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1 Orbital angular momentum

1.1 Definition

Canonical Quantisation:

It is obvious that L} = L,, L} = L,, Ll = L,

1.2 Commutation relations

(1.1)

(1.2)
(1.3)

(1.4)

Can all components of L be measured simultaneously? Find (L, Ly|, [Ly, L], [L2, Lg):

(Lo, Ly) f =(—ih)? [(y
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(L, Ly] = ihL. (1.5)
Ly, L.] = ihL, (1.6)
[L.,L,] = ihL, (1.7)

units: [I] = [Fx p] = LMLT' = ML2T—! =[]
Commutation relations — no pair of components commute! i.e. only ONE component
can be observed at a time, or: NO pair can be observed simultaneously. Contrast with

linear momentum: [pg, py] f = (—ih)? <8%g—£ - 6%%) =0

1.3 Choice of component

Criterion: reduce the eigenvalue equation to an ODE
Note. Lyu=I,uis a PDE

Solution: Go from Cartesian to spherical polar coordinates

x = rsinf cos ¢

y = rsinfsin ¢

z=rcosf
L, =ih <sin qb% + cot 6 cos (JS%) (1.8)
L, =1ih —cosgég—i—cotesinqﬁg (1.9)
v 00 0¢ '
0
L, =—ih— 1.10
ihy (1.10)
Note. Absence of r and %
Choose L, = —z'h(% as the component to be measured and solve the PDE
by separability Ansatz
u(,¢) = P(0)Q(¢) (1.12)



P(0)L.Q(¢) = L.P(9)Q(0)
_0Q(¢)
19Q(9) il
Q 0¢ K
0 il,
oo Q) =
Q) = "9
Q¢) = 'i?

Q(¢) is not single-valued UNLESS Q(¢) = Q(¢ + 27) = ...

1 — eZTZ27T
i.e. I, = mh where m = 0,£1,+£2,... is the magnetic Quantum-number, i.e. the
eigenvalue spectrum is discrete (unlike linear momentum in QM). So our solution is
Q) = ™ (1.13)

Note. linear motion is described on z unbounded
angular motion is described on (6, ¢) bounded

Next: find P(¢)
Also is the magnitude observed simultaneously with z— component? Only if [E2, Lz] =0

L2 L.] = [L2, L] + [E2, L] +0

[L2,L.) = L,L,L, — L.L2 =
= Ly(L,Ly —ihL,) — L, L2
= (L,Ly — ihLy,)Ly —ihL,L, — L, L2
= —il(Ly Ly + Ly L)

2 2

[L},L.) = LyL,L.— L.L} =
= Ly(ihLy + L.Ly) — L. L’
= ihLyLy + (ihLy + L.Ly)L, — L.L}
= ih(LyLy + L,Ly)

l.e.

[EZ,LZ] =0 (1.14)



i.e. solve .
L*P(0)Q(¢) = BR*P(0)Q(¢)
simultaneously with

L.Q(¢) = mhQ(¢)

(Writing down the differential equations leads to Legendre-Polynomials. Here we will
solve the problem using raising and lowering operators)

1.4 Raising/Lowering Operators

Li=1L,+xiL, (1.15)
Obviuosly: Ll = L_. The new commutations relations are:
[L27 L:I:] = [L27 Lx] ==y [LZ7 Ly]
= ihL, F i°hL, = +hL, +ihL,
= +h(Ly £1iLy)
(Ly,L_] = [Lgy,—iLy| + [iLy, Ly] = —2i[L,, L, = —2i(ih)L, = 2hL,

[L.,Ly] =+hLy (1.16)
[Ly,L_]=2hL, (1.17)
If L uy, = mhuy,, then check if (Liu,,) is eigenfunction too.

L.(Ltum) = Lo Liuy, =
= Ly L up + [Lz, Li] um
= Limhu,, £ hLiu,,
= (m £ 1)hLiup,

L uy, is eigen-function with eigen-value (m + 1)

1.5 Factorisation

Next: "factorize" L2 = L% + LZ + Lg
1
Lx == §(L+ + L_)

1
Ly = o (L+ — L-)

Therefore
1 1
LI+ L= Z(L2+ + L2+ L L +L_Ly)— Z(L2+ +I1%2 —L, L. —L_Ly)

1
=5(L4+L-+L-Ly)



Using the Commutation Relations we get
1
LI+ L= Sl + Lo Ly]+ Ly L)

1
== §(L+L_ - 2hLZ + L+L_)
—L.L_—hL,

[’=L?+L,L_—hL, (1.18)

1
LI+ L= (L L] +2L Ly)

%(%LZ 4oL L))
—L_L,+hL,
[’=L?>+L_L,+hL, (1.19)

1.6 Solve for eigenvalues

i) 2= LyL_ —hL,+ L? Choose m = —I (suppose this is the lowest [, component
achievable)

E2u_l =0—hL,u_;+ Lgu_l
= h%u_; + *hu_y
=1l + 1)h*u_y

i.e. 3 =1(+1) unlike classical value >
ii) 2= L_Ly+hL,+L? Choosem = [ (and suppose this is the highest z-component)

E2ul =04 AL,u; + Lzul
= IR + PRy
=1(1+ 1Ry

ie. B=1(l+1) again

1.7 Solve for the eigenfunctions

To get P(6) we can either solve the DE in spherical coordinates. The angular momentum
operator is

o e[ L0 (). L
L7==h Lmeaa 055 )t anZ0 00



So we get the equation:

Ly = 11+ )2y,

imep Pm Pmim¢>_ 2
S (0% ) + P

} =11+ 1)R%e™ P,

sin? 9

i.e. we get the Legendre-Equation

P Pim
Lo <sin98 L >—m2 _1’29+1(z+1)pl,m:0
n

sin 6 96

Or we can use the raising and Lowering Operators in spherical coordinates

(smqb + cot@cosqﬁa(b)

