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Chapter 1

Complex numbers

1.1 Definitions

By convention, R" is the vector space of real vector columns (21, ...,z,) ", where z; € R.

We know few classes of numbers: the set of integers Z = {0,+1,+£2,...}, the set of
rational numbers, the set of real numbers R = (—o0, 00).

Now we have a new class: complex numbers. Let ¢ be some fixed symbol (we shall
call it ”imaginary unit”). Assume that any vector (z,y) € R? is represented in the form
x + iy. We shall call this form a complex number. We assume that any real number is
also a complex number: x =2+ 0 - 4.

Let z = x + iy be a complex number, z,y € R. x is said to be the real part Re z of z,
and y is said to be the imaginary part Im z of z. Real numbers are placed on the so-called

real axes, and complex numbers are being placed on the so-cable imaginary axes.

1.2 Module and argument

Let z = x + iy be a complex number, z,y € R.
Definition 1.1 The module |z| of z is

2| = /22 + 32 = VRe 22 + Im 22.
|z| is the distance from z to the zero.

Definition 1.2 The argument argz of z € C, z # 0, is the angle (in radians) between

the arrow directed to z and the real axis.
For instance, if z = z + iy, > 0, then

arg z = arctan J + 27k, k=0,£1,+£2....
x



Note that the angle is not unique, since
cosa = cos(a + 27k), sina =sin(a + 27k), tana = tan(a + 27k).

The version of the argument in (—m, 7] is said to be the main (or principal) value of arg z,
and it is denoted as Argz.!

C is the standard notation for the set of complex numbers.

1.3 Addition and multiplication

Definition 1.3 We define addition and multiplication as the following: for zi = xi + iy,
where x, Yy € R,

21+ 20 = a1 + 22 +i(Y1 + Y2),
21 22 = 172 — Y1y2 + i(T1Y2 + T2Y1).
In particular, i2 =i-i = —14i-0 = —1. Therefore, we have that the equation 22 = —1
is solvable!
In fact, this means that the set R? is provided with the standard addition (as in the
vector space R?) and with the special multiplication.
For z = x+iy, we denote —z = (—1)z = (—=1—i-0)z = —x —iy. We denote 0 = 0+i-0.
We have z-0=0-z=0 for all z € C.

In addition, we assume that z; — 29 = 21 + (—22).

Inversion

Let z € C, then z~! is a number such that z-z~! = 1. In fact, it exists and it is uniquely

defined for all z # 0. We assume also that 21 /22 = 2125 L

Triangle inequality

Note that |21 — 2| is the distance between z1 and 23 in R?. Therefore, it is easy to see

that the following triangle inequality holds:
|21 + 22| < 21| + |22].

Proof. Let w = —z, then |21 — w| < |21| 4+ | — w|, by the property of the distance. O

'In literature, the main or principal value of arg z is sometimes defined differently as a version of the

argument from [0, 27).



1.3.1 Conjugate numbers

Let z € C, z = x + iy, where z,y € R. The number Z T 1y is said to be conjugate

(with respect to z). Note that z -z = 22 + y? = |z|%. It is a real nonnegative number.

1.3.2 How to calculate 1/z

We have

For instance,

1 3—21 3 2

3+2% 9+4 13 13"

1.4 Polar form form of a complex number
Let z,y,r,o € R, z =z + iy, r = |z|, ¢ = arg z, then
T =7Ccosp, Y =rsiny,
ie, z=r(cosp+isiny).
1.4.1 Multiplication in the polar form
Let zx, = xp + tyg, k = 1,2, r, = |2x|, pr = arg 2. Let z = z125. We have

z = 2122 — Y1ye + i(21y2 + Y172)
= r179(Cos @1 €OS g — sin 1 sin @y + 7[cos @1 sin ps + sin @y cos E3])

= ryra(cos(p1 + p2) —isin(p1 + ¢2)).
It follows that
|z122| = |21]22],  arg(z122) = arg 21 + arg 2.
Corollary 1.4 Ifr,p € R, r > 0, z = r(cos p + isin p), then

m

2™ = r™(cos(mep) + isin(myp)), m=1,2.3,..

Corollary 1.5 Ifr,o € R, 7 >0, z =r(cosp +isiny), then

271 =7 (cos(—¢) + isin(—y)).



1.5 Roots from a complex number

Let w, z € C be such that w™ = 2z, m € {2,3,4,...}. We say w is a root of order m from z.
Let o e R, 7> 0, z=r(cosp+ising), m € {2,3,4,...}. Let

wp 2 7Y™ (cosb +isinby), k=0,1,2,3,...,m—1,
where 0, = %%k. We have that
wi' =r(cosp +ising) = z.

Therefore, z has at least m different complex roots of order m (it will be seen later that
there are exactly m roots).
For example, this works for z = 1: in our notations, wg = 1, w; = —1. Similarly, for

any z € C, we have that if w? = 2, then (—w)? = z.

1.5.1 Quadratic equation

Consider equation 22 + pz + ¢ = 0, where p,q € C. Let w be any square root from
D= p?/4—q. Let 21 = —p/2 — w, 20 = —p/2 + w. It can be verified immediately that

(z—21)(z— ) = 22+ pz +4q.
Hence zj are (the only) roots of this equation.
1.5.2 The Fundamental Theorem of Algebra
Theorem 1.6 Any polynomial of order n € {1,2,3...}
P(z)=2"+ eno12" V4 1z + oo,
where ¢, € C, has n roots in C, i.e. it can be presented as
Plz)=(z—21) (2= 22) (2= 2n)
for some z, € C, k=1,2,...,n.

Proof will be given later.

Note that it is a difficult problem to find the roots of a polynomial explicitly if n > 3.



Chapter 2

Elements of analysis

2.1 Limits and convergence

Let {z;} C C be a sequence, and let z € C.
Definition 2.1 We say that z; — z (in C) as k — +oo (i.e., z = limy, 2 ) iff |2 — 2| — 0.
Lemma 2.2 z; — z (in C) as k — 400 iff Rez; = Rez and Im z; — Im z.

In other words, this convergence is the same as the convergence in R? (with Euclidean

norm) for the vector consisting of the real and imaginary parts.
Definition 2.3 We say that z — 00 as k — 400, if |zx] — +00.

Note that oo and 400 have different meaning in the definition above.

2.2 Series

Let {z;} C C be a sequence. Let {c} be the sequence of the partial sums:
Cc1 = 21,

Co) = 21 + 29,
Cn =21+ .... +2n,

Definition 2.4 We say that series z1 + z2 + 23 + ... converges if the sequence {cy} of the
partial sums has a limit in C. This limit is said to be the summa of the series. In other

words,

“+o00
Z 2E = 1i]1€rn Cp-
k=1



Definition 2.5 We say that series z1 + zo + 23 + ... absolutely converges if the series

|z1| + | 22| + |z3| + ... converges.
Theorem 2.6 If a series z1 + 2o + 23 + ... absolutely converges then this series converges.

Proof. Tt follows from the properties of convergence of the series in R (or even in R?2).
For instance, it can be seen that the sequences {Re 2z} and {Im z;} absolutely converge,

therefore they converge and have limits. O

2.2.1 Power series

Let {c;} C C be a sequence, a € C. A series in the form
co+ci(z—a)+ea(z—a)? +ez(z—a)d+ ..

is said to be power series.

Example: we have

L=1+2+22+23+
1—-=2

This series converge for any z such that |z| < 1 (it follows from the fact that the series

absolutely converges).

Definition 2.7 Given a power series Y. cr(z — a)¥, the radius of convergence is defined

as

sup{|z —a| : Z lcx(z — a)k|  converges}.
k

2.3 Exponent

Remind that
t t2 t3
er=1+t+5+5+..,

s+t st

e’ = efe’,

(e =¢et, (e) =ae®, teR
Definition 2.8 Let z € C. We define €* as

2 3
A z z
—1+Z+E+§+...

62

Note that the series in the definition above converges for all z since this series is absolutely

converges:
2> | 12 e



Lemma 2.9 For all a,b € C,

Proof.

- (£4)(E0)-E5 - EE
ete’ = —
kOk' h=0 kOhOk' k’OhOk h'h'
k'akhbh -‘rool

_ o+
- Zk'z (k — h)h! Zkv(a+b) '
2.3.1 Euler’s formula
Theorem 2.10 (Euler’s formula): If z = x + iy, =,y € R, then
e’ =e*(cosy +isiny).

We have e* = e®e®. To explore the form of €7, it suffices to study e for real y. We have

k=2m, m=0,1,2,.. k! k=2m+1, m=0,1,2,..
2m 2m+1
Yy m Y
= (=™ [ e —
m:%,z,,, (2m)! m:%&“ (2m +1)!

= cosy +isiny.

This completes the proof.

2.3.2 Parametrization of a circle

Let w € [0,27), then the values of e/ form the unit circle.

2.3.3 Differentiation with respect to a real variable

Let f: R — C, ie., f(t) = a(t) + ib(t), where a(-),b(-) are real functions. Similarly to
differentiation of a vector function, we assume that f/(t) = (a(t)) +1i(b(t)) = (Re f(t)) +

i(Im f(2))’.
Let y(t) = e, a =2+ iy € C, x,y,t € R. We have that

Y (#) = (¢ cos(y)) + i(e" sin(y)

= ze” cos(yt) — ye® sin(yt) + i[ze® sin(yt) + ye™ cos(yt)]
= (x + iy)e™[cos(yt) + isin(yt)] = ae™ = ay(t).
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2.3.4 An application: solution of an ordinary differential equation

Let us consider a second order ODE

y'(t) +py'(t) + qy = 0. (2.1)

Let A2 = —p/2 £ W, where W is a square root from p?/4 — q. We saw that \; are roots
of the equation
M4 ph+q=0.

