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1 IntrodutionBooks:
• Kittel: Introdution, Theory (too di�ult)
• Ziman (out of print) . . . eletrons in material
• Hook & Hall (not quite theoretial)
• PeierlsContent1. Free eletron gas → Pauli Paramagnetism (exlusively QM)

• dependene of E0 = E0(T )

• Spei� heat
• magnetisation (eah eletron being a permanent magnet); Paramagnetism:magnetisation ~M ‖ ~H (both CM and QM)2. Langevin (CM) and Brillouin (QM) (ioni) paramagnetism → Weiss' model offerromagnetismonly QM; for ferromagnetism for ~H → 0, ~M → ~M0 6= 03. Diamagnetism (Landau) (exlusively QM)

~M ↑↓ ~H; due to motion of eletrially harged partiles in ~H4. "not quite free" eletrons → band struture

4



2 Free eletron gasi.e. Fermi gas
n =

∫

N(E)fFD(E)dE

U =

∫

EN(E)fFD(E)dE

N(E): density of states /unit energy range2.1 Model for N(E)Free eletrons in large box (Lx, Ly, Lz), hoose periodi boundary onditions. TheShrödinger equation is
− ~

2

2m
∆ψ = Eψi.e.

∆ψ = −2mE

~2
ψ = −|~k|2ψSeparability trial: ψ(x, y, z) = X(x)Y (y)Z(z)

Y Z
d2X

dx2
+XZ

d2Y

dy2
+XY

d2Z

dz2
= −|~k|2XY Z

1

X

d2X

dx2
+

1

Y

d2Y

dy2
+

1

Z

d2Z

dz2
= −(k2

x + k2
y + k2

z)i.e. as x, y, z are independent
d2X

dx2
+ k2

xX = 0 ⇒ X = e±ikxx

d2Y

dy2
+ k2

yY = 0 ⇒ Y = e±ikyy

d2Z

dz2
+ k2

zZ = 0 ⇒ Z = e±ikzzImpose the B.C X(x) = X(x+ Lx) i.e. kxLx = 2lπ

kx =
2lπ

Lx
ky =

2mπ

Ly
kz =

2nπ

Lz5



i.e.
E =

~
2

2m
|~k|2 =

~
2

2m
4π2

(
l2

L2
x

+
m2

L2
y

+
n2

L2
z

)with Lx = Ly = Lz = L

E =
2~

2π2

mL2
(l2 +m2 + n2)Sommerfeld modelThe No. of states up to energy El,m,n = M(E) = No. of points up to (l,m, n). Forlarge (l,m, n) we regard (l,m, n) as ontinuous. M(E) =volume of sphere of radius

ρ =
√
l2 +m2 + n2 =

√
L2mE
2π2~2

M(E) =
4π

3
ρ3 =

4π

3

(
L2mE

2π2~2

)3/2

∝ E3/2The density, i.e. number of states/unit energy range at energy E is
N(E) =

dM

dE
∝ E1/2So in the Sommerfeld model N(E) ∝ E1/2, espeially is N(E) monotoni and N(0) = 02.2 Calulate E0(T )Our eletron gas follows the Fermi-Dira distribution f(E) = 1

eβ(E−E0(T ))+1
. With thehemial potential E0(T ) > 0.Find the T dependene of E0(T ) for 0 < T ≪ 1.Assume we know N(E) (e.g. from Sommerfeld model), then the total number ofpartiles is n =

∫ ∞
0 N(E)f(E)dE.For T = 0 we have f(E) =

{

1 E ≤ E0(0) = EF

0 E > EF

, i.e.
n =

∫ ∞

0
N(E)f(E)dE =

=

∫ EF

0
N(E)dEFor 0 < T ≪ 1

n =

∫

N(E)f(E)dE =

∫

f
dM

dE
dE =

= [f(E)M(E)]∞0 −
∫ ∞

0
Mf ′dE =

= −
∫

Mf ′dE 6



As M(0) = 0 and f(E) dereases exponentially whereas M(E) is only a power. f ′(E) ≈
−δD(E − E0(T )).Expand M(E) around E0(T ) (wirte E0(T ) = E0)

M(E) = M(E0) +M ′(E0)(E − E0) +
1

2!
M ′′(E0)(E − E0)

2 + . . .So we get
n = −M(E0)

∫

f ′(E)dE −M ′(E0)

∫

(E −E0)f
′(E)dE−

− M ′′(E0)

2

∫

(E − E0)
2f ′(E)dEWe know f so we an alulate f ′: −f ′(x) = βeβ(E−E0)

(eβ(E−E0)+1)
2 i.e. we get

n =
∑

j

M (j)(E0)

j!
Ijwith Ij =

∫ ∞
0 (E − E0)

j βeβ(E−E0)

(eβ(E−E0)+1)
2 dE. We hange variables x = β(E − E0) to get

Ij =

∫ ∞

−βE0

xj

βj

ex

(ex + 1)2
dxWe may savely extend the lower limit to −∞ as the fator ex in the integrand is alreadysmall at x = −βE0 for small T . So we get

Ij =

∫ ∞

−∞

xj

βj

ex

(ex + 1)2
dx =

=
1

βj

∫ ∞

−∞
xj 1

(

e
1
2
x + e−

1
2
x
)2For odd j this integral vanishes, as we have an asymmetri integrand and symmetrilimits. For odd values of j we get the de�nite integral from tables. I0 = 1, I2 = π2

3β2 , . . ..So we get
n = M(E0(T )) +

π2

6β2
M ′′(E0(T )) + . . .As M(E0(T )) =

∫ E0(T )
0 N(E)dE and the number of partiles is independent of T we get

∫ EF

0
N(E)dE =

∫ E0(T )

0
N(E)dE +

π2

6β2
N ′(E0(T ))

∫ EF

0
N(E)dE −

∫ E0(T )

0
N(E)dE =

π2

6β2
N ′(E0(T ))

∫ EF

E0(T )
N(E)dE =

π2

6β2
N ′(E0(T ))7



reall in Sommerfeld model N ∝ N1/2 i.e. monotoni inreasing and |E0(T ) − EF | ≤ 1i.e. ∫ EF

E0(T )N(E)dE ≈ N(E0(T ))[EF − E0(T )] i.e.
N(E0(T )[EF − E0(T )] =

π2

6β2
N ′(E0(T ))

E0(T ) = EF − π2

6β2

N ′(E0(T ))

N(E0(T ))

E0(T ) = EF − π2

6β2

d lnN(E)

dE
|E0(T )As E0(T ) ≈ EF we get

E0(T ) ≈ EF − π2

6β2

d lnN(E)

dE
|EFe.g. for Sommerfeld model N = cE1/2

E0(T ) ≈ EF − π2

12β2

1

EF
= EF

[

1 − π2k2

12E2
F

T 2

]

1

0.5

0
E0(T2) E0(T1) EF

f F
D

E

T0(x)
T1(x)
T2(x)

Figure 2.1: Fermi-Dira distribution for 0 < T1 < T22.3 Calulate CV

CV = ∂U
∂T i.e. alulate U .De�ne N =

∫ E
0 E′N(E′)dE′

U =

∫

EN(E)f(E)dE =
dN
dE

f(E) =

=

∫ ∞

0
N (E)(−f ′(E))dE8



Expand N (E) around E0(T ).
N (E) = N (E0) + N ′(E0)(E − E0) +

1

2
N ′′(E0)(E −E0)

2 + . . .

