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CHAPTER 1.

LECTURE-WISE BREAK UP



Chapter 2

Divisibility and the Euclidean
Algorithm

Definition 2.1 For integers a and b, b # 0, b is called a divisor of a, if there exists an integer ¢ such that
a = be. A number other than 1 is said to be a prime if its only divisors are 1 and itself. An integer other than
1 is called composite if it is not prime.

Notation.

1. bla means b is a divisor of a.

2. b fa means b is not a divisor of a.

Fact 2.1 The following are easy to show.

1. lla for alla € Z,

ala for all a # 0,

alb implies albe, for all c € Z,
alb and blc implies alc,

alb and alc implies a|b £ ¢,

S Tt e e

Every prime is a positive integer. 2 is the smallest prime.

Theorem 2.2 The set of primes is infinite.

Proof outline: ~ Assume the set of primes is finite and let them be pq, ..., pg, for some & > 1. Now consider
the number n = Hle p; + 1. It is easy to see that none of the primes p1, ..., px is a divisor of n and n is larger
than any of them. Hence n must be a prime, contradicting the assummption. O

Theorem 2.3 The Fundamental theorem of arithmetic. Every integer n > 1 may be expressed uniquely
in the form H?:l p;t, for some k > 0, where p;, 1 <i <k are the primes in order and a; > 0 for 1 <i <k.

13



14 CHAPTER 2. DIVISIBILITY AND THE EUCLIDEAN ALGORITHM

Theorem 2.4 The division algorithm Given any two integers a, b > 0, there exist unique integers q, r with
0 <r<b, such that a = bg+r = blg+1) — (b —r) and min(r,b —r) < g. q 15 the quotient and r the
remainder obtained by dividing b into a.

Notation. We use the notation adivb and amodb to denote the quotient ¢ and remainder r (respectively)
obtained by dividing b into a.

Definition 2.2 d € Z is a common divisor of a,b € Z if dla and d|b. d is called the greatest common
divisor (GCD) of a and b if it is the largest among the common divisors of a and b.

Notation.

1. p®||la means p®|a and p**! / a.

2. gcd(a, b) denotes the GCD of a and b.
Theorem 2.5 There exist integers x, y such that ged(a,b) = ax + by, provided a > 0 or b > 0.

Proof outline: 'The proof depends upon the following claims which are easily proven.

1. S ={au+ bvlau+bv > 0,u,v € Z} # 0.

2. d = min S is a common divisor of a and b.

3. d = ged(a,b).
O
Corollary 2.6 T = {ax + by|z,y € Z} is exactly the set of all multiples of d = ged(a,b).
Theorem 2.7 The Euclidean theorem If a = bq + r then ged(a,b) = ged(b, ).
Proof outline: Let d = gcd(a,b). the the following are easy to prove.
1. d is a common divisor of b and r.
2. Let ¢ = ged(b, 7). Then c|a and ¢ < d.
O

Note: It is not necessary for ¢ and r chosen in the above theorem to be the quotient and remainder obtained
by dividing b into a. The theorem holds for any integers g and r satisfying the equality a = bgq + 7.

The Euclidean theorem directly gives us an efficient algorithm to compute the GCD of two numbers.

Algorithm 2.1 The Euclidean Algorithm

algorithm euclid(a, b)
begin

if (b=0) then a

else euclid (b, a mod b)
end




Chapter 3

Fibonacci Numbers

Theorem 3.1 gcd(F11,F,) =1 for alln > 1.

Proof: ~ For n = 1, the claim is clearly true. Assume for some n > 1, ged(F, 41, F,) # 1 Let k > 2 be the
smallest integer such that ged(Fy41, F) = d # 1. Clearly since Fj11 = Fj, + Fy_1, it follows that d|Fy_1, which
contradicts the assumption. O

Theorem 3.2 F,,,, = Fp_1Fy + FrnFrog1, for allm >0 andn > 0.

Proof outline: By induction on n for each fixed m. O
Theorem 3.3 Form > 1,n>1, Fy,|Fon.

Proof outline: By induction on n. O
Lemma 3.1 If m = ng+r, for m,n >0, then ged(Fpn, Fp,) = ged(Fy, Fy.).

Proof: ~ We have F,,, = Frg4r = Frg—1F, + FrgFrq1 by theorem 3.2. Hence ged(F,, Fr) = ged(Frq—1Fr +

FrgFri1, F,). We know that ged(a + ¢, b) = ged(a, b) when ble. Hence since F,|Fyq, we have F,|F,Frq1.

Claim. ged(Fng—1,Fn) =1. If d = ged(Fq—1, Fy), then d|F,,—1 and d|F,, which implies d|F,,. But d|F,q_1
and d|F,,, implies d = 1.

Hence

an—lFr + anFr+la Fn)
anleh Fn)

I
K=
Q
U
=
<3

since ged(Frq—1,F,) =1

I
Q
Q
8
_====

Theorem 3.4 The GCD of two fibonacci numbers is again a fibonacci number. In fact, ged(F,,F,) =

Fgcd(n,m) .

15
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CHAPTER 3. FIBONACCI NUMBERS

Proof: Lemma 3.1 essentially tells us that something very similar to the Euclidean algorithm works here too.

The correpondence is made clear by the following.

gcd(Fy,, Fry)
n = mqy+ 12 implies = gcd(Fy,, Fr,)
m = Toq1 + 73 implies = ng(FT27 Frs)
Tn—2 = Tn-1qn—2+7r, Iimplies = gcd(F,, _,,F,)
Th—1 = TpQn—1+ 0 = FT’n
Since 7,|r,—1 we have F,. |F,. _,. Hence gcd(Fy, Frn) = Fr, = Fyeq(nm)- o

Corollary 3.5 Converse of theorem 3.3. F,,|F, implies m|n.

Proof:  Fp|F, implies F,, = ged(Fin, Fr) = Fyeq(m,n) Which in turn implies m = ged(m, n) whence m|n. O

Theorem 3.6 The following identities hold.

n
ZFi =Fup2—1
i1

F2=F,  F, 1+ (-1)"!

