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1 IntrodutionClassial mehanis breaks down at (sub)atomi sales
• Blak body radiation: physial system = (ideal) gas of photons; lassial statistialmehanis → average energy 〈E〉 =

R

Ef(E)dE
R

f(E)dE
leads to wrong result:Max Plank:

∫

Ef(E)dE →
∑

n

Enf(En)

∫

f(E)dE →
∑

n

f(En)In subatomi mehanis the spetrum of energy is DISCRETE
En = n~ωi.e. energy omes in pakets (quantum) of ~

• Compton Sattering
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=
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~

mc2

)

sin2 θ

2Louis deBroglie: partiles = waves
~

mc2
=

1

ωe
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2 Partile-wave-duality0. • Radiation (photons) = waves propagating with speed of light
• Maxwell waves are not loalised in x-spae

ψ(x, t) = e−i(ωt−kx)1. de Broglie: also m > 0 partiles are waves
• m > 0 waves should be loalised in x-spae

(x1,t1) (x2,t2)

P
si

(x
,t)

Psi(x,t1)
Psi(x,t2)

Figure 2.1: Wave funtion for a massive partile
• m > 0: speed u = |~p|c2

E

•

m < 0 ⇒ u > 0 tahyons
m = 0 ⇒ u = c photons
m > 0 ⇒ u < 0 massive partiles2.1 Model for a massive partiles/waves:0. massless partiles (photons):

ψplane(x, t) = e−i(ωt−kx)
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Most general solution to the wave equation is a linear superposition of plane waves,i.e. a Fourier superposition
ψ(x, t) =

1√
2π

∫

a(k)e−i(ωt−kx)dkwhere ω = ck1. Massive partilesa) They are loalised, i.e. peaked in x-spae. Reall that
∫

|ψ(x)|2dx =

∫

|a(k)|2dkThen if a(k) is peaked, ψ(x) is also peaked, so to have a peaked pro�le for
ψ(x, t) we must employ a peaked a(k).b) u < c, i.e. ω 6= ckUsing E = ~ω and ~p = ~~k yields

u =
pc2

E
=

~kc2

~ω
=
kc2

ωso for massless partiles with ω = kc⇒ u = cLet ω = ω(k) whih is a monotoni funtion of k. Sine a(k) is peaked, say to anarrow band around k = k0, the integral for ψ(x, t) gets its ontribution mostlyfrom this narrow range of integration. This allows us to approximate using theexpansion of ω(k) around k0, i.e. use
ω(k) = ω(k0) + (k − k0)

dω

dk
|k=k0 + . . .i.e.

ψ(x, t) =
1√
2π

∫

dk a(k)e−i[(ω(k0)+(k−k0)dω

dk
|k=k0

)t−kx] =

=
1√
2π

e−i(ω(k0)−k0 dω

dk
|k=k0

)t
︸ ︷︷ ︸Time dependent phase to be ignored ∫

dk a(k)e
−i

“

k dω

dk k0

t−kx
”

ψ(x, t) ∼= 1√
2π

∫

dk a(k)e−ik(
dω

dk
|k0
t−x)whose speed of propagation is

vg =
dω

dkusing a) and b) we get a peaked pro�le for ψ(x, t) whih propagates with speed
v =

dω

dk
=
dE

~

d p
~

=
dE

dp(Aside: in 3D ~v = ~∇pE) 6



i) u≪ c non relativisti partile E = p2

2m

⇒ v =
dE

dp
=

2p

2m
=

p

m
=
mu

m
= uii) u omparable to c: relativisti partile E = c

√

p2 +m2c2

⇒ v =
dE

dp
=

1

2
c(p2 +m2c2)−1/22p =

pc

(p2 +m2c2)1/2
=
pc2

E
= u2.2 Time-evolution equation for ψ(x, t)For massless partiles we had

ψ(x, t) =
1√
2π

∫

dka(k)e−i(ωt−kx)Using E = ~ω and p = ~k we get
ψ(x, t) ∼= 1√

2π~

∫

dpa(p)e−
i
~

(Et−px)To dedue the Time-evolution we alulate di�erent derivatives of ψ(x, t):
∂ψ

∂t
= − i

~
Eψ

∂2ψ

∂t2
=

(

− i

~
E

)2

ψ

∂ψ

∂x
=
ip

~
ψ

∂2ψ

∂x2
=

(
ip

~

)2

ψi) nonrelativisti (free) partile: E − p2

2m = 0

i~
∂ψ

∂t
+

~
2

2m

∂2ψ

∂x2
= Eψ − p2

2m
ψ = 0

⇒ i~
∂ψ

∂t
= − ~

2

2m

∂2ψ

∂x2Shrödinger-equation for a free partileii) relativisti (free) partile: E2

c2
− p2 = m2c2

−~
2

c2
∂2ψ

∂t2
+ ~

2∂
2ψ

∂x2
=
E2

c2
ψ − p2ψ = m2c2ψ

⇒ 1

c2
∂2ψ

∂t2
− ∂2ψ

∂x2
= −m

2c2

~2
ψKlein-Gordon-Equation 7



2.3 Physial Interpretation of ψ(x, t)Entirely di�erent from that of Maxwell-waves, obeying
1

c2
∂2ψ

∂t2
− ∂2ψ

∂x2
= 0where ψ is omplex, but beause

ψ(x, t) = e−i(ωt−kx) = cos(ωt− kx) − i sin(ωt− kx)

ψ is a physial observable.This is not the ase with Shrödinger-equation where the di�erential operator
i~
∂

∂t
+

∂2

∂x2is itself omlex valued! ⇒ solutions ψ(x, t) are in general omplex!Max Born: Born's probabilisti interpretation of ψ(x, t). The simplest real quantity of
ψ is |ψ(x, t)|2 = ψ∗ψ ≥ 0. |ψ|2 ≥ 0 is like a probability density ρ(x, t) ≥ 0. (|ψ(x, t)|2dx)is the probability of �nding the partile between x and x+ dxRemark.