U =N (E0)

∫ ∞

0
(−f ′)dE + N (E0)

∫

(E − E0)(−f ′)dE+

+
N ′′(E0)

2

∫

(E − E0)
2(−f ′)dE + . . . =

≈ N (E0) +
π2

6β2
N ′′(E0)We assume we know N(E) and E0(T ).

N (E0(T )) =

∫ E0(T )

0
EN(E)dE =

∫ EF

0
EN(E)dE +

∫ E0(T )

EF

EN(E)dE =

= U(0) +

∫ E0(T )

Ef

EN(E)dEApproximation T ≪ 1 and monotoniity of N(E)

N (E0(T )) ≈ U(0) + E0(T )N(E0(T ))[E0(T ) −EF ]But previously E0(T ) − EF = − π2

6β2 (lnN)′|E0(T ) so
N (E0(T ) ≈ U(0) − E0(T )N(E0(T ))

π2

6β2
(lnN)′|E0(T )So the total energy is

U(T ) ≈ U(0) − π2

6β2
E0N(E0)(lnN)′|E0 +

π2

6β2

d

dE
[EN ]|E0 =

= U(0) − π2

6β2
E0N

′(E0) +
π2

6β2
[N(E0) + E0N

′(E0)] =

= U(0) +
π2

6β2
N(E0(T ) =≈ U(0) +

π2k2

12
T 2N(EF )So we CV

CV =
π2k2

3
N(EF )TAnd CV

T→0−−−→ 0 as predited otherwise by 3rd law
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2.4 Pauli spin-paramagnetismMagnetisation of elementary permanent magnets (magneti moment of eletron spin,dipol moment ±~µ) by external �eld ~B. Assume ~B is pointing up.The energy of ↑ eletron in external �eld = −~µ~B = µBThe energy of ↓ eletron in external �eld = −~µ~B = +µBFor T = 0 all states up to EF are �lled ompletly, eah with one ↑ and one ↓ eletron.However large B M = 0 always. So magnetisation only possible for T > 0. Without amagneti �eld the number of up-eletron = number of down-eletrons, sine E(↑) = E(↓).Now swith on the magneti �eld.
E(↑) = E − µB

E(↓) = E + µBNow the number of states for a given energy Enew hanges. For the up-eletrons, theenergy is dereased, i.e. if an eletron has energy E now, it had E + µB before, i.e. thenumber of states for energy E is N↑(E) = N(E + µB). The total magnetisation is theresulting magneti moment.
M = µ

∫

[N(E + µB) −N(E − µB)]f(E)dEApproximate for T ≪ 1 and ~B weak, i.e. µB ≪ E

N(E + µB)−N(E − µB) ≈ 2
dN

dE
µBi.e.

M = 2µ2B

∫
dN

dE
f(E)dE = 2µ2B

∫ ∞

0

d

dE
(Nf)dE − 2µ2B

∫ ∞

0
Nf ′(E)dE =

= 2µ2B

∫ ∞

0
N(E)(−f ′)dEAt T = 0 we have M = 2µ2BN(EF ). For 0 < T ≪ 1 expand N and proeed as usual
M = 2µ2B

{

N(E0(T ) +
N ′′(E0(T ))

2

π2

6β2

}The suseptibility is χ = M
B i.e.

χ = 2µ2

{

N(E0(T ) +
N ′′(E0(T ))

2

π2

6β2

}e.g. for the Sommerfeld model: N ∝ cE1/2,N ′′ = −c1
4E

−3/2

M = 2µ2Bc

{

E0(T )1/2 − π2

48β2
E−3/2

}

=

= 2µ2BcE0(T )1/2

{

1 − π2

48

(
kT

E

)2
}

10



and E0(T ) = EF

[

1 − π2

12

(
kT
EF

)2
] so for T ≪ 1 we have χ is independent of T .
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3 Classial and quantum-mehanialioni paramagnetism3.1 Classial ioni Langevin paramagnetismNo translational or vibrational degrees of freedom.The energy of a magneti dipole ~µ in a magneti �eld ~H = (0, 0,H) is
E = −~µ ~H = −µH cos θThe partition funtion is Z1 =
∫
e−βEdτ =

∫
eβµH cos θdτ . The phase spae in this aseis only Ω(θ, φ).

Z1 =

∫

eβµH cos θdΩ =

∫

eβµH cos θ sin θdθdφ =

= 2π

∫

eβµH cos θd(− cos θ) = 2π

[
eβµH cos θ

βµB

]π

0

=

= − 4π

βµH

e−βµH − eβµH

2
=

=
4π

βµH
sinh(βµH)The average magneti moment in z-diretion is

Mz
1 = 〈µz〉 =

∫

µ cos θfB(θ) =
µ

Z1

∫

cos θeβµH cos θdΩ =

=
µ

Z1

∫
1

βµ

d

dH
eβµB cos θdΩ =

=
1

Z1β

d

dH

∫

eβµH cos θdΩ =
1

Z1β

dZ1

dH
=

=
1

β

d lnZ1

dH

12



The total magnetisation is Mz = NM z
1

Mz = NM z
1 =

N

β

d

dH
lnZ1 =

N

β

d

dH
sinh

(
4π

βµH
βµH

)

=

=
N

β

d

dH
[ln sinh(βµH) − lnH] =

=
N

β

[

µβ
cosh(βµH)

sinh(βµH)
− 1

H

]

=

= Nµ

[

coth(βµH) − 1

βµH

]

= Nµ

[

coth(x) − 1

x

]In the limits
• T ≪ 1 and/or H ≫ 1 i.e. x≫ 1

Mz
1

µ
≈ 1 − 1

x
≈ 1i.e. no agitation or the magneti �eld fores all dipoles in one diretion, so we getsaturation.

