosev suchthatthe secondexpressioris o(|€2|). Thisis ensuredor instanceby taking
for v thevalue

2m
v(m) = log, m’
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asverified by a simple asymptoticcalculation. With this choice,one hasthe following
suggestie statement:

A fractiontendingto 1 (asm — oo) of booleanfunctionsin m vari-
ableshavetreecompleity at least2™ / log, m.

Regardingupperboundson boolearfunctioncompleity, afunctionalwayshasatree
compleity thatis atmost2™+! — 3. To seeit, notethatfor m = 1, the4 functionsare

0= (SL'l A —|£E1), 1= (331 \Y —|ZL'1), X1, .

Next, a functionof m variablesis representablby a techniqueknown asthe binary deci-
siontree(BDT),

f@y, o Zm1,%m) = (2 A f(21, -, Zm-1,0)) V (@m A f(21,.. ., Tm-1,1)),
which provides the basisof the induction asit reducesthe representatiorof an m-ary
functionto the representationf two (m — 1)-ary functions,consumingon the way three
logical connectves.

Altogether basiccountingargumentshave shovn that“most” booleanfunctionshave
atree-complgity thatis “close” to themaximumpossiblenamely O(2™). A similarresult
hasbeenestablishedy Shannorfor the measurecalled circuit compleity: circuits are
morepowerful thantrees but Shannorsresultstateghatalmostall booleanfunctionsof m
variableshavecircuit compleity O(2™/m). See[143, especiallythe chapterby Li and
Vitaryi, for adiscussiorof suchcountingtechniqueswvithin the framework of complexity
theory O

We finally concludewith a vastgeneralizatiorof the previousexamples.

DEFINITION 1.9. A classT of treesis said to be a context-free variety of treesif it
coincideswith thefirstcomponenof a systenof equationy7 = S;) of arecursivesystem

81 = @1(2,31,...,8,«)
(56)
S = (I)T(Zasla"'asr))

where eat ®; is a constructorthatinvolvesonly the operationsof combinatorialsum(+)
and cartesianproduct(x).

A combinatorialclassC is saidto be contet-freeif it is combinatoriallyisomorphic
to a contet-freevarietyof trees:C = 7.

Theclasse®f generalkrees(G) andbinarytrees(B) arecontext-freevarietiesof trees
sincethey arespecifiableas

g = ZxF
F {e} + (G x F)

(F designatesrderedforestsof generaltrees.) The ukasievicz languageandthe setof
Dyck pathsarecontext-free classesincethey arebijectively equivalentto G and7 .

Thisterminologyis anextensionof the concepbf contet-freelanguagen thetheory
of formal languagesthere,one definesa context-free languageas the languageformed
with words that are obtainedas sequencesf leaf tags(readin left-to-right order) of a
contet-free variety of trees. In formal linguistics, the one-to-oneanappingbetweentrees
andwordsis not generallyimposedwhenit is satisfied the context-freelanguages said
to beunambiguoussincewordsandtreesdetermineeachotheruniquely

B=Z+ (B xDB).
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An immediateconsequencef admissibilitytheoremss thefollowing propositiornfirst
encounteredby Chomsly andSchitzenbeger[26] in the courseof their researchrelating
formal languagesndformal power series:

PROPOSITION |.6. A combinatorialclassC thatis context-freeadmitsan OGF thatis
analgebraidunction. In otherwords,there existsa bivariatepolynomialP(z,y) € Clz, y]
sud that

P(z,C(2)) =0.

PROOF. Thecontet-freesystem(56) translatesnto a system

Sl(z) = lel(Z,Sl(Z), .. .,ST(Z))

Sr(z) = P.(z,51(2),...,5-(2)),

wherethe ¥ ; arepolynomials.This follows by the basicsumandproductrules.

It is thenwell-known that algebraiceliminationis possiblein polynomialssystems.
here, it is possibleto eliminatethe auxiliary variablesSs, ..., S, oneby one, preserv-
ing the polynomial characteiof the systemat eachstage. The endresultis thena single
polynomialequationsatisfiedby C(z) = S1(2).

Methodsfor performingpolynomialeliminationarewell-known in algebra:onemay
appeato arepeatediseof resultant§94] or to Groebnebasisalgorithms.SeelLang'sclas-
sictreatiseon algebrafor resultant§95, V.§10] andthe excellentintroductionto Groebner
basegrovidedby Cox, Little, andO’Sheain [31]. |

Propositionl. 5.3 justifies the importanceof algebraicfunctionsin enumeratie the-
ory andit will be put to usein later chaptersof this book. It constitutesa counterpart
of Propositionl.3 which assertg¢hat rational generatingfunctionsarisefrom finite state
devices.

I. 6. Additional constructions

This sectionis devotedto the presentatiomf two typesof mechanismsghatenrichthe
frameawork of constructionsthe constructionof pointing andsubstitution aswell asthe
useof implicit combinatoriadefinitions,

I. 6.1. Pointing and substitution. Two moreconstructionspamelypointingandsub-
stitution,translateagreeablynto generatingunctions.Combinatoriaktructuregreviewed
hereasformedof “atoms” (wordsarecomposeaf letters,graphsof nodesgetc)which de-
terminetheir sizes. In this context, pointing means‘pointing at a distinguishedatom”;
substitutionwritten 3 o C or B[C], means'substituteelementsf C for atomsof B”.

DEFINITION |.10. Let{es, €2, ...} bea fixedcollectionof distinctneutral objectsof
size0. Thepointingof a classB, noted A = ©8, is formally definedby

OB:=> By x{e,...,en}.
n>0
Thesubstitutionof C into B (also knownas compositionof B and (), notedB o C or
B[C], is formally definedas

BoC=B[C]:=)_ B x6{C}

k>0
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If B, isthenumberof B structuref sizen, thennB,, canbeinterpretedascounting
pointedstructureswhere one of the n atomscomposinga B-structurehasbeendistin-
guished(hereby a special‘pointer” of size0 attachedo it). Elementsf B o C mayalso
be viewed asobtainedby selectingin all possiblewaysan element3 € B andreplacing
eachof its atomsby anarbitraryelementof C.

The interpretationsabove rely (silently) on the fact that atomsin an object canbe
eventuallydistinguishedrom eachother This canbe obtainedby “canonicalizing® the
representationsf objects:first defineinductively the lexicographicorderingfor products
and sequencesnext represenpowersetsand multisetsasincreasingsequencesvith the
inducedlexicographicordering(morecomplicatedrulescanalsocanonicalizecycles). In
thisway, any constructibleobjectadmitsaunique“rigid” representatiom whicheachpar
ticularatomis determinedy its place.Sucha canonicalizationthusreconcilegheabstract
definition, Definition 1.10, andtheintuitive interpretatiorof pointingandsubstitution.

THEOREM 1.3 (Pointingandsubstitution) Theconstructionsof pointing and substi-
tutionare admissiblé®:

A=0B = A(z)=20.B() aﬁzé
A=BoC = A(z)=B(C(?))
PrRoOOF. By thedefinitionof pointing,onehas
A, =n-B, and  A(z) = zdizB(z)

Fromthe definitionof substitution,4 = B[C] implies, by the sumandproductrules,

A(2) =) Bi - (C(2))* = B(C(2)),

k>0

andthe proofis completed. O

> 40. Combinatoricsof derivatives.The combinatorialoperationD of “eraserpointing” pointsto
anatomin anobjectandreplacest by a neutralobject,otherwisepreservinghe overall structureof
theobject. Thetranslationof D on OGFsis thensimply 0 = 9,. Classicaldentitiesof analysishen
receve simplecombinatoriainterpretationsfor instance,

0(A x B) = (A x 0B) + (0A) x B);

Leibniz's identity, 0™ (f - g) = >=; (’;?)((W'f) - (@™~ g), alsofollows from basiccombinatorics.
Similarly, for the“chainrule” d(f o g) = ((8f) o g) - 9. <

As an exampleof pointing, considerthe classP of all permutationsvritten aswords
overintegersstartingfrom 1. Onecango from apermutatiorof sizen — 1 to apermutation
of sizen by selectinga “gap” andinsertingthe valuen. Whenthisis donein all possible
ways,it givesriseto thecombinatoriarelation

P=E+0O(ZxP), E={e

9Suchcanonicalizationechniquesadsoserveto developfastalgorithmsfor the exhaustve listing of objects
of a givensizeaswell asfor the rangeof problemsknown as“ranking” and“unranking”, with implicationsin
fastrandomgenerationSeee.g.,[103 109,157 for thegeneratheoryaswell as[118 157 for particularcases
like necklacesndtrees.

19n this book, we borraw from differential algebrathe convenient notation 9, := % to represent
derivatives.
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andto the correspondingrdinarydifferentialequationfor the OGK
P() =1+ 7 (2P(2))

whoseformal solutionis P(z) = 3, ., n!z™.

As an example of substitution,considerthe classB of (planerooted)binary trees,
whereall nodescontribute to size. If at eachnodethereis substituteda linear chain of
nodeglinkedby edgegplacedon top of thenode) oneformsanelemenbf the classM of
unary-binarytrees;in symbols:

1—2

M=Bo&{2Z} and M(z):B( z )

Thusfrom theknown OGFE, B(z) = (1 — /1 — 422)/(2%), onederives

M(z) = 1—/1-422(1—2)2 1-2—-+v1-22-322
B 2z(1—2)~1t B 2z ’

which matcheghedirectderivationon p. 43 (Motzkin numbers).

I. 6.2. Implicit structures. Thereare mary casesvherea combinatorialclassX is
determinecby arelation A = B + X, where4 andB areknown. In termsof generating
functions,onehasA(z) = B(z) + X (z), sothat

A=B+X = X(z)=A(2)—- B(z).

For instance the autocorrelatiortechniqueof Sectionl. 4.2 makesit possibleto describe
theclassS of all wordsin W thatdo not containa givenpatternp, whereaghelanguageof
wordscontainingthepatternis determinedsthesolutionin X of theequationV = S+ X’;
seep. 36. Similarly, for productspasicalgebragives

A(z)

B(z)

Herearethe correspondingolutionsfor two of the compositeconstructions.

THEOREM |.4 (Implicit specifications) The generting functionsassociatedo the
implicit equationsn X

A=6{x}, A=m{Xx}
arerespectively
X@) =1- 55 X6 = M oA,
E>1

whete u(k) is theMoebiusfunction.

PROOF. For sequencesherelationA(z) = (1 — X(z))~! is readily inverted. For
multisets startfrom thefundamentatelationof Theoreml.1 andtake logarithms:

log(A(=) = Y 2 X ().
k=1

Let L = log A andL,, = [¢"]L(z). Onehas
nL, =Y (dXa),
d|n
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to which it sufficesto apply Moebiusinversion;seeAPPENDIX: Arithmeticalfunctions
p.165. d

EXAMPLE 13. IndecomposablpermutationsA permutationr = o; - - - o, (Writtenhere
asaword of distinctletters)is saidto be decomposabld, for somek < n, 01 ---or isa

permutatiorof {o1, ..., 0}, i.e, astrict prefix of the permutatioris itself a permutation.
Any permutationdecomposesiniquelyasa catenatiorof indecomposabl@ermutations;
for instancehereis thedecompositiorof 0 = 25413687109:

=

10 /1 1O
9 [)
8

7 N L/
6 ® |
SAZOERN

4 (]

3 (]

2@

1[N

12345678910
o=[25413][6][87109]
ThustheclassP of all permutationsandthe classZ of indecomposablenesarerelatedby
P =6{7}.
This determined (z) implicitly, andTheoreml.4 gives:

1
I(z)=1- 0 where P(z) = Zn!z”.
n>1
This exampleillustratestheimplicit structureheorembput alsothe possibility of bona
fide algebraiccalculationswith power seriesevenin casesvherethey aredivergent(Ap-
PENDIX: Formal powerseries p. 169). Onefinds

I(2) =2+ 2> +322 +132" + 7125 + 46128 + 4344727 + .- |
wherethe coeficientsareEISA003319and

Li=nl— > (ulm)+ > (mnang!) —--
ny+ng=n ni+ng+ng=n
nyi,mg>1 ny,mg,ng>1
From there, simple majorizationsof the termsimply that I,, ~ n!, so that almostall
permutationsare indecomposabtesee[28, p. 262]. d

> 41.2-dimensionailvanderings A drunkardstartsfrom the origin in theZ x Z planeand,ateach
secondhe makesa stepin eitherone of the four directions,NW, NE, SW, SE. The stepsarethus
o5, \« Considerthe classt of “primitive loops” definedaswalks that startandendat the
origin, but do not otherwisetouchtheorigin. The GF of L is (EISA002899

1
Sz () e
(Hint: awalk is determinedby its projectionson the horizontaland vertical axes; 1-dimensional
walksthatreturnto theorigin in 2n stepsareenumeratedby (2:).) In particular[z"]L(z/4) is the
probabilitythatthe randomwalk first returnsto the origin in n steps.

Suchproblemdargely originatewith Polyaandtheimplicit structuretechniqueabove wasmost
likely known to him [114]. See[24] for similar multidimensionakxtensions. <

L(z)=1- =422 49202 +1762° + 187628 +--- .
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ExamMPLE 14. Irreduciblepolynomialsover finite fields. Objectsapparently“non—
combinatorial”’cansometimese enumeratedy symbolicmethods.Hereis anindirect
constructiorrelative to polynomialsover finite fields. We fix a prime numberp andcon-
siderthebasefield F,, of integerstakenmodulop. The polynomialring F, [X] is thering
of polynomialsin X with coeficientstakenin F,. For all practicalpurposespne may
restrictattentionto polynomialsthataremonic, thatis, whoseleadingcoeficientis 1.
First,let P bethe classof all monic polynomialswith the sizeof a polynomialbeing
its degree.Sinceamonicpolynomialof degreen is describedy a choiceof n coeficients,

onehas )

P=6{F,} and P(z)=;—— ey Py =p".
A polynomialis saidto beirreducibleif it doesnot decomposeasa productof two poly-
nomialsof smallerdegrees.By uniquefactorization,eachmonic polynomialdecomposes
uniquelyinto aproduct(with repetitionseingpossible)of monicirreduciblepolynomials.

For instancepverFs, onehas
X4 x4 1=(X+1)*(X 42X +2X2+1).
Let I bethesetof monicirreduciblepolynomials.The combinatoriaisomorphism
P M7}

expressegreciselytheuniquefactorizatiorproperty Thus,theirreduciblesaredetermined
implicitly from theclassof all polynomialswhoseOGFis known. Theorem.4 impliesthe
identity

I(z):Z@log L

1—pzk’
E>1 bz

and,uponextractingcoeficients,

1
In=—3 .
k|n

In particular I,, is asymptoticto p™/n. This estimateconstituteshe densitytheoremfor
irreduciblepolynomials:

Thefractionofirreduciblepolynomialsamongsall polynomialsof degreen over

thefinite field F,, is asymptotico L.
This propertyis analogougo the Prime Number Theoremof numbertheory (which is
technicallymuchharder[32]), after which the proportionof prime numbersin theinter
val [1,n] is asymptoticto @. (The derivation above is in essencalueto Gaul3. See
Knopfmachersbook[83] for anabstractiscussiorof statisticalpropertiesof arithmetical
semigroups.) a
> 42. Squae-freepolynomials.Let @ bethe classof monic square-fregoolynomials(i.e., polyno-
mials not divisible by the squareof a polynomial). Onehasby “Vallées identity” (p. 14) Q(z) =
P(2)/P(2?), hence

Qu=p"—-p"""  (n21).

Berlekamps book[14] discussesuchfactstogethemwith relationsto errorcorrectingcodes. <

> 43.Balancedrees.TheclassO of balanced-3 treesis a familiar datastructure[86], definedas
(rootedplanar)treeswhoseinternalnodeshave degree2 or 3 andsuchthatall leavesareatthe same
distancefrom the root. Only leavescontriltute to size. Balancedtreessatisfy animplicit equation
basedn combinatoriakubstitution:

O=Z+0[(ExZ2)+(ExZxZ)], O0z)=z+0(0"+7%.
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Odlyzko [110 hasdeterminedhe growth of O,, (it is like ¢™ /n, wherep = (1 + v/5)/2 is the
goldenratio, but involvessubtlefluctuations). <

I. 7. Notes

Thereareseverallessongo belearntfrom the useshatwe have surneyedof symbolic
combinatorics.

First, for agivenclassof problemssymbolicmethoddeadto a unifiedtreatmenthat
revealsa naturalclassof functionsin which generatingunctionslie. Thusdenumerants
with a finite setof coin denominationglwaysleadto rationalgeneratingunctionswith
poleson the unit circle. Suchan obsenationis usefulsincethena commonstratey for
coeficient extractioncanbe applied,in sucha case basedon partial fraction expansion.
In the samevein, the run statisticsconstitutea particularcaseof the generaltheoremof
Chomsly and ScHitzenbegerto the effect that the generatingunction of a regular lan-
guageis necessarilya rationalfunction. Theoremf this sortestablisha bridge between
combinatoriabnalysisandspeciafunctions.Theexampleof countingsetpartitionsshowns
that applicationof the symbolicmethodmay requirefinding an adequateresentatiorof
the combinatorialstructurego be counted.In this way, bijective combinatoricentersthe
gamein anontrivial fashion.

Secondpurintroductoryexamplesof compositionsandpartitionscorrespondo classes
of combinatorialstructureswith explicit “iterative” definitions, a factleadingin turn to
explicit generatingunctionexpressionsThetreeexamplesthenintroducerecussivelyde-
finedstructures.In that case therecursve definition translatesnto a functionalequation
thatonly determineghe generatingunctionimplicitly. In simplersituations(like binary
or generaltrees),the equationcanbe solved and explicit countingresultsstill follow. In
othercaseglik e non-planatrees)onecanusuallyproceedvith comple< asymptoticanal-
ysisdirectly from thefunctionalequatiorandobtainvery preciseasymptotiestimatessee
ChapterdV andV.

Modernpresentationef combinatorialanalysisappearin the booksof Comtet[28]
(abeautifulbooklargely exampledriven), Stanley [135 137] (arich setwith analgebraic
orientation),and Wilf [153 (generatingunctionsoriented). An elementarybut insight-
ful presentatiorof the basictechniquesappearsn Graham Knuth, and Patashniks clas-
sic [71], a popularbookwith a highly original design. An eng/clopedicreferencess the
bookof Jacksor& Goulden[68] whosedescriptve approachvery muchparallelsours.

The sourcesof the modernapproacheso combinatorialanalysisare hard to trace
sincethey areusually basedon earliertraditionsandinformally statedmechanismshat
werewell masteredy practicingcombinatorialanalysts.(Seefor instanceMacMahons
book [101] CombinatoryAnalysisfirst publishedin 1917, the introductionof denumer
ant generatingfunctionsby Pblya as exposedin [116], or the “domino theory” in [71,
Sec.7.1].) Onesourcein recenttimesis the Chomsk—Schitzenbeger theory of for-
mal languagesand enumeration$26]. Rota[127 and Stanle [134, 137] developedan
approachwhich is largely basedon partially orderedsets. Benderand Goldmandevel-
opedatheoryof “prefabs”’[11] whosepurposesresimilar to thetheorydevelopedhere.
Joyal [79] proposedan especiallyelegant framework, the “theory of species”,that ad-
dresse$oundationaissuesn combinatoriatheoryandconstituteghe startingpoint of the
superbexpositionby Bergeron,Labelle,andLeroux[13]. Parallel (but independentyle-
velopmentdy the“RussianSchool” arenicely synthetizedn thebooksby Sachlov [124,
1245.
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Oneof thereasondgor therevival of interestin combinatorialenumerationandprop-
ertiesof randomstructuress theanalysisof algorithms asubjectfoundedin moderntimes
by Knuth[87]. Thesymbolicideasexposedherehave beenappliedto theanalysisof algo-
rithmsin suneys[46, 147 andarefurtherexposedn ourbook[130. Flajolet, Salvy, and
Zimmermanr56] have shovn how to usethemin orderto automatehe analysisof some
well characterizedlasse®f combinatoriaktructures.



CHAPTER I

Labelled Structur esand
Exponential Generating Functions

Cetteapprocheévacuepratiquementouslescalculs.
— DOMINIQUE FOATA &
MARCEL P. SCHUTZENBERGER [64]

Marny objectsof classicakbombinatoricpresenthemselesnaturallyaslabelledstructures
where“atoms” of an object(typically nodesin a graphor a tree)beardistinctive integer

labels. For instancethe cycle decompositiorof a permutatiorrepresentshe permutation
asanunorderectollectionof circulargraphsvhosenodesarelabelledby integers.

Commonlyencountereatlassesof labelledobjectsare permutationsset partitions,
labelledgraphsandlabelledtrees graphsandmappingsof afinite setinto itself, aswell as
structureselatedto occupanyg problems.

Operationn labelledstructuresarebasedon a specialproduct,the labelledproduct
that distributeslabelsbetweencomponents.This operationis a naturalanalogueof the
cartesiarproductfor plain unlabelledobjectsThelabelledproductin turnleadsto labelled
analogue®f the sequenceset,andcycle constructions.

Thelabelledconstructiondranslateover exponentialgeneratingunctions. Thetrans-
lation schemesreanalytically simplerthanin the unlabelledcaseconsideredn the pre-
vious chapter Labelledconstruction®nableus to take into accountstructureghatarein
mary wayscombinatoriallyricher, in particularasregardsorderpropertiesThey therefore
constitutea facetwith powerful descriptve powersof the symbolic methodfor combina-
torial enumeration.

II. 1. Labelled classesand labelled product

Throughoutthis chapter we considercombinatorial classesas broadly definedin
Chapterl: we deal exclusively with finite objects;a combinatorialclassis a setof ob-
jects,with a notion of size attachedso that the numberof objectsof eachsizeis finite.
However, theobjectsarenow labelledin thesensahateach‘atom” carrieswith it aninte-
gerlabelandall thelabelsoccurringin anobjectaredistinct. Preciselya weaklylabelled
objectof sizen bearsn distinctlabelsthatareintegersin Z . An objectof sizen is said
to be(stronglyor well) labelledif it is is weaklylabelledandits collectionof labelsis the
consecutieintegerinterval [1 . . n]. For alabelledclassthesizefunctionis systematically
definedasthe numberof labelsthatthe objectcontains.

As anexample,consideitheclassg of labelledgraphs.An elements by definitionan
undirectedyraphsuchthatlabelsaresupportedy vertices.A particularlabelledgraphof
sizedisthen

61
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1—3
9= 1 |
4—2
whichrepresents graphwhoseverticesbearthelabels{1, 2, 3, 4} andwhosesetof edges
is

{{1,3}, {2,3}, {2,4}, {14} }.
Only the abstractgraphstructurecounts,so that this is the sameabstractgraphasin the
alternatve visualrepresentations
1—4 3—2
g= 1 |- I
3—2 1—14
sincein all threecasesthelists of edgescoincide.However, this graphis differentfrom
4—1
h=1 |
3—2
sincefor instance,l and2 have becomeadjacent Altogether it canbe seenthatthereare
3 differentwaysto build labelledgraphsout of thecommonunlabelledquadrangleyraph
*x T %
||
* T %
SeeFigurel for details.

It is alsocorvenientto introducethe neutral(empty null) objecte thathassize0 and
bearsolabelatall, andconsideiit asaspecialcaseof alabelledobject;theneutial class€
is thenby definition& = {e}. The(labelled)atomicclassZ = {@} is formedof aunique
objectof sizel thatbeargheintegerlabel®@.

The countingof labelledobjectsis normallyachievedby meansof exponentialgener
atingfunctions.

DerINITION I1.1. Theexponentialgeneratingunction (EGF) of a sequencd 4,, } is
theformal powerseries

(1) A(z) = Z AnZ—T:.
n=0 '

Theexponentialgeneratingunction (EGF) of a classA,, is thegenemting functionof the
numbes A,, = card 4,,). Equivalentlythe EGF of classA is

P Zlel

AR =) Ay = T
n>0 acA

It is alsosaidthat thevariable z markssizein the geneiting function.

With the standarchotationfor coeficientsof seriesthe coeficient A,, in anexponential
generatindunctionis thenrecoveredby

A, =n! - [2" A(2),

since[z"]A(z) = A, /n! by thedefinitionof EGFsandin accordancevith the coeficient
extractornotation,Eq. (6 of Chapted.

Note that, like in the previous chapter we adhereto a systematicmamingcorvention
for generatingunctionsof combinatorialstructures.A labelledclass.A, its countingse-
quence{4,} (or a,) andits exponentialgeneratingunction A(z) (or a(z)) will all be
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Unlah Lab.
*o—o—0—0 1 12 .
There are G4 = 11 unlabelled
1 4 graphsof size4, i.e., comprising4
—o nodeswhenarny numberof edgess
\ i 1 12 allowed (left column).
Eachunlabelledgraphcorresponds
'-T to a variable number of labelled
l_. 1 3 graphs(indicatedin each caseby
— thefigurein the right column). For
M 1 6 instance, the totally disconnected
- graphandthe completegraphhave
K only 1 labelling. In contrastheline
1 1 graphhas 14! = 12 possiblela-
— o bellings. For size4, the numberof
\/ labellingsis seenhereto vary be-
° 1 4 tweenl and12.
o—e—o o 1 12 Thetotal numberof labelledgraphs
o—e o—o 1 3 foundis G4 = 64 = 26, in agree-
e—e o o 1 mentwith thegeneraformula
G, = 2n(n—1)/2‘
© o o o ! ! Seep. 70 for details.
Total: 11Unlah 64Lab.

FIGURE 1. Unlabelledversudabelledgraphsfor sizen = 4.

denotedy thesamegroupof letters.Clearly, the EGF’s of the neutralclassandtheatomic
classarerespectiely

ExAMPLE 1. Permutations.Theclass{P} of all permutationss prototypicalof labelled
classesUnderthelinearrepresentatioof permutationsit startsas

@-0-@
sothatPy = 1, P, = 1, P, = 2, P; = 6, etc. There,by definition, all the possible
orderingsbetweenthe distinct atomsare taken into accountso that the classP canbe
equivalentlyviewedasthe classof all labelledlinear digraphs(with animplicit direction,
from left to right, say in the representation) Accordingly, the classP of permutations
hasthe countingsequence?, = n! (agument:therearen placesat which to placethe
elementl, then(n — 1) possibleplacesfor 2, etc). Thusthe EGFof P is

n 1
P(z):Zn!%:Zz”: T

n>0 n>0
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Permutationsasthey containinformationrelative to the orderof their elementsareessen-
tial in mary applicationgelatedto orderstatistics. d

ExAMPLE 2. Urns. Theclassl/ of totally disconnectedraphsstartsas

?® @
Uu=Le,0,|o @,| ¥ @|,| 9 @ ®

® ® @ ® @

Orderbetweenthe labelledatomsdoesnot count, so that for eachn, thereis only one
possiblearrangemenandU,, = 1. Theclassi{ canbe regardedasthe classof “urns”,
whereanurn of sizen containsn distinguishabléallsin anunspecifiedandirrelevant)
order ThecorrespondingeGFis

zn
:Zlﬁ =exp(z) =

n>0

(Thefactthatthe EGF of the constantsequencg1} is the exponentialfunction explains
the term“exponentialgeneratingunction”.) Alternatively, presentingelementof anurn
in sortedorderleadsto arepresentatioof urnsassortedlineargraphsifor instance,

D-@-0@-@-6G
is suchan equivalentrepresentatiomf the urn of size5. Thoughurns may look trivial

at first glance,they are of particularimportanceas building blocks of complex labelled
structurege.g.,allocationsof varioussorts),aswe shall seeshortly. |

ExAMPLE 3. Circular graphs. Finally, the classof circulargraphswherecyclesare
orientedin somecornventionalmanner(say positively here)is

e-for (). 3 (53}

Cyclic graphscorrespondijectively to cyclic permutations. OnehasC,, = (n — 1)!
(agument:a directedcycle is determinecdby the successiomf elementghat “follow” 1,
henceby a permutatiorof n — 1 elements)Thus,onehas

C(z):Zn—l'— Z—— gl—z

n>1

where,aswe shall seeshortly, the logarithmis charactenstmf circular arrangementsf
labelledobjects. O

II. 2. Admissible labelled constructions

We now describea toolkit of constructionsthat make it possibleto build complex
classedrom simplerones. Combinatorialsum or disjoint unionis definedexactly asin
Chapted: it is the unionof disjoint copies.Novelty herelies in thedefinitionof a product
thatis adaptedo labelledstructures.The usualcartesianproductis unsuitablesincean
orderedpair of two labelledobjectsis not well labelled—forinstancethe label 1 would
invariablyappearepeatedwice. Thelabelledproducttranslatesaturallyinto exponential
generatindunctions,andfrom theresimpletranslatiorrulesfollow for labelledsequences,
sets,andcycles.
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As apreparatiorio thetranslationof labelledconstructionsye first briefly review the
effect of productsover EGF’s. If a(z),b(z),c(z) areEGF's, with a(z) = 3, anz™/n!
andsoon, we have thebinomial corvolutionformula

@ WD) =U) o) = an=3 () wenn

k=0

since,by the usualproductof formal power series,

an " by, Crn—k n n!

In _§ 2k, d =T

nl TR -k (k) K (n—F)!
In thesamevein,

a(z) = aM(2)a?(2)---a(z) =

n
®) n = Z <n1, ng, ... ,TLr) a(nl)ag) B -a(nr).

ni+nz+-+n.=n

In Eq. (3) thereoccursthe multinomial coeficient

( n ) n!
N1, M2y -y Ty nilns!---n,!

This multinomial coeficient also countsthe numberof waysof splitting n elementsnto
r distinguishectlasse®f cardinalitiesn, .. ., n,.. Thisfactlies atthe very heartof most
enumeratie applicationsof binomialconvolutionsandEGF's.

Il. 2.1. Labelled constructions. A labelledobjectmay be relabelled.We only con-
sider “consistent” relabellingsdefinedby the fact that they preservethe order relations
betweerabels. Thentwo dualmodesof relabellingsprove important:

¢ Reduction For a non—canonicallyabelled structureof size n, this operation
reducesits labelsto the standardnterval [1..n] while preservingthe relative
orderof labels.For instancethe sequencé7, 3,9, 2) reducedo (3,2,4,1). We
notep(«a) thereductionof the structurea.

e Expansion Thisoperatioris definedrelativeto arelabellingfunctione € [1..n] —
Z >, thatis assumedo be strictly increasing.For instance (3, 2,4, 1) may ex-
pandas(33,22,44,11),(7,3,9,2), andsoon. We notee(«a) theresultof rela-
bellinga by e.

We next definea productcalledthe labelled product or simply product (originally
thiswasnamedpartitional productby Foatawho proposedanearlyformalizationin [62]).
Giventwo labelledstructures3 € B andy € C, the products x v compriseghe finite
collectionof objectsthatareorderedpairs(s’,~') of relabelledcopiesof (3, ),

@  Bxy:={(B,7) | (B,7)iswell-labelled p(8') = B, p(v') =~},

the relabellingspreservingthe order structurepresentin 8 and~. An equialentform is
via expansionof labels:

() Bxv={(e(B),f(v) | Im(e)nIm(f) =0, Im(e) UIm(f) = [1..[8]+ |¥]]},



66 Il. LABELLED STRUCTURESAND EGF'S

wheree, f areagainassumedo beincreasingwith rangedm(e), Im(f). Forinstancepne
has
@®—@ @—@

asseenby reductionof theleft pair or, dually, by expansionof the rlght pair.

If B andC aretwo classe®f combinatoriaktructuresthelabelledproductA = BxC
is definedby the usualextensionof operationgo sets:

(6) BxC= |J B

BEB, yeC
In summary:

DEFINITION II.2. Thelabelledproductof B and C, denotedB « C, is obtainedby
formingorderedpairsfromB x C andperformingall possibleorderconsistentelabellings,
ensuringthat theresultingpairs are well-labelled ,asdescribedoy (4) or (5), and (6).

Thecorrespondingountingsequencesatisfytherelation,

Therethe binomial arisessincethe the numberof relabellingsinvolvedin forming all the
elementof (B%7)is (,,,",, ) if [B] =11, [v| = 72 andny +n, = n. TheproductBy, Cy,
keepstrack of all the pOSS|biIitiesfor the B andC components.By (2), the binomial
convolution correspond$o the productrelation,

A(z) = B(2) - C(2),

relatingEGFs. Thus,the labelledproductsimply translatesnto the productoperationon
exponentialgeneratingunctions.

Thekth (labelled)powerof B is definedas(B*B - - - B), with k factorsequalto B. It is
denotedS,{B}. This correspondso forming k—sequenceandperformingall consistent
relabellings.The (labelled)sequencelass of B is denotedby G{B} andis definedby

&{B} = {c} + B+ (B*B)+ (BxB*B)+---= | ] &{B}.
k>0
The productrelation for EGF’s clearly extendsto arbitrary products,as seenfrom the
multinomial corvolutionformula(3), sothat
A=6{B} = B(z) = B(2)",
and(assumingBg # 0)

1
A=6{B} = A(z ZB =1 50

We denoteby B {B} the classof k—setsformed from B. The powersetclassis
definedformally, like in the unlabelledcase asthe quotient3{B} := &,{B}/R where
the equivalencerelation R indentifiestwo sequencesvhen the componentof one are
a permutationof the componentof the other (p. 9). In simpleterms,a “set” is like a
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1. Themainconstruction®f union,andproduct,sequenceset,andcycle for labelled
structuregogethemvith their translationinto exponentialgeneratingunctions.

Construction EGF

Union A=B+C | A(z) = B(z
Product A=BxC | A(2)
Sequence | A=6{B}|A(z) = ———
(2)
(2)

1— B(z)
Set A =P{B} | A(z) = exp(B(z))
Cycle A=¢{B} | A(z) =log T lB(z)

2. Thetranslationfor sets multisets,andcyclesof fixed cardinality

Construction EGF
Sequence | A= 6,{B} | A(z) = A(2)*
Set A=P{B} | A(2) = —A(2)*
Cycle A=¢{B} | A(z) = gA(z)k

3. Theadditionalconstruction®f pointingandsubstitution.

Construction EGF

Pointing A=0B | A(z) =2zLB(2)
Substitution | A = BoC | A(z) = B(C(z))

4. The“boxed” product.

A=(B2%C) — A(z):/oz (%B(t)) LC(t) dt.

FIGURE 2. A “dictionary” of labelledconstructionsogethemith their
translationinto exponentialgeneratingunctions(EGF’s). Thefirst con-
structionsare counterpartof the unlabelledconstructionsof the pre-
vious chapter(the multiset constructionis not meaningfulhere). The
translationfor compositeconstructionsf boundedcardinality appears
to besimple.Finally, theboxedproductis specificto labelledstructures.
(Comparewith theunlabelledcounterpartFigure2 of Chaptet, p. 2.)
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sequencehut the orderbetweencomponentss immaterial. The (labelled)powessetclass
of B, denotedB3{B}, is definedby

BB} {e} + B+ (B} + - = | Pu{B}-
k>0
A labelledk—setis associateavith exactly k! differentsequencegThereis hereis subtle
differencewith thethe unlabelledcasewhereformulaearemorecomple< asanunlabelled
sequencenay containrepeatedtlementswvhile component®f a labelledsequenceareall
distinguishedy their labels.) Thusin termsof EGF’s, onehas(assuming3, = 0)

A=P{B) — A(z) = Bz)k,
o0 k
A=3B) = A =Y 2D~ epB(e)).
k=0 :

Note that the distinction betweenmultisetsand powersetsis hereimmaterial, since by
definition component®f a setall have distinctlabels: in the labelleduniverse,we have
m = P.

We alsointroducetheclass of k—cycles,&{B} andthecycle class.Thecycle classis
definedformally, likein theunlabelledcase asthequotient€{B} := &, {B}/S wherethe
equivalencerelationS indentifiestwo sequencewhenthe component®f onearea cyclic
permutationof the componentf the other (p. 9). In simpleterms,a “cycle” is like a
sequenceyut componentsanbecircularly shifted. In termsof EGF'’s, we have (assuming
Bo = 0)

B(2)*

A= {B} = A(z) = e

o~ B(2)*
sinceeachcycle admitsexactly k representationasa sequenceln summary:

THEOREM II.1. The constructionsof labelled product, k—th power and sequence
class,

A=BxC, A =6,{B}, A= 6&{B}
are admissible:

Theconstructionof k—setand powesetclass

A=P{B},  A=P{B},
areadmissible:
AR =BG, A) = exp(B(:).
Theconstructionof k—cycleandcycleclass,
A=G{B}, A=¢{B},
are admissible:

A(z) = =B(2)*, A(z) =log 1-B0)
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Constructible classes.Like in the previous chapter we saythat a classof labelled
objectsis constructiblef it admitsa specificationin termsof sums(disjoint unions),the
labelledconstruction®f product,sequenceset,cycle,andtheinitial classeslefinedby the
neutralstructureof size0 andtheatomicnodeN = {1} of sizel. Amongsttheelementary
classesliscussedn Sectionll. 1, oneimmediatelyrecognizeshat

P=6{z}, U=P(Z}, C=¢{Z},

specify permutationsurns, and circular graphsrespectiely. Theseare basic building
blocks out of which more complec objectscan be constructed. Set partitions(S), sur
jections(R), permutationg?) undertheir cycle decompositionandalignments(O) are
thenparticularconstructibleclassegorrespondingo

S~ P{P>1{Z}}, R=S{Px1{Z}}, P2P{C{Z2}}, O0=6&{:{Z}}
An immediateconsequencef Theoremll.1 is thefactthatthe EGF of a constructible
labelledclasscanbe computedautomatically

THEOREM I1.2. The exponentialgeneiting function of a constructibleclassof la-
belled objectsis a componenbf a systenof geneating functionequationswhoseterms
are built from1 and z usingthe operators

1 1
1-f 1-f

If we furtherallow cardinality restrictionsin compositeconstructionsthe operators
I¥ (for &), f*/k! (for By), and f* /k (for €;) areto beaddedo thelist.

+=X7Q(f): 7E(f):ef7L(f):10g

Il. 2.2. Labelled versusunlabelled? Let A be alabelledclass. If this classis con-
structible,it automaticallyhasanunlabelledcounterpart4 thatis obtainedby interpreting
all theinterveningconstructiongsunlabelledonesjn thesensef Chapted. Equivalently,
onemay view objectsin A asobtainedfrom objectsof A by “for gettingthe labels”. This
is formalizedby identifying two labelledobjectif thereis anarbitrary relabelling(notjust
orderconsistenbnes,ashave beenusedso far) thattransformsoneinto the other For an
objectof sizen, eachequialenceclasscontainsa priori betweenl andn! elements.We
state:

ProPOSITION Il.1. Thecountsof alabelledclass4 andits unlabelleok:ounterpart/T
arerelatedby

- - . A
(7 A, <A, <nl'A, orequivalently 1< 2 <nl

=
n

ExaMPLE 4. Labelledand Unlabelledgraphs. This phenomenormasbeenalready
encounteredn our discussiorof graphs,where4 labellingscanbe attachedo the unla-
belledquadranglegraphof size4. If oneconsidersnsteadthetotally disconnectedraph
of size4, thenthereexists exactly onelabelledversion(the “urn” of size4) andoneunla-
belledversion.Let generallyG, and@,, bethenumberof graphsof sizen in thelabelled
andunlabelledcaserespectiely. Onefindsforn =1..18
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G, (unlabelled) G, (labelled)
1 1
2 2
4 8
11 64
34 1024
156 32768
1044 2097152
12346 268435456
274668 68719476736
12005168 35184372088832
1018997864 36028797018963968
165091172592 73786976294838206464
50502031367957 302231454903657293676544
29054155657235488 2475880078570760549798248448
31426485969804308768 4056481920730334084789450257203
64001015704527557894928 132922799578491587290380706024845 6
245935864153532932683719716 8711228593176024664662389958266213273H
17875777251456117005478781908481417981541647679048466287755881H10610729P

The sequence{@n} constitutesElS A000088 which canbe obtainedby an extensionof
methodsof Chapter; see[76, Ch.4]. ThesequencdG,} is determinedirectly by the

factthatagraphof n verticescanhave eachof the (g‘) possibleedge<itherpresenor not,
sothat

Gn = 2(121) = Zn(n_l)/2,
The sequencef labelledcountsobviously grows muchfasterthanits unlabelledcounter
part. We maythenverify theinequality(7) in this particularcase.The normalizedratios,

pn = Gn/Gn, opn = Gn/nIGy),
areobsenedto be

n | pn = Gn/G, 0 = G /(nlG)
1 [ 1.000000000 1.0000000000
2 | 1.000000000 0.5000000000
3 | 2.000000000 0.3333333333
4 | 5.818181818 0.2424242424
5 | 30.11764706 0.2509803922
6 | 210.0512821 0.2917378918
8 | 21742.70663 0.5392536367
10 | 2930768.823 0.8076413203
12 | 446946830.2 0.9330800361
14 | 0.852160396010'! | 0.9774915111
16 | 0207688578310 | 0.9926428522
18 | 0.638740423910'° | 0.9976618880

From thesedata, it is naturalto conjecturethat o,, tends(fast)to 1 asn tendsto infin-

ity. This is indeeda nontrivial factoriginally establishedy Polya (seeChapter of [76]
dedicatedo asymptoticof graphenumerations):

G, ~ 1 2(3) o~ I

n! n!
In otherwords, “almostall” graphsof sizen shouldadmita numberof labellingsclose
ton!. (Combinatoriallythis correspondso thefactthatin arandomunlabelledgraph,with
high probability, all of the nodescanbe distinguishecdbasedon the adjaceng structureof

the graph;in sucha case,the graphhasno nontrivial automorphisnmand the numberof
distinctlabellingsis n! exactly.) O

The caseof urnsandtotally disconnecgraphsresortsto the otherextremesituation
where

Gn

U, =U,=1.