. 0
Ly—zh< cos¢80+cotﬁsm¢a¢>
0

LZ = _Zha_gb

Therefore L4 are
L, =ih -(Sinqb — i cos qzﬁ)3 + cot f(cos ¢ + isin qzﬁ)3
| 90 d¢

S . 0 . 0
=ih -—Z(COS¢+ isin (b)% + cot §(cos ¢ + isin ¢)a—¢]
i [ O 0
— Rel?
= he <89+ZCOt98¢>

L_=ih (smqb + icos qzﬁ)3 + cot f(cos ¢ — isin ¢) ({;]

=1ih _ i(cos ¢ — isin ¢) 89 + cot f(cos ¢ — isin @) (A
= —he <% —icot 9%)

~ 0 0
L. = +he'? + — 1.2
4 he (89 ZCOt08¢> (1.20)

L raise/lower m by 1 step, for each [. First find top/bottom wu,,—1; = PLileﬂw

Lity—1; =0



+he™ <% + § cot 9%) Py et =0
OP .
eﬂ“ﬁa—%ﬂ + i cot OP) 1 (£il)e* ¢ = 0

oP
@—lcotHP—O

1 0P 1 Osind
P o9  sinf 96
dln P B dInsin @

do ! do
In|P|=1{In|sind|
P,1(0) = (£)sin' 0 (1.21)
Calculate the eigen-functions for [ =1
u1,1 = sin 0e'® up,—1 = sin fe~1®
ur0 = L_ui; uro = Lyuy, 1
= —he ¥ <% —icot 9%) sin fe'? = he'? (% + i cot 0%) sin fe
= —e7 e cos 6 + i2 cot fe " sin He'? = %7 cos 0 + i% cot He'? sin fe P
= —2cos b = 2cos b
~ 0 0 - 0 0
I el (= — Bot? [ 2 4 —
ul,—1 he <69 zcot96¢> (—cos @) ui,1 = he (80 —|—zcot08¢> cosl
= —e (sinh) = ¢!?(—sinh)
= —sinfe = —sinfe'?

Therefore two choices of eigen-functions. The convention is to use

N171 sin €i¢
U1,;m = § —Ni,0cost
—Njp,_1sin fe—i®

The other set would be

—N7p,1sin et
U1,m = § Niocost
N17_1 sin fe

10



1.7.1 More eigenfunctions
Calculate the functions for [ = 0,1,2: We have them for [ = 0, 1, so calculate for [ = 2
m=2 U2 X sin? 9e%®
m=1 U1 X L (sin2 Hezid’) = 7% g — i cot 93 (sin 92e2i¢) =
’ B 00 o
= — <e2i¢2 sin @ cos 6 — i cot § sin® 9(2i)e2i¢) =
= —¢'? (2sin 6 cos  + 2sin 6 cos ) =

o — sin 6 cos He'?

) P .
— _e i _ _ i i) —
m =0 U X —e€ <80 zcot08¢> < cos 0 sin fe >

= cos 02 — sin® § — i cot §(7) sin 6 cos § =
= cos? 0 + cos’ 6 — 1+ cos’ 0 =
= 3cos?f — 1

m=—1 Ug, 1 X —eTi® <2 — i cot 9£> (30052 60— 1) = e 6 cosfsinh =
 sin @ cos e~

- 0 0 -
_ - [ 9 . o . —ig) _
m=—2 Up,_9 X —e€ <80 zcot98¢> <sm900596 )

= —e % (cos?§ — sin? @ — i cot Osin O cos f(—i)) =
= —e %0 (cos2 0 — sin? 6 — cos? 9) =
= sin® fe 29
Summary:
Up,0 X 1
U1, o sin e’
uy,p X —cost
Up,—1 < —sin Ge ¢
U9 OC sin? 9e%¢
U1 X — sin 6 cos 9e'®
Ugp X 3cos?0 —1
Uz —1 o sin @ cos fe =

U, 9 X sin? ge 2

In general
Uy = (1) g, —m (1.22)

11



1.8 Orthonormality

1.8.1 Normalisation

le,m/ lum(0,0)2dQ2 =1

The eigenfunctions can be normalized, e.g. for [ =1
1 :/\ulvadQ

1 :/|u1,ﬂ|2d9 = |N1¢1|2/sin20sin9d9d¢

= ]N17i1\227r/(1 — cos? 0)d(— cos 0)
= [Ny /%27 (1 — 3)2

8T
= |N1,:|:1|2?

3
Nip =14/ —
+1 87

1 :/]u1,0]2dQ = \N1,0\2/cos298in9d0d¢
= |N1,0|227T/COS2 0d(— cos0)

1
= \Nl,oﬁzwgz

3
Nio=14/—
1,0 I

Define the normalized states as Y] ,,,(0, ¢).
le,m(ea ¢) X Um (YVl,myyi,m> =1

Now in general we use raising/lowering operators, so try to calculate how the normalisa-
tion factor changes on usage of the operator.

+ —
K’l,in,m“l‘l - L-l-}/l,m
Hl_,mYVl,m—l = L—Yi,m

12



Now
‘Hl,m‘2 <}/l == ) le m:|:1> <Li§/2,m7 L:I:K,m> = <}/l,m7 L:FLiK,m> =

= (Y, (L = L2F hL.)Yipm ) =
(1.19),(1.18)< Lm ( S F ALY, >

= (l(l+1) —m* Fm) h?

Choose k positive and real

wE =1l + 1) —m(m+1)
Rewrite x in the Condon and Shortly notation

(+1)—mm+1)=P+l-m*Fm=>_0Fm)(I£m+1)

1
= L.Y .,
W—m+m+1)
1

Vi1 = L Y.,
b A (I +m)(l—m+1) b

Check for [ = 1. We had Y7 41 = \/8 sin e and Yio=1/4- 3 cosf

Yl()—/illL Yii= \/_\/ 20086’—\/—C089

So we only have to calculate one normalisation factor for each [.