Let
ye(t) 2 M k=1,2.

Then
yi () + pyi(t) + qy = M (A; + pAgp + ) = 0.

Therefore, yi(t) are solutions of the ODE. By the linearity, it follows that any process
y(t) = c1ya(t) + caya(t) (2.2)

is also a solution, for any ¢1,ce € C. (In ODE courses, it is being proved that any solution
of (2.1) can be represented in this form if A\; # Ag; we omit this part).

For the most interesting cases, p, ¢ are real, and one is interested in real solutions.

Problem 2.11 Prove that if p,q are real, and Imcy = —Imcy, Rec; = Recs, then the

process (2.2) is real.

If A\, =r £iw, r,w € R, then the real solutions can be represented in the form
y(t) = e"(Cy cos(wt) 4+ Cysin(wt)), C1,Cs € R.

In that case, y(t) is an oscillating process with decay/growth e™; w is referred as the
frequency.
2.4 Other elementary functions

We have defined already functions 2z, for m = +1,4+2,43,.... We introduce below few

more elementary functions.

2.4.1 cos and sin

We define
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2.4.2 Logarithm

Let > 0, then y = Inz is such that e¥ = x.We require that z > 0 because €Y > 0 for all
y€R.
If z € C, then €* is not "positive”, it is a complex number (for the general case).

However, we are going to define log z for all z # 0 as the inverse of the exponent. Set
A .
log z = log|z| + iarg z.

Note that this value is not unique, since arg z is not unique.

It is easy to see that
8% — ¢log 2l (cosarg 2 + isin(arg 2)) = 2.

Convention

Recall that we assume that Argz € (—m,w]. We denote as Log z the corresponding value
of log z, i.e., Logz = In|z| + iArg 2.
2.5 Continuity and differentiability. Holomorphic functions

Definition 2.12 We say that D C C is an open set iff for any point x € D there exists
e >0 such that {y € C: |z —y| <e} C D}.

Let D C C be an open set, f : D — C be a function.

Definition 2.13 We say that f is continuous at z € D if, for all z € C, {2} C D,
2k — 2 ask— 400 = f(z) — f(2) ask — 4o0.

We say that f is continuous on D if f is continuous at all z € D.

Definition 2.14 We say that f is differentiable at z € D iff there exists a number f'(z) €
C such that, for all {Ax} C C, such that z + Ax € D, Ay # 0, we have that

flz+Ag) — f(2)
Ay

Ay —0 ask—+oo0 = —f(2)|—0 ask— +oo.
The value f'(z) is said to be the (first) derivative of f at z (it is denoted also as df (z)/dz).

It can be written as

flz+ Ak) = f(2) = f'(2) Ak + o(A),



12

. 2+ Ay) = £(2)

o — f'(2) + O(Ay).

Here we use the popular and commonly used notations o(-) and O(-) for the remainders:
o(z) and O(z) are some functions such that o(z)/z — 0 and O(z) — 0 as z — 0; these

terms are used for convenience.

Definition 2.15 We say that f is holomorphic ' in D if f is differentiable at every point
of D.

Lemma 2.16 If f is differentiabe at z, then f is continuous at z.

Corollary 2.17 If f is holomorphic in D, then [ is continuous in D.

2.5.1 Example of non-differentiability

In fact, the definition of differentiability is more restrictive than it looks, since Ay in this
definition is allowed to converge to zero via any path. For instance, this definition ensures
that the function f(z) = Re z is non-differentiable. Let us show this.

Let A = zp + tyi, where zg, yr € R.

Let z =0, y, =0, then

f(z+Ak) = f(2) _ Re(0+z)) — Re (0)

=1.
Ap T
On the other hand, if z;, = 0, then
flz+ Ax) = f(z) _ Re(0+1ays) —Re(0) _

Ay 1Yk
0

Problem 2.18 Show that the functions f(z) =Imz, f(z) = Z are non-differentiable.

2.6 Basic derivatives

2.6.1 Power functions
Let m € {1,2,3,...}.

Lemma 2.19 (™) = mzm"L.

'In the literature, the functions from Definition 2.15 are often referred as the analytic functions. We

will define analytic functions differently, and we will show that these definitions are equivalent.
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2.6.2 Exponent

Lemma 2.20 (e*)' = €*.

Lemma 2.21 Let a € C be given, then (e®)., = ae®

2.6.3 Inversion
Let z # 0, then
(-1
z) 22
2.6.4 Derivative of a product
Lemma 2.22 If f(-) is differentiable at z, and g(z) is differentiable at z, then F(z) =

f(2)g(z) is differentiable at z, and F'(z) = f'(2)g(2) + f(2))d'(2).

Clearly, ()’ = 0 for any constant o € C. It follows that (af(z)) = af’(z), for any o € C.
In addition, it can be proved easily that (f(z) + g(2)) = f'(z) + ¢'(2).

2.6.5 The chain rule

Lemma 2.23 If f(-) is differentiable at z, and g(C) is differentiable at { = f(z), then
G(z) = g(f(2)) is differentiable at z, and G'(z) = ¢'(f(2))f'(2).

Proof.
G(z+A) = G(z) =g(f(z+ A)) —g(f(2))
= g(f(2) + f(2)A +0(A)) — g(f(2))
=g (f(2)f(2)A +o(A),

F(2)A + o(A) = 0(A).

These rule help to find many other derivatives explicitly. For instance,

<zia>,:_(2—1a)2'
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2.7 The Cauchy-Riemann equations

Theorem 2.24 (The Cauchy-Riemann equations). Let f(z) be differentiable at z = x+iy,
z,y € R. Let

f(2) = [z +iy) = u(z,y) +iv(z,y),
where v : R? — R and v : R? — R are real differentiable functions. Then

ou ov ou ov

Proof. Let f'(z) = A+ iB, where A and B are real.
Let A = Az 4+ iAy, where Ax and Ay are real. Then

fz+A) = f(2) = f'(2)A + 0o(A) = (AAz — BAy) + i(BAz + AAy) + o(A).
Further,

u(x + Az, y + Ay) —u(x,y) = AAx — BAy + o(A),
vz + Az, y + Ay) —v(z,y) = f(2)A + 0o(A) = BAz + AAy + o(A).

On the other hand,

0 0
u(e+ A,y + Ay) = u(e,y) = 5o (@) A+ 5 (@) Ay +o(A),
ov ov
v(z + Az, y + Ay) —v(z,y) = —(2,9) Az + —(z,y) Ay + o(A).
ox oy
Hence
ou ou
8 ( 7y)_A7 @( 7y)__B7

Then the proof follows.

Corollary 2.25 If u,v are twice differntiable, then

0%u 0%u

@(x,y) + Tyg(x7y> =0,

0%v 0%v

5.2 & Y) + @(%y) = 0.
It will be shown later that it follows from the differentiability that u,v are also twice
differentiable. Therefore, by Corollary 2.25, both the imaginary and real parts must satisfy
these partial differential equations. These particular equations are elliptic equations; they

are called Laplace equations.
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2.8 Antiderivative

Let D C C be an open domain, f : D — C and F : D — C. We say that F' is an
antiderivative of f is F'(2) = f(z) in D. Note that antiderivative is not unique (F' + const

is also an antiderivative).
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Chapter 3

Complex integration: path

integrals

3.1 Curves

Definition 3.1 Let a,b € R be such that a < b. Let v : [a,b] — C be a continuous
mapping, and let

T2 {zecC:z=7(t), t €la,b]}.

We say that T is a curve in C (with the one-dimensional parametrization given by ~). If

v(a) = v(b), then we say that the curve is closed".

Note that I' is a connected set. If f: C — C is a continuous function, then

f0) 2 {z€C:z=f((t)), t € [a,0]}

is also a curve. If I" is a closed curve, then the curve f(I') is also closed.
Note that a set I' may have many different one-dimensional parametrizations, and it

is possible that z € I' is such that z = y(t1) = y(t2) for some t; # ta.

Example 3.2 Let y(t) = e*.
(a) If [a,b] = [0,27], then T is the circle, and it is a closed curve.
(b) If [a,b] = [0, 4], then I is the circle repeated twice; this curve is closed.
(b) If [a,b] = [0,37], then I is the circle such that a half of it is repeated; this curve is

not closed.

'In geometry and topology, there is a different term ”closed set” based on the definition of the limit: a

set A is said to be close iff it contains all its limit points.

17
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3.2 Integral as the limit of Riemann sums

Let T' be a curve (path) in C given parametrically via v : [a,b] — C, ie., I' = {z =
v(t), t € [a,b]}, where 7 : [a,b] — C is a mapping, a,b € R, a <b. Let f: C — C be a
function. We say that the path integral of f along I is

N-1
AﬂamzNggxmgyvmwﬂ%»
(This integral is also said to be a contour integral around the curve T', if T" is closed.)

Here the limit is taken with respect to a choice of sets {zj }_, C I' such that N — +o0,
6 — 0, where ¢ 2 maxy |zx+1 — 2x|. We assume that the ponts zj are placed consequently
and zo = y(a), zy = v(b). In other words, the set {z;} is distributed over I' such that the
corresponding piecewise linear curve connecting z; approximates I' as N — +4o00. In fact,
we require that

zk:’y(tk), a=ty<t; <..<ty=0b

The limit is such that N — +o00, maxy, |tx+1 — tx] — 0.

We shall consider these integrals for continuous functions only (at least, continuous in
a neighborhood of T'), and for piecewise differentiable 7 (i.e., for v with bounded but not
necessary continuous derivative 4/(¢)). In this case, the proof of existence of the limit and
its independence from the choice of {z} is the same as for the standard Riemann sums

in real analysis.