F, =

n_ﬂn

[e%

V5

where o = 5 gnd 8= 1=V gre the solutions of the quadratic 2 = x + 1.

2 2

Proof:
1.
i, = F3-F
F, = F,—F;
Fn - Fn+2 - Fn+1

Adding the above equations and cancelling all F;, 3 <i<n+ 1, Z?:l Fo=F,o—Fh=F, 10— 1

2. Consider
F? — Fup1Foyo

(1)

= Fn(Fn—l +Fn—2) *Fn—s—an—l
= (Fn_Fn+1)Fn71+FnFn72
= - nlenfl +FnFn72

— (-

n—1

— FoFp_s) .(2)

(1) and (2) are essentially the same except for the initial sign and the fact that subscripts have all been
reduced by 1. We may continue this process of reducing the subscripts with alternating signs to obtain

F2—F,1Fy = (-1)""YF — FoFy) = (—1)" L.

n
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an_ﬁn
V5

3. By induction on n. For n =1 it is trivial. Assuming F;, = , we have

Fn+1
= Fn +Fn—1
_ a — ﬂn N an—l _ ﬁnfl
Vb V5
a"at+1)-p"t(B+1)

an-i—l _ IBn-{-l
V5

The last step is obtained from the previous step using the identities o®> = a + 1 and 82 = 3 + 1, since
they are both solutions of the equation z2 = z + 1.

Theorem 3.7 FEvery positive integer may be expressed as the sun of distinct fibonacci numbers.

Proof:  We actually prove the following claim.
Claim. Every number in the set {1,2,..., F,, — 1} is a sum of distinct numbers from {F}, Fs, ..., F,_o}.

We prove this claim by induction on n. For n = 1 it is trivial. Assume the claim is true for n = k. Choose
any N such that Fy, < N < Fiy;. We have N — Fy,_; < Fiy1 — Fy_1 = F). By the induction hypothesis,
N — Fj,_; is representable as a sum of distinct numbers from {Fy, Fs, ..., Fy_2}. By adding F), we get that N
is representable as a sum of distinct numbers from {Fy, Fa,..., Fy_o, Fx_1} O
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Chapter 4

Continued Fractions

Definition 4.1 A continued fraction is of the form

by

ap + by

a1 + bs
as + —

where ag € R and ay,as,...,b1,bo,... are all positive reals.

Example 4.1 The following simple infinite continued fraction represents the real number \/13. (Prove it!)

4
6+ —
6+ —
Definition 4.2 Our interest will be restricted to continued fractions where by = by = b3 = ... = 1. Such a
continued fraction is denoted by the list [ag; a1, az,...]. It is said to be finite if this list is finite, otherwise it is

called infinite. It is said to be simple if all the elements of the list are integers. We often use the abbreviation
SFCF to refer to “simple finite continued fractions”.

Fact 4.1 Any SFCF represents a rational number.
Theorem 4.2 FEvery rational number may be expressed as a simple finite continued fraction.
Corollary 4.3 If0 < a/b < 1 then ag = 0.

Fact 4.4 If a/b = [ap; a1, a2, ...,a,], then if a, > 1, we may also write a/b = [ap; a1,az,...,a, — 1,1]. Hence
every rational number has at most two representations as a SFCF

Example 4.2 F,1/F, = [151,1,...,1,2] = [1;1,1,...,1,1,1] where F,41 and F,, are consecutive fibonacci
numbers.

19



20 CHAPTER 4. CONTINUED FRACTIONS

Definition 4.3 Let a/b = [ap; a1,a2,...,a,] be a SFCF. Then Cy = [ag; a1, as,...,ax] for 0 <k < n is called
the k-th convergent of a/b.

Note.

1. We will often regard SFCFs as being interchangeable with their values as rational nmumbers.

2. It is clear from fact 4.1 and theorem 4.2 that convergents too may be regarded both as SFCFs and as
rational numbers.

Fact 4.5 Cj with ay replaced by ax + yields Cly1.

k41
Definition 4.4 For [ag;ay,az,...,a,] let
Po = Qo o = 1
p1 = aiap+1 @ = @
Pk = GkPk—1 + DPr—2 QG = apQr—1+tqr—2 for2<k<n
Lemma 4.1 For the SFCF [ag; a1, az,...,a,], Cp = Pk for 0<k<n.
dk
Proof outline: By induction on k O
Note. In the sequel we will assume unless otherwise stated, that we have a SFCF [ag; a1, as,...,a,] whose
. Pk
convergents are Cj, and in each case Cj = —.
dk
Theorem 4.6
Pek—1 — qrpr—1 = (—1)*!
Proof outline: By induction on k. O

Corollary 4.7 For 1 <k <n, p; and qi are relatively prime, i.e. ged(pg,qr) = 1.

Proof outline: 1f d = ged(pr, qx) then d|prgr—1 — qepr—1 = (—1)*~1. But since d > 1, it implies that d = 1. O
Lemma 4.2 ¢q;_1 < qx for 1 <k <n and whenever k > 1, qp_1 < q.

Theorem 4.8 The convergents of an SFCF satisfy the following properties.

1. The even-indexed convergents form an increasing chain, i.e. Cy < Co < Cy < ...
2. The odd-indexed convergents form a decreasing chain, i.e. C1 > Cs > Cs > ...
3. BEvery even-indexed convergent is smaller than every odd-indexed convergent.
Proof outline: ~ Consider Cy19 — C, = (Crr2 — Cri1) + (Crr1 — Cr). Show that sgn(Chia — Cy) = (—1)*.

The first two parts then follow from this. To show the last part notice that for any j, we may first show again
Cyj < Coj—1 and Cyj41 > Cy;. Then for any 4, j we have

Co<Cy<... CQj < Czj+2i < CQjJrQi,l <Oy 1<...<Cy
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Algorithm 4.1 The Simple Continued Fraction Algorithm

algorithm scfa (x)
begin
i := 0; x[0] := x; a[0] := floor(x[0]);
print (al0]);
while (x[i] <> a[il) do
begin
x[i+1] 1/(x[i] - alil);
ali+1] := floor(x[i+11);
print (al[i+1]); i := i+l
end
end.

