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1 Orbital angular momentum1.1 De�nition
~l = ~r × ~p

lx = ypz − zpy

ly = zpx − xpz

lz = xpy − ypxCanoni
al Quantisation:
~l → ~̂l = ~L (1.1)
lx → Lx = −i~

(

y
∂

∂z
− z

∂

∂y

) (1.2)
ly → Ly = −i~

(

z
∂

∂x
− x

∂

∂z

) (1.3)
lz → Lz = −i~

(

x
∂

∂y
− y

∂

∂x

) (1.4)It is obvious that L†
x = Lx, L

†
y = Ly, L

†
z = Lz1.2 Commutation relationsCan all 
omponents of ~L be measured simultaneously? Find [Lx, Ly] , [Ly, Lz] , [Lz, Lx]:

[Lx, Ly] f =(−i~)2
[(

y
∂

∂z
− z

∂

∂y

)(

z
∂f

∂x
− x

∂f

∂z

)]

−

− (i~)2
[(

z
∂

∂x
− x

∂

∂z

)(

y
∂f

∂z
− z

∂f

∂y

)]

=(−i~)2
[

y
∂f

∂x
+ yz

∂2f

∂z∂x
− yx

∂2f

∂z∂z
− z2 ∂2f

∂y∂x
+ zx

∂2f

∂y∂z

]

+

(−i~)2
[

−zy ∂
2f

∂x∂z
+ z2 ∂

2f

∂x∂y
+ xy

∂2f

∂z∂z
− x

∂f

∂y
− xz

∂2f

∂z∂y

]

=(−i~)2
(

y
∂f

∂x
− x

∂f

∂y

)

=i~Lzf 4



[Lx, Ly] = i~Lz (1.5)
[Ly, Lz] = i~Lx (1.6)
[Lz, Ly] = i~Ly (1.7)units: [~l] = [~r × ~p] = LMLT−1 = ML2T−1 = [~]Commutation relations → no pair of 
omponents 
ommute! i.e. only ONE 
omponent
an be observed at a time, or: NO pair 
an be observed simultaneously. Contrast withlinear momentum: [px, py] f = (−i~)2
(

∂
∂x

∂f
∂y

− ∂
∂y

∂f
∂x

)

= 01.3 Choi
e of 
omponentCriterion: redu
e the eigenvalue equation to an ODENote. Lxu = lxu is a PDESolution: Go from Cartesian to spheri
al polar 
oordinates
x = r sin θ cosφ

y = r sin θ sinφ

z = r cos θ

Lx = i~

(

sinφ
∂

∂θ
+ cot θ cosφ

∂

∂φ

) (1.8)
Ly = i~

(

− cosφ
∂

∂θ
+ cot θ sinφ

∂

∂φ

) (1.9)
Lz = −i~ ∂

∂φ
(1.10)Note. Absen
e of r and ∂

∂rChoose Lz = −i~ ∂
∂φ

as the 
omponent to be measured and solve the PDE
Lzu(θ, φ) = lzu(θ, φ) (1.11)by separability Ansatz
u(θ, φ) = P (θ)Q(φ) (1.12)
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P (θ)LzQ(φ) = lzP (θ)Q(φ)

LzQ(φ) = lzQ(φ)

−i~∂Q(φ)

∂φ
= lzQ(φ)

1

Q

∂Q(φ)

∂φ
=
ilz

~

∂

∂φ
lnQ(φ) =

ilz

~

lnQ(φ) =
ilz

~
φ

Q(φ) = ei
lz
~

φ

Q(φ) is not single-valued UNLESS Q(φ) = Q(φ+ 2π) = . . .

ei
lz
~

φ = ei
lz
~

(φ+2π)

1 = ei
lz
~

2πi.e. lz = m~ where m = 0,±1,±2, . . . is the magneti
 Quantum-number, i.e. theeigenvalue spe
trum is dis
rete (unlike linear momentum in QM). So our solution is
Q(φ) = eimφ (1.13)Note. linear motion is des
ribed on x unboundedangular motion is des
ribed on (θ, φ) boundedNext: �nd P (φ)Also is the magnitude observed simultaneously with z− 
omponent? Only if [~L2, Lz

]

= 0

[

~L2, Lz

]

=
[
L2

x, Lz

]
+
[
L2

y, Lz

]
+ 0

[
L2

x, Lz

]
= LxLxLz − LzL

2
x =

= Lx(LzLx − i~Ly) − LzL
2
x

= (LzLx − i~Ly)Lx − i~LxLy − LzL
2
x

= −i~(LxLy + LyLx)
[
L2

y, Lz

]
= LyLyLz − LzL

2
y =

= Ly(i~Lx + LzLy) − LzL
2
y

= i~LyLx + (i~Lx + LzLy)Ly − LzL
2
y

= i~(LyLx + LxLy)i.e. [

~L2, Lz

]

= 0 (1.14)6



i.e. solve
~L2P (θ)Q(φ) = β~

2P (θ)Q(φ)simultaneously with
LzQ(φ) = m~Q(φ)(Writing down the di�erential equations leads to Legendre-Polynomials. Here we willsolve the problem using raising and lowering operators)1.4 Raising/Lowering Operators
L± = Lx ± iLy (1.15)Obviuosly: L†

+ = L−. The new 
ommutations relations are:
[Lz, L±] = [Lz, Lx] ± i [Lz, Ly]

= i~Ly ∓ i2~Lx = ±~Lx + i~Ly

= ±~(Lx ± iLy)

[L+, L−] = [Lx,−iLy] + [iLy, Lx] = −2i [Lx, Ly] = −2i(i~)Lz = 2~Lz

[Lz, L±] = ±~L± (1.16)
[L+, L−] = 2~Lz (1.17)If Lzum = m~um, then 
he
k if (L±um) is eigenfun
tion too.

Lz(L±um) = LzL±um =

= L±Lzum + [Lz, L±]um

= L±m~um ± ~L±um

= (m± 1)~L±um

L±um is eigen-fun
tion with eigen-value (m± 1)1.5 Fa
torisationNext: "fa
torize" ~L2 = L2
x + L2

y + L2
z

Lx =
1

2
(L+ + L−)

Ly =
1

2i
(L+ − L−)Therefore

L2
x + L2

y =
1

4
(L2

+ + L2
− + L+L− + L−L+) − 1

4
(L2

+ + L2
− − L+L− − L−L+)

=
1

2
(L+L− + L−L+) 7



Using the Commutation Relations we get
L2

x + L2
y =

1

2
(L+L− + [L−, L+] + L+L−)

=
1

2
(L+L− − 2~Lz + L+L−)

= L+L− − ~Lz

~L2 = L2
z + L+L− − ~Lz (1.18)

L2
x + L2

y =
1

2
([L+, L−] + 2L−L+)

=
1

2
(2~Lz + 2L−L+)

= L−L+ + ~Lz

~L2 = L2
z + L−L+ + ~Lz (1.19)1.6 Solve for eigenvaluesi) ~L2 = L+L− − ~Lz + L2

z: Choose m = −l (suppose this is the lowest lz 
omponenta
hievable)
~L2u−l = 0 − ~Lzu−l + L2

zu−l

= l~2u−l + l2~2u−l

= l(l + 1)~2u−li.e. β = l(l + 1) unlike 
lassi
al value l2ii) ~L2 = L−L++~Lz +L2
z: Choose m = l (and suppose this is the highest z-
omponent)

~L2ul = 0 + ~Lzul + L2
zul

= l~2ul + l2~
2ul

= l(l + 1)~2uli.e. β = l(l + 1) again1.7 Solve for the eigenfun
tionsTo get P (θ) we 
an either solve the DE in spheri
al 
oordinates. The angular momentumoperator is
~L2 = −~

2

[
1

sin θ

∂

∂θ

(

sin θ
∂

∂θ

)

+
1

sin2 θ

∂2

∂φ2

]
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So we get the equation:
~L2ul,m = l(l + 1)~2ul,m

−~
2

[
eimφ

sin θ

∂

∂θ

(

sin θ
∂Pl,m

∂θ

)

+
Pl,me

imφ(−m2)

sin2 θ

]

= l(l + 1)~2eimφPl,mi.e. we get the Legendre-Equation
1

sin θ

∂

∂θ

(

sin θ
∂Pl,m

∂θ

)

−m2 Pl,m

sin2 θ
+ l(l + 1)Pl,m = 0Or we 
an use the raising and Lowering Operators in spheri
al 
oordinates

Lx = i~

(

sinφ
∂

∂θ
+ cot θ cosφ

∂

∂φ

)

Ly = i~

(

− cosφ
∂

∂θ
+ cot θ sinφ

∂

∂φ

)

Lz = −i~ ∂

∂φTherefore L± are
L+ = i~

[

(sinφ− i cosφ)
∂

∂θ
+ cot θ(cosφ+ i sinφ)

