Lecture 5: Classical Model of a Superconductor

Outline

1. First and Second London Equations
2. Examples
* Superconducting Slab
* Bulk Sphere
3. Non-simply connected superconductors
* Hollow cylinder
* Superconducting circuits
o DC flux transformer
o0 Superconducting memory loop

o Magnetic monopole detector
4. Two Fluid Model
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Superconductor: Classical Model

E = Q ( /\J) first London Equation
ot

V X ( AJ ) — —B second London Equation

*
N\ o 5 \ = A penetration depth
n*(q*) Lo

When combined with Maxwell’s equation 1n the MQS limit

1
( VQ)H:O
)\2
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Superconducting Infinite Slab

Let H(r,t) = Re {I:I(y) ejm} 1,

Therefore,
1 d2) .
— ——— | H(y) =0
</\2 dy? ) W)
and

<2a»

H(y) = Ccosh(y/))
Happ = Re {ﬁo ejwt} iz
Boundary Conditions demand

<$ — vQ) H=0 H.(a) = H.(—a) = C’COSh(a/)\) = H,
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Fields and Currents for |y|< a

y cosh(y/a) ; t}- H, sinh(y/X\)
H=Re<l{H e/t b i J = Re © Y Jwt \ s
{ ¢ COSh(CL/)\) & A\ COSh(CI,/)\) € 1y
1] 15
Thin film limit I

a << A\ T

Bulk limit i) 5

a > \ RUEE

} 4 Y
—-a a —a‘ / a
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Superconducting Sphere: Bulk Approximation R >> A

AARMAAAAAM A

(1 )

+
Il

H(r < R)=0

H(r > R) = Re{ (1—(%) )COSQGJWt}lr
—Re{ (1—|— (f) >sin06j‘*’t}ig.

3 .
K(r = R) = —Re {5 Hysin 96-7“”5} i
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Current along a cylinder: bulk superconductor

The fields from Ampere’s law

]{H-cﬂ:/J-ds
C S

Inside: H2nmr =0
H(r<R)=0
QOutside: H2mr =1

I, .
H(T > R) = Re{ © ejwt} iqb

2mr

I
Therefore, K =R =_—
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Field along a cylinder: bulk superconductor

zZ

— @ A
a T + =
, Happ

x%vx

Hout — Re {ﬁo eth} lz

X~
Happ — Re {ﬁoejwt} iz Hln — O

K(?“ — R) — _HO i¢
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Field along a hollow cylinder

Solution 1 CLb3 =>

or

- Y

Solution 2 + + _

’ il T T T

Happ — Re {ﬁo ejwt} iz
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Multiply Connected Superconductor

Surface §

Contour C MaXWell % E dl — / B dS
C

First London ]{ E - dl = i ]{ AJ - dl
C dt Je

Therefore

= [q>+j$/\J ds]:O

and ¢ + 7{/\.] - ds = b = constant
C

For a contour within the bulk where J = 0, flux remains constant
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Field along a hollow cylinder

Zero Field s _
Initially Solution
TTT7T TTT7T —
Finite Field I
+ + =
Initially Solution
\ / ﬁ_ﬂz Lr_l/ K}_’/

Happ — Re {ﬁo ejwt} iz
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Flux trapped in a hollow cylinder

T>TC
Happ;to

T

T< TC

Happ 20
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Superconducting Circuits

A generalization to any closed superconducting circuit 1s
that the total flux linkage 1n a circuit remains constant.

Then 1f a circuit has N elements that can contain flux,

Ap1 + Apo + ... = constant

Sources of Flux linkage

ACDCL = Lgtq + Mabib + ... 4 )\Cbext
Self-inductance  Mutual inductance  External flux
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DC Flux Transformer

g * - é Magnetometer
L, A A @ } Used to
P * C2 3 Measure B,
- +
Flux Source i
Creates Bapp !
If the B field is measured
>\CD1 + >\CI>2 =0 of the transported flux
Ap1 = Ay + L1 g = Bao| _ NiA; Lo
[Bapp|  N2Az Ly + Lo
A Lyi = —\ Lo
d2 — L2l — — A
" L1+ Lo B can be amplified

X can ran
Flux can be tra sported Massachusetts Institute of Technology:
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Superconducting Memory

Persistent Current

Superconducting
Loop
Flux ¢
O]
0 State 1 State
(No Flux in Loop) (Flux in Loop)
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0 to 1 Storag

{1g

(a)

Persistent Current

\Iright =0
Normal
Region 1
=~ I
(d)
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Magnetic Monopole Detector

Maxwell’s Equations with Monopole density p,,

0B
VxE=—-—— —1] : —
. ot m VD= pe
oD
VxH="" 4+ e V-B=/m

The signs insure electric and magnetic charge conservation.

0 o0
e+8t,0e m‘|‘at,0m
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Magnetic Monopole Detector

Path of Monopole
Through Loop

Superconducting
Loop

Monopole of
Charge Q|

0B
Take the line integral V X E = — o T Jm

d
—]{E-dlz—/B-ds—k/Jm-ds
C dt JS S

= d® L Im Total of Flux and

dt magnetic charge
di (P 4+ Qm) =0 1S conserved.
t
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Inductance measurement

From the measurement of the inductance, the penetration depth

can determined.
For a normal metal

N >
CD:f[Nﬂ'R

N2

3

For a superconductor,

N
P = fI N2mRA

N2
and 1, = TQT(‘R)\
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Experiment

A
571 |
|
¢
|
1 :
|
A
- : NT) = 0 for T < T.
5 | V1= (@/T)
< |
3 :
<27 :
:
|
1 1 I
i
:
0 i : —1 -
25 30 35 40 T, 45

T(K)

The penetration depth A is temperature dependent !
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Temperature dependent A

N m* Ao
MT) = \/; - \/n*(q*)zuo B \/1 —(T/T:)* ror = te

A good guess to let n* depend on temperature for T< T,

. 1 T\%
n*(T) = 5 "tot (1 — <?c) )
nx n(T)

niot = n(T) + 2n*(T) n/n,, ><
T>4 R

T) = ll
n(1T) = niot <Tc T

>
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Two Fluid Model for o, <<I, T<Tc
Jtot — Js(T) Jn(T)

0 1
E=— (N(T)J E = J
__ . m 1 - o ntotGQTtr T\%
NI = (1 _ (T/Tc)4> oo(T) = — (T)
A(T) | 1/o(T)
1
J=Jn+Js= |5 E
§ $ + ( )+ jwuo<A<T>>2>
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Two Fluid Model

Constitutive relations for two fluid model

0

V x (M(T)Js) = —B 7o(T)
Maxwell
VxH~JT=Jn+ Je VXE:—%B
Gives

(1 — A\°V? + Mggo/\?%) B
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Complex wavenumber

For a sinusoidal drive,

2 > A(T) _
(1—>\(T)V 4 2<5(T)>)B_O

For a slab in a uniform field

N . Ccoshky.

B = polo cosh ka 2
2 1 L 2 . o
=Gy T e n

The smaller length determines the length scale
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