IIl. 3. SURJECTIONS SET PARTITIONS, AND WORDS 71

The examplesof graphsand urnsillustrate the fact that, beyond the generalboundsof
Propositionll.1, thereis no automaticway to translatebetweenlabelledand unlabelled
enumerationsapartfrom computingseparatelyhetwo GF's andcomparingcoeficients.

Il. 3. Surjections, setpartitions, and words

This sectionandthe next aredevotedto whatcouldbetermednonrecursre structures
of “level 2" definedby the factthatthey combinetwo constructions.Here,we examine
classes

R=6{P>1{Z}} and S=P{P>:{Z}},

correspondingo sequences-of-se{fR) and sets-of-setgS) respectiely. We shall see
shortly (Sectionll. 3.1) thatsuchabstracspecificationsnodelclassicalbobjectsof discrete
mathematicsnamelysurjectiongR) andsetpartitions(S). (Theseconstitutein away la-

belledanaloguesf integercompositionsandintegerpartitionsin theunlabelleduniverse.)
The symbolicmethodologythenextendsnaturallyto wordsover afinite alphabetwhereit

opensaccesso ananalysisof thefrequencie®f letterscomposingvords. Thisin turn has
usefulconsequencdsr the studyof someclassicarandomallocationproblemsof which

the birthdayparadoxandthe couponcollectorproblemstandout (Sectionll. 3.2).

Il. 3.1. Surjectionsand setpartitions. In elementarynathematicsasurjectiorfrom
asetA toasetB is afunctionfrom A to B thatassumegachvalueat leastonce(anunto
mapping).Fix someintegerr > 1 andlet Rﬁl’") denotetheclassof all surjectionsrom the
set[1..n] onto[1..r] whoseelementsarealsocalledr—surjections. Hereis a particular

objectof R{:
1 2 3 4 5

WesetR(™ = J R andproceedo determinethe correspondinEGF, R(")(z). First,

let usobsene thatanr—surjectiong € Rgf) is determinedy the ordered r—tupleformed
with the preimages(¢—*(1), ¢~ 1(2),...,¢*(r)), themselesdisjoint nonemptysetsof
integersthatcover theintenval [1..n]. In otherwords,onehasthe combinatorialspecifi-
cation

R = 67‘{V}a V=Uu \ {6} = le{Z}a

whereV designateshe classof urns(l{) thatarenonempty Consequentlythe EGF satis-
fies

(8) R (z) = (e* — 1),

in view of our earlierdiscussiorof urns(l/) with EGFU (z) = e*.
Equation(8) doessolve the countingproblemfor surjections For smallr, onefinds

R®(2) = ¥ —2¢% +1, RO (2) = %% — 3e** + 3% — 1,
whence by expanding,

R»=9omr_2  R® =3"_3.2"4+3.
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A surjection herethemappingfrom [1..9] onto[1. . 5] givenby thetable

_(123456789)
9=\(2 1 2 3 5 3 5 3 4 )

maybeviewed asanordereduple of nonemptyurns,or equialently, linearsortedgraphs
@ (@) ®3) 4 (5)

o = ({2}, {31} {648, {9 {57}
= [@ 0—8 e—e® © 66—

correspondingo the collectionof preimage®f 1, 2, 3, 4, 5.

FIGURE 3. Thedecompositiorof surjectionsassequences-of-sets.

Thegeneraformulafollows similarly from expandingtherth powerin (8) by thebinomial
theoremandthenextractingcoeficients:

R = nl [2™] i (;) (—1)7e" 2
©) .
) (]) (=1)i(r — )™

=0

Il

> 1. Adirectderivationof the surjectionEGFE Onemay verify theresultprovided by the symbolic
methodby returningto first principles. Sinceeachpreimageof a surjectionis a nonemptyset,the
numberof r-surjectionds expressedy anr-fold corvolution,

” n
(w0 -y ()
ne) 3 IR

(n1,n2,...,

thesumbeingtakenover n; > 1, ny + n2 + - - - + n, = n. (In thisformulatheindicesn; vary
over all allowable cardinalitiesof preimagesandthe multinomial coeficient countsthe numberof
waysof distributing theelement®f [1. . n] amongsther preimages.Jntroducethe numbersV;, by
Vo = 0 andV,, = 1if n > 1. Theformula(10) thenassumeshe simplerform

(r) = n e
(11) Rn = . nQZ . (’I’Ll,’nz,. . ’nr)vnlvnz Vnm
wherethe summationnow extendsto all tuples(ni,ns,...,n,). TheEGFof theV,, is V(z) =

> Voz"/n! = e* — 1. Thusthecorvolution relation(11) leadsto (8).

Let S{" denotethe numberof waysof partitioningthe set[1. . n] into r disjointand
nonemptyequivalenceclasses. We setS(m) = U, S,(f); the correspondingobjectsare
calledsetpartitions (the latter notto be confusedwith integer partitionsexaminedin Sec-
tion I. 3). The enumeratiomproblemfor setpartitionsis closelyrelatedto that of surjec-
tions. Symbolically a partitionis determinedasa labelledsetof classesgachof whichis
anon-emptyurn. Thus,onehas

SM =gV}, V=P{2}.
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Thebasicformulaconnectinghetwo countingsequencesesultsfrom there(or from direct
reasoning):

(12) S0 — Rw and sm()—;(f—1y_

Therationalefor (12)is thatanr—part|t|on|s associateavith agroupof exactly r! distinct
r—surjectionstwo surjectionsbelongingto the samegroupiff oneobtainsfrom the other
by permutingtherangevalues|[1..r].

The numbersSS” = n![z"]S(")(z) areknown asthe Stirling numbersof the second
kind, or better the Stirling “partition” numbers. They were briefly encounteredn the
previous chapterand discussedn connectionwith encodingsby words (Example7 and

Figure9 of Chapterl). Knuth, following Karamataadwocatedfor the S,(f) the notation
{7}. From(9), anexplicit form alsoexists:

(13) spr={"} - 1,; ()i

The booksby Graham,Knuth, and Patashnik[71] and Comtet[28] containa thorough
discussiorof thesenumbersseealsoAPPENDIX: Stirling numbes, p. 173.

Definenow thecollectionof all surjectionsandall setpartitionsby
R=JR", s=Js".

ThusR,, is the classof all surjectionsof [1..n] ontoanyinitial segmentof the integers,
andS,, is theclassof all partitionsof theset[1 .. n] into anynumberof blocks(Figure4).
Symbolically onehas

R = 6{V}, S =p{V}, with V =P>1{Z}.
Fromthereonefinds

1
(14) R(z) = 92
sinceV(z) = e* — 1 andR(z) = (1 — V(2)) !, S(z) = ¢V(*). ThenumbersR,, =
n! [z"|R(z) and S,, = n![z"]S(z) arecalledthe surjectionnumbes (also, “preferential
arrangementsiiumbersEIS A000670Q andthe Bell numbes (EISA000110 respectiely.
Thesenumbersarewell determinedy expandingthe EGFs:
2 43 4 55 46 57

S(z) =e® 1,

R(z) = 1+z+3_+13?+7521 +5415 +4683a+472937+
7 5 45 46 27
S(z) = 1+z+2—+5§+15—+525'+203a+8777'

Explicit expressionssfinite doublesumsresultfrom summingStirling numbers,
n n
= ! = !
Ry, Zk.{k}, Ry, Zk.{k},
£>0 k>0

whereeachStirling numberis itself a sumgivenby (13).
Alternatively, single(thoughinfinite) sumsresultfrom the expansions

R(z) = -—3— S(Z) — eez—l — eee
and

oo 1 1 o0 x
— = Jkz - PLE
= ZQk—He 61; ’
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n=1,5 =1:

n=28 =2:

[@m)[aa]

n=3,5 =5:

[ ea][ea@][es ][ @a e[ o]
n=4,5, =15:

(L2443 | (32| [ e o] (W@ (e @] (@ e e [eaas]
(234 ] [ [ea.0a] [ aa@] [ea@ o] @ oe e e ea]
{1} {41, {2.3}

n=25,5; = 52:

@A e8] [ @] [2es@] [Weaes] [ eaE]
(Lsh 24 3 | (W2 as | [esh 24 ] (W esh o] [ 245 s ] ({524
(1.5}.42.3.41 | [ {23 {11,433 {45} | [{51 (2 {141, (3} | [ {23,450 {1} | [ {1351 23 {4} | [{2.4.50. 41} {3} ]
(L2350 (4] [{235L (L4 ] [{(L3(5h {2 (4] [ (12135 [(1231 (45| [{1.2} {31 {45 |
(L5} {2 {4 (33 | [ (13,43 (2.5 | [{3.4h (5} {21 (0 | [ {13} {5k (2.4 [ [ {23 {1345 | [ {131 (23 (4.5} ]
(s} 1 (4}, 231 | [ {51 44} {121 43} | [ 3450 (1.2 | [ {5} 4230414} | ({123,450 | [ {13,445} {2} ]
(21 {14sh 3| [Bam es] [ e ] (@i @] (s8] [Ba2s]
(1.4} {25} {3t | [ (34} (51 {121 | [ (5} (1243 (3 | [ (L3h () 29} | [ 231 14 | [ {11 (3.4} |
{235} {1 {4} || {5} {21 (1) {41, 033 | [ 423 (1.9), (3.5} | {15, (3,41, 423 [ [ {1 5} {9} (2.3}

FIGURE 4. A listing of all setpartitionsfor sizesn = 1,2, 3,4, 5.

from which coeficientextractionyields

1 o= k" 1 o= k"
R, = 5227 and S, = EZE'
k=0 k=0
Theformulafor the Bell numbersvasfoundby Dobinskiin 1877.

The asymptoticanalysisof the surjectionnumbers(R,,) will be performedin a later
chapterby meansof singularityanalysisof the meromorphidunction R(z); thatof Bell's
partitionnumbergS,,) is bestdoneby meansof the saddlepoint method.Theasymptotic
formsfoundare

n! 1 ee” -1

r(n)" "/ 2r exp(r(n))’
wherer(n) is thepositive root of theequationre™ = n. Onehasr(n) = logn —loglogn,
sothat

log S,, = n(logn —loglogn — 1 + o(1)) .
Elementaryderivationsof theseasymptotidormsareexploredin the notesthatfollow.
> 2. Laplaces methodfor sums. By examining ratios betweensuccessie termsin the sum ex-

pressingS,,, onedetermineghe index ko nearwhich the termsin Dobinski's formulaaremaximal.
Thegeneraltermof index k = ko + h, afterscaling,is thenfoundto be well approximatedy the

Gaussiarfunctione =", A comparisorwith the Riemanrsumof the Gaussiarfunctionsleadsto the
asymptotidorm statedfor S, . Thisis aninstanceof the Laplacemethodfor sumsthatis detailedin
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De Bruijn’sbook[35]; seealso[13(. Theasymptoticestimatiorof R,, canbesubjectedo asimilar
treatmen{Comtet). <

> 3. Caudy’s methodfor genemting functions.An approactdifferentfrom theonein Ex. 2 bases
itself onthefactthat R(z) hasasingularityatafinite distance Indeed the function

IR S
2log2 — 2
is analyticfor |z| < 6. (Thesingularityof R(z) atlog 2 hasbeenremosredandthe next polesareat

log 2 £ 2im.) Thus,onehas
R, 1 1 1
ol 2 ((10g2)"Jrl +0(6")>

by virtue of Cauchys bound<for coeficientsof analyticfunctions;seeChaptedV for details. <

R(2)

Theline of reasoningadoptedor theenumeratiorof surjectionsriewedassequences-
of-setsand partitionsviewed as sets-of-setyields a generalresultthatis applicableto a
wide variety of constrainedbjects.

PROPOSITION I1.2. Let R(4:B) be the classof surjectionswhete the cardinalities
of the preimageslie in A C Z>,; and the cardinality of the range belongsto B. The
corresponding=GF is

za
R“AB) () = B(a(z)) whee  a(z) = Z o B(z) = Z 2b.
a€A beB
LetS(4-B) petheclassof setpartitionswith part sizesn A C Z; andwith anumber
of blocksthatbelongsto B. Thecorresponding=GF is

2° 2’
SUPE) =pla(z)  whee  a(x)=3 T BE=)

a€A beB
ProOOF. Onehas

RAB) =64 {Pp{Z}} and SUPB) =P {Ps{Z}},

wheref x represents constructiorwith anumberof componentsestrictedo theinteger
setX. O

EXAMPLE 5. Setpartitions with boundedblodk sizes. Let e,(z) denotethe truncated

exponentiaffunction,
2 b

ep(2) == +ﬂ+§+.”+E-
TheEGFs

S0 (2) = exples(2) — 1),  SV(2) = exp(e” — es(2)),
correspondo partitionswith all blocksof size< b andall blocksof size> b, respectiely.
O

> 4. The EGF of partitionswithout singletonpartsis e¢” ~'~*. The EGF of “double surjections”
(eachpreimagecontainsatleasttwo elements)s (2 — z — e*) . <

EXAMPLE 6. Comtets squae. An exercisein Comtets book[28, Ex. 13, p. 225] senes
beautifully to illustratethe power of symbolicmethods.The questionis to enumerateset
partitionssuchthat a parity constraineds satisfiedby the numberof blocks and/orthe
numberof elementsn eachblock. Then,the EGF’s aretalulatedasfollows:
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Setpartitions Any numberof blocks Oddnumberof blocks Evennumberof blocks
Any blocksizes | e ~* sinh(e® — 1) cosh(e® — 1)
Oddblocksizes | e¥""* sinh(sinh z) cosh(sinh z)
Evenblock sizes| e®*"** sinh(cosh z — 1) cosh(cosh z — 1)

Theproofis adirectapplicationof Propositionll.2, uponnotingthat

e®, sinhz, coshz

arethe characteristi€GFsof Z >, 2Z>o + 1, and2Z >, respectiely. The soughtEGFs
arethenobtainedby forming the compositions

exp exp—1
sinh 3o sinh ,
cosh cosh —1

in accordancevith generalprinciples. O

II. 3.2. Applications to words and random allocations. The examplesdiscussed
now dealwith enumeratre problemsthat presenthemseleswhenanalysingstatisticson
lettersin words. They find applicationsn randomallocationsandthe so-called‘hashing
algorithms”of computersciencg13(. Fix analphabet

X ={ay,as,...,a,}

of cardinalityr, andlet W be the classof all words over the alphabetY’, the size of a
word beingits length. A word of lengthn, w € W, canbeviewedasanunconstrained
functionfrom [1..n] to [1..r], thefunctionassociatingo eachpositionthe value of the
correspondindetter in the word (canonicallynumberedfrom 1 to r). For instance let
X = {a,b,c,d,r} andtake thelettersof X canonicallynumberedasa; = a,...,a5 = r;
for theword w = *abracadbi’, thetablegiving the position-to-lettemappingis
(abracadabr(z)
T 2 3 4 5 6 7 8 9 10 1T ),
1 3141 2 5 1

whichis itself determinedy its sequencef preimages:
a=a1 b=as c=as d=a4 r=as
—t N AN AN
{1,4,6,8,11}, {2,9}, {5}, {7}, {3,10}.

(Here,all preimagesrenonemptybut this neednot alwaysthe case.)Thedecomposition
basedon preimageshengives

(16) WU = &,.{U},

wherel/ representapossiblyemptyurn. AstheEGFof i is U(z) = e?, thisconstruction
impliesthatthe EGF of all wordsis

(17) W(z) = (e)" =€,

whichyieldsback W, = r", aswasto be expected.For the situationwhererestrictions
areimposedon the numberof occurrence®f letters,the decompositior(16) generalizes
asfollows.
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ProPOSITION 11.3. Let W) denotethe family of words sud that the numberof
occurrencef ead letterliesin asetA. Then
(18) W) = (a(2))  whee a(z)=3 ..

a.
a€A

Thoughthis resultis technicallya shallov consequencef the symbolic method,it
hasseveralimportantapplicationsn discreteprobability; see[130, Ch. 8] for adiscussion
alongthelinesof the symbolicmethod.

EXAMPLE 7. Restrictedvords. The EGFof wordscontainingat mostb timeseachletter,
andthatof wordscontainingmore thanb timeseachletterare

(19) WED(z) = (e(2))", W () = (€ —en(2),

respectiely. Takingb = 1 in the first formula givesthe numberof r—arrangementsf n
elementqi.e.,orderedcombinationf r elementsamongst:) as

20) w2 =) = a1+ ),

asanticipatedtakingb = 1, but now in the secondormula, givesbackthe numberof r-
surjections.

For generalb, the generatingfunctionsof (19) containvaluableinformationon the
leastfrequentandmostfrequentietterin randomwords. Someconsequenceareexplored
below. O

> 5. Numberof differentletters in words. The probability thata randomword of lengthn over an
alphabebf cardinalityr containsk differentlettersis

- 1 (r n

(Choosek lettersamongstr, thensplit then positionsinto & distinguishechonemptyclasses.)The
quanti’[ypﬁf}c is alsothe probability thata randommappingfrom [1 .. n] to [1 .. r] hasanimageof

cardinalityk.) <

> 6. ArrangementsDefineanarrangementof sizen asanorderedcombinationof (some)elements
of [1..n], andlet A betheclassof all arrangementsGroupingtogetherall the possibleelements
not presenin thearrangemeninto anurn shavs thata specificatiorandits companiorEGF are

A=UxP,U=P{2}, P=6{Z} =  A(x)=

1—2
Theresultingcountingsequence
" pl
A, = —
]
= k!
startsasl, 2, 5, 16, 65, 326, 1957, 13700 (EISA000523; seealso[28, p. 75]. <

> 7.Balls-switthing-binsmodel. Therearem distinguishabléallsandtwo bins(alsocalled“urns”)
AandB. At ary timet = 1, 2,. . ., oneof theballschangedins. The EGF of the numberof moves
of duration2n thatstartwith urn A full (at¢ = 0) andendwith urn A againfull (att = 2n) is

(2n)! - [2>"] (cosh(2))™.

[Hint: this the EGF enumeratesnappingswhere eachpreimagehasan even cardinality] From
there,one cangeneralizeo the casewhere A containsk ballsinitially and? ballsfinally. (Thisis
Ehrenfest simplified model of heattransferthatis analysedhoroughlyin [69] by combinatorial
methods.) <
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ExamMPLE 8. Randomallocations(balls-in-binsmodel). Throw atrandomn distinguish-
ableballsinto m distinguishablebins. A particularrealizationis describedby a word of
lengthn (balls aredistinguishablesay asnumbersfrom 1 to n) over analphabebf car
dinality m (representinghe binschosen).Let Min andMax representhe sizeof theleast
filled andmostfilled bins,respectiely. Then,the probabilisticmodef has

P{Max< b} = n![z"]e, (&)™

(21) m
P{Max>b} = n!["](e/™—e (Z))" .

Thejustificationof this formularelieson the easyidentity

(22) — [2"1f(2) = 2" (=),

andonthefactthataprobabilityis determinedstheratio betweerthenumberof favorable
caseggivenby (19) andthetotal numberof case{m™).

An especiallyinterestingcaseis whenm andn areasymptoticallyproportional that
is,n/m = a anda liesin acompacsubintenal of (0, +00). In thatcasewith probability
tendingto 1 asn tendsto infinity, onehas

logn

Min = 0, Max ~ ——=——.
loglogn

In otherwords, thereare almostsurely empty urns (in fact mary of them, seeEx. 8 in

Chaptedll) andthemostfilled urn growslogarithmicallyin size.Suchprobabilisticprop-
ertiesarebestestablishedthy complec analyticmethodgespeciallythesaddlepointmethod
detailedin ChapterVI) basedn exactgeneratingepresentationike (19) and(21). They
form the core of the referencebook [92] by Kolchin, Sevastyane, and Chistyalov. The
resultingestimatesrein turninvaluablein theanalysisof hashingalgorithmg 67, 86, 130

to which the balls-in-binsmodelhasbeenrecognizedo apply with greataccurag [10Q.

O

The next two examplesillustrate applicationsof EGF’s to two classicalproblemsof
probability theory the “birthday paradox”andthe “coupon collectorproblem”. Assume
thereis a very long line of persongreadyto entera very large room one by one. Each
personis let in anddeclareserbirthdayuponenteringtheroom. How mary peoplemust
enterin orderto find two that have the samebirthday? The “birthday paradox”is the
counterintuitve factthat on averagea birthday collision takesplaceasearlyasn = 24.
Dually, the “couponcollectorproblem”asksfor the averagenumberof personghat must
enterin orderto exhaustall the possibledaysin the yearasbirthdates.In this case,the
answeris the ratherlarge numbern’ = 2364. (Theterm “couponcollection” alludesto
thesituationwhereimagesor couponsof varioussortsareinsertedn salestemsandsome
premiumis givento thosewho succeedn gatheringa completecollection.) The birthday
problemandthe couponcollector problemare relative to a potentially infinite sequence
of events;however, the factthatthefirst birthdaycollision or the first completecollection
occursat ary fixedtime n only involvesfinite events. The following diagramillustrates
the eventsof interest:

Iwe letP(E) representhe probabilityof anevent E' andE(X) theexpectationof therandomvariableX.
Wheneer necessarysubscriptsnay be usedto indicatethe probabilisticmodelof use.
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n=0 B (1stcollision) C (completecollection)

I * I, + > N — +00
INJECTIVE SURJECTIVE

In otherwords, we seekthe time at which injectivity ceasego hold (the first birthday
collision, B) andthetime atwhich surjectvity beginsto besatisfiedlacompletecollection,
C). In whatfollows,we considetayearwith r days(readerdrom earthmaytaker = 365)
andlet X represenainalphabetwith r letters(the daysin theyear).

EXAMPLE 9. Birthday paradox. Let B be the time of the first collision, which is a
randomvariablerangingbetween2 andr + 1 (wherethe upperboundierivesfrom the
pigeonholeprinciple). A collision hasnotyetoccurredattime n, if the sequencef birth-
datesps, . .., 8, hasnorepetition.In otherwords,thefunction g from [1, .. n] to X must
beinjective; equivalently, 34, .. ., 8, is ann-arrangementf r objects.Thus,we have the
fundamentatelation

P{B>n} = r(r—l)--;‘rgr—n—i-l)

@3) = Rt ey
= nl[z"] <1 + ;)T,

wherethesecondine repeatg20) andthethird resultsfrom the serietransformatior(22).
The expectationof therandomvariableB is

(24) E(B) = i P{B >n},

by virtue of a generalformulavalid for all discreterandomvariables.From (23), line 1,
this givesusa sumexpressinghe expectationnamely

E(B) :1+§:r(r—1)---(r—n+1)‘

/,«Tl

n=1
For instancewith r = 365, onefindsthatthe expectationis therationalnumber,

E(B) = 12681 ---06674
~ 51517---40625
wherethe denominatocompriseasmuchas864 digits.

An alternatve form of the expectationderivesfrom the generatingunctioninvolved
in (23),line 3. Let f beanentirefunctionwith nonnaative coeficients. Thentheformula

= 24.61658,

(25) f)=> foa" = S:= i fan! = / et f(t)dt,
n=0 0

n>0

is valid provided eitherthe sumor the integral on the right corverges. The reasornis the
usualEulerianrepresentationf factorials,

n!:/ e " dt.
0
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Applying this principleto (24) with the probabilitiesgivenby (23) (third line), onefinds

(26) E(B) = /Ooo et (1 + ;) dt.

This lastform is easilyamenabldo asymptoticanalysisandthe Laplacemethod delivers
theestimation

(27) E(B) = \/§+ ; +0(r1'7?),

asr tendsto infinity. For instancethe asymptoticapproximatiorprovidedby thefirst two
termsof (27)is 24.61119 which representa relative errorof only 2 - 104,

The interestof suchintegral representationsasedon generatingunctionis thatthey
arerobust they adjustnaturallyto mary kinds of combinatorialconditions.For instance,
the expectedtime necessaryor thefirst occurrencef theevent“b persondave the same
birthday”is foundto have expectationgivenby theintegral

(28) I(r,b) = /0 T ete, (;) dt.

(The basicbirthdayparadoxcorresponds$o b = 2.) Theformula(28) wasfirst derived by
Klamkin andNewmanin 1967;their paper80] showvsin additionthat

I(r,b) N Vbl T (1+ %) pi=t/b,

wheretheasymptotidorm evaluatego 82.87for » = 365 andb = 3, while theexactvalue
of the expectationis 88.73891.Thusthree-vay collisionsalsotendto occurmuchsooner
than one might think, with about89 personson average. Globally, suchdevelopments
illustratetheversatility of the symbolicapproacto mary basicprobabilisticproblems.

> 8.Birthdayparadoxwith leapyears. Assumethatthe 29thof Februaryexistspreciselyonceevery
fourth year Whatis the amplitudeof the effect on the expectationof the first birthday collision?
(Hint: onemaywish to treatthe generakaseof nonuniformdatedistributions;sedex. 10 belav.) <

ExamMpPLE 10. Couponcollectorproblem.This problemis dualto thebirthdayparadox.
We askfor thefirst time C when gy, ..., B¢ containsall the elementsof X, thatis, all

the possiblebirthdateshave been“collected”. (The name“coupon collector” is dueto

the factthatin former times, chocolatebarswould containdifferentcouponsor images
and collectorswould be awardedsomegift in exchangefor a full collection.) In other
words,theevent{C' < n} meangheequalitybetweersets {f1,...,0,} = X. Thus,the
probabilitiessatisfy

(r) r
P{C <n} = RZ - "!{:}
T‘ r
(29) = :L_n [2"] (e* — 1)"

by our earlierenumeratiorof surjections.The complementarprobabilitiesarethen

P{C>n}=1-P{C <n}=nle"] (& — (e - 1))

2Knuth [85, Sec.1.2.11.3Juseghiscalculationasa pilot examplefor (real)asymptoticanalysisthequantity
E(B) is relatedto Ramanujars Q-function (seealsoEq. (45) below) by E(B) = 1 + Q(r).
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FIGURE 5. A sampleealizationof the“birthday paradox”and“coupon
collection”with analphabebf » = 20 letters. Thefirst collision occurs
attime B = 6 while the collectionbecomesompleteattime C' = 87.

An applicationof the Eulerianintegral trick of (26) thenprovidesa representatiownf the
expectationof thetime neededor afull collectionas

(30) E(C) = / b (1 -~ —e*t/T)T) dt.
0

A simplecalculation(expandby the binomialtheoremandintegratetermwise)shows that

- .
r\ (=1)/71
EC) =13 ()7 ,
prrilV) J
which constitutesa first answerto the couponcollector problemin the form of an alter
natingsum. Alternatively, in (30), performthe changeof variablesv = 1 — e~*/", then

expandandintegratetermwise;this procesgprovidesthe moretractableform
(31) E(C) =rH,,
whereH,. is the harmonicnumber:
1 1 1
H=1+=-4+-+---4+-.
to gt

(Formula(31)is by theway easyto interpretdirectly: oneneedson averagel = r/r trials
to getthefirst day, thenr/(r — 1) to getadifferentday, etc.)

Regarding(31), onehasavailablethe well-known formula (by comparingsumswith
integralsor by EulerMaclaurinsummation),

1
m:ﬂ%r+7+§;+0@*L v = 0.57721 56649,
wherey is known asEuler’s constantThus,theexpectedime for afull collectionsatisfies

1
(32) E(C) =rlogr +r + §+O(r_1).

Herethe“surprise”liesthenonlineargrowth of theexpectedime for afull collection.Fora
yearon earth,r = 365, theexactexpectedvalueis = 2364.64602 while theapproximation
providedby thefirst threetermsof (32) yields2364.64625, representing relative errorof

only onein tenmillions.
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Like before,the symbolictreatmentadaptsto a variety of situations for instanceto
multiple collections. The expectedtime till eachitem (birthday or coupon)is obtainedb
times(thestandardctasecorrespond$o b = 1) equalsthe quantity

J(r,b) = /0 h (1 - (1 - e,,(t/r)e*t/r)T) dt,

anexpressiorthatvastlygeneralize$32). Fromthere,onefinds[10§
J(r,b) = n(logn + (b— 1) loglogn + v —log(b — 1)! + o(1)) ,
sothatonly a few moretrials areneededn orderto obtainadditionalcollections. |

> 9. Thelittle sister The couponcollectorhasalittle sisterto whomhegiveshis duplicates Foata,
Lass,andHan[63] shav thatthe little sistermisseson averageH, couponswhenher big brother
first obtainsa completecollection. <

> 10. The original couponcollector problem. A compay issuescouponsof r differenttypes,
type j beingissuedwith probability p;. Let C' be the randomvariablerepresentinghe numberof
couponghatoneneedso gatheruntil afull collectionwith r differentcouponds obtained.By the
multivariatetechnique®f Chapteill, onehas

T

P{C < n} =n![z"] J](e"* —1).

j=1
TheEulerianintegral givesfor the expectation:
E(C) = / (1 -TJa- em)) dz.
0 j=1
See[47] for severalvariationson thisthemeandp. 141 for relatedcontext. <
What distinguishesa labelled structurefrom an unlabelledone? Thereis nothing
intrinsic there, and everythingis in the eye of the beholder! (Or ratherin the type of

constructioradoptedvhenmodellinga specificproblem.) Take the classof wordsW over
analphabebf cardinalityr. Thetwo generatingunctions

W(z) = Zan" -

2" rz
1—12 and W(z):;an—e s

leadingin bothcasego W,, = r™, correspondo two differentwaysof constructingvords,

thefirst onedirectly asanunlabelledsequencethe otheroneasa labelledpower of letter

positions.A similar situationarisesfor r—partitions for whichwe foundasOGFandEGF

~ T z __ 1)7‘

S("') — z and S(r) — (67

@)= a0 =2 ~a=r) ()

by viewing theseeitherasunlabelledstructuregan encodingvia words of a regular lan-
guage seeSectionl.4.3) or directly aslabelledstructures.

rt

II. 4. Alignments, permutations, and relatedstructur es
In this section,we startby consideringhe specifications,
(33) O0=6{¢{z}}, and P=P{{Z}}

built by piling up two constructionssequences-ofyclesandsets-of-gclesrespectiely.
They definea new classof objects,calledalignments(©), while servingto specify per
mutations(P) in a novel way asdetailedbelown. (Thesespecification®therwiseparallel
surjectionsandsetpartitions.)Permutationgrein this context examinedundertheir cycle
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0060

A permutatiormaybeviewed asa setof cyclesthatarelabelledcirculardigraphs.The diagram
shavs thedecompositiorof the permutation

(1 2 3 4 5 6 7 89 10 11 12 13 14 15 16 17
G=\1112 13 1710 15 14 93 4 6 2 7 8 1 5 16"

(Cyclesreadclockwiseands is connectedo o; in thegraph.)

FIGURE 6. Thecycle decompositiorof permutations.

decompositionthecorrespondingnumeratre resultsbeingthemostimportantonescom-
binatorially (Sectionll. 4.1). In Sectionll. 4.2, we recapitulatehe meaningof classeghat
canbedefinediteratively by a combinationof arny two nestedabelledconstructions.

II. 4.1. Alignments and Permutations. Definefirst analignmentasa well-labelled
sequencef cyclesandlet O betheclassof all alignmentsLet P bedefinedmomentarily
astheclassof all setsof cycles.Thecorrespondingpecificationarethenclearlytheones
of (33).

By the symbolicmethod alignmentshave EGF

1
1 —log(1—2)~1!
og(l—z)~" )

5
= 14243+ 145 4885 z

O(z) =

30 4!+694§+---,

which doesnot simplify. The coeficientsform EIS A0O07840(“orderedfactorizationsof
permutationsnto cycles”).

Fromelementarymathematicsi is known thata permutatioradmitsa uniguedecom-
positioninto cycles. Leto = o, ... 0, beaspermutation.Startwith ary elementsay1,
anddraw adirectededgefrom 1 to o(1), thencontinueconnectingo o%(1), o3(1), andso
on; acycle containingl is obtainedafter at mostn steps.If onerepeatghe construction,
takingat eachstageanelementot yet connectedo earlierones the cycle decomposition
of the permutations is obtained. This argumentshaws thatthe classof “sets-of-g/cles”
(correspondingo P in (33)) is isomorphicto the classof permutationsasdefinedin Sec-
tionll. 1:

P =p{c{Z}} = &{Z}.
This combinatoriaisomorphisnis reflectedby the obvious seriesdentity

1
1—2"

po) = (s 1) -

In a sensethe propertythatexp andlog areinverseof oneanotheris ananalyticreflex of
thecombinatoriafactthatpermutationsiniquelydecomposénto cycles!

As regardscombinatoriabpplicationswhatis especiallyfruitful is thevarietyof spe-
cializationsof the constructiorof permutationgrom cycles.We state:
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PROPOSITION 11.4. Let P(4-B) be the classof permutationswith cycle lengthsin
A C Z+ andwith a numberof cyclesthat belongsto B C Z . Thecorresponding=GF

IS
b

PAR(E) = fla()  whee  a() = 3 2 5) = 30 %

a€A beB

ExAMPLE 11. Stirling cyclenumbes. The numberof permutation®f sizen comprised
of r cyclesis determineddy the explicit generatingunction

I 1 T
p(r) — LR 1 .
(34) n l [z"] (08; 1 z)

Thesenumbersarefundamentafjuantitiesof combinatorialanalysis. They areknown as
the Stirling numbersof thefirst kind, or better accordingto a proposalf Knuth, the Stir-
ling “cycle” numbes. Togethemwith the Stirling partition numbersthe propertiesof the
Stirling cycle numbersare exploredin the book by Graham,Knuth, and Patashnik[71]
wherethey aredenotedby [:] SeeAPPENDIX: Stirling numbes, p. 173. (Notethatthe
numberof alignmentformedwith r cyclesis r! [’T’] .) As we shallseeshortly (p. 99) Stir-
ling numbersalsosurfacein theenumeratiorof permutation$y their numberof records.
It is alsoof interestto determinewhat happengegardingcyclesin a randompermu-
tation of sizen. Clearly, whenthe uniform distributionis put on all elementf P,,, each
particularpermutatiorhasprobabilityexactly 1 /n!. Sincetheprobabilityof aneventis the
guotientof the numberof favorablescasesover thetotal numberof casesthe quantity

_1n
Pk =11k

is the probability that a randomelementof P,, hasn cycles. This probabilitiescan be
effectively determinedor “reasonable’valuesof n from (34), preferablyby meansof a
computeralgebrasystem.Herearefor instanceselectedraluesfor n = 100:

k: 1 2 3 4 5 6 7 8 9 10
pnk: 001 0.06 012 0.19 0.21 0.17 0.11 0.06 0.03 0.01°

so that, for this value of n, we expectin a vastmajority of caseshe numberof cycles
to bein theinterval [1,10]. (The residualprobability is only about0.005.) Underthis
probabilisticmodel, the meanis found to be about5.18. Thus: On average, a random
permutationof sizel00hasa little more than5 cycles

Suchprocedureslemonstrata directexploitation of symbolicmethods.They do not
howevertell us how the numberof cyclescoulddependonn asn varies. Suchquestions
areto be examinedsystematicallyn Chapterll. Here,we shall contentourseheswith a
brief sketch. First, form the bivariategeneratingunction,

P(z,u) := Z P ()",
=0

andobsenethat

o U IR 1
P(z,u) = Zﬁ<log1_z) :exp<u10g1_z)
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Newton'’s binomialtheoremthenprovides

10 -2 = - ():

n

In otherwords,a simpleformula

n

(35) Z[n]uk:u(u+1)(u+2)---(u+n—1)
k
k=0
describegpreciselythedistribution of Stirling cycle numberdor ary fixedvalueof n. From
there, the expectednumberof cycles, i, := >~ kpn,x is easilyfound (uselogarithmic
differentiationof (35)),
1 1
pn =Hp =1+ 54+ .

In particular onehaspu1go = H1go = 5.18738. In general:Themeannumberof cyclesin
a randompermutationof sizen growslogarithmicallywith n, p,, ~ logn. a

ExaMPLE 12. Involutionsand permutationswithout long cycles. A permutationo is
aninvolution if o2 = Id with Id the identity permutation.Quite clearly, aninvolution
canhave only cyclesof sizesl and2. TheclassZ of all involutionsthus satisfiesZ =
PB{€1 2{Z}}. Thetranslations immediate:

(36) I(z) = ZInZ—T: = exp (z + i;) .
Thislastequationthenprovidestheformula
[n/2] nl
=2 G ommr

which solvesthe countingproblemexplicitly. A pairing is an involution without fixed
point; in otherwords,only cyclesof length2 areallowed. The EGFandthenumberof all
pairingsaregivenby

J(z)=e"2, Jyp=1-3-5---(2n—1)

aswasto beanticipatedrom a directreasoning.
Generallythe EGF of permutationsall of whosecycles(in particularthelargestone)
havelengthat mostequalto r satisfies

T

J
B (z) = exp Z =

=17
Thenumbers” = ["|B(")(z) satisfytherecurrence

(n+ 1)B), = (n+ 1) — b7

n—r’

by which they canbe computedast. This givesaccesdo the statisticsof thelongestcycle
in a permutation. O
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All perms Derangements| |nyolutions Pairings
1 e” ez+z2/2 ez2/2
1—2 1—2
ShorteSCyde >r Longestcycle S r
—£,(2)
e el (2)
1—2

FIGURE 7. A summaryof major EGFsrelatedto permutationsThere,

LV
l(z) := Z “is the“truncatedogarithm”.
7j=1

> 11. Permutationssud that 6® = Id. Suchpermutationsare “roots of unity” in the symmetric

group.Their EGFis
zd
= (£5).
dl|e

wherethe sumextendsto all divisorsd of e. <

ExAMPLE 13. Derangementsand permutationsvithout shortcycles. Classically a de-
rangements definedasa permutatiorwithout fixed points,i.e.,o; # i for all i. Givenan
integerr, anr—derangemeris a permutatiorall of whosecycles(in particularthe shortest
one)havelengthlargerthanr. Let D(") betheclassof all r—derangementg\ specification
is

(37) D) = p{e..{2}},
thecorrespondingeGFbeingthen

i\ en(=3_, %)
38 D(z) = G A
(38) () =exp | 3 ; -

j>r
For instancewhenr = 1, adirectexpansioryields

DY 11 (=1)"

T TR I
atruncationof the seriesexpansionof exp(—1) thatcorvergesfastto e~1. Phrasedliffer-
ently, the enumeratiorof derangementis a famouscombinatorialproblemwith a pleas-
antly guaintnineteentlcenturyformulation[28]: “A numbem of peoplegoto operaleae
their hatson hookin the cloakroomandgrabthemat randomwhenleaving; the probabil-
ity that nobodygetsbackhis own hatis asymptoticto 1/e, which is nearly37%”. (The
usualproof usesaninclusion-exclusionargumentAlso, it is a signof changingtimesthat
Motwani andRaghaan[107, p. 11] describethe problemasone of sailorsthatreturnto
theirshipin stateof inebriationandchoosaandomcabinsto sleepin.) For thegeneralized
derangemenproblem,thereholds

LA

(39)

n!
(for ary fixedr), ascanbeprovedeasilyby comple< asymptotianethodgChapterV). O
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Like several other structureghat we have beenconsideringpreviously, permutation
allow for transparentonnectiondetweenstructuralconstraintsaandthe shapef gener
atingfunctions.The major countingresultsencounteredh this sectionaresummarizedn
Figure?.

> 12. Parity constaintsin permutations.The EGF’s of permutationshaving only evensizecycles

(E(z)) or oddsizecycles(O(z)) are
_ 1 1 _ 1 . 1 1+2z\ (142
E(z) = exp <§log 1_z2> = O(z) =exp (2 log 1_z) = 1ll_z_

Fromthe EGFs,onefinds Eon, = (1-3-5--- (2n — 1))%, O2n = Eay, O2nt1 = (20 + 1) Ean.
The EGF’s of permutationshaving an even numberof cycles (£ (z)) andan odd numberof
cycles(O*(z)) are

. 1 12-2° . : 1 1 2
E (z)=cosh(10g1_z)=§ T O™ (z) = sinh(log ):il—z'

sothat parity of the numberof cyclesis evenly distributedamongspermutationof sizen assoon
asn > 2. (Thegeneratingunctionsobtainedn this way areanalogoudo the onesappearingn the
discussiorof “Comtet’s square’in the previous section.)

1—2

Il. 4.2. Secondevel structur es. Considetthethreebasicconstructor®f labelledse-
guence(S), set (), andcycle (€). We can play the formal gameof examining what
the variouscombinationsproduceas combinatorialobjects. Restrictingattentionto su-
perpositionsof two constructorgan “external” one appliedto an “internal” one) gives
9 possibilitiessummarizedy thefollowing table:

ext.\int. G>1 P>1 <
“Labelled compositions”(£) SurjectiongR) Alignments(O)
(S} Go6 GoP GoC
1—2 1 1
1-—22 2 —e? 1—log(l—2)7t
“F ragmentecbermutations”(F) Setpartitions(S) PermutationgP)
B Po& PoP Podl
2 1
z/(1-2) e*—1
¢ € 1—2
“Superneklaces” “Superneklaceg” “Superneklaces”
¢ Co B CosP Col
1—2 N1 1
10g1_2z log(l—e ) logl_log(l_z),l

The classef surjections alignments setpartitions,and permutationsappeamatu-
rally asG o P, S o €, P o P, andPP o €. Theotheronesrepresenessentiallynonclassical
objects. The caseof £ correspondingo & o & describesa classwhoseelementsare
(ordered)sequencesf linear graphs. This canbe interpretedas permutationswith sep-
aratorsinserted,e.g, 53|264|5, or alternatvely as integer compositionswith a labelling
superimposedFinally, theclassF = P{S&>1{Z}} correspondso unorderectollections
of permutationsin otherwords,“fragments”areobtainedby breakinga permutatiorinto
pieces(piecesmustbe nonemptyfor definiteness)TheinterestingeGFis

2 3 4

F(z) = /(-2 — 1 Z 1 13% LA
(z)=e +z+32!+ 33+734!+ ,
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whosecoeficientsconstituteElS A000262(“setsof lists”). Whatwe termed“superneck-
laces”in thelastcolumnrepresentsyclic arrangementsf compositeobjectsexisting in
threebrands.