∂

∂φ

]

= i~

[

−i(cosφ+ i sinφ)
∂

∂θ
+ cot θ(cosφ+ i sinφ)

∂

∂φ

]

= ~eiφ
(
∂

∂θ
+ i cot θ

∂

∂φ

)

L− = i~

[

(sinφ+ i cosφ)
∂

∂θ
+ cot θ(cosφ− i sinφ)

∂

∂φ

]

= i~

[

i(cosφ− i sin φ)
∂

∂θ
+ cot θ(cosφ− i sinφ)

∂

∂φ

]

= −~e−iφ

(
∂

∂θ
− i cot θ

∂

∂φ

)

L± = ±~eiφ
(
∂

∂θ
± i cot θ

∂

∂φ

) (1.20)
L± raise/lower m by 1 step, for ea
h l. First �nd top/bottom um=±l = Pl,±le

±ilφ

L±um=±l = 0

9



±~e−iφ

(
∂

∂θ
± i cot θ

∂

∂φ

)

Pl,±le
±ilφ = 0

e±ilφ∂Pl,±l

∂θ
± i cot θPl,±l(±il)e±ilφ = 0

∂P

∂θ
− l cot θP = 0

1

P

∂P

∂θ
= l

1

sin θ

∂ sin θ

∂θ
d lnP

dθ
= l

d ln sin θ

dθ

ln |P | = l ln | sin θ|
Pl,±l(θ) = (±) sinl θ (1.21)Cal
ulate the eigen-fun
tions for l = 1

u1,1 = sin θeiφ u1,−1 = sin θe−iφ

u1,0 = L−u1,1 u1,0 = L+u1,−1

= −~e−iφ

(
∂

∂θ
− i cot θ

∂

∂φ

)

sin θeiφ = ~eiφ
(
∂

∂θ
+ i cot θ

∂

∂φ

)

sin θe−iφ

= −e−iφeiφ cos θ + i2 cot θe−iφ sin θeiφ = eiφe−iφ cos θ + i2 cot θeiφ sin θe−iφ

= −2 cos θ = 2cos θ

u1,−1 = −~e−iφ

(
∂

∂θ
− i cot θ

∂

∂φ

)

(− cos θ) u1,1 = ~eiφ
(
∂

∂θ
+ i cot θ

∂

∂φ

)

cosθ

= −e−iφ(sin θ) = eiφ(− sin θ)

= − sin θe−iφ = − sin θeiφTherefore two 
hoi
es of eigen-fun
tions. The 
onvention is to use
u1,m =







N1,1 sin eiφ

−N1,0 cos θ

−N1,−1 sin θe−iφThe other set would be
u1,m =







−N1,1 sin eiφ

N1,0 cos θ

N1,−1 sin θe−iφ

10



1.7.1 More eigenfun
tionsCal
ulate the fun
tions for l = 0, 1, 2: We have them for l = 0, 1, so 
al
ulate for l = 2

m = 2 u2,2 ∝ sin2 θe2iφ

m = 1 u2,1 ∝ L−

(

sin2 θe2iφ
)

= −e−iφ

(
∂

∂θ
− i cot θ

∂

∂φ

)(

sin θ2e2iφ
)

=

= −e−iφ
(

e2iφ2 sin θ cos θ − i cot θ sin2 θ(2i)e2iφ
)

=

= −eiφ (2 sin θ cos θ + 2 sin θ cos θ) =

∝ − sin θ cos θeiφ

m = 0 u2,0 ∝ −e−iφ

(
∂

∂θ
− i cot θ

∂

∂φ

)(

− cos θ sin θeiφ
)

=

= cos θ2 − sin2 θ − i cot θ(i) sin θ cos θ =

= cos2 θ + cos2 θ − 1 + cos2 θ =

= 3cos2 θ − 1

m = −1 u2,−1 ∝ −e−iφ

(
∂

∂θ
− i cot θ

∂

∂φ

)
(
3 cos2 θ − 1

)
= e−iφ6 cos θ sin θ =

∝ sin θ cos θe−iφ

m = −2 u2,−2 ∝ −e−iφ

(
∂

∂θ
− i cot θ

∂

∂φ

)(

sin θ cos θe−iφ
)

=

= −e−2iφ
(
cos2 θ − sin2 θ − i cot θ sin θ cos θ(−i)

)
=

= −e−2iφ
(
cos2 θ − sin2 θ − cos2 θ

)
=

= sin2 θe−2iφSummary:
u0,0 ∝ 1

u1,1 ∝ sin θeiφ

u1,0 ∝ − cos θ

u1,−1 ∝ − sin θe−iφ

u2,2 ∝ sin2 θe2iφ

u2,1 ∝ − sin θ cos θeiφ

u2,0 ∝ 3 cos2 θ − 1

u2,−1 ∝ sin θ cos θe−iφ

u2,−2 ∝ sin2 θe−2iφIn general
u∗l,m = (−1)mul,−m (1.22)11



1.8 Orthonormality1.8.1 Normalisation
N2

l,m

∫

|ul,m(θ, φ)|2dΩ = 1The eigenfun
tions 
an be normalized, e.g. for l = 1

1 =

∫

|u1,m|2dΩ

1 =

∫

|u1,±1|2dΩ = |N1,±1|2
∫

sin2 θ sin θdθdφ

= |N1,±1|22π
∫

(1 − cos2 θ)d(− cos θ)

= |N1,±1|22π(1 − 1
3)2

= |N1,±1|2
8π

3

N±1 =

√

3

8π

1 =

∫

|u1,0|2dΩ = |N1,0|2
∫

cos2 θ sin θdθdφ

= |N1,0|22π
∫

cos2 θd(− cos θ)

= |N1,0|22π
1

3
2

N1,0 =

√

3

4πDe�ne the normalized states as Yl,m(θ, φ).
Yl,m(θ, φ) ∝ ul,m 〈Yl,m, Yl,m〉 = 1Now in general we use raising/lowering operators, so try to 
al
ulate how the normalisa-tion fa
tor 
hanges on usage of the operator.

κ+
l,mYl,m+1 = L+Yl,m

κ−l,mYl,m−1 = L−Yl,m

12



Now
|κ±l,m|2 = 〈Yl,m±1, Yl,m±1〉 = 〈L±Yl,m, L±Yl,m〉 = 〈Yl,m, L∓L±Yl,m〉 =

=(1.19),(1.18) 〈Yl,m, (~L
2 − L2

z ∓ ~Lz)Yl,m

〉

=

=
(
l(l + 1) −m2 ∓m

)
~

2Choose κ positive and real
κ±l,m = ~

√

l(l + 1) −m(m± 1)Rewrite κ in the Condon and Shortly notation
l(l + 1) −m(m± 1) = l2 + l −m2 ∓m = (l ∓m)(l ±m+ 1)

Yl,m+1 =
1

~
√

(l −m)(l +m+ 1)
L+Yl,m

Yl,m−1 =
1

~
√

(l +m)(l −m+ 1)
L−Yl,mChe
k for l = 1. We had Y1,±1 =

√
3
8π

sin θe±iφ and Y1,0 =
√

3
4π

cos θ

Y1,0 = κ−1,1L−Y1,1 =
1√
2

√

3

8π
2 cos θ =

√

3

4π
cos θSo we only have to 
al
ulate one normalisation fa
tor for ea
h l.

1 = N2
l,l2π

∫ π

0
sin2l θ sin θdθ

1 = 2πN2
l,l

∫ π

0
sin2l+1 θdθ (1.23)1.9 OrthogonalityDi�erent eigenfun
tions are Orthogonal, e.g.