Calculation of the integral using the parametrization

Theorem 3.3 Let v(t) be differentiable, then

b
[ 1Gdz = [ rawn@a
r a
Proof. Note that
Zip1 — 2k = Y(tea1) — (k) = 7 (tk) (terr — ) + oltrr1 — tr).

Example 3.4 Let I be a curve being the image of [a,b] for the mapping v(t) = Re®,
where R > 0 is given. Let [a,b] = [0,7], f(z) = z. Then

b s T ™
— / _ / _ it poit 1 P2 2i
/Ff(z)dz = /a fOy@®)y' (t)dt = /0 Y)Y (t)dt = /0 Re"iRe"dt = iR /0 et dt
™ 1 s

:iRQ%eZti :R2§e2ti =0.
1

0 0

Note that this integral does not depend on R.
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Example 3.5 In the previous example, take [a,b] = [0,7/2]. Then

b /2 /2 , /2 .
/ F(2)dz = / FOy(0)Y (D)t = / vy 0t = [ RetiRedt = iR? / ¢t dt
I a 0 0 0
1 ,,.|7/? 1 .,.|7/2 1
_op2t o2t op2d on| T p2l o 4y p2
=iR 5;¢ . R 5¢ . R 2( 1-1) R*.

Example 3.6 Consider previous examples with [a,b] = [0,27], f(z) = 1/z. Then

2 2 2

/ F(2)dz = /b Fom = [ A6 W wdi= [ R leiRetdi—i [ at
I a 0 0 0

= it|Z" = 2mi.
This integral does not depend on R.

Example 3.7 Let ' be a curve being the image of [a,b] for the mapping y(t) = a + Re,
where R > 0 is given. Let [a,b] = [0,27], f(2) =1/(z —a). Then

2

/F F(2)dz = /  F () (D)t = /0 )Ly (1)t = /0 T Rteitipeitar =i [ at

0
= it|2™ = 2mi.

Note that this integral does not depend on a and R.

Example 3.8 Let I' be a curve being the image of [a,b] for the mapping v(t) = Re¥,
where R > 0 is given. Let [a,b] = [0,p], p >0 f(2) = 272. Then

Lﬁfwwdz=;Afﬂv@»w%wdt=¢épvw>ZV%wdtzhépRaz2%u&ﬁdt:i31[fewdt

= —RleTp = R 1 -],

Note that this integral does depend on R. In addition, it follows that

/ﬂ@w=—<1—1>,
r Zp 20

where zg = v(0), 2z, = v(p).
The results in these examples are very significant, we shall return to them later.

Definition 3.9 We say that a closed curve is tracing out in a positive direction, if it is

anti-clockwise.
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3.3 Properties of integrals

Lemma 3.10 (a) Let " be a curve given parametrically as v : [a,b] — C. Let I'; be
a curve given parametrically as v : [a,c] — C, a < ¢ < b. Led T'y be a curve given

parametrically as 7 : [c,b] — C. Then

JRiE dz—/f i+ [ (e

(b) Let f,qg be two functions, o € C. Then

[ +gends = [ 1)+ [ gz [ar@dz=a [ 1)z

(¢) Let T'_ be a curve given parametrically as y— : [a,b] — C, where y_(t) = y(—t+a+D)).

Then
- [ )
r

Lemma 3.11 Let I'; be a curve given parametrically as v; : [a;, b)) — C, i = 1,2, where

v1(t) = v2(h(t))), h: [a1,b1] — [ag, ba] is a continuous strictly monotonic bijection. Then

/Fl f(z)dz = /1“2 f(z)dz.

In other words, the integral does not depend on the parametrization (in class of the
parametrizations that produce the same curve considered as a set, when it is taken into
account the direction and how many time a point is passed). Examples 3.4-3.8 confirm
that.

Lemma 3.12 Let I' be a curve given parametrically as 7y : [a,b] — C, where [a,b] is a

/Ff(z)dz

where L is the length of the curve (it is taken into account how many time a point is

finite interval. Then

< max|[f(z)|L

passed).

Proof Note that
<D F ) (zhg1 — 2]

‘/Ff(z)dz ~ Z 4

< | maxc f(2)| 3 (21 = )| ~ | max f(23)| L.
k

[ (i) (Zhg1 — 2)

Definition 3.13 A curve T' given parametrically as v : [a,b] — C, is said to be C*-
smooth, if the derivatives d™~/dt™ exist for m = 0,1,..k, and they are continuous. A
curve is said to be piecewise C*-smooth, if it can be represented as the union of C*-smooth

curves (as in Lemma 3.10).
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Starting from now and up to the end of these lecture notes, we consider only piecewise

Ct-smooth curves.

Lemma 3.14 Assume that curves T' and T are given parametrically as v : [a,b] — C
and 7. : [a,b] — C such that

mas (5:(0) ~ (8)] + (1) ~ 7 () < =

Let f be a continuous function. Then

f(z)dz

Ie

< Cmax |f(2)]e,

where C' > 0 does not depend on €.

It follows from approximation results for real functions that one can approximate a integral
along a piecewise C'-continuous curve [, f(z)dz by [i._ f(z)dz for some C*-smooth curves
I..

On interchange of summation and integration

Lemma 3.15 Let I' be a path of finite length L, and let U, uj be continuous functions
on L. Assume that Y p_quk(z) — U(2) as n — 400, and |ug(z)| < My, for all z € T, and
Yoo My, < +o00. Then

/FZuk dz—Z/uk

k=0

Proof can be found in Priestley (2006), Chapter 14.

3.4 Integral for the case when f(z) has an antiderivative

Theorem 3.16 (The Fundamental Theorem of Calculus). Let D C C be an open set.
Let T be a curve given parametrically by v : [a,b] — D. Let f : D — R be a function such
that there exist a holomorphic function F(z): D — C such that F'(z) = f(2). Then

[ Gz = FO®) - F@).
In particular, if T is a closed curve, then [, f(z)dz = 0.

By The Fundamental Theorem of Calculus for real variables, we have that

Fo) - Fo) = [ SwEaei= [ ammon= [ oo

PO®) = Fr(a) = [ f(:)dz
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Problem 3.17 Verify that the last theorem does not contradict to Examples 3.4-3.8.

Corollary 3.18 (Cauchy Theorem: the case when atiderivative exists). Let D C C be an
open set. Let f: D — R be a function such that there exist a holomorphic function F(z) :
D — C such that F'(z) = f(z). Let Ty be curves given parametrically by i : [a,b] — D
for k=0,1, such that

Yo(a) =7(a),  y0(b) =(b).
Then

/1“1 f(z)dz = /1“2 f(z)dz.

Proof. Tt suffices to see that

[ Gz = FO0) = FG @),
k
The question arises when a function has an antiderivative.

3.5 Independence from the paths for integrals

Note that any mapping given parametrically by 4 : [a,b] — D can be also given paramet-
rically by v : [0,1] — D if 4(¢t) = v((t — a) /(b — a)).

Definition 3.19 Let Ty be closed curves given parametrically by i : [0,1] — D for
k =0,1. We say that the paths are homotopic in D if there exists a continuous function
G :[0,1] x [0,1] — D such that for each s G(,s) is a closed path with G(t,0) = ~o(t), and
G(t,1) = (t).

This is an equivalence relation, written I'g ~ I'y in D.
We do not exclude the case when G(t,1) = zp € D. In that case, we say that I'g is

homotopic to 0.

Definition 3.20 A domain G is simply-connected if every closed path in G is homotopic
to 0.

Theorem 3.21 (Cauchy Theorem). Let D C C be an open set. Let f : D — R be a
holomorphic function on D. Let 'y be two closed homotopic curves given parametrically

by Vi : [0,1] — D, where v;, are piecewise C1-smooth functions, k = 0,1. Then

/l“o f(z)dz = /1“1 f(z)dz.
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Proof. For simplicity, we give the proof only for the case when homotopy is defined
by a function G(¢,s) : [0,1] x [0,1] — A that is twice differentiable in (¢,s). Let J(s) =
fol f(G(t,5))Gi(t, s)dt. We have that J(0) = [, f(2)dz, J(1) = [, f(2)dz. Note that

d

5 (G 9) Gt s)] = f(Gls, )Gt 5)Gils, 1) + f(G(s, 1)) Gy (5, 1)

[F(G(t,5))G(t, 5)]-

a
dt
It follows that

1
76 = [ UGGl = [ LG )G bt = F(G (1) G|

= f(G(L S))G/s<17 8) - f(G(()? S))G/s(oa 3)'

Note that G(1,s) = G(0, s), hence G%(1,s) = G(0,s). Hence J'(s) =0, i.e., J(0) = J(1).
O

Corollary 3.22 (Cauchy Theorem). Let D C C be an open set. Let f : D — R be a
holomorphic function. Let Ty be curves given parametrically by i : [a,b] — D fork =0,1,
such that

Yo(a) =7(a), 0(b) =7(b),
and the closed curve I'y is homotopic to 0, where I'y is obtained as the union of I'g with

the curve with papametrization v; (t) =y1(b+a —t). Then

f(z)dz = / f(z)dz.
Fo l_‘1
Proof is straightforward.

Corollary 3.23 Let D C C be an open set. Let f: D — R be a holomorphic function.

Let T be a closed curve homotopic to 0. Then

/Ff(z)dz = 0.

3.6 Cauchy Theorem: representation of holomorphic func-

tions

Lemma 3.24 Let D C C be an open simply connected set. Let f : D — R be a holo-
morphic function, and let a € D . Let I'p be the circle curves given parametrically by
v :[0,27] — C with yg(t) = a+ Re® for some R > 0 such that {z: |z —a] < R} C D (in
particular, yr(t) € D for allt). Then
1
fla) = — Mdz.

2mi Jrp 2 —a



24

Proof. Consider the open domain Dy = D\{a}. Note that the function % is holo-
morphic in Dy, and that all curves I', for small » < R are mutually homotopic in Dy.