• QM is therefore an INDETERMINISTIC regime
• In QM x is not an expliit funtion of t
• In QM all the dynamial information (i.e. time-evolution) information is enodedin ψ(x, t)

• Total probability
N =

∫

|ψ(x, t)|2dx <∞Convention: Normalize ψ ∫

|ψ(x, t)|2dx = 1

• Convergene of this integral requires that ψ x→±∞−−−−→ 0

• expetation value of x
〈x〉 =

∫
x|ψ(x, t)|2dx
∫
|ψ|2dx

• In general the integral is a funtion of time:
∫ x=b

x=a
f(x, t)dx = g(t)
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but the total probability must be independent of t for ψ obeying the QM equationof motion. Chek:
i~
∂

∂t

∫

|ψ|2dx =

∫ [(

i~
∂ψ∗

∂t

)

ψ + ψ∗
(

i~
∂ψ

∂t

)]

dx

=
~

2

2m

∫ [
∂2ψ∗

∂x2
ψ − ψ∗ ∂

2ψ

∂x2

]

dx

=
~

2

2m

∫ [
∂

∂x

∂ψ∗

∂x
ψ − ψ∗ ∂

∂x

∂ψ

∂x

]

dxusing ψ ∂
∂x

∂ψ∗

∂x = ∂
∂x

(

ψ ∂ψ
∗

∂x

)

− ∂ψ
∂x

∂ψ∗

∂x

i~
∂

∂t

∫

|ψ|2dx =
~

2

2m

∫ [
∂

∂x

(

ψ
∂ψ∗

∂x

)

− ∂

∂x

(

ψ∗ ∂ψ
∂x

)]

dx

=
~

2

2m

[

ψ
∂ψ∗

∂x
− ψ∗∂ψ

∂x

]+∞

−∞
= 0Klein-Gordon-Equation is no use for this purpose ⇒ restrit to NONRELATIVIS-TIC QM2.4 Quantum Mehanis → Classial MehanisFor the size of the system going from miro to maro the Quantum Mehanial valuesshoul go to the lassial values, i.e.

〈x〉 QM→CM−−−−−−→ x 〈p〉 QM→CM−−−−−−→ pi.e.
〈p〉 Def= m

∂

∂t
〈x〉

i~ 〈p〉 = i~m
∂

∂t

∫

x|ψ|2dx

= m

∫

x

(

i~
∂ψ∗

∂t
ψ + ψ∗i~

∂ψ

∂t

)

dx

=
m~

2

2m

∫

x

(
∂2ψ∗

∂x2
ψ − ψ∗∂

2ψ

∂x2

)

dxusing xψ ∂2ψ∗

∂x2 = ∂
∂x

(

xψ ∂ψ
∗

∂x

)

− ψ ∂ψ
∗

∂x − x∂ψ∂x
∂ψ∗

∂x

i~ 〈p〉 =
~

2

∫ {
∂

∂x

[

xψ
∂ψ∗

∂x
− xψ∗ ∂ψ

∂x

]

− ψ
∂ψ∗

∂x
+ ψ∗ ∂ψ

∂x

}

dx

2i

~
〈p〉 =

[

x

(

ψ
∂ψ∗

∂x
− ψ∗ ∂ψ

∂x

)]∞

−∞
+

∫ (

ψ∗ ∂ψ
∂x

− ψ
∂ψ∗

∂x

)

dx

〈p〉 =
i~

2

∫ (

ψ
∂ψ∗

∂x
− ψ∗ ∂ψ

∂x

)

dx9



Conventional hoie
∫

ψ
∂ψ∗

∂x
dx =

∫ [
∂

∂x
(ψψ∗) − ∂ψ

∂x
ψ∗

]

= [|ψ|2]∞−∞ −
∫

ψ∗∂ψ
∂x

dx

〈p〉 =

∫

ψ∗
(

−i~∂ψ
∂x

)

dxi.e. p an be interpreted as the operator −i~ ∂
∂x = p̂
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3 Formulation of QM3.1 Presription of anonial Quantisation
x(t)

CM→QM−−−−−−→ x̂ = x

p(t)
CM→QM−−−−−−→ p̂ = −i~ ∂

∂x

~x(t)
CM→QM−−−−−−→ ~̂x = ~x

~p(t)
CM→QM−−−−−−→ ~̂p = −i~~∇ONLY FOR CARTESIAN COORDINATESEnergy

H(t) =
p2

2m
+ V (x)

CM→QM−−−−−−→ Ĥ =
p̂2

2m
+ V (x̂)

Ĥ = − ~
2

2m

∂2

∂x2
+ V (x)The free partile Shrödinger-equation is

i~
∂ψ

∂t
= Ĥ0ψ Ĥ0 =

p̂2

2mi.e. for a partile in the �eld of a fore with potential V (x) the full Shrödinger-equationis
i~
∂ψ

∂t
= ĤψIn general we de�ne the expetation value of a Quantum mehanial observable repre-sented by the operator Â by

〈A〉 =

∫

ψ∗(Âψ)dx

11



3.2 Compability QM ↔ CMDoes ∂
∂t 〈p〉 = 〈F 〉 QM→CM−−−−−−→ ∂

∂tp = F ? where 〈F 〉 =
∫
ψ∗(F̂ ψ)dx =

∫
ψ∗(−∂V

∂x ψ)dx

∂

∂t
〈p〉 =

∂

∂t

∫

ψ∗
(

−i~ ∂

∂x

)

ψdx

=

[

−i~∂ψ
∗

∂t

∂ψ

∂x
− i~ψ∗ ∂

2ψ

∂t∂x

]

dx

=

∫

(Ĥψ∗)
∂ψ

∂x
− ψ∗ ∂

∂x
(Ĥψ)dx

=

∫ {[

− ~
2

2m

∂2

∂x2
ψ∗ + V ψ∗

]
∂ψ

∂x
− ψ∗ ∂

∂x

[

− ~
2

2m

∂2

∂x2
ψ + V ψ

]}

dxusing ∫

ψ∗ ∂
∂x

∂2

∂x2
ψdx =

∫
∂

∂x

(

ψ∗ ∂
2

∂x2
ψ

)

dx

︸ ︷︷ ︸

=0

−
∫
∂ψ∗

∂x

∂2ψ

∂x2
dx =

= −
∫

∂

∂x

(
∂ψ∗

∂x

∂ψ

∂x

)