Theorem 4.9 Agorithm scfa(x) returns a finite list [ag; a1, as,...,a,] if and only if © is rational, in which
case T = [ag; a1, az, ..., ay).

Proof outline: (=) If [ag; a1, aq,. .., a,] is returned by the algorithm, it is easy to show by induction on ¢ that
xo = [ag; a1, az,...,a;—1,x;], for each i. Then clearly x = z is a rational number with the stipulated value.

(<) Suppose z is a rational. Then starting with ap = |20 and z;11 = 1/(z; — a;) we have that each z; is
rational, say u;/u;+1. We then have

1

xifai

Ti41 =

Ui /i1 — [wi/uiy]
Uj+1
U; — Ui41 Lui/UiHJ
Ui+1
u; mod u;4q

The transformation that takes x; to x;y1; maps the pair (u;, w;+1) to (w;y1,u; mod u;4+1) which is precisely
the transformation of the euclidean algorithm (algorithm 2.1), which we know terminates on integer inputs,
eventually (when u;/u;41 = |u;/ui+1], which is the termination condition x; = a; of this algorithm. O

Theorem 4.10 scfa(a/b) = [ap;a1,a2,...,a,] iff E(a,b) =n.

We know that the linear diophantine equation (10.1) ax +by = ¢ has a solution if and only if ged(a, b)|c. Further
we also know that if (g, yo) is a particular solution then the set of all solutions is given by

= wo+ (b/d)t y=yo— (a/d)t
for d = ged(a,b) and all integer values of t.
It follows therefore that ax + by = ¢ admits solutions iff (a/d)x + (b/d)y = ¢/d admits of solutions. It is also
clear that ged(a/d,b/d) = 1.

Lemma 4.3 If (xo,y0) is a solution of the equation ax + by = 1, where ged(a,b) = 1, then (cxo,cyo) is a
solution of ax + by = ¢



22 CHAPTER 4. CONTINUED FRACTIONS

Theorem 4.11 The equation ax + by = 1 has a solution

T = {gn-1 Yy = —Ppn-1 ifnisodd, and
T = —Qn-1 Y = Pn-1 if n is even

Proof outline: Let a/b = [ap;a1,a2,...,a,]. then Cp_1 = pp_1/¢n—1 and C, = pp/qn = a/b. Since
gcd(pn,qn) = 1 = ged(a,b), it follows that p, = a and g, = b. Further since p,g,—1 — ¢upn_1 = (=1)""! we
have ag,_1 — bp,—1 = (—1)"~1, which yeilds the required solutions depending upon whether n is even or odd.
O



Chapter 5

Simple Infinite Continued Fraction

Definition 5.1 The expression

1
ao + 1
ay -+ 1
ag + —
where ag,ay,as, ... is an infinite sequence s.t. ag € Z and Vi > 1 a; € N is called a simple infinite

continued fraction (SICF), denoted by the list [ag; a1, az,...].

Theorem 5.1 The convergent of the SICF satisfy the infinite chain of inequalities
Co<Cy<Cy<...<Cp<...<Cgp1<...< (05 < C3<Cy

Proof:  Similar to Theorem 4.8 O
Theorem 5.2 The even and odd convergent of a SICF converges to same limit.

Proof:  From Theorem 5.1 it is clear that {C3,} forms a bounded monotonicaly increasing sequence bounded
by C; and {Ca,+1} forms a bounded monotonically decreasing sequence bounded by Cp and so both will be
converges to limit, say « and o' respectively. Clearly,

a—ao < an+1 — Can

From Theorem 4.6 ,

1 1

0<la—d|< ———— < —+
*| | q2n-92n+1 q%n

proof follows from the fact that we can make — arbitrarily small as ¢; increases without bound for large i. O

2n

Definition 5.2 The value of the SICF can be defined as the limit of the sequence of rational numbers C,, =
[ap; a1,a2,...,a,] (n >0 )i.e. the SICF [ap;ay,as,...] has the value lim,,_, o, C,,.

Note : The existence of the limit in the above definition is direct from the Theorem 5.1 , Theorem 5.2 and
from the fact that the subsequences of {C,} , even and odd numbered convergents ,converge to same limit o
and so {C,} will also converge to the limit a.

23
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Example 5.1 Find the value of the SICF [1,1,1,...] (Golden ratio).
Sol: say ¢ =[1,1,1,...] and C,, = [1,1,1,...,1]
—_————

n+1 terms
From above definition,

= ¢ =

As the other root of the quadratic equation ¢> — ¢ — 1 = 0 is negative.
Definition 5.3 A simple periodic continued fraction is denoted by list

[%;Clla ceeyQpy e 7an+k—1}

where bar over an, ..., G, +x—1 represent that the block (ay, ..., antk—1) s in repetition. This block is called the
period of expantion and the number of elements in the block is called length of the block.

Theorem 5.3 Fvery SICF represents an irrational number.

Proof:  Let C = [ag; a1, as,...] be a SICF and {C,,} be a sequence of convergent. Clearly , for any successive
convergents C,, and C),11 , C lies in between C,, and Cj,41

=0<|C-Ch| < |Cpy1—Cp|= —2

dndn+1

let us assume limit of convergent is a rational number , say § for a,b € Z and b > 0

a 1
= 0<|—-— P <
b dn dndn+1
= 0<|ag,—bp,|<
n+1
As b is constant and Vi g; < g;+1 (Lemma 4.2)
= 3IN eN st.¥n> N, <1
An+1

= 0<|ag,—bp,| <1, Yn>N

This is a contradiction as | ag, — bp,, |€ N, lies between 0 and 1 . O

Theorem 5.4 If x = [ag;a1,a2,...] = [bo; b1, ba,...] then a, = b,¥n >0
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Proof: Since Cy < x < Cy and ay,b; € N

1
apg < T <ag+— = ay < <ag+1
a1

1
by < x <b0+lT = by < x <by+1
1

This implies that ag = by , since the greatest integer of x from one inequality is ag and from other is by .
Proof follows from the repetition of the argument on [agi1,ak+2,...] and [bgy1,bgta,...] by assuming that
a; =b; for0<i<k O

Corollary 5.5 Distinct continued fractions represent distinct irrationals.
Note : Theorem 5.3 and Theorem 5.4 together say that every SICF represents a unique irrational number.