Therefore,

J(r) = (2) dz

r.2—a

does not depend on r. Further, note that

J(r) = u Mrieitdt =1 o flatretydt — i u fla)dt =2mif(a) as r— 0.
0 rett 0 0

We have used here the fact that the function f|r, is bounded (since f is continuous and
I', € D is a closed bounded set). We have used also The Lebesgue Dominates Convergence
Theorem: if gi(t) — g¢(t) for all ¢, and |gi(t)| < const, then f; gk (t)dt — ffg(t)dt. Then

the proof follows. O

Problem 3.25 Constract explicitely a homotopy between I, with different r in the previ-
ous proof (i.e., find explicitly the function G described in Definition 3.19).

Theorem 3.26 (Cauchy Formula for representation of holomorphic functions via the
value on boundary). Let D C C be an open simply connected set. Let f : D — R be
a holomorphic function, and let a € D. Let I' be a closed curve in the domain D. Let
Do £ D\{a}. Let g be the circle curves given parametrically by vg : [0,21] — C with
vr(t) = a + Re for some R > 0 such that yr(t) € D for all t. Assume that T is
homotopic to the curve I' in the domain Dy. Then
1 z)
f(a) = i I z<—adz'

Proof is straightforward; it follows immediately from Lemma 3.24 and Theorem 3.21.

Remark 3.27 The interior part of a domain surrounded by I' can be considered as a do-
main with boundary I, the last corollary says that the value inside domain of a holomorphic

function is uniquely defined by its values on the domain boundary.

Theorem 3.28 (Liouwville’s Theorem). If a function f is holomorphic and bounded in the

complez plain C, then it is constant.

Proof. Suppose |f| < M, M > 0. Let R > 0 be such that |z — b > R/2 and
|z —a| > R/2 for all z= Re', t € R. Let T be the circle y(t) = Re®, t € [0,27]. We have

R D S O (C W S ([ (I

f(a)if(b):%ri rz—a 2ri Jr 2 — b :% r(z—a)(z—b) )
Hence , | '
£(a) = fO)] < 5-2mRM e

For R — +o0, |f(a) — f(b)] — 0.
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Theorem 3.29 Under the asssumptions of Theorem 3.26, f has derivatives of any order

n >0 at a, and
arf n! f(2)
_— = — 7d .
da™ (a) 2mi /r (z —a)ntl -

Theorem 3.30 If a function f is holomorphic in a open domain D, then it has derivatives

of any order.

Proof will be given in the classroom.

The Fundamental Theorem of Algebra: a partial proof

Theorem Any polynomial of order n € {1,2,3...}
P(z)=2"+ 12"V ez +

has at least one root in C.

Proof. Suppose that the theorem statement is not true, i.e, P(z) # 0. We have that
|P(z)] — 400 as |z| — +oo. There exist R > 0 such that |P(z)| > 1 if |z| > R. Let
p(z) £ 1/P(Z). This function is bounded and holomorphic, i.e. it is constant. O

3.7 Taylor series

Definition 3.31 A function f(z) is said to be analytic at a point a € C if it has derivatives
of all orders at this point and there exists R = R(a) > 0 such that

%) k
[ =Y exlz—a)f, where o= 55T (a) (31)
k=0 '

for all z€ Dr ={z: |z —a| < R}, and this series absolutely converges in Dpg.

Clearly, any analytic in a domain function is holomorphic. The following theorem shows

if a function is holomorphic in a domain than it is analytic in the same domain.

Theorem 3.32 Let D C C be an open simply connected set. Let f : D = R bea
holomorphic function, and let a € D. Let Ty be a closed curve in the domain D described
as y(t) = a + Re®, where R > 0. Let Dy be the open disc with the boundary T'r. Then
(3.1) holds, and this series absolutely converges in Dp.

Proof. Let z € Dg. Let r be such that |z — a| < r < R. For the circle D,, we have

f(z)= 1 de.

2mi Jr, w — 2
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Let o = a(w, z,a) = Z=%_ Note that || = [2=%| <1, and 1 —a = 7==. Hence
1 1 1 1
- : = (I+a+a?+a®+..).
w—z w—a l—a w-—a
Hence
1 (w) o= (—a)f & kL f(w) 1
- d = —a)f— d
/() 27 Jr, w—a wkz:%)(w—a,)’C kz:%)(z @) 27 Jr, w—a w(w—a)k
> 1 f(w) > 1d-f
k k
= - ————dw = —a)'—=—-(a).
32~ . G e = X -0 g (@

Uniqueness of power series representation

Theorem 3.33 Let D C C be an open simply connected set. Let f : D — R bea
holomorphic function, and let a € D. Let Ty be a closed curve in the domain D described
as y(t) = a + Re®, where R > 0. Let Dg be the open disc with the boundary T'r. Let

F2) =3 enlz—a)t,
k=0

for all z € Dr = {z : |z —a|l < R}, where ¢, € C are such that this series absolutely
converges in Dr. Then ¢, = %%(a)

Proof. We have that

LI PR Ny U NP B NS k
@D = 57 o G = 5 oy G g o 0 =)

o0
= Z c 1/ ;dw =c
= Momi rp (w—a)ti=Fk "
since
1 2 ) . 2 .
/ mdw — / Rk‘—n—le—zt(n-‘rl—k)iReztdt — Z/ Rk‘—ne—zt(n—k‘)tdt — 27Ti5kn7
rr (w—a 0 0
where we use the Kronecker symbol: d;r = 1 and 6, = 0 for k # n.

Corollary 3.34 The coefficients of the power series representation for an analytic func-

tion are uniquely defined.

Corollary 3.35 Let I'r be a closed curve in the domain D described as Y(t) = a + Re®,
where R > 0. Let Dy be the open disc with the boundary I'r. Let f : Dp — R and
g : D — R be holomorphic (i.e., analytic) functions. Let L be the line segment connecting
o, € Dg such that a € L. If f|r, = g|1, then flr, = 9|ry-
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Proof follows from the fact that all the derivatives of f and g are uniquely defined by
their values on L, and the values of these functions on Dg are uniquely defined by the

coefficients of the corresponding power series.

Corollary 3.36 Let I'r be a closed curve in the domain D described as v(t) = a + Re®,
where R > 0. Let Dg be the open disc with the boundary I'r. Let f : Dp — R and
g : D — R be holomorphic (i.e., analytic) functions. Let L be any one-dimensional

curve segment connecting o, 3 € Dr such that a € L. If f|, = g, then flr, = glry-

Proof follows again from the fact that all the derivatives of f and g are uniquely defined

by their values on L.

3.8 Zeros of holomorphic functions

The point a is said to be a zero of a function f(z), if f(a) = 0. The zero a is said to
be isolated if there exists an e-neighborhood of a such that does not contains zeros of f

except a.

Theorem 3.37 (Identity theorem). Let D be a connected domain, and let f be holomor-
phic in D. Let Z(f) be the set of zeros of f in D. Let Z(f) has a limit point in D. Then

f is identically zero in D.

Proof of Identity Theorem. Let a € D be such that f(a) =0, let D = Dpg be the disc
of radius R with the center a such that Dr C D. We have

f(z) = Z ck(z — a)k, 2z € Dpg.

k>0
There are two possibilities:

(i) All the coefficients ¢; = 0; in that case, f|p, = 0.

(ii) Im > 0: cx =0, k <m, ¢ # 0. Set g(z) = (2 —a) " f(2) = Pg>o k(2 — a)k—m.
This series converges, ¢g(z) is analytic in Dg and hence it is holomorphic and continuous
in Dg. In addition, g(a) = ¢, # 0, hence there exists an neighborhood of a that does not
contains zeros of g except a. Hence a is an isolated zero of f. Then the proof follows for
the case when D = Dpg. (The proof for the general case will be explained on some intuitive
level; the idea is that a domain where the holomorphic function is identically zero can be

extended from a small disk to the entire connected domain).

Corollary 3.38 For two analytic functions, the points where they are equal are isolated

unless these functions are identical.
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Corollary 3.39 Supppose D is a connected domain, and a holomorphic in D function f

s zero in some disc in D. Then f is zero in D.

Example 3.40 (i) Since (sinz)? + (cosz)? = 1 for all real x, it follows that (sinz)? +
(cosz)2 =1 for all z € C.
(ii) Suppose f is holomorphic in C and such that f(1/n) =sin(1/n), then f =sinz
(iii) Suppose f is holomorphic in C\{0} and such that f(z) =sin(1/z) for z = 1/7mn,
n=1,2,.... It does not follow that necessary f =sin(1/z) for z # 0. Indeed, f =0 would
also fit the given conditions. It does not contradict to Identity Theorem, since 0 is not in

the region of holomorphy of this function.

3.9 Maximum principle

Lemma 3.41 Let f be a holomorphic function in some domain such that |f| = const .

Then f is constant in this domain.

Proof. Let f(z) = u(z,y) +iv(z,y), u,v are real functions, z = = + iy. We have that

/
Yy

w, = uhu/v. Tt follows that (u® 4+ v*)u, = 0. So either u? +v* = 0 or u, = v], = 0.

Similarly, uy, = —v;, =

u? + v? = const, i.e., uul, +vv), = 0, uuy, + vvy, = 0, It follows that wu), — vuy = 0, i.e.,

Lemma 3.42 (Local Mazimum-Modulsus Principle) Let T'r be a closed curve in the do-
main D described as v(t) = a + Re®, where R > 0. Let Dg be the open disc with the
boundary I'r. Let f : D — R be holomorphic (i.e., analytic). Let a € Dpr, and let
|f(2)| < |f(a)| for all z € Dgr. Then |f(z)| = |f(a)| for all z € Dg.