∫

u∗1,±1u1,0 =

∫

sin2 θ cos θe∓iφdθdφ = 0

∫

u∗1,−1u1,1 =

∫

sin3 θe2iφdθdφ = 0It is obvious for di�erent m, as we then always have a term einφ whi
h integrated over
2π yields zero. For di�erent l1 < l2 and same m we write the inner produ
t as

〈Yl1,m, Yl2,m〉 =
〈

Ll1−m
− Yl1,l1, L

l2−m
− Yl2,l2

〉

=
〈

Ll2−m
+ L−l1 −mYl1,l1 , Yl2,l2

〉As l2 > l1 so is l2 −m > l1 −m and therefore the total operator on the left annihilates
Yl1,l1 as it 
annot be raised anymore. So the inner produ
t is zero.13



1.10 Spheri
al fun
tions
Y0,0 =

1√
4π

Y1,1 =

√

3

8π
sin θeiφ

Y1,0 = −
√

3

4π
cos θ

Y1,−1 = −
√

3

8π
sin θe−iφ

Y2,2 =

√

15

32π
sin2 θe2iφ

Y2,1 = −
√

15

8π
sin θ cos θeiφ

Y2,0 =

√

5

16π
(3 cos2 θ − 1)

Y2,−1 =

√

15

8π
sin θ cos θe−iφ

Y2,−2 =

√

15

32π
sin2 θe−2iφ

14



2 Intrinsi
 angular momentumIn the last 
hapter we dis
ussed the orbital angular momentum using di�erential opera-tors. We 
an also express the operators as matri
es
~Jj
m,n =

〈

uj,m, ~J
juj,n

〉

(
Jj

z

)

m,n
=
〈
uj,m, J

j
zuj,n

〉We denote the rows and 
oloumns in the following way:
J =








m = j, n = j m = j, n = j − 1 . . . m = j, n = −j
m = j − 1, n = j m = j − 1, n = j − 1 . . . m = j − 1, n = −j... ...
m = −j, n = j . . . . . . m = −j, n = −j






For ea
h j we have 2j+1 di�erent possible eigenfun
tions, i.e. we get a 2l+1 dimensionalmatri
es. So we 
an 
hoose j to be integer or half-integer.Re
all from the last 
hapter

~

√

(j ∓m)(j ±m+ 1)Yj,m+1 = L+Yj,m

~

√

(j ∓m)(j ±m+ 1)Yj,m−1 = L−Yj,mSo for Jj
± we get

(J
1

2

±)mn =
〈

u 1

2
,m, L±u 1

2
,n

〉

= κ±1
2
,n

〈

u 1

2
,m, u 1

2
,n±1

〉

=

= κ±1
2
,n
δm,n±12.1 j =

1
2So for j = 1

2 we get
J

1

2

+ = ~

(

0
√
(

1
2 + 1

2

) (
1
2 − 1

2 + 1
)

0 0

)

= ~

(
0 1
0 0

)

J
1

2

− =

(

J
1

2

+

)†

~

(
0 0
1 0

)

15



So we get
J

1

2
x =

1

2

(

J
1

2

+ + J
1

2

−

)

=
~

2

(
0 1
1 0

)

J
1

2
y =

1

2i

(

J
1

2

+ − J
1

2

−

)

=
~

2

(
0 −i
i 0

)

J
1

2
z =

~

2

(
1 0
0 −1

)2.2 Pauli Matri
esDe�ne the Pauli Spin matri
es
σ1 =

(
0 1
1 0

)

σ2 =

(
0 −i
i 0

)

σ3 =

(
1 0
0 −1

)Properties:
σ2

x = σ2
y = σ2

z = 1And the magnitude of the spin is
~J2 = J2

x + J2
y + J2

z =
~

2

4
(σ2

x + σ2
y + σ2

z) =
3~

2

42.3 j = 1

~J2 = 2~
21

J1
z = ~





1 0 0
0 0 0
0 0 −1





J1
+ = ~





0
√

2 0

0 0
√

2
0 0 0





J1
− = ~





0 0 0√
2 0 0

0
√

2 0





16



Therefore
J1

x =
~√
2





0 1 0
1 0 1
0 1 0





J1
x =

~√
2





0 −i 0
i 0 −i
0 i 0



And 
he
k that J2
x + J2

y + J2
z = ~J2

17



3 Hydrogen AtomIn 3 dimensions, 2 (intera
ting) parti
les3.1 E�e
tive S
hrödinger equation for Hydrogen atom0. 2 non-intera
ting parti
les.i.e. we have m1 at ~x1 with ψ1(~x1) and m2 at ~x2 with ψ2(~x2). The separatestationary state S
hrödinger equations are
H1ψ1 = − ~

2

2m
∆1ψ1 + V1(x1)ψ1 = E1ψ1

H2ψ2 = − ~
2

2m
∆2ψ2 + V2(x2)ψ2 = E2ψ2The total wave fun
tion is Ψ(~x1, ~x2) = ψ1(~x1), ψ2(~x2) be
ause probabilities multi-ply and E = E1 + E2. So we get

HΨ = (H1 +H2)(ψ1ψ2) = ψ2H1ψ1 + ψ1H2ψ2 =

= E1ψ2ψ1 + E2ψ1ψ2 = (E1 + E2)ψ1ψ2 =

= EΨ1. Now introdu
e intera
tion (in 1 dimension)=, i.e. the Hamiltonian has the form
Ĥ = H1 +H2 + V (x1 − x2) (3.1)Now 
hange variables to 
enter of mass 
oordinates

x = x1 − x2 (3.2)
x̄ =

x1m1 + x2m2

m1 +m2
=
x1m1 + x2m2

M
(3.3)Now the partial derivatives transform as follows

∂

∂x1
=

∂x̄

∂x1

∂

∂x̄
+

∂x

∂x1

∂

∂x
=
m1

M

∂

∂x̄
+

∂

∂x

∂

∂x2
=

∂x̄

∂x2

∂

∂x̄
+

∂x

∂x2

∂

∂x
=
m2

M

∂

∂x̄
− ∂

∂x

18



And the Lapla
ians transform like
1

m1

∂2

∂x2
1

=
1

m1

(
m2

1

M2

∂2

∂x̄2
+ 2

m1

M

∂2

∂xx̄
+
∂2

∂x

)

=
m1

M2

∂2

∂x̄2
+ 2

1

M

∂2

∂xx̄
+

1

m1

∂2

∂x2

1

m2

∂2

∂x2
2

=
1

m2

(
m2

2

M2

∂2

∂x̄2
− 2

m2

M

∂2

∂xx̄
+

∂2

∂x2

)

=
m2

M2

∂2

∂x̄2
− 2

1

M

∂2

∂xx̄
+

1

m2

∂2

∂x2The 
ross-terms get killed
1

m1

∂2

∂x2
1

+
1

m2

∂2

∂x2
2

=
m1 +m2

M2

∂2

∂x̄2
+

(
1

m1
+

1

m2

)
∂2

∂x2
=

1

M

∂2

∂x̄2
+

1

µ

∂2

∂x2with the redu
ed mass µ = m1m2

m1+m2
. Now the full Hamiltonian is

H = −~
2

2

(
1

M

∂2

∂x̄2
+

1

µ

∂2

∂x2

)

+ V (x) (3.4)Try separability ansatz
Ψ(x1, x2) = Ψ(x̄, x) = φ(x̄)ψ(x) (3.5)So the S
hrödinger eqution be
omes

HΨ = − ~
2

2M
ψ
∂2

∂x̄2
φ− ~

2

2µ
φ
∂2

∂x2
ψ + V (x)φψ = EtotφψWrite the total energy as sum of the energy of the 
entre of mass and the energyof relative motion: Etot = ECM + E and divide by φψ so we get

− ~
2

2M

1

φ

∂2

∂x̄2
φ− ECM = E +

~
2

2µ

1

ψ

∂2

∂x2
ψ − V (x)And as x and x̄ are linearly independent we get two separate equations

− ~
2

2M

∂2

∂x̄2
φ = ECMφ (3.6)

− ~
2

2µ

∂2

∂x2
ψ = Eψ − V (x)ψ (3.7)So the S
hrödinger equation redu
es to the free parti
le equation for the motionof 
entre of mass and a stationary state equation for the relative motion. Now if

m1 ≫ m2

M = m1 +m2 ≈ m1

µ =
m1m2

m1 +m2
≈ m2We 
an treat the relative motion as the motion of m2 in the for
e �eld V (x) of m119



In 3 dimensions we get a similiar result
~∇1 =

(
∂

∂x1
,
∂

∂y1
,
∂

∂z1

)

~r1 = (x1, y1, z1)

~∇2 =

(
∂

∂x2
,
∂

∂y2
,
∂

∂z2

)

~r2 = (x2, y2, z2)

~∇r =

(
∂

∂x
,
∂

∂y
,
∂

∂z

)

~r = ~r1 − ~r2 = (x, y, z)

~∇R =

(
∂

∂X
,
∂

∂Y
,
∂

∂Z

)

~R =
m1~r1 +m2~r2

m1 +m2
= (X,Y,Z)So the S
hrödinger equations are

− ~
2

2M
~∇R

~∇Rφ = ECMφ (3.8)
− ~

2

2µ
~∇r
~∇rψ = (E − V (r))ψ (3.9)The e�e
tive S
hrödinger equation we have to solve is

− ~
2

2µ
~∇r
~∇rψ = (E − V (r))ψ (3.10)with µ ≈ m2 the ele
tron mass and the Coloumb potential V (r) = − e2

r3.2 Separationn of variablesAim: separate variables su
h that the PDE be
omes an ODETransform 
oordinates to spheri
al polar 
oordinates:
x = r sin θ cosφ = rx̂

y = r sin θ sinφ = rŷ

z = r cos θ = rẑRe
all:
Li = −i~ǫijkxj

∂

∂xkand in terms of (r, θ, φ), Li had no ∂
∂r

operator, i.e. Yl,m = Yl,m(θ, φ). Now prove thefollowing identity
∆ =

1

r2
∂

∂r

(

r2
∂

∂r

)