All sortsof refinementspf which Figure 7 may give anidea, are clearly possible.
We leave to the readers imaginationthe task of determiningwhich amongstthe level 3
structuresnaybe of combinatoriainterest. .

> 13. Countingspecification®f level n. The algebraof constructionssatisfiesthe combinatorial
isomorphismB{c{x}} = &{X} for all X. How mary differenttermsof lengthn canbe built
from threesymbolse, 3, & satisfyingasemi-groudaw (‘' o’) togethemwith therelation3o € = &7
This determineshe numberof specification®f level n. (Hint: the OGFis rationalasit corresponds
to wordswith anexcludedpattern.) <

II. 5. Labelled treesmappings,and graphs

In this section,we considerlabelledtreesand certainlabelledobjectsthat are natu-
rally associatedvith them,namelymappingsandfunctionalgraphson oneside,graphsof
smallexcesson the otherside. Like in the unlabelledcaseconsideredn Sectionl. 6, the
correspondingombinatoriaklassesreinherentlyrecursve.

Il. 5.1. Trees. Thetreesto be studiedherearerootedandlabelled,meaningasusual
thatanodeis distinguishedastherootandthatnodesbeardistinctintegerlabels.Labelled
trees,like their unlabelledcounterpartsexist in two varieties: (i) planetreeswherean
embeddingn the planeis understoodor, equivalently, subtreeslanglingfrom a nodeare
orderedsay from left to right); (¢4) nonplanereeswhereno suchembeddings imposed
(suchtreesare then nothing but connectedlirectedagyclic graphswith a distinguished
root). Treesmay befurtherrestrictedby the additionalconstrainthatthe nodeoutdegrees
shouldbelongto afixedsetQ C Z o where2 5 0.

We first disposeof the planevariety of labelledtrees. Let A be the setof (rooted
labelled)planetreesconstrainedy Q. Thisfamily is specifiedoy

A= Z*GQ{A},

where Z representshe atomicclassconsistingof a singlelabellednode: Z = {1}. The
sequenceonstructionappearincherereflectsthe planarembeddingof trees,as subtrees

()
_ S & (3,2,5/1,7,4,6)

(1)

1@W\®

FIGURE 8. A labelledplanetreeis determinedby an unlabelledtree
(the“shape”)anda permutatiorof thelabelsl, ... n.
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/ N\ / N\ / N\

W —N—
N —W—
W —k—N
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N —— W

N

w

=

w

=Y

N

FIGURE 9. ThereareT; = 1,7, = 2,73 = 9, andin generall,, =
n"~! Cayley treesof sizen.

stemmingfrom a commonroot are orderedbetweenthemseles. Accordingly, the EGF
A(z) satisfies
A(z) = z¢(A(2)) where ¢(u Z u®
wEN

This is exactly the sameequationasthe one satisfiedby the ordinary GF of Q-restricted
unlabelledplanetrees(seePropositionl.4). Thus, 1, A, isthenumberof unlabelledrees.
In otherwords: in the plane rooted case the numberof labelled treesequalsn! times
the correspondingnumberof unrootedtrees. As illustratedby Figure 8, this is easily
understoodcombinatorially: eachlabelledtree can be definedby its “shape”thatis an
unlabelledreeandby thesequencef nodelabelswherenodesaretraversedn somefixed
order(preordersay).Finally, onehas,by Lagrangenversion,

Ap =n![2"A(2) = (n — D)![u™ ]d(u)™.
This simpleanalytic—combinatorialelationenablesusto transposall of the enumeratie
resultsof Sectionl.5.1 to planelabelledtrees(uponmultiplying the evaluationsby n!, of
course).In particular the total numberof “general” planelabelledtrees(with no degree
restrictionimposedj.e.,Q = Zxo) is
1/2n-2 (2n —2)! 1
Ix = =" 2 9 l(1.3...(2n = 3)).
nxn(n—l) (n—1)! ( (2n =3))

Thecorrespondingequencstartsasi, 2, 12,120, 1680 andis EISA001813

We next turnto labellednonplanarees(Figure9) to which therestof this sectionwill
bedevoted.TheclassT of all suchtreesis definableby the symbolicequation

(40) T=ZxP{T},

wherethe setconstructiontranslateghe fact that subteestemmingfrom the root arenot
orderecbetweerthemseles.Fromthe specification(40),the EGFT(z) is definedimplic-
itly by the “functional equation”

(41) T(z) = 2T,

Thefirst few vaIuesareeasinfound'
3 5
— 1_ 2_ 3_ 4_
T(z)=2+2'5;+3 TREA TR Tl
This leadsto expectthat
(42) T, =n""1

afactproved(oncemore)by the LagrangdnversionTheorem(seeAPPENDIX: Lagrange
Inversion, p. 170):

& — [zn]T(z) — %[un—l](ez)n —

n!
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The enumeratie resultT,, = n™! is afamousone,attributedto the prolific British
mathematiciarArthur Cayley (1821-1895)who hadkeeninterestin combinatorialmath-
ematicsand publishedaltogetherver 900 papersand notes. Consequentlyformula (42)
givenby Cayley in 1889is oftenreferredto as“Cayley’s formula” andunrestrictechon-
planelabelledteesare often called “Cayley trees”. See[17, p. 51] for a historical dis-
cussion. The simplicity of Cayley’s formula calls for a combinatorialexplanation. The
mostfamousonedueto Prifer (in 1918); see[17, p. 53] or [105, p. 5] for a description
of the Prufer encodingof treesby sequences.The function T'(z) is alsoknown asthe
(Cayley) “tree function”; it is a closerelative of the W—function[29] definedimplicitly
by We" = z, whichwasintroducedoy the Swissmathematiciadohann_ambert(1728—
1777)otherwisefamoudor first proving theirrationality of the numberr.

A similar procesggivesthe numberof treeswhereall (out)degreesof nodesarere-
strictedto lie in aset(2. This correspondso the specification

T® = ZxPo{T},

whichtranslateglirectly into anEGFequation,
T (2) = 23T (2))  where lu) = —,
w.
wEN
andis amenabléo Lagrangenversion.Whatthis lastformulainvolvesis the“exponential
characteristic’of the degree sequencdas opposedo the ordinary characteristicjn the
planarcase).In summary:
PrRoPOSITION II.5. Thenumberof trees,whete all nodeshavetheir outdegreein (2,
is ) - ~ »
T\ = (n - D![u" '1(3w)”  whee Gw) =3 =

weQ
> 14.Forests.The numberof unorderedk—forests(i.e., k—setsof trees)is

k _ n— B
e I = (o

asfollows from Burmanns form of Lagranganversion. <

> 15. Labelledhierarchies. The class of labelledhierarchieds formed of treeswhoseinternal
nodesare unlabelledand are constrainedo have outdeyreelargerthan1, while leaveshave labels
attachedo them.Lik e for otherlabelledstructure sizeis thenumberof labels(sothatinternalnodes
do not contritute). Hierarchiessatisfythe specification

L=2Z+P>{L},

sothatL(z) satisfiesl, = z +e* — 1 — L, and
2 3 4 5

S PR Y2 z 1 z z z z
L(z)_T(Qe )+2 2—z+2!+43!+264!+2365!+
(EIS A00031), with T beingthe Cayley treefunction. The numberscount“phylogenetictrees”
(usedto describethe evolution of a geneticallyrelatedgroup of organisms)and correspondo
Schibders “fourth problem”; see[28, p. 224] andSectionl.5.2 for unlabelledanalogues.
The classof binary (labelled)hierarchiedefinedby the additionalfactthatinternalnodescan
have degree2 only correspondso M = Z + PB>{ M}, sothat

M(z)=1—-+v1-22 and M,=1-3---(2n—23),
wherethe countingnumbersarethe odd factorials. <
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II. 5.2. Mappings and functional graphs. Let F betheclassof mappinggor “func-
tions”) from [1..n] to itself. A mappingf € [1..n] — [1..n] canberepresentetyy a
directedgraphover the setof vertices[1 .. n] with an edgeconnectingz to f(z), for all
z € [1..n]. Thegraphssoobtainedarecalledfunctionalgraphsandthey have the char
acteristicpropertythatthe outdegreeof eachvertex is exactly equalto 1.

Givena mapping(or function) f, uponstartingfrom ary point zo, the successiomf
(directed)edgesn thegraphtraversegheiteratesof themappingzo, f (zo), f(f (z0)), - - -,
andsincethe domainis finite, eachsuchsequencenusteventuallyloop on itself. When
the operationis repeatedthe elementgyroupthemselesinto components.This leadsto
anothercharacterizatiorof functionalgraphs(Figure 10): A functionalgraphis a setof
connectedunctionalgraphs. A connectedunctionalgraphis a collectionof rootedtrees
arrangedin acycle

Thus,with 7 beingasbeforethe classof all Cayley trees,andwith K the classof all
connectedunctionalgraphswe have the specification:

F o= P{K}
(43) K = ¢&{T}
T = Z+B{T}h
Thistranslatest sightinto a setof equationdor EGF's
F(z) = K&
1
T(z) = =z2eT(3),

Eventually theEGF F(z) is foundto satisfyF = (1—T)~!. It canbechecledfromthere,
by Lagrangenversiononcemore,thatwe have

_.n
F, =n",

aswasto be expected(!) from the origin of the problem. More interestingly Lagrange
inversionalso providesfor the numberof connectedunctional graphs(expandlog(1 —

FIGURE 10. A functionalgraphof sizen = 26 associatedo the map-
ping ¢ suchthat (1) = 16, (2) = ¢(3) = 11, p(4) = 23, andso
on.
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T)~! andrecover coeficientsby Birmannsform):

1+(n—1)(n—2)+

(45) K,=n""'Q(n) where Q(n):=1+ "; e

The quantity Q(n) thatappearsn (45) is a famousonethat surfacesin mary prob-
lemsof discretemathematicgincluding the birthday paradox,Equation(26)). Knuth has
proposedo call it “Ramanujans Q—function” asit alreadyappearsn the first letter of
Ramanujarto Hardy in 1913. The asymptoticanalysiscanbe doneelementarilyby de-
velopinga continuousapproximationof the generatermandapproximatinghe resulting
Riemmansumby anintegral: this is aninstanceof the Laplacemethodfor sums(see[85,
Sec.1.2.11.3],[130 Sec.4.7] aswell asEx. 2). In fact, very preciseestimatessomeout
naturallyfrom an analysisof the singularitiesof the EGF K (z), aswe shallseein Chap-
terslV andV. Thenetresultis

n e
K,~n o
sothatafractionaboutl/+/n of all thegraphsconsistof a singlecomponent.

As is customarywith the symbolic method, the constructiong(43) also lead to a
large numberof relatedcountingresults.For instancethe mappingswithout fixed points,
((Vz) f(z) # =) andthosewithout 1, 2—cycles, (additionally (Vz) f(f(z)) # z), have
EGFs

e T2 efT(z)fTQ(z)/2

1-T(z)’ 1-T(z)
Thefirst equationis consistentwvith whata direct countyields, namely(n — 1)™, which
is asymptoticto e ~'n™, sothatthe fraction of mappingswithout fixed pointis asymptotic
to e~!. Thesecondnelendsitself easilyto complex-asymptotianethodshatgive
n e_T_T2/2 -3/2,.n

nl[z") T et
andthe proportionis asymptoticto e —3/2. Thesetwo particularestimatesareof the same
form aswhat hasbeenfound for permutationgthe generalizedlerangement<q. (39)).
Suchfactsthat are not quite obvious by elementaryprobabilisticargumentsarein fact
neatlyexplainedby thesingulartheoryof combinatoriaschemaslevelopedin ChaptenV.

Next, idempotentmappingssatisfying f(f(z)) = f(z) correspondo Z = P{Z

PB{Z}}, sothat
I(z) = e*® and I, = Z (Z) Enk,

k=0

(The specificationtranslateshe fact that idempotentmappingscan have only cycles of
lengthl onwhicharegraftedsetsof directantecedents.Jhelattersequencée EISA000248
which startsas1,1,3,10,41,198,05/. An asymptoticestimatecanbe derived eitherfrom
the Laplacemethodor, better from the saddlepoint methodexposedn ChapterV.

Severalanalyse®f thistypeareof relevanceto cryptographyandthe studyof random
numbergenerators.For instance the fact that a randommappingover [1 .. n] tendsto
reacha cycle in O(y/n) stepsled Pollardto designa Monte Carlo integer factorization
algorithm,see[86, p. 371]and[130, Sec8.8]. Thealgorithmoncesuitablyoptimisedfirst
led to the factorizationof the FermatnumberFg = 22° 11 obtainedby Brentin 1980.
> 16. Binary mappings. The classBF' of binary mappings,where eachpoint haseither0 or 2
preimagesis specifiedoy

BF =B{K}, K =¢{P}, P=Z%B, B=ZPo{B}
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All mappings Partial Injective partial Surjection Bijection
1 el 1 o/ (1-2) 1 1
1-T 1-T 1—2 2 —e* 1—2
ConnectedX) | Nofixedpoint Involution Idempotent Binary
1 e_T 2 z 1
lo z+2°/2 ze
81_-T i-7T ¢ ¢ V1—227

FIGURE 11. A summaryof variouscountingEGFsrelativeto mappings.

(plantedtreesP andbinarytreesB areneeded)sothat

1 ((2n)")?
BF(z) = —— BF5, = .
(2) V1—1222 ? 27 (n!)?
TheclassB.F is anapproximatenodelof the behaiour of (modular)quadratidunctionsunderiter-
ation. See[6, 53] for a generalenumeratie theoryof randommappingsncluding degree-restricted
ones. <

> 17. Partial mappings.A partialmappingmay be undefinedat somepoints,whereit canbe con-
sideredastakinga specialvalue, L. Theiteratedpreimage®f L form aforest,while theremaining
valuesorganizethemseles into a standardmapping. The classPF of partial mappingsis thus
specifiecby PF = P{T} » F, sothat

eT(2) J
—_— an
1-T(2)

This constructioriendsitself to all sortsof variations.For instancetheclassP F'I of injectivepartial
mapsis describedassetsof chainsof linearandcirculargraphs PFI = P{C{Z} + 6>1{Z}}, so
that

PF(2) = PF, = (n+1)"

n 2
=0

(Thisis asymbolicrewriting of partof the paper{20].) <

The resultsof this sectionand the previous onesoffer a wide numberof counting
resultsrelative to mapssatisfyingvariousconstraints Thesearesummarizedn Figurel1l.

Il. 5.3. Labelled graphs. Randomgraphsform a majorchapterof thetheoryof ran-
domdiscretestructured 19, 78. We examinehereenumeratre resultsconcerninggraphs
of low “complexity”, thatis, graphswhich arevery nearlytrees.(Suchgraphfor instance
play an essentialble in the analysisof early stagesof the evolution of a randomgraph,
whenedgesaresuccessiely addedasshovnin [51, 77].)

Thesimplestof all connectedyraphsarecertainlythe onesthatareacyclic. Theseare
trees but contraryto the caseof Cayley treesnorootis specified Let/ betheclassof all
unrootedtrees.Sincea rootedtree(rootedtreesare,aswe know, countedoy T,, = n”~!)
is an unrootedtree combinedwith a choiceof a distinguishedchode (therearen possible
suchchoicesfor treesof sizen), onehas

T, =nU, implying
At generatindunctionlevel, this combinatoriakqualitytranslatesnto
dw

U, =n""2.
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whichintegratesto give (take T astheindependenvariable)

Ule) = T(2) — %T(z)?

SinceU (z) is the EGFof agyclic connectedyraphsthe quantity
A(z) = V) = T-TG/2)

is the EGF of all agyclic graphs. (Equivalently, theseare unorderedforestsof unrooted
trees.)Methodsdevelopedin ChapterdV andV imply immediately

An ~ 61/2 nn—Z‘

Surprisingly perhapstherearebarelymoreagyclic graphsthanunrootedrees.

The excesof a graphis definedasthe differencebetweerthe numberof verticesand
the numberof nodes. For a connectedgraph, this is always —1 or more with the min-
imal value —1 being preciselyattainedby unrootedtrees. The classW;, is the classof
connectedgraphsof excessequalto k; in particularld{ = W_;. The successie classes
W_1,Wo, W1, ..., maybeviewedasdescribingconnectedyraphsof increasingcomplex-
ity.

The classW, comprisesall connectedyraphswith the numberof edgesequalto the
numberof vertices. Equivalently, a graphin W is a connectedgraphwith exactly one
cycle (a sortof “eye”), andfor thatreasonelementof W, aresometimegeferredto as
“unicyclic components’or “unicycles”. In a way, sucha graphlooks very muchlike an
undirectedversionof a connectedunctionalgraph.Preciselyagraphof W, consistof a
cycle of lengthatleast3 (by definition,graphshave neitherloopsnor multiple edges}hatis
undirected(the orientationpresenin the usualcycle constructionis killed by identifying
cyclesisomorphicup to reflection)and on which are graftedtrees(theseare implicitly
rootedby the point at which they are attachedto the cycle). With 4¢ representinghe
(new) undirectectycle constructionpnethushas

Wo = UC>3{T}.
We claim thatthis constructioris reflectedby the EGF equation

1 1 1
(46) Wo(z2) = 5 log 1

=7 3T L.

4
Indeedonehastheisomorphism
Wo +Wo = €53{T},

sincewe may regardthetwo disjoint copieson theleft asinstantiatingtwo possibleorien-
tationsof the undirectedcycle. Theresultof (46) thenfollows from the usualtranslation
of the cycle construction.lt is originally dueto the HungarianprobabilistRéryi in 1959.
Asymptotically onefinds (by methodsof ChaptenV):

1 5 1
47) nl[z"|Wo ~ Z\/27m”_1/2 - gn”_l + E\/27m"—3/2 +ee
Finally, the numberof graphsmadeonly of treesandunicyclic componentss
Y
V()4 Wos) _ eT/2-3T2/4
VA

andasymptotically

nl[z"]eW-1+Wo = F(3/4)2*1/4e*1/27r*1/2n"71/4 (1 + O(n71/2)) .



Il.5. LABELLED TREES,MAPPINGS,AND GRAPHS 95

Suchgraphsstandjust next to agyclic graphsin orderof structuralcomplexity.

> 18.2-Reular graphs. This is basedon Comtets accounf28, Sec.7.3]. A 2-regulargraphis an
undirectedgraphin which eachvertex hasdegreeexactly 2. Connecte®—regular graphsarethus
undirecteccyclesof lengthn > 3, sothatthe EGFof all 2—regulargraphsis

2
ez/2z/4

V-2
Givenn straightlinesin generalposition,a cloud is definedto be a setof n intersectionpointsno
threebeingcollinear Cloudsand2—regulargraphsareequinumerousfHint: Useduality]
The generalenumeratiorof r—regular graphsbecomesomevhat moredifficult whenr > 2.
Algebraicaspectsarediscussedn [65, 68] while Benderand Canfield[9] have determinedhe as-
ymptoticformula(for rn even),

) w2—1ya 7%
R, ~ V2e —n
er/2y!

for thenumberof r—regulargraphsof sizen. <

R(z) =

Ll

The previousdiscussiorsuggestsonsideringnoregenerallythe enumeratiorof con-
nectedgraphsaccordingto excess. E. M. Wright madeimportantcontributionsin this
area[154, 155, 156 thatarerevisitedin thefamous'giant paperon the giantcomponent”
by JansonKnuth,tuczak,andPittel[77]. Wright'sresultaresummarizedby thefollowing
proposition.

PropPoOsSITION 11.6. TheEGF W}, (z) of connectedyraphswith excesqof edgesover
vertices)equalto k is, for k > 1, of theform

P(T
(48) Wile) = e T=TG),

whee Py is a polynomialof degree3k + 2. For anyfixedk, asn — oo, onehas

n Pe(DV2r ok
(49) Wi = nl[z"|Wi(2) = Wﬂ +(3k—1)/2

The combinatorialpart of the proof (not given here, seeWright's original papers
or [77]) is aninterestingexercisein graphsumgery and symbolic methods. The analytic
partof the statemenfollows straightforvardly from singularityanalysis. The polynomi-
als P(T) andthe constants;, (1) aredeterminedyy anexplicit nonlinearrecurrencepne
findsfor instance:

_1T'6-T) _ 1T%(2+ 28T — 23T% + 973 — T*)
T 24 (1-T)3" > (1=T)6 '

As explainedin the giant paper[77], suchresultscombinedwith complex analytic
techniquegprovide with greatdetailinformationon the aspecbf arandomgraphI’(n, m)
with n nodesandm edges. In the sparsecasewherem is of the order of n, onefinds
the following propertiesto hold “with high probability” (w.h.py’, thatis, with probability
tendingto 1 asn — oo .

e Form = pn, with p < %, therandomgraphI'(m, n) hasw.h.p. only treeand
unicycle componentsthelargestcomponents w.h.p. of sizeO(log n).

e Form = %n + O(n'/3), w.h.p. thereappeamneor several semi-giantcompo-
nentsthathave size O (n?/3).

e Form = pn, with g > 1,
proportionalto n.

<1 + O(nfl/z)) .

Wi

thereis w.h.p a unique giant componentf size

3Syn0rym0use(pressi0nsare“asymptoticallyalmostsurer" (a.a.s)and"“in probability”. Theterm“almost
surely”is sometimeaised thoughit lendsitself to confusionwith continuousmeasures.
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In eachcase,refinedestimatedollow from a detailedanalysisof correspondingyener

ating functions,which is a mainthemeof [51] andespecially[77]. Raw forms of these
resultswerefirst obtainedby Erdés andRéryi who launchedhe subjectin a famousse-
riesof papergdatingfrom 1959-60;seethe books[19, 78] for a probabilisticcontect and
the paper[10Q] for thefinestcountingestimatesavailable. In contrastthe enumeratiorof

all connectedyraphs(irrespectve of the numberof edges thatis, without excessbeing
taken into account)is a relatively easyproblemtreatedin the next section. Many other
classicalaspectof the enumeratie theory of graphsare coveredin the book Graphical
Enumeation by HararyandPalmer[76].

Il. 6. Additional constructions

Like in the unlabelledcase,pointing and substitutionare available in the world of
labelledstructuregSectionll. 6.1). Implicit definitionsenlage the scopeof the symbolic
method(Sectionll. 6.2) Theinversionprocessieededo enumeratémplicit structuresare
evensimpler, sincein thelabelleduniversesetsandcycleshave moreconcisetranslations
asoperatorover EGFE Finally, andthis departssignificantlyfrom Chapten, the factthat
integer labelsare naturally orderedmakes it possibleto take into accountcertainorder
propertiesof combinatoriaktructuregSectionll. 6.3).

Il. 6.1. Pointing and substitution. The pointingof a classB is definedby
A=08 iff Ap=1[1..n] x B,.

In otherwords,in orderto generatean elementof A, selectoneof then labelsandpoint
atit. Clearly

d
A,=n-B, = A(z) = 2—A(2).
n (2) zdz (2)

Thecompositioror substitutioncanbe definedsothatit corresponds: priori to com-
positionof generatingunctions.lt is formally definedas

BoC=> By xPi{C},

k=0
sothatits EGFis
ZBk( Sj)) = B(C(2)).
k=0 :

A combinatorialay of realizingthis definitionandform 3 o C, is asfollows: selectsome
elementof B of somesizek, thena k—setof C*; the elementsof the k—setare naturally
orderedby valueof their“leader” (theleaderof anobjectbeingby corventionthe valueof
its smallestabel);the elementwith leaderof rankr is thensubstitutedo thelabellednode
of valuer in B.

THEOREM I1.3. Thecombinatorialconstructionf pointingandsubstitutionare ad-

missible
d

A=08B = A(2)=20,A(z), 0, = o
A=BoC = A(z)=B(C(2)).
For instancethe EGFof (relabelled)pairingsof elementgiravn from A is
eA(z)+A(z)2/2,

sincethe EGF of involutionsis e*+2°/2,
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> 19. Standad constructiondbasedon substitutions.The sequencelassof A may be definedby
compositiorasP o A whereP is thesetof all permutationsThepowersetclassof A maybedefined
asi{ o A wherel{ is theclassof all urns.Thus,

G{A} = Po A P{A} =Uo A

In this way, permutation,urnsand circle graphsappearas archetypalclassesn a developmentof
combinatorialanalysisbasedn composition.

Joyal’s “theory of species’[79] andthe book by Bergeron,Labelle,andLeroux [13] make a
greatuseof suchideasandshav thatanextensve theoryof combinatoriaenumeratiortanbebased
onsuchideas. <

> 20. Distinct componensizes. The EGF’s of permutationswith cyclesof distinctlengthsandof
setpartitionswith partsof distinctsizesare

U(1+ %), U(H%T;).

The probability that a permutationof P,, hasdistinctcycle sizestendsto e™?, see[72, Sec.4.1.6]
for aTauberiarargument. <

Il. 6.2. Implicit structures. Let X bealabelledclassimplicitly definedby eitherof
theequations

A=B+ X, A=BxX.
Then,solvingthe correspondinde GF equationdeadsto

respectiely. For thecompositdabelledconstructionsS, 3, €, thealgebrais equallyeasy

THEOREM I1.4 (Implicit specifications) The geneiting functionsassociatedo the
implicit equationsn X

A=6{x}, A=P{x}, A=},
arerespectively

X (z) =log A(2), X(2) =1—e 40,

ExXAMPLE 14. Connectedjraphs.In the context of graphicalenumerationghelabelled
setconstructiortakesthe form of anenumeratie formularelatinga classof graphsg and
thesubclas®f its connectedyraphsC C G:

G =P{K} = G(z) = K®).

This basicformulais known in graphtheory[76] asthe exponentiafformula
Considerthe classg of all (undirected)abelledgraphsthe size of agraphbeingthe
numberof its nodes. Sincea graphis determinedby the choiceof its setof edgesthere

are (;‘) potentialedgeseachof which may be takenin or out, sothatG,, = 2(3). Let
K C G bethesubclas®f all connectedyraphs.The exponentiaformuladetermined<(z)

implicitly,
K(z) = log (1 +3 2(3)ﬁ>
n>1 n!
2 3 4 5

z z z z
= 2 gyt 385 + T8
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wherethe sequencés EIS A001187 The seriesis divergent,thatis, it hasradiusof con-
vergence0. It cannonethelesbe manipulatedasa formal series.Expandingby meansof
log(1 +u) = u +u?/2 + - - -, yieldsacomplicatecconvolution expressiorfor K,

K, =26) -1 (n:nz)z(w(";) N é ) (nl,7?2,%)2("21”("22”(";) o

(The kth termis asumovern; + --- + n; = n, with 0 < n; < n.) Giventhevery fast
increaseof G,, with n, for instance

2("3") = 9n2(3),
a detailedanalysisof the varioustermsof the expressionof K,, shovs predominancef
thefirst sum,and,in thatsumitself, predominancef the extremetermscorrespondingo
ny=n—10rny, =n — 1, sothat

(50) K,=2G) (1—2n2 " +02™).

Thus, almostall labelledgraphsof sizen are connected.In addition,the errorterm de-
creasewvery fast: for instancefor n = 18, anexactcomputatiorbasedon the generating
functionformularevealsthata proportiononly 0.0001373291074 of all thegraphsarenot
connected—thiss extremelycloseto the value0.0001373291016 predictedby the second
termin theasymptoticformula (50). Notice thatheregoodusecould be madeof a purely
divergentgeneratingunctionfor asymptoticenumeratiorpurposes. O

> 21. Bipartite graphs. A planebipartite graphis a pair (G, w) whereG is labelledgraph,w =
(ww,wr) is abipartition of the nodes(into Westand Eastcateyories),andthe edgesaresuchthat
they only connectnodesfrom wy to nodesof wg. A direct countshavs thatthe EGF of plane

bipartitegraphss
2" n n—
I'(z) = Z’Y"ﬁ with vy, = Z (k) gk(n=k)
n ' k

The EGF of planebipartitegraphsthatareconnecteds log I'(z).
A bipartite graphis a labelledgraphwhosenodescan be partitionedinto two groupsso that
edgesonly connecinodesof differentgroups.The EGF of bipartitegraphss

exp (% log F(z)) - /T,

[Hint. The EGF of a connectedipartite graphis élog I'(z) asa factorof é kills the East-V¢ést
orientationpresenin aconnecteglanebipartitegraph.SeeWilf 'sbook[153 p. 78] for details.] ]

Note The classof all graphsis not “fully” constructiblein the sensahatit doesnot
admita completeconstructionstartingfrom singleatomsandinvolving only sums,prod-
ucts, setsandcycles. (This assertioncan be establishedigorously by complex analysis
sinceEGF's of constructibleclassesnusthave a nonzeroradiusof corvergence.)in con-
trast,the specialgraphsencounteredh this chapteyincluding graphsof fixed excessare
all constructible.

Il. 6.3. Order constraints. A constructionwell suitedto taking into accountmary
orderpropertienf combinatoriaktructureshe modifiedlabelledproduct,

A= (B x0).

This denoteghe subsebf the productB = C formedwith elementssuchthatthe smallest
labelis constrainedo lie in the B component(To make this definition consistentijt must
beassumedhat By = 0.) We call this binary operationon structureghe boxedproduct.
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THEOREM I1.5. Theboxedproductis admissible

a
dt’
ProoF. Thedefinitionof boxedproductampliesthe coeficientrelation

51) A=(Bx0) = A@)= /z((‘)tB(t))-C(t)dt, 8, =
0

n
n—1
A, = ;; (k B 1)Bkcn_k.
The binomial coeficient that appearsn the standardabelled productis now modified
sinceonly n — 1 labelsneedto be distributedbetweenthe two componentsk — 1 going
to the B componentthatis constrainedo containthe label1 already)andn — & to theC
componentFromthe equivalentform

A, 1< (n
T > (k) (kBr) Cn—;

k=0
theresultfollows by takingEGF's. O

A usefulspecialcases the min—rootingoperation,
A={11"x«c,

for which a variantdefinition goesasfollows. Take in all possiblewayselementsy € C,
prependan atomwith a label smallerthanthe labelsof ~, for instance0, andrelabelin
the canonicalway over[1.. (n + 1)] by shifting labelvalues.Clearly A,+1 = C, which
yields

Az) = /0 “cwat,

aresultalsoconsistentvith the generaformulaof boxed products.
For someapplicationsit is easierto imposeconstraintson the maximallabel rather
thanthe minimum. The max-boxedproductwritten

A= (B"x0),

is thendefinedby the fact the maximumis constrainedo lie in the B-componenbf the
labelledproduct. Naturally, the translationby an integral in (51) remainsvalid for this
trivially modifiedboxedproduct.

> 22. Combinatoricsof integration. In the perspectie of this book, integration by partshasan
immediateinterpretationIndeed the equality

/Z A'(t)- B#t)dt = A(z) - B(2) — / A(t)- B () dt,
0 0

readsoff as: “The smallestiabel in an ordered pair, if it appeas on the left, cannotappearon the
right” <

ExAMPLE 15. Recodsin permutations. Given a sequencef numericaldata,z =
(%1, ...,z,) assumedll distinct,areco in thatsequencés definedto beanelementz;
suchthatz;, < z; for all k¥ < j. (A recordis anelement'better” thanits predecessors!)
Figure12 displaysanumericalsequencef lengthn = 100 thathas7 records.Confronted
to suchdata,a statisticianwill typically wantto determinewhetherthe dataobey purely
randomfluctuationsor therecould be someindicationsof a “trend” or of a “bias” [33,
Ch. 10]. (Think of the dataasreflectingsharepricesor athleticrecords,say) In partic-
ular, if the z; areindependentlydrawn from a continuousdistribution, thenthe number
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FIGURE 12. A numericalsequencef size100with recordsmarkedby
circles:thereare7 recordsthatoccurattimesli, 3,5, 11, 60, 86, 88.

of recordsobeys the samelaws asin a randompermutationof [1..n]. This statistical
preambleheninvitesthe question:How manypermutationsf n havek recoids?

First, we startwith a specialbrandof permutationsthe onesthathave their maximum
atthebeginning. Suchpermutationsredefinedas(' W’ indicatesheboxedproductbased
onthemaximumlabel)

Q= (Z"xP),
whereP is theclassof all permutationsObsene thatthis givesthe EGF

*(d
Q(z):/0 (EQ l—tdt logl_

implying theobviousresultQ,, = (n—1)!for alln > 1. Theseareexactlythepermutations
with onerecord.Next, considertheclass

P® = p{Q}.

Theelementsof P(*) areunorderedsetsof cardinalityk with elementsf type Q. Define
the (max) leaderof ary componenbf P*) asthe value of its maximalelement. Then,
if we placethe componentsn sequenceprderedby increasingvaluesof their leaders,
thenreadoff the whole sequencewe obtaina permutationwith & recordsexactly. The
correspondendas easilyrevertible. Hereis anillustration,with leadersunderlined:

{(7,2,6,1), (4,3), (9,8,5)} = [(4,3), (7,2,6,1), (9,8,5))]
4,3,7,2,6,1,9,8,5.

IR

Thus,the numberof permutationsvith £ recordsis determinecdy

1 k
PO = () A= )],

wherewe recognizeStirling cycle numbersfrom Examplell. In otherwords:

Thenumberof permutationof sizen havingk recodsis countedby
the Stirling “cycle” number[}].

“This correspondence easily extendedto a transformationon permutationshat mapsthe numberof
recordgto the numberof cycles.Inthis casejt is known asFoatas fundamentatorrespondenci®8, Sec.10.2].
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Returningto our statisticalproblem,the treatmentof Example84 (to be revisitedin
Chaptedll) showsthatthe expectednumberof recordsin arandompermutatiorof sizen
equalsH,,, the harmonicnumber OnehasH;oy = 5.18, sothatfor 100 dataitems, a
little morethan5 recordsareexpectedon average.The probability of observing7 records
or moreis still about23%, an altogethemot especiallyrareevent. In contrast,observing
twice as mary records,thatis, 14, would be a fairly strongindication of a bias since,
on randomdata, the event has probability very closeto 10=%. Altogether the present
discussions consistentvith thehypothesigor thedataof Figure12to have beengenerated
independenthat random(andindeedthey were). O

It is possibleto basea fair part of the theory of labelledconstructionson sumsand
productsin conjunctionwith the boxedproduct.In effect, considerthethreerelations

1
T=4G) f=1+gf
F=P{0) = [(z)=e", f= a1

Feelg) = () =loar— f= [o

The last columnis easily checled to provide an alternatve form of the standardopera-
tor correspondindo sequencespowersets,andcycles. Eachcaseis thenitself deduced
directly from Theoremll.5 andthelabelledproductrule:

Sequenceghey obey therecursve definition
F =6{G} = F=A{e} +(G*F).

Sets we have

F=P{G} =  F{+(G"*H),
which meansthat, in a set, one canalways single out the componentwith the
largestlabel,therestof the component$orming a set.In otherwords,whenthis
constructionis repeatedthe elementsof a setcanbe canonicallyarrangedac-
cordingto increasingvaluesof their largestlabels,the “leaders”. (We recognize
herea generalizatiorof the constructiorusedfor recordsin permutations.)
Cycles Theelemenbf acyclethatcontainghelargestlabelcanbetakencanon-

ically asthe cycle “starter”, which is thenfollowed by an arbitrary sequencef
elementsupontraversingthecyclein circularorder Thus

F =¢{G} = F = (G"x 6{G}).

Greend 73] hasdevelopedacompletedframework of labelledgrammar$asedn stan-
dard and boxed labelledproducts. In its basicform, its expressie power is essentially
equivalentto ours, becausef the above relations. More complicatedorder constraints,
dealingsimultaneouslywith a collectionof larger and smallerelementscanbe further
moretakeninto accountwithin this framework.

> 23. Higher order constaints. Let the symbolsd, [, B represensmallestsecondsmallestand
largestlabelsrespectrely. Onehasthe correspondencesvith 9, = dd—z)

A= (B2« c') 82A(2) = (8. B(2)) - (8:C(2))
A= (B7"xc) 02A(z) = (92B(2)) - C(2)
A= (BD *CY x D') 2A(2) = (0. B(2)) - (9.C(2)) - (8:D(2)),

andsoon. Thesecanbetransformednto (iterated)integral representationgSee[ 73] for more.] <

F=6{G} = f(»)=
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FIGURE 13. A permutatiorof size7 andits increasingbinarytreelifting.

Thenext two examplesdemonstratéhe usefulnes®f min-rootingusedn conjunction
with recursion.In this way, treessatisfyingsomeorderconditionscanbe constructecand
enumerate@asily Thisis turn givesaccesso new characteristicef permutations.

ExAMPLE 16. Increasingbinary treesand alternatingpermutations. To eachpermu-
tation, one canassociatéijectively a binary tree of a specialtype® calledan increasing
binary treeandsometimes heap—orderetteeor atournamentree. Thisis aplanerooted
binary treein which internalnodesbearlabelsin the usualway, but with the additional
constrainthatnodelabelsincreasealongary branchstemmingfrom theroot.
Thecorrespondencg@-igure13)is asfollows: Givena permutatiorof a setwritten as
aword, o = 01032 ...0y,, factorit in theform o = o, - min(o) - og, with min(o) the
smallestlabel valuein the permutationandor,, o g the factorsleft andright of min(o).
Thenthebinarytree((o) is definedrecursvely in theformat(root, left,right) by

B(o) = (min(0),B(oL), B(or)),  Ble) =€
The emptytree (consistingof a unigueexternalnodeof size0) goeswith the emptyper
mutatione. Corversely readingthe labelsof the tree in symmetric(infix) order gives
backthe original permutation.(The correspondencis describedor instancen Stanleg’s
book[135 p.23-25]who saysthat“it hasbeenprimarily developedby theFrench”,point-
ing at[64].)
Thus,thefamily Z of binaryincreasingreessatisfiesgherecursve definition

T={e}+ (27+7x1),
whichimpliesthe nonlinearintegral equationfor the EGF
I(z) =1 +/ I(t)*dt.
0

Thisequationreduceso I'(z) = I(z)? and,undertheinitial conditionI(0) = 1, it admits
thesolutionI(z) = (1 — z)~!. ThusI, = n!, whichis consistentvith thefactthatthere
areasmary increasingreesastherearepermutations.

SSuchtreesare closelyrelatedto classicaldatastructuresof computerscience Jlike heapsand binomial
queued30,129.
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The constructionof increasingtreesassociatedvith permutationis instrumentalin
derving EGF's relative to variouslocal order patternsin permutationslik e the number
of ascentsanddescentsyises,falls, peaksandtroughs,etc. We illustrateits usehereby
countingthe numberof up-and-dowr(or zig-zaj) permutationsalsoknown asalternating
permutations.The resultwasfirst derived by Désie André in 1881by meansof a direct
recurrenceargument.

A permutatiorv = o102 . . . 04, IS analternatingpermutatiorif

(52) 01>02<03>04< """,
sothatpairsof consecutie elementdorm a successionf upsanddowns;for instance,

6 7\ P
VA

[6231745}

Considerfirst the caseof an alternatingpermutationof odd size. It canbe checled that
the correspondingncreasingreeshave no one—way branchingnodes sothatthey consist
solelyof binarynodesandleaves. Thus,the correspondingpecifications

J=Z+<ZD*J*J),

sothat . p
J(z) = 2 + / TaPd  and L) =1+ J(:)",
0
The equationadmitsseparatiorof variableswhichimplies (with J(0) = 0)
23 28 27
J(z) = tan(z) = z+2§ + 165 +272ﬁ + -

The coeficients J,, 41 are known asthe tangent numbes or the Euler numbes of odd
index (EISA000182.
Alternatingpermutation®f evensizedefinedby the constraini{52) anddenotecby 7
canbedeterminedrom
T ={e} + (Zm*j*7) ,
sincenow all internalnodesof the treerepresentatioarebinary, exceptfor the rightmost
onethatonly brancheontheleft. Thus,J'(z) = tan(z)J(z), andtheEGFis

- 1 22 24 28 28
J(2) = =14+1—+5—+61— +1385— +---
e DR TR TR T e TR
wherethe coeficients.J,,, arethe secannumbes alsoknown asEuler numbersof even
index (EISA000364. d

Usewill bemadelaterin thisbook(Chapterll, p. 17)of thisimportanttreerepresen-
tation of permutationgsit opensaccesso parameterdik e the numberof descentstuns,
and(oncemore!) recordsin permutations Analysesof increasingreesalsoinform us of
crucialperformancéssuesegardingbinary searchrees,quicksort,andheap-lile priority
queuestructure§102 130, 147, 14§|.

D> 24.Combinatoricsof trigonometrics.Interprettan —%—, tantan z, tan(e®* — 1)asEGFs. <

1-22
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FIGURE 14. An increasingCayley tree(left) andits associatedegres-
sive mapping(right).