• T ≫ 1 and/or H ≪ 1 i.e. x≪ 1

Mz
1

µ
≈ 1 + x+ x2

2 + 1 − x+ x2

2

1 + x+ x2

2 − (1 − x+ x2

2 )
− 1

x
=

2 + x2

2x
− 1

x
=
x

2i.e. very agitated system or no in�uene by H so no magnetisation. As H → 0,
Mz → 0

 0
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 0.8
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Figure 3.1: Ratio of lassial magnetisation in dependene on x = βµH
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3.1.1 Curie LawFor T ≫ 1 the suseptibility goes like
χ =

C

TIt an be easily seen that it holds for this model as
χ =

Mz

H
=

1

2
µ2β =

µ2

2k

1

T3.1.2 Calulate CVas CV = ∂E
∂T and 〈E〉 = −HM z

1 we get
CV =

∂

∂T

[

−NµH
(

coth(µβH) − 1

µβH

)]

=

= −NHµ∂β
∂T

[

− µH

sinh2(µβH)
+

1

µHβ2

]

=

= µNHkβ2

[

− µH

sinh2(µβH)
+

1

µHβ2

]

=

= Nk

[

1 − µ2H2β2

sinh2(βµH)

]This violates the 3rd law as CV 6→ 0 as T → 0. It is sensible, as this model is lassial.3.2 Quantum mehanial Brillouin ioni paramagnetismChoose H = (0, 0,H). Now 〈E〉 = −µH 〈Jz〉, 〈Jz〉 = m~.3.2.1 Model for j = 1
2

Z1 =
∑

m

eµβHm~ = e
1
2

~µHβ + e−
1
2

~µHβSo we get for the magnetisation
Mz

1 =
1

β

∂

∂H
lnZ1 =

1

β

∂

∂H
ln

(

e
1
2

~µHβ + e−
1
2

~µHβ
)

=

=
1

β

µβ~

2

e
1
2

~µHβ − e−
1
2

~µHβ

e
1
2

~µHβ + e−
1
2

~µHβ
=

=
µ~

2
tanh

(
1

2
~µβH

)

Mz
1

µ~

2

= tanh

(
1

2
~µβH

)

= tanhx x =
1

2
~µβHIn the limits we get 14



• T ≪ 1 and/or H ≫ 1 i.e. x≫ 1
Mz

1
~µ
2

≈ 1Saturation
• T ≫ 1 and/or H ≪ 1 i.e. x≪ 1

Mz
1

~µ
2

≈ 1 + x− (1 − x)

1 + x+ 1 − x
= xThe only di�erene to the lassial alulation is the slope for T ≫ 1

 0
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Figure 3.2: Ratio of quantum magnetisation in dependene of x = 1
2~µβHCurie LawAgain the Curie law holds for T ≫ 1:

χ =
1

2
µ~

1

2
~µβ =

1

4
~

2µ2β =

=
~

2µ2

4k

1

T
=
C 1

2

TCalulate CV

〈E〉 = −BMz
1 = −~µH

2 tanh
(

~µHβ
2

) i.e.
CV = N

∂ 〈E〉
∂T

= −N ~µH

2
(−kβ2)

1

cosh2
(

~µβB
2

)
β→∞−−−→ 0

15



3.2.2 Model for j = 1

Z1 = e~µHβ + e−~µHβ + 1

Mz
1 =

1

β

∂

∂H
ln

(

e~µHβ + e−~µHβ + 1
)

=

= 2~µ
sinh(~µβH)

e~µHβ + e−~µHβ + 1
Mz

1

~µ
=

sinhx

ex + e−x + 1
x = ~µBβin the limits

• T ≪ 1 and/or H ≫ 1 i.e. x≫ 1

Mz
1

~µ
≈ e~µβH

e~µβH + 1
≈ 1i.e. Saturation

• T ≫ 1 and/or H ≪ 1 i.e. x≫ 1

Mz
1

~µ
≈ 1 + x− (1 − x)

1 + x+ 1 − x+ 1
=

2x

3

 0

 0.1
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 0.3
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 0.6

 0.7
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M
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Figure 3.3: Ratio of quantum magnetisation in dependene of x = ~µβH
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Calulate CV

〈E〉 = −BMz
1 = −~µH

2 sinhx)
ex+e−x+1 with x = ~µβH, so

CV = N
∂ 〈E〉
∂T

= 2kx2 (ex + e−x + 1) cosh x− sinhx(ex − e−x)

(ex + e−x + 1)2
=

= 2kx2 2 cosh2 x− 2 sinh2 x+ coshx

(2 cosh x+ 1)2
= 2kx2 2 + cosh x

(2 cosh x+ 1)2
=

≈
T≪1

T ≪ 12kx2 2 + ex

(2ex + 1)2
= 2kx2e−x 2e−x + 1

(2 + e−x)2
→ 0as in 3rd law3.2.3 Brillouin funtions Bj(x)For arbitrary j we have −j ≤ m ≤ j, i.e. (2j + 1) values for m. So we get for thepartition funtion with y = ~µβH

Z1 =

j
∑

m=−j

emy = ejy + e(j−1)y + . . . e−jy =

= ejy
2j

∑

n=0

e−ny = ejy
1 − e−y(2j+1)

1 − e−y
= ejy

e−y
(2j+1)

2

(

ey
(2j+1)

2 − e−y
(2j+1)

2

)

e−
y

2

(

e
y

2 − e−
y

2

) =

= ey(j−
2j+1

2
+ 1

2)
sinh

(

y 2j+1
2

)

sinh y
2

=
sinh

(
(j + 1

2)~µβH
)

sinh ~µβH
2De�ne x = jy, so

Z1 =
sinh

(

x(1 + 1
2j )

)

sinh x
2j

17



So for the magnetisation we get
Mz

1 =
1

β

∂

∂H
lnZ1 =

1

β

∂x

∂H

∂

∂x
ln




sinh

(

x(1 + 1
2j )

)

sinh x
2j



 =

=
j~µβ

β

sinh x
2j

sinh
(

x(1 + 1
2j )

)

(

1 + 1
2j

)

sinh x
2j cosh

(

x(1 + 1
2j )

)

− 1
2j cosh x

2j sinh
(

x(1 + 1
2j )

)

sinh2 x
2j

=

=j~µ coth
(

x(1 + 1
2j )

)

+
~µ

2

sinh x
2j cosh

(

x(1 + 1
2j )

)

− cosh x
2j sinh

(
x(1 + 1

2)
)

sinh x
2j sinh

(

x(1 + 1
2j )

) =

=j~µ coth
(

x(1 + 1
2j )

)

+
~µ

2

[

coth

(
x

2j

)

− coth
(

x(1 + 1
2j )

)]In the limits
• T ≪ 1 and/or H ≫ 1 i.e. x≫ 1

Mz
1

j~µ
≈ 1 − 1

2j

ex

e
x

“

1
2j

+ 2j+1
2j

” = 1 − 1

2je
x
j

≈ 1

• T ≫ 1 and/or H ≪ 1 i.e. x≪ 1

Mz
1 ≈Mz

1 (0) +Mz
1 (0)′x+ . . . =

Mz
1 (0) = 0, Mz

1 (0)′ = ~µj(j+1)
3j (Maple). So we get

Mz
1

j~µ
=
j + 1

3j
xPlot Figure 3.4:3.3 FerromagnetismEmpirially we �nd the hysterisis loop, i.e. a residual magneti moment. Both Para-and Ferromagnetism are due to alignmennt of elementary dipols. Both are QM e�etsi.e. relevant paramagnetism is Brillouin paramagnetism.
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Heisenberg model: with ~S the spin operator. The hamiltonian is
H = −

