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PUZZLE

GROUP THEORY IN THE BEDROOM

It's easy to turn your mattress properly!
Turn it over and end -to- end.

TURNING A MATTRESS IS A JOB FOR TWO PEOFLE
Don’t risk damage to the matiress or personal injury by deing it yourself,

Reference: Scientific American, 9%(5)-%95
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To solve the equation 4 + x = 20

4+ HA+x) =-4+20 Closure
(-4+4) + x =16 Associativity
0 +x=16 Inverse

x =16 Identity

What makes this calculation possible are the

abstract properties of integers under addition.

Reference: Group Theorg Lecture 139 Steven Rucliclﬂ, 2000




An ordered pair (S, ¢) where S 1s a set and # 1s
a binary operation on §.

Closure
a,beS=>@ebh)eS
Associativity
a,b,ceS=>@eb)oc=ae (&)
Identity

JeeS st. Vae$l aeec=co®a=a
Inverse

VaeS3IaleS st. aeal=alea=e¢




Closure
The sum of two integers is an integer

Associativity

(@a+b)+c=a+ (b +c)

Identity

For every integera,a + 0 =0 + a=a

Inverse
For every integer a, a + (-a) = (-a) +a =0




GROUP OR NOT

Closure Associativity Identity Inverse

v v v

(Z-10}, x) v A v

({xeR|-5<x<5},+) X X

(R v %

) v v

N.B. ({x € R|-5 <x <5},+) is not closed, so it doesn’t make sense to talk about associativity
when some of the results of addition can be undefined.




CAYLEY TABLE

Finite Groups can be represented by a Cayley Table.

(Z4 ) "‘)
1

1
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Theorem

A group has at most one 1dentity element.

Proof

Suppose ¢ and f are both 1dentities of (S, #),
then f=ce®f=c.




Theorem

The left and right cancellation laws hold.

aeb=aec = b=c
bea=cea = b=c

Proof

aeb=aec
S ale(aeb)=a'e(aec)
S (alea)eb =(@'ea) ec
Sceb=ceoc
Sbh=c




Theorem

Every element in a group has an unique inverse.

Proof

Suppose 4 and ¢ are both inverses of a, then

ae®bh=c¢c
==

l.e.a ¢ b =a &c. By cancellation theorem, 4 = c.




Theorem
Let ({e, g1, g2, ..., g2}, ®) be a group and £k €{1, ..., r},
Gr={c®gt, g1 ® gL, g2 gk, ..., g ® gi)

must be a permutation of the elements in G.

Proof

Suppose that two elements of Gk are equal, 1.e.
gi ® gk = g; ¢ gi. By cancellation theorem, ¢; = g;

Therefore, Gi contains each element in G once and

once only.




Groups of two or three elements are unique and abelian.

A group is abelian if its binary operation on the set 1s
commutative, 1.e. Va, be€S aeb =bea
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SYMMETRIES OF THE SQUARE




SYMMETRY GROUP

Let Yso = { Ro, Roo, Riso, Ro7o, Fi F ,F/, F\}
Let O be the binary operation of compodition

(Yso, Q) 1s a group!

Q| Ro | Roo |Riso|Razo| Fi | F F,

Ro | Ro | Roo | Rigo| Rezo! Fi | F F/

Riso|Re7z0] Ro | F\ | F/ | Fi

Ry F F J QN

F, ) N F

Ro | Riso

Riso| Ro




OTHER EXAMPLES

4 A A

® | Ro | Ri20| Ro4o

Ro | Ro | Ri20| Ra4o

Ri120| R120| Ro40| Ri20

Ro40| Rao40| Ro | Ri2o




Cathedral bells in England have been rung by

permuting the order of a round of bells.

lmage Source: MIT Guild of Be”ringers




Leta=(12)(34), b=(2 3), c=(34)
Ysos = {1, a, ab, aba, (ab)?,(ab)?a, (ab)?, (ab)?®a}

YBOB (ab)’ac Ypop ((ab)3ac)? Ysos

It

1234
2:d:4-3
2413
4231
4321
3412
3142
1324

Audio: Courtesg of Tim Rose

It

3142
3124
3214
2341
2431
4213
4123
1432

g

1423
4132
4312
3421
3241
2314
2134
1243




Claim:
Yeos and Ysg are the same group, Du.

Ro F, F F/, F EF/F
e
R B s [« P BOBl SQ

3| B3| TR ;.

Ro F Ro70 F, 2143
I 4955

(FIF)?  (RF)2F (FF) (FF)F j%;}
413 e 4 3 Wl B 3 ey

0 B 4| 3142

1324
Roo | ON




A check digit 1s an alphanumeric character added to
a number to detect human errors.

e A s e o)

Most common errors are single digit errors (a—b)

and transposition errors (ab—ba).