Theorem 5.6 Any irrational number x can be written as [ag; a1, a2, . ..,an—1,Ty], where ag is a integer Vi a; €
N and for all n x, is irrational.

Proof outline: By induction on n. O
Theorem 5.7 If x = [ap;a1,a2,...,0n_1,%y] , s.t. VN >2 2, € Ry a0 € Z and Vi a; € N then

TnPn—1 + Pn—2
Tndn—1 + qn—2

xr =

Proof:  (By induction on n) For n =2 |

Z‘g(aoal + 1) + ag
Toaq + 1

T2P1 + Po

Z2q1 + qo

z = lag;a1,x2] =

,the result is true. Assume the result hold for n =k .i.e

TkPk—1 + Pk—2

ap;at, ..., a_1,x) = ——m— L2
[ ] TrqQr—1+qk —2

1

For n =k + 1, replace x by ar +

Tht1
1
=z = J[ag;a1,...,a5-1,0k +
Tr+1
1
_ (ar + xk“) + Pk—2
= 1
(ar + 777) + @
_ Zk+1Pk + Pk
Th+1qk + qk—1
and so the result hold for all n. O
Corollary 5.8 If ,,(n) = [@m, Gmt1s -« -5 Gn_1,Tyn], m < n and lim,_ o 2y (n) = Y, , then for m > 2,
T = aO;alaa2~-~] = [a07a17"'7a’m717ym}

YmPm—1 + Pm—2
Ymdm—1G9m—2
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Proof: Let m be fixed integer. Then by definition,

T = liMpoool@o; @1, Gm—1[Cm, Gmi1, - -, 0n]]
= limp_ool@oia, ..., m—1,Tm(n)]
Since f(a) = [ag;a1,...,am—1,q] is contineous function ,
=z = [ag;a1,...,Gm-1, My 0oTm(N)]
= lao;a1,. -, Ym]
now result holds from T heorem 5.6 for m > 2. O

Theorem 5.9 For any irrational z ,

| .I—Cn_l |: qnqlnfl

Proof:  From Theorem 5.6,
TnPn—1 +pn72 _ Pn-1

x—C, -1 =
" Tndn—1 + qn — 2 dn—1
_ (_1)n71
(‘rnanl + qn72)Qn71
Since x, > a, ,
1
x—C, —1 =
| " | (ann—l + Qn—Q)Qn—l
1
<
(anQn—l + Qn—Q)Qn—l
- 1
dndn—1

Lemma 5.1 Ifz>1andz+ L <5 thena < o (= @) and 1 = —p (= ‘/3’2*1)
Sol : For x > 1, function x + % increases without bounds. Given,

1
(E“r; < \/5

=@x—a)fz—p) < 0

This implies, either x > a and x < —( or x < a and x > —f.Since a > —[f3, so only second relation will hold .
Now ,

r < «
1 2 5—1
T V541 2

Theorem 5.10 FEvery irrational number can be uniquely represent as a SICF. Equivalently,
If © is an irrational number , ag = [z] and ap, = [xx—1] for k =1,2..., where x = ag + i and x; = a;11 +

fori=0,1,2,... then x = [ag;a1,az,...]

1
Ti41
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Proof: ~ The first n convergents of [ag;ay,...] are same as the first n convergents of [ag; a1, ..., ay.2,].Thus
n + 1" convergent of [ag; a1, ..., an,x,] from Theorem 5.6 is
_ TnPn + Pn—1
Tnqn + qn-1
however ,
_1 n+1
v O, = (-1)

(ann + qnfl)Qn

Forn>1, n—1<(n—1)?<q¢ < (ngn + qn_1)gn , this implies that the denominator becomes infinite as n
increases and so ,

z— lim C, =lim,_o(x—C,) =0
n—oo

hence , every irrational number uniquely represents an infinite simple continued fraction.(uniqueness follows
from Theorem 5.4) O

Corollary 5.11 For any irrational number x |

1 1
gL | < < =
dn dndn+1 qn

where C,, = 2= g nth

convergent.
qn

Example 5.2 Prove that e is an irrational number.
Sol : Proof by contradiction,
Assume that e = ¢, a > b> 0 is an rational number.Then for n > b and alson > 1,

N = nl(e—

= n'(z

k>n

1
PR

=i~ 1M
o

since , e = ano % Also note that the number N is a positive integer,

1 1 1
ntl it D)n+2)  nrDnr2)(n L3

1 1 1
S Al T mrDwmr2 T mrmis T

2
= <1
n+1

=N =

)—|—...

since n > 1 . This is a contradiction as n is a positive integer. This implies that e must be a irrational.

Theorem 5.12 For any irrational number x > 1, the n+ 1*" convergent of% and the n" convergent of = are
reciprocal to each other.
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Proof outline:  Let x = [ag, a1, ag, . ..]. Now proof follows from the observation,

1
- = 04+ —
X [ao,al,ag....]
1
= lim O+ — )
n—oo [ao, Ay, ..., an]

= lim [a,a9,a1,...,a,]
n—oo

= 1[0,a0,0a1,...]

Corollary 5.13 For any irrational = in between 0 and 1 , the n+ 1" covergent of x and n" convergent of 1/x
are reciprocal to each other.



Chapter 6

Rational Approximation of Irrationals

In this chapter we consider the problem of finding good rational approximations to an irrational number z.

Definition 6.1 The best approximation to a real number x relative to n is the rational number p/q closest to
x such that 0 < b < n.

The next theorem shows that continued fraction convergents are the best approximations relative to their
denominators.