™
1= N2 / sin! 'sin 0dh
0

1 =2rN7, / sin? 1 9dh (1.23)
0

1.9 Orthogonality

Different eigenfunctions are Orthogonal, e.g.

/Ui,ﬂul,o = /sin2 0 cos 0eT?dfdp = 0

/ui_lum = /sin3 0e2?dhde = 0

It is obvious for different m, as we then always have a term e which integrated over
27 yields zero. For different I; < lo and same m we write the inner product as

(Vig s Vi) = (LY 10, L2V 1, ) = (L7 Ly = mYi 1y, Vi)

As ly > 11 sois lo — m > I — m and therefore the total operator on the left annihilates
Y}, 1, as it cannot be raised anymore. So the inner product is zero.

13



1.10 Spherical functions
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Yo1=— & sin 6 cos e'?
5 2
Yoo = —1671(3 cos“f — 1)
15 .
Yo _1 = P sin 6 cos fe ¢
15 .
Yo 9= 3or sin? fe= 21
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2 Intrinsic angular momentum

In the last chapter we discussed the orbital angular momentum using differential opera-
tors. We can also express the operators as matrices

ijz‘@,n = <uj,my Jjuj,n>
(J2) i = (im TEtjn)
We denote the rows and coloumns in the following way:

For each j we have 2541 different possible eigenfunctions, i.e. we get a 2[4 1 dimensional
matrices. So we can choose j to be integer or half-integer.
Recall from the last chapter

WGFmM)GEm+ DY mer = LyYjm
MW GFm)(GEm+ 1Y, =L Y,

So for Ji we get

15



So we get

b1
L1
L h(1 0
2 —

=3 <0 —1)

2.2 Pauli Matrices

Define the Pauli Spin matrices

0 1 0
01:<1 0> 02:(2’

Properties:

And the magnitude of the spin is

JP=Tl4 I+ T =

4
23 ;=1
J? = 2h%1
10 0
JL=hrl0 0 0
00 —1
0 vV2 0
Ji=hl0 0 V2
0 0 0
0 0 0
JP=nr[v2 0 0
0 V2 0

16



Therefore

And check that J2 + J2 + J2 = J?

Sl

Sl=
O . O O = O

17
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3 Hydrogen Atom

In 3 dimensions, 2 (interacting) particles

3.1 Effective Schrodinger equation for Hydrogen atom

0. 2 non-interacting particles.
i.e. we have my at @ with ¢1(Z1) and mgo at &9 with 9(Z3). The separate
stationary state Schrodinger equations are

h2
Hyyy = —%Aﬂﬁl + Vi(z1)yr = By

h2
Hopy = —%Aﬂh + Va(2)2 = Eatpo

The total wave function is W (&1, Z2) = 1¥1(Z1),¥2(Z2) because probabilities multi-
ply and E = E; + E5. So we get

HY = (Hy + Hz)(Y1102) = 2 H1tp1 + h1 Hathp =
= E1o)r + Eothiapy = (E1 + Ep)11ps =
= FEVU

1. Now introduce interaction (in 1 dimension)=, i.e. the Hamiltonian has the form
H = Hy + Hy+ V(21 — 22) (3.1)
Now change variables to center of mass coordinates

T =21 — 29 (3.2)
_ r1m1 + Tomo r1my + Tomsa
m1 + ma M (3:3)

Now the partial derivatives transform as follows

o 0r 0 [ Or 0 m18+8

911 02,0% 0z oz MOT oz
a_afa or 0 my O 0

Oty 0230T 00z M OT Oz

18



And the Laplacians transform like

- mY ,oamY g \N_"™MY 5,9 9
my Ox3 M28:i2+ M8$:T3+8:E M28i2+ M8$:i+m18:n2

Lo _ 1 @8_2_27”2 L PN mP 1 1P
- M2 072 M O0zx = me9 Ox2

1 & L(m% 9% my 0 82>_m1 0? 102 1 0

112 022 M20% "M ozz | 02

The cross-terms get killed

1 92 182_m1+m282+<1+1>82 192 10

022 ma 0l M? 0 \my  mp) 022 MO | jioa?

with the reduced mass p = =2~ Now the full Hamiltonian is
1+ma2
R 1P
H= —— Vv 3.4
2 <M81E2+,u6x2>+ (@) (3.4)

Try separability ansatz

Va1, 2) = V(Z,2) = o(T)¢() (3.5)
So the Schrodinger eqution becomes
292
HY = —orthas ¢ — 2M¢ ¢ + V(z)p) = Eror 1)

Write the total energy as sum of the energy of the centre of mass and the energy
of relative motion: Fy,; = Fop + F and divide by ¢y so we get

h2162 h21 62

And as z and Z are linearly independent we get two separate equations

n? 02
oM PE =3¢ =Ecm¢ (3.6)
h2 32

So the Schrédinger equation reduces to the free particle equation for the motion
of centre of mass and a stationary state equation for the relative motion. Now if
mi1 > Mo

M =mi;+mgr~m

mima
= —————=MmM2
mi + mso

We can treat the relative motion as the motion of mg in the force field V' (z) of my

19



In 3 dimensions we get a similiar result

- o 0 0
V = _—, — rho=
1 <8x1’ oy 8zl> ™ = (21,91, 21)
> o o0 0
v g _— —, — o —
2 ((%27 Dy’ 822) 7o = (72, Y2, 22)
- o 0 0 L L
VT_(%’@?,’&) 7= —7=(z,y,2)
=3 0 0 0 — miTy + maots
Ve (ax’araz) R Ty~ K12)
So the Schrodinger equations are
[
—_——_— = E .
onf VEVES = Ecud (3.8)
R
The effective Schrodinger equation we have to solve is
R
with g &~ mg the electron mass and the Coloumb potential V(r) = —672