ExAMPLE 17. IncreasingCayley treesand regressivemappings.An increasingCayley
treeis a Cayley tree(i.e., it is nonplaneandrooted)whoselabelsalongary branchstem-
ming from the root form anincreasingsequenceln particular the minimum mustoccur
at the root, and no planeembeddings implied. Let K be the classof suchtrees. The
recursve specificatioris now

K= (29 %p{K}).
Thegeneratingunctionthussatisfieghe functionalrelations
K(z)= / e gt K'(z) = eX(3),
0
with K’(0) = 0. Integrationof K’e~% = 1 shavsthat

K(z) =log

T and K,=(n-1).L
Thusthe numberof increasingCayley treesis (n — 1)!, whichis alsothe numberof per
mutationsof sizen — 1. Thesetreeshave beenstudiedby Meir andMoon [104 underthe
nameof “recursive trees”,aterminologythatwe do nothoweverretainhere.

Thesimplicity of theformula K,, = (n — 1)! certainlycallsfor acombinatoriainter-
pretation.In fact,anincreasingCayley treeis fully determinedy its child parentrelation-
ship (Figure 14). Otherwisesaid, to eachincreasingCayley treer, we associate partial
map¢ = ¢, suchthat¢(i) = j iff thelabelof the parentof i is j. Sincetheroot of tree
is anorphanthevalueof ¢(1) is undefinedg(1) =L; sincethetreeis increasingpnehas
¢(i) < iforalli > 2. A functionsatisfyingtheseasttwo conditionsis calledaregressive
mapping The correspondencbetweerntreesandregressve mappingss theneasilyseen
to beabijective one.

Thusregressvemappingonthedomainl .. n] andincreasingCayley treesareequinu-
merous,sothatwe may aswell use to denotethe classof regressie mappings.Now,
aregressve mappingof sizen is evidently determineddy a single choicefor ¢(2) (since
¢(2) = 1), two possiblechoicesfor ¢(3) (eitherof 1, 2), andsoon. Hencethefactthat

K,=1-2:3---(n—1)

recevesa naturalinterpretation. d
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Regressive mappingscanbe alsorelateddirectly to permutations.The construction
that associates regressve mappingto a permutationis calledthe “inversiontable” con-
struction;see[86, 130. In short,givena permutatiorc = o1, ...,0,, ONecanassociate
toit afunctiony = ¢, from[1..n]to[0..n — 1], by therule

Y(j) =card{k <j | or > 0;}.

(The function ¢ is a trivial variantof a regressie mapping.) Summarizing,we have a
doublecombinatorialkconnection,

IncreasingCayley tree= Regressve mappings= Permutations,
thatopenstheway to yet morepermutatiorenumerations.

> 25. Rotationsand increasingtrees. An increasingCayley treecanbe canonicallydravn by or-
dering descendantsf eachnodefrom left to right accordingto their label values. The rotation
correspondencf. 48) thengivesrise to a binary increasingtree. Hence,increasingCayley trees
andincreasingbinarytreesarealsodirectly related.

Il. 7. Notes

Labelledconstructionsarea frequentlyusedparadigmof combinatorialanalysiswith
applicationgo orderstatisticsandgraphicalenumerationgor instance.Seethe booksby
Comtet[28], Wilf [153, Stanley [135, or GouldenandJacksori68] for mary examples.

The labelledsetconstructionand the exponentialformula were recognizedearly by
researchersvorking in the areaof graphicalenumeration§76]. Foata[62] proposeda
detailedformalizationin 1974 of labelled constructionsgspeciallysequencesnd sets,
underthe namesof partitional comple; a brief accountis alsogiven by Stanlg in his
suney [134]. Thisis parallelto the concepiof “prefab” dueto BenderandGoldman[11].

Greenedevelopeda generafframenork of “labelled grammars”argely basedon the
boxed productwith implicationsfor the randomgenerationof combinatorialstructures.
Joyal'stheoryof specieq79], alreadymentionedn the previouschapteris basedon cat-
egory theory;it presentghe advantageof uniting in acommontheorythe unlabelledand
thelabelledworlds.

Flajolet, Salvy, and Zimmermannhave developeda specificationlanguageclosely
relatedto the systemexposedhere. They shov in [56] how to compile automatically
specificationsnto generatingunctions;this is complementedby a calculusthatproduces
fastrandomgeneratioralgorithms[61].






CHAPTER Il

Combinatorial Parametersand
Multi variate Generating Functions

Generatindunctionsfind averagesetc.

— HERBERT WILF [153
Jen’ai jamaisété assedoin pourbiensentirl’applicationdel’algébreala géonétrie. Jen'aimais
point cettemanéred’opérersansvoir ce qu’on fait, etil me sembloitquerésoudrain problémede
géonétrie parles équationsc’étoitjouerun air entournantunemanivelle.

— JEAN-JACQUES RoussEAuU, LesConfessiond.ivre VI

Many scientificendeaours,in probabilitytheoryandstatisticscomputeiscienceandanal-
ysisof algorithms statisticalphysicsandcomputationabiology demandorecisequantita-
tive informationson probabilisticpropertiesof parametes of combinatorialobjects. For
the purposeof designing.analysingandoptimizing a sortingalgorithm, it is for instance
of interestto determinewhat the typical disorderof dataobeying a given model of ran-
domnesss, anddo soin themean,or evenin distribution, eitherexactly or asymptotically
The “exact” problemis then a refined countingproblemwith two parameterssize and
additionalcharacteristicthe “asymptotic” problemcanbe viewed asone of characteriz-
ing in the limit a family of probability laws indexed by the valuesof the possiblesizes.
As demonstratedh this chapter the symbolic methodsinitially developedfor counting
combinatorialobjectsadaptgracefully to the analysisof varioussortsof parameter®of
constructibleclassesunlabelledandlabelledalike.

Multivariate generatingfunctions—ordinaryor exponential—carkeeptrack of the
numberof componentdn a compositeconstruction like a sequencea (multi)set, or a
cycle. Generally multivariategeneratingunctionsgive accesgo “inherited” parameters
definedinductively over combinatorialobjects. This includesthe numberof occurrences
of designatedpatterns”to be foundin an objectof a given size. From suchgenerating
functions thereresulteitherexplicit probabilitydistributionsor, atleast meanandvariance
evaluations. Essentiallyall the combinatorialclassedliscussedn the first two chapters
areamenabldo sucha treatment.Typical applicationsarethe numberof summandsn a
compositionthenumberof blocksin asetpartition,thenumberof cyclesin apermutation,
the root degreeor pathlength of a tree,the numberof fixed point in a permutation the
numberof singletonblocksin asetpartition,thenumberof leavesin treesof varioussorts,
andso on. Technically the translationschemedhat relate combinatorialconstructions
andmultivariategeneratingunctionspresento major difficulty, sincethey appearto be
natural(notational,even) refinementof the paradigmdevelopedin Chapterd andll for
theunivariatecase.

Beyondits technicalaspectanchoredn “symbolic combinatorics” this chapteralso
senesasalfirst encountewith the generaklreaof “randomcombinatorics”.The question
is: Whatdoesa randomobijectof large sizelook like? Multivariategeneratingunctions

107
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whencombinedwith probabilisticinequalitiesoftenoffer definitive answersFor instance,
a large integer partition conformswith high probability to a deterministicprofile, a large
randompermutationalmostsurely hasat leastone long cycle anda few shortones,and
soon. Sucha highly constrainecbehaviour of large objectsmay in turn sene to design,
dedicatedalgorithmsandoptimizedatastructurespr it may sene to build statisticaltests
(when doesone departfrom randomnessind detecta “signal” in large setsof obsened
data?).Randomnesaspectdorm a recurrentthemeof the book: they will be developed
evenfurtherin ChapterdV-VIl, after comple-asymptotionethodshave beengraftedon
exactmodellingby generatingunctions.

This chaptelis organizedasfollows. Sectionlll. 1 firstintroduceghebasicnotionsof
multivariateenumeratiomndmultivariategeneratingunction. There we shallalsodiscuss
therelationswith discreteprobabilisticmodels,asthe languageof elementaryprobability
theorydoesprovide anintuitively appealingvay to conceve of multivariatecountingdata.
The symbolicmethodper sedeclinedin its multivariateversionis centrally developedin
SectionslIl. 2 andlll. 3: with suitablemulti-index notations,the extensionto the multi-
variatecaseis almostimmediate.Recursie parametershatoftenarisefrom treestatistics
form thesubjectof Sectionlll. 4, while “universal’generatingunctionsandcombinatorial
modelsarediscussedn Sectionlll. 5. Additional constructiondik e pointing, substitution,
andorderconstraintdeadto interestingdevelopmentsin particular anoriginal treatment
of the inclusion-eclusion principle in Sectionlll. 6. The chapterconcludeswith Sec-
tion Ill. 7 that presentsa brief abstractdiscussionof extremal parameterdike heightin
treesor smallestandlargestcomponentsn compositestructureswhich leadsto families
of univariategeneratingunctions.

Ill. 1. Parameters,generatingfunctions, and distrib utions

Our purposehereis to analysevarious characteristicof combinatorialstructures.
Most of the time, we shall be interestedin enumeratioraccordingto size and a single
auxiliary parameterHowever, the theoryis bestdevelopedin full generalityfor the joint
analysisof afinite collectionof parameters.

DEerINITION IIl.1. Considera combinatorialclass.A. A parametex = (x1,---, Xd)
ontheclassis a functionfrom A to thesetN? of d-tuplesof natural numbes. Thecounting
sequencef A with respecto sizeandthe parametery is thendefinedby

Ankorrky = Card{a | lal =n, x1(a) =k1,...,xd(a) = kd}.

We sometimegefer to sucha parameteas a “multiparameter”(in particularwhen
d > 1), asa“simple” or “scalar” parameteptherwise.Onemaytake for A theclassP of
all permutationsandfor x = x; theparametethatassociateto apermutatiorthenumber
of its cycles.Naturalquestionsarethen: How mary permutation®f sizen have k cycles?
What is the expectednumberof cyclesin a randompermutation? Doesthis parameter
have a distribution thatcanbe madeexplicit? Whatarethe featuresof this distributionin
termsof “shape”, “concentration”,or limiting asymptoticbehaiour. SeeFigurel for a
first examplerelatedto binarywordsandFigure?2 for histogramgelative to wordsandto
cyclesin permutations.

lll. 1.1. Multi variate generatingfunctions. Not too unexpectedly the treatmenif
parametersn this book will be in termsof generatingfunctions. The multi-index con-
ventionemployedin variousbrancheof mathematicgreatly simplifies notationsandis
asfollows: letu = (u1,...,uq) beavectorof d formal variablesandk = (kq,...,kq)



Ill. 1. PARAMETERS, GENERATING FUNCTIONS,AND DISTRIBUTIONS 109

—
()

E
'
L

FIGURE 1. ThesetW; of the32 binarywordsoverthealphabef{ ], m}
enumeratedaccordingto the numberof occurrencef the letter ‘W’
givesriseto thebivariatecountingsequencgWs ;} = 1, 5,10, 10,5, 1.

be a vectorof integersof the samedimension;then,the multi-power u* is definedasthe
monomial

(1) uk = ubrule ke

With this notation,we have:

DEFINITION I1l.2. Let A, bea multi-index sequencef numbes, whee k € N¢.
The multivariategeneratingunction (MGF) of the sequencef either ordinary or expo-
nentialtypeis definedby

A(z,u) = > Anpu*e"  (ordinary MGF)
n,k
(2) K 2z i
A(z,u) = ; Apu H (exponentiaMGF),

whele the multi-index corventionis in force

Givena class.A and a parametery, the multivariate geneiting function (MGF) of
thepair (A, x) is the MGF of the correspondingountingsequenceln particular, onehas
thecombinatoriaforms

A(z,u) = Z uX(@zlel  (ordinary MGF; unlabelledcase)
acA
(3) © el
A(z,u) = ZuX(O‘)W (exponentiaMGF; labelledcase)
acA ’

Onealsosaysthat A(z, u) is theMGF of thecombinatorialclasswith theformal variable
u; markingthe parametery; and z markingsize

Fromtheverydefinition, A(z, 1) (with 1 avectorof all 1's) coincideswith the count-
ing generatingunction of A, eitherordinaryor exponentialasthe casemaybe. Onecan
thenview an MGF asa “deformation” of a univariateGF by way of a parametet, with
thepropertyfor the multivariateGF to reduceto theunivariatecountingGF atu = 1.

In the caseof a single parametertheseformulaegive riseto a bivariate genemting
function alsoabbreviatedasBGF. As alreadypointedout, this is the mostfrequentlyen-
counteredsituationin thisbook. In themary casesvheretheunivariateversusmultivariate
distinctiondoesnot needto be stressedye shall allow oursehesto usecommon(italic)
lettersto represenboth scalarsandvectors(sothatu — « andk — k): in suchcases,
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the multi-index corventionis automaticallyunderstoodassoonasd > 1. (In this way,
generatingunctionscanbewritten with thelessintrusive notationA(z, u).)

The countingof A—structuresaccordingto sizeandvaluesof the scalarparametery
is entirely encodednto a bivariategeneratingunction. In orderto putthe OGFandEGF
casesinderacommonumbrella,set

wn, = 1 (OGF, unlabelledcase) wn, = n! (EGF labelledcase)

Onemaythenarrangehe BGF eitherin powersof z or in powersof u:
zn
A = An(u)—
) = E A
= ZA<k>(z)uk.
k

If oneviews the table of coeficientsas a 2-dimensionakable, the 4,,(u) describethe

behaiour of x over all objectsof somefixed size n—theseare sometimescalled the

“horizontal” GF’s associatedo the BGF; the A(*) (z), also called “vertical” generating
functions, countthe objectsin A associatedo fixed valuesof the parametery. Hereis

a diagramthat displaysthe GFs stemmingfrom a single BGF A(z,u) andjustifies this

“horizontal—\ertical” terminology

vertical GF's

I N

A (2) AN () AP ()
4 { {
+A0,0u020 +A0,1u120 +A0,2u2z0 ...... — Ao(u)
+A1,0’U/021 +A171’u/121 +A1,2u221 ...... — Al(u) )
+A20u’2? | +As 02 | +Asout2? |- s — As(u) horizontalGFs;
+Az0u’2 | 4431028 | +Az0u%23 | - - — As(u)

seealso[13(. (Technically we aretaking advantageof theisomorphismbetweerformal
power series: Cz,u] = Clu][2] = C[z][u].) Accordingly, the coeficients A,,  are
recoveredby applying the coeficient operatorrepeatedlyin ary corvenientorder For
instancefor a simpleparameter

A = A ) = (114G ) = - B840 ).

As afirst illustration, considerthe binomial coeficient (Z) alreadydiscussedrom a
univariatepoint of view in Chapterl, asit countsthe binary wordsof lengthn having &
occurrence®f a designatedetter; seeFigure 1. In orderto composethe bivariate GF
startfrom thesimplestcaseof Newton’'s binomialtheoremandform directly thehorizontal

GFs:

n

Walu) =Y (:) uk = (1+ )",

k=0
Thena summatioroverall valuesof n givestheordinaryBGF

n n __ n.,n __ 1
(4) W(z,u):k%()(k)ukz => (1+u)"z =T 01w

n>0
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(There the secondequalityresultsfrom a computatiorin CJu][2].) Thevertical OGFsof
thebinomial coeficientsare

whE=2 (1) =

asresultsfrom a direct calculationbasedon Newton’s binomial theoremwith negative
exponentspr via anexpansionof the BGF with respecto u:

1
W(z,u) = T2l u ];u A=

Suchcalculationsaretypical of MGF manipulatlonsObser\ethat (4) reducego the OGF
(1 — 2z)~! of binarywords,asit should,uponsettingu = 1.
> 1. ExponentialGFsof binomial coeficients. The exponentiaBGF of binomialcoeficientsis

fo _ n kzn _ nzn _ _z2(14w)
(5) W(z,u)—kin:(k)u H—Z(1+u) = .
Thevertical EGFsaree? z* /k!. ThehorizontalGFsare(1 + u)", like in theordinarycase. <

As asecondllustration,we sav in Chapteilll (Examplell)thatthenumberof permu-
tationsof sizen having k cyclesis the Stirling cycle number[ﬁ] . TheEGFis, for fixedk,
givenby

PR (z) = Z [n] 2" L(z)k7 L(z) := log

— k| n! k! — 2z

The startingpointis thusa collectionof vertical EGFs.From there,the exponentialBGF
is easilyformedasfollows:
= Z P*) ()"
k

k
(6) - E%L(z)k = ul(2)
— k!

= (1-2z)™

The simplificationis quite remarkablebut altogethemquite typical, aswe shall seeshortly;
in the context of alabelledsetconstruction.

An expansionof the BGF accordingto the variablez further givesby virtue of New-
ton’s binomialtheorem:

Plu) = ;(n+z_l>zn
Po(u) = uEu+1)---(u+n—1)EZ[Z]uk.

k
This last polynomialis a horizontal GF called the Stirling cycle polynomialof index n
andit describesompletelythe distribution of the numberof cyclesin all permutation®f
sizen. In passingnotethattherelation
Po(u) = Poo1(u)(u + (n - 1)),
is equivalentto arecurrence

W=l
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by which Stirling numbersareoftendefinedandeasilyevaluatechumerically;seealsoAP-
PENDIX: Stirling numbes, p. 173. (The recurrencds otherwisesusceptiblgo a direct
combinatoriainterpretation—ada. eitherto anexisting cycle or asa“new” singleton.)

> 2. Specializationof MGFs. The exponentialMGF of permutationswith i, u2 marking the
numberof 1-cyclesand2-cyclesrespectiely turnsoutto be

exp ((ul — 1)z + (u2 — 1)%)

1—2z ’
(Thisis to beprovedlaterin this chapterp. 137.) Theformulais checledto be consistentvith three
alreadyknown specializationslerivedin Chapteil: () settingu: = us = 1 givesbackthecounting
off all permutationsP(z,1,1) = (1—2)~", asit should;(i7) settingu: = 0 andus = 1 givesback
the EGF of derangementsjamelye™* /(1 — z); (47) settingu; = w2 = 0 givesbackthe EGF of

permutationsvith cyclesall of lengthgreaterthan2, P(z,0,0) = e“+“2/2/(1 — z), ageneralized
derangemen®F In addition,the specializedBGF

(7) P(zyulaUQ) =

e(u—l)z

P 1) =

(Z, u’ ) 1 —z b)
enumeratepermutationsccordingto the numberof singletoncycles. This last BGF itself interpo-
latesbetweerthe EGF of derangement&: = 0) andthe EGF of all permutationgu = 1). <

Conciseexpressiongor BGFslike (4), (5), (6), or (7) arepreciousfor deriving mo-
ments,variance andevenfiner characteristicef distributions,aswe seenext.

Ill. 1.2. Distributions, moments, and generating functions. As indicatedin the
preambleo this chaptertheeventualgoalof multivariateenumeratioris the quantification
of propertiepresentwith high regularity in large randomstructuresWith this subsection
andthe next one,we momentarilydigressfrom our primary objective in orderto intro-
ducethe basicconceptsf discreteprobability neededo interpretmultivariatecounting
sequences.

Considerpair{A, x), whereA is aclassandy aparameterTheuniformprobability
distributionover A,, is definedasfollows: theprobabilityof ary a € A,, isequalto1/A4,,
andtheprobability of ary set(or “event”) £ C A, is
card&)

An
(“the numberof favorablecasesver the total numberof cases”).For this uniform proba-
bilistic model,we write

P{€} =

P, and Py,

wheneer the sizeandthe type of combinatorialstructureconsiderecheedto be empha-
sized.

Next, take for simplicity the parametely to be scalar(i.e.,d = 1). We regardx as
definingover eachA,, a(discreteyandomvariable definedover the (discrete)probability
spaceA,,: 4 4

n,k __ n,k
P.An {X(Oé) - k} - An - Ek An,k .
This way of thinking enablesisto make useof whichever probabilisticintuition might be
availablein ary particularcasewhile allowing for a naturalinterpretatiorof data.Indeed,
insteadof noting that thereare 381922055502195 permutationof size 20 that have 10
cycles,it is perhapsnoreinformativeto statetheprobabilityof theevent,whichis 0.00015,
i.e., about1.5 per ten thousand. Discretedistributions are corveniently representedby
histogramsor “bar charts”, wherethe height of the bar above & indicatesthe value of
P{X = k}. Figure2 displaysin this way two classicalcombinatorialdistributions. Given
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FIGURE 2. Histogramsof two distributions. Left: the numberof cy-
clesin a randompermutationof size 50 (Stirling cycle distribution).
Right: the numberof occurrencesf a designatedetterin arandombi-
naryword of length50 (binomialdistribution).

theuniformprobabilisticmodelthatwe have beenadopting suchhistogramsareeventually
nothingbut acondensedorm of the“stacks”correspondingo exhaustve listings, like the
onedisplayedn Figurel.

An importantinformationis providedby moments Given a discreterandomvariable
(RV) X, theexpectationof f(X) is definedasthelinearfunctional

E(f(X)) = Y P{X =k} - f (k).
k
In particular the (power) momenf orderr is definedas

E(X7) =) P{X =k}-k".
k

Of specialimportancearethe first two momentsof the randomvariable X. The ex-
pectation(alsomeanor average)E(X) is

E(X) =Y P{X =k}-k.
k

ThesecondnomentE(X?) givesriseto thevariance
V(X) =E((X - E(X))?) = E(X*) - E(X)?,
and,in turn, to the standad deviation
a(X) = VV(X).

The meandeseresits nameasfirst obsened by Galileo Galilei (1564—-1642):if a large
numberof draws areeffectedandvaluesof X areobsened,thenthe arithmeticalmeanof
theobsenedvalueswill normallybecloseto theexpectatior£(X ). Thestandardieviation
measuref a meanquadraticsensehe dispersiorof valuesaroundthe expectationt( X ).

Bivariategeneratingunctionscanbe putto usein orderto determingorobabilitygen-
eratingfunctionandmomentof parametersConsideBGF A(z, u), wherez markssize
andu marksthe parametel. Coeficientextractionthenyieldsa polynomial

Ap(u) == wy - [2MA(2, u),

whosecoeficientsenumeratehe configurationsx € A,, accordingto the valueof the x
parameterAlso, we have 4,, = A, (1) thetotal numberof objectsin A,, having sizen.
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Consequentlythe normalizedpolynomial
_ An(u) _ [2"]A(z,u)
Pl = 2,0~ IAG, D
is the probability geneiting function(PGF)of x on A4,, in thesensdhat

[u¥]pn(u) = Pa{x =k},  equivalently  pu(u) =Y P, {x="ktu*
k

Successie differentiationghengive accesso the momentsof x on 4,,. In particulay
onehas

0
B () = (Bupal)ey o= 2
2 2 2 82

Ea, (X%) = (6upn(“) + 8upn(U))u:1 9y = Au?’ etc.

Wethusget:

ProPOSITION Il.1 (Momentsfrom BGFs) Themomentof order 1 (mean)and of
order 2 of a parametery are determinedirom the BGF A(z,u) by differentiation and
specializatiorat 1 asfollows:

[2™]0A(z,1)
Ea. () A, )
2 — [zn]azA(zv 1) [Zn]auA(Z, 1)
Ba, O0C) = [27]A(z, 1) [27]A(z,1)

In particular the standad deviationis recoveredfrom thereby the usualformula,
a(x)® = E(x*) - E(x)*.
As seenfrom basicdefinitions,the quantities
QP = w - ([2"] 04 Az, u)| )
give, up to normalizationthe so-calledfactorial moments

E(x(x—1)--(x—k+1) = Aig&k)_

(Factorial momentsand power momentsare clearly connectedoy linear relations;as a

matterof fact,the connectiorcoeficientsare Stirling numbers.)Most notably, Q(nl) is the
cumulatedvalueof x overall objectsof A,,:

O = wy - 2" 8uA(z,u)|my = Y X(@) = A -Ea, (0)-
aEA,

ExAMPLE 1. Momentsof the Stirling cycledistribution. Let usreturnto the exampleof
cyclesin permutationsvhich is of interestin connectiorwith certainsortingalgorithms
like bubblesortor insertionsort,maximumfinding, andin situ rearrangemerig4].

We aredealingwith labelledobjects henceexponentialgeneratingunctions.As seen
earlieronp. 111,the BGF of permutationgountedaccordingo cyclesis

P(z,u)=(1—2)""
We have P,, = n!, while w,, = n! sincethe BGF is exponential. (The numberof permu-

tationsof sizen beingn!, the combinatorialnormalizationhappengo coincidewith the
factorof 1/n! presentn all exponentialgeneratingunctions.)
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By differentiationof the BGF with respecto u, thensettingu = 1, we next getthe
expectednumberof cyclesin arandompermutatiorof sizen asa Taylor coeficient

1 1 1 1
— [, 1 =14+ 4...4 =
(8) En (x) = [2"] ogy—, =ltg ot
whichis the harmonicnumberH,,. Thus,on average arandompermutatiorof sizen has
aboutlog n + v cycles,awell known factof discreteprobabilitytheory
For thevariancea furtherdifferentiationof the bivariateEGF gives

1—=2

€) D E.(x(x —1))2" = i <log - )2-

=0 1—=2
Fromthis expression(or from the Stirling polynomials),a calculationshows that
) "1 |
i (1) - ()
Thus,asymptotically
on ~ y/logn.

Thestandarddeviationis of anordersmallerthanthe mean,andthereforedeviationsfrom
the meanhave an asymptoticallynegligible probability of occurrenceseebelow the dis-
cussionof momentinequalities).Furthermorethe distribution wasprovedto be asymptot-
ically Gaussiarby V. Gontarov, around1942,see[66] andChapteVII. |

> 3. Stirling cyclenumbes andharmonicnumbes. By the“exp-logtrick” of Chaptei, the PGFof
the Stirling cycle distribution satisfies

1 2 3
mu(u—l—l)---(u—i—n—l):exp (an—%Hg)—i—%Hf’)—i—---), u=14wv

whereH{ is the generalizedwarmonicnumberzyz1 j~". Consequentlyary momentof the dis-
tribution is a polynomialin generalizecharmonicnumberscf (8) and(10). Also, the kth moment
satisfiesEp, (x*) ~ (logn)*. (The sametechniqueexpresseshe Stirling cycle number[;] asa
polynomialin generalized\armonicnumbersﬂsfj1.)

Alternatively, startfrom the expansionof (1 — z)~“ anddifferentiaterepeatedIlywith respect
to «; for instancepnehas

_ 1 1 1 1 n+a-—1
1-— 1 = = n
( ?) Ogl—z §<a+a+1+ +n—1+a>( n )z

while the next differentiationgivesaccesgo (10). <

The situationencounteredvith cyclesin permutationss typical of iterative (non—
recursve) structures.In mary othercasesgspeciallywhendealingwith recursve struc-
tures,the bivariateGF may satisfycomplicatedunctionalequationsn two variables(see
the exampleof pathlengthin trees,Sectionlll. 4 below) thatdo not make themavailable
underanexplicit form. Thus,exactexpressiongor the distributionsarenot alwaysavail-
able,but asymptotidaws canbe determinedn a large numberof caseqChaptetVIl). In
all casesthe BGF’s arethe centraltool in obtainingmeanandvarianceestimatessince
their derivativesinstantiatedat v = 1 becomeunivariate GFsthat usually satisfy much
simplerrelationsthanthe BGF’'s themseles.
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Ill. 1.3. Moment inequalities. We concludethis sectionby afew remarkshatmake
preciseour earlierinformal discussiorof concentration.

Qualitatively speakingfamiliesof distributionscanbeclassifiedn two cateyories:the
onesthatare“concentrated’(i.e., the standarddeviation is much smallerthanthe mean)
andtheonesthatare“spread”(i.e., thestandarddeviationis atleastaslarge asthemean).
Figure2 illustratesthe phenomenat stale andsuggestshatboth the Stirling cycle distri-
butionsandthebinomialdistributionsaresomehav concentratedin contrastthe uniform
distributions over [0, n], which have totally flat histograms,are spread. Suchinformal
obsenationsareindeedsupportedy the Markov-Chebyshe inequalities:

ProPosSITION 111.2 (Markov-Chebyshe inequalities) Let X be a nonngativeran-
domvariableandY anarbitrary real variable Onehas

P{X > tE(X)} < (Markov inequality)

P{lY —EY)| >to(X)} < (Chebysheinequality)

Hl:,)|,_‘ o~ | =

Proor. Withoutlossof generality onemayassumehatz hasbeenscaledn sucha
way thatE(X) = 1. Definethefunction f(z) whosevalueis 1 if z > t, and0 otherwise.
Then

P{X >t} = E(f(X)).
Since f(z) < z/t, the expectationon the right is lessthan1/¢. Markov's inequality

follows. Chebyshe's inequality thenresultsfrom Markov's inequality appliedto X =
Y —E(Y)|?. O

Propositionlll.2 informs us that the probability of beingmuchlargerthanthe mean
mustdecay(Markov) andthatanupperboundn the decayis measuredn units given by
thestandardieviation (Chebyshe). Theseboundsareuniversalin thesenseahatthey hold
for all randomvariables.In fact,in mostcasef combinatorialinterest;t is the casethat
far strongerdecayrates—ofan exponentialnature—hold:seeChapteVIl on multivariate
asymptoticsandlimit distributions.

The next propositionformalizesa notion of concentratiorfor distributions. It applies
to afamily of distributionsindexed by the integers,typically the valuesof a scalarparam-
etery onthesubclasse$.A, },>o indexedby size.

ProrPosITION 111.3 (Concentrationof distribution). Considera family of random

variablesX,,, e.g., valuesof a scalar parametery on the subclassA,,. Assumehat the
meansu,, = E(X,,) andthestandad deviationso,, = o(X,,) satisfythe condition

. On
lim — =0.
n—+4o0o Mn

Thenthedistribution of X, is concentrateih the sensehat,for anye > 0, there holds

(11) lim P{l—egﬁgl—l—e}:l.
n—-+oo ,u/n
PRrROOF. It is adirectconsequencef Chebyshe'sinequality O

In probability theory, the concentratiorproperty(11) is calledcorvergencein proba-
bility andis thenwritten moreconciselyas

X
Zn Py or X, pin.

P
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FIGURE 3. Plotsof the binomialdistributionsfor n = 5,...,50. The
horizontalaxisis normalizedandrescaledo 1, sothatthecurvesdisplay
{P(£2 =2)} forz=0,1, 2
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It expresseshefactthatvaluesof X,, tendto becomecloserandcloser(in relative terms)
to the meanyu,, asn increases.Anotherfigurative way to describeconcentrationmuch
usedin randomcombinatoricsis by sayingthat*“ X,, /i, tendsto 1 with high probability
(w.h.p.y. Whenthis propertyis satisfied the expectedvalueis in a strongsensea typical
value.

For instance the binomial distribution is concentratedsincethe meanof the distri-
bution is n/2 and the standarddeviation is y/n/4, a much smallerquantity Figure 3
illustratesconcentratiorby displayingthe graphs(as polygonallines) associatedo the
binomialdistributionsfor n = 5, ..., 50. Concentrations alsoquite perceptibleon sim-
ulationsasn getslarge: the table belonv describeghe resultsof batchesof ten (sorted)
simulationsfrom the binomialdistribution { & (7) },_:

n = 100 39,42, 43, 49, 50, 52, 54, 55, 55, 57

n = 1000 487,492, 494, 494, 506, 508, 512, 516, 527, 545

n=10,000 | 4972,4988, 5000, 5004, 5012, 5017, 5023, 5025, 5034, 5065

n = 100,000 | 49798, 49873, 49968, 49980, 49999, 50017, 50029, 50080, 50101, 50284;

the maximaldeviationsfrom the meanobseredon suchsamplesare22% (n = 102), 9%
(n = 10%), 1.3%(n = 10%), and0.6%(n = 10°). Similarly, thevariancecomputatior(10)
implies that the numberof cyclesin a randompermutationof large sizeis concentrated.
(At the oppositeend of the spectrum the uniform distributionsover [1 .. n] arenot con-
centrated.)

Momentinequalitiesarediscussedor instancan Billingsley’s referencereatise] 18,
p. 74]. They areof greatimportancen discretemathematicsvherethey have beenputto
usein orderto shav the existenceof surprisingconfigurations.This field was pioneered
by Erdés andis often known as the “probabilistic method” [in combinatorics];seethe
bookby Alon andSpencef3] for mary examples.Momentinequalitiescanalsobe used
to estimatethe probabilitiesof complex eventsby reducingthe problemsto momentes-
timatesfor occurrence®f simpler configurations—thiss one of the bases of the “first
andsecondnomentmethods”,againpioneeredy Erdés,which arecentralin the theory
of randomgraphg19, 7§]. Finally, momentinequalitiessene to design,analyseandop-
timize randomizedalgorithms,a themeexcellently coveredin the book by Motwani and
Raghaan[107].
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Finerestimate®n distributionsform the subjectof our ChapteVIl dedicatedo limit
laws. Thereademay getafeeling of someof the phenomenat stale whenre-examining
Figure 3: the visible emegenceof a continuouscurve (the bell curve) correspondso a
commonasymptoticshapefor thewholefamily of distributions(the Gaussiaaw).

lll. 2. Inherited parametersand ordinary multi variate generatingfunctions

Parametershatareinheritedfrom substructuresanbetakeninto accountby adirect
extensionof the symbolic method. With a suitableuseof the multi-index corventions,
it is even the casethat the translationrules previously establishedn Chaptersl and |l
canbe copiedverbatim. This approactopensthe way to a large quantity of multivariate
enumeratiomesultsthatthenfollow automaticallyby the symbolicmethod.

Let usconsidera pair (A, x), where A is a combinatoriaklassendavedwith its size
function| - | andx = (xa,---,Xxq) iS ad-dimensional(multi)parameter Write x, for
sizeand z, for the variablemarking size (previously denotedby z). The key point here
is to definean extendedmultiparametefy = (xo, X1, -- -5 Xd), thatis, we treatsizeand
parametersnanequalbasis.ThentheordinaryMGF in (2) assumesnextremelysimple
andsymmetricaform:

A(z) = Z Ay z¥
12 k
(12) = 3 @,
aEA
There theindeterminatearethevectorz = (2o, 21, . . - , z4), theindicesarek = (ko, k1, ..., kq)

(wherekg indexessize,previously denotedby n), andthe usualmulti-index corventionin-
troducedn (1) isin force,

(13) ZX = ok g ke
butit is now appliedto (d + 1)-dimensionalectors.
Next, we defineinheritedparameters.

DerINITION HI1.3. Let{A, x), (B, &), (C, ¢) bethreecombinatorialclassesndowed
with parametes of the samedimensiond. The parametery is saidto be inheritedin the
following cases:

¢ Disjoint union: whenA = B + C, the parametery is inheritedfrom¢, ( iff its
valueis determinedy casefrom¢, ¢:

(w) fweB
(w) ifweCl.

x(w) =

e Cartesianproduct: whenA = B x C, theparametery is inheritedfrom¢, ¢ iff
its valueis obtainedadditivelyfromthe valuesof ¢, ¢:

x((8,7)) = &(B) +<(7)-

e CompositeconstructionswhenA = 8{B}, wher £ is anyof &, €, I, B, the
parametery is inheritedfrom¢ iff its valueis obtainedadditivelyfromthevalues
of £ oncomponentsfor instancefor sequences:

xX([Br;- -, Br]) = &(B1) + - + &(Br)-
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With a natural extensionof the notationusedfor constructionspneshall write

(Ax) =(B,&) +(C,0), (Ax) =(B,§) x(C,C), (Ax)=R{(B,E)}.

ForinstancetheclassZ of naturalnumbersZ = &>1{Z} hasOGFI(z) = z/(1-z).
Let ¢ bethe parametethattakesthe constantvalue 1l on all elementsf Z. The ordinary
MGF of (Z, &) is simply

I(z,u) = z2u+22u+ 22u+ - = lzu .
— 2

TheclassC of integer compositionds, asseenin Chapterl, specifiedasthe classof all
sequencesf naturalintegers:C = 6{Z}, with OGF

1 1—2

1- 2 1-22

sothat C, =2"1.

C(z) =

The constanparameteg is unimportantper se however, the parametery onC inherited
from (Z, £) carriessomeusefulinformationasit representshe numberof summandgor
parts)that entersa composition. Its ordinaryBGF is written C(z, u), or C(zg, 21) under
the multi-index corvention. It turnsout (seebelow, p. 120) thatthe schemedranslating
admissibleconstructionsn the univariatecasg(Chapter) transportalmostverbatimto the
multivariatecase sothat

1 1 1-2

1-I(z,u) 1—ut 1—2z(u+1)

(14) C(z,u) =

We have analtogethemontrivial resultobtainedwithout any computationwhich directly
derivesfrom the basicspecificationrC = G{Z} relatingcompositiongo integers. This is
preciselythe spirit of the symbolicmethodappliedto parameters.

THEOREM lII.1 (InheritedparameterandordinaryMGFs). Let.4 bea combinatorial
classconstructedrom B, C, andlet x be a parameterinheritedfrom ¢ definedon B and
(asthe casemaybe)from ¢ onC. Thenthetranslationrules of admissibleconstructions
statedin Theoeml.1 apply providedthe multi-index corventionis used. Theassociated
operatorson ordinary MGFsare then:

Union: A=B+C
Product: A=BxC
Sequence: A = G{B}

il

Cycle: A = ¢{B}

Multiset: A = M{B}

=
b

Il

@

g
(]2

[ =
=
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N

Powerset: A =P{B}
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PrRooOF. Theverificationfor sumsandproductss immediate giventhecombinatorial
formsof OGFs.For disjointunions,onehas

Az) = Z ZX(@) — Z 2608) 4 Z 75,

a€A BEB yeC

asresultsfrom the factthatinheritancds definedby caseson unions. For cartesiarprod-

ucts,onehas
A(z) = Z gx(e) — Z Z2£B) ZZE(’Y),
a€A BEB yeC

asresultsfrom the factthatinheritancds definedadditively on products.
Thetranslationof compositeconstructionsarethenbuilt up from theunionandprod-
uctschemesin exactly the samemannerasin theproof of Theoreml.1. a

This theoremis shallov. However, its importancedevolvesfrom its extremelywide
rangeof combinatorialconsequenceaswell asthe easewith which it can be applied.
Thereadetis especiallyencouragedo studycarefullythe examplethatfollows asit illus-
tratesin its barebonesversionthe power of the symbolicmethodfor takinginto account
combinatoriaparameters.

EXAMPLE 2. Summands integer compositions. Let usreturnto integercompositions,
C. TheBGF of compositionwith x thescalaparameteequalto thenumberof summands
is

1 1 1
1-1I(z0,21) 1—21I(z) 1—2021(1—29)" Y
which, up to notations,is exactly Equation(14) thatis now justified. Considernext the
doubleparameterny wherey; is thenumberof partsequalto 1 andy- the numberof parts

equalto 2. This is inheritedfrom the correspondingparameteon the classZ of natural
numberswith MGF

(15) C(Z(],Zl)

3

(16) I(z0,21,22) = 2120 + 2222 + %
1- 20 1- 20

+ (21 — Dzo + (22 — 1)23.

ConsequentlthetrivariateMGF of (C, x) is

1

(17) C(z0,21,22) = 1= I(20,21,23)"

Obsene thatthe markingvariablesbetraytheir origin. For instancejn (16) and(17), one
enumeratesompositionghroughamarkingby meanf dedicatedariablesof the config-
urationsto berecordedwhile atthesametime, theusualrulestranslatingconstructionsire
applied.Much useof this way of ervisioningthetechniquewill be madein the remainder
of this chapter

MGFslike (14) or (15) canthenbe exploitedin the usualway throughformal power
seriesexpansionsFor instancethe numberof compositionof n with & partsis, by (14),

o= ()-(2) (),

aresultotherwiseobtainedin Chapter by directcombinatorialreasoningthe balls-and-
barsmodel). The numberof compositionf n containingk partsequalto 1 is obtained,
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FIGURE 4. A randomcompositionof n = 100 representedsaragged
landscapetop); its associategprofile 12021231041517110!, definedas
thepartitionobtainedby sortingthe summandgbottom).

uponsettingzg = z, 21 =u andzs =1,

1—2 B (1 — 2)k+t

[2"u] = [z"]m,

2
1—uz— (li—z)
wherethe OGFcloselyresembles power of the OGF of Fibonaccinumbers.

Following thediscussiorof Sectionlll. 1, suchMGFsalsocarrycompletanformation
on moments For instancethe cumulatedvalueof the numberof partsin all compositions
of n hasOGF

11—z
u=l (1 —22)2’
asseenfrom Sectionlll. 1.2, sincecumulatedvaluesare obtainedvia differentiationof a
BGF. Thereforethe expectednumberof partsin arandomcompositionof n is

1 z(1—=z 1
ot 1] (1(— 2z))2 =3 +1).

Whatwe have shawvn is a propertyof randomcompositions:On average, a random
compositiorof theinteger n hasaboutn /2 summandsA furtherdifferentiationwill give
accesso thevariance Thestandardleviationis foundto be%\/n — 1, whichis of anorder
(much)smallerthanthe mean. Thedistribution of the numberof summandsn a random
compositiorsatisfieghe concentation propertyasn — oo.

In the samevein, the numberof partsequalto a fixed numberr in compositionss

foundto have BGF
-1
~ Z r
C(z,u) = (1— (1_z+(u—1)z )) .

Thoughexpandingthis expressionexplicitly would be cumbersomegpnecanstill pull out
thenumberof r-summandsn arandomcompositionof sizen. Thedifferentiatedorm

_2"(1-2)?