Lemma 6.1 Let ¢, = % be the n'" convergent of SICF representation of x. If a,b € Z with 1 < b < 41,
then | gnx —pp | < | bz —a |

Proof:  Consider the equation

e [e]=1]

Note that
Pn  Pn+1 _ (_1)n+1
dn  4n+1
So, the equation has unique integer solutions given by
Yo = (_1)n+1(aq”+l — bpnt1)
Zo = (_1)n+1(bpn - G/Qn)

Claim.y, # 0
If y, = 0 then agp+1 = bpny1. We know that ged(pr41,gnt+1) = 1. The two facts imply g,41 | b which in turn
implies b > g, 41, which is a contradiction.

We now consider two cases depending on value of z,:
Case: z, =0
= bp, = agy, and since y, € Z, | ¢o& — py, |<| bz — a |. Hence proved.

Case: z, # 0

Claim.y,z, < 0

If z, < 0 then y,q, + 2oQn+1 = b = Yon = b— ZoGn+1 > 0= yo > 0.
If z, > 0 then, b < ¢n+1 = YoGn =0 — 2oqn+1 < 0=y, < 0.

29
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As  lies between £ and fl’"—:i , (#—L2) and (z— %) have opposite signs.Hence (¢,z —p,) and (¢n412—Pn+1)
have opposite signs.

PnYo + Pnt12o = @
Yo + qn+120 = b
bz —a | = [yo(gn —pn) + 2o(qnt1Z — Pny1) |
= |y0| |QH17"pn| +’|Zo‘ ‘Qn+117_'pn+1|
> | gnT — Pn
where the second equality follows because | a +b |=|a |+ | b| if @ and b have same signs.
O
Theorem 6.1 If1<b<gq, then |z — z—: |<|z— ¢
Proof:  Assume the statement is false.
Pn
| qnT — Pn | = dQn ‘x‘_ —
qn
a
> b - =
K
= | b —a |
which contradicts the previous lemma. |

Hence continued fraction convergents are the best approximations to irrationals relative to their denominators.

Theorem 6.2 If x = [ag,a1 ... An_1,%n],Tn € RT for alln >0 then x = %

Proof: By induction on n.
Base:For n =2,

xa(agar + 1) + ag
Toay + 1

ZT2p1 + Po

T2q1 + Qo

T =|ao;0a1,r2) =

I.H. Assume the result holds for n = & .i.e

TkPk—1 + Prk—2

[ag;ar,...,ap_1, 0] = ——————=

TQr—1 + gk — 2
1

Thi1

For n =k 4+ 1, replace x by ar +

=z = J[ag;a1,...,a5-1,0k +
Tr+1

(ak + 2=) + pe—2

Th+1

(ar + ! )+ Qk—1

Thk41
Tk4+1Pk + Pk—1
Th+1qk + k-1

and so the result holds for all n. O
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Lemma 6.2 Ifz>1andz+1/z < V5 then

i.x<a=@

o _\/571
. o> ==

Proof: Note that o and 3 are roots of equation  + 1/x = /5.
c4+1/x<V5= (z—a)(z—F)<0

The two possibilities are a < & < —() or = < & < «. The first one is ruled out as we are given that
x>1> —(. So, we have —(3 < x < a which proves the first claim.

V5+1 1 2 _ 51 : . . :
Now,z<a=z <= = > N ST which proves the second claim. O

Theorem 6.3 Hurwitz’'s Theorem Given an irrational , there exist many rationals a/b such that

a 1
T— - |< 6.1
7§ 1< 7 (61)
Proof:  We first prove certain claims
Claim. If 6.1 is false for any co?secutive Cph—1 and Cn17 then r,, + 1/r, < V5 where 7, = q,ll/qq_l. .
V\/'earegiven|ac—§:—:|2\/gqi_1 and |z — b= Z\/qu'SO’|x_C”*1|+‘m_0”|2ﬁ(q7;+qi,l)' Since
z lies between Cp,—1 and Cp, |2 — Cpy |+ ]2 — Cp | =] B2 — Z:—:I |= qn_llqn. Hence,
1 11 1
o™ slatas)
_An__ 1 9n
= dn—1 2 \/g(q,,27,71 + 1)
= > (i +1)
= rt+l/rn < V6

Claim. Atleast one of three consecutive convergents satisfies 6.1
Assume none of Cy,_1,C,, and C,,11 satisfy 6.1. Using the previous claim, r, + 1/r, < V5. But by lemma 6.2
rn < aand 1/r, > —@. Similarly, r,11 < o and 1/r, 11 > —f.

gn+1 = QanQn + dn—1
1
=Tptl = Ap+ —
5—1
< an—i—f
2
541
_ \f2+

(6.2)

where the last inequality follows since r,+; < . Combining the last two inequalities, we get a,, < 1, which is
a contradiction and the claim is proved.

Since an irrational has infinite convergents, Hurwitz’s theorem follows from the claim. a

Theorem 6.4 For any constant ¢ > NG , Hurwitz’s theorem does not hold.
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Proof: ~ Consider the irrational number o = [1,1...]. There exists n > 0 such that, o, = a,p, = F,, and
qn = I'p—1. 1
. dn . dn
1 == 1 _— = — = —
i Gy —m CP) =5 =
Pn 1
o= =
dn Qn—l(anQn—l + QH—Q)
B 1
@ (omy1 + 274)

dn

Consider the term a1 + q’;—*l.
n

lim  opyq + &=
n—inf qn

= a+-f=V5

So, for any ¢ > /5, apy1 + qzi‘l > ¢ for only a finite number of n’s. We have shown that if |  — ¢ |< 5z then

% is a convergent.Now,

| Py
dn B q%(ozn+1+%)

1

S

1

R

where the first inequality holds only for a finite number of convergents and the second inequality holds only

for rationals which are convergents. Hence there are only a finite number of rationals of the form ¢ such that

|a—%<ﬁf0rc>\/5. O



Chapter 7

Quadratic Irrational(Periodic
Continued Fraction)

Definition 7.1 An element x € R is a quadratic irrational if it is irrational and satisfies a quadratic polyno-
mial.
Thus, e.g., (1++/5)/2 is a quadratic irrational. Recall that

1+5

=1[1,1,1,...
2 [ ) ) ) ]
Definition 7.2 A periodic continued fraction is a continued fraction |ag, a1, ..., an,...] such that.
Ap = Qp+h

for a fixed positive integer h and all sufficiently large n. We call h the period of the continued fraction.