3.2 Separationn of variables

Aim: separate variables such that the PDE becomes an ODE
Transform coordinates to spherical polar coordinates:

xr=rsinfcos ¢ =rt
y=rsinfsin¢g = ry

z=rcosl =1z

Recall:
Li = —Z‘heijkxja—xk
and in terms of (r,0,¢), L; had no % operator, i.e. Y, =Y ,(0,4). Now prove the
following identity
10 0 11 =
A=S— (=) - S=ILP2 3.11
r2 Or <T 67‘) 72 hz‘ | (3:11)

We will use the identities z; 9L = r3L which follows from

of _omof __ of
or  or Ox; i ox;

20



And the identity
€ijk€imn = 5jm5kn - 5jn5km

Lizier = (enm22) (e of \ _
_h2|L| f= (Q]kxj 8$k> <€2mn$m8$n> =
e g0 of
= €jjk€imnTj D1x 8517n

0 0
PR <xm—f> :

Now

.’L']a

L0 (2o
9y, c%zk ax]
of n 0% f B of B ﬁ
oxy, T ]axk N

_ O any g OF P
_xki?xk+r Af 3%83:]- ;T =

= z0jk 5~

of 0 (,9FN\ s Of _
or 7 0x; \"F oz 1%y,

—7’2Af I g_ g<rg>+7«g:

=r2Af—2r

or or

l.e.

So the Schrédinger equation becomes

R [10 (5,0 11 -5
“m L2 o ( ar> ~ el ] v=(E-VOW
Separate :

¥(r,0,0) = u(r)Yim(9, ) (3.12)

21



since we know |L|2Y,, = I(I + 1)h2Y,,

h? 10 ([ ,0u ]
_% |:Y2mr_25 < 8T> 2 h2|L| Yim (E - V(?"))qulm
h? 10 Z?u
2710 [ ,0u\  I(1+1)]
“om [—2@— < 8r> v | S E V)

So we have 1 dimensional st.st. Sch. eq. but not in standard form

W10 (ﬂ@) + [V(r)+ i l(Hl)]u:Eu

C2mr2or or 2m 2

Define u = r®y. So we get

10 Z?u 10 ox
— = === [ (ar* Iy +r*2 )| =
2or \" or r20r or

_19 a+1 ar20x| _
Cr20r [ozr X+ or | —
= +1 +1 +2 B
2 [a(a + 1)r%x + ar® ar + (a+2)r o +r¢ a2 ) =
0 0?2
=ala+1)r* x4+ (a+a+ 2)r“‘1—a>7f + ra—a:; =

To get the standard form we only want to have the second order derivate so choose

a=—11i.e.
lﬁ 2Ou\  19%x
r2 Or 87‘ T ror?

Now the Sch. eq is

R% 10%x 211+ 1)] x X
Lz A A _ gk
omr Or? + [V(T) + 2m 1?2 } r r
n? 9%*x B2 11+ 1)
_%82+[V(T)+2m r2 ]X_EX
0%y I(l+1)  2m 2m
o [ 2T ﬁV(T)] X= _ﬁEX
And finally with the Coloumb potential
0%x I(1+1)  2me? 2m
orz [ 2 R ] X+ ﬁEX =0 (3.13)

22



Now rescale r = Ap with p dimensionless

2m

1Px 1 JII+1)  2me*X
N2 9p2 N2 P2 h2p

Now choose A = -2 (Bohr’s radius) i.e.
me

2 4
ax_[l(l—l—l)_Z] 2m h Ex—O

92 2 P X+ 75

And define a dimensionless energy € = %E to get the Schrodinger equation we need to
solve

Py [ll+1) 2

_ _Z =0 3.14
3/)2 |: p2 P X!+ €xi ( )
3.3 Raising and Lowering operators
5’92 . l(lp—;l) +
operators. Try (8% + 2+ b) and (% -2 = b):

0 a 0 a _82 a@f of
(a_x+5+b><a_x_5_b>f_— f— s

"Factorise" the differential operator , i.e. find raising and lowering

2
p

022 z0x |
a@f a® ab
rdr f_;'ﬁ_
b?—— -V f=
O*f  2ab 9 a
“or T VI
0%f  2ab a—a? 9
o o T 1TV
9% l(l+1) 2], [0*  a—-d* 2ab 9
e Ll e
ie. a?—a=1(1+1) = a—l+1and—ab—1:>b——+L Now we define the two
operators as
0o I+1 1
_ (9 _ L 1
o <8a: x +l+1> (8.15)
0o 1+1 1

23



and

G S W A S S
a+a_f_<8a; x +l+1><8x+ x l+1>_

_ﬁJrH—l@f I+1 1 of
- Oz x Ox 2 l+10x

T ior Te GrE T

C0Af f o 2 1 B
=gaz ~ EU AL D)+ 2 — o =

C0Af (1+1(1+2), 2 1
"o w2 T Ty

i.e. the differential operator for [ + 1. Summarize:

2% lll+1) 2 1
R R L (R (3.17)

0 (+1)+2) 2 1
T A I} o (3.18)

i.e. we can write the reduced Schédinger equation in the two alternative "factorisations"

1
[a_a_,_ + € + m} Xl = O (319&)

1
[a+a_ + €141 + m} Xl+1 = 0 (319b)

Now act on (3.19a) with a4 and on (3.19b) with a_

1
|:CL+(1_ + € + m] (G+Xl) =0 (320&)
[a—a+ t e+ ﬁ] (a—xi+1) =0 (3.20b)

Now ¢ = €41. Identify (3.19a) with (3.20b)

a—Xi+1 X Xi
a-Xi+1 = K| Xi (3.21)

i.e. a_ is a lowering operator. Identify (3.19b) with (3.20a)

a4+ X1 X Xi+1
a_xi = K Xi1 (3.22)

i.e. a4 is a raising operator. e is degenerate with respect to quantum number !
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3.4 Calculate /{l(i)