− 1

r2
1

~2
|~L|2 (3.11)We will use the identities xi

∂f
∂xi

= r ∂f
∂r

whi
h follows from
∂f

∂r
=
∂xi

∂r

∂f

∂xi
= x̂i

∂f

∂xi20



And the identity
ǫijkǫimn = δjmδkn − δjnδkmNow

− 1

~2
|~L|2f =

(

ǫijkxj
∂

∂xk

)(

ǫimnxm
∂f

∂xn

)

=

= ǫijkǫimnxj
∂

∂xk

(

xm
∂f

∂xn

)

=

= (δjmδkn − δjnδkm)xj
∂

∂xk

(

xm
∂f

∂xn

)

=

= xj
∂

∂xk

(

xj
∂f

∂xk

− xk
∂f

∂xj

)

=

= xjδjk
∂f

∂xk
+ xjxj

∂2f

∂xkxk
− xjδkk

∂f

∂xj
− xjxk

∂2f

∂xjxk
=

= xk
∂f

∂xk
+ r2∆f − 3xj

∂f

∂xj
− xjxk

∂2f

∂xjxk
=

= r2∆f − 2r
∂f

∂r
− xj

∂

∂xj

(

xk
∂f

∂xk

)

+ xjδjk
∂f

∂xk
=

= r2∆f − 2r
∂f

∂r
− r

∂

∂r

(

r
∂f

∂r

)

+ r
∂f

∂r
=

= r2∆f − r
∂f

∂r
− r

∂

∂r

(

r
∂f

∂r

)

=

= r2∆f − r
∂f

∂r
− ∂

∂r

(

r2
∂f

∂r

)

+ r
∂f

∂r
=

= r2∆f − ∂

∂r

(

r2
∂f

∂r

)i.e.
∆f =

1

r2
∂

∂r

(

r2
∂f

∂r

)

− 1

r2
1

~2
|~L|2fSo the S
hrödinger equation be
omes

− ~
2

2m

[
1

r2
∂

∂r

(

r2
∂

∂r

)

− 1

r2
1

~2
|~L|2

]

ψ = (E − V (r))ψSeparate ψ:
ψ(r, θ, φ) = u(r)Ylm(θ, φ) (3.12)

21



sin
e we know |~L|2Ylm = l(l + 1)~2Ylm

− ~
2

2m

[

Ylm
1

r2
∂

∂r

(

r2
∂u

∂r

)

− u
1

r2
1

~2
|~L|2Ylm

]

= (E − V (r))uYlm

− ~
2

2m

[

Ylm
1

r2
∂

∂r

(

r2
∂u

∂r

)

− u
1

r2
l(l + 1)Ylm

]

= (E − V (r))uYlm

− ~
2

2m

[
1

r2
∂

∂r

(

r2
∂u

∂r

)

− u
l(l + 1)

r2

]

= (E − V (r))uSo we have 1 dimensional st.st. S
h. eq. but not in standard form
− ~

2

2m

1

r2
∂

∂r

(

r2
∂u

∂r

)

+

[

V (r) +
~

2

2m

l(l + 1)

r2

]

u = EuDe�ne u = rαχ. So we get
1

r2
∂

∂r

(

r2
∂u

∂r

)

=
1

r2
∂

∂r

[

r2
(

αrα−1χ+ rα∂χ

∂r

)]

=

=
1

r2
∂

∂r

[

αrα+1χ+ rα+2∂χ

∂r

]

=

=
1

r2

[

α(α + 1)rαχ+ αrα+1∂χ

∂r
+ (α+ 2)rα+1∂χ

∂r
+ rα+2∂

2χ

∂r2

)

=

= α(α + 1)rα−2χ+ (α+ α+ 2)rα−1 ∂χ

∂r
+ rα∂

2χ

∂r2
=To get the standard form we only want to have the se
ond order derivate so 
hoose

α = −1 i.e.
1

r2
∂

∂r

(

r2
∂u

∂r

)

=
1

r

∂2χ

∂r2Now the S
h. eq is
− ~

2

2m

1

r

∂2χ

∂r2
+

[

V (r) +
~

2

2m

l(l + 1)

r2

]
χ

r
= E

χ

r

− ~
2

2m

∂2χ

∂r2
+

[

V (r) +
~

2

2m

l(l + 1)

r2

]

χ = Eχ

∂2χ

∂r2
−
[
l(l + 1)

r2
+

2m

~2
V (r)

]

χ = −2m

~2
EχAnd �nally with the Coloumb potential

∂2χ

∂r2
−
[
l(l + 1)

r2
− 2me2

~2r

]

χ+
2m

~2
Eχ = 0 (3.13)22



Now res
ale r = λρ with ρ dimensionless
1

λ2

∂2χ

∂ρ2
− 1

λ2

[
l(l + 1)

ρ2
− 2me2λ

~2ρ

]

χ+
2m

~2
Eχ = 0Now 
hoose λ = ~2

me2 (Bohr's radius) i.e.
∂2χ

∂ρ2
−
[
l(l + 1)

ρ2
− 2

ρ

]

χ+
2m

~2

~
4

m2e4
Eχ = 0And de�ne a dimensionless energy ǫ = 2~2

me4E to get the S
hrödinger equation we need tosolve
∂2χl

∂ρ2
−
[
l(l + 1)

ρ2
− 2

ρ

]

χl + ǫlχl = 0 (3.14)3.3 Raising and Lowering operators"Fa
torise" the di�erential operator ∂2

∂ρ2 − l(l+1)
ρ2 + 2

ρ
, i.e. �nd raising and loweringoperators. Try ( ∂

∂x
+ a

x
+ b
) and ( ∂

∂x
− a

x
− b
):

(
∂

∂x
+
a

x
+ b

)(
∂

∂x
− a

x
− b

)

f =
∂2

∂x2
− a

x

∂f

∂x
+

a

x2
f − b

∂f

∂x
+

+
a

x

∂f

∂x
− a2

x2
f − ab

x
f+

+ b
∂f

∂x
− ab

x
f − b2f =

=
∂2f

∂x2
− 2ab

x
f − b2f +

a− a2

x2
f =

=
∂2f

∂x2
− 2ab

x
f +

a− a2

x2
f − b2f

[
∂2

∂ρ2
− l(l + 1)

ρ2
+

2

ρ

]

f =

[
∂2

∂x2
+
a− a2

x2
− 2ab

x

]

f − b2fi.e. a2 − a = l(l + 1) ⇒ a = l + 1 and −ab = 1 ⇒ b = − 1
l+1 . Now we de�ne the twooperators as

a+ =

(
∂

∂x
− l + 1

x
+

1

l + 1

) (3.15)
a− =

(
∂

∂x
+
l + 1

x
− 1

l + 1

) (3.16)
23



and
a+a−f =

(
∂

∂x
− l + 1

x
+

1

l + 1

)(
∂f

∂x
+
l + 1

x
f − f

l + 1

)

=

=
∂2f

∂x2
+
l + 1

x

∂f

∂x
− l + 1

x2
f − 1

l + 1

∂f

∂x
−

− l + 1

x

∂f

∂x
− (l + 1)2

x2
f +

f

x
+

+
1

l + 1

∂f

∂x
+
f

x
− 1

(l + 1)2
f =

=
∂2f

∂x2
− f

x2
(l + 1 + (l + 1)2) +

2

x
f − 1

(l + 1)2
f =

=
∂2f

∂x2
− (l + 1)(l + 2)

x2
f +

2

x
f − 1

(l + 1)2
fi.e. the di�erential operator for l + 1. Summarize:

a−a+ =
∂2

∂x2
− l(l + 1)

x2
+

2

x
− 1

(l + 1)2
(3.17)

a+a− =
∂2

∂x2
− (l + 1)(l + 2)

x2
+

2

x
− 1

(l + 1)2
(3.18)i.e. we 
an write the redu
ed S
hödinger equation in the two alternative "fa
torisations"

[

a−a+ + ǫl +
1

(l + 1)2

]

χl = 0 (3.19a)
[

a+a− + ǫl+1 +
1

(l + 1)2

]

χl+1 = 0 (3.19b)Now a
t on (3.19a) with a+ and on (3.19b) with a−
[

a+a− + ǫl +
1

(l + 1)2

]

(a+χl) = 0 (3.20a)
[

a−a+ + ǫl+1 +
1

(l + 1)2

]

(a−χl+1) = 0 (3.20b)Now ǫl = ǫl+1. Identify (3.19a) with (3.20b)
a−χl+1 ∝ χl

a−χl+1 = κ−l χl (3.21)i.e. a− is a lowering operator. Identify (3.19b) with (3.20a)
a+χl ∝ χl+1

a−χl = κ+
l χl+1 (3.22)i.e. a+ is a raising operator. ǫ is degenerate with respe
t to quantum number l24