Lemma 7.1 1) A periodic continued fraction represent a quadratic irrationals.
2) Any quadratic irrational has SPCF representation.

Theorem 7.1 FEvery quadratic irrational has SPCF representation.
Proof Outline : Let say that x is a quadratic irrational.

o
+
N

where b,d,c € 7Z but d is squarefree integer.
let say

33



34 CHAPTER 7. QUADRATIC IRRATIONAL(PERIODIC CONTINUED FRACTION)

_ m+vd 2
r = MYl where so|(d — m*?)
mi +Vd
=l m=tVE

Claim : my, s; are all integers.

Proof : By induction on 1.

Base Case : mgy and sg are b and ¢ and b,c € Z

Let say it is true for i. my, s; are integers and s;|(d —m3Z, ;).

then
5 _ d*m?+1 _ d—(aisi—m;)?
i+l = B - i
d—m?
= —*++2am; — azs;

= Sit1 @S an integer and s;11 =0

because otherwise d = m?H contractiong the property of d.

Claim : z is a periodic .

m;—vd
EN

Proof : sayT= since the conjugate of quotients equals quotients of conjugates.

TnPn—1+Pn—2
Tngn—-1+tqn—2

xr =
for any x >0

Pk = QkPk—1 + Pn—2
Pk = OkqQr—1 + qn—2

for all k >0

TpPn—11tPn—2

= S 1tdn 2
manipulate it.
J— fQn—2 +pn72
Tn = N =
T4n—1 +pn—l
7 _ Pn-2
o _qn_2 z Qn—2)
- = Pn—1
dn—1 T — q:_l
= Pn—2
T —
_ dn—2 dn—2
= T = - —_ Pn—1 ) < 0
dn—1 T — dn1
because
. Pn—1
lim =z

T < 0 for sufficiently s.t.
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Ty >0
where
m+Vd _ m—=d
Tp = —""), [ —
Sn Sn
_2Vd
Ty — Ty = >0
Sq
=5, >0 stmilarly  sp41 >0
Sn-Sny1 =d—mi, <d
Sn = Sn-Sn+1 < d
miﬂ < mfﬂrl + Sp.Sny1 < d
=0 < |mppq| < Vd
m; =m; forall 5 <k
so that
S5 = Sk
and
T = [CL(), ceey @5—1,05, ... ,ak_l]

so every quadratic irrationals has SPCF representation

Theorem 7.2 FEvery SPCF has quadratic representation.
Proof : First suppose that

[ao, a1, Qn, Tnrt, - Gtk
is a periodic continued fraction. Set o = [an41,ant2,...]. Then
o S T A Ao

SO

— OPntkFtPntk—1
AGn+k+qntk—1"

(We use that o is the last partial convergent.) Thus « satisfies a quadratic equation. Since the a; are all
integers, the number

[ap,a1,...] = lag,a1,...,an,q]
1
= ao + 71
AT T Fa
can be expressed as a polynomial in o with rational coefficients, so [ag,a1,...] also satisfies a quadratic polyno-

mial. Finally, o & Q because periodic continued fractions have infinitely many terms.
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Theorem 7.3 The CF expansions of a qudratic irrationals x is purely periodic iff x> 1 and -1<
T <0
Proof : (<) Assumex>1 and —-1<T<0
1
Tit1 = =T 04
T — a; Ti4+1
as
T = [a0a ]
s0
z>1 = ap>1 a;>1 Vi>0
r>1 and aqyp>1= wiH =7, —a; < —1
By induction : let say
1<z
1
=-1< <0
Ti41
=a; = —
Tit+1
x 18 quadratic irrationals and hence s periodic
E|j>l ai:ajand:ci:xj
S0 Ty =T
Qjo1= =7 = —f =01
Proof : (=) Assume
x = [ag, a1, -5 Gn_1)
x =lap,a1,...,0,—1,%]
_ TPp—1 + Pn—2
Tdn—1 + qn—2
F(.’E) = qunfl + x(Qn—Q — Pn—1 — Pn—2

Two roots o« and (3,
apg>l,x>1lag=a,=>a,>0=0a9=0
ag,---,an_1 are all the one of a, @ > 1

To proove that —1 < a < 0
Claim : F(—1) and F(0) have opposite sign.

there won’t be any imaginary roots for this equation

F(O) =pp—2<0
F(_l) =Qqn-1—qn-2 +Pn—2 —Pn-1> 0

forn>1



Chapter 8

Primes and ther Infinitude

It will be another million years, at least, before we understand the primes. - P. Erdos

For any integer m € Z™, define Z,, = {0,1,...,m — 1} as the set of positive integers less than m. Consider a
relation =,,C Z* x ZT, where a =, b if and only if m | (a —b).

=,, is an equivalence relation

e Reflexive: a =,, a, for all a € Z™.
e Symmetric: If a =, b, then a — b= kym. So b —a = —kym, and b =,, a.
e Transitive: If a =, b (implying that a — b = kym) and b =, ¢ (implying that b — ¢ = kom), then

a — ¢ = (k1 + k2)m, and hence a =, c.

Therefore, we can partition the set of integers into m equivalence classes, corresponding to the remainder the
number leaves when divided by m. Therefore, any integer a € Z is mapped to a number r € Z,,, where a =, .
Let [a] denote the remainder of a when divided by m. Therefore, a =,, [a], where [a] < m.