Take H space inner product of both sides of (3.21)

(@—Xi41,0-X141) = <’£I_Xl="£l_Xl>
= |ry
Ik |? = <Xl+1,aT_a—Xl+l>

Take the inner product of (3.22)

k[P = <><z,ala+><z>

Evaluate aTi :

(x,a+x) = <alx,x>

0 _I+1 1
= * —_ —:l:— e
(X, a£x) /x <8p:’: P l+1>xdp
ox _1+1 1
/{xapﬂF XX l+1x><}p

2 * *
= + — F + — dp =

0o 0 I+1 1 .
= [IxI*]; _/<8_pi7:Fl+—1>X xdp =
Ux!z]go—/asz*xdpz

X1y + (—asx: x)

Now x £==% 0 since norm has to be finite and x(p = 0) = 0 since u(p) = X has to be
analytic. So we get:

aTi = —ax (3.23)
and
512 = = (xa, a-axa)
but from (3.19a) we have a_ayy; = — (el + ﬁ) X1, SO
1 1
+12 _ _ _ = E— =
"%l - <Xlu <El + (l + 1)2) Xl> <€l + (l + 1)2> (Xlqu>
L1
= € _
)2
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_ 1
|57 12 = = (i1, ava-xin) = — <Xl+1= - <El+1 + m) Xl+1> =
1

(1+1)2

:61+

So we have

1

2

K1 =+ +——3 3.24
Iwi P =a (+1)2 (3:24)
We have a negative potential so to have a bound state we require the energy to be
negative, i.e. ¢ = —= for ¢ € R. But positivity of norm requires that ¢ + (l+1) be real,

: 1
1.€. —Eg—i—mg 20, SO

[ <c—-1

3.5 Eigenfunction and energy eigenvalue

This tells us, there is a l,,4:. Now take this l,.. =n — 1, n € N and annihilate it with
raising operator.

ayXn-1=10

0 n 1
3 Xn—-1= —Xn—-1— _Xn—l
dp p

- In Xn—1 =

n
dp p
In Xn—1 = /

In xp— 1—nlnp— =
n

1
n
—dp

4
n

n —P
Xn—1 < plen

The energy can be calculated from (3.19a): [a_a+ +e+ w] X1 =0,ie asayyn—1 =
0

€= ——
n2

So we have a new quantum number determining the energy. And [ =0,...,n — 1. For
each energy level there are n—1 possibilities for [ and for each [ there are 2/+1 possibilities
for m, i.e. each energy level is 327" (2l + 1) = (n — 1)n 4+ n = n? fold degenerate.
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3.6 Normalisation

Nn,l,m:/|¢n,l,m|2dF:
- / g () 2|V (6, &) P2 sin 68l =

:/|un,l(r)|2r2dr:

- / Al () 2dp

So Npim = Ny, We know the normalisation factors when using the raising and lowering

operators, i.e. we only need to calculate one normalisation factor for each n. (I, =

Nn,nfl)
A
Forn=1

& 1
I = / ple dp = 25 /pe‘2pdp =
0

L[ oy 1
S dp — =
2/e =1
n)2n+l

I, = (2n)! (§

General formula:

This can be easily seen from the partial integration. So for [ = n — 1 we have ¢, =

1 1 (2\"F3
\/Nn,n—l - A@2n)! (ﬁ) ? and
_e
Xnn—1 = Cppe n (3.25)
Now calculate some eigenfunctions for [ =n —2,n —3,.... Use x,,; = K%a_xmlﬂ
l

1 0 n-—1 1 n _2
1

Xn,n—2 = FT T T ———|ppe n =
’ 1 0 n—1
e NP P
-1 & 1
= cnin(n ) np" Tt — Ly (n—1)p" - ——p" e n =
2n — 1 -1

3

|
o
3

I n
- [2n—-1 1 1

v2n—1| p

nn—1) [2n—1 2n—1] N2

= C — e n =
"Von—1| »p n(n—1) P
1 1
=cynn—1)vV2n—1 |- — ple
p n(n—1)
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forn =2,3:

1 1

X2,0 = €22V'3 [— — —} p2e_§
p 2
1 1

X31 = c36v/5 [— - —} ple s
p 6

Excercise: Show that x20 and x31 are energy eigenfunctions for the Hydrogen atom for
certain quantum numbers n,[ i.e. find the energy eigenvalues.

3.7 Visualisation

Now the complete eigenfunctions vy, ; (7,6, ¢) are

1
Yo,0 = T
3 .
Yii= P sin fe'?
3
Yio=— . cos 0
3 .
Yio1=— 8 sin O~
15 ~
Yoo = 3or sin? g2
15 :
Yo1=— & sin 6 cos e'?
5 2
Yoo = 16—7T(3cos 0—1)
15 :
Yo _1 = P sin 6 cos fe ¢
15 .
Yo o= 3or sin? fe2¢
S 1 (2\nt3
Cn = \/Nn,nfl A(2n)! (ﬁ)

n —2
Xnn—1=Cpp € n

1 1
Xnn—2=Ccpn(n—1)vV2n—-1| - — —— p"e_ﬁ
’ p n(n—1)
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1

1,00 = ﬁe_p

V20,0 = \/% <1 — g) e s
Po1,-1=— \/él_ﬂpe—g sin fe ¢

V2,10 = — 3277'06_% cos 0

Y211 = \/614—7rpe_§ sin fei¢

3.8 Zeeman effect

(3.26)
(3.27)
(3.28)
(3.29)

(3.30)

Removal of m-degeneracy. Switch on an external magnetic field B. Electron has magnetic
moment fi (by virtue of its orbital motion ji &< [ = i < L). The energy of the electron

changes by —[iB.