∑

i6=j

fij~si.~sj

i, j label all permanent elementary dipols. 〈

~S
〉

=expetation value of ~S. We have
~Si ∝ ~µi and ~Si ∝ ~M total magnetisation.We write ~Si as ~Si =

〈

~S
〉

+ (~Si −
〈

~S
〉

) In the mean �eld approximation we laim
|~Si −

〈

~S
〉

| is small vs. 〈

~S
〉. Then

H = −
∑

i6=j

fij

[〈

~S
〉

+ (~Si −
〈

~S
〉

)
]

.
[〈

~S
〉

+ (~Si −
〈

~S
〉

)
]

=

≈ −
∑

i6=j

fij

[〈

~S
〉2

− 2
〈

~S
〉2

+
〈

~S
〉

(~Si + ~Sj)

]

=

= −
∑

i6=j

fij

[

−
〈

~S
〉2

+
〈

~S
〉

(~Si + ~Sj)

]

=

= c1| ~M |2 − c2
=:λN

~µ. ~MThe energy of a dipole moment ~µ in �eld ~B, E = −~µ. ~B, is replaed by E = −~µ( ~B+λ ~M).In the Weiss model (mean �eld approximation) we replae the magneti �eld in theBrillouin model by an e�etive �eld Beff = ~B + λ ~M . Restrit to j = 1
2 Brillouinexpression.

Mz
1 =

~µ

2
N tanh

(
~µ

2
βBeff

)De�ne x = ~µ
2 . So the total magnetisation is

M = Nx tanh(xβB + xβλM)Is there a Curie Law for T ≫ 1 ?
M ≈ Nxxβ(B + λM) = Nx2βB +Nx2βλMi.e.

M =
Nx2βB

1 −Nx2βλ
=

x2NB
1
β − x2λNSo we get for χ = M

B

χ =

(
~µ
2

)2
N
k

T −
(

~µ
2

)2
λN
k19



The Curie-Weiss Law for T ≫ 1 is
χ =

C

T − TcWith C =
(

~µ
2

)2
N
k and Tc =

(
~µ
2

)2
λN
k = x2 λN

k the ritial temperature. We anrewrite the magnetisation.
xβλM = x2βλ

M

xN
N =

Tc

T

Mz
1

xi.e. the ratio of magnetisation in z-diretion beomes
m =

Mz
1

~µ
2

= tanh

(
~µ

2
βB +m

Tc

T

)Solve graphially: y1(m) = m, y2(m) = tanh
(

~µ
2 βB +mTc

T

) The spontaneous magneti-sation for T > Tc has only the trivial solution mW = 0 (f. Figure 3.5) For T < TC we
-1

-0.5

 0

 0.5

 1

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

y

m

y1(x)
y2(x)

Figure 3.5:get a nontrivial solution mW > 0 (f. Figure 3.6) Whether we have a non-trivial solutiondepends on the slope of y2

dy2

dm
|0 =

Tc

T

1

cosh2 Tcm
T

=
Tc

T
=

{

> 1 T < Tc

< 1 T > Tci.e. we get the non-trivial solution only for T < Tc
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Figure 3.6:
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4 DiamagnetismDiamagneti moment is result of eletrons moving in "ylotron" orbits in external uni-form magneti �eld ~H. The magneti �eld is haraterised by ~H = ∇ ~A and ~H → ~H if
~A → ~A + ∇Λ i.e. gauge invariane of ~H. The interation of harged matter with ~A isdesribed by

~p→ ~p− e

c
~A4.1 ClassiallyNow alulate lassially with the Boltzmann distribution

F = − 1

β
lnZN

~M = −
(
∂F

∂H

)

T,Nas P = − ∂F
∂V , when dW = PdV . Now dW = ~Md ~H.

Z1 =

∫

d~pd~xe−βE =

=

∫

d~pd~x exp

(

− β

2m
(~p− e

c
~A).(~p − e

c
~A)

)

As ~A is onstant we hange variables to ~p′ = ~p+ e
c
~A

Z1 =

∫

d~p′d~xe−
β

2m
~p′.~p′i.e. Z1 independent of ~A i.e. independent of ~H, ⇒ F is independent of ~H

⇒ ~M =
∂F

∂H
= 0lassially no magnetisation4.2 Quantum mehaniallyNow alulate with Fermi-Dira statistis1. Reall:

F = NE0(T ) − kT
∑

i

ln
(

1 + eβ(E0−Ei)
)1f. Peierls "Quantum theory of Solids" �7.2. 22



4.2.1 Find Energy spetrumWe have to �nd Ei i.e. solve the Stationary state Shrödinger equation. The Sh. eq. ofeletron of mass m and harge −e is
Ĥψ = Eψ

1

2m
p̂2ψ = Eψ

1

2m

(

~p− e

c
~A
)2
ψ = Eψ

(
∂

∂xi
− ie

c~
Ai

)2

ψ = − 2mE

~2
︸ ︷︷ ︸

=:k2
0

ψWhere ~A is the magneti vetor potential of the uniform magneti �eld ~H. Choose
~H = (0, 0,H). As we ~A is not uniquely de�ned, we an hoose ~A = (0,Hx, 0).

(
∂

∂xi
− ie

c~
Ai

)2

=
∂2

∂x2
+

(
∂2

∂y2
− ie

c~
Hx

)

.

(
∂2

∂y2
− ie

c~
Hx

)

+
∂2

∂z2The di�erential operator only involves x. Try the following ψ:
ψ(x, y, z) = u(x)ei(yky+zkz)

∂2

∂x2
ψ =

∂2u

∂x2
ei(yky+zkz)

∂2

∂z2
ψ = −k2

zψ

(
∂2

∂y2
− ie

c~
Hx

)

.

(
∂2

∂y2
− ie

c~
Hx

)

ψ =

(

iky − ieH

~c
x

)2

ψ = −
(

ky −
eH

~c
x

)2

ψSo the Shrödinger equation beomes
[

∂2u

∂x2
−

(

ky −
eH

~c
x

)2

u− k2
zu

]

ei(yky+zkz) = −2mE

~2
uei(yky+zkz)This is a 1 dimensional Shrödinger equation

− ~
2

2m

∂2u

∂x2
+

~
2

2m

e2H2

~2c2

(

x− ~c

eH
ky

)2

u =

(

E − ~
2

2m
k2

z

)

uWe transform it to a SHO. Let ξ = x− ~c
eH ky i.e.