The equivalence relation is preserved under addition (+), subtraction (—) and multiplication (x). Let a =
Ga™m + 7q, With 0 < 7, < m, and b = gym + 7, with 0 > 1, < m. Then [a] = 7, and [b] = r,. Therefore
[a] o [b] = rq o1y, where o € {+, —, x}.

o [a] +m [b] =[a+0b]. [a+b] =[gam+ 7o+ q@m+ 1] = [(¢a + @)m + (ra + 1)) = [ra + 75) = [a] + [b].

o [a] =[] =[a—b]. [a—0b] = [gam + 714 — qpm — 1] = [(qa — @p)Mm + (ra — 13)] = [ra — 5] = [a] — [V].

o [a] X, [b] = [axb].laxb] = [(gam+74) X (@em+7p)] = [qa@em? + (T6qa +Taqs)M +Tar] = [Tars] = [a] x [b].

Multiplicative Inverse We say b € Z,, is the multiplicative inverse of a if

ab=,,1

Theorem 8.1 The elements of Z,, which have multiplicative inverses are exactly those that are relatively prime
to m.
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Proof: By definition, b is a multiplicative inverse of a if and only if ab =,, 1. Therefore, ab = qm + 1 =
ab—mg = 1. Recall from linear diaphantine equations that az + by = ¢ has a solution if and only if gcd(a,d) | c.
Therefore, for the multiplicative inverse b to exist, we require that ged(a,m) | 1 = ged(a,m) = 1. Therefore, if
a has a multiplicative inverse, then it must be relatively prime to m. O

Corollary 8.2 For every prime number p, every non-zero element in Z, has a multiplicative inverse.

Recall that a group is defined as a set .S, together with a binary operation S x S — S, satisfying the following
axioms (where we write a * b for the result of applying the binary operation to the two elements a,b € S.)

e associativity: for all a, b and ¢in S, (a*b) xc = a* (b*c).

e identity element: there is an element e in S such that for all ¢ in S, exa=a =a *e.

e inverse element: for all @ in S there is a b in S such that axb=e =0bx*a.
A group whose operation is commutative (that is, a xb = b* a for all a,b € S is also called a Abelian or
commutative group. Let [Z,, +p,0] define a abelian group, where Z, is the set, and the binary operation is the
addition operation modulo p (4,). For all a, b and ¢ in S, (@ +, b) +p ¢ = a +, (b +, ¢). Further, 0 € Z,, is

the identity element since for all a € Z;, a +, 0 = a = 0 +,, a. Finally, there exists an inverse element for every
element a € Z, = p — a.

[Z,, %, 1] is also an abelian group. For associativity, we require that for all a, b and ¢ in Z,, we have (a %,
by xpec=ax,(bxpc). fa=gq, - p+re,b=qo-p+7m and ¢ = gc - p+ 1, wWith 0 < 74, 75, 7. < p, then
axb=q.qp*+ (ga +q)p+rars. Therefore, a X, b = r,r, mod p, which means that (a X, b) X, ¢ = rorpr. mod
p. Similary, we have a X, (b X, ¢) = rorpre mod p. Further 1 € Z,, is the identity element since for all a € Z,,
a X, 1=a=1 X, a. Finally, there exists an inverse element for every element a € Z, by the corollary.

We know that a number p > 1 is a prime number if it has no non-trivial factors (other than 1 and p itself).
The following are some simple observations about any prime number p.
l.plab=p|aorp]|b.
2. plajas...ax = p| a; for some 1 <i <k.
3. 0|l quge-..qx = p = q; for some 1 < i <k, where ¢1,qo, . .., qx are all primes.
We are used to considering primes only on natural numbers. Here is another set of primes over a different set.
Consider the set of all even numbers Z.. The set Z. has the following properties:
o for all a,b,¢ € Z, a+ (b+¢) = (a+b) + ¢ - associativity.
e for all a € Z,, there is an element —a € Z,, such that a + 0 =0+ a = a, and 0 € Z, - identity element.
that this set forms an abelian group since it satisfies associativity, has an identity element (0), and for every
even number =z € Z., the negation —e is the unique inverse element under the operation +. Therefore, we

have a notion of primality over the ring of even numbers. The only primes in Z. are the numbers of the form
2. (2k + 1), since they have no factorizations over Z..

Theorem 8.3 Fundamental Theorem of Arithmetic Fvery positive integer n > 1 is a product of prime
numbers, and its factorization into primes is unique up to the order of the factors.
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Proof:  Ezxistence: By Induction. In the base case, n = 2 and n = 3 are both primes, and hence the theorem
holds. Let us suppose that the hypothesis holds for all m < n. The number n is either prime, in which case
the hypothesis holds (1 x n), or composite, in which case n = ab with a < n and b < n. Since both a and b are
products of primes (by induction hypothesis) the theorem holds for n.

Uniqueness: Let us assume that n has two representations ny = p{'p5*...p*, and ny = ¢ qd> o qr
Without loss of generality, assume that p; < pa < ... <pgand that ¢1 < g2 < ... < q. Let P = {p1,pa,...,pk}
amd Q = {q1,q2,...,q}. We will first prove that P = @ (which implies that [ = k and p; = ¢;. We will
then show that e; = d; for 1 < i < k, and that would imply that the two factorizations are identical, hence
completing the proof of uniqueness.

Let us suppose that P # Q. Let « € P and = ¢ Q. Then we have z | ny. Since x is a prime, there is no
y € @ such that = | y. Therefore, 1 ny. But since n; = ng, we arrive at a contradiction, so that if € P then
x € Q. Similarly, by symmetry, we have if z € @ then z € P. Hence P = @, and therefore p; = ¢;.

Next, we will show that e; = d; for all 1 <i < k. Suppose e; # d; for some 1 < i < k. Let ¢; = max(e;, d;).

Once again, p;’ | n is one representation and not in the other. That is impossible, therefore e; = d; for all
1<i<k. O

Theorem 8.4 There are an infinite number of prime numbers.

Proof: ~ We present a proof by contradiction. Assume that there are a finite number m of primes which are
D1, P2, - - -» Pm- Consider the natural number p = p1ps ... p, + 1. We have that p t p; for 1 < i < m. Since any
number must have a unique prime factorization, and the prime factorization of p does not have p; for 1 < i < m,
there must be some other primes that appear in its prime factorization. Therefore, we arrive at a contradiction
and our initial assuption that there are only a finite number of primes does not hold. O

Corollary 8.5 If p; is the ith prime number, with py = 2, we can claim that p,+1 < p since there is a prime
factor of p that is not covered in p1, P2, ..., Pm-

Theorem 8.6 If the p, denotes the nth prime, then p, < 22" (the first prime p; = 2).

