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Tunneling between a normal metal and
another normal metal or a superconductor
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Tunneling between two superconductors

Giaever Tunneling
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Tunneling Summary: We are only concerned with
the Josephson Tunneling in a Basic Junction
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In the superconducting electrodes:

The Supercurrent Equations govern the electrodes,

1 P
! I t) = =+ (AGD) + 5296 0))
‘ N 27
%) 1 (N2,
—Q(I',t):—— +q ¢(r7t)
_ <$> \ Superconductor 81; TL 2’}”},*
l Insulator ZKa h
N\ o Even in the absence of E&M fields, a gradient of
w \ |Superconductor the phase can cause a current and the time change
\ . of that phase can cause a voltage. For example, for

[P S N

a constant current J , at the boundaries we find

b 0 1 [(AJ32 £
Js(ﬂ:a,t) - — 27_‘3\ V@(:ta,t) = Jo & a@(:l:a,t) = —% <2n3> p— _Eo

So that the wavefunction in the electrode is S (r, t) = W (I‘) e_i(gOt/ h)
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In the insulator

. ] The current must be continuous, so it must flux
'\- | through the insulating barrier; a process which is

not allowed classically. But quantum mechanically
the superelectrons can tunnel through the
insulating barrier as a supecurrent with zero
Superconductor voltage. This 1s the Josephson current.

miwor |2 Because the supercurrent equation does not hold
. in the insulating region, the full macroscopic wave

w \  |Superconductor | equation must be used to find Y in the insulating
\_ region, with the boundary conditions given by the
— wavefunction at the electrodes.
. 8 1 TL * 2 *
’I,TL—t\U(I',t) — D * <_v — q A(I’,t)) W(I’,t) +q C]5(I',t) \U(I', t)—'—V(Q?)W(I‘,t)
m* \ ¢

H_}
Tunneling Potential Barrier
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Tunneling through the Barrier

V(x)

The energy of the superelectron is less than the
v, barrier height, so that no classical particles flow.
i 7,2
‘ % ’ — 5 VPUE) = (6 - V)W) for fzl <a
) m \ )
—a +a constant
¥ (ol

Therefore, in the insulating region
W(x) = Cqcoshx/¢+ Corsinhx/C

- #y=fnge R
Wh =
ere ¢ J o (Vo — &)

\Plz'\/;ffie] C—-—)-

so that

-a 0 +a JS . 2q*

h *h
Re {\U*—.V\U} =1 Im{C1*C5}

 om* ) m*(
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Tunneling through the Barrier

V(x)

2q* h *h
Js = iRe {\U*—‘V\U} -4 Im{C1*C>}
v mx* 1 m*¢
At the boundaries.
1 e, 2
. W(—a) =t & w(4a) = W/ ef2
- So that
\/777{6101 + \/@eiQQ meigl _ \/@e’ieg
1= 5o (a/C) &2 =~ (a/C)
Y=fme® N\ %=\me*  Therefore,
: > X Js = Jcsin (91—92)
-a 0 +a
eh . /nin
with Jec = . 172
m¢ sinh (2a/¢)
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Josephson Current-Phase relation

Js = Jcsin ((91 — 62)

\ | In the presence of and electromagnetic field, the
Josephson current-phase relation generalizes to
. C‘ Superconductor
i ot |2 Js(I‘,t) — Jc(y,Z,t) SIn QO(y,Z,t)
¥
\
w Superconductor
\ : where the gauge-invariant phase is defined as

et A et

2w [2
(Y, z,t) = 91(y,»Z,t)—@z(y,z,t)—c,T/1 A(r,t)-dl
O

*
e / 0
Which is invariant under A’ = A —+ VX 0! =60 -+ q—x ’ Cb/ =¢ — (‘;f(
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Josephson Voltage-Phase relation