8u0(z, U)|

0.C(z,u) — A2
givesby partialfractionexpansion
- 277‘72 277‘71 _ 7.277'72
9uC(z,u) u=1 (1 —22)2 + 1—22 +a(2),
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for a polynomialg(z) thatwe do not needto make explicit. Anotherdifferentiationgives
accesgo the secondnoment. Consequentlyone has(take the nth coeficient anddivide
by 27~1): Thenumberof r summand#n a compositiorof sizen hasmean

n
PYsY +O(1);

thestandad deviationis of order y/n, which ensuesconcentation of distribution. O

From the point of view of randomcombinatoricsthe exampleof summandshowns
that randomcompositionsof large sizetendto conformto a global “profile”. With high
probability, a compositionof sizen shouldhave aboutn/4 partsequalto 1, n/8 parts
equalto 2, andsoon. Naturally thereare statisticallyunasoidablefluctuations,and for
ary finite n, theregularity of this law cannotbe perfect: it tendsto fadeaway especially
asregardsto largestsummandshat arelog,(n) + O(1) with high probability. (In this
region meanandstandardieviation both becomeof the sameorderandareO(1), sothat
concentratiomo longerholds.) However, suchobsenationsdo tell us a greatdealabout
what a typical randomcompositionmust (probably)look like—it shouldconformto a
“logarithmic profile”,

1n/4 2n/8 3n/16 4n/32 L.

Herearefor instancethe profilesof two compositionsf sizen = 1024 dravn uniformly
atrandom:

1250 2138 370 429 515 610 74 80 91 1253 2136 368 431 513 68 73 81 91 102
to becomparedo the“ideal” profile
1256 2128 364 432 516 68 74 82 91-

It is a striking fact that samplesof a very few elementsor even just one element(this
would be ridiculous by the usualstandard®f statistics)are often sufiicient to illustrate
asymptotigpropertieof largerandomstructures The reasoris oncemoreto beattributed
to concentratiorof distributionswhoseeffectis manifesthere.Profilesof a similar nature
presenthemselesamongsbbjectsdefinedby the sequenceonstructionaswe shall see
throughoutthis book. Establishingsuchgenerallaws is often not difficult but it requires
thefull power of complex-analyticmethodsdevelopedin ChapterdV andV.

> 4. Largestsummand compositionsFor ary € > 0, with probabilitytendingto 1 asn — oo,
thelargestsummandn arandomintegercompositiornof sizen is almostsurelyof sizein theintenal
[(1 —¢€)log, n, (1 + €) log, n]. (Hint: usethefirst secondnomentmethods.) <

EXAMPLE 3. Numberof componentsn abstract schemasl. Considernow a rela-
tion A = &{B}, whereR is ary unlabelledconstructommongsiS, €, M, PB. The param-
eter“numberof components”y, definedon A is inheritedfrom the constanparameteg

equalto 1 on B. TheBGFof (B, &) is simply

B(z,u) = uB(z),

with B(z) theOGFof B. TheBGF of (A4, x) is thengivenby Theoremlll.1. Finally, the
cumulatedquantitiesof the numberof components,

Q= Z x(a), Q(z) := Zﬂnz",

acA
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FIGURE 5. A randompartition of sizen = 100 hasan aspectrather
differentfrom theprofile of arandomcompositiorof the samesize(Fig-
ure4).

aregivenby the usualdifferentiationprocessd, (-)|,,—, . Theeasycomputationsaresum-
marizedby thefollowing table:

R MGF (A(z,u)) Cumul. OGF (9(z))
. 1 B(2)
Sequence: T-wB@) A(z) - B(z) = A=B(2)?
0 k
(18) Set: exp (Z(—l)k_l%B(zk)) A(z) - Z(—l)k_lB(zk)
k=1 k 1
. > uk
Multiset: exp (; ?B(zk)> A(z) - gB
. =\ (k) 1 > B(z’“)
Cycle: I; k log 1 — u*B(z*k) Z B(z*)"
Meanvaluesarethenrecoveredas
Q,
in accordancevith theusualformula. O

> 5. r-Componentin abstiact schemad. Considerunlabelledstructures.The BGF of the number
of r-componentin A = R{B} is givenby

1—=z

A =(-BE) - @-0B)", Ak =46 ({2)

in the caseof sequencefR = &) andmultisets(R = ), respectiely. <

As anext illustration,we discusghe profile of randompatrtitions(Figure5s).

EXAMPLE 4.  The profile of partitions. Let P = 9{Z} be the classof all integer
partitions. The BGF of P with « markingthe numbery of parts(or summandsjs

Hl—uz

k=1
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FIGURE 6. Thenumberof partsin randompartitionsof sizel, . . ., 500:
exact valuesof the meanand simulations(circles, one for eachvalue

of n).

asresultsfrom first principles(seealso(18)). The OGF of cumulatedvalues,

z
(19) Q(z) = P(2) ; 11— 5
is obtainedby logarithmic differentiation. Now, the factor on the right in (19) canbe
expanded:onehas

> 1% = > d(n)2",
k=1 n=1

with d(n) thenumberof divisorsof n. Thus,the meanvalueof x is
1 -,
(20) &wzzgmmw
The sametechniqueappliesto the numberof partsequalto . Theform of BGF

-P
1 _ UZT (z)J
impliesthatthe meannumberof r-partsis (apply d,,, thesetu = 1)
z" 1
) = _(Pn—r+Pn—2r+Pn—3r+"')-

B0 = ) (PO o) = 5

Fromtheseformulseandadecensymbolicmanipulatiorpackagethemeansarecalculated
easilytill valuesof n well in therangeof severalthousand. O

The comparisorbetweerFigures4 and5 togethemwith the supportinganalysisshovs
thatdifferentcombinatoriaimodelsmaywell leadto ratherdifferenttypesof probabilistic
behaiours. Figure 6 displaysthe exact value of the meannumberof partsin random
partitionsof sizen = 1, .. ., 500, (ascalculatedrom (20)) accompanievith theobsened
valuesof onerandomsamplefor eachvalueof n in therange. The meannumberof parts
is asymptotico

vnlogn

m/2/3
andthe distribution, thoughit admitsa comparatiely large standarddeviation (O (1/n)),
is still concentratedh thetechnicalsensesee[42].

~ 1— 27
P(z,u) = z

Y
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FIGURE 7. Two partitionsof P99 drawn at random,comparedo the
limiting shape® (z) definedby (21).

In recentyears,Vershikandhis collaboratord 38, 145 have shavn thatmostinteger
partitionstendto conformto a definite profile given (after normalizationby /n) by the
continousplanecurvey = ¥(z) definedimplicitly by

21 =U(z iff e + e =1, a=—.
(21) y=Y(z) NG

This is illustratedin Figure 7 by two randomlydrawvn elementsof P19 dravn against
the“mostlikely” limit shape.Thetheoreticalresultexplainsthe hugedifferenceghatare
manifeston simulationsbetweerintegercompositionsandinteger partitions.

Thelastexampledemonstratetheapplicationof BGFsto estimatesegardingtheroot
degreeof atreedrawn uniformly at randomamongsthe classg,, of generalCatalantrees
of sizen. More “global” treeparametergée.g.,numberof leavesandpathlength)thatneed
arecursve definitionwill bediscussedn Sectionlll. 4 below.

ExaMPLE 5. Rootdegreein genewrl Catalantrees. Considerthe parametely equalto
the degreeof therootin atree. Take theclassgG of all planeunlabelledirees,akaCatalan
trees.A planetreeis arootto whichis appendec sequencef trees,
G = Z x 6{G},
wherethe atomicclassZ is theformedof asinglenode,sothat
G(2)

_ z
1-G(2)’
ThebivariateGF with » markingyx is then

z

1—uG(z)
(To seeit from first principles,simply rewrite treesasrootsappendedo forests
G=ZxF, F = 6{G}.

anddefine& on F asthe numberof componentsn theforest: x on G is inheritedfrom ¢
on F andthe constantveight0 onthefactorZ correspondingo theroot. The paramete(
on F is givenby theusualrulesfor the numberof componentén sequences.)

G(z,u) =
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Fromthere,the cumulative GFis found,

2G(2)
(1-G(2)*
Therecursverelationsatisfiedoy G entailsa furthersimplification,

Q(z) = %G(z)3 - (1 - 1) Glz)—1.

z

Q(z) =

A closedform for the coeficientresults,andthe meanroot degreeis foundto be

En(x) =

whichis clearlyasymptoticto 3.
A closeranalysisrevealsthatthe probabilitythattheroot degreeequals- is

n—1

1
_(Gn+1_Gn) _3n+17

Gn

P.{x=r}= Gi[z"]z G(z)" ~r2 " L.

n
A randomplanetreeis thususuallycomposeaf a smallnumberof root subtreesat least
oneof which shouldbe accordinglyfairly large. O

lll. 3. Inherited parametersand exponentialmulti variate generatingfunctions

The theory of inheritancedevelopedin the last sectionappliesalmostverbatimto
labelledobjects.Theonly differences thatthevariablemarkingsizemustcarryafactorial
coeficient. With a suitableuse of multi-index corventions,the translationmechanisms
developedin the univariatecase(Chapteil) remainin vigour.

Let usconsiderapair (A, x), whereA is alabelledcombinatoriaklassendavedwith
its sizefunction| - | andx = (x1,.-..,xaq) IS a d-dimensionalparameter Like before,
the parametery is extendedinto X by insertingsize as zeroth coordinateand a vector
z = (2o, ..., 2q) Of d+1 indeterminatess introducedwith z, markingsizeandz; marking
x;- Oncethe multi-index corventionof (13) definingz* hasbeenbroughtinto the game,
theexponentiaMGF of (A4, x) (seeDefinition11.2) canberephraseds

A@) = Y o
(22) acA 2

In asensethis MGF is exponentialin z (aliaszg) but ordinaryin the othervariablesonly
thefactorialkq! is neededo take into accountrelabellinginducedby labelledproducts.

We only considemparametershatdo not dependon the absolutevaluesof labels(but
may well dependon the relative orderof labels): a parameteis saidto be acceptabldf,
for ary a, it assumeshe samevalueon ary labelledobjecta andall the orderconsistent
relabellingsof a. A parameteis saidto be inheritedif it is acceptableandit is defined
by caseson disjoint unionsanddeterminecadditively on labelledproducts—thiss Defi-
nition 111.3 with labelledproductsreplacingcartesiarproducts.In particular inheritance
signifiesadditivity on component®of labelledsequencessets,and cycles. We canthen
cut-and-pastéwith minor adjustments)he statemenof Theoremill.1:

THEOREM 1.2 (Inheritedparameterand exponentialMGFs). Let .4 be a labelled
combinatorial class constructedfrom B,C, and let x be a parameterinherited from ¢
definedbn B and(asthecasemaybe)from¢ onC. Thenthetranslationrulesof admissible
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constructionsstatedin Theoem 1.1 apply provided the multi-index corvention (22) is
used.Theassociatedperators on exponentialMGFsare then:

Union: A=B+C = A(z)=B(z)+C(z)
B

Product:t A=B+xC = A(z)=B(z) C(z)
Sequence: A =6{B} = A(z)= 1_1%
Cycle: A=¢{B} = A(z)=Ilog 1—713(z)
Set: A=P{B} = A(z)=exp(B(z)).

ProoF. Disjoint unionsaretreatedik e in the unlabelledmultivariatecase.Labelled
productsresultfrom

z) = =
! ‘7
Z Tl =, = 1Bl TBI+ P!

andthe usualtranslationof binomial corvolutionsthatreflectlabellingsby mean<f prod-
uctsof exponentialgeneratindgunctions(lik e in theunivariatecasedetailedin Chapterl).
Thetranslationfor compositeconstructionss thenimmediate. a

This theoremcanbe exploitedto determinemomentsjn a way thatentirely parallels
its unlabelledcounterpart.

ExAMPLE 6. Theprofile of permutationsLet P betheclassof all permutationgndy the
numberof componentsThe parametely is inheritedfrom the parametehaving constant
valuel onall cyclic permutationsTherefore theexponentiaBGF is

P(z,u) = exp (ulog 1 i z> =(1-2)""

aswasalreadyobtainedby anad hoccalculationin (6). We alsoknow (pagell5)thatthe
meamumberof cyclesis theharmonicnumberH,, andthatthedistributionis concentrated
sincethe standardleviation is muchsmallerthanthe mean.

Let ¥ bethenumberof cyclesof lengthr. TheexponentiaBGFis

~ 1 zT‘
P(z,u) = exp logl_z+(u—1)7 .

The EGFof cumulatedvaluesis thenobtainedby differentiatingandwith respecto « and
settingu = 1:

~ 2" 1
Theresultis aremarkablysimpleone: In arandompermutatiorof sizen, themeanmumber
of r-cyclesis equalto % foranyr <n.

Thus,the profile of arandompermutationwhereprofile is definedasthe orderedse-
guenceof cycle lengthsdepartssignificantlyfrom whathasbeenencounteredor integer
compositionsandpartitions. This formulashedsa new light on the harmonicnumberfor-
mulafor the meannumberof cycles. In particular the meannumberof cycleswhosesize
is betweem /2 andn is H,, — H /2| aquantitythatis approximateljlog 2 = 0.69314. In
otherwords,we expecta randompermutatiorof sizen to have oneor a few large cycles.
(Seethepaperby SheppandLloyd [13]] for anoriginal discussiorof largestandsmallest

cycles).
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FIGURE 8. Theprofile of permutationsarenderingof the cycle struc-
tureof six randompermutation®f size500,wherecircleareasaredravn
in proportionto cyle lengths.Permutationsendto have a few smallcy-
cles(of sizeO(1)), afew largeones(of size®(n)), andaltogethethave
H,, ~ logn cyclesonaverage.

Sinceformuaefor labelledobjectsareso simple,onecangetmore. The BGF of the
numberof r-cyclesis

—z"/r

P(z,u) = el o ew/m,
sothat y
. 1 _ e—2 /T
P(X =k} = gl 1S

whereonerecognizedn thelastfactorthe EGFof permutationsvithout cyclesof lengthr.
Fromthis (andthe asymptoticsof generalizedderangementumbersin ChapterlV),one
proves easily that the asymptoticlaw of the numberof r-cyclesis Poissoh of rate %
(This interestingpropertyto be establishedn later chaptersconstitutesghe startingpoint
of [131].) O

ExAMPLE 7. Numberof componentin abstractschemad|. Considedabelledstructures
andthe parametery equalto the numberof componentsn a constructionA = &{B},
wheres is oneof &, €, . TheexponentiaBGF A(z, u) andthe exponentialGF Q(z) of
cumulatedvaluesaregivenby thefollowing table:

R exp. MGF (A(z,u)) Cumul. EGF(£(z))
. 1 _ _ _ B(z)
23) Sequence: T A(z) - B(z) = =B
Set: exp (uB(z)) A(z) - B(z) = B(z)e?®
: B(z)
Cycle: log T B 1-B(@)
Meanvaluesaretheneasilyrecovered,andonefinds

_ QM)
En(x) = A4, - AR’

1 ThePoissordistribution of rate > 0 is supportedy the nonneative integersanddeterminedy

k

A
_ oA
P{X}=e 210
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by the sameformulaasin theunlabelledcase. |

EXAMPLE 8. Setpartitions. SetpartitionsS arebuilt of blocks,S = PB{P>:{Z}}, and
theconstructionis reflectedby the EGFequation

S(z) = eV with Viz)=¢€*-1.
ThebivariateEGFwith « markingthe numberof blocksis then
S(z,u) = etV (?) = gule’ 1)

Sincesetpartitionsare otherwiseknown to be enumeratedy the Stirling partition num-

bers,onehas
n kﬁ_ u(e®—1) n ﬁ_i z __1\k
Z{k}“ nl € ’ ;{k}m = -h

n,k
whichis consistentvith earliercalculationsof Chapterl.
The EGFof meanvaluesQ(z) is then
Q(z) = V(2)eV® = (e* — 1)t L.

Dueto thesimpleshapeof V (z), thisis almosta derivative of S(z):
d
Qz) = — - .
(=) = 2-5() - S(2)

Thus,the meannumberof blocksin arandompartitionof sizen is
& — Sn—i—l -1
Sn Sn ’

a quantity directly expressiblein termsof Bell numbers. A delicatecomputation[127]
basedon the asymptoticexpansionof the Bell numbergevealsthe expectedvalueandthe
standardieviationto berespectiely asymptotico

n Vn
logn’ logn’
Similarly the exponentiaBGF of the numberof blocksof sizek is

z Zk
e +(u—1) 2 ,

out of which meanandvariancecanbe derivedoncethe asymptoticform of Bell numbers
is known. O

EXAMPLE 9. Rootdegreein Cayley trees. For theclassT of non—plandabelledtrees
(Cayley trees)the basicEGF equationis
T(z) = zeT),
sincenon-—planarityis takeninto accountby a setconstruction.In that case the bivariate
EGFsatisfiesT'(z, u) = ze*T(*), andwe find
0(z) = 2T(2)e"?) = (T'(2))?,

sothatthemeanroot degreeis, by Lagrangenversion,

1

21-—)~2.
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A similar calculationshows thatthe fraction of treeswith root degreek is asymptotically
-1
e
k>1
(k -1V =7
which is a shifted Poissonlaw of rate1. Probabilisticphenomengualitatively similar to
thoseencounteredh planetreesare obsened hereasthe meanroot degreeis asymptotic
to a constant. However a Poissonlaw eventually reflectingthe nonplanaritycondition
replaceshe modifiedgeometridaw presenin planetrees. O

> 6. Numbes of componentén alignments.Alignments(O) aresequencesf cycles(Chapterl).
Theexpectednumberof componentén arandomalignmentof O, is
[z"]log(1 — 2) "' (1 —log(1 — 2z)~ )2
[z7](1 —log(1 —2)~1)~* '
Methodsof ChapterlV imply thatthenumberof componentén arandomalignmenthasexpectation
~ n/(e — 1) andstandardieviation ©(/n). <

> 7. Image cardinality of a randomsurjection. The expectedcardinalityof theimageof arandom
surjectionin R, (seeChaptel) is
[2"]e* (2 — e*)~*
ERCETE
The numberof valueswhosepreimagesave cardinality k is obtainedby replacingthe single ex-

ponentialfactore® by z* /k!. Methodsof ChapterV imply thattheimagecardinalityof arandom
surjectionhasexpectationn/(2 log 2) andstandardieviation ©(y/n). <

Postscript: Towards a theory of schemas.Let uslook backandrecapitulatessome
of the information gatheredn pages120—130regardingthe numberof componentsn
compositestructures.The classesconsideredn the tablebelon are compositionof two
constructionseitherin theunlabelledU) or thelabelled(L) universe.Eachentrycontains
the BGF for the numberof componentge.g.,cyclesin permutationspartsin integer par
titions, and so on), andthe asymptoticordersof the meanand standarddeviation of the
numberof componentsor objectsof sizen.

Integerpartitions, 9t o & (U) Integercompositions@ o & (U)
¥4 u2 22 2 -1
P ul—z+71—z2+“. (1—u )
Vnlogn n 1=z
~——— 0O(y/n i
Setpartitions, B3 o P (L) SurjectionsS o P (L)
exp (u(e® — 1)) 1—u(e®—1)""
n vn n
~ ~—— 0
logn logn 2log 2 (V)
PermutationsB o € (L) Alignments,& o € (L)
exp (ulog(l —z)_l) (1—u10g(1—z)71)_1
~logn, ~ +/logn ~ e%l’ e(v/n)

Someohviousfactsstandout from the dataandcall for explanation.First the outercon-
structionappeargo play the essentiatdle: outer sequenceonstructgcf integer compo-
sitions, surjectionsandalignments)}endto dictatea numberof componentshatis ©(n)
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on average,while outer set constructs(cf integer compositions,set partitions, and per
mutations)are associatedvith a greatervariety of asymptoticregimes. The differences
in behaviour areto be assignedo the ratherdifferenttypesof singularity involved: on
theonehandsetscorrespondinglgebraicallyto anexp(-) operatolinduceanexponential
blow up of singularities;on the other handsequencesxpressedalgebraicallyby quasi-
inverseg1 — -)~! arelikely to inducepolarsingularities.(Recursie structuredik e trees
leadto yet othertypesof phenomenavith a numberof componentsi.e., theroot degree,
thatis boundedn probability) Eventually suchfactscanbe organizednto broadanalytic
schemasaswill beseenn ChapterdV-ViIl.

> 8. Ballsin bins: occupancy Therearen ballsthrown into m binsin all possibleways(m fixed).
ThebivariateEGFwith z markingthenumberof ballsandu markingthenumberof binsthatcontain

k ballsis
. 2\
(6 =+ (u — 1)E> .

Let m andn tendto infinity in suchaway that - = «, afixed constant. The proportionof bins
containingk elementgends(on averageandin probability)to thelimit

_a ok
H.
ThusaPoissoniaw of ratea describeshe occupang of binsin arandomallocation. <

> 9. Distinct componensizesn sets.Take the numberof distinctblock sizesandcycle sizesin set
partitionsandpermutationsThebivariateEGF's are

oo oo
H (1—u+uez /"!), H (l—u+uez /").

n=1 n=1

Find acomparabléDGFfor the numberof distinctsummandsn aninteger partition. <

lll. 4. Recursive parameters

In this sectionwe adaptthe generaimethodologyof previoussectionsn oderto treat
parametershat are definedby recursve rules over structureshat are themselesrecur
sively specified. Typical applicationsoncernreesandtree-like structures.

Consideracombinatoriaklassspecifiedrecursvely
(24) Y =&},

whereg is ary compositionof basicconstructorandatoms.By distinguishingafinite set
of configurationsY C ) consideredo be “small” size,one canrephrasehe specifica-
tion (24) in theform

(25) y=x+Vv, V=8&1{V}
A certainfunctionalequatiorwill thenresultfor the countingGFs:
(26) Y(2) =X(2)+V(2), V(z) =T (2)].

For instance generalplanetrees(G) and Cayley trees(7) admitthe equivalentspecifica-
tions

g Z X 6{9}, G = Z4+Zx 621{9}
T ZxPB{T}, T = Z+Z+P>1{T}

In otherwords,the“small” objectsof size1l have beenmovedout of theoriginal construc-
tion. In the caseat hand,we individualizeleave$ of trees.

2A leafin arootedtreeis a nodewithout descendents.
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First, considera parametery on ) thatis inheritedfrom a parameteg definedon V
andanothemarameteg (the“initial conditions”)especiallydefinedon the “small” struc-
turesof X', with X',V asontheright of (25). Then,with the auxiliary variableu marking
x on A aswell as¢ andg on X andV, generabrinciplesleadto a functionalrelation,

(27) Yy(z,u) = Xe(z,u) + T[Vp(2, )]

Here,we have indicatedtheinvolvedparameterdy subscriptdor clarity. For instancethe
parametel equalto “root—degree”of atreeis of this structuraltype, beinginheritedfrom
¢ =0onaleaf Z andg = 1 oncomponentsf &, .

What we have donewhen passingfrom & to x is to examinethe effect of one level
of recursion.Assumenext that y and g areoneandthe same.In otherwords, thereis a
uniqueparametely definedthroughrecursion on objectsof therecursve class), with 8
thatsinglesout “initial conditions”. An instances now the total numbery of leavesin a
tree: it is eitherdefinedto be 1, by a specialcaseor elseit is inheritedadditively asthe
sumof thevaluesobtainedrom theroot subtreescf (25). Indeed,if 7 = {p, 71, ..., 7} iS
atreewith rootp andr > 1, onehas

x(1) = x(m) + -+ x(7),
with x coincidingwith £ = 1 on atoms.With this identificationof x and3, the bivariate
generatingfunction Y (z,«) becomedmplicitly definedby a functional equationof the
form
Yy (z,u) = Xe(z,u) + Y[Yy(z,u)].
Oncethemechanisnis clear we mayaswell dropsubscriptsndicative of parameters
andwrite

(28) Y(z,u) = X(z,u) + T[Y(2,u)].

This standsout asa “deformation” of the usualunivariatefunctionalequationfor the GF
of Y, towhichit reducesvhenu = 1. With a naturalextensionof notationswe mayeven
write symbolicallyarecursve specificatiorfor class—parametguairs,

Vo x) =(X,6) + T, 0],

andsimply apply the commontranslatiormechanismso getback(28). Naturally, similar
considerationapply to vectorial parametersand/orto collectionsof mutually recursve
combinatoriaklasses.

EXAMPLE 10. Leavesn specialvarietiesof trees. How mary leavesdoesarandomtree
of somevariety have? Candifferentvarietiesof treesbe someha distinguishedby the
proportionof their leaves? Beyond the botary of combinatoricssuchconsiderationsire
for instanceelevantto theanalysisof algorithmssincetreeleaves,having no descendants,
canbestoredmoreeconomicallysee[85, Sec.2.3] for amotivationto suchquestions.

ConsiderncemoretheclassG of planeunlabelledreesG = Z x §{G}, enumerated
by the Catalannumbers:G,, = 1 (>*~7). ThenumberG,, of treeswith n nodesandk
leavesis to be determined.Let x be the parametefnumberof leaves” and G(z, u) the
associatedbivariateOGFE In orderto individuateleaves, rewrite the original specification
of planetreesas

G =2+ (2 x6>1{G}).

The parametel is additive; henceto the definingrelation,therecorrespondsermwise
2G(z,u)
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Theinducedquadraticequationcanbe solvedexplicitly

G(z,u) = % (1+(u—1)z—\/1—2(u+1)z+(u—1)2z2).

It is however simplerto expandusingthe Lagrangeanversiontheoremwhich provides

Gn,k

) (6 ) = ] (2w )

SO =2 () G

Thesenumbersareknown asNarayananumbers seeEIS A001263 andthey surfacere-
peatedlyin conne&ion with ballots problems.) The meannumberof leavesthenderives
from thecumulative GF,

1 n 1 z

S

2 2 1-4z

sothatthe meanis n/2 exactly for n > 2. Also, thedistribution is concentratedincethe

standardleviationis easilycalculatedo be O(/n).
In asimilar vein, definebinary planetreesby the equation,

(29) B=Z+(BxZ)+(ZxB)+(Bx Z xB),

which stresseshe distinction betweenfour typesof nodes: leaves, left branching,right
branching,andbinary. Let ug,u;,us be variablesthat mark nodesof degree0,1,2, re-
spectiely. Thentheroot decompositior{29) givesfor the MGF B = B(z, ug, u1,us) the
functionalequation

Q(Z) = (9UG(Z,U)|u:1 =

B = zug + 2zu; + zus B?,
by which Lagranganversiongives

2k1 n
Bn,ko,k1,k2 = 7 (kO kl k2)7

subjectto the naturalconditions:ky + k1 + k2 = n andandky = ko + 1. Specializations
andmomentsanbeeasilycalculatedrom suchanapproacl117]. In particularthemean
numberof nodesof eachtypeis asymptotically:

n n n
leaves: ~ — 1-nodes ~ — 2-nodes ~ —.
4’ 2’ 2

Finally, for Cayley trees thebivariateEGFwith . markingthenumberof leavesis the
solutionto

T(z,u) = uz + 2(eT Y - 1).
Thedistribution is expressedn termsof Stirling partition numbers.The meannumberof
leavesin arandomCayley treeis foundto beasymptoticto ne 1. O

> 10. Leavesand node-dgree profile in simplevarietiesof trees. The meannumberof nodesof
outdgreek in arandomCayley treeof sizen is asymptotido
L
e k' .
Degreesof nodesarethusapproximatelygivenby a Poissorlaw of ratel.

More generallyfor afamily of treesgeneratedy T'(z) = z¢(T'(z)) with ¢ apower seriesthe
BGF of the numberof nodesof degreek satisfies

T(z,0) = 2 (#(T(,u)) + (dwu — DT(z,0)" ),
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wheregy, = [u*]¢(u). Thecumulative GFis

_ ¢kT(Z)k _ 2 k=1t
from whichmomentscanbedetermined. <

> 11.Markingin functionalgraphs.ConsidetheclassF of finite mappingsliscusseéh Chaptetl:
F=P{K}, K=&T}, T={1}»P{T}
Thetranslationon EGF'sis

1
F(2) =ef® K(2)=log ——
() = ), K(2) = log 5
Here are bivariate EGF’s for (i) the numberof components(ii) the numberof maximaltrees,
(#17) thenumberof leaves:

, T(z) =",

N uK(z) .. 1 1 : _ _ T(z,u)
(7)e , (%) T ul )’ (#47) T-TGw with T'(z,u) = (u—1)z + ze .

ThetrivariateEGF F'(u1, u2, z) of functionalgraphswith u; markingcomponentandus marking
treesis )

(1 —uT(2))1”
An explicit expressiorfor the coeficientsof thetrivariate F' involvesthe Stirling cycle numbers.<]

F(z,u1,u2) = exp(u1 log(1l — uzT(z))fl) =

We shallstopheretheseexampleghatcouldbemultiplied ad libitum sincesuchcalcu-
lationsgreatlysimplify wheninterpretedn thelight of asymptoticanalysis.The phenom-
enaobsened asymptoticallyare, for goodreasonsgspeciallycloseto whatthe classical
theoryof branchingprocesseprovides.

We next turnto finercharacteristicsf treesJik e pathlength.As apreamblepneneeds
asimplelineartransformatioron combinatoriaparametersLet.4 beaclassequippedvith
two scalarparametersy and¢, relatedby

x(a) = |a| +£(a).

Then,thecombinatoriaform of BGFsyields

3 plalyx(@) = 3 lallalx@),

aEA acA
thatis,

(30) Ay (z,u) = Ag(2u, u).

This is clearly a generalmechanism:a linear transformationon parametes inducesa
monomialsubstitutionon the correspondingnarkingvariablesin MGFs. We now putit to
usein theanalysisof pathlengthin trees.

ExAMPLE 11. Pathlengthin trees.Pathlengthis animportant“global” characteristiof

treesclassicallydefinedasthe sumof distancef all nodesto the root of the tree. (Dis-

tancesaremeasuredy thenumberof edgesntheminimal connectingrath.) For instance,
whenatreeis usedasa datastructurewith nodescontainingadditionalinformations path
lengthrepresentshe total costof accessingll dataitemswhena searchis startedfrom

theroot. For this reason pathlength surfaces,undervariousmodels,in the analysisof

algorithmslik e tree-sortguicksort,andsoon[85, 130.

Fromthedefinitionof pathlength,

A(r) =) _ dist(v, root(r)),

VET
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thereimmediatelyresultsthat

(31) A= Y A+,

v root subtree of T
(Distribute nodesin their correspondingubtrees:distancego the subtreeroots mustbe
correctecby 1; regroupterms.)

Fromthis point on, we specializehe discussiorio generaplanetrees(seeEx. 12 for
more):G = Z&{G}. Introducemomentarilythe parametep(r) = |r| + A(r). Then,one
hasfrom theinductive definition (31) andthe generakransformatiorrule (30):

z
GA(Z, ’LL) = m and GH(Z, U) = GA(Z'U/,'U;).
In otherwords,G(z,u) = G (z,u) satisfiesanonlinearfunctionalequationof the differ-
encetype:
z
2 =
(32) Glzu) 1 - G(uz,u)
ThegeneratingunctionQ(z) of cumulatedraluesof A thenobtainsby differentiationwith
respecto u uponsettingu = 1. Wefind in thiswaythat{)(z) := 9,G(z, 1) satisfies

z
)= — 2 ! 0
()= Tggy C6@ + ),
whichis alinearequationthatsolvesto
!
Qz) = 22 G (z) _ z _ z

1-G()2—z 20-42) 2yi-1s

whered = 1 — 4z. Consequentlyonehas

Q. = 92n—1 _ 2n —2
n n—]_ )

wherethe sequencstartingl, 5, 22,93,386for n > 2 constitute€€lS A000346 We thus
have:

Themeanpathlengthof a randomCatalantreeof sizen is asymptotic
to 2v/7wn3; in short: a branch in a randomCatalantreeof sizen has
expectedengthof the order of y/n.

Underthe uniform combinatoriaimodel,treesthustendto be someavhatimbalanced. O

Theimbalancepropertyfoundfor randomCatalantreesis a generaphenomenon—it
appliesto binary Catalanandmoregenerallyto all simplevarietiesof trees.Ex. 12 below
andChapterV imply thatpathlengthis invariablyof ordern./n on averagein suchcases.
Heightis of typical order/n asshavn by Réryi and Szeleres[120, de Bruijn, Knuth
andRice [37], Kolchin [90], aswell asFlajolet, and Odlyzko [52]. Figure9 borrowved
from [13( illustratesthis on a simulation. (The contourof the histogramof nodesby
levels, oncenormalized,hasbeenprovedto corvergeto the processknown asBrownian
excursion.)
> 12. Pathlengthin simplevarietiesof trees.The BGF of pathlengthin avariety of treesgenerated
by T'(z) = 2¢(T(z)) satisfies

T(z,u) = z¢(T (zu,u)).
In particular thecumulatve GFis

9 = 0. (T (ey), s = S ED (T2,

from which coeficientscanbeextracted. <
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FIGURE 9. A randomprunedbinarytreeof size256 andits associated
level profile: the histogramon the left displaysthe numberof nodesat
eachlevel in thetree.

lll. 5. “Universal” generatingfunctions and combinatorial models

By auniversalgeneratindgunction,we meanageneratingunctionin anumberpossi-
bly infinite) of variableghatmarka homogeneousollectionof characteristicef acombi-
natorialclass.For instanceonemaybeinterestedn thejoint distribution of all thedifferent
letterscomposingwords, the numberof cyclesof all lengthsin permutationsandso on.
A universalMGF naturallyentailsvery detailedknowledgeon the enumeratie properties
of structuresto which it is relative. Universalgeneratingfunctions, given their expres-
sive power, alsomake weightedmodelsaccessibldo calculation a situationthatcoversin
particularBernoullitrials andbranchingporocessefrom classicalbprobability theory

As a basicexample, considerthe classof all wordsW = &{.A} over somefinite
alphabet4 = {a1,...,a,}. Letx = (x1,...,Xxr), Wherey;(w) is thenumberof occur
rencesof thelettera; in wordw. The MGF of A with respecto x is

A(z,u) = zus + zus + - - - + 2up,
andy on W is clearlyinheritedfrom x on . A. Thus,by thesequenceule, onehas
1
1—2(ug +ug + -+ +up)’
which describesall wordsaccordingto their compositiongnto letters. In particulat the
numberof wordswith n; occurrencesf lettera; andn = > n; is

(33) W(z,u) =

n n n!
L A = il
Ni,N2y ...y Ny NnN1:Nat =Ny

We arebackto the usualmultinomial coeficients.

D> 13. After Bhaskaa Acharya (circa 1150 D). Considerall the numbersformedin decimalwith
digit 1 usedonce,with digit 2 usedtwice,.. ., with digit 9 usedninetimes. Suchnumbersall have 45
digits. Computetheir sumS anddiscover, muchto youramazementhat.S equals

4587555960000615321908476928638BI999PD95412444039999384678091523071351M
This numberhasa long run of nines(andfurther ninesarehidden!). Is therea simple explanation?

Thisexerciseis inspiredby the IndianmathematiciaBhaskaraAcharyawho discoreredmultinomial
coeficientsnearl15MD; see[85, p. 23] for a brief historicalnote. <
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Next, considemermutationsandthe variouslengthsof their cycles. The MGF where
u1, u2 mark1l-cyclesand2-cyclesrespectiely is

z 22 28
exp U11+U2?+§+"' .

By analogyoneis led to consideringagn MGF in infinitely mary variables

2 3
(34) U(z,u):exp<u1%+u2%+u3%+...)‘

The MGF expressionl/ hasthe neatfeaturethat, uponspecializingall but a finite number
of u; to 1, we derive all the particularcasef interestwith respecto ary finite collection
of cycleslengths. Mathematically an objectlike U in (34) is perfectlywell defined: it
sufficesto considerK = C(u) the field of fractionsin infinitely mary variables—an
elementof K involvesonly finitely mary indeterminatesthen calculatenormally with
formal power seriesof K[ 2], assumindgK asthe coeficientfield. Indeed,with the notion
of formal corvergencé definedin the appendix,one cantake limits in K[z] andwrite
legitimately
. U zj . Ui Zj
mlgnooexp Zu17 = exp 77}2110021117 =U.
j=1 j=1

Henceforthwe shallkeepin mind thatverificationsof formal correctnessrealwayspos-
sibleby returningto basicdefinitions.

Universalgeneratingunctionsare often surprisinglysimpleto expand. For instance,
theequivalentform of (34)

U(z,u) = e1#/1 . gu27"/2 . qusz®/3 .

)

impliesimmediatelythatthe numberof permutationsvith n; cyclesof sizel, n» of size
2, etc,is

(35) n!

ciley! - -l 11202 .. pen’

provided) jc; = n. Thisis aresultoriginally dueto Cauchy Similarly, the EGF of set
partitionswith «; markingthe numberof blocksof sizej is

z 22 23
exp u1ﬂ+uz5 +U3§+“‘ .

A formulaanalogoudo (35), with j¢ beingreplaceddy j!¢ follows. Severalexamplesof
such“universal’generatingunctionsarepresentedn Comtets book;see[28], page225
and233.

3In contrastthe quantityevocatve of a generatindunctionof wordsover aninfinite alphabet

1 © -
S= l—zZuj
j=1

cannotreceve asounddefinitionasaelemenbf theformal domainK[z]; for instancethe coeficient of z in the
sequencef approximantsvould noteven convergeto anelemenif K equippedwith thediscretetopology
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> 14.Universal GFsfor compositiongindsurjections. TheuniversalGF’s of integercompositions
andsurjectionswith «; markingthe numberof componentsf sizej are

1 1
B S A S

Theassociatedountswith n = Ej jn; aregivenby

ny+nz+--- n! ny+ng+---
ni,N2,... ’ 1lm12lna ... ni,n2,... ’

Thesefactoredforms derive directly from the multinomial expansion. The symbolicform of the
multinomial expansionof powersof a generatingunctionis sometimesxpressedn termsof Bell
polynomialsthemselesnothingbut arephrasingf themultinomialexpansionseeComtets book[ 28,
Sec.3.3]for afair treatmenbf suchpolynomials. <

> 15. Faa di Bruno’s formula. The formuleefor the successie derivativesof a functionalcomposi-
tionh(z) = f(g(2))

0:h(2) = f'(9(2)d'(2), 0Zh(2) = f"(9(2))d'(2)* + F (2)g" (2), -,
areclearlyequivalentto theexpansiorof aformal power seriescompositionassumef (0) = g(0) =
0):

hi = figi, ha = fagi +2fig2,... .
The generalform, a mere avatar of the multinomial expansion,is knowvn as Faadi Bruno's for-

mula[28, p. 137]. (Faa di Bruno(1825-1888wascanonizedy the CatholicChurchin 1988, albeit
notfor reasonselatedto hisformula.) <

> 16. Relationsbetweersymmetridunctions. Symmetricfunctionsmay be manipulatedoy mech-
anismsthat are often reminiscentof the setand multisetconstruction. They appeatin mary areas
of combinatorialenumeration.Let X = {z;};—; be a collectionof formal variables. Definethe
symmetricfunctions

H(l +x;2) = Zanz", H 1 _1“2: = anz", Z 1 f;z = chz".
n n

Thean, b,, c,, calledresp. elementarymonomial,andpower symmetricfunctionsare expressible
as

,

T

An = E Tiy Tig *** Tipny, bp = E Tiy Tig " Tipy Cp = E ;.
i1 <ig< - <ip i1 <in<-<ip i=1

Thefollowing relationshold:

1 1
B = e A = _
C(z) = zilogB(z), B(z) = exp/ C(t)ﬂ.
dZ 0 t
Consequentlyeachof a, by, ¢, is polynomially expressiblen termsof ary of the otherquantities.
(The connectiorcoeficientsagaininvolve multinomials.) <

> 17.Reyular graphs.A graphis r—regulariff eachnodehasdegreeexactly equalto . Thenumber
of r—regulargraphsof sizen is

[zias---a2n] [ (1 +wa).
1<i<j<n

[Gesse[65] hasshavn how to extractexplicit expressionsrom suchhugesymmetricfunctions.] <
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lll. 5.1. Word models. Theenumeratiorof words,or “sequencesasthey aresome-
timesalso called, constitutesa rich chapterof combinatorialanalysis. Applicationsare
to be foundin classicalprobability theoryand statistics[33] aswell asin computersci-
ence[139 and mathematicamodelsof biology [149. We focus our attentionhereto
problemsthatinvolve universalgeneratingunctions.

ExAmMPLE 12. Wordsandrecods. Fix analphabetd = {a1,...,a,} andletW = G{A}
bethe classof all wordsover A, where A is naturallyorderedby a1 < a2 < --- < a,.
Givenaword w = w; ---wy, a (strict) recordis an elementw; thatis larger thanall
precedingelements:w; > w; for all ¢+ < j. (Referto Figure 12 of Chapterll for a
graphicalrenderingof recordsin the caseof permutations.)

Consideffirst the subsef W comprisingall wordsthathave thelettersa;, , . . . , a;,
assuccessie recordswherei; < --- < ;. Thesymbolicdescriptionof this setis in the
form of a productof k£ terms

(36) (ail(a1+---+az~1)*> (a,-k(a1+---+az-k)*>.

Considemow MGFsof wordswherez markslength,v marksthe numberof recordsand
eachu; marksthe numberof occurrencesf lettera;. The MGF associatedo the subset
describedn (36)is then

(zvu,-l(l —2(ur + -+ +ui1))1> (zvuik(l —2(ug + - +uik))1>.