Proof. Let r € (0, R). We have

R (GO S A CTO) 12 f((8)

fla) = omi Jr, z —a 2w Jo ~(t) — a’ (t)dt = 27 Jo reit ire*dt
1 2
=5 [ fGna
Hence
1 2
F@)l < 5= [ Gl < @),
Hence

2w
0< [T UG- I @)t <o.

Hence |f(2)| = |f(a)| for z € I';. Since r can be any, it follows that |f(z)| is constant.

Hence f is constant.
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Theorem 3.43 (Maximum-Modulsus Principle). Let D be a bounded simply connected
domain. Let f : D — R be holomorphic (i.e., analytic) function, such that f is continuous
on the closed domain D = DUAD (where D is the boundary of D). Then |f| attains its

maximum on OD. If |f| attains its supremum on D, then f is constant on D.

Proof. |f| attains its maximum M on D. Let it is attained on a € D, then |f|
is constant on some neighborhood of a, by Lemma 3.42. Hence f is constant on this

neighborhood, by Lemma 3.41. Hence it is constant on D and on D.

Corollary 3.44 Under assumptions of Theorem 3.43, Re f attains its mazimum on 0D.

If Re f attains its supremum on D, then Re f is constant on D.

Proof. Apply Theorem 3.43 for ef(%),
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Chapter 4
Laurent series

We saw that the functions 1/(z — a) are important for analysis. In fact, they are also very
important for applications. They are not continuous at a and cannot be decomposed to

Taylor series in neighborhoods of a, so we need different approach for them.

4.1 Laurent series

Definition 4.1 A function f(z) defined is some neighborhood of a € C (but not necessary
in a) is said to be represented as a Laurent series (or Laurent expansion) if there exist
rReR, c € C such that 0 <r < R,

o0

)= Y alz-a), (4.1)

k=—o00

forall z€ Dr={z: r < |z —a| < R}, and this series absolutely converges.

Theorem 4.2 Let D C C be an open simply connected set, Dy C D be a closed disk
with radius ro (the case of ro = 0 is not excluded). Let f : ﬁ\Do — C be a holomorphic
function. Let I'r be a closed curve in the domain ﬁ\Do described as y(t) = a + Re™,
where R > 0. Let Dgr be the open disc with the boundary U'r, such that Dy C Dy C D.

Then (4.1) holds with
1 f(w)
=— [ —————d 4.2
N~ w
where I" s any closed curve homotopic to 'y in ﬁ\Do, and this series absolutely converges

m DR\D().

Proof. Without a loss of generality, we shall assume that a = 0 (otherwise, we may

change variables from z to z — a). Let z € Dr\Dy. Let r > 0 be such that 1o < r < R

31
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and z € Dp\D,. We have (explanation to be given in the classroom) that

oy L[ W) 1 )

2m Jrp w — 2 2mi Jr, w — 2

Let a = a(w,z) £ Z, B8 = B(w,=z) = 2. Note that |af < 1 for z € I'g, and 3| < 1 for
zely,,
1 1 1 1

1 1 1 1
Tw—z 2 —ﬂ:;(1+5+52+53+---)7 zelh.
Hence
1 1 1
s o 2= [ Ly S5 [ S
2t Jrp 2 —w 211 2m
(o]
1
—Z : f(“’)dw.
2mi Jr, whtl
Similarly,
1 f(w) f( ) S w1 f( )4
= dw — v =
i r—w 2m z w,; 2k ZZ omi Jr, wF dw
: —0 k=0
S 1
Sy IC) P
- 27i Jp, wmtl
m=—1 T

In addition, note that the curves I, and I'p are homotopic in ﬁ\Do.

Uniqueness of Laurent series representation

Theorem 4.3 Let D C C be an open simply connected set, Dy C D be a closed disk with
radius ro (case of ro = 0 is not excluded). Let f : ﬁ\Do — C be a holomorphic function.
Let Tg be a closed curve in the domain D\Dy described as v(t) = a + Re', where R > 0.
Let Dg be the open disc with the boundary U'r, such that Dy C Dg C D. Let

[e.e]

f)= > clz—a),

k=—00
for all z € Dr\Dy, where c;; € C are such that this series absolutely converges in Dp.
Then (4.2) holds for all k.

Proof. We have that

oo

1 f(w) _ 1 1 k
2772'/1“R (w—a)"+1dw—2m'/rR (w—a)”+1dw Z ck(w —a)

k=—o0

> 1 1
= > Ckf/ (o )ik = en,
. 2miJrg (w—a)

k=—
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since

1 21 . . 2w .
/ —_kdw — / R*(n+1fk)e—zt(nJrlfk)iReztdt — Z/ anJrkef'Lt(nfk)tdt — 27ri5kn7
ry (w—a)"t! 0 0

where we use the Kronecker symbol: dgi = 1 and 6, = 0 for k # n.

Corollary 4.4 The coefficients of the Laurent series representation are uniquely defined

(given f and a).

4.2 Examples of Laurent expansion
Remark 4.5 Remind that

1
::1—{—z—|—z2+z3—|—...., |z] < 1. (4.3)

It will be useful to note that

1 2zt
TP — A4z 2 ) == 222 ), |7 > L

Example 4.6 Let A = {0 < |z| <1}, f(2) =1/[2(1 — z)]. Note that f is holomorphic in
A, and f(z) =271+ (1 — 2)7, hence f(z) =300 1 2" for z € A.

n=-—1

Example 4.7 Let A = {1 < |2| < 10}, f(2) = 1/[2(1 — 2)]. Note that f is holomorphic
in A, and f(z2) =21+ (1 —2) =2t —27t - 27223 ) 2€A, hence f(z2) =
—3 2 2" for z € A.

n=—0oo

Example 4.8 Let A ={0 < |z| <2}, f(2) =1/[2(1 — 2/2)]. Note that f is holomorphic
in A, and f(z) =27+ (1 —2/2)71/2, hence f(z) = 271 + 3200 ,(2/2)"/2 for z € A.

Example 4.9 Let A = {2 < |z| <5}, f(2) =1/[2(1 — z/2)]. We have that f is holomor-
phic in A, and

f(2)=z2t4+(1=2/2)72=271 —[(2/2) 7 +[(2/2) 2 + (2/2) 3 + ....]/2,

hence f(z) = —% 2 (/2" for z € A.

n=—oo

Example 4.10 Let A = {0 < |z — 1| < 1}, f(2) = 1/[z(1 — 2)?]. We have that f is

holomorphic in A, and

1) == z)2(11+ z-1)) « _1z)2 L-GE-D+E-1D 4+ -1+

so f(z) =302 o(=1)"(z—1)" for z € A.

n=-—2
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Example 4.11 Let A = {0 < |z| < 7w}, f(2) = cosecz = 1/sinz. We have that f is

holomorphic in A, and
f(2)=(2—=23/314+25/50 — .)7 = 2711 = 22/3! + h(2)) 71,
where h(z) = O(z*) (we use the conventional O-notation). By (4.3),
2711 =223+ 0(2h) 7 = 2711 + 22/3 + O(2Y))

for small z. Then f(z) = 352 _ . 12", where ¢, =0 fork < —1,c_1 =1, ¢; = 1/6. By

taking more terms in the above expansion, we could compute ca, c3, etc.

4.3 Classification for poles and singularities

Definition 4.12 a is said to be a regular point if f is holomorpic at a. a is said to be
a singularity of f if a is a limit of reqular point and a is not itself reqular. a is said
to be a isolated singularity of f if a is there exist v > 0 such that f is holomorphic in
{0<|z—a|] <r}.

Definition 4.13 Let a be an isolated singularity, then f can be represented as Laurant
series f(2) = 200 cr(z —a)k, for 2:0 < |z —a| <7 for somer > 0.

(a) The function Z}?:lfoo cx(z —a)k is called the principal part of the Laurent expansion

for f.
(b) If ¢, =0 (VE <0), then a is said to be a removable singularity.

(c) If there exists m < O such that ¢, # 0 and ¢, = 0 for all n < m, then a is said to be
a pole of order m (we call it a simple pole if m = 1, a double pole if m = 2, a triple

pole if m = 3, etc).

(d) If there exist infinitely many k < 0 such that ¢, # 0, then a is said to be an essential

isolated singularity.

Example 4.14 1/(z—1)? has double pole at 1. 1/(2%+1) has simple pole ati. 1/(z*+1)

has four simple poles.

Note that these definitions are meaningful since uniqueness of the coefficient for Laurant

expansions.

Problem 4.15 Describe points a in the previous examples for Laurant expansion about

a.
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4.4 Cauchy’s residue theorem

Lemma 4.16 Let D C C be an open simply connected set. Let f be a function being
holomorphic in D except a, where f has a pole, and let

[e.9]

f(Z) = Z Ck(z - a)ka

k=—o00

for all z € D, where ¢, € C are such that this series absolutely converges. Let I' be a
closed positively oriented curve homotopic in ﬁ\{a} to a circle I'y with the center at a
such that I'r C D. Then

/ f(z)dz = 2mic_;.
r
Proof. We have that

1 1
— dw = — w)dw = — Vedw =
omi Jo /W =55 | J(w)dw 27rz/r Z er(w wE e

since
27 . . 2T .
/ (w —a)kdw = / RFe™ i Rettdt = z/ RFF1 ettt gy — 27l 1,
T'r 0 0
where we use the Kronecker symbol: dgi = 1 and 6, = 0 for k # n.

Definition 4.17 In (4.4), c—1 is said to be the residue of f at a. We denote it as c_1 =
Res(f,a).

Theorem 4.18 Let D C C be an open simply connected set. Let f be a function being
holomorphic in D except a finite set {ay}}",, where f has poles. LetT' be a closed positively

oriented curve that have the set {ay}}" , inside. Then

/ f(z)dz = 2mi i Res(f, ax).
r k=1

Proof to be given in the classroom.