+

∫
∂2

∂x2
ψ∗ ∂ψ
∂x

∂

∂t
〈p〉 =

∫ {

− ~
2

2m

∂2ψ∗

∂x2

∂ψ

∂x
+ V ψ∗ ∂ψ

∂x
+

~
2

2m

∂2ψ∗

∂x2

∂psi

∂x
− ψ∗ ∂

∂x
(V ψ)

}

dx =

=

∫ {

V ψ∗∂ψ
∂x

− ψ∗ ∂V
∂x

ψ + V ψ∗ ∂ψ
∂x

}

dx

=

∫

ψ∗
(

−∂V
∂x

)

ψdxSo ∂
∂t 〈p〉 =

〈
−∂V
∂x

〉 like Newton's 2nd law.3.3 Stationary State Shrödinger EquationFor time independent potentials, seek Separable solutions:
ψ(x, t) = u(x)v(t)

i~
∂ψ

∂t
= i~

∂

∂t
(uv) = i~u

∂v

∂t
Ĥψ = v(Ĥu)

12



i~u
∂v

∂t
= v(Ĥu)

i~
1

v

∂v

∂t
=

1

u
Ĥu

i~
d

dt
ln(v)(t) = u−1(Ĥu)(x)

= const = E

d

dt
ln v = − i

~
E

ln v = − i

~
Et

v = e−
i

~
EtNote.

• E has dimensions of energy
• Provided ∂V

∂t = 0, i.e. a "usual" potential
• time dependene is �xed, suh that ψ(x, t) = u(x)e−

i

~
Et and ψ(x, t) is alled astationary State.

Ĥu = Eu (3.1)is alled the stationary Shrödinger Equation.
• Expetation value of H, i.e. the energy

〈H〉 =

∫

ψ∗(Ĥψ)dx

=

∫

u∗e
i

~
Et(Ĥue−

i

~
Et)dx

=

∫

u∗(Ĥu)dx

=

∫

|u|2Edx

= Ei.e. unlike p and x, E is an observable whose measurement is exat3.4 Eigenvalues and eigenvalue equations
Âu = auQuestion: Can several obserables be measured (exatly) simultaneously?
Âu = au

B̂u = bu13



using the operators on the other equations we get
B̂Âu = bau

ÂB̂u = abu

[B̂Â− ÂB̂]u = 0This has to be true for all u. We denote the ondition for simultaneously observabilityas an operator expression (ommutator brakets)
ÂB̂ − B̂Â = [Â, B̂] = 0Example.i) Free partile, V = 0

Ĥ = − ~
2

2m

∂2

∂x2
p̂ = −i~ ∂

∂x

[Ĥ, p̂]f =
i~3

2m

∂2

∂x2

∂f

∂x
− i~3

2m

∂

∂x

∂2f

∂x2
= 0energy and momentum of free partile are simultaneously observableii) Partile in potential V (x) 6= 0

[Ĥ, p̂]f = −i~V (x)
∂f

∂x
+ i~

∂V f

∂x
= fi~

∂V

∂xi.e. in this ase [Ĥ, p̂] = −p̂V 6= 03.5 Canonial Commutation Relations (CCR)Canonial Quantisation → x̂ and p̂CCR: [x̂, p̂] = i~

[x̂, p̂]f = x(−i~∂f
∂x

) − (−i~ ∂

∂x
)(xf) = i~fCCR ⇒ x̂ and p̂ are not simultaneously observable3.6 Heisenberg unertainty relation

∆x∆p ≥ ~

2

∆x,∆p "unertainties":
(∆x)2 =

〈
x2

〉
− 〈x〉2

(∆p)2 =
〈
p2

〉
− 〈p〉214



Choie of 〈x〉 = 〈p〉 = 0.
(∆x)2 =

〈
x2

〉

(∆p)2 =
〈
p2

〉Consider the integral
I(λ) =

∫ ∣
∣
∣
∣
λ~
∂ψ

∂x
+ xψ

∣
∣
∣
∣

2

dx ≥ 0 =

=

∫ (

λ~
∂ψ∗

∂x
+ xψ∗

)(

λ~
∂ψ

∂x
+ xψ

)

dx =

=

∫ (

λ2
~

2 ∂ψ
∗

∂x

∂ψ

∂x
+ λ~xψ

∂ψ∗

∂x
+ λ~xψ∗ ∂ψ

∂x
+ x2ψ∗ψ

)

dx =

=

∫ [

λ2
~

2 ∂

∂x

(

ψ∗ ∂ψ
∂x

)

− λ2
~

2ψ∗ ∂
2ψ

∂x2
+ λ~x

∂

∂x
|ψ|2 + ψ∗(x2ψ)

]

dx =

= 0 + λ2

∫

ψ∗
(

−i~ ∂

∂x

)2

ψdx+ 0 +
〈
x2

〉
+ λ~

∫ [
∂

∂x
(x|ψ|2) − |ψ|2

]

dx =

= λ2
〈
p2

〉
+

〈
x2

〉
− λ~

I(λ) = (∆p)2λ2 − ~λ+ (∆x)2 ≥ 0Quadrati in lambda and as I(λ ≥ 0) the determinant has to be ≤ 0:
[~2 − 4(∆p)2(∆x)2] ≤ 0

4(∆p)2(∆x)2 ≥ ~
2

∆x∆p ≥ ~

2

[x̂, p̂] = i~ ↔ ∆x∆p ≥ ~

2Limiting ase: ∆x∆p = ~

2

λ~
∂ψ

∂x
+ xψ = 0

1

ψ

∂ψ

∂x
= − 1

λ~
x

∫
∂

∂x
lnψdx = − 1

λ~

∫

xdx

lnψ ∼= − x2

2λ~

ψ ∼= e−
x
2

2σ2 The Gaussian
15



4 AppliationsStart with 1-dimensional systems1. Pieewise onstant potential (i.e. disontinuous V (x))2. Simple Harmoni Oszillator (SHO) V (x) = 1
2mω