− ~
2

2m

∂2u

∂ξ2
+

1

2
m
e2H2

m2c2
ξ2u =

(

E − ~
2

2m
k2

z

)

u23



With the ylotron frequeny ωH = eH
mc and E′ = E − ~2

2mk
2
z this is the "normal" SHOSh. eq. entered on x = ~c

eH ky

− ~
2

2m

∂2u

∂ξ2
+

1

2
mω2

Hξ
2u = E′uThe energy spetrum is

E′
n =

(

n+
1

2

)

~ωHi.e. the real energy spetrum is
En =

(

n+
1

2

)

~ωH +
~

2

2m
k2

zImpose Boundary onditions in y and z. We have a free partile in a large box of sides
(Lx, Ly, Lz) i.e.

ky =
2π

Ly
l kz =

2π

Lz
m

n and m are related via En; m = Lz

2π kz = ±Lz

2π

√
2m
~

√

En −
(
n+ 1

2

)
~ωHThe entre of motion is x0 = ~c

eH ky but x is restrited to 0 ≤ x ≤ Lx i.e. 0 ≤ ky ≤ eH
c~
Lx.4.2.2 Calulate g(E)Estimate g(E) to do statmeh, i.e. �nd h(E) suh that g(E) = dh

dE . The number of statesup to energy En =
(
n+ 1

2

)
~ωH is h(En) =

∑n
n′=0 lm(n′) as for eah energy we have adegeneray of l in y-diretion; and for given n′ we have m(n′) possible values for m sothe total energy does not exeed En.

h(En) =
n∑

n′=0

lm =

=
∑

n′

LyLz

(2π)2
kykz =

=
LyLz

(2π)2

′∑

n′

eH

c~
Lx

√
2m

~

√

En −
(

n′ +
1

2

)

~ωH =

=
LxLyLz

(2π)2
eH

√
2m

~2c

′∑

n′

√

En −
(

n′ +
1

2

)

~ωH

∑′ subjet to sqrt being real. Now treat energy ontinuous and alulate F .
24



4.2.3 Calulate χ

F = NE0 − kT

∫

ln
[

1 + eβ(E0−E)
]

(g(E)dE) =

= NE0 − kT

∫

ln
[

1 + eβ(E0−E)
] dh

dE
dE =

= NE0 − kT

{[

h ln
[

1 + eβ(E0−E)
]]∞

0
−

∫

h
d

dE
ln

[

1 + eβ(E0−E)
]

dE

}

=

= NE0 − kTβ

∫
h(E)

eβ(E−E0) + 1
dE =

= NE0 −
∫

h(E)fFD(E)dEThis being a low T phenomenon: fFD(E) = θ(E − E0);
h = . . .

∑

n′

[

E −
(

n+
1

2

)

ωH~

]1/2

=

= . . .
∑

n′

2

3

d

dE

[

E −
(

n+
1

2

)

ωH~

]3/2i.e. we get
F = NE0 −

2

3

LxLyLz

(2π)2
e
√

2m

~2c
H

∫

fFD(E)
d

dE

∑

n′

[

E −
(

n+
1

2

)

ωH~

]3/2

dE =

= NE0 −
2

3

LxLyLz

(2π)2
e
√

2m

~2c
H

∫ E0

0

d

dE

∑

n′

[

E −
(

n+
1

2

)

ωH~

]3/2

dE =

= NE0 −
2

3

LxLyLz

(2π)2
e
√

2m

~2c
H

∑

n′

[

E0 −
(

n+
1

2

)

ωH~

]3/2

=

=Now evaluate ∑ (not us!) (Poisson summation formula2)
∑

[

ǫ0 −
1

2
− n

]3/2

=
2

5
ǫ
5/2
0 − 1

16
ǫ
1/2
0

2f. Tithmarsh "Theory of Fourier integral" �2.8.
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i.e. with ǫ0 = E0
ωH~

F = NE0 −
2

3

LxLyLz

(2π)2
e
√

2m

~2c
H(~ωH)3/2

[
2

5
ǫ
5/2
0 − 1

16
ǫ
1/2
0

]

=

= NE0 −
2

3

LxLyLz

(2π)2
e
√

2m

~2c
H(~ωH)3/2

(
1

~ωH

)5/2 [
2

5
E

5/2
0 − 1

16
E

1/2
0 (~ωH)2

]

=

= NE0 −
2

3

LxLyLz

(2π)2
e
√

2m

~3c

[

2

5
E

5/2
0 − 1

16
E

1/2
0

(
eH

c

)2
]

=

= NE0 −
2

3

LxLyLz

(2π)2
e
√

2m

~3c
E

1/2
0

[

2

5
E2

0 − 1

16

(
eH

c

)2
]i.e. the magnetisation is

M = − ∂F

∂H
= − 2

16

2

3

LxLyLz

(2π)2
e
√

2m

~3c
E

1/2
0 H =

= − 1

12

LxLyLz

(2π)2
e
√

2m

~3c
E

1/2
0 HThe suseptibility is

χ =
∂M

∂H
= − 1

12

LxLyLz

(2π)2
e
√

2m

~3c
E

1/2
0 < 0i.e. against the external �eld.

26



5 Eletrons in periodi potentialThe eletrons move in a periodi potential, e.g. a rystal lattie.5.1 Periodi FuntionsWe need to desribe periodi funtions f(x) = f(x+L). We do this, using Fourier Series:
f(x) =

∞∑

n=−∞
cne

knixwith the wave-"vetor" kn = 2πn
L and cn = 1

L

∫ L
0 f(x)e−iknxdx. In 3 dimensions we get

f(~x) =
∑

{n}
ei

~k{n}~xwith ~k{n} = 2π
L

(

n1
~k1 + n2

~k2 + n3
~k3

) and c~k = 1
L3

∫
d3xf(x)e−i~k~x. ~k is the reiproalvetor to ~x. So if f is periodi along the standard axis ~e1, ~e2, ~e3 we get reiproal wave-vetors ~k{n} so that for any periodi translation ~X{m} = m1L~e1 +m2L~e2 + m3L~e3 theinner produt ~k{n}. ~X{m} = l2π i.e. this means periodiity.5.2 Bravais LattieA periodi 3 dimensional strutur (rystal) an be desribed using the Bravais Lattie,using three vetors (~a1,~a2,~a3) to form a parallelepiped. After every translation by avetor ~X{n} = n1~a1 +n2~a2 +n3~a3 with n1, n2, n3 ∈ N the struture looks the same. Thevolume of this parallelopiped is

Va = |~a1.(~a2 × ~a3)| yli in 1, 2, 3or using the Levi-Civita symbol
Va = |ǫijk(a1)i(a2)j(a3)k|Now we have to expand a funtion periodi on the Bravais Lattie
f(~x) = f(~x+ ~X{n})with ~X{n} = n1~a1 + n2~a2 + n3~a3 i.e. we need an analogue of Fourier Series, i.e. we needto �nd a "reiproal lattie" spae with wave-vetors ~K{m} suh that ~K{m}. ~X{n} = l2π27