Proposition 4.19 (i) Let f(z) = g(2)/(z — a), where g(z) is holomorphic at a. Then
Res(f,a) = g(a).
(ii) Let f(2) = g(2)/(z — a)?, where g(z) is holomorphic at a. Then Res(f,a) = ¢'(a).

Proof. Note that g(z) has Taylor expansion g(z) = g(a) + ¢’(a)(z — a) + .... Then the
proof follows. O

Remark 4.20 Note that Cauchy formula (Theorem 3.26) follows from Theorem 4.18 and
Proposition 4.19.
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4.5 Application to real integrals

By the definition, [*_ f(z)dz = limp_. o [T f(x)dz (if the limit exists).

For R > 0, let Ar be the upper half of circle |z| = R (i.e., it is an arc), and let Ir C R
and be the interval [—R, R|. Let I'(R) be the closed curve consisting of Ar and Ir. We
assume that I'(R) is positively oriented.

We shall use the trivial inequality |z| — |a] < |z + af.

Example 4.21 Calculate [ 1122

Solution. Let f(z) =1/(z2+1).

(A) Let us calculate first the integral J = Jrr) %.

We have 22 +1 = (2 +1i)(z — 7). Hence z = i is the only singularity point inside I'(R)
for R > 1, and J = 27miRes(f,i). We have f(z) = (z — i)~ 'g(z), where g(z) = (z +14)~*
is holomorphic at z = 4, hence it has Taylor expansion g(z) = g(i) + ¢'(i)(z — i) + .... Tt
follows that Res(f,7) = g(i), i.e., Res(f,i) = 1/(2i). It follows that J = .

(B) Note that

dz A dz
J=Ja+Jr, Jé/ —, J:/ :
A+ JI A a1t 22 I 1 22

Let us show that J4 — 0 as R — 4+00. We have that

Ja = iRe™dt.

& 1
/0 1+ R2e2it

Hence

|,]A</7r]‘7,|z'.c,ﬂ't\cllt</7r / gt =
~ Jo |1—|—R262“5‘ — |1—|—R2 21t| R2_1 R2_1

since R? — 1 < |R?e?" 4 1|. Then J4 — 0.
We have that J4 + J; = 7 for any large enough R, and J4 — 0 as R — +00. Hence

7 /R dx Rt ) /°° dx
= — T as — 400, i.e. — =
R S ’ oo 1+ 22

Example 4.22 Calculate [*_ <s2dr,

oo 1+4x2

Solution. Let f(z) = e /(2? + 1).
(A) Let us calculate first the integral J = fr( R) ligf
We have 22 +1 = (2 +i)(z — i). Hence z = i is the only singularity point inside I'(R)
for R > 1, and J = 2miRes(f,4). We have f(z) = (2 — i) 1g(2), where g(z) = e*(z +1i)~!
is holomorphic at z = 7, hence it has Taylor expansion g(z) = g(i) + ¢'(i)(z — i) + .... Tt

follows that Res(f,) = g(i), i.e., Res(f,i) = ' /(2i) = e~1/(2i). It follows that .J = e~ !x.
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(B) Note that
e*dz N e*dz
I A

Let us show that J4 — 0 as R — 4+00. We have that

J=Ja+Jp, hé/
A

T ezReit "
— - 7
Jq = /0 1T oot 262itzRe dt.

Hence

™ Rl ™ R
Ja| < ————f7*%ﬁ</ /
|4 —/0 ‘1+R2€2zt‘|ze |dt < |1—|—R2 QZt‘ R2—1 T RZ_1

since R?2 —1 < |R2¢% 41| and |ef¢"| < 1 (remind that Im z < 0 for z = R € Ag). Then
Ja — 0as R — +oo.
We have that J4 + J; = e~ !x for any large enough R, and J4 — 0 as R — +o0o. Hence

R R iz 00
cos xdx edx _ . cos xdx _
/ 7:Re/ — —_— —ReJ; —eln as R — +o00, i.e. / /7 — e ln.

_R 1422 o oo 1422
Od

A question: is it possible to take fF(R) C‘fiz;éz instead of fF(R) % in the previous
solution?

Example 4.23 Given h > 0, calculate [ <S@thde

oo 1+a?

Solution. Let f(z) = '(*th) /(22 4 1).

(A) Let us calculate first the integral J = Jrr) @“fi;”;dz

We have 22 +1 = (z+1)(z—1). Hence z = i is the only singularity point inside I'(R) for
R > 1, and J = 27iRes(f, 7). We have f(2) = (z — i) 'g(2), where g(z) = /M) (2 4-i)~!
is holomorphic at z = 4, hence it has Taylor expansion g(z) = ¢g(i) + ¢'(i)(z — i) + .... It
follows that Res(f,i) = g(i), i.e., Res(f,i) = e/tP) /(2i) = e~ 1 /(24). Tt follows that
J = e Hih

(B) Note that

i(erh)dZ ei(z+h)dz
J=J J,Lié/ — Jé/g———ﬁ
A+ Jr A by 1422 I 1 1122

Let us show that J4 — 0 as R — 4+00. We have that

T giRe'+ih y
j— N 7
Ia= || 1y iR

Remind that Im z < 0 for z = R* € Ap. Hence

ei(z+h) 4 T R|€z’Re”+ih| ' T R
/'444f§/4———fMMW§/ / :
h, 142 | Sy TR |1+R2 R A R L
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since R2 — 1 < |R%e?" 4+ 1| and |¢'R¢""+ih| = |iRe"| < 1. Then J4 — 0 as R — +o0.
We have that J4 + J; = e~ "7 for any large enough R, and J4 — 0 as R — +o0.

Hence
R cos(xz + h)dx R gilzth) gy 1
/,RW: e/,RW:ReJI—)e mcosh as R — +oo,
oo
ie. / M =e lmwcosh.
oo 1422
O

Example 4.24 Calculate [ ;(‘?f;l%)

Solution. Let f(z) = e*/(2(22 +1)). Let 0 < r < R. Let I = I'(R,r) be the positively
oriented closed curve that includes the arcs A, and Ar and the linear segments connecting
them.

(A) Let us calculate first the integral J = I %.

We have 22 + 1 = (2 +1i)(z —4). Hence z = i is the only singularity point inside
IV for R > 1and 7 < 1, and J = 2miRes(f,i). We have f(z) = (z — i) 1g(z), where
g(2) = €#z71(z +i)~! is holomorphic at z = 4, hence it has Taylor expansion g(z) =
g(i)+ g (i) (z—i)+.... It follows that Res(f,i) = g(4), i.e., Res(f,i) = e’ /(i-2i) = —e /2.
It follows that J = —e~!7 1.

(B) Note that

e#dz A eZdz A eZdz
I,

— 2 - e 2 - =2 -
J=JatJatJr, JA_/ARZ(1+22)’ Ja 4, 2(1+22)’ g 2(1+22)

\T

Let us show that J4 — 0 as R — 4+0c0. We have that

iRe®

Js = i i Re'dt.
4 /0 Re”(1+R2e2“)Z ¢

Hence
T | eiRe“ ‘

o R|l+ R2e%t|

™

1 ™
Ja| < . gt< | dt=
Tal < u+mw|—é1mtn RZ—1’

|mﬁw§/
0

since R2 — 1 < |R2e%! 4 1| and [¢'F¢"| < 1 (remind that Imz < 0 for z € Ag). Then
Jq — 0as R — +oo.
(C) We have that

it

et%dz ™ elire ) ™
¢ A, (14 22) o rett(l+ 7‘262“5)W6 -t 0 z7r

asr — 0.
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(D) Remind that J = Jq+J, +J; = —ie”x for any large enough R and small enough
r>0,and J4 — 0 as R — +o0o. Hence

sin xdx T dr
7:]: / 7:1 J_J _J’a P S _ 1—671
/I(Rﬂ“) . I(Ryr) 1 + 22 m ( A ) = —e = (=m) =x( )

®  ginxdx
R i.e. O (1 — e Y
as — 400, ie /_OO +(1+29) (I—e)m
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Chapter 5

Winding numbers

5.1 Winding number: definitions

Definition 5.1 Let a closed curve I' be given. The winding number of I' about the original

0 is the net number of revolutions of the directions of z as it traces out I' once.

Definition 5.2 We say that a point is tracing out a closed curve in a positive direction,

if it is anti-clockwise.

Clearly, the argument of z is increasing on 27v(T',0), if the curve is traced out in the

positive direction.

Definition 5.3 Let p € C and a closed curve I" be given. The winding number v(I',p) of

I" about the original p is the net number of revolutions as it traces out I' once.

Clearly, the winding number is not changing if one moves the curve slightly. The following

topological result is a very strong generalization of this fact.

Theorem 5.4 If T is piecewise smooth and such that a ¢ T, then

1 1
v(l,a) = —/F dz.

211 zZ—a

Proof. If T" is a circle with the center at a repeated a number of times, the theorem

statement can be obtained by direct calculation of the integral: if I' = a+ €%, t € [0,2mm)],

then )
1 1 1 ™ 1 1
— dz = — —iettdt = —2mim = m.
27ri/rz—a i 2m'/0 eit'© o

For all other cases the proof follow from the fact that the integral does not change if the

curve is transformed to a homotopic curve. O
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Theorem 5.5 (Hopf’s degree theorem) A closed curve can be deformed to another closed

curve without crossing p iff the winding number (about p) is the same for the both curves.

Theorem 5.6 (Cauchy Theorem). Let D C C be an open set. Let f : D — R be a
holomorphic function, and let a € D. Let I' be a closed curve in the domain D such as
described in Theorem 3.26. Then

v(T,a)f(a) = — [ T©)

2 Jr z — @

dz.

Here v(T', a) is the winding number of I" about the point a.