2x24.1 Pieewise onstant potential4.1.1 Outstanding tehnial problems
• Normalisation of sattering states
• Boundary onditions for disontinuous V (x)i) Sattering StatesInitial State (Free partile state), Free partile ≡ Superposition of plane waves

ψ(x, t) =
1√
2π~

∫

dpa(p)e−
i

~
(Et−px)

〈p〉 depends on a(p) and has an average value, i.e. not exat. Only the plane wave
ψplane = e−

i

~
(Et−px)has exat momentum

p̂ψplane = −i~ ∂

∂x
e−

i

~
(Et−px) = pψplane

ψplane = ψstationary state = e−
i

~
Etu(x)Normalisation:

up(x) = e−
i

~
Et

∫

|up(x)|2dx =

∫

1dx→ ∞Not normalizable.What happens to probability onservation i.e. ∂
∂t

∫
|ψ|2dx = 0?De�ne a probability urrent ~J(x, t) suh that the ontinuity equation

∂ρ

∂t
+ ~∇. ~J = 016



is satis�ed i.e. probability is onserved.
i~
∂ρ

∂t
= i~(

∂ψ∗

∂ψ
+ ψ∗ ∂ψ

∂t
) =

= ψ∗Ĥψ − ψψ̂∗

= ψ∗(− ~
2

2m
∇.∇ψ + V (x)ψ) − ψ(− ~

2

2m
∇.∇ψ∗ + V (x)ψ∗) =

= − ~
2

2m
(ψ∗∇.∇ψ − ψ∇.∇ψ∗)

= − ~
2

2m
[∇.(ψ∗∇ψ) −∇.(ψ∇ψ∗)]

∂ρ

∂t
=

~

2im
∇.(ψ∇ψ∗ − ψ∇ψ∗)i.e.

∂ρ

∂t
+ ∇. ~J = 0 (4.1)where ~J is de�ned by

~J =
~

2im
(ψ∗∇ψ − ψ∇ψ∗) (4.2)For stationary states

~J =
~

2im
(u∗∇u− u∇u∗)in whih ase the ontinuity equation is

∂

∂t
u∗u+ ∇. ~J = 0

∇. ~J = 0ii) Boundary onditions for disontinuous V (x)

V0

x0

V
(x

)

x

V(x)

Figure 4.1: Potential with disontinuity at x017



Starting with the 1-dim St. St. Shrödinger Equation we get
Ĥu = Eu

− ~
2

2m

∂2u

∂x2
+ V u = Eu

u′′ +
2m

~2
(E − V )u = 0

u′′ + k2u = 0 k =

√

2m(E − V )

~

V (x0) is not single valued, i.e. u′′ is not singlevalued. But if u′ is disontinuous at x0

u′′
x→x0−−−→ ∞ i.e. p̂2u → ∞ unphysial: energy < ∞ ⇒ u′(x0) must be ontinuous.Also if u is disontinuous at x0 then u′ x→x0−−−→ ∞ i.e. p̂u → ∞ unphysial: 〈p〉 < ∞i.e. u(x0) must be ontinuous4.1.2 Sattering o� a 1-dim step barrier

V0

0

V
(x

)

x

V(x)

V (x) =

{

V0 x ≥ 0

0 x < 0Choose initial onditions: Inoming partile wave is inident from L→ R and has de�nitemomentum p i.e.
ψ(x, t) = e−

i

~
Etup(x) up(x) = e

i

~
pxThe Shrödinger equation in this ase is:

u′′ + k2u = 0 k =

√

2m(E − V )

~
(4.3)

• in L, x < 0

u′′L + k2
0uL = 0 k0 =

√
2mE

~18



i.e. uL ∼= e±ik0x, but inoming from L→ R so hoose inident wave to be
eik0x ≡ e

i

~
pxGeneral solution in L region is

uL = Aeik0x +Re−ik0xi.e. there is a re�eted wave
• in R,x ≥ 0

u′′ + k2u = 0 k =

√

2m(E − V0)

~so uR ∼= e±ikx

uR = Teikx + B
=0
e−ikxtransmitted wave only

uL = Aeik0x +Re−ik0x

uR = TeikxNote. Plane waves are not normalizeable. One ondition on A,R, T an/must be �xedarbitrarily. Natural hoie: A = 11. E > V0. In lassial mehanis we would expet R = 0, T 6= 0, in QM we haveboth R,T 6= 0

uL = eik0x +Re−ik0x

uR = Teikx

k =

√
2m(E−V0)

~
real. Now impose boundary onditions

uL(0) = uR(0)

1 +R = T

u′L(0) = u′R(0)

ik0 − ik0R = T ik

1 −R =
k

k0
T

2 = T +
k

k0
T

T =
2k0

k + k0

R =
k0 − k

k + k019



2. E < V0, in lassial mehanis we would expet R 6= 0, T = 0

k =
sqrt−2m(V0 − E)

~
=
i
√

2m(V0 − E)

~
= iκpure imaginary

uL = eik0x +Re−ik0x

uR = Te−κxBC:
uL(0) = uR(0)

1 +R = T

u′L(0) = u′R(0)

ik0 − ik0R = −κT

1 −R =
iκ

k0
T

2 = T (1 +
iκ

k0
) = T

(
k0 + iκ

k0

)

T =
2k0

k0 + iκ

R =
k0 − iκ

k0 + iκ

|R|2 = 1Probability urrent
J =

~

2mi
(ψ∗∇ψ − c.c) =

~

2mi
(u∗u′ − c.c.)