H—>H0—,L_[§
H=Hy,— uBL =
— Hy — uBL,

with the choice of B = (0,0, B). So we have a new Sch. eq.
Hy = (Hy — pBL:)p = E"Y
Separate again ¢ = u(r)Y;,,(6,¢). Now

Hy = Ho(uYim) — pBL.(uYim) =

= Ho(uY) ) — pBumhyY, ,, = = [Hy — uBmh]v = E'y

Hyyp = [E/ + ,uBmh] P
~—_——
n2

Now the new energy eigenvalues are

1
En,l,m = _F - IUBmh
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4 Stationary State Perturbation Theory

(Rayleigh Schrodinger Theory); Approximate solutions to eigenvalue equations (2nd or-
der)

4.1 ldea
We have the Eigenvalue (Schrédinger) Problem
Hy = Ey
with no solutions in closed form. But the corresponding problem
Hop(? = B¢

is solved in closed form! Where H = Hy + gV with g being a (real) perturbation
parameter and V' being "very small" i.e.

(V)o < (Ho) = Eﬁzo)
To each exact eigenvalue E,(LO) there exists a perturbed eigenvalue
E,=E® + g5\ 1+ 2E@ 4
To each exact eigenfunction zﬁflo) there exists a perturbed eigenfunction

Yo = O + g0l + g9 +

The criterion for validity is

EO > FED > ED >

4.2 Non degenerate case

Assume our exact eigenvalues are not degenerate, i.e. FE, # E,, for n # m. In this
rewritten form our eigenvalue equation has the form

(Ho+gV) <¢7(LO) + gV + g2 4 ) -

= (Eﬁf” +gEY + $ED + . ) (zpﬁ?) + gD + @ + )
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Now equate the coefficients of all powers of g

Hog(? = B0
Hopy!) + V) = BP0 + By

Hops? + V) = BEPOR + Bl + EQ gD

n

rewritten:

(E,SO) ~ Ho) ¥ =0 (4.1)

(B — Ho) pi = (v = ED )y (42)

(59— o) w2 = (V - D) 49 — By (43
each is a 2nd order differential equation, to be solved in succession.
4.2.1 EY and ¢
Take inner product of Act on (4.2) with 1/17(10) (Hilbert space inner product)

(0) Lp©) ()N _ /4(0) (DN — (00 O\ _ ) £50) 4,0)
B (040 ) = (o2 Houll) = (2, Vo) = B30 (o o )
Now
(69, Bop M) = (Hip®, o) = (BOwO,4D)
and so
EY = (60, vl = Vi (4.4)

Now find zpﬁf): Take the inner product of (4.2) with 1/1]20), k#n

EO <¢,(€0),7/)§L1)> _ E,(f) <¢](€o),¢§z1)> _ <1/),(€0)7V¢§L0)> _EW <¢,(€0),1/)§L0)>
(69 - E0) (42,48 = i,

Vin
3 0) = —5
< k > EY O

Now we can express zﬁ,(ql) in the complete orthonormal set zﬁ,(co). For k # n the coefficients
are given.

Vin (0)
U = 4y
2 E0 g
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WechooseAzO,so<¢n UM >:0

Z Vin (0)
¢7(7,1) = 0 0 wk (45)
k#n ET(L ) - Eli )

4.2.2 E¥ and ¢

Similarly evaluate E,(f) and 1/)&2): Take inner product of (4.3) with z/)ﬁlo)

D () - ED (60, P ) =

1/,720)7V¢(1>> —EW <¢<o> ¢(1>> —E® <¢7<Lo>,1/,go>>

(
0= (v Vo) - EZ
P = (4. vyl > (0 20 (V) =

=) oo

0 ’I’Lk -
kAn E(
0) 0)
= E( E(
2
EP =% | Vien| (4.6)

= Ey(LO) . E](;))
Evaluate ¢ Take inner product of (4.3) with 1 # n
EO <¢l<0)7 ¢1<12)> ~ B <¢l<0)7¢1<12)> _
= (4@, vy - ED (30,40 - BR (40,40
(B0~ B) (0l 02) = (i vold) - BO (uf” 0

(v ) = ;; EY : £ E,va 5D y (ol vel?) - B (%, 47)] -
=> ! Ve Vi = Vi

0 0 0 0
2 50 5 5D - BP

Again express w}? in terms of wl(o) and choose <¢7(7,2)7¢7(7,0)> =0

W= Z( o >— o lin } ¥ (4.7)

0 0 0 0 0 0
l#nET(l)_El() k#n ET(L)_EIi) ET(L)_EI()

and etc.
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4.3 Criterion of validity

Do cross check of the ansatz and the results up to order g2

By = (b, Hon) By = (00 + gu) + g2, (H + gV )o? + guD) + g9 ?)

(s gV ) = g (00, Vi) + g% (60, Vo) + g (v, Vi) +o(g?) =
= gEY +2¢°EY

(s Hoton) = (60, How'?') + g (6, HoplD) + g (i), Hop'® ) +
+ 7 (00 Hou?) + g7 (2, Hov ) + g2 (il How'l) ) =
=B +0+0+0+0+ g <z/z,(}),Hoz/;,(})>

To evaluate the last term take the inner product of (4.2) with zpﬁf):

B0 (40,00} = (40, HopD) = (v, vo® ) = (40,90
BO (40, 60 — (), Houd) = B
B (40,010}~ B — (40, Houd)

So we finally get
(Y, Hoton) = ED + g% (B0 (4,00} — EP)
Together:

=EY + ¢ (EY <¢§3),¢7§1)> - Er(zz)) + 9B +2¢° B =

= B + 9B + ¢ ED + 2P (1, v

So by solving our equations we got an additional term. For our calculation to be valid,
this extra term must not change the result significantly, i.e.

E® s O <1/1 RTc > (4.8)
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4.4 Application

Restrict to E,(f),ﬁ?) and zﬁ,(ql).
Physical case e.g. Helium atom, 2 electrons.
Start with two non-interacting electrons in the same coloumb potential, i.e.