5.2 Argument principle and counting of roots

Definition 5.7 We say that a is a root of multiplicity m of a function f(z) if f(z) =
(z —a)™g(z), where g(2) is a function such that g(a) # 0.

Theorem 5.8 (Argument Principle) Let f be a holomorphic function. Let T' be a closed
curve in D such as described in Theorem 8.26. Let f has exactly n roots ay, ..., a, inside
I (counted with their multiplicity), and let v(I',ar) = 1 for any k. Then v(f(T),0) = n.

Proof. Without a loss of generality, we can assume that f(z) has roots ai, ...,a, in D,
then f(z) = g(2) [T%—,(z — ax), where g(z) is a holomorphic function being nonzero on D.
e fle) 1 L g

= ot + 220
f(z) z—a1 z-—ay z—a, g(2)
By Corollary 3.23, it follows that

L[4

2771"5' - g(z)dZ:O

By Theorem 5.4, it follows that
L),
— dz = v([',ag) = n.
2mi /1" f(2) kz::l (T’ ax)

Let (t) : [a,b] — C be a parametrization of I'. The integral here can be rewritten as

G TC0) IS S B TP
L ey = V(f(D).0) =,

5 =20 Jyey w

where f(T') is the curve with the parametrization f(v(t)). This completes the proof. O
Theorem 5.9 (Rouche’s theorem). Let D be a simply connected domain, and let functions
fyg be holomorphic in D. Let T be a closed curve in D being the image of [0,2x] for the

mapping y(t) = Re, where R > 0 is given. Let |g(2)| < |f(z)| for all z € T. Then f and
f + g have the same number of roots inside I' (counted with their multiplicity).
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Proof. First, it can be seen that

V(f(F)7O) = V((f + g)(r),O).

To see this, one may think about a person walking around 0 along the trail f(I") with a
dog on the leash that is being kept shorter than the distance between the person and 0.
The man’s position is f(z), the dog’s position is f(z) + ¢g(z), z € I'. Clearly, the dog on
the leash will makes the same number of revolutions around 0 as the person holding the

leash. By Argument Principle, the required statement follows. O

5.3 The Fundamental Theorem of Algebra: the proof

Theorem Any polynomial of order n € {1,2,3...}
P(z)=2"+ 12" V4 4z + o

has n roots in C.

Proof. We have that P(z) = f(z) + g(z), where f(2) = 2", g(2) = 12" 1 + ... +

c1z + co. Let T' be a closed curve being the image of [0, 2] for the mapping () = Re®,

where R > 0 is such that
R" > ‘Cn71|Rn_1 + ...+ ‘Cl‘R—I- ‘Co‘.
Clearly, it holds for large enough R > 0, say, for
R > nmax ek

We have that

F(RE)] = [Rhe™| = R,

lg(Re™)| = |cp_1(Re™)" 1 + ...+ c1Re™ + o
< len1|R" 1 4 .. 4 |e1| R+ |col.

It follows that |g(z)| < |f(2)| for all z € I". By Rouchet’s Theorem, it follows that f
and P = f + g have the same number of roots inside I' (counted with their multiplicity).
Remind that f(z) = 2™ has n zero roots. Then the proof follows. O
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Chapter 6

Transforms for representation of

processes in frequency domain

A transform, in general, is a formula that converts one function into another function by
some rule. (For example, the derivative is a kind of transform in that f’(¢) transforms
a function, f(x), into its derivative). Transforms are in fact mappings defined on classes
of functions. We shall consider four important transforms that are being used widely for
so-called spectral representation of time depending processes, or for representation of the
processes in so-called frequency domain. In this form, a function of time is represented as
a summa of oscillating processes. For instance, let w € R be given. Then the processes
fo(t) = cos(wt), fi(t) = sin(wt), and fo(t) = exp(iwt), have the same frequency w; they
spectrum is the singleton {w}. If we observe a process f(¢) and found from measurements
that f(t) = 5sin(wit) — 2 cos(wat) for some wy € R, then we may say that the process
f(¢t) has spectrum {w1,ws}. This kind of analysis in one of the basic tools in mathematics,
engineering, physics, system theory.

Define class M(r) of all functions f(-) : [0,+00) — C such that there exists a constant
C > o such that

1f(t)] < Ce™, V> 0.

Let I C R, p > 1. We denote £,(I,R) the class of all functions f : I — R such that
J71f(@)Pdt < +o0. Similarly, we denote L£,(I, C) the class of all functions f : I — C such
that [, [f(t)[Pdt < +o0o. We denote by L,(I,R) the class of classes of equivalency from
L,(I,C). In other words, if mes (f1 # f2) =0, then f; = fo, meaning that they represents

the same element of L,(I,C), i.e., they are in the same class of equivalency.

Sometime we denote both these classes as LP(I) and L,(I).

45
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6.1 Laplace Transform

Let f(-) € M(r). Then the Laplace transform F' = Lf is

F(s) = /0 T et

where s € C is such that Res > r.

Proposition 6.1 In the definition above, the integral exists.

Theorem 6.2 A function from M(r) is uniquely defined by its Laplace transform. (i.e.

if two functions have the same Laplace transform then they are same).
Theorem 6.3 Let f(-) € M(r). Then F(s) is holomorphic in{z: Rez > r}.

It follows that Laplace transform is uniquely defined by its values for real s only.

Clearly, the Laplace transform is a linear transform. Thus the transform may be split
up, if a function is defined over a split domain.

Since the transform maps a function f(¢) into some function F(s), it is reasonable to
ask if there is an inverse function £7! that takes F(s) back to f(t). In many cases the
answer is yes. There are tables of such inverses and partial fractions are often used to

break up rational functions.

Some important transforms:

1. For f(t) =, Where c is a constant, the Laplace transform is ¢/s; Res > 0.

2. For f(t) = e™, where a € C is a constant, the Laplace transform is — a, Res > Rea.
3. For f(t) = sinat, where a € R is a constant, the Laplace transform is 52+a2, Res > 0.
4. For f(t) = cosat, where a € R is a constant, the Laplace transform is 2+ 7; Res > 0.
5. If f(¢) has the Laplace transform F(s), then e* f(t) has the Laplace transform F(s— z).
6. For f(t) = e*'sinat, where a € R, 2z € C, the Laplace transform is m, Res >
Re z.

7. For f(t) = e*' cosat, where a € R, z € C, the Laplace transform is m, Res >

Re z.
8. For f(t) = t"e™, where a € R, n € N, the Laplace transform is W, Re s > a.

6.1.1 Laplace transform and differentiation

Denote M = U,egM(r).
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Theorem 6.4 Let f(-) and Z—’;(-) belongs to M. Then the Laplace transform for Z—};(-) is
sF(s) — f(0), where F(s) is the Laplace transform for f.

Proof. We have that f(-) and %() belongs to M(r) for some r. Let s € C be such
that Res > r. Then

[T e T = el - [ e i = sF(s) - 50,
O

Corollary 6.5 Let f(-) and [j f(s)ds belongs to M. Then the Laplace transform for
fg f(s)ds is F(S), where F(s) is the Laplace transform for f.

Proof. The Laplace transform for f is sG(s), where G(s) is the Laplace transform for

g(t) = L f(s)ds. O

Example of application

Consider a scalar ODE (ordinary differential equation)
{ y'(t) = ay(t) + f (D),
y(0) = =

Let Y(s), F(s) be the Laplace transforms for y, f correspondingly. We have sY (s) —x =
Y (s) + F(s), i.e

x F(s
Y(s) = + (5)
s—a s—a
Thus, y(t) can be found as inverse transform of Y (s), or as e®x plus inverse transform of
F(s)
s—a’

6.1.2 Convolution and the Laplace transform

Convolution of functions f(t) : [0,+00) — C and g¢(t) : [0,400) — C is a function
f#*g:[0,400) — R defined as

(f <)t /f g(t —7)d

Theorem 6.6 (Convolution Theorem) Let f € M, g € M, then the Laplace transform
of the convolution of f * g is F(s)G(s), where F(s) and G(s) are the Laplace transforms
for f and g correspondingly.

Proof. Let f(-),g(-) € M(r) for some r € R. We have for s € C such that Res > r

/ _Stdt/ f(m)g(t—7)dr = /0+oo dr f(7) /TH)O e~ gt —T)dt

= /O+OO dr f(r )/0 e g(rYdr = /{)+OO e T f(r)dr /0+OO e g(r)dr = F(s)G(s).
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Application for ODEs

For y(0) = 0, we have
y(t) = exp(at) = f(t), Y(s)=F(s)/(s —a). (6.1)

Application for inverse transform

Sometimes convolution can help to find inverse transform. Let us find the inverse transform

of a fraction m. We can inverse it using partial fractions:

1 I S
s24+3s—10  7(s+5)  T(s—2)

Instead, we can use Convolution Theorem:

1 1 1
s24+43s—10 s+5 s—2

The inverse of the Laplace transform is the convolution of e~ and e?' and can be calcu-
lated is

o5t o2t /t 05T 20t-7) g }(827: _ e,
0 7
6.1.3 Heaviside step function and shift
Heaviside function
L (0, t<0
() 2 {
1, t>0.

A piecewise constant function can be expressed via combination of Heaviside functions
with shifts such as H(t —a) — H(t — b).

We shall call f(t) = H(t—a)f(t —a) a time-delayed function; its graph is same as that
for f(t) but shifted to the right by a and "turned off” for all ¢ < a.

Proposition 6.7 If f € M then H(t —a)f(t —a) € M.
Proposition 6.8 The Laplace transform for H(t — a) is e~ /s.

Lemma 6.9 Let f € M and the Laplace for f(t) is F(s). Then the Laplace transform
for H(t —a)f(t — a) is e **F(s).