The gauge-invariant phase is

; 27 2
y | <p(y,z,t)==:91(y,zst)-—92(y,z,t)——&;—/g A(r,t)-dl
O

The rate of change of the gauge-invariant phase is

Superconductor a 8 9 8 9 27.‘- a 2
® =L o2 LS [TAG ) -l
Insulator ZTa h at 8t at qDO 8t 1
N
\w swerontvcr| | At the boundary in the electrodes,
\ B 1 (AJ2
~I 5 0t =—— <2n* +4q ¢(I‘,t)> so that
L= (2 P20 9] + o) - 6@1) - 57 2 [* AG
O 2
/1 Ve -dl
Op _ 2m (2 OA oo(y,z,t) 2w [2
Therefore, 2F = / _ve—2) Py, 2,t) _ |
creiore ot b, J1 ( ¢ 815) o ot CDO/l Br,¢)-dl
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Basic Lumped Junctions

= y\. % Js(r,t) — JC(yazat) Singo(y,z,t)
<]
= o 2
2 L et =010y, 0020y, 2 )" [T A D)l
g (} . A Superconductor
E | Insulat 2Ta h
T \ i 9 £y 2w (2
E N\ ply.2,1) _ 27 / E(r,t) - dl
a = at cbo 1
I
= +
P
E, i=1 sing or 2
it e(t) =01(t) —02(t) — —— [ A(r,t)-dl
bt ! D, J1
]
g. ¢, do
5‘ Comodr I_ is the critical current
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Energy 1n a Basic Josephson Junction

+ ‘ The energy W, in the basic junction is
. to
i= l{‘ Sin . )
) W; = /O o dt
@ d
P =

Use the Josephson relations to write as

to >, do’ Dol. ¥
WJ:/ (Icsingp’)< 0 SO)dt: “/ sin o' dy’

0 2m dt 2w JO
Polc
Therefore, Wi = (1 —cosy)
i WI—W]O
1 (®,1./27)
1 R B
0 ,’, T \\\ s 3:rc\q>
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AC Josephson Effect

The voltage source is DC with v=V,, so that

i=1 sineg 27'('
‘. ‘ p(t) = (0) + — Vot
vV, X o, de P, 0
2m di The resulting current is ac!
, . (2T
i = Lesin (2 Vet + ¢(0))
Py
= I.sin(2nf;t + ©(0))
. Vo 2e 12
The Josephson frequency is  fj = S = . Vo =483.6 x 107“V, (Hz)

A dc voltage of 10 uV causes an oscillation frequency of about 5 GHz, a
Josephson microwave oscillator. But with a typical I, of 1 mA, this
oscillator delivers a very small power of the order of 10 nW. Therefore need
many synchronous oscillators.
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AC and DC voltage drives

- Let v(t) =V, + VsCcoswst
‘ i=1 sing
v Then the guage-invariant phase is
T ar o(t) = p(0) + — Vot + ® sin wst
D, oWs
2 21V
The current is FM-like: 4 = I.Sin (QO(O) + —WVOt + "5 sin wgt)
P, Pows

Use the Fourier-Bessel series to express the current as a Fourier series

. o n 27Vs\] _.
i=I Y (-1) [Jn( )}Sln[(waJ—nws)t—l—go(O)]
n=——oo cDO(-“JS
. . D,
A dc current will occur when 2nf; =n o, thatis, V, = n (2_> Ws
7
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Principle of the DC Voltage Standard

X vV, — Do
‘ @, dg O_n(§>w8

An ac voltage of 1 GHz applied across the junction will give a dc current, at
V,= 0 and at dc voltages of integral multiples of 2uV.

The principle of the dc Volt: Put 5000 Josephson junctions in series, and apply
a fixed frequency, which can be done very accurately, and measure the interval
of the resulting dc voltages that occur at precise voltage intervals.
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Summary: Basic Josephson Junction (I<I,)

¥ = \/’”Tleie'

Superconductor — D < Insulator

Nb — ¥, = Jn, 10 ~10A, Al,O,
® Josephson relations: * Behaves as a nonlinear inductor:
[=1sng V=L dal
<:> =L, —,
. % d_(D dt
27 di where L, = o,
27 I, cosg
7 ‘92 - ‘91 a
@ = tlux quantum
1 0
2T Ry -dl 48
D, > 3.6 GHz/ mV
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