Hy = H(fl) + H(fg)
the unperturbed solutions are
¢7(10) = Vnyl,m (fl)wnz,lzymz (22)
E1(10) = En, + En,

The interaction term of the electrons is

Now solve the 1st order perturbation theory for

H:Ho—l—

—

|71 — 2
e.g. for the ground state: ny =1,no =1

T/Jnl = e_Arl

T/Jng = e—)\rz
and our perturbation in the energy is

B = (40 Vel =

e—)\(rl—rg)

= ¢’ MT%TSdTICh?dQ(Gla $1)d(02, p2)

This is too tedious to solve, and in any case, the obtained values have to be improved by
the use of other approximation methods.

4.5 Degenerate energy level perturbation (for solid state
course

Start with the exactly solvable problem

Hop©) = E0)4(0)
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And assume there exist two distinc solutions with the same (degenerate ) E(©)

Hmng) — O go)
Ho?/léo) — g 50)
As they are distinct we can assume < §0)7¢é0)> = (0. Now introduce a small perturbing
potential V'
H=Hy+ gV
And we have to solve the Schrédinger equations

Hi = Erihy (4.9)
Hipy = Egtpy (4.10)

where Ey # Ey (degeneracy removed) and
By =E9 4+ ¢l 4
By = EO© 4 gEP +
and
P = Clﬂﬁgo) + 612¢§0) + 9¢§1) +...
g = c21w§°) + 6221/150) + 91/151) +...

Substituting these into (4.9) and (4.10) and comparing coefficients up to g* we get
en (BO = Hy) v + 15 (BO — Hy ) v =0 (4.11)
(B — Ho) v + (EL = v) (env” + ) =0 (4.12)
e <E HO) O + o <E<0 )w(o (4.13)
(5O )1/) W+ (B —V) <621¢1 +enuf’) =0 (4.14)

Now taking inner product of (4.12) with 1/)10) we get

O (@ ) — (w0, )+ en B — e (010, Vo) — e (i, v ) = 0
So in our matrix notation we get
Viiern + Vigcie = Eil)cn

And take inner product of (4.12) with wéo)

EO < 50)7¢§1)> — <¢§0)7H0¢§1)> + 612E£1) —c11Va1 —c12Vaa =0
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1
Varerr + Vagcro = Ei Je1s
Doing the same with (4.14) yields
1
Viicar + Vigcos = Eé )021
1
Vaic1 + Vaocos = Eé ) ean
So both first order corrections can be calculated from solving the eigenvalue equation
<V11 V12> <61> _ g <01>
Var Vag ) \c2 2
So we get the two corrections by solving

Vii — EW Via _0
)| =

det [ Va1 Vg — EU

4.6 Examples

4.6.1 Anharmonic oscillators
Start with the Harmonic oscillator and perturb it with 24 and z% potentials

H:H0+)\:E4
H:Ho—l—)\:L'G

The unperturbed energy levels are

Recall:
aa’ — 1 Uy = €U
2) " "
(¢72+3)
a'a+ — Up = €EUp
2
And
a = % <§g + %p) lowering operator (4.15)
of = % <§g — %ﬁ) raising operator (4.16)
with

AUp = \/ﬁun— 1

aTun =vn+ lupg
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So we can express the space-operator z in terms of a,al.
= K(a+a)
Now our first order energy corrections are given as
E(l <¢(0 >\$2m¢(0 >
= A (M Up, Mu,) =
= Alla™ |
So we need to calculate x™u,
1 2
Fx%" = (a + aT> Up =
= (a - aT> (Vun—1 + vV + Lungy) =
=vnn—Dup—o+ Vn2u, +/(n+ 1)%u, +/(n+ 1)(n + 2)upyo =
=vnmn—Dup—o+ 2n+ Du, + /(0 + 1)(n + 2)upto
1
ﬁx?’ (a +a > (\/n n—Dup—2+ 2n+ Du, +/(n+1)(n+ 2)un+2> =
=v/n(n —1)(n — 2uy—3 + V/n(n — 1)2u,_1+
+ (2n + D)vnu,_1 + (2n + DvVn + Tugq+
+ v+ 1) (n+2)2ups1 + V(n+ 1) (n+2)(n+ 3)uyis =
=v/n(n —1)(n — 2)un_3 + v/n(3n)un_1+
+ V1380 + 3)upsr + V(0 + 1)(n + 2)(n + 3)unis

So the first order energy correction for the z* perturbation is

EMN = K (n(n— 1)+ 2n+1)> + (n +1)(n +2)) =
=AK* (0 —n+4n® +4n+2+n* +3n+2) =
= \K* (Gn2 + 6n —1—4) =
=2\K" (3n® + 3n + 2)
For the 2% perturbation the correction is
BN =XAKS (n(n—1)(n —2) + 3 +9(n+ 1) + (n+ 1)(n +2)(n + 3)) =
=AK® (n® — 3n® + 2n 4+ 9n® + 9n® + 27n® + 27n + 9+
n® 4 5n° 4 6n +n” + 5n + 6) =
=AK" (20n® + 30n* + 40n + 15) =
=5\K© (4n3 + 6n2 4 8n + 3)
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The second order correction is
an’2
EP =Y _ Veal®
0 0
Our matrix elements are
Vien = A {aMug, 2™ uy,)

For the z# perturbation we get:

Vien =\ < k(k — Dup_s + (2k + Dug, + /& + Dk + 2)upso,
vnn—1Dup—2+ 2n+ u, + v/ (n+1)(n+ 2)un+2> =
MK [wc (& — D)n(n — Do_on2 + 2n+ 1)y/EEk — 1)op_on+

+VE(k —1)(n+1)(n + 2)6k—2nt2 + (2k + 1)v/n(n — 1)8n_o+
+ (2k + 1)(2n + 1)dn + 2k + 1)V (n + 1) (n + 2)0k ot
+(k+1)(k+2)n(n —1)dkon 2+ 2n+ 1)/ (k+1)(k + 2)0kr2a+

+V/k+ D)k +2)n+ )(n+ 2)5k+2,n+2}

as k # n we can reduce this to
Vi —/\K4[2n+1\/ k— D)op—om + VE(E — D) (n+ 1) (n+ 2)0h_niat

+ (2 + 1)y/n(n — Dpns + 2k + 1)/ (0 + D)1 + 2)8p s+
+ /(E+ Dk + 2)n(n — Dopson_s + @n+ 1)/ + )k + 2)5k+2m]

So our infinite sum for the second order correction reduces to a finite number of terms.