Question

Is there a method that detects 100% of both errors?




VERHEOFF ALGORITHM

Let ¢ be the operation for the non-abelian group Ds.

>

O | N S |[O ] L& = 1o

O |0 INAC [ |B XN |- O O
D IN DO O S |D AN = =
N[ [ O |00 |—= |[S D O
IO |0 |00 NN = O XN
NIC | IN N |KRXUIN = O D
LD RN = O |[O |0 N [ O fJor
QI = O |D G O |00 [N &Y |
N =S D RN [ O |00 [N N
1O NGO N N O O [\ |00 |0
Sl QN |—= OIS |00 |

Leto=(0)(1,49(2,3)(5,6,7,8,9), then
o™l (a)) © 0™ (a2) ¢ ... 0 0% (an2) © O (an1) ¢ an=0




D5 and o are chosen such that the algorithm

(a) detects all single digit errors
if a # b, then oi(a) # oi(b)

(b) detects all transposition errors

if a # b, then o*!1(a) ¢ oi(b) # oi*!(b) ¢ gi(a)







Order of a group

|G| = The number of elements in the group.

Order of a group element

lgl = The smallest number of times the binary
operation is applied to g before the 1dentity e

1s reached

gl =k ifgF=e¢

Examples

ool 8 - 2 IR 4 L %




Definition

(H, ) 1s a subgroup of (S, ) ift H 1s a group
with respect to ¢ and H C §.

Examples

v Is (2Z,+) a subgroup of (Z,+)?
x Is ({F), F_, F, F\},O) a subgroup of (Ysg Q)?
v" Is ({Ro, Roo, Rigo, Ro70},Q) a subgroup of (Ysg, Q)?




Definition

A set T'C S 1s said to generate the group
(S, ®) if every element in § can be generated
from a finite product of the elements in 7.

If 7'1s a single element, it 1s called a generator

of the group.

Examples

{FI, Roo} generates Yso
{1, -1} generates (Z,+)
{4} 1s a generator for (Z7,+)

N.B. Fjand Rogis each a generator, but only the set of both generators generates a group.



Lagrange Theorem

It H 1s a subgroup of a finite group G, then the
order of A divides the order of G.

Corollary

If G is a finite group, a'' = 1.

Proof:
If a generates the subgroup H, then
q\Gl = ok1H _ (alfﬂ)k SR




MULTIPLICATION MODULO N

LeZ 0= (12 5-an )

Let ¢ = multiplication mod n

n=5

n=3 n=4

1
1
2

Z¥*,={x|1 <x <nand GCD(x,n) =1 } is a group




Fermat’s (Little) Theorem

If 2 1s prime, and a € Z*,,, then
a"! =1 (mod n)

Proof

If n1s prime, (Z%, = {1, 2, ..., n-1}, X) 1s a group
with order n-1. The rest of the proof follows from

Lagrange Theorem.

Application
To check if a number 7 1s prime, pick any number
a, if a®! mod n is not 1, then it is not prime.




15-PUZZLE

Image Source: Fifteen Puzzle, Wi|<il:>eclia
Proof: A New Look at the Fifteen Puzzle, E.L. SPitznagel




To permute 3 blocks in a row cyclically, e.g.

(abc) 2 (bca)
d b C X | ad b X b C b Eelsal
_}

— —
Xy y C y d Xy

To permute any 3 blocks in the 15-puzzle

1. Move a, b, c to the first, second and third row
2. Move a, b, ¢ to the extreme right column

3. Permute cyclically

4. Return a, b, ¢ to original position, permuted

Every legal configuration can be obtained
through a sequence of 5-cycle permutations.




Going from 13-15-14 to 13-14-15 takes one

transposition (odd permutation).

But the composition of 3-cycles generates only
even permutation.

Why? Every product of two transpositions can be
written as a product of 3-cycles.

(a, b)(b, c) = (a, ¢, b)
(a, b)(c,d) = (a, ¢, b)(b, d, ¢)




Sketch of the Proof

All legal moves 1n the 15-puzzle are generated
from 3-cycle permutations.

3-cycles generate Ais (the group of even

permutation) which 1s a subgroup of Sis, the

group of all permutations of 15 objects.

Going from 13-15-14 to 13-14-15 takes an odd

permutation. Therefore, no valid moves can

achieve the 14-15 puzzle.




THE QUINTIC EQUATION
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REPUBLIQUE
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CLabHOPESMI

1000 1100 1200 1300 1400 1600 1700 1800 1900







SOLUTION

GROUP THEORY IN THE BEDROOM

second operation

Klein Four-Group

Reference: Scientific American, 95(5)-395




PERMUTATION PUZZLES

The Rubik’s Cube The Hockeypuck Puzzle Masterball

Lights Out Megaminx