3.4 Cal
ulate κ(±)
lTake H spa
e inner produ
t of both sides of (3.21)

〈a−χl+1, a−χl+1〉 =
〈
κ−l χl, κ

−
l χl

〉

= |κ−l |2

|κ−l |2 =
〈

χl+1, a
†
−a−χl+1

〉Take the inner produ
t of (3.22)
|κ+

l |2 =
〈

χl, a
†
+a+χl

〉Evaluate a†±:
〈χ, a±χ〉 =

〈

a
†
±χ, χ

〉

〈χ, a±χ〉 =

∫

χ∗

(
∂

∂ρ
∓ l + 1

ρ2
± 1

l + 1

)

χdρ =

=

∫ [

χ∗∂χ

∂ρ
∓ l + 1

ρ2
χ∗χ± 1

l + 1
χ∗χ

]

dρ =

=
[
|χ|2

]∞

0
+

∫ [

−∂χ
∗

∂ρ
χ∓ l + 1

ρ2
χ∗χ± 1

l + 1
χ∗χ

]

dρ =

=
[
|χ|2

]∞

0
−
∫ (

∂

∂ρ
± l + 1

ρ2
∓ 1

l + 1

)

χ∗χdρ =

=
[
|χ|2

]∞

0
−
∫

a∓χ
∗χdρ =

=
[
|χ|2

]∞

0
+ 〈−a∓χ, χ〉Now χ

ρ→∞−−−→ 0 sin
e norm has to be �nite and χ(ρ = 0) = 0 sin
e u(ρ) = χ
r
has to beanalyti
. So we get:

a
†
± = −a∓ (3.23)and

|κ+
l |2 = −〈χl, a−a+χl〉but from (3.19a) we have a−a+χl = −

(

ǫl + 1
(l+1)2

)

χl, so
|κ+

l |2 = −
〈

χl,−
(

ǫl +
1

(l + 1)2

)

χl

〉

=

(

ǫl +
1

(l + 1)2

)

〈χl, χl〉 =

= ǫl +
1

(l + 1)2 25



|κ−l |2 = −〈χl+1, a+a−χl+1〉 = −
〈

χl+1,−
(

ǫl+1 +
1

(l + 1)2

)

χl+1

〉

=

= ǫl +
1

(l + 1)2So we have
|κ±l |2 = ǫl +

1

(l + 1)2
(3.24)We have a negative potential, so to have a bound state we require the energy to benegative, i.e. ǫl = − 1

c2
for c ∈ R. But positivity of norm requires that ǫl + 1

(l+1)2
be real,i.e. − 1

c2
+ 1

(l+1)2 ≥ 0, so
l ≤ c− 13.5 Eigenfun
tion and energy eigenvalueThis tells us, there is a lmax. Now take this lmax = n − 1, n ∈ N and annihilate it withraising operator.

a+χn−1 = 0

∂

∂ρ
χn−1 =

n

ρ
χn−1 −

1

n
χn−1

∂

∂ρ
lnχn−1 =

n

ρ
− 1

n

lnχn−1 =

∫
n

ρ
dρ− ρ

n

lnχn−1 = n ln ρ− ρ

n

χn−1 ∝ ρne−
ρ
nThe energy 
an be 
al
ulated from (3.19a): [a−a+ + ǫl + 1

(l+1)2

]

χl = 0, i.e. as a+χn−1 =

0

ǫ = − 1

n2So we have a new quantum number determining the energy. And l = 0, . . . , n − 1. Forea
h energy level there are n−1 possibilities for l and for ea
h l there are 2l+1 possibilitiesfor m, i.e. ea
h energy level is ∑n−1
l=0 (2l + 1) = (n− 1)n + n = n2 fold degenerate.
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3.6 Normalisation
Nn,l,m =

∫

|ψn,l,m|2d~r =

=

∫

|un,l(r)|2|Yl,m(θ, φ)|2r2dr sin θdθdφ =

=

∫

|un,l(r)|2r2dr =

=

∫ |χn,l(r)

r2
r2dr =

=

∫

λ|χn,l(ρ)|2dρSo Nn,l,m = Nn,l. We know the normalisation fa
tors when using the raising and loweringoperators, i.e. we only need to 
al
ulate one normalisation fa
tor for ea
h n. (In =
Nn,n−1

λ
)For n = 1

I1 =

∫ ∞

0
ρ2e−2ρdρ = 2

1

2

∫

ρe−2ρdρ =

=
1

2

∫

e−2ρdρ =
1

4General formula:
In = (2n)!

(n

2

)2n+1This 
an be easily seen from the partial integration. So for l = n − 1 we have cn =
1√

Nn,n−1

=
√

1
λ(2n)!

(
2
n

)n+ 1

2 and
χn,n−1 = cnρ

ne−
ρ

n (3.25)Now 
al
ulate some eigenfun
tions for l = n− 2, n− 3, . . .. Use χn,l = 1
κ−

l

a−χn,l+1

χn,n−2 =
1

√

− 1
n2 + 1

(n−1)2

[
∂

∂ρ
− n− 1

ρ
+

1

n− 1

]

cnρ
ne−

ρ

n =

= cn
n(n− 1)√

2n − 1

[

nρn−1 − ρn

n
+ (n− 1)ρn−1 − 1

n− 1
ρn

]

e−
ρ

n =

= cn
n(n− 1)√

2n − 1

[
2n− 1

ρ
−
(

1

n
+

1

n− 1

)]

ρne−
ρ
n =

= cn
n(n− 1)√

2n − 1

[
2n− 1

ρ
− 2n− 1

n(n− 1)

]

ρne−
ρ

n =

= cnn(n− 1)
√

2n− 1

[
1

ρ
− 1

n(n− 1)

]

ρne−
ρ

n27



for n = 2, 3:
χ2,0 = c22

√
3

[
1

ρ
− 1

2

]

ρ2e−
ρ

2

χ3,1 = c36
√

5

[
1

ρ
− 1

6

]

ρ3e−
ρ

3Ex
er
ise: Show that χ2,0 and χ3,1 are energy eigenfun
tions for the Hydrogen atom for
ertain quantum numbers n, l i.e. �nd the energy eigenvalues.3.7 VisualisationNow the 
omplete eigenfun
tions ψn,l,m(r, θ, φ) are
Y0,0 =

1√
4π

Y1,1 =

√

3

8π
sin θeiφ

Y1,0 = −
√

3

4π
cos θ

Y1,−1 = −
√

3

8π
sin θe−iφ

Y2,2 =

√

15

32π
sin2 θe2iφ

Y2,1 = −
√

15

8π
sin θ cos θeiφ

Y2,0 =

√

5

16π
(3 cos2 θ − 1)

Y2,−1 =

√

15

8π
sin θ cos θe−iφ

Y2,−2 =

√

15

32π
sin2 θe−2iφ

cn = 1√
Nn,n−1

=
√

1
λ(2n)!

(
2
n

)n+ 1

2

χn,n−1 = cnρ
ne−

ρ

n

χn,n−2 = cnn(n− 1)
√

2n− 1

(
1

ρ
− 1

n(n− 1)

)

ρne−
ρ

n
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ψ1,0,0 =
1√
π
e−ρ (3.26)

ψ2,0,0 =
1√
8π

(

1 − ρ

2

)

e−
ρ

2 (3.27)
ψ2,1,−1 = − 1√

64π
ρe−

ρ

2 sin θe−iφ (3.28)
ψ2,1,0 = − 1√

32π
ρe−

ρ

2 cos θ (3.29)
ψ2,1,1 =

1√
64π

ρe−
ρ
2 sin θeiφ (3.30)3.8 Zeeman e�e
tRemoval ofm-degenera
y. Swit
h on an external magneti
 �eld ~B. Ele
tron has magneti
moment ~µ (by virtue of its orbital motion ~µ ∝ ~l ⇒ µ̂ ∝ L). The energy of the ele
tron
hanges by −~µ~B.

H → H0 − ~µ ~B

H = H0 − µ ~B~L =

= H0 − µBLzwith the 
hoi
e of ~B = (0, 0, B). So we have a new S
h. eq.
Hψ = (H0 − µBLz)ψ = E′ψSeparate again ψ = u(r)Yl,m(θ, φ). Now

Hψ = H0(uYl,m) − µBLz(uYl,m) =

= H0(uYl,m) − µBum~Yl,m = = [H0 − µBm~]ψ = E′ψ

H0ψ =
[
E′ + µBm~

]

︸ ︷︷ ︸

− 1

n2

ψNow the new energy eigenvalues are
En,l,m = − 1

n2
− µBm~
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4 Stationary State Perturbation Theory(Rayleigh S
hrödinger Theory); Approximate solutions to eigenvalue equations (2nd or-der)4.1 IdeaWe have the Eigenvalue (S
hrödinger) Problem
Hψ = Eψwith no solutions in 
losed form. But the 
orresponding problem

H0ψ
(0)
n = E(0)

n ψ(0)
nis solved in 
losed form! Where H = H0 + gV with g being a (real) perturbationparameter and V being "very small" i.e.