20



i)
JL =

~

2im

{

(e−ik0xR∗eik0x)(ik0e
ik0x − ikoRe

−ik0x) − c.c.
}

=
~

2im

{

(ik0)(1 −Re−2ik0x +R∗e2ik0x − |R|2 − c.c.
}

=
~

2im

{
2ik0(1 − |R|2)

}

=
~

m
k0{1 − |R|2}

JL =
~k0

m

{

1 −
(
k0 − k

k0 + k

)2
}

=
~k0

m

{
k2
0 + 2kk0 + k2 − k2

0 + 2k0k − k2

(k0 + k2)

}

=
4~k2

0k

m(k0 + k)2

JR =
~

2im

{

T ∗e−ikxT (ik)eikx − c.c.
}

=
~

2im

{
|T |22ik

}

=
~k

m
|T |2

JR =
~k

m

4k2
0

(k0 + k)2
= JLii)

JL =
~k0

m

{
1 − |R|2

}
= 0

JR =
~

2im

{
T ∗e−κxT (−κ)e−κx − c.c.

}
= 0 = JL4.1.3 Tunneling example

V (x) =

{

V0 −a ≤ x ≤ a

0 |x| > a

E < V0

• L: u′′L + k2
0uL = 0

• R: u′′R + k2
0uR = 0

• I: u′′I + k2uI = 0 k =
i
√

2m(V0−E)

~
= iκ

21



V0

RIL a-a

V
(x

)

x

V(x)

Figure 4.2: Potential step barrier for tunnelingSolutions:
uL = eik0x +Re−ik0x

uI = Be−κx +Aeκx

uR = Teik0xBoundary onditions:
uI(a) = uR(a) : Aeκa +Be−κa = Teik0a

u′I(a) = u′R(a) : κ(Aeκa −Be−κa) = ikoTe
ik0a

uI(−a) = uL(−a) : Ae−κa +Beκa = e−ik0a +Reik0a

u′I(−a) = u′L(−a) : κ(Ae−κa −Beκa) = iko(e
−ik0a −Reik0a)4.1.4 Bound State systemIniftely deep square well

V0

a-a

V
(x

)

x

V(x)
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V (x) =

{

0 |x| ≤ a

V0 → ∞ |x| > a

u′′I + k2
0uI = 0 k0 =

√
2mE

~

u′′R −K2uR = 0 K =

√

2m(V0 − E)

~Solutions:
uI = A sin(k0x) +B cos(k0x)

uR = Ce−Kx +DeKx

D = 0 as otherwise ψ x→∞−−−→ ∞. Therefore uR = Ce−K(V0)x V0→∞−−−−→ 0. uR = 0.Boundary onditions:
uR(a) = uI(a)BUT: In 1-dim system with symmetri V (x) = V (−x) u(x) = ±u(−x). As

(Hu)(x) = Eu(x) H(x) = H(−x)
(Hu)(−x) = Eu(−x)

u(−x) = αu(x) u(x) = αu(−x) = α2u(x)

⇒ α = ±1

u(x) = ±u(−x)

u(A)(x) = A sin(k0x)

u(S)(x) = B cos(k0x)Now impose the Boundary ondition. For the antisymmetri ase we get
u(A)(a) = uR(a) = 0

sin k0a = 0 ⇒ k0a = mπ m ∈ N

u(A)
m (x) = Am sin

mπ

a
xFor the symmetri ase we get

u(S)(a) = uR(a) = 0

cos k0a = 0 ⇒ k0a = n
π

2
n odd int

u(S)
m (x) = Bn cos

nπ

2a
x23



rewrite u(A)
n = An sin nπ

2a x n =even. Then
un(x) = An sin

nπ

2a
x+Bn cos

nπ

2a
x (4.4)Our boundary ondition then set either Bn = 0 for even n or An = 0 for odd n.

k0 =

√
2mE

~
=
nπ

2a
2mE

~2
=
n2π2

4a2

En =
~

2π2

8ma2
n2Energy spetrum of bound-state system is DISCRETE!Properties of bound state system:1. Enery spetrum is disrete2. Ground state energy > 0Lowest energy state is n = 0, i.e. u

(A)
0 (x) = A0 sin(0) = 0, i.e. |u(A)

0 (x)|2 =

0... vanishing probability ... forbidden state. ⇒ Ground state is E1: u
(S)
1 =

B1 cos π
2ax 6= 03. V (x) = V (−x) ⇒ u(x) = ±u(−x)4. Bound states are normalisable and mutually orthonormal

∫ ∞

−∞
u∗numdx = δnm

1 = |An|1
∫ a

−a
sin2 nπ

2a
x dx

=
1

2
|An|2

∫ a

−a

(

1 − cos
nπ

a
x
)

dx

=
1

2
|An|2

[

x− sin nπ
a x

nπ
a

]a

−a

=
2a

a
|An|2

An =
1√
a

1 = |Bn|2
∫ a

−a
cos2 nπ

2a
x dx =

= . . .

Bn =
1√
a 24



Orthonormality
∫ a

−a
sin

nπ

2a
x sin

mπ

2a
x dx =

1

2

∫ a

−a

[

− cos
n+m

2a
πx+ cos

n−m

2a
πx

]

dx

=
1

2

[− sin n+m
2a πx

n+m
2a π

+
sinn−m2aπx

n−m
2a π

]a

−a

=
− sin n+m

2 π
n+m
2a pi

+
sinn−m2π

n−m
2a π

= 0as m 6= nn and m,n even ∫ ∞

−∞
u∗numdx = δnm5. Ground state is the state with highest symmetry; with inreasing energy symmetrydereases. number of nodes inreases with energy
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V (x) =

{

0 |x| ≤ a

V0 |x| > a25



u′′I + k2
0uI = 0

u′′R −K2uR = 0Solutions
u

(S)
I = B cos k0x

u
(A)
I = A sin k0x

u
(S)
R = Ce−Kx u

(S)
L = Ce−K|x|

u
(A)
R = De−Kx u

(A)
L = −De−K|x|Boundary onditions:

uI(a) = uR(a)

u′I(a) = u′R(a)1. Symmetri ase
B cos k0a = Ce−Ka

−Bk0 sin k0a = −CKe−KaDividing gives
k0 tan k0a = K

K2 = k2
0 tan2 k0a

2m(V0 − E)