5.3 Reiproal LattieWe have the Bravais Lattie (~a1,~a2,~a3) and de�ne the reiproal lattie (~b1,~b2,~b3) by
~b1 =

c

Va
(~a2 × ~a3)with a dimensionless onstant c. Using the Levi-Civita symbol

~bi =
c

2Va
ǫijk(~aj × ~ak)(The 2 in the denominater results from summation and antisymmetry of Levi-Civita-symbol)The reiproal of (~b1,~b2,~b3) should be (~a1,~a2,~a3). So alulate the reiproal of ~b1

~c1 =
c

Vb
(~b2 ×~b3)

(c1)i =
c

Vb
ǫijk(b2)j(b3)k =

=
c

Vb
ǫijk

[
c

Va
ǫjmn(a3)m(a2)n

] [
c

Va
ǫkpq(a1)p(a2)q

]

=

=
c3

V 2
a Vb

ǫijkǫkpqǫjmn(a3)m(a1)n(a1)p(a2)q =

=
c3

V 2
a Vb

ǫijkǫpqkǫjmn(a3)m(a1)n(a1)p(a2)q =Using the identity ǫijkǫpqk = δipδjq − δiqδjp we get
(c1)i =

c3

V 2
a Vb

ǫjmn(a3)m(a1)n [(a1)i(a2)j − (a1)j(a2)i] =The �rst term is ǫjmn(a2)j(a3)m(a1)n = Va, the seond term is ǫjmn(a1)n(a1)j = 0beause of antisymmetry of ǫ. SO we have
(c1)i =

c3

V 2
a Vb

(a1)iVa =

=
c3

VaVb
(a1)i = (a1)iprovided c3 = VaVb
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Note. Works in 4 dimension too.
Va = ǫijkl(a1)i(a2)j(a3)k(a4)l

(b1)i =
c

Va
ǫijkl(a2)j(a3)k(a4)l

(b2)i = − c

Va
ǫijkl(a3)j(a4)k(a1)l

(b3)i =
c

Va
ǫijkl(a4)j(a1)k(a2)l

(b4)i = − c

Va
ǫijkl(a1)j(a2)k(a3)lAnd ~c1 = ~a1 provided c4 = VaVb.For 2 dimensions

Va = ǫij(a1)i(a2)jand the reiproals are de�ned as
(b1)i =

c

Va
ǫij(a2)j

(b2)i = − c

Va
ǫij(a1)jAgain ~c1 = ~a1 provided c2 = VaVbNow bak to 3d again. We had

(bl)i =
c

2Va
ǫlmnǫijk(am)j(an)kNow alulate the inner produt of a lattie vetor and a reiproal lattie vetor. e.g.for ~al.~b1. As ~b1 = c

Va
~a2 × ~a3 we get
~ai
~b1 =

{
c

Va
~a1(~a2 × ~a3) i = 1

c
Va
~ai(~a2 × ~a3) i = 2, 3

=

{

c i = 1

0 i = 2, 3So for general vetors it is easy to see
~ai
~bj = cδijNow de�ne a ~K{m} = m1

~b1 +m2
~b2 +m3

~b3. Then for a translation ~X{n} = n1~a1 +n2~a2 +
n3~a3 in x-spae we get

~K. ~X =
∑

i,j

nimj~ai
~bj =

∑

i,j

nimjcδi,j = c
∑

i

nimii.e. to get a multiple of 2π for arbitrary n,m we must have
c = 2π29



Then the reiproal lattie is de�ned by
~bl =

2π

2Va
ǫlmn (~am × ~an) (5.1)And the Fourier deomposition of f is

f(~x) =
∑

{m}
c{m}e

i ~K{m}.~x5.4 Bloh's theoremWe have the stationary state Shrödinger equation
[

− ~
2

2m
∆ + V (~x)

]

ψ = EψOur solution should satisfy
|ψ(~x+ ~X)|2 = |ψ(~x)|2i.e.
ψ(~x+ ~X) = eiαψ(~x)For some real phase α. Now Bloh's theorem is that
ψ(~x+ ~X) = ei

~k. ~Xψ(~x) (5.2)For some wave-vetor ~k in reiproal spae. (5.2) expresses the ation of a generator oftranslations on the lattie. (For generator of translations in ontinuum see Note below)Note. In ontinuum theory we an de�ne the generator of translations via:
ψ(~x+ ~a) = ψ(~x) + ai

∂ψ

∂xi
|~x +

1

2!
aiaj

∂

∂xi

∂ψ

∂xj
|~x + . . . =

= ψ(~x) + iai

(

−i ∂
∂xi

)

ψ +
1

2!
iaiiaj

(

−i ∂
∂xi

)(

−i ∂
∂xj

)

ψ + . . . =

= ψ(~x) + iaikiψ +
1

2!
iaiiajkikjψ + . . . =

= ei
~k~aψwith ~k = ~p

~
.
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5.4.1 Brillouin ZoneAs ~k is unique up to addition of a reiproal lattie vetor, we an restrit ~k to the basiell of the reiproal lattie, also alled Brillouin Zone. The Brillouin zone is de�nedas Wigner-Seitz primitive ell in the reiproal lattie. To onstrut the Brillouin zone,hoose a lattie point as origin and onnet it to every lattie point nearby. On eahonneting line draw at a perpendiular plane at the midpoint. The enlosed spae isa primitiv ell. No two points in the interior are equal (with respet to addition oflattie vetors) and the whole spae an be �lled with these ells. For example in onedimension our Bravais lattie is de�ned by a, then the reiproal lattie vetor is 2π
a andthe reiproal lattie is given by n2π

a . So our Brilloun zone is just −π
a ≤ k ≤ π

a .For two dimensions, let us take a reiproal lattie de�ned by the primitive vetors
~b1 = (3, 0) and ~b2 = (1, 2) Then the Brillouin zone has the form shown in Figure 5.1

Figure 5.1: Brillouin zone for ~b1 and ~b25.5 Shrödinger equationNow exploit Bloh's theorem. Fator out ei~k~x from ψ(~x)

ψ(~x) =ei
~k~xu~k

(~x)

ψ(~x+ ~X) =ei
~k~xei

~k ~Xu~k
(~x+ ~X)By Bloh's theorem we have we get

ei
~k ~Xψ(~x) = ei

~k~xei
~k ~Xu~k

(~x+ ~X)

ei
~k ~Xei

~k~xu~k
(~x) = ei

~k~xei
~k ~Xu~k

(~x+ ~X)i.e.
u~k

(~x+ ~X) = u~k
(~x) (5.3)31



Now takle the Shrödinger equation:
∆ψ =

∂

∂xi

∂

∂xi
ψ =

=
∂

∂xi

∂

∂xi

(

eikjxju~k
(~x)

)

=

=
∂

∂xi

(

eikjxj
∂u~k

∂xi
+ ikie

ikjxju~k
(~x)

)

=

= ei
~k~x

(

∆u~k
(~x) + 2iki

∂u~k

∂xi
+ (iki)

2

)