Summingoverall valuesof k£ andof i; < --- < iy, gives
T
(37) W(z,v,u) = H (1+zvus (1 — 2(uy —|—---+us))71) ,
s=1
therationalebeingthat, for arbitraryquantitiesy,, onehas
T T
S0 vy = [+ )
k=01<i1<--<ix<r s=1
We shallencountemoreapplicationsof (37) below. For thetime beinglet us simply
examinethe meannumberof recordsin aword of lengthn overthealphabet4, whenall
suchwordsaretakenequallylikely. Oneshouldsetu; — 1 (thecompositioninto specific
lettersis forgotten),sothatW assumeshesimplerform

W (z,0) = H (1 +1 fzjz> :

j=1

Logarithmicdifferentiationthengivesaccesso the generatingunction of cumulatedval-
ues,

Qz) = %W(z, v)

T
z 1
U:l_ l—rz]z::ll—(j—l)z'
Thus,by partialfractionexpansionthe meannumberof recordsin W,, (whosecardinality
isr™) hasvalue

r—1 ,. n
(38) Ey, (#recordg = H, — %
j=1
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Thereappearghe harmonicnumberH,., like in the permutationcase,but now with a
negative correctiontermwhich, for fixedr, vanishesxponentiallyfastwith n (thisbetrays

thefactthatsomelettersfrom the alphabemight be missing). a
ExamPLE 13. Weightedword modelsandBernoullitrials. Let A = {ay,...,a,} bean
alphabebf cardinalityr, andlet A = {4, ..., A\, } beasystenof numbersalledweights

whereweight \; is viewedasattachedo lettera;. Weightsmay be extendedfrom letters
to wordsmultiplicatively by definingtheweightz(w) of word w as

71'(11)) = )‘il/\ig"‘)\z’n if W= A4y Ay - - G
r

H )\;_(j (w)7

i=1

n

wherey; (w) is thenumberof occurrencesf lettera; in w. Finally, theweightof asetis
by definitionthe sumof theweightsof its elements.

Combinatorially weightsof setsare immediatelyobtainedoncethe corresponding
generatingunctionis known. IndeedJetS C W = G{A} have “universal’GF

S(z,u1,. .., up) = Z 2wl ) e (w)
weS
wherey; (w) is thenumberof occurrencesf lettera; in w. Thenonehas

S(ZJ )‘17 s 7)‘7') = Z lelﬂ'(w),
weS
sothatextractingthe coeficient of 2™ givesthetotal weightof S,, = S N W,, underthe
weightsystemA. In otherwords,the GF of a weightedsetis obtainedby substitutionof
thenumericalvaluesof theweightsinsidethe associatediniversal MGF

In probability theory Bernoulli trials referto sequencesf independentraws from
a fixed distribution with finitely mary possiblevalues. One may think of the succession
of flippings of a coin or castingsof a dice. If ary trial hasr possibleoutcomesthenthe
variouspossibilitiescanbe describedy lettersof ther-ary alphabetA. If the probability
of the jth outcomeis takento be };, thenthe A-weightedmodelson wordsbecomeghe
usualprobabilisticmodelof independentrials. (In this situation,the \;’s areoftenwritten
asp;'s.) Obsenrethat,in the probabilisticsituation,onemusthave Ay + --- + A, =1
with each); satisfying0 < A; < 1. The equiprobablecase,whereeachoutcomehas
probability 1/r canbe obtainedby setting)\; = 1/r andit thenbecomesquivalentto
the usualenumeratie model. In termsof GFs,the coeficient [2"]S(z, A1, - . ., Ar) then
representthe probabilitythatarandomword of W,, belonggo S. Multivariategenerating
functionsand cumulatve generatingunctionsthenobey propertiessimilar to their usual
counterparts.

As anillustration, assumeone hasa biasedcoin with probability p for heads(H)
andq = 1 — pfor tails (T"). Considettheevent: “in n tosseof thecoin,thereneverappear
£ contiguousheads.The alphabeis A = {H,T}. Thelanguagelescribingthe eventsof
interest(with varyingn) is, asseenin Chapter,

S =6 {H}S{TG{H}}.
Its universalGF with u markingheadsandv markingtailsis then

1 - 2tut 1— 20\ 7!
W(Z,U,'U):m(l—zv 1_Zu> .
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Thus,the probability of the absencef £-runsamongst sequencef n randomcoin tosses
is obtainedafterthe substitutionu — p, v = ¢ in the MGF,

1—ptzt
1— z + gptzttl’

[2"]

leadingto anexpressionwhich is amenabldo numericalor asymptoticanalysis.(Fellers’
book[43, p. 322—-326]offersfor instancea classicaldiscussiorof the problem.)

To concludethe discussionof probabilisticmodelson words, we comebackto the
analysisof records.Assumenow thatthe alphabetd = {ay, ..., a,} hasin all generality
the probabilityp; associatedvith thelettera;. Themeannumberof recordss analysedy
aproces®ntirely parallelto the derivationof (38): onefindsby logarithmicdifferentiation

of (37)
(39)
_r.n _ _Z bj
By, (#recordd = [s"]Q2(z)  where Q(z) = -— ; T R

The cumulative GF ©(2) in (39) hassimplepolesatthepoints1,1/P,_1,1/P._», andso
on,whereP; = p; + - - - + ps. For asymptotigpurposespnly thedominantpolesatz = 1
counts(seeChaptenlV for a systematialiscussion)nearwhich

T

1 Dj
Q(z)z:I 1—,2Z l—ijl'

=1

Consequentlyonehasanelegantasymptotidormulageneralizinghe caseof permutations
thathasa harmonicmean(8):

Themeannumberof recodsin a randomword of lengthn with non
uniformletter probabilitiesp; satisfiesasymptotically

T
Eyy, (#recordg ~ Z

S pitpit o

Thisrelationandsimilar oneswereobtainedby Burge[25]; analogousdeasmay sene to
analysethe sortingalgorithmQuidksortunderequalkeys [128 aswell asthe hybrid data
structureof Bentley andSedgevick; see[12, 27]. |

Similar considerationapplyto weightedEGFsof words. For instancetheprobability
of having attaineda completecouponcollectionin casea compaly issuescouponj with
probabilityp; (with1 < j <r),is

r

"] [] (7% - 1).

j=1

The probabilitythatall couponsaredifferentattimen is
nllz"] [T (1 +p;2),
j=1

which correspondso the “birthday problem”in the caseof nonuniformmatingperiods.
Integral representationsomparabléo the onesof Chapterl arealsoavailable.
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Ill. 5.2. Treemodels. We examineheretwo importantuniversalGFsassociateavith
tree models; theseprovide valuableinformationsconcerningthe degree profile and the
level profile of trees,while beingtightly coupledwith animportantclassof stochastic
processedhebranchingprocesses.

The major classeof treesthat we have encounteredo far arethe unlabelledplane
treesandthelabellednonplandrees prototypedeingthegeneralCatalartrees(Chapten)
andthe Cayley trees(Chapteril). In both casesthe countinggeneratingunctionssatisfy
arelationof theform

(40) Y(2) = 29(Y (2)),

wherethe GF is eitherordinary(planeunlabelledtirees)or exponential(nonplandabelled
trees).Correspondingespectiely to thetwo casesthefunction ¢ is determinedy

41 w) = u®, w) = u—,
(41) $(w) E% a)téw
whereQ) C N is the setof allowed nodedegrees. Meir and Moon in an importantpa-
per[104] have describedsomecommonpropertiesof treefamiliesthataredeterminedy
the Axiom (40). (For instancemeanpathlengthis of ordern./n andheightis O(y/n).)
Following theseauthorswe shallcall simplevariety of treesarny classwhosecountingGF
is definedby anequationof type (40). For eachof thetwo caseof (41), we shallwrite

(42) b(w) = du.
j=0

First we examinethe degreeprofile of trees.Sucha profile is determinedby the col-
lection of parameterg;, wherey;(7) is the numberof nodesof outdegreej in 7. The
variableu; will beusedto marky;, thatis, nodesof outdegree;j. Thediscussioralready
conductedegardingrecursve parametershavsthatthe GFY (z, u) satisfiesheequation

Y(z, 11) = z<I>(Y(z, 11)) where CI)(’IU) = U0¢0 + u1¢1w + UQ(ZSQ’U)Q + -
FormalLagrangenversioncanthenbeappliedto Y (z, u), to theeffectthatits coeficients
aregivenby the coeficientsof the powersof ®.

PrRoPOSITION 111.4 (Degreeprofile of trees) Thenumberof treesof sizen anddegree
profile (ng, n1, ne, ...) in asimplevariety of treesdefinedby the“g enemator” (42)is

1 n
— ng (N1 N2
(43) Yn;no,n1,ﬂ2,~~~ =Wn- — 0o Y1 Y2 "7
n \Ng,N1,N2,...

Thew, w,, = 1in theunlabelledcase wherasw, = n! in thelabelledcase Thevaluesof
then; are assumedo satisfythe two consistencyonditions: 3, n; = nand}_; jn; =
n—1.

PrROOF. The consisteng conditionstranslatethe factthat the total numberof nodes
shouldben while thetotal numberof edgesshouldequaln — 1 (eachnodeof degreej is
theoriginatorof j edges).Theresultfollows from Lagrangenversion

T, n n ]‘ —
Yoino,ni,na,... = Wn * [ug®urtuy® -] (ﬁ[wn 1]¢(w)"> )

to which the standardnultinomial expansiorapplies yielding (43).
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For instancefor generalCatalartrees(¢; = 1) andfor Cayley trees(¢; = 1/;!) these
formuleebecome

1 n (n—1)! n
— and _— .
n \Ng,N1,Mn2,... Qlno1lni2lna ... ng,N1,M2, ...

O

The proof above alsoshavs thelogical equivalencebetweerthe generatreecounting
resultof Propositionlll.4 andthe mostgeneralcaseof Lagrangeinversion. (This results
from the factthat ® canbe specializedo ary particularseries.)Putotherwisearny direct
proof of (43) providesa combinatorialproof of the Lagrangeinversiontheorem. Such
directderivationshave beenproposedy Rang [119 andarebasedbn simplebut cunning
suigery performedon lattice pathrepresentationsf trees(the “conjugationprinciple” of
which a particularcaseis the “cycle lemma”of Dvoretzky—Motzkin[40]).

The next exampledemonstratethe usefulnesf universalgeneratingunctionsfor
investigatinghe profile of trees.

ExXAMPLE 14. Treesandlevel profile. Givenarootedtreer, its level profile is defined
asthevector (ng, n, ns, . ..) wheren; is the numberof nodespresentat level j (i.e., at
distancej from theroot) in tree. Continuingwithin the framework of a simplevariety
of trees,we now definethe quantityY;,; o .n,n, t0 bethe numberof treeswith sizen and
level profile givenby then;. ThecorrespondinginiversalGF Y (z, u) with z markingsize
andu; markingnodesatlevel j is expressiblen termsof the fundamentatgenerator’e:

(44) Y (z,u) = zugd (zu1¢ (zu2¢ (zuzd(--+)))) -

We may call this a “continued¢-form”. For instancegeneralCatalantreeshave generator
#(w) = (1 —w)~1, sothatin this casethe universalGF is the continuedfraction:

oz
Y(z,u) = 0
1—

1-—

Uiz

(D¥4

U3z
R

In contrastCayley treesaregeneratedy ¢(w) = e, sothat
2u er3e"
Y(z,u) = zuge?¥1€ 2 ,

whichis a“continuedexponential”,thatis, a tower of exponentials Expandingsuchgen-
eratingfunctionswith respecto ug, u1, - . ., in ordergivesstraightforvardly:

ProPOSITION I11.5 (Level profile of trees) Thenumberof treesof sizen andlevel
profile (ng,n1,n2,...) in asimplevarietyof treesdefinedoy the“g enemtor” ¢(w) of (42)
is

Yasnomna,e.. = Wno1 - S0 0602 - whee gt := [w”]p(w)".

Thee, theconsistencgonditionsareno = 1 and3_; n; = n.
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(Notethatonemustalwayshave ng = 1 for asingletree;thegeneraformulawith ng # 1
givesthelevel profile of forests.)
For instancethe countsfor generalCatalartreesandfor Cayley treesarerespectiely

<n0+n1—1> (n1+n2—1> (nz—l—ng—1>.”7 (n—1)! T I

ny ) ns ng!nl!nz! s

The first of theseenumeratie resultsis dueto Flajolet [44] andit placesitself within
a generalcombinatorialtheory of continuedfractions; the secondoneis dueto Réryi
and Szeleres[12(] who developedsucha formulain the contet of a deepstudy of the
distribution of heightin randomCayley trees. O

B> 18."Continuedforms” for pathlength. TheBGF of pathlengthareobtainedrom thelevel profile
MGF by meansof thesubstitutionu; — ¢’. For generalCatalantreesandCayley trees this gives

9 .t
2 z2q°e
O = ———  T(ng) =2
1- 2
z
s

whereq markspathlength. The MGFs areordinaryandexponentialrespectiely. (Combinedwith
differentiation suchMGFsrepresenanattractive optionfor meanvalueanalysis.) <

It is interestingo comparghecountingresultsprovidedby universalgeneratingunc-
tions. In away, they contain“all” theinformationregardingarandomobject,butin aform
thatis not necessarilysyntheticenough.Thusuniversalformulaeappearasoffering a per
spectve thatcomplementshe analysisof single parameterpresentedn earliersections.
As we show next, they canalsobe usedto reducebranchingprocesse$o combinatorial
models.

ExAMPLE 15. Weightedtreemodelsand branching processesConsiderthefamily G of
all generalplanetrees.Let A = (Ao, A1, - . .) beasystemof numericweights. Theweight
of a nodeof outdegree; is takento be A; andthe weightof a treeis the productof the
individual weightsof its nodes:

o

(45) a(r) = [[x¢,

Jj=0

with x;(7) the numberof nodesof degreej in 7. Onecanview the weightedmodelof
treesasa modelin which atreerecevesa probabilityproportionalto 7 (w). Preciselythe
probability of selectinga particulartreer underthis modelis, for afixedsizen

(T)
(0) Fodln) = 5 A
This definesa probabilitymeasureverthesetg,, andonecanconsiderventsandrandom
variablesunderthis weightedmodel.

The weightedmodel definedby (45) and (46) covers ary simple variety family of
trees:justreplaceeach); by the quantity¢; givenby the “generator’(42) of the model.
For instance planeunlabelledunary-binarytreesare obtainedby A = (1,1,1,0,0,...),
while Cayley treescorrespondo \; = 1/;!. Two equivalencereservingransformations
arethenespeciallyimportantin this context:
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(i) Let A* bedefinedby A} = c); for somenonzeroconstanic. Thenthe weight
correspondindo A* satisfiesr*(7) = ¢!"ln(w). Consequentlythe modelsas-
sociatedo A andA* areequivalentasregards(46).

(i1) LetA** bedefinedby \i* = 67); for somenonzeraconstan®. Thentheweight
correspondingo A** satisfiest** (1) = ¢l "!x(w), since}" jx;(r) = |7 -1
for any treer. ThusthemodelsA** andA areagainequialent.

Eachtransformatiorhasa simpleeffect onthegenerato, namely:

(47) P(w) = ¢*(w) =cp(w)  and  P(w) — ¢™*(w) = $(bw).

Onceequippedvith suchequivalenceransformationst becomepossibleto describe
probabilisticallythe procesghat generatesreesaccordingto a weightedmodel. Assume
that); > 0 andthatthe )\; aresummable Thenthe normalizedquantities

Aj
b Z]‘ Aj
form a probability distribution over N. By thefirst equivalence-preservingansformation
themodelinducedby theweightsp; is the sameasthe original modelinducedby the ;.

Sucha modeldefinedby nonngyative weights{p; } summingto 1 is nothingbut the
classicaimodelof branching processe$alsoknown asGalton-Watsonprocesses)se€| 7].
In effect, a realizationT' of the branchingprocesss classicallydefinedby the two rules:
(¢) producearootnodeof degreej with probabilityp;; (i4) if j > 1, attachto therootnode
acollectionTt, ..., T; of independentealizationsof the process.This may be viewedas
the developmentof a “family” stemmingfrom a commonancestomwhereary individual
hasprobability p; of giving birth to j descendantsClearly, the probability of obtaininga
particularfinite tree hasprobability (1), wherer is givenby (45) andthe weightsare
A; = p;. Thegenerator

p(w) = pjuw’
7=0

is thennothingbut the probability generatingunction of (one-generationyffspring, with
thequantityu = ¢'(1) beingits meansize.

For the record,we recall that branchingprocessegan be classifiedinto threecate-
goriesdependingon thevaluesof p:

Subcriticality. wheny < 1, therandomtreeproduceds finite with probability 1
andits expectedsizeis alsofinite.

Criticality: whenp = 1, therandomtree produceds finite with probability 1
but its expectedsizeis infinite.

Supecriticality: whenyu > 1, therandomtreeproduceds finite with probability
strictly lessthanl.

Fromthe discussiorof equivalencetransformationg47), thereresultthat, regardingtrees
of afixedsizen, thereis completeequivalencebetweerall branchingprocessewith gen-
eratorsof theform S(60)

w
(Suchfamiliesof relatedfunctionsareknown as“exponentialfamilies” in probability the-
ory.) In this way, onemay alwaysregardatwill the randomtree producedby a weighted
modelof somefixedsizen asoriginatingfrom a branchingprocesof subcritical critical,
or supercriticatype conditioneduponthe sizeof thetotal progery.
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Finally, takeasetS C G for whichtheuniversalgeneratingunctionof S with respect
to thedegreeprofile is available,

S(z,up,u1,-..) = sz (ugo(r)ufl(ﬂ ) .

TES
Then,for asystemof weightsA, onehas

S(2, 20, A1,...) = Y w(r)2l],
TES
Thus, the probability that a weightedtree of sizen belongsto S becomesaccessibléy
extractingthe coeficient of z™. This appliesa fortiori to branchingprocesseaswell. In
summary the analysisof parametes of treesof sizen undereither weightedmodelsor
branching processmodelsderivesfrom substitutingweightsor probability valuesinside
the correspondingcombinatorialgeneiting functions. O

The reductionof combinatorialtree modelsto branchingprocessesasbeenpursued
mostnotablyby the “RussianSchool”: seeespeciallythe booksby Kolchin [90, 91] and
referencesherein. Conversely symbolic-combinatorianethodsmay be viewed asa sys-
tematicway of obtainingequationgelative to characteristic®f branchingprocessesWe
do not proceedfurther alongtheselines asthis would take us outsideof the scopeof the
presenbook.

> 19. Catalantrees,Cayley trees,and brancing processes.Catalantreesof sizen are defined
by the weightedmodelin which A; = 1, but alsoequialently by ’Xj = c#’, for ary ¢ > 0 and
0 < 1. In particularthey coincidewith the randomtree producedby the critical branchingprocess
with offspring probabilitiesthataregeometricp; = 1/27F1.

Cayley treesarea priori definedby A; = 1/5!. They canbegeneratedy thecritical branching
processwith Poissonprobabilities,p; = e~!/3!, and more generallywith an arbitrary Poisson
distributionp; = e =2\ /5! <

Ill. 6. Additional constructions

We discusshereadditionalconstructionslreadyexaminedin earlierchapterspamely
pointing and substitution(Sectionlll. 6.1) aswell as order constraintg(Sectionlll. 6.2)
on the one hand,implicit structuregSectionlll. 6.3) on the otherhand. Given the that
basictranslationmechanismganbe directly adaptedo the multivariaterealm, suchex-
tensionsinvolve basicallyno new conceptandthe methodsof Chapterd andll canbe
regycled. In Sectionlll. 6.4, we revisit the classicabrinciple of inclusion-exclusionunder
a generatingunction perspectre. In thislight, the principle appearssa typically multi-
variatedevice well-suitedto enumeratingbjectsaccordingthe numberof occurrencesf
sub-configurations.

lll. 6.1. Pointing and substitution. Let (F, x) beaclass—parameteair, wherey is
multivariateof dimensionr > 1 andlet F'(z) bethe MGF associatedo it in the notations
of (12) and(22). In particularzy = z markssize,andz; marksthe componentj of the
multiparametek. Pick up avariablez = z; for somej with 0 < j < r. Thensince

20, (s%t°27) = f - (s*tPxf),
theinterpretationof the operatord,, is immediate;it means‘pick up in all possibleways
in objectsof F a configurationmarked by x andpointto it". For instancejf F(z,u) is
the BGF of treeswherez markssizeandu marksleaves,thenf, F(z,u) = u0,F(z,u)
enumeratesreeswith onedistinguishedeaf.
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> 20. Pointing-efasingandthe combinatoricof Taylor's formula. The derivative operatord,, corre-
spondsombinatoriallyto a“pointing-erasing’operation:selectin all possiblevaysanatommarked
by z andmale it transparento z-marking(e.g.,by replacingit by a neutralobject). The operator

W) = 0k f (),

then correspondso picking up in all possibleway a subsetof k configurationsmarked by  and
unmarkingthem. Theidentity (Taylor’s formula)

fatn =3 (oi®) "
k>0
canthenreceve a simple combinatorialinterpretation:Given a populationof individuals (F enu-
meratedoy f), form the bicolouredpopulationof individualsenumeratedby f(z + y), whereeach
atomof eachobjectcanbe repaintedeitherin z-colouror y-colour; this is equivalentto decidinga
priori for eachindividual to repaintk of its atomsfrom z to y, this for all possiblevaluesof & > 0.
Taylor's formulafollows. <

Similarly, the substitutionz — S(z) in a GF F(z), where S(z) is the MGF of a
classS, meansattachingan objectof type S to configurationsmarked by the variablez
in F. We refrain from giving detaileddefinitions(that would be somevhat clumsyand
uninformative) asthe procesds betterunderstoody practicethanby long formal devel-
opments.Justificationin eachparticularcaseis normally easily obtainedby returningto
thecombinatorialdefinition of generatindunctionsas“reducedimages”of combinatorial
classes.

EXAMPLE 16. Constainedinteger compositionsand*“slicing”. This exampleillustrates
variationsaroundthe substitutionscheme.Considercompositionsof integerswheresuc-
cessve summandsave sizesthat are constrainedo belongto a fixedsetR C N2. For
instancetherelations

R1={(may)|1smgy}a R2={($,y)|1§y§2x},

will correspondo weakly increasingsummandsn the caseof R; andto summandshat
canatmostdoubleateachstagan thecaseof R. In the“raggedlandscapetepresentation
of compositionsthis meansconsideringdiagramsof unit cells alignedin columnsalong
the horizontalaxis, with successie columnsobeying the constrainimposedby R.

Let F'(z,u) bethe BGF of suchR—restrictedcompositionsyherez markstotal sum
andwu marksthe value of the last summandthatis, the heightof the last column. The
function F'(z, u) satisfiesanequationof theform

(48) F(z,u) = f(zu) + (L[F(z,u)])

u—zu?

FIGURE 10. Thetechniqueof “adding a slice” for enumeratingcon-
strainedcompositions.
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wheref(z) is thegeneratindgunctionof the one-columrobjectsand L is alinearoperator
overformal seriesin u givenby

(49) L= Y k.

In effect, Equation(48) describesnductively objectsas comprisingeither one column
(f(zu)) or elsebeingformedby addinga new columnto anexisting one.In thelattercase,
thelastcolumnaddedchasasizek thatmustbesuchthat(j, k) € R, if it wasaddedaftera
columnof sizej, andit will contributeu* z* to theBGF F(z,u); thisis preciselywhat(49)
expressesln particular F(z, 1) givesbackthe enumeratiorof F—objectsirrespectve of
thesizeof thefirst column.

For arule R thatis “simple enough” the basicequation(48) will ofteninvolve asub-
stitution. Let usfirst rederive in this way the enumeratiorof partitions.We take R = R,
andassumaehatthefirst columncanhave ary positive size. Compositionsnto increasing
summandsrethenthe sameaspartitions.Since

. . . ) J
L[u’]:u] +u1+1 —}—u1+2+--'= lu "

thefunction F'(z,u) satisfiesafunctionalequationinvolving a substitution,
zZU

(50) F(z,u) = F(z,zu).

l—2zu 1—2z2u
Thisrelationiterates:any linear functionalequationof the substitutiontype

¢(u) = a(u) + B(u)¢(o(u))

is solvedformally by

(51) $(u) = a(u) + Bu)a(o(w)) + Bu)B(o(u))alc™® (u) + -,

whee o) (u) designateshe jth iterate of u.

Returningto compositiondnto increasingsummandsthatis, partitions,the turnkey
solution (51) gives, upon iterating on the secondargumentand with the first agument
beingtreatedasa parameter:

zZU 2211, z3u

1-—zu + (1 — zu)(1 — 22u) + (1 —2zu)(1 — 22u)(1 — 23u) +
Equivalencewith the alternatve form
22U2 z3u3 2411.4

53 F(z,u) = i ...
63)  Flw =t a0 T T ou ==
is theneasilyverified from (50) uponexpandingF'(z, ) asaseriesin u andapplyingthe
methodof indeterminateoeficientsto theform (1 — zu)F(z,u) = zu + F(z, zu). The
presentatiorf53) is furthermoreconsistentwith the treatmenbf partitionsgivenin Chap-
ter| sincethequantity[u*]F (2, u) clearlyrepresentthe OGFof partitionswhosesmallest
summands 1 andwhoselargestsummands k. (In passingthe equality between(52)
and(53) is ashallawv but curiousidentity thatis quitetypical of thearea.)

This samemethodhasbeenappliedin [54] to compositionssatisfyingcondition R
above. In this case successie summandsreallowedto doubleat mostat eachstage.The
associatedinearoperatoris

(52) F(z,u)=

: ) 1 — w2
L] =u4+---+u =u v
1—u
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For simplicity, it is assumedhatthefirst columnhassizel. Thus,F' satisfiesafunctional
equationof the substitutiortype:

F(z,u) = zu+ =

(F(z,1) = F(2,2°u?)) .

1—zu
This canbesolvedby meanf thegeneralterationmechanisn{51), treatingmomentarily
F(z,1) asaknown quantity: with a(u) := zu + F(z,1)/(1 — zu), onehas

2,2
2u 29 9 2w Z2u 6, 4y
—l_zua(zu ) + a(z’u®) .

F(z,u) = a(u) = [—zal— 22
Then, the substitutionu = 1 in the solution becomespermissible. Upon solving for
F(z,1), oneeventuallygetsthe someavhatcuriousGF for compositionsatisfyingR»:

2j21(—1)j_1Qj_1(z)z2j+1—j—2
Y iso(=1)1Q;(2)z¥ —i=2 |
where Q;(z) = (1 - 2)(1 - 2)(1 = 27) - (1227,

Thesequencef coeficientsstartsasl1, 1,2, 3, 5,9, 16, 28, 50 andis EISA002572 it rep-
resentdor instancethe numberof possiblelevel profilesof binary trees,or equivalently
the numberof partitionsof 1 into summand®f theform 1,1, 1, L, .. (thisis relatedto
the numberof solutionsto Kraft's inequality). See[54] for detailsincluding very precise
asymptoticestimatesand Tangoras paperfor relationsto algebraicopology O

The reasorfor presentinghis methodin somedetailis thatit is very general.lt has
beenin particularemployedto derive a numberof original enumeration®f polyominos
by area,a topic of interestin somebranchesof statisticalmechanics:for instance,the
book by Jansevan Regshurg [144] discussesnary applicationsof suchlattice modelsto
polymersand vesicles. SeeBousquet-Mlou’s review paper[23] for a methodological
perspectie. Someof theoriginsof themethodpointto Pblyain the 1930%,seg[114], and
independentlyo Temperlg [141, pp.65—67].

> 21.CarlitzcompositionsLet K betheclassof compositionsuchthatpairsof adjacensummands
arealwaysdistinct. Thesecanbe generatedy the operatorC[u’] = u(1 — u)~' — ?, from which
the OGF follows. Alternatively, one may startfrom Smirnos words (p. 152 belov) andeffect the
substitutionw; ~» 27, sothat

F(z,1)

K(z) = (1_Zlfzj> .

For maximalsummand< r, replacecc by r in the formulaabore. (Suchcompositionshave been
introducedby Carlitzin 1976;seethepaperby KnopfmacheandProdinge82] for earlyreferences
andasymptoticproperties.) <

lll. 6.2. Order constraints. We refer in this subsectiorto the discussionof order
constraintsn labelledproductsthathasbeengivenin Chapteril. We recallthatthe modi-
fied labelledproduct

A= (B"x0)
only includestheelementof (B x C) suchthatthe minimallabelliesin the A component.
Oncemorethe univariaterulesgeneralizeverbatimfor parametershat areinheritedand
thecorrespondingxponentiaMGFsarerelatedby

Az, ) = /0 T (BBt w)) - O(t, u) dt.
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valley: oi—1 > 0; < oiy1 | leafnode(uop)
doublerise: ;-1 < 0; < gi4+1 | unaryright-branching(u.)
doublefall: ;-1 > o; > oi+1 | unaryleft-branching(u})

peak: oi—1 < 0; > d;+1 | binarynode(uz)

FIGURE 11. Localorderpattersin a permutatiorandthe four typesof
nodesin the correspondindncreasingoinarytree.

To illustratethis multivariateextension we shall considera quadrivariatestatisticon per
mutations.

ExAMPLE 17. Local order patternsin permutations. An elements; of a permutation
writteno = o1, ..., 0, Whencomparedo its immediateneighbourscanbe categyorized
into oneof four typessummarizedn thefirst two columnsof Figure11. The correspon-
dencewith binaryincreasingreesdescribedn Examplel6 of Chapterll thenshaws the

following: peaksand valleys correspondo binary nodsand leaves, respectiely, while

doublerisesanddoublefalls areassociatedavith right-branchingandleft-branchingunary
nodes.Letug,u;,u}, us bemarkersfor the numberof nodesof eachtype,assummarized
in Figure11. Thenthe exponentiaMGF of increasingreesunderthis statisticsatisfies

o}
a[(z,u) =ug + (u1 + u))I(z,u) + usI(z,u)2

Thisis solvedby separatiorof variablesas
0 v +dtan(zd) v

(54) I(z,u) =

up 6 —vptan(28)  up’

wherethefollowing abbreviationsareused:

1
U1=§(U1 +uy), § = \Juous — vi.

2
z 2
I = wupz + uo(ug +u'1)§ + uo((ug + uh)? + 2u0uz)§,

which agreeawith the smallcasesThis calculationis consistentvith whathasbeenfound
in Chapterl regardingthe EGF of all permutationsndof alternatingpermutations,

Onehas s

b t )
T an(z)

thatderive from the substitutions{ug = u1 = v} = us = 1} and{up = us = 1,u; =
u} = 0}, respectiely. Thesubstitution{ug = u1 = u,u}| = us = 1} givesthe BGF of
Euleriannumberg61) derivedbelow by othermeans.

By specializatiorof thetetravariateGF, thereresultsthat,in atreeof sizen themean
numberof nodesof nullary, unary or binarytypeis asymptotido n/3, with avariancethat
is O(n), therebyensuringconcentratiorof distribution. O

A similar analysisyields pathlength. It is foundthata randomincreasingoinarytree
of sizen hasmeanpathlength

2nlogn + O(n).
Contraryto what the uniform combinatoriaimodelgive, suchtreetendto be ratherwell
balancedandatypical branchis only about38.6%worsethanin aperfectbinarytee. This
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] II*"

FIGURE 12. The level profile of a randomincreasingbinary tree of
size 256. (Comparewith Figure 9 for binary treesunderthe uniform
Catalanstatistic.)

factappliesto binary searchreesandit justifiesthe performancef suchtreesto be quite
goodwhenappliedto randomdata[86, 102, 130 or subjectedo randomizatiorf123.

Ill. 6.3. Implicit structur es. Hereagain,we notethatequationsnvolving sumsand
productsgitherlabelledor not, areeasilysolvedjustlik e in the univariatecase.The same
appliesfor thesequenceonstructiorandfor thesetconstructiongspeciallyin thelabelled
case—refeto the correspondingectionsof Chapterd andll. Again, the processs best
understoody examples.

Supposéor instanceonewantsto enumerateonnectedabelledgraphsy thenumber
of nodegmarkedby z) andthe numberof edgegmarkedby u). TheclassK of connected
graphsandtheclassg of all graphsarerelatedby the setconstruction,

G = “B{K}:

meaningthat every graphdecomposesiniquelyinto connecteccomponents.The corre-
spondingexponentialBGFsthensatisfy

G(z,u) = K= implying K(z,u) =logG(z,u),

sincethenumberof edgedn agraphis inherited(additively) from the correspondingium-
bersin connecteccomponents.Now, the numberof graphsof sizen having k edgesis
("(n7D/2), sothat

n!

(55) K(z,u) =log (1 + i(l + u)™(n=1/2 ﬁ) ]

n=1

This formula, which appearsasa refinementf the univariateformula of Chaptenl, then
simply reads: connectedgraphsare obtainedas componentgthe log operator) of gen-
eral graphs,wheee a geneal graphis determinedoy the presenceor absenceof an edge
(correspondingo (1 + u)) betweerany pair of nodes(theexponenti(n — 1)/2).

Pulling outinformationout of theformula(55) is howevernotobviousdueto thealter
nationof signsin the expansionof log(1 + w) anddueto the stronglydivergentcharacter
of theinvolvedseries.As anaside we noteherethatthe quantity

I/(\'(z,u) =K (%,u)
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enumeratesonnectedyraphsaccordingto size (marked by z) andexcess(marked by u)
of the numberof edgesover the numberof nodes. This meansthat the resultsof Sec-
tion 5.3 of Chapteil obtainedby Wright's decompositiorcanbe rephrasedsthe expan-
sion (within C(u)[=]):

e n, —n 1
log <1+Z(1+u)n(n1)/2& = ZW_i(2) + Wolz) + -
(56) =

!
el n! u

1 1, 1 1 1. 1.,
= u(T 2T>+<210g1_T 2T 4T>+ )
with T' = T'(z). SeeTemperlg’s earlyworks[140 141] aswell asthe“giant paperonthe

giantcomponent[77] andthe paper[55] for directderivationsthat eventuallyconstitute
analyticalternatvesto Wright's combinatorialapproach.

ExAaMPLE 18. Smirnov words. Following theterminologyof JacksorandGoulden[69],
aSmirnos word is aword thathasno consecutie equalletters.Let W = G{A} betheset

of wordsoverthealphabetd = {ay, ..., a,} of cardinalityr, andX bethesetof Smirnos
words. Let alsou; markthenumberof occurrencesf the jth letterin aword. Onehas
1 .
W(z,u) with  v; = zu;.

Cl—(ur A+ )
Startfrom a Smirnos word and substituteto ary letter a; that appearsn it an arbitrary
nonemptysequencef lettersa;. Whenthis operationis doneat all placesof a Smirnos
word, it givesriseto anunconstrainegvord. Cornverselyary wordis associatetb aunique
Smirnor word by collapsinginto singlelettersmaximalgroupsof contiguousequalletters.
In otherterms,wordsderive from Smirnor wordsby a simultaneousubstitutionthatwe
represenfiguratively as

W= S[al — 621{a1}, e, Qp 621{ar}].
Thereresultstherelation

_ U1 Up
(57) W(Uh”"UT)_S(l—?A’-”71—’UT>'
Thisrelationdetermineshe MGF S(vy, . .., v,.) implicitly. Indeed sincetheinversefunc-
tionof v/(1 — v) isv/(1 + v), onefinds

o m VUp
(58) S(vl,...,ur)_W<1+U1,...,—1+UT>.

For instanceijf wesetv; = z, thatis, we “for get” thecompositiorof thewordsinto letters,
we getthe OGF of Smirnos word countedaccordingto lengthas

1 1+ 2
— =1 _1n71 n
l—r&= 1-(r—1)z +;r(r e

This is consistentwith elementarycombinatoricssincea Smirnos word of lengthn is
determinedy thechoiceof its first letter (» possibilities)ollowedby a sequencef n — 1
choicesconstrainedo avoid oneletteramongst (andcorrespondingo r — 1 possibilities
for eachposition). The interestof (58) is to apply equally well to the Bernoulli model
wherelettersmayreceve unequaprobabilitiesandwhereadirectcombinatoriabrgument
doesnot appearo beeasy:it suficesto performthe substitutiorw; + p;,z in this case.
Fromthesedevelopmentspnecannext build the GF of wordsthatnevercontainmore
thanm consecutie equalletters. It sufficesto effectin (58) the substitutiorw; — v; +
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<=« +vf". In particularfor the univariateproblem(or, equivalently, the casewhereletters
areequiprobable)pnefindsthe OGF

1 _ ].—Zm+1
zlff: S l—rz4(r=1)zm
1
14242

This extendsto an arbitrary alphabetthe analysisof single runs and doublerunsin bi-
narywordsthatwasperformedn Section4 of Chapter. Naturally, this approachapplies
equallywell to nonuniformletter probabilitiesandto a collectionof differentrun length
upperboundglependingon eachparticularletter. For instancethis topicis pursuedn sev-
eralworks of Karlin andcoauthorgsee,e.g.,[106]), themselesmotivatedby biological
applications. O

lll. 6.4. Inclusion-Exclusion. Inclusion-eclusionis afamiliartypeof reasoningooted
in elementarymathematicsWe re-examineit herein the perspectie of multivariategener
atingfunctions,whereit essentiallyeducego a combineduseof substitutiorandimplicit
definitions.

Let £ beasetendavedwith arealor complex valuedmeasurd - | in suchaway that,
for A, B C &, thereholds

|[AUB| = |A| + |B| wheneer ANB=4.

Thus,| - | is anadditive measuretypically takenassetcardinalityor a discreteprobability
measure®n £. Themoregeneraformula

|AU B| = |A| + |B| — |AB| where AB:= AN B,
follows immediately Whatis calledthe inclusion-exclusionprinciple or sieve formulais

thefollowing multivariategeneralizationfor anarbitraryfamily A,,..., 4, C &:
(59)
|A1U"'UA7-| = |5\(legz7«)| where Z:g\A

= > A= DD JAuAnl -+ ()T A A - A
1<i<r 1<i1<ia <7
The easyproof by induction resultsfrom elementarypropertiesof the booleanalgebra
formedby thesubset®f £; seee.g.,[28 Ch.IV].) An alternatve formulationresultsfrom
settingB; = 4;, B; = A;:
(60) |BiBy---Br| = |€]= Y [Bil+ D [ByBi|—--+(-1)"[BiB2---B,l.
1<ilr 1<i1 <ia<r

In termsof measurethis equalityquantifieghesetof objectssatisfyingexactlyacollection
of simultaneousonditions(all the B;) in termsof thosethatviolate at leastsomeof the
conditions(the memberf the B;).

Hereis atextbook exampleof aninclusion—eclusionargumentnamely the enumer
ationof derangements Recallthat a derangemenis a permutations suchthato; # 1,
for all 7. Fix £ asthe setof all permutation®f [1, n], take the measurd - | to be setcar
dinality, andlet B; bethe subsebf permutationsn £ associatedo the propertyo; # i.
(Thereareconsequently: = n conditions.) Thus, B; meanshaving no fixed point at 4,
while B; meanshaving a fixed point at the distinguishedvaluei. Then,theleft handside
of (60) is the numberof permutationghatare derangementshatis, D,,. As regardsthe
right handside,the kth sumcomprisestself (}) termscoutingpossibilitiesattachedo the
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choicesof indicesi; < --- < iy; eachsuchchoiceis associatedo a factorB;, - - - B;,
thatdescribesll permutationsvith fixed pointsat thedistinguishecpointsis, . . . , iy (i.e.,
o(i1) =i1,...,04 =ir). Clearly |B;, - -- B;, | = (n — k)!. Thereforeonehas

Dy =nl — (’I) (n— 1)l + (Z) (n—2)— -+ (_1)H(Z)oz,

which rewritesinto the morefamiliar form

D, 11 (=1)"
ETE R TR TR Y
This givesan elementaryderivation of the derangementumbersalreadyencounteredn

Chapterl.

The derivation above is perfectlyfine but carryingit out on complex examplesmay
represensomevhatof a challenge.In contrastaswe now explain, thereexistsa parallel
approactbasedn multivariategeneratingunctions,whichis technicallyeasyto dealwith
andhasgreatversatility

Let us now reexaminederangements a generatingunction perspectie. Consider
the setP of all permutationsandbuild a superseiQ asfollows. The setQ is comprised
of permutationsn which an arbitrary numberof fixed points—somemaybenone, not
necessarilyall—have beendistinguished (This correspondso aribitrary productsof the
B, in theargumentabove.). For instanceQ containselementdike

13,2, 1,3,2, 1,2,3, 1,2,3, 1,2,3, 1,23,

wheredistinguishedixedpointsareunderlined.Clearly, if oneremovesthedistinguished
elementof ay € Q, whatis left constitutesan arbitrary permutationof the remaining
elementsOnethenhas

Q=UxP,
wherel{ denoteghe classof urnsthat are setsof atoms. In particular the EGF of Q is
Q(z) = € /(1-z). Whatwe'vejustdoneis enumeratinghequantitieshatappeain (60),
but with the signs“wrong”, i.e.,all positive.
Introducenow the variablev to mark the distinguishedixed pointsin objectsof Q.

TheexponentiaBGFis then
1

— pUZ
Q(z,v) =e T
Let P(z,u) bethe BGF of permutationsvhereu marksthe numberof fixed points. (Let
usignoremomentarilythe factthat P(z, u) is otherwiseknown.) Permutationsvith some
fixed pointsdistinguishedaregeneratedy the substitutionu + 1 + v inside P(z,u). In
otherwordsonehasthefundamentainclusion-exclusionrelation

Q(z,v) = P(z,1+v).

Thisis theneasilysolvedas
P(Z,’LL) = Q(Z,U - ]-)7

sothatknowledgeof (theeasy)@ gives(the harder)P. For thecaseathand,thisyields

(u—1)z —z
e e

].—Z’ P(Z,O)—D(Z)—l_z,
and, in particular the EGF of derangementbasbeenretrieved. Note that the sought
P(z,0) comesoutas@(z, —1), sothatsignscorrespondingo the sieve formula(60) have
now beenput“right”, i.e.,alternating.