~2
=

2mE

~2
tan2

√
2mEa

~

V0

E
− 1 = tan2

√
2mEa

~

V0

E
=

1

cos2
√

2ma
~

√
E

V0

ǫ2
=

1

cos2 λǫ

ǫ2 = V0 cos2 λǫThis equation is only satis�ed for some ǫ, i.e. disrete E. To see this we plot thetwo funtions ǫ2 and cos2 ǫ (Figure 4.4)2. antisymmetri ase
A sin k0a = De−Kx

Ak0 cos k0a = −KDe−KxDividing gives
k0 cot k0a = −K26



V0

E

100*cos(x)**2
x**2

Figure 4.4: Disrete energy spetrum for symmetri ase
K2 = k2

0 cot2 k0a

V0

E
− 1 = cot2

√
2ma

~

√
E

V0

ǫ2
=

1

sin2 λǫ
ǫ2 = V0 sin2 λǫFigure 4.5 again shows the disrete energies

V0

E

100*sin(x)**2
x**2

Figure 4.5: Disrete energy spetrum for assymetri aseNote the ground state is the most symmetri state:4.2 Quantum mehanial harmoni Osillator
V (x) =

1

2
kx2 k = mω227



V

xFigure 4.6: Potential for harmoni osillatorCanonial quantisation and V being time-independent leads to Stationary State Shrö-dinger-equation:
Hu = Eu

H =
p̂2

2m
+ V (x) = − ~

2

2m

d2

dx2
+

1

2
mω2x2 (4.5)4.2.1 Redue Shrödinger equationSeek to make the eigen-value dimensionless

1

~ω

(

− ~
2

2m

d2

dx2
+

1

2
mω2x2

)

u =
E

~ω
︸︷︷︸

ǫ

u

1

2

(

− ~

mω

d2

dx2
+
mω

~
x2

)

u = ǫuLet y =
√

mω
~
x Now we have the new Shrödinger equation

[

− d2

dy2
+ y2

]

u = 2ǫu

[
d2

dy2
− y2

]

u = −2ǫu (4.6)4.2.2 Fatorization of di�erential operators"fatorize" the di�erential operators
(
d

dy
± y

)(
d

dy
∓ y

)

f =
d2

dy2
f ∓ y

d

dy
f ∓ f ± y

d

dy
f − y2f =

=

(
d2

dy2
− y2

)

f ∓ f

(
d

dy
± y

)(
d

dy
∓ y

)

=

(
d2

dy2
− y2

)

∓ 128



So we an express our Shrödinger equation in terms of our new fatorisation:
(
d

dy
+ y

)(
d

dy
− y

)

un = −(2ǫn + 1)un (4.7)
(
d

dy
− y

)(
d

dy
+ y

)

un = −(2ǫn − 1)un (4.8)where n is a quantum number.4.2.3 EigenvaluesAt on (4.7) with (
d
dy − y

) and on (4.8) with (
d
dy + y

):
(
d

dy
− y

)(
d

dy
+ y

)[(
d

dy
− y

)

un

]

= −(2ǫn + 1)

[(
d

dy
− y

)

un

] (4.9)
(
d

dy
+ y

)(
d

dy
− y

)[(
d

dy
+ y

)

un

]

= −(2ǫn − 1)

[(
d

dy
+ y

)

un

] (4.10)(4.9) and (4.10) are Shrödinger equations too, but for di�erent funtions
um ∝

(
d

dy
− y

)

un (4.11)Find the orresponding eigenvalue by identifying (4.9) with (4.8). So we get 2ǫm − 1 =
2ǫn + 1

ǫm = ǫn + 1 (4.12)The same for (4.10) and (4.7) yields
um ∝

(
d

dy
+ y

)

un (4.13)and
ǫm = ǫn − 1 (4.14)So by using (

d
dy − y

) and (
d
dy + y

) we an jump between our eigen-funtions.
(
d

dy
− y

) raising operator (4.15)
(
d

dy
+ y

) lowering operator (4.16)From this we dedue, that our eigen-values have to obey
ǫn = ǫ0 + n (4.17)
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4.2.4 EigenfuntionsWhen lowering operator ats on u0 it annihilates it
(
d

dy
+ y

)

u0 = 0 (4.18)
∫

1

u0
du0 = −

∫

ydy

lnu0
∼= −1

2
y2

u0
∼= e−

1
2y

2Write (4.8) for n = 0:
0 = −(2ǫ0 − 1)u0

ǫ0 =
1

2

ǫn = n+
1

2

En =

(

n+
1

2

)

~ω (4.19)Properties of bound states:1. Disrete energy spetrum: ǫn = n+ 1
22. Ground state energy > 0: ǫ0 = 1

23. V (x) = V (−x) ⇒ u(x) = ±u(−x)

u0(y) = u0(−y)

u1
∼=

(
d

dy
− y

)

u0

⇒ u1(y) = −u1(−y)
u2(y) = u2(−y)
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4. ∫
u∗num = δmn mutually orthonormal

u1 = A1

(
d

dy
− y

)

e−
1
2y

2

= A1

(

−ye−
1
2y

2 − ye−
1
2y

2

)

= −2A1ye
−1

2y
2

u2 = −A2

(
d

dy
− y

)

ye−1
1
2y

2

= −A2

(

e−
1
2y

2 − y2e−
1
2 y

2 − y2e−
1
2 y

2

)

= A2(2y
2 − 1)e−

1
2 y

2

etcNormalise:
∫

|u0|2dy = A2
0

∫ ∞

−∞
e−y

2

dy = A2
0

√
π

∫

|u1|2dy = A2
1

∫ ∞

−∞
y2e−y

2

dy = −1

2

∫

y
d

dy
e−y

2

dy

= −1

2

[

ye−y
2

∣
∣
∣
∣

∞

−∞
−

∫

e−y
2

dy

]