〈V 〉0 ≪ 〈H0〉 = E(0)
nTo ea
h exa
t eigenvalue E(0)

n there exists a perturbed eigenvalue
En = E(0)

n + gE(1)
n + g2E(2)

n + . . .To ea
h exa
t eigenfun
tion ψ(0)
n there exists a perturbed eigenfun
tion

ψn = ψ(0)
n + gψ(1)

n + g2ψ(2)
n + . . .The 
riterion for validity is

E(0)
n ≫ E(1)

n ≫ E(2)
n ≫ . . .4.2 Non degenerate 
aseAssume our exa
t eigenvalues are not degenerate, i.e. En 6= Em for n 6= m. In thisrewritten form our eigenvalue equation has the form

(H0 + gV )
(

ψ(0)
n + gψ(1)

n + g2ψ(2)
n + . . .

)

=

=
(

E(0)
n + gE(1)

n + g2E(2)
n + . . .

)(

ψ(0)
n + gψ(1)

n + g2ψ(2)
n + . . .

)
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Now equate the 
oe�
ients of all powers of g
H0ψ

(0)
n = E(0)

n ψ(0)
n

H0ψ
(1)
n + V ψ(0)

n = E(0)
n ψ(1)

n + E(1)
n ψ(0)

n

H0ψ
(2)
n + V ψ(1)

n = E(0)
n ψ(2)

n + E(1)
n ψ(1)

n + E(2)
n ψ(0)

n...rewritten:
(

E(0)
n −H0

)

ψ(0)
n = 0 (4.1)

(

E(0)
n −H0

)

ψ(1)
n =

(

V − E(1)
n

)

ψ(0)
n (4.2)

(

E(0)
n −H0

)

ψ(2)
n =

(

V − E(1)
n

)

ψ(1)
n − E(2)

n ψ(0)
n (4.3)ea
h is a 2nd order di�erential equation, to be solved in su

ession.4.2.1 E

(1)
n and ψ

(1)
nTake inner produ
t of A
t on (4.2) with ψ(0)

n (Hilbert spa
e inner produ
t)
E(0)

n

〈

ψ(0)
n , ψ(1)

n

〉

−
〈

ψ(0)
n ,H0ψ

(1)
n

〉

=
〈

ψ(0)
n , V ψ(0)

n

〉

− E(1)
n

〈

ψ(0)
n , ψ(0)

n

〉

︸ ︷︷ ︸

=1Now
〈

ψ(0)
n ,H0ψ

(1)
n

〉

=
〈

H
†
0ψ

(0)
n , ψ(1)

n

〉

=
〈

E(0)
n ψ(0)

n , ψ(1)
n

〉and so
E(1)

n =
〈

ψ(0)
n , V ψ(0)

n

〉

= Vnn (4.4)Now �nd ψ(1)
n : Take the inner produ
t of (4.2) with ψ(0)

k , k 6= n

E(0)
n

〈

ψ
(0)
k , ψ(1)

n

〉

− E
(0)
k

〈

ψ
(0)
k , ψ(1)

n

〉

=
〈

ψ
(0)
k , V ψ(0)

n

〉

− E(1)
n

〈

ψ
(0)
k , ψ(0)

n

〉

(

E(0)
n − E

(0)
k

)〈

ψ
(0)
k , ψ(1)

n

〉

= Vkn

〈

ψ
(0)
k , ψ(1)

n

〉

=
Vkn

E
(0)
n − E

(0)
kNow we 
an express ψ(1)

n in the 
omplete orthonormal set ψ(0)
k . For k 6= n the 
oe�
ientsare given.

ψ(1)
n = λψ(0)

n +
∑

k 6=n

Vkn

E
(0)
n − E

(0)
k

ψ
(0)
k31



We 
hoose λ = 0, so 〈ψ(1)
n , ψ

(0)
n

〉

= 0

ψ(1)
n =

∑

k 6=n

Vkn

E
(0)
n − E

(0)
k

ψ
(0)
k (4.5)4.2.2 E

(2)
n and ψ

(2)
nSimilarly evaluate E(2)
n and ψ(2)

n : Take inner produ
t of (4.3) with ψ(0)
n

E(0)
n

〈

ψ(0)
n , ψ(2)

n

〉

− E(0)
n

〈

ψ(0)
n , ψ(2)

n

〉

=

=
〈

ψ(0)
n , V ψ(1)

n

〉

− E(1)
n

〈

ψ(0)
n , ψ(1)

n

〉

− E(2)
n

〈

ψ(0)
n , ψ(0)

n

〉

0 =
〈

ψ(0)
n , V ψ(1)

n

〉

− E(2)
n

E(2)
n =

〈

ψ(0)
n , V ψ(1)

n

〉

=
∑

k 6=n

Vkn

E
(0)
n − E

(0)
k

〈

ψ(0)
n , V ψ

(0)
k

〉

=

=
∑

k 6=n

Vkn

E
(0)
n − E

(0)
k

Vnk =

=
∑

k 6=n

|Vkn|2

E
(0)
n − E

(0)
k

E(2)
n =

∑

k 6=n

|Vkn|2

E
(0)
n −E

(0)
k

(4.6)Evaluate ψ(2)
n : Take inner produ
t of (4.3) with ψ(0)

l , l 6= n

E(0)
n

〈

ψ
(0)
l , ψ(2)

n

〉

− E
(0)
l

〈

ψ
(0)
l , ψ(2)

n

〉

=

=
〈

ψ
(0)
l , V ψ(1)

n

〉

− E(1)
n

〈

ψ
(0)
l , ψ(1)

n

〉

− E(2)
n

〈

ψ
(0)
l , ψ(0)

n

〉

(

E(0)
n − E

(0)
l

)〈

ψ
(0)
l , ψ(2)

n

〉

=
〈

ψ
(0)
l , V ψ(1)

n

〉

− E(1)
n

〈

ψ
(0)
l , ψ(1)

n

〉

〈

ψ
(0)
l , ψ(2)

n

〉

=
∑

k 6=n

1

E
(0)
n − E

(0)
l

Vkn

E
(0)
n − E

(0)
k

[〈

ψ
(0)
l , V ψ

(0)
k

〉

− E(1)
n

〈

ψ
(0)
l , ψ

(0)
k

〉]

=

=
∑

k 6=n

1

E
(0)
n − E

(0)
l

Vkn

E
(0)
n − E

(0)
k

[Vlk − Vnnδlk]Again express ψ(2)
n in terms of ψ(0)

l and 
hoose 〈ψ(2)
n , ψ

(0)
n

〉

= 0

ψ(2)
n =

∑

l 6=n

1

E
(0)
n − E

(0)
l




∑

k 6=n

(

VknVlk

E
(0)
n − E

(0)
k

)

− VnnVln

E
(0)
n − E

(0)
l



ψ
(0)
l (4.7)and et
. 32



4.3 Criterion of validityDo 
ross 
he
k of the ansatz and the results up to order g2

En = 〈ψn,Hψn〉En =
〈

ψ(0)
n + gψ(1)

n + g2ψ(2)
n , (H + gV )ψ(0)

n + gψ(1)
n + g2ψ(2)

n

〉

〈ψn, gV ψn〉 = g
〈

ψ(0)
n , V ψ(0)

n

〉

+ g2
〈

ψ(0)
n , V ψ(1)

n

〉

+ g2
〈

ψ(1)
n , V ψ(0)

n

〉

+ o(g3) =

= gE(1)
n + 2g2E(2)

n

〈ψn,H0ψn〉 =
〈

ψ(0)
n ,H0ψ

(0)
n

〉

+ g
〈

ψ(0)
n ,H0ψ

(1)
n

〉

+ g
〈

ψ(1)
n ,H0ψ

(0)
n

〉

+

+ g2
〈

ψ(0)
n ,H0ψ

(2)
n

〉

+ g2
〈

ψ(2)
n ,H0ψ

(0)
n

〉

+ g2
〈

ψ(1)
n ,H0ψ

(1)
n

〉

=

=E(0)
n + 0 + 0 + 0 + 0 + g2

〈

ψ(1)
n ,H0ψ

(1)
n

〉To evaluate the last term take the inner produ
t of (4.2) with ψ(1)
n :