=

= ei
~k~x

(
∂

∂xi
+ iki

)2

u~k(~x) =

= ei
~k~x

(

∇ + i~k
)2
u~k

(~x)So we get a new Shödinger equation
(

∇ + i~k
)2
u~k

+
2m

~2
(E − V (x)) u~k

= 0 (5.4)Now if u~k
is solution with E(~k) so is u∗~k. Conjugate equation (5.4) to get

(

∇− i~k
)2
u∗~k +

2m

~2
(E − V (x)) u∗~k = 0But this is the equation for −~k, so u∗~k = u−~k
and E(−~k) = E(~k) But for some points onthe Boundary of the Brillouin zone ~k = −~k (with respet to r.l. vetor addition) and so

E(~k) = E(−~k)
∇E(~k)|~k = ∇E(−~k)|−~k

∇E(~k)|~k = −∇E(~k)|−~k

∇E(~k)|~k = −∇E(~k)|~k
∇E(~k)|~k = 0i.e. at some points of the Boundary the derivative of E vanishes. Furthermore, if thelattie has su�ient symmetry, the symmetry also arries on to the reiproal lattie.e.g. symmetry at the plane x = 0, i.e. (kx, ky, kz) = (−kx, ky, kz) for some points on theboundary and therefore

E(kx, ky, kz) = E(−kx, ky, kz)

∂

∂kx
E(kx, ky , kz)|~k =

∂

∂kx
E(−kx, ky, kz)|−kx,ky,kz

∂

∂kx
E(~k)|∂BZ = 0 32



In general, it an be shown, that for su�ient symmetry the derivative of E in diretionnormal to the boundary vanishes.e.g. in one dimension our lattie is obviously symmetri in the x-diretion and we get
∂E
∂kx

|±π
a

= 05.6 Band strutureRestrit to one dimensional ase. From our previous results (and experiments) we expetto see band strutures in the energy, as in Figure 5.6.

pi/a-pi/a

E

k

forbidden band

5.6.1 E�etive MassThe veloity of an eletron is the group veloity of its wave-paket and is given by
v =

1

~

∂E

∂k
(5.5)Now an external fore F ating on the eletron results in an aeleration:

dv

dt
=

1

m
F (5.6)But we also have

dv

dt
=

1

~

∂2E

∂k2

dk

dtBut k = p
~
and F = dp

dt , so we get
1

m
F =

1

~2

∂2E

∂k2

dp

dt
=

1

~2

∂2E

∂k2
FSo we de�ne the e�etive mass as

1

m∗ =
1

~2

∂2E

∂k2
(5.7)The partile would reat to an external fore, as if it had a mass m∗4.33



• At the bottom of the higher band, the urvature of the energy is positiv, so ourpartile has positive e�etive mass, and m∗

m < 1

• At the top of the lower band, the urvature of the energy is negative, so our partilewould have negative mass. It is an e�etive antipartile or "hole"5.6.2 Strong binding
V (x) =

∑

k

Uk(x)with Uk(x) being the potential of the individual atomi ites, Uk(x) = U(x−ka). Assumeour potential is (spherially) symmetri, i.e. the Hamiltonian is symmetri, i.e. oureigenfuntions are symmetri or antisymmetri. Only small overlap, i.e. restrit tonearest neighbours, i.e. for an eletron trapped primarly at atomi ite m, φm ≈ 0outside the potentials m− 1,m,m+ 1. The Shrödinger equation we have to solve is
− ~

2

2m

d2

dx2
ψ +

∑

k

Uk(x)ψ = Eψ (5.8)Now we have solutions φm(x) for eah individual potential, i.e.
− ~

2

2m

d2

dx2
φm +

∑

m

Uk(x)φm = E0φmand we an write the solutions as
φm(x) = φ(x−ma)with φ(x) being the solution for the potential at the origin.Use perturbation theory to alulate ψ(x). Take ψ as a linear superpositions of theunperturbed solutions
ψ(x) =

∑

m

Amφm(x) (5.9)and use variational method to minimize the energy
δAmE = 0Now the energy is

E = 〈H〉 =
〈ψ,Hψ〉
〈ψ,ψ〉 =

=

∫
(
∑

mA∗
mφ

∗
m)H (

∑

nAnφn) dx
∫

(
∑

mA∗
mφ

∗
m) (

∑

nAnφn) dx
=

=
A∗

m

∫
φ∗mHφndxAn

A∗
m

∫
φ∗mφndxAn

=

=
A∗

mHmnAn

A∗
mJmnAn

=

=
(A,HA)

(A, JA) 34



We notie, that trivially Jmn = J∗
nm,Hmn = H∗

nm as the identity and the Hamiltonianare hermitian. Beause of periodiity the Hamiltonian an write
Hmn =

∫

φ∗mHφndx =

∫

φ∗(x−ma)Hφ(x− na)dx =

=

∫

φ∗(x)Hφ(x + (m− n)a)dxThen beause of (anti-)symmetry of our eigen-funtions and of the Hamiltonian we anre�et at the origin and get
Hmn =

∫

φ∗(−x)Hφ(−x+ (m− n)a)dx =

=

∫

φ∗(−x)Hφ(x)Hφ(−(x − (m− n)a))dx =

=

∫

φ∗(x)Hφ(x+ (n−m)a)dx = Hnm

= H(|m− n|)Additionally, as H is hermitian and symmetri, it must be real. Now variate
0 = δA∗

k
E =

∑ ∂E

∂A∗
k

δA∗
k =

=
1

(A, JA)

∑

k

[
∂

∂A∗
k

(A,HA) − (A,HA)

(A, JA)

∂

∂A∗
k

(A, JA)

]

δA∗
k =

=
1

(A, JA)

∑

k

∑

n

[HknAn − EJknAn] δA∗
k =For arbitrary δA∗

k

∑

n

(Hkn − EJkn)An = 0Now alulate the matrix element Hmn:
Hmn =

∫

φ∗m(x)

[

− ~
2

2m

d2

dx2
+

∑

k

Uk(x)

]

φn(x)dx =

=

∫

φ∗m

[

− ~
2

2m

d2

dx2
+ Un

]

φndx+

∫

φ∗m

[

− ~
2

2m

d2

dx2
+ V − Un

]

φndx =

=

∫

φ∗mE0φndx+

∫

φ∗m

[

− ~
2

2m

d2

dx2
+ V − Un

]

φndx =

= E0Jmn + hmn 35



Again hmn = h(|m− n|) as H and J are. Our variational equation beomes
∑

n

(Hmn − EJmn)An = 0

∑

n

(E0Jmn + hmn − EJmn)An = 0

∑

n

(E − E0)JmnAn = hmnAnNow the overlap restrits the funtion only to the nearest neighbours
JmnAn ≈ Amand

hmn ≈hm,m−1Am−1 + hm,mAm + hm,m+1Am+1 =

= (Am−1 +Am+1)

∫

φ∗m(V − Um−1)φm−1dx+

+Am

∫

φ∗m(V − Um)φmdx =

=Am

∫

φ∗m (Um−1 + Um+1)φmdx+

+ (Am−1 +Am+1)