P(z,u) =
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Theprocesemployedfor derangements clearlyverygeneral lt isageneratindunc-
tion analogueof the inclusion-eclusionprinciple: countingobjectsthat satisfya number
of simultaneousonstraintsis reducedto countingobjetsthat violate someof the con-
straintsat distinguished'places”—thelatter is usuallya simplerproblemThe generating
function analogueof inclusionexclusionis thensimply the substitutionrv +— « — 1, if a
bivariateGF is sought,or v — —1 in theunivariatecase.

The book by Gouldenand Jacksor[68, pp. 45—-48]describesa usefulformalization
of theinclusionprocessoperatingon MGFs. Conceptuallyit combinessubstitutionand
implicit definitions.Onceagain,themodusoperandiis bestgraspedhroughexamples.

ExXAMPLE 19. Risesand ascendingrunsin permutations. A rise in a permutation
o = o1 -- - o, ISapairof consecutieelementsr;, ;1 satisfyingo; < ;1. Theproblem
is to determinethe numberA,, ;, of permutationsof size having exactly k risestogether
with theBGF A(z,u).

Guidedby theinclusion-exclusionprinciple, we tacklethe easiemproblemof enumer
atingpermutationsvith distinguishedises,of whichthe setis denotedy B. For instance,
B containselementdike

213,489 11|1512(5,10|13714,

wherethoserisesthataredistinguishedarerepresentedby arrows. (Note thatsomerises
may not be distinguished.) Maximal sequence®f adjacentdistinguishedrises (boxed
in the representationivill be calledclustes. Then, B canbe specifiedby the sequence
constuctiorappliedto atoms(Z) andclusterg(C) as

B=6{Z+(}, where C = P>2{Z},

sincea clusteris an orderedsequencegr equivalently a set, having furthermoreat least
two elementsThis givesthe EGFof B as

_ 1 1
S l—(z4+(er=1=2)) 2-—e’
which happendgo coincidewith the EGF of surjections.

For inclusion-exclusionpurposeswe needthe BGF of B with v markingthe number
of distinguishedises.A clusterof sizek containsk — 1 rises,sothat

1 _ v

1—(z+ (e —1—20)/v) wv+1—e’
Now, theusualargumentapplies:theBGF A(z, u) satisfiesB(z,v) = A(z,1+ v), sothat
A(z,u) = B(z,u — 1), whichyieldsthe particularlysimpleform

B(z2)

B(z,v) =

u—1
In particular this GF expandsas
22 23 24
Az,u) = 1+z+(u+1)§+(u2+4u+1)§+(u3 +11u2+11u+1)z e

ThecoeficientsA,, ; areknown asthe Euleriannumbes. In combinatoriabnalysisthese
numbersarealmostasclassicasthe Stirling numbers A detaileddiscussiorof their prop-
ertiesis to be foundin classicaltreatisedike [28] or [71]. (From Eg. (61), permutations
without risesareenumeratethy B(z, —1) = e*, analtogethewobviousresult.)
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Momentsderive easilyfrom anexpansionof (61) atu = 1, which gives

1 1 1 123242
A(z,u) = 5153 e (u—1)+ Ei(l(— z)3) (u
In particular:themearnof thenumberof risesin arandompermutatiorof sizen is 1 (n—1)
andthevarianceis ~ -L.n, ensuringconcentation of distribution.

The samemethodappliesto the enumeratiorof ascendinguns: for a fixed parame-
ter£, anascendingun (of orderf) is asequencef consecutieelementsr; o1 - - - Gipo—1
suchthate; < o441 < --+ < g54¢—1. Aninclusion-clusionsimilarto theoneseerabove
shavsthatthe BGF of the numberof ascendingunsof order/ in permutationss

_1)2_’_...‘

T

1 29
(62) BO(z,u) = (1 ey e ee_l(zv))/v‘f—l)>v:u_1 . e(2) =) It

7=0
(Risescorrespondo £ = 2.)

The BGF (62) canbe exploitedto determinequantitatve informationon long runsin
permutationsFirst,anexpansionatu = 1 showsthatthemeannumberof ascendinguns
is (n — £) /¢! exactly, assoonasn > £. This entailsthat,if n = o(£!), the probability of
finding anascendingun of order/ tendsto 0 asn — oo. Whatis usedin passingn this
argumentis the generalfact thatfor a discretevariable X with valuesin 0,1,2, ..., one
has(with Iversons notation)

P(X > 1) = E([X > 1]) = E(min(X, 1)) < E(X).

An inequalityin the corversedirectionresultsfrom the secondnomentmethod.In effect,
the varianceof the numberof ascendingunsis found to be of the exact form a,n +
B¢ whereay is essentiallyl /¢! and 3, is of comparableorder Thus, by Chebyshe’s
inequalities concentratiorof distribution holdsaslong as/ is suchthat/! = o(n). In this
case with high probability (i.e., with probability tendingto 1 asn tendsto o), thereare
mary ascendingunsof order/.

Whathasbeenfoundhereis afairly sharpthresholdphenomenon:

In arandompermutatiorof sizen, with high probability, an ascending
run of order £ is presentif £! = o(n) but not presentif n = o(£!).
Let 4o(n) bethe largestinteger suc that £y! < n, sothatfy(n) ~
(logn)/loglogn. Then,with high probability, there is no ascending
run of length£y + 1 but at leastoneascendingun (andin fact many)
of lengthfy — 1.

O

Many variationson the themeof risesandascendingunsareclearly possible.Local
orderpatternsin permutationshave been intenselyresearchednotablyby Carlitz in the
1970%. GouldenandJacksor{68, Sec.4.3] offer ageneraktheoryof patternsn sequences
and permutations.Specialpermutationgatternsassociatedvith binary increasingtrees
arealsostudiedby Flajolet, Gourdon,andMartinez[48] (by combinatoriaimethods)and
Devroye [39] (by probabilisticarguments).On anotherregister the longestascendingun
hasbeenfound above to be of order (logn)/loglogn in probability The superficially
resemblingoroblemof analysingthe lengthof the longestincreasingsequencén random
permutationgelementsnustbein ascendingrderbut neednot be adjacenthasattracted
alot of attention,but is considerablyharder This quantityis ~ 2./n on averageandin
probability, asshovn by apenetratinganalysisof the shapeof randomYoungtableausiue
to Logan,Shepp Vershik,andKerov [97, 146 Solvinga problemopenfor over20years,
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Baik, Deift, and Johanssofi8] have eventuallydeterminedits limiting distribution. (The
undemandinguney by AldousandDiaconis[2] discussesomeof the backgrounaf this
problem.)

> 22. Increasingsubsequences permutations. This exerciseis basedon Lifschitz and Pittel's
work [96] who wereamongsthefirst to provide nontrivial lower boundsby elementanaguments.

Let A(o) bethelengthof thelongestincreasingsubsequence permutatiors andk (o) thenumber
of increasingsubsequencedsf all length). Then,the EGF K (z) of cumulatedvaluesof  satisfies

n

P 1—2 n n —1/4 2/n
K(z) = 3 ko) Ty = 1i /= ]K(z):Z(k) L1 -wapve

= z = k! 2me
Since2* < k andthe exponentialfunctionis corvex, the expectedengthof the longestincreasing
subsequendeasupperboundey/n + o(n'/?) with ¢ = 2/ log 2 = 2.88539. <

ExAMPLE 20. Patternsin words. Take the setof all wordsW = &{.A4} over a finite
alphabet4 = {a1,...,a,}. A pattermp = p1ps - - - p, Whichis particularword of lengthk
hasbeenfixed. Whatis soughtis theBGF W (z,u) of W, whereu marksthe numberof
occurrence®f patternp insidea word of W. Resultsof Chapterl alreadygive accesdo
W (z,0), whichis the OGF of wordsnot containingthe pattern.

In accordancevith theinclusion-exclusionprinciple,oneshouldintroducetheclassY
of wordsaugmentedy distinguishingan arbitrarynumberof occurrencesf p. Definea
clusterclusterasa maximalcollectionof distinguishecbccurrenceshathave anoverlap.
For instancejf p = aaaaa, aparticularword maybe give riseto the particularcluster:

abaaaaaaaaaaaaabaaaaaaaahbhb

aaaaa
aaaaa
aaaaa

Thenobjectsof X decomposeassequencesf eitherarbitrarylettersfrom A or clusters.
Clustersarethemselesobtainedby repeatedhsliding the pattern,but with the constraint
thatit shouldconstantlyoverlappartly with itself.

Letc(z) betheautocorrelatiompolynomialof 8 asdefinedin Chaptei, andsetc(z) =
c(z) — 1. A momentsreflectionshouldcorvincethereadetthatz*¢(z)*~! whenexpanded
describesall the possibilitiesfor forming clustersof s overlappingoccurrences.On the
exampleabove, onehase(z) = 1 + z + 22 + 2% + 2*, and a particularclusterof 3
overlappingoccurrencesorrespondso oneof thetermsin 2*¢(z)? asfollows:

5

z
/_/H . 5
aaaaa , 2
~ N
aaaaad X (z 422+ 2% + 2%)

agaaa x (z+ 2%+ 2% +z%).

The OGFof clustersis consequently’(z) = z*/(1 — ¢(z)) sincethis quantitydescribes
all the waysto write the pattern(z*) andthenslide it so thatit shouldoverlapwith it-
self (this is given by (1 — &(z))~!). By a similar reasoning,the BGF of clustersis
vz¥ /(1—v¢(z)), andtheBGF of X with thesupplementaryariablev markingthenumber
of distinguishedccurrencess

1

X (29 = T o )"
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Finally, the usualinclusion-exclusionargument(changev to v — 1) yields W (z,u) =
X(z,u—1). Asaresult:
For a patternp with correlationpolynomiale(z) andlengthk, theBGF
of words over an alphabetof cardinality r, whee « marksthe number
of occurrencef p, is

(u—1e(z) —u
1=r2)((u—1)e(z) —u) + (u—1)z%"
The specializationu = 0 givesbackthe formula alreadyfound in Chapterl. The same

principlesclearly apply to weightedmodelscorrespondingo unequaletter probabilities,
provideda suitablyweightedversionof the correlationpolynomialis introduced. O

W(z,u) =

Thereareavery large numberof formulaerelatedto patterndn strings. For instance,
BGFs are known for occurrencesf one or several patternsunder either Bernoulli or
Markov models. We refer globally to Szpankwski's book [139, wheresuchquestions
aretreatedsystematicallyandin greatdetail.

> 23. Momentsof numberof occuriences.Obsere thatthe derivativesof X (z,v) atv = 0 give
accesgo the factorialmomentsof the numberof occurrencesf a pattern. Evaluatethe meanand
varianceof thenumberof occurrences(Hint: setz — z/r andexpandtherationalfractionsinvolved
nearz = 1.) <

> 24.Words with fixedrepetions.Let W (z) = [u*]W (2, u) be the OGF of wordscontaininga
patternexactly & times. Thereexist two functionsA(z), u(z) suchthat W *) (z) = \(z)u(z)* for
ary k > 1. <

> 25. Patternsin Bernoullisequencesiork outthe BGF of the numberof occurrencesf apattern
in a randomstring with nonuniformletter probabilitiesp; = P(a;). (Hint: oneneedsto definea
weightedcorrelationpolynomialc(z).) <

> 26. Patternsin binary trees. Considerthe classB of prunedbinary trees. An occurrenceof
patternt in atreer is definedby a nodewhose“dangling subtree”is isomorphicto t. Let p bethe
sizeof t. TheBGF B(z, u) of classB whereu marksthe numberof occurrencesf t is sought.
TheOGFof Bis B(z) = (1 — /1 —4z)/(2z). ThequantityuB(zu) is the BGF of B with v
markingexternalnodes By virtue of the pointingoperationthe quantity

U= ok eBG)

v=1

describedreeswith k distinctexternalnodesdistinguishedpointed). The quantity
V=) Upuf(z")* satisfies V = (vB(2v)),_14u,r 5

by virtue of Taylor's formula. It is alsothe BGF of treeswith distinguishedccurrencesf t. Setting
uw+— u — 1inV thengivesbackB(z, u) as

B(z,u) = % (1~ Vi= 2z —du=1)z")).

In particular
1
=—(1—-+1- p+1
B(z,0) % (1 1—4z+4z )

givesthe OGF of treesnot containingpatternt. The methodgeneralizego ary simple variety of
treesandit canbe usedto prove thatthe factoredrepresentatiorfas a directedagyclic graph)of a
randomtreeof sizen hasexpectedsizeO(n/+/log n); see[57].
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lll. 7. Extremal parameters

Apartfrom additively inheritedparameteralreadyexaminedatlengthin this chapter
anotherimportantcategory is that of parameterslefinedby a maximumrule. Two major
casesrethelargestcomponentn acombinatoriaktructure(for instancethelargestcycle
of apermutationjandthe maximumdegreeof nestingof constructionsn arecursve struc-
ture (typically, the heightof atree).In this case pivariategeneratingunctionsareof little
help. The standardechniqueconsistdn introducinga collectionof univariategenerating
functionsdefinedby imposinga boundon the parametenof interest. SuchGF's canthen
be constructedy the symbolicmethodin its univariateversion.

Ill. 7.1. Largestcomponents. Considera construction8 = ®{.A}, where® may
involve an arbitrary combinationof basicconstructionsand assumeherefor simplicity
thatthe constructiorfor B is a non—recursie one. This correspond$o arelationbetween
generatindunctions

B(z) = ¥[A(2)],
whereV is thefunctionalthatis the“image” of thecombinatoriatonstruction®. Elements
of A thusappearascomponentsn anobject € B. Let B{") denotethe subclasf B
formedwith objectswhose.A—componentsll have a sizeat mostb. The GF of B is
obtainedby the sameprocessasthatof B itself, safethat A(z) shouldbe replacedby the
GF of elementf sizeat mostb. Thus,

B (2) = $[TyA(2)],
wherethetruncationopeator is definedon seriesby

b [
Tof(2) =Y faz"  (f(2) =) fn2").
n=0 n=0

Several caseof this situationhave alreadybeenencounteredh earlierchapters.For
instancethe cycle decompositiorof permutationgranslatedy

po) = (e 1)

givesmoregenerallythe EGF of permutationsvith longestcycle < b,

2 b
P<b>(z):exp(%+%+---+%),

whichinvolvesthetruncatedogarithm. Similarly, the EGF of wordsoveranm—aryalpha-
bet

W(z) = (e*)™
leadsto the EGF of wordssuchthateachletter occursat mostb times:
2 b\ ™
(®) () = ALE L L2
W (z)—(1+1!+2!+ +37)

whichnow involvesthetruncatedexponential.Onefindssimilarly the EGFof setpartitions
with largestblock of sizeat mostb,

z 22 2b
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A slightly lessdirectexampleis thatof thelongestrunin asequencef binarydraws.
ThecollectionWV of binarystringsoverthealphabet a, b} admitsthedecomposition
W = &{a} - 6{b&{a}},
correspondingo a“scansion’ dictatedby theoccurrencesf theletterb. Thecorrespond-
ing OGFthenappearaindertheform
1 1
TG whereY (z) = T

correspondgo Y = &{a}. Thus,the OGF of stringswith at mostk — 1 consecutie
occurrencesf thelettera obtainsuponreplacingY (z) by its truncation:

W(z) =Y (2)

Wk () = YR (2) whereV® (2) = 14+ 24+ 22+ 4+ 2871,

1
1—2Y k) (2)
sothat

1—2F
1— 2z 4 2kt1°
Suchgeneratingunctionsare thus easyto derive. The asymptoticanalysisof their
coeficientsis however often hard when comparedo additive parameterspwing to the
needto rely on complex analytic propertiesof the truncationoperator The basesof a
generalsymptotic¢heoryhave beenlaid by Gourdon[70].

> 27.SmallestomponentsThe EGF of permutationsvith smallestcycle of size> b is

W (2) =

2 b
exp(—f -5 — %)
1-2 )
A symbolictheory of smallestcomponentsn combinatorialstructuresis easily developedas re-
gardsGFs.Elementsof the correspondingsymptoticheoryareprovided by PanarioandRichmond
in[112. <

Ill. 7.2. Height. Thedegreeof nestingof arecursie constructioris ageneralization
of the notion of heightin the simpler caseof trees. Considerfor instancea recursvely
definedclass

B = ¢{B},
where® is a construction Let Bl* denotethe subclasof B composedolely of elements
whoseconstructiorinvolvesat mosth applicationsof ®. We have by definition

B+ = gyplhly.
Thus,with ¥ theimagefunctionalof construction®, the correspondingsF’s aredefined
by arecurrence

B+ — gk,
It is usually corvenientto startthe recurrencewith the initial condition BI=1(z) = 0.

(Thisdiscussioris relatedto semantic®f recursionp. 16)
Considerfor instancegeneraplanetreesdefinedby

G=Nx6{G} sothat G(z)=

z
1-G(2)’

Definethe heightof a treeasthe numberof nodeson its longestbranch. Thenthe setof
treesof height< h satisfiegherecurrence

gl = v, g1 = & x &{gl}.
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Accordingly, the OGF of treesof boundecdheightsatisfies

1], — 0]\ — [h+1] () — o
G 2)=0,G"%2)==2 G (2) TG
Therecurrencainwindsandonefinds
z
M) = —5—,
S
1—2

wherethe numberof stagesn the fraction equalsb. This is the finite form (technically
known asa “convergent”) of a continuedfraction expansion. Fromimplied linear recur
rencesandan analysisbasedon Mellin transformsde Bruijn, Knuth, andRice [37] have
determinedhe averageheightof a generaplanetreeto be ~ /7n.

For planebinarytreesdefinedby

B=Z+BxB sothat B(z)=z+ (B(2))?
(sizeis thenumberof externalnodes)therecurrences
Bl(z) = z, BMU(z) = 2 + (BIM(2))2
In this case the BI"! arethe approximantgo a “continuousquadratidform”, namely
BN =24 (z+ (2 + (---)2)?)2.

Theseare polynomialsof degree2” for which no closedform expressionis known, nor
evenlikely to exist®. However, usingcomplex asymptotianethodsandsingularityanalysis,
Flajolet and Odlyzko [52] have shown that the averageheightof a binary planetreeis
~ 2¢/mn.

For Cayley treesfinally, the definingequations
T={1}xB{T} sothat T(z)=zel®.
The EGFof treesof boundecheightsatisfytherecurrence
TO(2) = 2, T+ () = 2T ().

We arenow confrontedwith a“continuousexponential”,

. z€f

T (2) = zezeze
The averageheightwas found by Réryi and Szelereswho appealedagainto comple
asymptoticsandfoundit to be ~ +/27n.
Theseexamplesshaow thatheightstatisticsare closelyrelatedto iterationtheory Ex-
ceptin afew casedik e generabplanetrees,normallyno algebras availableandonehasto
resortto complec analyticmethodsasexposedn forthcomingchapters.

4ThesepolynomiaIsaree(actIythe muchstudiedMandelbrotpolynomialswhosebehaiour in thecomple
planegivesriseto extraordinarygraphics.



162 Ill. PARAMETERS AND MULTIVARIATE GF'S

> 28. Heightin generl Catalantrees. The modelof heightin generalplanetreescanbe solved
algebraically The OGF G["(z) of treesof height< # is of theform

Fri1(2)
Zi)
Fri2(2)
wherethe F’s arethe Fibonaccipolynomials
Fo(2) =0, Fi(2) =1, Fry2(2) = Frt1(2) — 2Fn(2).

Expresghe F}, in termsof G(z) itself. Find explicit formsfor thedistribution of heightin trees
of G,, by meansof Lagrangenversion.[This treatments dueto De Bruijn, Knuth, andRice [37].]
<

lll. 7.3. Averagesand moments. For extremal parametersthe GF of meanvalues
obey a generalpattern. Let 7 be somecombinatorialclasswith GF f(z). Considerfor
instancean extremalparametery suchthat f1"1(z) the GF of objectswith y-parameteat
mosth. The GF of objectsfor which y = k exactlyis equalto

() = f 1),

Thusdifferencinggivesaccesdo the probability distribution of heightover F. Thegener
atingfunctionof cumulatedvalues(providing meanvaluesafternormalization)s then

SR [ - £ )]
h=0
> [r@ - M),

h=0

(1]

(2)

asis readily checled by rearranginghe secondsum, or equivalently usingsummatiorby
parts.

For maximum componentsize, the formuleae involve truncatedTaylor series. For
height,analysisnvolvesin all generalitythe differencedetweerthefixedpoint of afunc-
tional @ (the GF f(z)) andthe approximationgo the fixed point (f"!(z)) provided by
iteration. Thisis acommonschemen extremalstatistics.

D> 29.Hierarchical partitions. Let e(z) = e* — 1. Find acombinatoriainterpretatiorfor

e(e(--- (e(2)))) (h times)

(Suchstructureshawv upin statisticalclassificatiortheory) <

> 30.Balancedrees.Balancedstructureseadto countingGF’s closeto theonesobtainedor height
statistics. The OGF of balance®-3 treesof heighth countedby the numberof leavessatisfieshe
recurrence

ZM() = 202" 1 2°) = (2M(2)° + (27(2)°.

Expresst in termsof theiteratesof o'(z) = 22 + 2°.
Find the OGF of meanvaluesof the numberof internalnodesin suchtrees. <

> 31. Extremalstatisticsin randommappings.Find the EGF’s relative to thelargestcycle, longest
branchanddiameterof functionalgraphs.Do thesameor thelargesttree largestcomponent[Hint:
see[53] for details.] <

> 32.Deepnodesn trees.Find the GF of meanvaluesof the numberof nodesat maximaldepthin
agenerablanetreeandin a Cayley tree. <



Ill. 8. NOTES 163

I1l. 8. Notes

Multivariate generatingfunctions are a commontool from classicalcombinatorial
analysis. Comtets book [28] is oncemore an excellentsourceof examples. A system-
atizationof multivariategeneratindunctionsfor inheritedparameterss givenin thebook
by JacksorandGoulden[68].

In contrastgeneratingunctionsfor averageseemedo have recevedrelatively little
attentionbeforethe adwentof digital computersaandthe analysisof algorithms.Many im-
portanttechniquesreimplicit in Knuth’'sbooks,especially{ 85, 86]. Wilf discusseselated
issuesdn his book[153 andthepaper[15]]. Early systemsspecializedo treealgorithms
have beenproposedby Flajolet and Steyaertin the beginning 1980 [45, 59, 60, 138];
seealsoBerstelandReutenaueswork [15]. Someof theideasdevelopedthere(viewing
generatingunctionsof averagesasimagesof combinatorialstructureswith multiplicities
attached}ook their inspirationfrom thewell establishedreatmenbf formal power series
in noncommutatieindeterminategthatcanbe seenaswordswith multiplicities attached),
seeEilenbeg’sbook[41] or the proceeding®ditedby Berstel[126].

Theglobalframework of constructiblestructuresaffords a neatstructuralcategoriza-
tion of parameterf combinatorialobjects—additiely inherited parametersrecursve
parameterslargestcomponentsandheight. This approacthecomesespeciallypowerful
whenexaminedin thelight of asymptoticpropertiesof structures.n addition,the princi-
plesdevelopedhererendetheanalysisof alargeclassof combinatoriaparametergntirely
systematic This includescompleity measuresor a closedclassof programmesnddata
structures.Several computationsn this areacanthenevenbe automatedvith the help of
computeralgebrasystemg56, 158§.






APPENDIX A

Auxiliary Results& Notions

1. Arithmetical functions. A generakeferenceor this sectionis Apostol’s book[5].

Thefunctionp(k) is theEulertotientfunctionandit intervenesn theunlabelleccycle
construction|t is definedasthe numberof integersin [1, k] thatarerelatively primeto k.
Thus,onehasy(p) = p — 1 if p is a prime. More generallywhen the prime number
decompositiorof k is k = pf't - - - por, then

o(k) = pP* Hpr — 1) - pS (pr — 1).

A numberis squarefreef it is not divisible by the squareof a prime. The Moebius
function u(n) is definedto be 0 if n is not squarefreeand otherwiseis (—1)" if n =
p1 - - - pr IS @aproductof r distinctprimes.

Many elementanpropertiesof arithmeticalfunctionsareeasilyestablishedy means
of Dirichletgeneating functions(DGF). Let (a,),>1 beasequenceis Dirichlet seriess
formally definedby

oo
a(s) = a_,:_
n=1 n
In particular the DGF of the sequencer,, = 1 is the Riemannzetafunction, {(s) =
> .>1 1~ °. Thefactthatevery numberuniquelydecomposesito primesis reflectedby
Euler'sformula,

o =11 (1-2) -

wherep rangesoverthesetP of all primes.(As obseredby Euler, thefactthat{(1) = co
in conjunctionwith (1) provides a simple analytic proof that there are infinitely mary
primes!)

Equation(1) implieselementarilythat

(n) 1 1
@) M) =Y EU T (1-2) = —.
)= 2 Hf )=

The coeficientsu(n) areknown asthe Moebiuscoeficient (or Moebiusfunction). They
satisfy

uln) = (-1)" if n = pipa - - - p, for distinctprimesp;,

andu(n) = 0 whenevern is divisible by a square.
Finally, if (a), (bn), (c») have DGF a(s), 8(s),v(s), thenonehastheequivalence

a(s) =B(s)(s) = an= Z bacn/a-
d|

165
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In particular taking ¢, = 1 (v(s) = {(s)) andsolvingfor 3(s) shaws (using (2)) the

implication
an = Z by = b,= Z N(d)an/da
d| d|

which is known as Moebiusinversion This relationis usedin the enumeratiorof irre-
duciblepolynomials(Sectionl. 6.2).

2. Asymptotic Notations. LetS beasetandsy € S a particularelementof S. We
assumea notion of neighbourhoodo exist on S. ExamplesareS = Zo U {+o0} and
so = +00, S = R andsg ary pointin R, S = C orasubsebf C, andsoon. Two functions
¢ andg from S\ {s¢} to C aregiven.

— (O-notation write
o), = 0(9(s))

if theratio ¢(s)/g(s) staysboundedass — s¢ in S. In otherwords,thereexists
aneighbourhood’ of sy andaconstantC' > 0 suchthat

¢(s)| < Clg(s)l,  s€V, s#s0

Onealsosaysthat” ¢ is of orderat mostg, or ¢ is big—Ohof g (ass tendsto sg)” .
— ~-notation write

¢(s) ~ g(s)

8§—80
if theratio ¢(s)/g(s) tendsto 1 ass — sq in S. Onealsosaysthat“¢ andg are
asymptoticallyequivalentas s tendsto sg)”.
— o-notatiorn write

¢(s) = o(g(s))

8§—80

if theratio¢(s)/g(s) tendsto0ass — sq in S. In otherwords,for ary (arbitrar
ily small)c > 0, thereexists a neighbourhood’,. of so (dependingon ¢), such
that

[p(s)l <clg(s)l,  s€Ve, 5# s0.

Onealsosaysthat” ¢ is of order smallerthang, or ¢ is little—oh of g (ass tends
to 80)” .

Thesenotationsaredueto Bachmanrand Landautowardsthe end of the nineteenttcen-
tury. SeeKnuth’s notefor a historicaldiscussiorj87, Ch.4].
Relatednotations pf which howeverwe only make scantyuse,are

— -notation write

#s), = Ag(s))

if theratio ¢(s)/g(s) staysboundedrom below in modulusby anonzeroguan-
tity, ass — sg in S. Onethensaysthat¢ is of orderatleastg.
— O-notation write

6(s) = 0(9(s)
if #(s) = O(s) andg(s) = Q(s). Onethensaysthat¢ is of orderexactly g.
Forinstancepnehasasn — +o0 in Z¢:
sinn = o(logn); logn = O(y/n); logn = o(y/n);
(1) = Qny/n); w0+ /i = O(n).
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Asz — 1inR<;, onehas
V1—z=0(1); €*=O0(sinz); logz=0(z-1).

We take asgrantedin this book the elementaryasymptoticcalculuswith suchnota-
tions (see.e.g.,[130, Ch. 4] for a smoothintroductioncloseto the needsf analyticcom-
binatoricsandde Bruijn’s classic[35] for a beautiful presentation.)We shallretainhere
thefactthat Taylor expansiondmply asymptoticexpansionsfor instancethe corvergent
expansiondor |u| < 1,

log(1+u) = Z ( k::l) uf,  exp(u) = %uk, (1—w)*= Z (k + 1>uk,

! k
k>0 k>0

imply (asu — 0)
2

log(1+u) = u+0@?), exp(u)=1l+ut—w+0w?), (1-u)/2=1-2

2
2 2—|—(9(u ),

and,in turn, (asn — +00)

1 1 1 1\? 1 1
og(1+1)=210(2 1- —1- :
og( +n) n+0(n2)’ ( logn) 210gn+0<10gn>

Two importantspecialexpansionsare Stirling’s formula for factorialsand the har
monichumberapproximation,

@) n! = n"e "V2rn(1+e,), 0<eén <3
1 1
— — —4 -
H, = logn-+7+-2n o2 T =0 (n"*), ~=057721,

thatarebestestablishedsconsequencesf the EuleMaclaurinsummatiorformula[35,
130.

> 1. Simplificationrulesfor the asymptoticcalculus.Someof themare

O(Af) —  O(f) (A#0)
o) £0@ — O(fl+1gD)
— 0O(f) if g =O(f)
o(f-9) — O(£)0(9)-
Similar rulesapplyfor o(+). <

> 2. Harmonicsof harmonics.Theharmonicnumbersarereadily extendedo non-integral index by

[e)

H“=§:(%_kix)'

k=1

ForinstanceH,;,, = 2 — 2log 2. This extensionis relatedto the Gammafunction[15(], andit can
beprovedthattheasymptoticestimatg3), with = replacingn, remainsvalid asz — +o0. A typical
asymptoticcalculationshavs that

y 1
Hu. = loglogn 44+ 272 v o (-1 ),
i, = loglogn 4+ 17> (bgzn)

Whatis the shapeof anasymptoticexpansionof Hy,,  ? <
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> 3. Stakingsof dominos A stockof dominosof lengthlcmis given. It is well known thatonecan
stackup dominosin a harmonicmode:

1/4 1/3 1/2

Estimatewithin 1% the minimal numberof dominosneededto achiere a horizontalspanof 1m
(=100cm). [Hint: about1.5092610%% dominos!] Setup a schemeto evaluatethis integer exactly,
anddoit! <

> 4. High precisionfraud. Why is it that,to forty decimalplacesonefinds
500,000 (

>
k=1

_1)k—1
2k —1

= 3.141590653589793240462643383269502884197

3.141592653589793238462643383279502884197,

with only four “wrong” digits in thefirst sum?(Hint: considerthe simplerproblem
ﬁ =0.0001020304050607080910111213141516171819202122232425--- .)

Marny fascinatingactsof this kind areto befoundin worksby JonandPeterBorwein[21,22]. <

s

3. Cycle construction. Theunlabelledcycle constructionis introducedin Chapterl and
is classicallyobtainedwithin theframawork of Polyatheory[28, 113 115. Thederivation
givenhereis basedn anelementaryseof symbolicmethodghafollows[58]. It relieson
bivariateGF's developedin Chapterll, with z markingsizeandu markingthe numberof
componentsConsideraclassA4 andthesequencelassS = 6>;{.A}. A sequence € S
is primitive (or aperiodic)if it is not the repetitionof anothersequencde.g.,affaa is
primitive,but afa3 is not). TheclassPS of primitive sequencess determinedmeplicitly,
_ uA(2) _ k , k
S(z,u) = Toud(@) ZPS(z ,u”),

E>1
whichexpresseshateverysequenceossesses ‘root” thatis primitive. Moebiusinversion
thengives

_ ko, ky _ ub A(2")
PS(z,u) = Zu(k)S(z ut) = Zﬂ(k)m-
k>1 k>1
A cycleis primitiveif all of its linearrepresentationareprimitive. Thereis anexactone-
to-£ correspondendeetweerprimitive £-cyclesandprimitive £-sequenceslhus,the BGF
PC(z,u) of primitive cyclesis obtainedby effecting the transformatioru® — }u‘ on
PS(z,u), whichmeans

PC(z,u) :/ P(z,v) d_v’
0 (Y

giving afterterm-wiseintegration,

p(k) 1
PC(z,u) = Z A log EYTEIR
E>1
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Finally, cyclescanbecomposedrom arbitraryrepetitionsof primitive cycles,whichyields
C(z,u) = ZPC(zk,uk).

E>1
Thearithmeticalidentity ;| , 1(d)/d = ¢(k)/k giveseventually
_ N ek) 1

k>1
aswasto be proved.
Formula(4) is exactly the onethatappearsn thetranslationof the cycle construction
in theunlabelledcase(Theoremill.1). Uponsettingu = 1, it givesthe univariateversion
(Theoreml.1).

> 5. Aroundthe cycle construction. Similar methodsyield the BGFs of multisetsof cyclesand
multisetsof aperiodiccyclesas

H ; and ;
1 — ukA(zF) 1—uA(z)’

E>1

respectiely [36]. (The latter fact correspondgo the propertythat ary word can be written asa
decreasingroductof Lyndonwords;it senesto constructbasef free Lie algebrag98, Ch.5].)
<

> 6. Aperiodicwords. An aperiodioword is a primitive sequencef letters. Thenumberof aperiodic
wordsof lengthn over anm-ary alphabetorrespondso primitive sequencewith A(z) = mz and
is
PW™ = Z u(dym™'<.
d|n
Form = 2, thesequencstartsas2, 2, 6, 12, 30, 54, 126, 240, 504, 990 (EISA027375. <

4. Formal power series Formal power seriesextendthe usualoperationson polynomials
to infinite seriesof theform

(5) F=> fad"

n>0
wherez is aformalindeterminateThe notationf(z) is alsoemployed. Let K beafield of
coeficients(usuallyQ, R, C); thering of formal power serieds denoteddy K[[2]] andit is
thesetKY (of infinite sequencesf elementsof K) written asinfinite power series(5) and
endavedwith theoperation®f sumandproduct,

Dozt |+ D gne”
Z 2™ | X Z gn2"
n n

A topology(known asthe formal topology)is put on K[[z]] by which two seriesf, g
are“close” if they coincideto alargenumberterms.First, thevaluationof a formal power
seriesf = )~ fn2" is thesmallestr suchthat f, # 0 andis denotedby val(f). (One
setsval(0) = +00.) Giventwo power seriesf andg, theirdistanced(f, g) is thendefined
as2~ val{f—9) With this distance(in factan ultrametricdistance)the spaceof all formal
power seriesis a completemetric space Roughly thelimit of a sequencef series{ f()}
existsif, for eachn, thecoeficientof ordern in f() eventuallystabilizesto afixedvalue
asj — oo. In this way corvergencecan be definedfor infinite sums: it suffices that

Z (fn +gn) 2"

n

n
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the generalterm of the sumshouldtendto 0 in the formal topology, i.e., the valuationof
the generalterm shouldtendto co. Similarly for infinite products,where[](1 + u(9)
convergesassoonasu(/) tendsto 0 in thetopologyof formal power series.

It is thena simpleexerciseto prove thatthe sumQ(f) := Y, f* exists (the sum
corvergergesin the formal topology) whenever f, = 0; the quantity then definesthe
quasi-irverse(1 — f)~1, with theimplied propertieswith respecto multiplication,namely
Q(f)(1 = f) = 1. In the sameway one definesformally logarithmsand exponentials,
primitivesandderivatives,etc. Also, thecompositionf o g is definedwheneer g, = 0 by
substitutionof formal power series. More generally ary (possiblyinfinitary) processon
serieghatinvolvesat eachcoeficientonly finitely mary operationss well-defined(andis
accordinglya continuoudunctionalin theformaltopology).

> 7. TheOGF of permutations The ordinarygeneratingunctionof permutations,

(o]
P(z):= ) nlz" =1+ z+ 22" +62° + 242" +1202° + 7202° + 50402 + - --

n=0

existsasanelementf C[[z]], althoughthe serieshasradiusof convergence0. Thequantityl/P(z)

is for instancewell-defined(via the quasi-iverse)andonecancomputelegitimately andeffectively
1 — 1/P(z) whosecoeficientsenumeraténdecomposablpermutationgp. 57). The formal series
P(z) canevenbemadesensef analyticallyasanasymptoticseries(Euler),since

oo —t
/0 le_i_tzdt~1—z+2!z2—3!z3+4!z4—--- (z — 0+).

Thus,the OGF of permutationss alsorepresentablasthe (formal, divergent)asymptoticseriesof
anintegral.

It canbeprovedthattheusualfunctionalpropertieof analysisxtendto formal power
seriesprovidedthey make sensedormally.

5.LagrangeInversion. Lagranganversion(Lagrange1770)relateshecoeficientsof the
inverseof afunctionto coeficientsof thepowersof thefunctionitself. It thusestablishea
fundamentatorrespondencketweerfunctionalcompositionandstandardnultiplication
of series. Althoughthe proofis technicallysimple,theresultaltogethemon-elementary

The inversionproblemz = h(y) is solved by the Lagrangeseriesgiven below. It
is assumedhat[y°]h(z) = 0, sothatinversionis formally well definedandanalytically
local, and [y']h(y) # 0. The problemis is then conveniently standardizedy setting
h(y) = y/6(y).

THEOREM A.Ll. Let¢(u) = 3,5, ¢ru® bea powerseriesof C[[z]] with ¢o # 0.
Then,the equationy = z¢(y) admitsa uniquesolutionin C[[z]] whosecoeficientsare
givenby (Lagrange form)

oo 1 n
6) y(2) =D yne",  whee y, = —[u" ] ($(u))".
n=1
Furthermoe, onehasfor £ > 0 (Burmannform)
oo k B "
(7) y(@) =Dyl whee g == [w" ) (B(u)"
n=1

By linearity, aform equivalentto Burmanns (7), with H anarbitraryfunction,is

["1H (y(2)) = [u" "] (H' (u)$(u)") .
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Proor. The methodof indeterminatesoeficientsprovidesa systemof polynomial
equationdor {y,} thatis seerto have a unique(polynomial)solution:

Y1 =do, Yo =od1, Y3 = odi + dodo, ... .

Sincey,, dependonly on the coeficientsof ¢(u) till ordern, one may assumewithout
lossof generalitythat¢ is a polynomial. Then,by generabpropertiesof analyticfunctions,
y(z) is analyticat 0 andit mapsconformallya neighborhooaf 0 into anothemeighbour
hoodof 0. Accordingly, the quantityny,, = [z"!]y’(z) canbe estimatedoy Cauchys
coeficientformula:

nYn = i y'(z)% (Direct coeficientformulafor y'(2))
2im Joq dz"
1
8 = —/ % (Changeof variablez
2 Jos Wloy M &
= [y" Yoy (Reversecoeficientformulafor ¢(y)™).

In thecontext of complex analysisthis usefulresultappearsasnothingbut anavatarof the
change-of-ariableformula. The proof of Birmannsform is entirely similar. a

Thereexistinstructive (but longer)combinatoriaproofsbasednwhatis known asthe
“cyclic lemma”or “conjugag principle” [119 for Lukasievicz words. (SeealsoEx. 36in
Chapterl.) Anotherclassicalproof dueto Henricirelieson propertiesof iteration matri-
ces[28, p. 144-153];seealsoComtets bookfor relatedformulations[28§].

Lagrangeinversionsenesmostnotablyto develop explicit formulaefor simplefam-
ilies of trees(eitherlabelledor not), randommappingsand moregenerallyfor problems
involving coeficientsof powersof somefixedfunction.

D> 8. Lagrange—BJrmanninversionfor fractionalpowes. Theformula
n y(z) “ _ « n n+a
1 (12) - e

holdsfor ary realor complex exponenta, andhencegeneralize®iirmanns form. Onecansimilarly
expandlog(y(z)/z). <

> 9. Abel'sidentity By computingin two differentwaysthe coeficient
[zn]e(a+ﬂ)y = ["]e*" - &Py

k]

wherey = zeV is the Cayley treefunction,onederive the Abel’s identity

(@+B)(n+a+p)" " =af kg (Z) (k+a)* Yn—k+p)" * 1L
<

6. Regular languages Two notionsof regularity for languagesredescribedn the text
(Sectionl. 4): R-regularity, which meansdefinability by regular specificationsand A-
regularity, which correspondgo acceptabilityby a deterministicfinite automaton. We
indicatebriefly herethe reasonsvhy the two notionsare equivalent. The agumentsare
minor adaptation®f well known factsin thetheoryof formallanguagesandwe referthe
readerto oneof themary goodbookson the subjectfor details.

A-regularity implies S-regularity. This constructionis dueto Kleene[81] whosein-
teresthad its origin in the formal expressve power of nerwe nets. Let a deterministic
automatom be given,with alphabet4, setof states(), with g andQ theinitial stateand
the setof final stategespectiely. Theideaconsistan constructingnductively the family
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of Ianguagei’gf"j) of wordsthat connectstateg; to stateq; passingonly throughstates

Q,-- -, ¢r in betweery; andg;. We initialize the datawith 5551) to be the singletonset
{a} if thetransition(g; o a) = ¢; exists,andthe emptyse{(®) otherwise.The fundamental
recursion

£0) = 207 4 L0V,
incrementallytakes into accountthe possibility of traversingthe “new” stateq,. (The
unionsare clearly disjoint andthe segmentationof wordsaccordingto passagethrough
stateg, is unambiguoushdefined,hencethe validity of the sequenceonstruction.)The

languagel acceptedy a is thengivenby theregularspecification

=3 o7,
7;€Q
thatdescribeghe setof all wordsleadingfrom theinitial stateg, to ary of thefinal states
while passingreely throughary intermediatestateof theautomaton.
S-regularity implies A-regularity. An objectdescribedy aregularspecificatior: can
be viewed asa word decoratedvith separatorshatindicatethe way it shouldbe parsed.
For instanceanelementof G{a + aa} maybeviewedastheword

(a|aa|aa]a|aa),

overtheenrichedalphabetd U {¢|', ‘(, ‘)'}. Theextendedepresentationarethenrecog-
nizableby automataasshownn by aninductive construction.We only statethe principles
informally here.Let —4 t|e— represensymbolicallytheautomatorrecognizingthereg-
ular expressionx, with theinitial stateon theleft andthefinal state(s)on theright. Then,
therulesareschematically

ST = T
“
—o5 |o—

By S N
—)o—) = ¢_>._>T

The classicaltheory of formal languageslefinesthe family of regular languagesas
the smallestfamily containingthefinite languageshatis closedunderset-theoretiainion
(V), catenatiorproduct(-), andthe Kleenestaroperation* = {e} UU(L - L) U ---. Any
regularlanguagds thendenotedoy a regular expression.The operationsaretakenin the
set-theoreticsense so that for instanceone hasthe identity! (a U aa)* = (a)*. It is a
standardresultof the theorythatarny regularlanguagds recognizableéby a deterministic
finite automatonsothatthis notion of regularity is indeedequialentto thetwo combina-
torial notionsof A-regularity andS-regularity. (Note: thereductionof regularlanguages
to deterministicautomatayoesvia the constructiorof nondeterministi@automatéollowed
by areduction,the Rabin-Scottheorem that usuallyinvolvesan exponentialblow-up in
thenumberof states.)