=

√
π

2
A2

1Orthogonality
∫

u∗0u1dy =

∫ ∞

−∞
e−

1
2 y

2

ye−
1
2y

2

dy =

∫

ye−y
2

= 0

∫

u∗mundy = 0 if n = odd/even m = even/odd

∫

u∗0u2dy = A0A2

∫

(2y2 − 1)e−y
2

dy = A0A2

(

2

√
π

2
−

√
π

)

= 05. Number of nodes inreases with ǫn, see Figure 4.74.3 General properties of Quantum mehanial states(States are solutions of eigenvalue equation)1. Orthonormal (immediately/manifest for bound state) e.g. for Sattering:
∫
u∗p(x)up′(x)dx = δ(p − p′)2. a) Energy (and all other observables') eigenstates are realb) all expetation values are also real31
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5 New Formalism (Hilbert spae)
• QM state funtions are elements of a (�nite or in�nite) dimensional spae H

• H is spanned by an orthonormal basis un(x) or up(x)
∫

u∗n(x)um(x)dx = δmn (5.1)
∫

u∗p(x)uk(x)dx = δD(p− k) (5.2)A general state is
ψ(x) =

∑

n

cnun(x) or (5.3)
ψ(x) =

∫

cpup(x)dp (5.4)
• De�nition of an inner produt in H

〈ψ, φ〉 =

∫

ψ∗(x)φ(x)dx (5.5)It has no geometri meaning. The Shwarz inequality holds:
〈ψ,ψ〉 〈φ, φ〉 ≥ | 〈ψ, φ〉 |2De�nition of matrix element of an operator

Amn = 〈um, Aun〉 =

∫

u∗m(Âun)dx (5.6)More generally 〈ψ,Aφ〉 =
∫
ψ∗Âφ5.1 HermitiityPhysial measurements must be real, i.e. expetation value of an operator representingan observable must be real. For a Hermitian operator holds:

〈ψ,Aψ〉 = 〈Aψ,ψ〉 (5.7)Stronger ondition of Hermitiity. ψ, φ ∈ H

〈ψ,Aφ〉 = 〈Aψ,φ〉 (5.8)33



Both onditions are equivalent: 1) ⇒ 2) lear; 2) ⇒ 1): ψ, φ ∈ H ⇒ (ψ + λφ) ∈ H

〈ψ + λφ,A(ψ + λφ)〉 − avA(ψ + λφ), ψ + λφ = 0

〈ψ,Aψ〉 + λ 〈ψ,Aφ〉 + λ∗ 〈φ,Aψ〉 + |λ|2 〈φ,Aφ〉 −
− 〈Aψ,ψ〉 − λ 〈Aψ,φ〉 − λ∗ 〈Aφ,ψ〉 − |λ|∗ 〈Aφ, φ〉 = 0

λ (〈ψ,Aφ〉 − 〈Aψ,φ〉) + λ∗ (〈φ,Aψ〉 − 〈Aφ,ψ〉) = 0As λ is arbitrary and λ and λ∗ are in general linearly independent:
〈ψ,Aφ〉 − 〈Aψ,φ〉 = 0

〈φ,Aψ〉 − 〈Aφ,ψ〉 = 0and therefore
〈ψ,Aφ〉 = 〈Aψ,φ〉If operator is not Hermitian this de�nes the Hermitian onjugate:

〈ψ,Aψ〉 =
〈

A†ψ,ψ
〉Examples: x̂, p̂, Ĥ1. 〈x〉 =

∫
ψ∗xψdx = 〈x〉∗2.

〈p〉 =

∫

ψ∗(p̂ψ)dx =

∫

ψ∗
(

−i~ ∂

∂x
ψ

)

dx

〈p〉∗ =

(∫

ψ∗
(

−i~ ∂

∂x
ψ

)

dx

)∗
=

∫

ψ

(

−i~ ∂

∂x
ψ

)∗
dx =

∫

i~
∂ψ∗

∂x
ψdx =

=

∫

i~
∂

∂x
|ψ|2dx−

∫

i~ψ∗ ∂ψ
∂x

dx = 〈p〉3. Ĥ = p̂2

2m + V (x) and therefore hermitianexamples of non-hermitian Operator: the raising/lowering operator
A =

√

~

m

d

dx
∓

√
mω

~
x =

d

dy
∓ y
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Hermitian onjugate:
〈

A†ψ, φ
〉

= 〈ψ,Aφ〉 =

=

∫

ψ∗
(
dφ

dy
∓ xφ

)

dx =

=

∫

ψ∗ dφ
dx
dx∓

∫

(xψ)∗φdx =

=

∫
d

dx
(ψ∗φ) −

∫
dψ∗

dx
φdx∓

∫

(xψ)∗φdx

=

∫ ((

− d

dx
∓ x

)

ψ

)∗
φdx

=

〈(

− d

dx
∓ x

)

ψ, φ

〉i.e. A† = − d
dx ∓ x 6= d

dx ∓ x = AHermitian onjugate of a matrix:
〈
e(α),Me(β)

〉
=

〈
Me(α), e(β)

〉
⇒M † = (MT )∗5.2 Dira's Notation

, ψ → |ψ〉 ket
ψ,= ψ∗ → 〈ψ| brabra-ket = 〈ψ|φ〉

un → |n〉
u∗n → 〈n|5.3 Completness

∑

α

e
(α)
i ē

(α)
j = δij

∑

n

unu
∗
n = 1

∑

n

|n〉 〈n| = 1 (5.9)
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5.4 Preparation for Matrix mehanis, OperatorsHarmoni Oszillator:
Ĥ =

p̂2

2m
+

1

2
mω2x̂2We had the raising (and lowering) operator:

d

dy
− y =

√

~

ωm

d

dx
−

√
mω

~
x =

=
i

~

√

~

mω
p̂−

√
mω

~
x̂ =

=

√
mω

~

(
i

mω
p̂− x̂

)De�ne new operators:
a =

√
mω

2~

(

x̂+
i

mω
p̂

) lowering operator (5.10)
a† =

√
mω

2~

(

x̂− i

mω
p̂

) raising operator (5.11)
a and a† are up to sign and onst the lowering and raising operators respetively.