2
@) _ Vinl*
ED =) EY _EO

k#n
CXNKS [ 2n+1)y/(n+2)(n+1) /(n+4)(n+3)(n+1)(n+2)
o n—(n+2) n—(n+4)
2n—-2)+1)y/nn—1) 2n+2)+1)y/(n+1)(n+2)
n—(n-—2) n—(n+2)
Vin=3)(n—=2)(n—1)n (2n+1)\/(n—1)n
+ n—(n—4) + n—(n—2)
)\2[{8[ n+ )V TOmTD \/(n+1)(n+i)(n+3)(n+4)+
+(2n —1)y/n(n—1) + vnle - 1)(2_ 2(n=3)
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The last term is only valid if n > 4, the second last only if n > 2. So for example, the
first energy level will be up to second order perturbation:

Bo=E® + B 4+ ED =
2
:%c+4)\K4+>\f [ 3f—£] =

NES [ V3
345

1
:§c+4)\K4—\/§

4.6.2 Infinitely deep square well

Perturb the infinitely deep square well with a harmonic oscillator potential Az2. Our
unperturbed eigenfunctions are

0) 1 ]sin %:1: n even
cos gox  n odd

As n € N we get either symmetric or antisymmetric solutions. Our unperturbed energy
spectrum is

0 _ h2ﬂ'2 5

= n
8ma?

Now calculate first order pertubation

EW :/ el (z) dz
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In the symmetric case, i.e. n odd:

a
E,(f) =A 22 cos? Ly dy =
—a 2

R |
:)\/ 2= <1+cosn—7ra:>da::
_ 2 a

a

a a
:é/ a:zdx—i—i/ x2cos@a:dx:
2 J_, 2/ . a

A2a3 A 9 . onm o |a @ a . nw
= —— 4+ — —sin —x — 20— sin —x dr| =
2 3 2 nm a l-a _a nT a
Aad A 2 T |a a’
=3 + 5 [O—i— 2——wxcos 73: L 2712712 /cos Fx daz] =
Aa® A 2a? 2a3 nmw |a
B {2ma<‘“" w33 S0 } -
G )\( r 4a®
3 2 n2m?
3 3
a 2a
=A— + A(-1)" =
3 A1) n2m2
_ a_3 \ 2a3
3 n2m?

In the antisymmetric case:

a
EW = )\/ 22sin? Ly dy =
a 2a

“@ .1
:)\/ x2—<1—cosn—ﬂ:17>d:n:
—a 2 a

ad 243
=A— —A-1)" =
3 (=1) n2m?
_ &2
3 n2m2
So in both cases the energy correction is
3 3
a 2a
EW = A=A (4.17)

The second order energy correction is given by

E@):ZM
n 0 0
k#nET(L)_EI(c)

Our matrix elements are

Vien = / uj (2) Aoy, (z) do =

—a
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Symmetric in k£ and n so, we only have to check three cases:

e k,n even

a
L km . onw
Vin = A 22 sin — 2 sin —z dx
2a 2a

—a

Using the trigonometric identity sinasin 8 = 1 [cos(a — 8) — cos(a + )] we get

A [ —k k
Vin = = / 22 |cos u$ — cos M:ﬂ dr
2 2a 2a

—a
Both n — k and n 4 k are even. We calculated that integral for the first order:

3
Vi = A [(—1)2

w2

e k,n odd

@ k n
Vin = )\/ 22 cos —7T:17 cos —Wx dx
_a 2a 2a

Using the trigonometric identity sinasin 8 = 1 [cos(a — 8) 4 cos(a + )] we get

A [ —k k
Vin = = / 22 |cos u:ﬂ + cos M:ﬂ dr
2 2a 2a

—a

Both n — k and n + k are even. We calculated that integral for the first order:

2a3 e 4 n 4
Viw = A2 ngh )" ]

| e O
8a3 ntk L !
= —(-1)"T [(—1)_k (n— k)2 + (n—l—k)z] -
s 8a? [—(n—i— k)2 + (n— k‘)z] _
(n? — k2)? i
. ngn8a®  —dkn
2 (n? — kz)z
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e k even, n odd

a
k
Vin = )\/ 22 sin —Wx cos n—F:E dx
2a 2a

—a

Using the trigonometric identity sina cos 8 = £ [sin(a — 8) + sin(a + 3)] we get

A [ k— k
Vin = — / 22 |sin ﬂx + sin Maz dx
2 2a 2a

—a

2

The sines are antisymmetric, x* is symmetric and as we have we have symmetric

limits, the integral is zero

Vin =10

In our energy correction, we only need |V, |2, so the different sines do not matter:

\2 1024a5  n?%k?

2 _
|an| - (n2 — k2)4
So the second order energy correction is
2
@ _ > Venl”
BY =) o o
k#n =n k
St 1024a n2k2 1 -
4 p2q2 h2r2 o
k#n k2) 8maZ2 - 8maZ k?
-y N 1024a n2k2 8ma® 1
- = - k‘2)4 22 n2 — k2
_ Z )2 64%ma® n2k2
FL27T6 1.2 5

subject to k = n + 2[ for any integer [
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