This lemma helps to find the Laplace transforms for shifted functions, but it helps also

find the inverse for Laplace transforms with exponents.
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Derivative of Heaviside function

Let a > 0. Consider a mapping 6(t — a) : C(0,4+00) — R such that

“+oo

(6t —a), f(B) = lim | 0:(t—a)f(D)dt = fla) V() € OO, +00),

where
0, |t—a|]>e¢

5€<t_a):{1 ‘t—a|<€.

PER
d(t) is the so-called delta-function. The limit here is denoted usually as
JoF°8(t — a) f(t)dt. ! Apply formally the Laplace transform:

+oo
/ 5(t —a)e Stdt = e,
0

The Laplace transform for H(t — a) is e~ %°/s. Thus, the Laplace transform for the delta-
function is the same as the Laplace transform for the ”derivative” of Heaviside function;

OH (t—a) .
ot

this fact can be presented formally as §(t — a) = : it is a so-called generalized

derivative.

@5 gives delta-function

Corollary 6.10 We have that inverse of Laplace transorm for e~
d(t—s), which is not a function (it is a "generalized function”). This means that the inverse
of Laplace transform may be not defined in the class of functions even for holomorphic

functions F(s).

Applications to control and system theory

In many cases, continuous time dynamic systems are described by ODEs. Consider a

simple exam:

= ax(t) + f(t),
z(0)=0

In control and system theory and its applications in engineering, physics, in signal pro-

cesses), the process f(t) (or F(s) = Lf) is interpreted as an input of a linear continuous

time time system with transfer function x(s) = 2, i.e., X(s) = x(s)F(s) for X = L.
The solution process x(t) = % x f(t) = [3 =) f(s)ds (or X(p)) is interpreted as an
output of this system. The same model is used for more general dynamic systems. The
transfer function describes completely the properties of input-output system. It is why

the methods of complex analysis are very common in system theory. For instance, the

'Hint: remember that §(t) is not a function of ¢, and the integral of §(t — a)f(t) is not an integral at

all, it is just a symbol!
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system from our example is "stable”? iff Rea < 0. In a case of more general y, the system

is stable iff the transfer function does not have singularities in {z : Re > 0}.

Input f(t) Output z(t)

E— X —>

Figure 6.1: The block diagram for the system dxz(t)/dt = ax(t) + f(¢).

Note that the Laplace transform is targeting process evolving in time on (0, 4+00). For

processes defined on (—o0, +00), we use Fourier transform.

6.2 Fourier Transforms

Let £,(R) = L,(R,C).
For f € Ly(R), the Fourier transform f=7Ffis

r 1 —iwt
fl) = o= | e rwa,

where w € R.

Proposition 6.11 If f(-) € Li1(R), then the integral exists for all w € R. For f() €
L2(R), the integral exists as an element of La(R) (i.e., not necessary for all w).

Clearly, the Fourier transform is a linear transform.

Theorem 6.12 (Plancherel’s-Parseval’s Theorem) Let f =Ff, g = Fg, where f,g €
L2(R). Then

[ Foget = [ Flrg)de.
R R
Theorem 6.13 The mapping F : L2(R) — L2(R) is a bijection.

By this theorem, there exists inverse mapping F~! : Ly(R) — Lo(R) that takes f back

to f. There are tables for Fourier transforms and their inverses.

Theorem 6.14 The inverse of a Fourier transform f = fflf exists for f € Ly(R)

FPO = o= [ e

2Stability is a very important concept in theory of dynamic systems. One of many possible definitions
is that a system is stable if any bounded input produces a bounded output on infinite horizon.

3In literature, the multiplier \/% is being replaced sometimes by a different one; sometimes (but rarely

enough) e~™* is being replaced by ™.
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In literature, f is sald to be a representation of f in the frequency domain; w is

frequency.

Remark 6.15 Let f be such that f(t) = 0 fort < 0 and that Lapalce transform F(s) = Lf
is defined for all s = iw, where w € R. In that case, f(w) = (2m)"V2F(iw). In other
words, the trace of the Laplace transform on the imaginary aze (i.e., for s = iw, w € R)

is a Fourier transform (assuming that the function f(t) is extended as zero on (—00,0).

Because of this connection between Laplace and Fourier transforms, F' = Lf is also

said to be a representation of f in the frequency domain; for F'(s), Im s is the frequency.

6.2.1 Fourier transform and differentiation

Theorem 6.16 LeAt f() and %(-) belongs to La(R). Then the Laplace transform for %(-)
is iwf(iw), where f(s) is the Laplace transform for f.

Proof. We have that

fo GO = R — [ it 0 = (i)

|

6.2.2 Convolution and the Fourier transform

Convolution of functions f(t) : R — C and ¢g(¢t) : R — Cis a function fxg: [0,+00) = R
defined as

(Frg)(t) 2 /R F(P)g(t — 7)dr.

Theorem 6.17 (Convolution Theorem) Let f,g € Lo(R), then the Fourier transform of
the convolution of f g is 27 f(w)§(w), where f(w) and §(w) are the Fourier transforms
for f and g correspondingly.

Proof. We have for s € C such that Res > r

/Re_i“’tdt/Rf(T)g(th)dT:/Rde(T)/Re_Mg(th)dt

= [arso) [ = gyar = [ par [ e ngtrar = 2mf @),

Applications for dynamic systems: energy equality

Consider a dynamic system with transfer function x(s). Let f(¢), ¢ > 0, be the input
process, and x(t) be the output process. For X = Lz, & = Fx, F = Lf,

/Om |x(t)|2dt:/+ 18(w)[2dw = 7/ (i) [2dw = 7/ i) I F (iw) Pdw.
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For instance, let a < 0, then this result can be applied to for the system

dx(t)
e ax(t) + f(t), t>0,

z(0)=0

with x(s) = 1/(s — a), |x(iw)|*> = 1/(w? + a?).

6.3 Fourier Series

Let [, denotes the set of al sequences {cy}72
Let £,(—m,7) = Ly([—m, 7], C).

C C such that > .72 |cxlP < 4o0.

—00

Fourier series is representation of a function f : [-7, 7] — C
+oo
ik
ft) = Z cpe™,
k=—00

where ¢;, € C are said to be the Fourier coefficients. *
Proposition 6.18 (i) If {ci} € 1, then the series converges.

(i) If {ck} € la, then the series converges in the space Lo(—m,m)5 (i.e., not necessary
for allt), and f(-) € Lo(—m, ).

(iii) If f(-) € La(—m,7), then {ci} € la, the series converges as an element of Lo(—m, )

(i.e., not necessary for all t).

Theorem 6.19 (Plancherel’s-Parseval’s Theorem) Let f,g € Lo(—m, ). Let ci, dy be
the Fourier coefficients for f and g correspondingly. Then

o0

> e =5 [ Ty

k=—o00

In particular,
o~ 2 L 2
> laf =5 [ s
k=—00 TS
Corollary 6.20 In the notations of the last theorem,
ck = x /7r f(t)e *tdt
o J_x '

In literature, {cx} is said to be a representation of f in the frequency domain; k is the

frequency.

“In literature, the interval [0,27] can be replaced by some other interval, and the multiplier \/% can

be replaced by a different one.
®meaning that f:r [f @) — ij:iN cre|2dt — 0 as N — 400
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Fourier series and differentiation

Theorem 6.21 Let {c;} € Iy and {kc} € 1y. Let f(t) = 332 cre’™ for some integer N.
Then %(t) =300 ikege*t. If {k?ci} € 1y, then %(t) =3 K2cpett,

6.4 Z-transform

The Z-transform is based on a modification of Fourier series: it represents dynamic discrete
time processes g, 1, T2, .... as the Fourier coefficients of some function Y (r) : [0,27] — C,
such that

Let T = {z € C:|z] =1}. Let z = ¢ € T, then e”™* = 2% Let X(z) £ Y (r) for
2z = €. We have that X : T — C is such that

X(z) = Z 2 by
t=0

This transform is convenient for dynamic discrete time systems. In the terms of signal
processing theory, the Z-transform converts a discrete time-domain signal, which is a
sequence of real numbers, into a complex frequency-domain representation.

Let Z-transform of {z;} be X (z), let zp = 0, and let Si(zo,x1,...) = (z1, 22,3, ...),
then z-transform of Si{x:} is 2X(2).

It can be applied for discrete-time linear equations. For instance, let us consider the
following discrete time dynamic system, i.e., the equation for a scalar dynamic discrete

time process:

Ti =azi+ fi, t=0,1,2, ..,

o — 0.
Let (3/0>1/1;---) = (;Ul)x%“')' Then Yt :axt+ft7
+oo “+o00 “+o00 +00
Y()=) 2= s lmp=2) 2 gy g =2 > 2t =2X(z),
=0 1=0 1=0 s=1

where X(2) = S5 27tz Therefore, 2X(z) = aX(z) + F(z), where X(z), F(z) are

Z-transforms of {x;} and {f;} respectively, i.e.,
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Applications in control and system theory

Similarly to the case of continous time processes, in control and system theory, the process
{ft} (or F(z)) is interpreted as an input of a linear discrete time system with transfer
function x(z) = =, i.e., X(2) = x(2)F(z). The process {z;} (or X(z)) is interpreted

z—a’

as an output of this system. The same model is used for more general dynamic systems.
The transfer function describes completely the properties of input-output system. It is
why the methods of complex analysis are very common in system theory. For instance the
system from our example is "stable”% iff |a| < 1. In a case of more general y, the system

is stable iff the transfer function does not have singularities outside the unit circle 7T'.

|nput ft OUtpUt Tt

X ’

Figure 6.2: The block diagram for the system x;+1 = ax; + fi.

5Repeat that one of many possible definitions is that a system is stable if any bounded input produces

a bounded output on infinite horizon.