[

a, a†
]

=
mω

2~

[(

x̂+
i

mω
p̂

)

,

(

x̂− i

mω
p̂

)]

=

=
mω

2~

(

0 − i

mω
[x̂, p̂] +

i

mω
[p̂, x̂] + 0

)

=

=
mω

2~

−2i

mω
[x̂, p̂] =

=
−i
~

(i~) = 1
[

a, a†
]

= 1 (5.12)
aa† =

mω

2~

(

x̂+
i

mω
p̂

)(

x̂− i

mω
p̂

)

=

=
mω

2~

(

x̂2 − i

mω
[x̂, p̂] − i2

m2ω2
p̂2

)

=

=
mω

2~

(
p̂2

m2ω2
+ x̂2 − i2~

mω

)

=

=
1

~ω

{
p̂2

2m
+

1

2
mω2x̂2 +

~ω

2

}
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So therefore
aa†~ω = Ĥ +

~ω

2analogue we get
a†a~ω = Ĥ − ~ω

2

(

aa† − 1

2

)

un = ǫun (5.13)
(

a†a+
1

2

)

un = ǫun (5.14)i) At on aun
(

aa† − 1

2

)

aun = a(a†a)un −
1

2
aun =

= a(aa† −
[

a, a†
]

)un −
1

2
aun =

= a(aa† − 1)un −
1

2
aun =

= a(aa† − 1

2
)un − aun =

= ǫnaun − aun = (ǫn − 1)(aun)i.e. the eigenvalue of aun is ǫ− 1ii) At on a†
(

a†a+
1

2

)

a†un = a†(aa†)un +
1

2
a†un =

= a†(a†a+ 1)un +
1

2
a†un =

= a†(a†a+
1

2
)un + a†un =

= a†ǫnun + a†un =

= (ǫn + 1)(a†un)i.e a†un has eigenvalue ǫn + 1iii) (a†a+ 1
2)u0 = ǫ0 ⇒ ǫ0 = 1

2 and ǫn = n+ 1
2Calulate the saling fators for the raising and lowering operators.

aun = κ−n un−1

a†un = κ+
n un+137



Take the inner produt
〈aun, aun〉 =

〈
κ−n un−1, κ

−
n un−1

〉
= |κ−n |2

〈

a†un, a
†un

〉

=
〈
κ+
n un+1, κ

+
n un+1

〉
= |κ+

n |2
〈

un, a
†aun

〉

= |κ−n |2
〈

un, aa
†un

〉

= |κ+
n |2But (

aa† − 1
2

)
un = (n+ 1

2 )un and (
a†a+ 1

2

)
un = (n + 1

2 )un

|κ−n |2 = 〈un, nun〉 = n

|κ+
n |2 = 〈un, (n + 1)un〉 = n+ 1

aun =
√
nun−1 (5.15)

a†un =
√
n+ 1un+1 (5.16)Repeat this alulation in Dira notation:

a |n〉 = κ−n |n− 1〉
a† |n〉 = κ+

n |n+ 1〉Take inner produt:
〈n| a†a |n〉 = |κ−n |2 〈n− 1|n− 1〉 = |κ−n |2

〈n| aa† |n〉 = |κ+
n |2 〈n+ 1|n+ 1〉 = |κ+

n |2

(

aa† − 1

2

)

|n〉 = (n+
1

2
|n〉

(

a† +
1

2

)

|n〉 = (n+
1

2
|n〉

|κ−n |2 = (n) 〈n|n〉
|κ+
n |2 = (n+ 1) 〈n|n〉Fok spae
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6 Matrix MehanisQM formulated as wave-mehanis (partiles ↔ waves), operator representation of ob-servables.But operators an be employed also abstratly! Also they an be represented by matries.The Matrix element of an operator was de�ned as
Amn = 〈um, Aun〉If A satis�es an eigen-value equation, i.e. Aun = anun we get: Amn = anδmnN.B. muh more useful when spetrum of eigenvalues is disrete6.1 Properties of operators

〈A〉 is real if A is hermitian, i.e. if A = A†. If A is hermitian it an be diagonalised (i.e.the eigen-funtions and eigen-values be found). If A is not hermitian, then 〈ψ,Aφ〉 =
〈
A†ψ, φ

〉. The hermitian onjugate of a matrix element is
(A†)mn =

〈

um, A
†un

〉

= 〈Aum, un〉 = 〈un, Aum〉∗ = ((A∗)T )mn)6.2 Re-alulation of some result6.2.1 QM Harmoni Osillator
H = ~ω(aa† − 1

2)

= ~ω(a†a+ 1
2)

[

a, a†
]

= 1Solve the eigenvalue problem
(aa† − 1

2 )un = ǫnunFrom before:
ǫn = n+

1

2and for the raising and lowering operators:
aun =

√
nun−1

a† =
√
n+ 1un+139



Matrix Representation of H,a, a†
Hmn = 〈um,Hun〉 = 〈um, Enun〉 = ~ω(n+

1

2
)δmn

H = ~ω








1
2

3
2

5
2

0

0
. . . (6.1)

amn = 〈um, aun〉 =
〈
um,

√
nun−1

〉
=

√
nδm,n−1

a =








0
√

1 0

0
√

2 0

0
√

3 0

0
. . . (6.2)

a† =
√
n+ 1δm,n+1

a† =










0√
1 0

0
√

2 0

0
√

3 0

0
. . .










(6.3)What about eigen-funtions?eigen-funtions → eigen-vetors
u0 =








1
0
0... u1 =








0
1
0... . . .

〈un, um〉 = δnm6.2.2 In�nitely deep square well
Hun =

~
2π2

8ma2
n2un

Hmn = 〈um,Hun〉 =
~

2π2

8ma2
n2δmn

H =
~

2π2

8ma2








1
4

9
0

0
. . . (6.4)
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6.3 OutlookWhen are matrix representations indispensible? When desribing intrinsi angular mo-mentum ≡ spin (no lassial analogue), otherwise annot go beyond orbital angularmomentum (Orbital has lassial analogue).
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