E(0)
n

〈

ψ(1)
n , ψ(1)

n

〉

−
〈

ψ(1)
n ,H0ψ

(1)
n

〉

=
〈

ψ(1)
n , V ψ(0)

n

〉

−
〈

ψ(1)
n , ψ(0)

n

〉

E(0)
n

〈

ψ(1)
n , ψ(1)

n

〉

−
〈

ψ(1)
n ,H0ψ

(1)
n

〉

= E(2)
n

E(0)
n

〈

ψ(1)
n , ψ(1)

n

〉

− E(2)
n =

〈

ψ(1)
n ,H0ψ

(1)
n

〉So we �nally get
〈ψn,H0ψn〉 = E(0)

n + g2
(

E(0)
n

〈

ψ(1)
n , ψ(1)

n

〉

− E(2)
n

)Together:
En = 〈ψn,H0ψn〉 + 〈ψn, gV ψn〉 =

= E(0)
n + g2

(

E(0)
n

〈

ψ(1)
n , ψ(1)

n

〉

− E(2)
n

)

+ gE(1)
n + 2g2E(2)

n =

= E(0)
n + gE(1)

n + g2E(2)
n + g2E(0)

n

〈

ψ(1)
n , ψ(1)

n

〉So by solving our equations we got an additional term. For our 
al
ulation to be valid,this extra term must not 
hange the result signi�
antly, i.e.
E(2)

n ≫ E(0)
n

〈

ψ(1)
n , ψ(1)

n

〉 (4.8)
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4.4 Appli
ationRestri
t to E(1)
n ,

(2)
n and ψ(1)

n .Physi
al 
ase e.g. Helium atom, 2 ele
trons.Start with two non-intera
ting ele
trons in the same 
oloumb potential, i.e.
H0 = H(~x1) +H(~x2)the unperturbed solutions are

ψ(0)
n = ψn1,l1,m1

(~x1)ψn2,l2,m2
(~x2)

E(0)
n = En1

+ En2The intera
tion term of the ele
trons is
V =

e2

|~x1 − ~x2|Now solve the 1st order perturbation theory for
H = H0 +

e2

|~x1 − ~x2|e.g. for the ground state: n1 = 1, n2 = 1

ψn1
= e−λr1

ψn2
= e−λr2and our perturbation in the energy is

E(1)
n =

〈

ψ
(0)
1 , V ψ

(0)
1

〉

=

= e2
∫
e−λ(r1−r2)

|~x1 − ~x2|
r21r

2
2dr1dr2dΩ(θ1, φ1)dΩ(θ2, φ2)This is too tedious to solve, and in any 
ase, the obtained values have to be improved bythe use of other approximation methods.4.5 Degenerate energy level perturbation (for solid state
ourseStart with the exa
tly solvable problem

H0ψ
(0) = E(0)ψ(0)
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And assume there exist two distin
 solutions with the same (degenerate ) E(0)

H0ψ
(0)
1 = E(0)ψ

(0)
1

H0ψ
(0)
2 = E(0)ψ

(0)
2As they are distin
t we 
an assume 〈ψ(0)

1 , ψ
(0)
2

〉

= 0. Now introdu
e a small perturbingpotential V
H = H0 + gVAnd we have to solve the S
hrödinger equations
Hψ1 = E1ψ1 (4.9)
Hψ2 = E2ψ2 (4.10)where E1 6= E2 (degenera
y removed) and

E1 = E(0) + gE
(1)
1 + . . .

E2 = E(0) + gE
(2)
2 + . . .and

ψ1 = c11ψ
(0)
1 + c12ψ

(0)
2 + gψ

(1)
1 + . . .

ψ2 = c21ψ
(0)
1 + c22ψ

(0)
2 + gψ

(1)
2 + . . .Substituting these into (4.9) and (4.10) and 
omparing 
oe�
ients up to g1 we get

c11

(

E(0) −H0

)

ψ
(0)
1 + c12

(

E(0) −H0

)

ψ
(0)
2 = 0 (4.11)

(

E(0) −H0

)

ψ
(1)
1 +

(

E
(1)
1 − V

)(

c11ψ
(0)
1 + c12ψ

(0)
2

)

= 0 (4.12)
c21

(

E(0) −H0

)

ψ
(0)
1 + c22

(

E(0) −H0

)

ψ
(0)
2 = 0 (4.13)

(

E(0) −H0

)

ψ
(1)
2 +

(

E
(1)
2 − V

)(

c21ψ
(0)
1 + c22ψ

(0)
2

)

= 0 (4.14)Now taking inner produ
t of (4.12) with ψ(0)
1 we get

E(0)
〈

ψ
(0)
1 , ψ

(1)
1

〉

−
〈

ψ
(0)
1 ,H0ψ

(1)
1

〉

+ c11E
(1)
1 − c11

〈

ψ
(0)
1 , V ψ

(0)
1

〉

− c12

〈

ψ
(0)
1 , V ψ

(0)
2

〉

= 0So in our matrix notation we get
V11c11 + V12c12 = E

(1)
1 c11And take inner produ
t of (4.12) with ψ(0)

2

E(0)
〈

ψ
(0)
2 , ψ

(1)
1

〉

−
〈

ψ
(0)
2 ,H0ψ

(1)
1

〉

+ c12E
(1)
1 − c11V21 − c12V22 = 035



V21c11 + V22c12 = E
(1)
1 c12Doing the same with (4.14) yields

V11c21 + V12c22 = E
(1)
2 c21

V21c21 + V22c22 = E
(1)
2 c22So both �rst order 
orre
tions 
an be 
al
ulated from solving the eigenvalue equation

(
V11 V12

V21 V22

)(
c1
c2

)

= E(1)

(
c1
c2

)So we get the two 
orre
tions by solving
det

[
V11 − E(1) V12

V21 V22 − E(1)

]

= 04.6 Examples4.6.1 Anharmoni
 os
illatorsStart with the Harmoni
 os
illator and perturb it with x4 and x6 potentials
H = H0 + λx4

H = H0 + λx6The unperturbed energy levels are
En = ~ω

(

n+
1

2

)

= c

(

n+
1

2

)Re
all:
(

aa† − 1

2

)

un = ǫun

(

a†a+
1

2

)

un = ǫunAnd
a =

√
mω

2~

(

x̂+
i

mω
p̂

) lowering operator (4.15)
a† =

√
mω

2~

(

x̂− i

mω
p̂

) raising operator (4.16)with
aun =

√
nun−1

a†un =
√
n+ 1un+136



So we 
an express the spa
e-operator x in terms of a, a†.
x = K(a+ a†)Now our �rst order energy 
orre
tions are given as

E(1)
n =

〈

ψ(0)
n , λx2mψ(0)

n

〉

=

= λ 〈xmun, x
mun〉 =

= λ‖xmun‖2So we need to 
al
ulate xmun

1

K2
x2un =

(

a+ a†
)2
un =

=
(

a+ a†
) (√

nun−1 +
√
n+ 1un+1

)
=

=
√

n(n− 1)un−2 +
√
n2un +

√

(n+ 1)2un +
√

(n+ 1)(n + 2)un+2 =

=
√

n(n− 1)un−2 + (2n+ 1)un +
√

(n+ 1)(n + 2)un+2

1

K3
x3un =

(

a+ a†
)(√

n(n− 1)un−2 + (2n + 1)un +
√

(n + 1)(n + 2)un+2

)

=

=
√

n(n− 1)(n − 2)un−3 +
√

n(n− 1)2un−1+

+ (2n+ 1)
√
nun−1 + (2n+ 1)

√
n+ 1un+1+

+
√

(n+ 1)(n + 2)2un+1 +
√

(n+ 1)(n + 2)(n + 3)un+3 =

=
√

n(n− 1)(n − 2)un−3 +
√
n(3n)un−1+

+
√
n+ 1(3n+ 3)un+1 +

√

(n+ 1)(n + 2)(n + 3)un+3So the �rst order energy 
orre
tion for the x4 perturbation is
E(1)

n = λK4
(
n(n− 1) + (2n + 1)2 + (n+ 1)(n + 2)

)
=

= λK4
(
n2 − n+ 4n2 + 4n+ 2 + n2 + 3n+ 2

)
=

= λK4
(
6n2 + 6n+ 4

)
=

= 2λK4
(
3n2 + 3n + 2

)For the x6 perturbation the 
orre
tion is
E(1)

n =λK6
(
n(n− 1)(n − 2) + 9n3 + 9(n+ 1)3 + (n + 1)(n + 2)(n + 3)

)
=

=λK6
(
n3 − 3n2 + 2n + 9n3 + 9n3 + 27n2 + 27n+ 9+

n3 + 5n2 + 6n + n2 + 5n+ 6
)

=

=λK6
(
20n3 + 30n2 + 40n+ 15

)
=

=5λK6
(
4n3 + 6n2 + 8n+ 3

)
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The se
ond order 
orre
tion is
E(2)

n =
∑

k 6=n

|Vkn|2

E
(0)
n −E

(0)
kOur matrix elements are

Vkn = λ 〈xmuk, x
mun〉For the x4 perturbation we get:

Vkn =λK4
〈√

k(k − 1)uk−2 + (2k + 1)uk +
√

(k + 1)(k + 2)uk+2,

√

n(n− 1)un−2 + (2n + 1)un +
√

(n+ 1)(n + 2)un+2

〉

=

=λK4
[√

k(k − 1)n(n− 1)δk−2,n−2 + (2n+ 1)
√

k(k − 1)δk−2,n+

+
√

k(k − 1)(n+ 1)(n + 2)δk−2,n+2 + (2k + 1)
√

n(n− 1)δk,n−2+

+ (2k + 1)(2n + 1)δkn + (2k + 1)
√

(n+ 1)(n + 2)δk,n+2+

+
√

(k + 1)(k + 2)n(n− 1)δk+2,n−2 + (2n + 1)
√

(k + 1)(k + 2)δk+2,n+

+
√

(k + 1)(k + 2)(n+ 1)(n + 2)δk+2,n+2

]as k 6= n we 
an redu
e this to
Vkn =λK4

[

(2n+ 1)
√

k(k − 1)δk−2,n +
√

k(k − 1)(n + 1)(n + 2)δk−2,n+2+

+ (2k + 1)
√

n(n− 1)δk,n−2 + (2k + 1)
√

(n+ 1)(n+ 2)δk,n+2+

+
√

(k + 1)(k + 2)n(n− 1)δk+2,n−2 + (2n+ 1)
√

(k + 1)(k + 2)δk+2,n

]So our in�nite sum for the se
ond order 
orre
tion redu
es to a �nite number of terms.
E(2)

n =
∑

k 6=n

|Vkn|2

E
(0)
n − E

(0)
k

=

=
λ2K8

c

[

(2n + 1)
√

(n+ 2)(n + 1)

n− (n+ 2)
+

√

(n+ 4)(n + 3)(n + 1)(n + 2)

n− (n+ 4)
+

+
(2(n− 2) + 1)

√

n(n− 1)

n− (n − 2)
+

(2(n + 2) + 1)
√

(n+ 1)(n + 2)

n− (n+ 2)
+

+

√

(n− 3)(n − 2)(n − 1)n

n− (n− 4)
+

(2n + 1)
√

(n− 1)n

n− (n− 2)

]

=

=
λ2K8

c

[

−(2n+ 3)
√

(n+ 1)(n + 2) −
√

(n+ 1)(n + 2)(n + 3)(n + 4)

4
+

+(2n− 1)
√

n(n− 1) +

√

n(n− 1)(n− 2)(n − 3)

4

]
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The last term is only valid if n ≥ 4, the se
ond last only if n ≥ 2. So for example, the�rst energy level will be up to se
ond order perturbation:
E0 = E

(0)
0 + E

(1)
0 + E

(2)
0 =

=
1

2
c+ 4λK4 +

λ2K8

c

[

−3
√

2 −
√

24

4

]

=

=
1

2
c+ 4λK4 −

√
2
λ2K8

c

[

3 +

√
3

2

]4.6.2 In�nitely deep square wellPerturb the in�nitely deep square well with a harmoni
 os
illator potential λx2. Ourunperturbed eigenfun
tions are
un(x)(0) =

1√
a

{

sin nπ
2a
x n even

cos nπ
2a
x n oddAs n ∈ N we get either symmetri
 or antisymmetri
 solutions. Our unperturbed energyspe
trum is

E(0)
n =

~2π2

8ma2
n2Now 
al
ulate �rst order pertubation

E(1)
n =

∫ a

−a

λx2u2
n(x) dx
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In the symmetri
 
ase, i.e. n odd:
E(1)

n = λ

∫ a

−a

x2 cos2 nπ

2a
x dx =

= λ

∫ a

−a

x2 1

2

(

1 + cos
nπ

a
x
)

dx =

=
λ

2

∫ a

−a

x2 dx+
λ

2

∫ a

−a

x2 cos
nπ

a
x dx =

=
λ

2

2a3

3
+
λ

2

[

x2 a

nπ
sin

nπ

a
x
∣
∣
∣

a

−a
−
∫ a

−a

2x
a

nπ
sin

nπ

a
x dx

]

=

=
λa3

3
+
λ

2

[

0 + 2
a2

n2π2
x cos

nπ

a
x
∣
∣
∣

a

−a
− 2

a2

n2π2

∫

cos
nπ

a
x dx

]

=

=
λa3

3
+
λ

2

[

2
2a2

n2π2
a(−1)n − 2a3

n3π3
sin

nπ

a
x
∣
∣
∣

a

−a

]

=

=
λa3

3
+
λ

2
(−1)n

4a3

n2π2
=

= λ
a3

3
+ λ(−1)n

2a3

n2π2
=

= λ
a3

3
− λ

2a3

n2π2In the antisymmetri
 
ase:
E(1)

n = λ

∫ a

−a

x2 sin2 nπ

2a
x dx =

= λ

∫ a

−a

x2 1

2

(

1 − cos
nπ

a
x
)

dx =

= λ
a3

3
− λ(−1)n

2a3

n2π2
=

= λ
a3

3
− λ

2a3

n2π2So in both 
ases the energy 
orre
tion is
E(1)

n = λ
a3

3
− λ

2a3

n2π2
(4.17)The se
ond order energy 
orre
tion is given by

E(2)
n =

∑

k 6=n

|Vkn|2

E
(0)
n −E

(0)
kOur matrix elements are

Vkn =

∫ a

−a

u∗k(x)λx
2un(x) dx =
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Symmetri
 in k and n so, we only have to 
he
k three 
ases:
• k, n even

Vkn = λ

∫ a

−a

x2 sin
kπ

2a
x sin

nπ

2a
x dxUsing the trigonometri
 identity sinα sin β = 1

2 [cos(α− β) − cos(α+ β)] we get
Vkn =

λ

2

∫ a

−a

x2

[

cos
(n− k)π

2a
x− cos

(n+ k)π

2a
x

]

dxBoth n− k and n+ k are even. We 
al
ulated that integral for the �rst order:
Vkn = λ

2a3

π2

[

(−1)
n−k

2
4

(n− k)2
− (−1)

n+k
2

4

(n+ k)2

]

=

= λ
8a3

π2
(−1)

n
2

[

(−1)−
k
2

1

(n− k)2
− (−1)

k
2

1

(n+ k)2

]

=

= λ
8a3

π2
(−1)

n+k
2

(n+ k2) − (n− k2)

(n− k)2(n+ k)2
=

= λ(−1)
n+k

2
8a3

π2

4nk

(n2 − k2)2

• k, n odd
Vkn = λ

∫ a

−a

x2 cos
kπ

2a
x cos

nπ

2a
x dxUsing the trigonometri
 identity sinα sin β = 1

2 [cos(α− β) + cos(α+ β)] we get
Vkn =

λ

2

∫ a

−a

x2

[

cos
(n− k)π

2a
x+ cos

(n+ k)π

2a
x

]

dxBoth n− k and n+ k are even. We 
al
ulated that integral for the �rst order:
Vkn = λ

2a3

π2

[

(−1)
n−k

2
4

(n− k)2
+ (−1)

n+k
2

4

(n + k)2

]

=

= λ
8a3

π2
(−1)

n+k
2

[

(−1)−k 1

(n− k)2
+

1

(n+ k)2

]

=

= λ(−1)
n+k

2
8a3

π2

[−(n+ k)2 + (n− k)2

(n2 − k2)2

]

=

= λ(−1)
n+k

2
8a3

π2

−4kn

(n2 − k2)2

41



• k even, n odd
Vkn = λ

∫ a

−a

x2 sin
kπ

2a
x cos

nπ

2a
x dxUsing the trigonometri
 identity sinα cos β = 1

2 [sin(α− β) + sin(α+ β)] we get
Vkn =

λ

2

∫ a

−a

x2

[

sin
(k − n)π

2a
x+ sin

(n+ k)π

2a
x

]

dxThe sines are antisymmetri
, x2 is symmetri
 and as we have we have symmetri
limits, the integral is zero
Vkn = 0In our energy 
orre
tion, we only need |Vkn|2, so the di�erent sines do not matter:

|Vkn|2 = λ2 1024a6

π4

n2k2

(n2 − k2)4So the se
ond order energy 
orre
tion is
E(2)

n =
∑

k 6=n

|Vkn|2

E
(0)
n −E

(0)
k

=

=
∑

k 6=n

λ2 1024a6

π4

n2k2

(n2 − k2)4
1

~2π2

8ma2n2 − ~2π2

8ma2 k2
=

=
∑

k 6=n

λ2 1024a6

π4

n2k2

(n2 − k2)4
8ma2

~2π2

1

n2 − k2
=

=
∑

k 6=n

2λ2 642ma8

~2π6

n2k2

(n2 − k2)5subje
t to k = n+ 2l for any integer l
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