1Union, catenationandKleenestarresemblesum, cartesiarproductproduct,andsequenceonstructions,
respectiely. However, thereis no systematicorrespondencsincethe set-theoretioperationanay be applied
ambiguouslyin contrasto combinatoriakonstructionshatpresere structure.For instancejn thecombinatorial
world, onehas&{a} # &{a + aa} andthe expressionS{a + aa} denotesstructuregicherthanjustwords
overthelettera (seecoveringsonp. 9).
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7. Stirling numbers.. Thesenumberscountamongsthe mostfamousonesof combinato-
rial analysis.They appeain two kinds:

« theStirling cyclenumber(alsocalled‘of thefirstkind’) [}] enumeratepermu-
tationsof sizen having k cycles;

¢ the Stirling partition number(alsocalled‘of the secondkind’) {Z} enumerates
partitionsof ann-setinto £ nonemptyequivalenceclasses.

Thenotatior)s[z] and{}} proposedy Knuth (himselfanticipatecby Karamatajarenowa-
daysmostwidespreadseg[71].

The mostnaturalway to define Stirling numbersis in termsof the “vertical” EGFs
whenthevalueof k is keptfixed:

Znﬁ I AN TR
Elal T %12

n>0

X = e

n>0

Fromthere,the bivariateEGFsfollow straightforvardly:

n:| kzn - ( ) - h
z — = exp|ulog = (1-2)
e k]l n! 1-2

n 2" -
> {k}“km = exp (ule® — 1)).
n,k>0 :

Stirling numbersandtheir cognatesatisfya hostof algebraicrelations.For instance,
the differentialrelationsof the EGFsimply the recurrenceseminiscentof the binomial
recurrence

n n—1 n—1 n n—1 n—1
O R i B Y S VY S
By expandingthe powersin the vertical EGF of the Stirling partitionnumbersor by tech-
niguesakinto Lagrangenversion,onefindsexplicit forms

M ST O [t [

G} = e ()eme

Thoughcomforting,theseformsarenottoo usefulin general (The onerelative to Stirling
cycle numbersvasobtainedoy Schbmilchin 1852[28, p. 216].)
A moreimportantrelationis thatof the generatingpolynomialsof the [’:] for fixedn,

Pn(u)EiPr(f)uT=u-(u—|—1)-(u+2)---(u+n—1).

This nicely parallelsthe OGFfor the {"} for fixedr

i{:}zn: (1—z)(1—2zzr)---(1—kz)'

n=0




174 A. AUXILIARY RESULTS & NOTIONS

> 10. Schbmilch’s formulais establishedtartingfrom

k_!n_i log” 1 dz
n k|~ 2rm & 1—2 i1

andperformingthe changeof variablea la Lagrange:z = 1 — e~ *. [28, p.216]. <

8. Treeconcepts In theabstracgraph-theoretisensea forestis anacgyclic (undirected)
graphandatreeis aforestthatconsistof justoneconnectedomponentA rootedtreeis a
treein whichaspecificnodeis distinguishedtheroot Rootedreesaredravn with theroot
eitherbelow (the mathematiciars andgenealogist corvention)or on top (the computer
scientists corvention),andin this book, we employ both corventionsindifferently. Here
arethentwo planarrepresentationsf the samerootedtree

a* a*
| |
b b
(9) C d d c
e f i k j e k f
T | | T~
g h i | | i g h

wherethe stardistinguishegheroot. (Tagson nodes,a, b, ¢, etc, arenot part of the tree
structurebut only meantto discriminatenodeshere.) A tree whosenodesare labelled
by distinct integersthen becomesa labelled treg this in the precisetechnicalsenseof
Chaptelll. Sizeis definedby thenumberof nodegvertices).Hereis for instancealabelled
treeof size9:

5
(10) 9 3 2
S S
6 4 8 1
|
7

In arootedtree,the outdegreeof a nodeis the numberof its descendantgyutdegree
is thusequalto degree(in the graph-theoreticensej.e., the numberof neighboursmi-
nus1. Oncethis corventionis clear one usually abbreviates“outdegree” by “degree”
when speakingof rootedtrees. A leaf is a nodewithout descendanthatis, a nodeof
(out)dggreeequalto 0. For instancethetreein (10) has5 leaves. Non-leafnodesarealso
calledinternalnodes.

Many applicationdrom genealogyto computersciencerequiresuperimposingnad-
ditional structureon a graph-theoretitree. A planetreeor planar treeis definedasatree
in which subtreeslanglingfrom acommonnodeareorderedbetweerthemselesandrep-
resentedrom left to right in order Thus,the two representations (9) areequivalentas
graph-theoretitrees but they becomedistinctobjectswhenregardedasplanetrees.
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Binary treesplay a specialrole in combinatorics. Thesearerooted treesin which
every nonleafnodehasdegree2 exactly as,for instancejn thefirst two drawingsbelow:

D

In the secondcase,the leaves have beendistinguishedby ‘[0'. The prunedbinary tree
(third representationjs obtainedfrom a regular binary tree by remaoving the leaves. A
binary tree canbe fully reconstructedrom its prunedversion,anda treeof size2n + 1
alwaysexpandsa prunedtreeof sizen.

A few majorclassesareencounterethroughouthis book. Hereis a summary.

Generabplanetrees(Catalartrees) G =Z x 6{G} (unlabelled)
Binarytrees A=Z+(Zx AxA) (unlabelled)
Prunedbinarytrees B=1+4(Z xBxB) (unlabelled)

Generahonplandrees(Cayley trees) T=ZxP{T} (labelled)

ThecorrespondingsFsarerespectiely

— — — — 2 — —
G =Y, B =, o=t T
beingrespectrely of type OGF for the first threeand EGF for the lastone. The corre-
spondingcountsare

1(2n—2 1 2v 1 2n _
= — Ay = B, = —— T, =n" 1‘
G n(n—l)’ vt u+1<1/)’ " n+1<’n)’ n=n

The commonoccurrenceof the Catalannumbers,C,, (42,41 = B, = Gu41 = C,)is
explainedby pruningandby therotationcorrespondenceescribedn p. 48.

(2) = 2",

2 Theterm “general”refersto thefactthatno degreeconstraintsareimposed.






10.
11.
12.
13.

14.
. J.BerstelandC. ReutenaueRec@gnizableformal powerserieson trees TheoreticalComputerSciencel8

16

iz BélaBollobas,Randongraphs AcademicPress1985.
21.
22.
23.
24,
25.

26.

27.

28.

Bibliography

. Alfred V. Aho andMargaretJ. Corasick,Efficient string matding: an aid to bibliographic search, Com-

municationsof the ACM 18 (1975),333-340.

. David Aldous and PersiDiaconis, Longestincreasingsubsequencesirom patiencesorting to the Baik-

Deift-Johanssottheoem Bull. Amer. Math. Soc.(N.S.)36 (1999),n0.4, 413-432.

. NogaAlon andJoelH. SpencerTheprobabilisticmethod JohnWiley & Sonsinc., New York, 1992.
. Geoge E. Andrews, Thetheory of partitions Engyclopediaof Mathematicsandits Applications,vol. 2,

Addison-Wéslegy, 1976.

. Tom M. Apostol,Introductionto analyticnumbertheory SpringefVerlag,1976.
. J. Arnegy andE. D. Bender Randommappingswith constaints on coalescencend numberof origins,

Pacific Journalof Mathematicsl03(1982),269-294.

. Krishna B. Athreya and PeterE. Ney, Branding processes SpringefVerlag, New York, 1972, Die

Grundlehrerder mathematischewissenschafterBand196.

. JinhoBaik, Pery Deift, and Kurt JohanssonQn the distribution of the length of the longestincreasing

subsequencef randompermutations Journalof the American MathematicalSociety 12 (1999), no. 4,
1119-1178.

. Edward A. BenderandE. Rodng Canfield, The asymptoticnumberof labeledgraphswith givendggree

sequenceslournalof CombinatorialTheory SeriesA 24 (1978),296-307.

EdwardA. BenderE. Rodng Canfield,andBrendarD. McKay, Asymptotigropertiesof labeledconnected
graphs RandomStructures Algorithms3(1992),no.2, 183-202.

Edward A. Benderand Jay R. Goldman,Enumeative usesof geneating functions Indiana University
Mathematicalournal(1971),753-765.

JonBentley andRobertSedgevick, Fastalgorithmsfor sortingandseaching strings EighthAnnualACM-
SIAM Symposiunon DiscreteAlgorithms,SIAM Press1997.

F. Bergeron,G. Labelle,andP. Leroux, Combinatorialspeciesand tree-lile structues CambridgeUni-
versity Press,Cambridge,1998, Translatedrom the 1994 Frenchoriginal by MargaretReaddy With a
foreword by Gian-CarloRota.

Elwyn R. Berlekamp Algebraic codingtheory, Mc Graw-Hill, 1968,Revisededition,1984.

(1982),115-148.

. JeanBerstelandDominiquePerrin, Theoryof codes AcademicPresdnc., Orlando,Fla., 1985.
17.

NormanBiggs, E. Keith Lloyd, and Robin Wilson, Graph theory 1736-1936 Oxford University Press,
1974.
Patrick Billingsley, Probability andmeasue, 2nded.,JohnWiley & Sons,1986.

D. Borwein, S. Rankin,andL. Renner Enumeation of injectivepartial transformationsDiscreteMathe-
matics73(1989),291-296.

JonathaM. BorweinandPeterB. Borwein, Strange seriesand high precisionfraud AmericanMathemat-
ical Monthly 99 (1992),no. 7, 622—640.

JonatharM. Borwein, PeterB. Borwein,andKarl Dilcher, Pi, Euler numbes and asymptoticexpansions
AmericanMathematicaMonthly 96 (1989),no. 8, 681-687.

Mireille Bousquet-Mlou, A methodfor the enumeation of various classesof column-comex polygons
DiscreteMath. 154(1996),n0. 1-3,1-25.

Mireille Bousquet-Mlou and Anthory J. Guttmann,Enumeation of three-dimensionatonvex polygons
Annalsof Combinatoricsl (1997),27-53.

W. H. Burge, An analysisof binary seach treesformedfrom sequence®f nondistinctkeys JACM 23
(1976),n0.3, 451-454.

Noam Chomsly andMarcel Paul Schitzenbeger, Thealgebraic theory of contet—free languages Com-
puter Programingand Formal LanguageqP. Braffort and D. Hirschbeg, eds.), North Holland, 1963,
pp.118-161.

JulienClément,PhilippeFlajolet,andBrigitte Vallée,Dynamicalsourcesin informationtheory: A geneal

analysisof trie structues Algorithmica29 (2001),no. 1/2,307-369.

Louis Comtet, Advancedcombinatorics Reidel,Dordrecht,1974.

177



178

29

32.

33.
34.

35.

36.

37.

38.

39.

40.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

BIBLIOGRAPHY

. RobertM. CorlessG.H. GonnetD. E. G. Hare,D. J.Jefrey, andD. E. Knuth, OntheLambertW function
Advancesn ComputationaMathematics (1996),329-359.

. T.H. Cormen,C. E. LeisersonandR. L. Rivest,Introductionto Algorithms MIT PressNew York, 1990.

. David Cox, JohnLittle, andDonal O’Shea,ldeals, varieties,and algorithms: an introductionto computa-

tional algebraic geometryand commutativealgebra, 2nded.,Springey 1997.

H. Davenport,Multiplicative NumberTheory revisedby H. L. Montgomery seconded., SpringefVerlag,

New York, 1980.

F. N. David andD. E. Barton,Combinatorialchance CharlesGriffin, London,1962.

N. G. De Bruijn, On Mahler’s partition problem Indagationedath. 10 (1948),210-220 Reprintedfrom

Koninkl. Nederl.AkademieWetenschapperger A.

N. G. deBruijn, Asymptotianethodsn analysis Dover, 1981,A reprintof thethird North Holland edition,

1970(first edition,1958).

N. G. DeBruijn andD. A. Klarner, Multisetsof aperiodiccycles SIAM Journalon AlgebraicandDiscrete

Methods3 (1982),359-368.

N. G. DeBruijn, D. E. Knuth,andS. O. Rice, Theaverage heightof plantedplanetrees GraphTheoryand

Computing(R. C. Read,ed.),AcademicPress1972,pp. 15-22.

A. Dembo, A. Vershik,and O. Zeitouni, Large deviations for integer partitions Markov Processeand

RelatedFields6 (2000),no.2, 147-179.

Luc Devroye, Limit lawsfor local countes in randombinary seach trees RandonStructures Algorithms

2(1991),n0.3, 302-315.

A. Dvoretzly andTh. Motzkin, A problemof arrangements Duke Mathematicallournall4 (1947),305—

313.

. SamueEilenbeg, Automatalanguajes,and madines vol. A, AcademicPress1974.

. Paul Erdés andJosepH_ehner Thedistribution of the numberof summandsn the partitions of a positive
integer, Duke Mathematicallournal8 (1941),335-345.

. W. Feller Anintroductionto probability theoryandits applications vol. 2, JohnWiley, 1971.

. PhilippeFlajolet,Combinatorialaspect®f continuedractions DiscreteMathematics32 (1980),125-161.

. , Analysed’algorithmesde manipulationd’arbreset defichiers, Cahiersdu BureauUniversitairede
Recherch@®pérationnelleyol. 34-35,Universié Pierreet Marie Curie,Paris,1981,209 pages.

, Mathematicalmethodsin the analysisof algorithmsand data structues Trendsin Theoretical

ComputerSciencg EgonBorger, ed.),ComputerSciencePressRockville, Maryland,1988,(LectureNotes

for A GraduateCoursein ComputationTheory Udine,1984),pp. 225-304.

PhilippeFlajolet,Daniele Gardy andLoys Thimonier Birthday paradox,couponcollectoss, caching algo-

rithms,andself-oganizingsearch, DiscreteApplied Mathematics39 (1992),207-229.

PhilippeFlajolet,Xavier GourdonandConradaVartinez,Patternsin randombinary seach trees Random

Structures Algorithms11(1997),no. 3, 223-244.

PhilippeFlajolet,Xavier Gourdon,andDanielPanario,Thecompleteanalysisof a polynomialfactorization

algorithmover finite fields Journalof Algorithms40(2001),no.1, 37-81.

PhilippeFlajolet, YvesGuivarc’'h, Wojtek Szpankwski, andBrigitte Vallee,Hiddenpatternstatistics Au-

tomata,Languagesand ProgrammingF. Orejas,P. Spirakis,andJ. van Leeuwen eds.),LectureNotesin

ComputerScienceno. 2076, SpringerVerlag, 2001, Proceeding®f the 28th ICALP ConferenceCrete,

July 2001.,pp. 152-165.

PhilippeFlajolet, DonaldE. Knuth, andBoris Pittel, Thefirst cyclesin an evolvinggraph DiscreteMathe-

matics75(1989),167-215.

PhilippeFlajoletandAndren M. Odlyzko, Theavemage heightof binarytreesandothersimpletrees Journal

of ComputerandSystemScience®5 (1982),171-213.

, Randommappingstatistics Advancesin Cryptology (J-J. Quisquaterand J. Vandevalle, eds.),

Lecture Notesin ComputerScience,vol. 434, SpringerVerlag, 1990, Proceeding®f EUROCRYPT’ 89,

Houtalen Belgium, April 1989,pp.329-354.

PhilippeFlajoletandHelmutProdingerLevelnumbersequencefor trees DiscreteMathematic$5 (1987),

149-156.

PhilippeFlajolet, Bruno Salvy, and Gilles Schaefier, Airy phenomenand analytic combinatoricsof con-

nectedgraphs Preprint,2002.

Philippe Flajolet, Bruno Salvy, and Paul Zimmermann,Automaticaveiage—caseanalysisof algorithms

TheoreticalComputerScience79 (1991),no. 1, 37-109.

PhilippeFlajolet, Paolo Sipala,and Jean-MarcSteyaert, Analytic variationson the commorsubexpression

problem Automata,LanguagesandProgrammingM. S. Patersongd.),LectureNotesin ComputerSci-

enceyol. 443,1990,Proceedingsf the 17thICALP ConferenceWarwick, July 1990,pp.220-234.

Philippe Flajolet and Michele Soria, The cycle construction SIAM Journalon Discrete Mathematics4

(1991),n0.1, 58-60.

Philippe Flajoletand Jean-MarcSteyaert, A compleity calculusfor classesf recusive seach programs

over tree structues Proceeding®f the 22nd Annual Symposiumon Foundationsof ComputerScience,

IEEE ComputerSocietyPress;1981,pp. 386—-393.




60.
61.
62.
63.
64.
65.

66.
67.

68.

71.
. D. H. GreeneandD. E. Knuth, Mathematicdor the analysisof algorithms Birkhauser Boston,1981.
73.
74.
75.

76.
. Svante Janson,Donald E. Knuth, Tomasztuczak, and Boris Pittel, The birth of the giant component

78.
79.
80.
81.
82.

83.
84.

8.
86.
88.
89.
90.
o1.
92.

93.

BIBLIOGRAPHY 179

, A compleity calculusfor recussive tree algorithms MathematicalSystemsTheory 19 (1987),
301-331.

Philippe Flajolet, Paul Zimmerman,and BernardVan Cutsem,A calculusfor the randomgeneation of
labelledcombinatorialstructues TheoreticalComputerSciencel32(1994),no.1-2,1-35.
DominiqueFoata,La série gérératrice exponentielledansles problemesd’énungration, S.M.S,Montreal
University Press1974.

Dominique Foata,Bodo Lass,and Guo-Niu Han, Lesnombees hyperharmoniquest la fratrie du collec-
tionneurdevignettes Seminaire_otharingiende Combinatoire47 (2001),PaperB47a.

Dominique Foataand Marcel-P Schitzenbeger, Théorie géonétrique despolyromesEuleriens Lecture
Notesin Mathematicsyol. 138, SpringerVerlag,1970.

Ira M. Gessel, Symmetridunctionsand P—recursivenessJournalof CombinatorialTheory SeriesA 53
(1990),257-285.

V. Gonchare, Onthefield of combinatoryanalysis Soviet Math. Izv., Ser Math. 8, 3—48,In Russian.
GastonH. Gonnet,Expectedength of the longest probe sequenceén hashcodesearhing, Journalof the
ACM 28(1981),no0.2, 289-304.

lan P. GouldenandDavid M. JacksonCombinatorialenumeation, JohnWiley, New York, 1983.

, Distributions,continuedfractions,andthe Ehrenfesurn mode) Journalof CombinatorialTheory

" SeriesA 41 (1986),n0. 1, 21-31.
70.

Xavier Gourdon Largestcomponenin randomcombinatorialstructues DiscreteMathematics.80(1998),
no.1-3,185-209.
RonaldL. GrahamDonaldE. Knuth,andOrenPatashnik ConcetemathematicsAddisonWesley, 1989.

DanielHill Greenelabelledformallanguagesandtheir uses Ph.D.thesis StanfordUniversity Junel983,
AvailableasReportSTAN-CS-83-982.

L. J. GuibasandA. M. Odlyzko, String overlaps,patternmatdiing, and nontransitivegames Journalof
CombinatorialTheory SeriesA 30(1981),no.2, 183-208.

LaurentHabsiger, Maxime Kazarian,and Segei Lando, On the secondnumberof Plutarch, American
MathematicaMonthly 105(1998),446-447.

FrankHararyandEdgarM. Palmer Graphicalenumeation, AcademicPress1973.

RandomStructure Algorithms4 (1993),no. 3, 233-358.

Svante Janson,Tomaszt uczak,and Andrzej Rucinski, Randomgraphs Wiley-InterscienceNew York,
2000.

André Joyal, Une théorie combinatoie dessériesformelles Advancesin Mathematics42 (1981),no. 1,
1-82.

M. S.Klamkin andD. J. Newvman,Extension®f the birthday surprise Journalof CombinatorialTheory3
(1967),279-282.

S. C. Kleene,Repesentatiorof eventsin nervenetsandfinite automata Automatastudies PrincetonUni-
versity PressPrincetonN. J.,1956,pp. 3—-41.

Arnold KnopfmachemandHelmutProdinger On Carlitz compositionsEuropean]ournalof Combinatorics
19(1998),n0.5,579-589.

JohnKnopfmacherAbstiact analyticnumbertheory Dover, 1990.

DonaldE. Knuth, Mathematicabnalysisof algorithms InformationProcessing 1, North Holland Publish-
ing Compay, 1972,Proceedingsf IFIP Congressl.jubljana,1971,pp. 19-27.

___, Theart of computerprogramming 3rd ed., vol. 1: Fundamentallgorithms, Addison-W\ésley,

1997.

__, Theart of computemprogramming 2nded.,vol. 3: SortingandSearchingAddison-Wesle/, 1998.
, Selectegpapes on analysisof algorithms CSLI Publications Stanford,CA, 2000.

Donald E. Knuth, JamesH. Morris, Jr, and VaughanR. Pratt, Fast pattern matding in strings SIAM

Journalon Computing6 (1977),no. 2, 323-350.

Donald E. Knuth and llan Vardi, Problem 6581 (the asymptoticexpansionof 2n choosen), American
MathematicaMonthly 95(1988),774.

Valentin F. Kolchin, Randommappings Optimization Software Inc., New York, 1986, Translatedfrom
SlutajnyeOtobrazenijg Nauka,Moscawv, 1984.

, Randongraphs Engyclopediaof Mathematicsandits Applications,vol. 53, CambridgeJniversity
PressCambridgeJ.K., 1999.

ValentinF. Kolchin, Boris A. Sevastyanwe, andVladimir P. Chistyalov, Randomallocations JohnWiley
andSonsNew York, 1978, Translatedrom the Russiaroriginal SlutajnyeRazmé&Ceniya

J.C. LagariasandA. M. Odlyzko, Solvinglow-densitysubsesumproblems JACM 32 (1985),no0. 1, 229—
246.

. Segelang,Algebra, Addison-Weslg/, ReadingMass.,1965.

, Linear algebra, Addison-Weslg/, ReadingMass.,1966.

. V. Lifschitz and B. Pittel, The numberof increasingsubsequencesf the randompermutation Journalof

CombinatorialTheory SeriesA 31(1981),1-20.



180

97.

98.

99.

100

101.

102

104.

105.

106.

107.
108.

109.
110.

111

113.

114.

115.

116.

117.

118.

119.

120.
121.

122

124.

125.

126.
127.

128.
129.

130

131.

132.

BIBLIOGRAPHY

B. F. LoganandL. A. SheppA variational problemfor randomYoungtableaux Advancesn Mathematics
26(1977),206-222.

M. Lothaire,Combinatoriconwords Engyclopediaof Mathematicandits Applications,vol. 17, Addison—
Wesley, 1983.

E. Lucas,TheoriedesNombes GauthierVillard, Paris,1891,Reprintecby A. Blanchard Paris1961.

V. Y. Lum, P. S.T. Yuen,andM. Dodd, Key to addresstransformations:A fundamentaktudybasedon

large existing formatfiles Communication®f the ACM 14 (1971),228-239.
P. A. MacMahon Introductionto combinatoryanalysis Chelse&ublishingCo.,New York, 1955,A reprint
of thefirst edition,Cambridge 1920.

. HosamM. Mahmoud Evolutionof randomseach trees JohnWiley, New York, 1992.
103.

ConradoMartinez and Xavier Molinero, A genericappmoad for the unranking of labeledcombinatorial
classesRandomStructures& Algorithms 19 (2001),no. 3-4, 472—-497 Analysis of algorithms(Krynica
Morska,2000).

A. Meir andJ. W. Moon, On the altitude of nodesin randomtrees CanadianJournalof Mathematics30
(1978),997-1015.

J.W. Moon, Countinglabelledtrees CanadiarMathematicaMonographdN.1, William ClowesandSons,
1970.

MacdonaldMorris, Gabriel Schachteland SamuelKarlin, Exactformulasfor multityperun statisticsin a
randomordering SIAM Journalon DiscreteMathematics (1993),no0. 1, 70-86.

Raje@ MotwaniandPrabhakaRaghaan, Randomizedlgorithms CambridgeUniversity Press1995.
DonaldJ. NewmanandLawrenceShepp,Thedoubledixie cup problem AmericanMathematicaMonthly
67(1960),58-61.

Albert NijenhuisandHerbertS. Wilf, Combinatorialalgorithms seconded.,AcademicPress1978.

A. M. Odlyzko, Periodic oscillationsof coeficientsof powerseriesthat satisfyfunctionalequations Ad-
vancesn Mathematicst4 (1982),180-205.

. RichardOtter, Thenumberof trees Annalsof Mathematicst9 (1948),no0. 3, 583-599.
112.

D. PanarioandB. Richmond Exactlargestandsmallestizeof componentsAlgorithmica31 (2001),no. 3,
413-432.

G. Pblya, Kombinatorisbe Anzahlbestimmura fur Gruppen Graphenundchemisbe Verbindungn Acta
Mathematice68 (1937),145-254.

, On the numberof certain lattice polygons Journalof CombinatorialTheory SeriesA 6 (1969),
102-105.

G. PdlyaandR. C. Read,Combinatorialenumeation of groups,graphsandchemicalcompoundsSpringer
Verlag,New York, 1987.

Geoge Polya, RobertE. Tarjan,and DonaldR. Woods,Noteson introductorycombinatorics Progressn
ComputerScienceBirkhauser 1983.

HelmutProdinger A noteon thedistribution of the threetypesof nodesin uniformbinary trees Séminaire
Lotharingiende Combinatoire38 (1996),PaperB38b,5 pages.

Andrzej Proskuravski, FrankRusley, and Malcolm Smith, Analysisof algorithmsfor listing equivalence
classef k-ary strings SIAM Journalon DiscreteMathematicsl1 (1998),no. 1, 94—109(electronic).

G. N. Rang, Functionalcompositionpatternsand power seriesreversion Transaction®f the American
MathematicalSociety94 (1960),441-451.

A. Réryi andG. Szeleres,Onthe heightof trees AustralianJournalof Mathematics (1967),497-507.

P. Réwvesz,Strong theoemson coin tossing Proceeding®f the InternationalCongresof Mathematicians
(Helsinki, 1978)(Helsinki), Acad.Sci. Fennica, 1980,pp. 749-754.

. Gian-CarloRota,Finite opetor calculus AcademicPress1975.
123.

SahadorRouraandConraddVartinez,Randomizationf seach treesby subteesize Algorithms—ESA96
(JosepDiaz and Maria Serna,eds.),LectureNotesin ComputerScienceno. 1136,1996, Proceeding®f
the Fourth EuropearSymposiunon Algorithms, BarcelonaSeptembe996.,pp. 91-106.

Vladimir N. Sachlov, Combinatorialmethodsn discrete mathematicsEngyclopediaof Mathematicsand
its Applications,vol. 55, CambridgeJniversity Press1996.

, Probabilisticmethodsn combinatorialanalysis CambridgeUniversity PressCambridge 1997,
Translatecandadaptedrom the Russiaroriginal edition, Nauka,Moscaw, 1978.

Arto SalomaandMatti Soittola,Automata-theaetic aspectof formal powerseries Springey Berlin, 1978.
BrunoSalvyandJohnShaclell, Symboliasymptoticsmultiseriesof inversefunctions Journalbf Symbolic
Computatior27 (1999),no. 6, 543-563.

RobertSedgevick, Quicksortwith equalkeys SIAM Journalon Computing6 (1977),no. 2, 240-267.

, Algorithms seconded.,Addison—\¢slg/, ReadingMass.,1988.

. RobertSedgevick and Philippe Flajolet, An introductionto the analysisof algorithms Addison-Wesley

PublishingCompaly, 1996.

L. A. SheppandS. P, Lloyd, Orderedcyclelengthsin a randompermutation Transactionsf the American
MathematicalSociety121(1966),340-357.

N. J. A. Sloane, The on-line encyclopediaof integer sequences2000, Publishedelectronically at
http://www.research.att.com/"njas/sequences/ .



133

134.

135.
136.

137.

138

139

140.

141.
142.

143.

144.

145.

146.

147.

148.

149

150.

151.

152.

153.
154.

155.

156.

157.

158.

BIBLIOGRAPHY 181

. N. J.A. SloaneandSimonPloufe, Theencyclopediaf integer sequencesAcademicPress1995.
Richard P. Stanlg, Geneating functions Studiesin Combinatorics,M.A.A. Studiesin Mathematics,
Vol. 17.(G-C.Rota,ed.), The MathematicaAssociationof America,1978,pp.100-141.

, Enumeative combinatoricsvol. |, Wadsworth & Brooks/Cole 1986.

, Hipparchus, Plutarch, Scrdoder and Hough AmericanMathematicaMonthly 104 (1997),344—

350.

, Enumeative combinatoricsvol. Il, CambridgeUniversity Press;1998.

. Jean-MarcSteyaert, Structue et compleité desalgorithmes Doctoratd’état, Universige ParisVII, April
1984.

. WojciechSzpankwski, Average-caseanalysison algorithmson sequenceslohnWiley, New York, 2001.

H. N. V. Temperlg, Ontheenumeation of the Mayer clusterintegrals, Proc.Phys.Soc.Sect.B. 72 (1959),

1141-1144.

, Graphtheoryandapplications Ellis HorwoodLtd., Chichester1981.

BernardvanCutsemCombinatorialstructuesandstructuesfor classification Comput.Statist. DataAnal.

23(1996),n0.1, 169-188.

J.vanLeeuwen(ed.),Handboolof theoetical computersciencevol. A: AlgorithmsandCompleity, North

Holland, 1990.

E. J. Jansevan Rensloirg, The statisticalmehanicsof interacting walks, polygons,animalsand vesicles

Oxford University PressOxford, 2000.

A. M. Vershik, Statisticalmedanics of combinatorial partitions, and their limit configuations Funkt-

sional'ryT Analizi ego Prilozheniya30 (1996),no. 2, 19-39.

A. M. VershikandS. V. Kerov, Asymptoticoof the Plancherel measue of the symmetricgroup and the

limiting form of Youngtables Soviet MathematicaDoklady 18 (1977),527-531.

Jefrey ScottVitter and Philippe Flajolet, Analysisof algorithmsand data structues Handbookof Theo-

retical ComputerScienceg(J. van Leeuwengd.),vol. A: AlgorithmsandCompleity, North Holland, 1990,

pp.431-524.

J. Vuillemin, A unifyinglook at datastructues Communication®f the ACM 23 (1980),no0.4, 229-239.

. Michael S. Waterman|ntroductionto computationabiology, Chapmar& Hall, 1995.

E. T. Whittaker andG. N. Watson,A course of modernanalysis fourth ed., CambridgeUniversity Press,

1927,Reprinted1973.

HerbertS. Wilf, Somesxamplesof combinatorialaveiaging, AmericanMathematicaMonthly 92 (1985),

250-261.

, Combinatorialalgorithms: An update CBMS—NSFRegional ConferenceSeriesno. 55, Society

for Industrialand Applied MathematicsPhiladelphia,1989.

, Geneatingfunctionolgy, AcademicPress;1990.

E. Maitland Wright, The numberof connectedsparsely edged graphs Journalof GraphTheory1 (1977),

317-330.

, Thenumberof connectedsparsely edged graphs.ll. Smoothgraphs Journalof GraphTheory2

(1978),299-305.

, Thenumberof connectedspaiselyedgedgraphs.lll. Asymptotiaesults Journalof GraphTheory

4(1980),393-407.

RobertAlan Wright, Bruce Richmond,Andrenv Odlyzko, and BrendanMcKay, Constanttime geneation

of freetrees SIAM Journalon Computingl5 (1985),no. 2, 540-548.

Paul Zimmermann Series gérératrices et analyseautomatiqued'algorithmes Ph. d. thesis, Ecole Poly-

technique1991.







Index

[2™] (coeficient extractor),4 branchingprocessesl44-146
E (expectation),78,113 Burmanninversion,seeLagrangenversion
Q (asymptoticnotation),166
PP (probability), 78,112 canonicalization55
© (asymptoticnotation),166 cartesiarproductconstruction(x), 5
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o (asymptoticnotation),166 class(of combinatoriaktructures)2
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M (multisetconstruction)9 combination30
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© (pointing),54 combinatoriaparameterl07-164
combinatorialchemal22-123128
Abel identity; 171 compleity theory 52
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alignment,82 Carlitztype, 149
alphabet?29 cyclic (wheel),27
arithmeticalfunctions,165 largestsummand}122
arrangemenf{7-78 locally constrainedsummands]47-149
asymptotionotations,166—-168 numberof summands25,120-121
atom,6, 62 primesummands24
autocorrelatior{in words),36 profile, 122
automaton r-parts, 121
finite, 33 universalGF, 138
average seeexpectation concentratiotfof probabilitydistribution), 116-118
conjugay principle,50
ballotnumbers42 construction
balls-in-binsmodel, 78,131 cartesiarproduct(x), 5
Bell numbersy3 cycle(€), 9,168-169
Bell polynomials,138 labelled,68
Bernoullitrial, 140 labelledmultivariate, 126
BGF, seebivariategeneratindunction multivariate,119
bijective equivalence(%2), 4 disjointunion(+), 8
binarydecisiontree(sDT), 53 implicit, 56-59
binarytree,175 labelledproduct(x), 64-66
binomial coeficient, 65 multiset(91), 9
binomial corvolution, 65 multivariate,119
birthdayparadox,78-82,141 pointing®), 54-56
bivariategeneratingunction (BGF), 109 powerset(3), 9
booleanfunction,52 labelled,66
Borges,JogeLuis, 38 labelledmultivariate,126
boxed product,98—-102 multivariate,119
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sequencéd), 8
labelled,66
labelledmultivariate,126
multivariate,119
substitution(c), 54-56
contet-free specification53-54
continuedraction, 143,161
convergencein probability 116
couponcollectorproblem,78-82,141
covering (of intenal), 9
cumulatedvalue (of parameter)114
cycle construction(€), 9, 168—-169
labelled,68
labelledmultivariate,126
multivariate,119
undirected|abelled,94
cyclelemma,50
cyclic permutationf4

degree(of treenode),174
denumerant25

derangemen86, 153

deriative (9), 55,114

Dirichlet series 165
disjointunionconstruction(+), 8, 64
divergentseries57

Dyck path,51

Dyck paths,50

EGF, seeexponentialgeneratingunction
EIS (Sloanes Engyclopedia),17
Eulernumbers103
Euler’s constan{y), 81
Euleriannumbers155
exp-logtransformationl11, 14
expectation(or mean,average)E, 78,113
exponentialgeneratingunction
definition, 62
product,65

Faa di Bruno's formula, 138
factorialmoments 114
Ferrersdiagram 21
Fibonaccinumbers24, 36
finite automaton33

finite field, 58

forest(of trees)42,90,174
functionalequation, 132
functionalgraph,91-93

Galton-Watsonprocess145
gamblerruin sequence51
Gaussiarbinomial,26
generalree, 175
generatingunction
exponential 61-105
horizontal,110
multivariate,107-164
ordinary 1-60
probability 114
universal,136-146
vertical,110
GF, seegeneratingunction
goldenratio (¢), 24,59
graph

agyclic, 94
bipartite,98
circular 64
connected97-98
enumeration69-70
excess94
functional,91-93
labelled,69—-70,93-96
random 95-96
regular, 95,138
unlabelled69-70
Groebnebases54

Hamlet,32

harmonicnumberqH,,), 81,115,167
generatindunction,115

hierarchy 90

Hipparchus43

histograms112

implicit construction56—-59,97-98,146-149,151—
153

inclusion-e&clusion,153-158

increasingree,102-105,150-151

inheritancegof parameters)1 18,126

integer composition seecomposition(of integer)

integer partition, seepartition (of integer)

inversiontable(permutation),105

involution, 85

isomorphism(combinatorial ), 3

iterative specification15-17

Iversons notation([[-T), 34

labelledclass,object,61-105
labelledconstruction55-71
labelledproduct(x), 65
labelledstructures126-131
Lagrangenversion,41-45,89,170-171
LambertW —function,90
languaggformal), 29

lattice points,29

leaf (of tree), 132,174

letter (of alphabet)29
tukasisvicz codes49
Lyndonwords,169

mapping,91-93
regressie, 104
markingvariable,4, 109,120
Markov-Chebyshe inequalities, 116
mean seeexpectation
MGF, seemultivariategeneratindunction
Moebiusinversion,56, 166
molecularbiology, 33
momentinequalities116-118
momentmethods117
momentgof randomvariable),114
Motzkin numbers43,52,56
multinomial coeficient, 65,136
multisetconstruction®t), 9
multivariate,119
multivariategeneratingunction(MGF), 107-164

namingcorvention,4
necklace3, 40
neutralobject,6, 62



nonplandree,46-47,89

O (asymptoticnotation),166

o (asymptoticnotation),166

OGF, seeordinarygeneratingunction

orderconstraintgin constructions)98-105,149—
151

ordinarygeneratindgunction(OGF),4

outdgree,seedegree(of treenode)

pairing (permutation)85
parameter
recursve, 131-135
parametefcombinatorial)107-164
cumulatedvalue,114
inherited,118-119
partition
of sets,71-82
partition (of integer),20-29
denumeran25
Durfeesquare26
Ferrersdiagram,21
largestsummand25
numberof summands25, 123
profile, 123
r-parts,124
partition (of set),129
pathlength,seetree
patterns
in permutations156
in trees, 158
in words,32,157
pentagonahumbers28
permutation63, 82—87
alternating,102-104
ascendinguns,155-156
cycles,82-87,111,127-128
cyclic, 64
derangemen86,153
indecomposablé&7
inversiontable, 105
involution, 85
local ordertypes,150
longestcycle, 85
longestincreasingsubsequencé 56
pairing,85
pattern,156
profile, 127
record,99-101
rises,155-156
shortestycle, 86
treedecomposition102-104
PGEF, seeprobabilitygeneratingunction
planetree,41-45
pointingconstruction®), 54-56,96-97
Poissorlaw, 128
polynomial(finite field), 58
polyomino,27,149
powersetconstruction3), 9
labelled,66
labelledmultivariate,126
multivariate,119
preferentialarrangementumbersy3
probabilisticmethod, 117
probability (P), 78,112
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probability generatingunction (PGF),114
profile (of objects),122
prunedbinarytree,175

g-analogue26

Ramanujars Q-function, 80, 92
randomgeneration52
randomvariable(discrete) 112
randomwalk, 57
record

in permutation)99-101

in word, 139
recursion(semantic®f), 16
recursve parameterl31-135
recursve specification15-17
relabelling,65
resultantp4
rotationcorrespondencgree),48
RV, seerandomvariable

schemaseecombinatorialschema
Schibders problems 43,90
semantic®f recursion 16
sequenceonstruction(&), 8

labelled,66

labelledmultivariate, 126

multivariate,119
series-parallehetwork, 44,45,47
setconstruction]3), seeconstructionpowerset
setpartition,38-40,71-82,129

numberof blocks,129
sieve formula, seeinclusion-&clusion
simplevariety (of trees),142
size(of combinatorialobject),2, 61
Smirnov word, 152
spacings30
speciesl13,59,97,105
specification16

iteratve, 15-17

recursve, 15-17
standardleviation, (o), 113
statisticalphysics,27,149
Stirling numbers173-174

cycle (1stkind), 84,111

partition(2ndkind), 38—40,73,129
Stirling’s approximation19
substitutionconstruction(o), 54-56
surjection,71-82

universalGF, 138
surjectionnumbersy/3
symboliccombinatoricsl
symmetricfunctions,138

Taylor'sformula, 147
theoryof species97
thresholdphenomenon] 56
totientfunction(of Euler),10, 165
tree,15,40-47,88-96,174
balanced58
binary 42,175
branchingprocessesl44-146
Catalan]18
Cayley, 89-91
degreeprofile, 142-143
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forests 42
general 15,175
height,161
increasing102-105.150
leaf,132,174
level profile, 143-144
tukasievicz codes49
nonplane46-47
nonplanelabelled,89
pathlength,134-135
pattern,158
plane,41-45,174
plane,labelled,88
regular 42
restricted41
root-dgree, 125,129
rooted,174
simplevariety 142
t-ary,42
unary-binary43,56
treeconcepts174-175
triangulation2, 3,18
truncatedxponential,75

uniform probabilisticmodel,112
universalgeneratingunction, 136-146
unlabelledstructures118-126

urn, 64

Vallées identity, 14
variance(V), 113

w.h.p(with high probability),95,117
wheel,27
word, 29-40,76-82
code,38
language29
pattern,32,36-38,157
record, 139
runs,30-32,152
Smirnovy, 152