∫

φ∗mUm+1φm−1dxNow use the di�erenes notation:
∫

φ∗m (Um−1 + Um+1)φmdx = h(0) =

∫

φ∗(x) (U(x+ a) + U(x− a))φ(x)dx
∫

φ∗mUm+1φm−1dx = h(1) =

∫

φ∗(x)U(x− a)φ(x− a)dxSo we get
hmnAn = h(0)Am + h(1)(Am−1 +Am+1)

= (E − E0)JmnAnor
E − E0 =

hmnAn

JmnAn
= h(0) + h(1)

Am−1 +Am+1

Am
(5.10)We an express the omplex numbers Am as Am = eimκ for a omplex number κ. So weget with our lattie onstant a

ψ(x) =
∑

m

Amφm(x) =
∑

m

eimκφm(x) =
∑

m

eimκφ(x−ma)

36



Bloh's theorem stated
ψ(x+ a) = eikaψ(x)and so

∑

m

eimκφ(x− (m− 1)a) = eika
∑

n

einκφ(x− na)equation equal funtions gives n = m− 1 and so
eimκ = ei(k+nκ)a

eimκ = ei(k+(m−1)κ)a

eiκa = eikawith k and a real, so we an re-express our energy hange
E − E0 = h(0) + h(1)

Am−1 +Am+1

Am
= h(0) + h(1)2 cos ka (5.11)Note that our "onstants" h(0) and h(1) were dependent on our eigen-funtions i.e. onour energy level E0. Our energy level beomes strethed into a band of width 4h(1). Ifthe original energy levels are further apart than 4h(1) we get forbidden band betweenthem.

pi/a-pi/a

E

k

forbidden band

5.6.3 Weak binding, Nearly free eletrons (NFE)Use stationary state perturbation theory. The unperturbed eigenstate of the eletron isthe plane wave
ψ(x) =

1√
L
e
i

~
pxThe energy is

Ep ∝ p2So we have degenerate energy levels. We therefore need to alulate perturbation fordegenerate levels 37



Degenerate energy level perturbationStart we the exatly solvable problem
H0ψ

(0) = E(0)ψ(0)And assume there exist two distin solutions with the same (degenerate ) E(0)

H0ψ
(0)
1 = E(0)ψ

(0)
1

H0ψ
(0)
2 = E(0)ψ

(0)
2As they are distint we an assume 〈

ψ
(0)
1 , ψ

(0)
2

〉

= 0. Now introdue a small perturbingpotential V
H = H0 + gVAnd we have to solve the Shrödinger equations
Hψ1 = E1ψ1 (5.12)
Hψ2 = E2ψ2 (5.13)where E1 6= E2 (degeneray removed) and

E1 = E(0) + gE
(1)
1 + . . .

E2 = E(0) + gE
(2)
2 + . . .and

ψ1 = c11ψ
(0)
1 + c12ψ

(0)
2 + gψ

(1)
1 + . . .

ψ2 = c21ψ
(0)
1 + c22ψ

(0)
2 + gψ

(1)
2 + . . .Substituting these into (5.12) and (5.13) and omparing oe�ients up to g1 we get

c11

(

E(0) −H0

)

ψ
(0)
1 + c12

(

E(0) −H0

)

ψ
(0)
2 = 0 (5.14)

(

E(0) −H0

)

ψ
(1)
1 +

(

E
(1)
1 − V

) (

c11ψ
(0)
1 + c12ψ

(0)
2

)

= 0 (5.15)
c21

(

E(0) −H0

)

ψ
(0)
1 + c22

(

E(0) −H0

)

ψ
(0)
2 = 0 (5.16)

(

E(0) −H0

)

ψ
(1)
2 +

(

E
(1)
2 − V

) (

c21ψ
(0)
1 + c22ψ

(0)
2

)

= 0 (5.17)Now taking inner produt of (5.15) with ψ(0)
1 we get

E(0)
〈

ψ
(0)
1 , ψ

(1)
1

〉

−
〈

ψ
(0)
1 ,H0ψ

(1)
1

〉

+ c11E
(1)
1 − c11

〈

ψ
(0)
1 , V ψ

(0)
1

〉

− c12

〈

ψ
(0)
1 , V ψ

(0)
2

〉

= 038



So in our matrix notation we get
V11c11 + V12c12 = E

(1)
1 c11And take inner produt of (5.15) with ψ(0)

2

E(0)
〈

ψ
(0)
2 , ψ

(1)
1

〉

−
〈

ψ
(0)
2 ,H0ψ

(1)
1

〉

+ c12E
(1)
1 − c11V21 − c12V22 = 0

V21c11 + V22c12 = E
(1)
1 c12Doing the same with (5.17) yields

V11c21 + V12c22 = E
(1)
2 c21

V21c21 + V22c22 = E
(1)
2 c22So both �rst order orretions an be alulated from solving the eigenvalue equation

(
V11 V12

V21 V22

)(
c1
c2

)

= E(1)

(
c1
c2

)So we get the two orretions by solving
det

[
V11 − E(1) V12

V21 V22 − E(1)

]

= 0Nearly free eletronsOur unperturbed eigen-funtions were
ψk(x) =

1√
L
eikxwith L = Na and the energy-eigenvalues were degenerate, as

Ep = ck2 = E−kNow alulate the �rst order energy orretions on introduing our perturbing potential.Our potential is periodi, so we an express it as a Fourier Series
V (x) =

∞∑

n=−∞
cne

i 2πn
a

xTo alulate the energy orretions we need to alulate the matrix elements betweentwo degenerate eigen-funtions ψk and ψ−k.
Vkk′ =

1

L

∫ L
2

−L
2

V (x)ei(k
′−k)xdx
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Now for k′ = k we get
Vkk =

1

L

∫ L
2

−L
2

V (x)dxBy hoosing our energy zero level, we an always make this integral zero. The o�-diagonalmatrix elements are
Vk,−k =

1

L

∫ L
2

−L
2

V (x)ei2kxdx =

=
1

L

∑

n

cn

∫ L
2

−L
2

ei(
2πn

a
+2k)xdxAnd V−k,k = V ∗

k,−kAt the Borders of our Brillouin Zones k = mπ
a , so we get

Vmπ
a

,−mπ
a

=
1

L

∑

n

cn

∫ L
2

−L
2

ei(
2πn

a
+2mπ

a )xdx =

=
1

L

∑

n

cn

∫ L
2

−L
2

ei
2π
a

(n+m)xdx =Unless n+m = 0 this integral is zero beause of periodiity. So we obtain
Vmπ

a
,−mπ

a
= c−mSo by solving the for the roots of

det

[

−E(1)
m Vm,−m

V−m,m −E(1)
m

]

= 0We get the energy orretion at the zone Boundary as
E(1)

m = ±|cm| (5.18)
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