Proof: =~ We present a proof by induction on n. Induction Hypothgsis: Pz)or all n < k, if p, denotes the nth
prime, then p, < 22" . Base Case: If n = 1, then p, = 2, and 22" =22 =2, hence 2 < 2. Induction Case:
In the induction case, let us assume that the induction hypothesis holds for all n < k. Then:

Pek+1 < pip2...Dk —|; 1 by Corollary 2
0 1 —1
< 2222 .22 41 bylIH
< 92042t 42Kt
< 922149 Summing up 2
< 2
And that completes the proof. O

Corollary 8.7 There are at least n + 1 primes that are less than 22" .

Claim 8.1 The product of any two terms of the form 4n + 1 is also of the form 4n + 1.
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Proof: Consider n; = 4k1+1 and ny = 4ko+1. Therefore ning = (4k1+1)(4dka+1) = 16k1ko+4(k1+k2)+1 =
4k +1 Withk‘:4k1k’2+(k’1+k’2). a

Theorem 8.8 There are an infinite number of primes of the form 4n + 3.

Proof:  We present a proof by contradiction. Let us assume that ¢;, go, ..., gx are the only primes that are of
the form 4n + 3. Consider the number N:

N = 41t g 1
= 4 — 1) +3

Since N is odd, all its factors must be odd. Hence, all its factors are either of the form 4n + 1 or 4n + 3. Since
the product of two numbers of the form 4n + 1 is also a number of the form 4n + 1 (from the previous claim),
we require that N has at least one factor of the form 4n + 3. Therefore, there exists a prime number r that is
of the form 4n + 3 that is a factor of N. Further, no ¢; is a factor of N. Therefore, N has a factor that is of the
form 4n 4 3 other than the ¢; for 1 <14 < k. But by our assumption g; are the only prime numbers of the form
4n + 3. This brings us to a contradiction and hence there are an infinite number of primes of the form 4n + 3.
O

Generalizing, we may wish to ask if there are any primes of a general form a + ib, where a and b are integers
and ¢ ranges over the naturals.

Theorem 8.9 If the n terms of the arithmetic progression
pp+dp+2d,....,p+(n—1)d

are all prime numbers, then the common difference d is divisible by every prime q < n.

Proof: ~ We present a proof by contradiction. Assume on the contrary that a prime number ¢ < n exists such
that ¢ d. Consider the set
S={p+id|0<i<q}

Claim 8.2
S=,{0,1,...,q—1}

Proof:  (Of the claim) We will prove this using the fact that two different elements of the set S yield distinct
remainders when divided by the prime ¢q. Consider any two elements e; = p+1id € S and eo = p+ jd € S.
We have e; — ey = (i — j)d. Since ¢fdandi—j <q = qti—j, and ¢ is prime, it follows that ¢ e; — e.
Therefore, e; and es are not congruent modulo the prime p. O

Therefore, |S| = ¢, and there must exist an element p + kd € S such that p + kd =, 0. This brings us to a
contradiction since all terms of the arithmetic progression are primes. Therefore, our assumption that ¢ t d
fails, and the proof is complete. |

Theorem 8.10 Dirichlet’s Theorem: If a and b are relatively prime (that is ged(a,b) = 1), then there are
infinite primes of the form a +ib, i € {0,1,...,}.

Remark 8.1 Note that the requirement ged(a,b) = 1 is crucial. If ged(a,b) = k with k > 1, then it is clear
that k | a + ib. Since all numbers of the form a + ib are unique and at most one of them can be k, there can
be no more than one prime in this series. In other words, Dirichlet’s theorem asserts that any series a + ib has
infinite primes if there is no simple reason to support the contrary. In the previous theorem, we proved a special
case of Dirichlet’s Theorem for a =3 and b =4.
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Proof: (Sketch) The proof is based on showing that if ged(a,b) = 1, then the series:

2,

P=pa
is divergent. If the series is divergent, then indeed there must be infinitely many primes p such that p = a.
Note that p =, a implies that p = ¢b + a for some quotient ¢ and 1 < a < b. a

Lemma 8.1 Let n > 1 throughout.

1. 97 < ( 2n ) < 2n
n
2n
2. Hn<p§2np| < n )

3. Let r(p) satisfy p'®) < 2n < pr®@)HL ] then < 2: > | HpSanr(p)

4. Ifn>2and 2n/3 <p <n, thenpf( 2: )
5 [lp<np < 4™
Proof:

1. As2n—k > 2(n —k) for 0 < k < n, we have

2n<27n2n—1.“n—|—1: 2n
- n n-—1 1 n

2 . . . . .
Also as ( : ) is one of the terms in the binomial expansion of (1 + 1)?n, we have:

n

2. This follows as each prime in the interval [n + 1,2n] divides (2n)! but not n!

3. The exponent of p in n! is Z;Sl) [n/p?]. Therefore, the exponent of p in ( 2: ) is

r(p) r(p)
Z{[Qn/pj] —2[n/p’]} < Z 1=r(p)

The last inequality holds as each term in curly brackets is either 0 or 1. Taking the product over primes
p < 2n, we get the desired result.

4. If p satisfies 2n/3 < p < n, then p occurs once in the prime factorization of n! and twice in (2n)! (as

3p > 2n), hence as p > 2, p 1 ( 2: >

5. This is proved by complete induction. Let P(n) denote the proposition to be proved. Clearly P(1), P(2)
and P(3) hold, and if m > 1, we have P(2m) as:

H p= H p<42m—1 <42m

p<2m p<2m-—1
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So we may suppose n = 2m + 1 and m > 2. Each prime p in the interval [m + 2,2m + 1] is a factor of
( 2m+1

m ), hence, if we assume P(m + 1) holds,

H p§(2mm+1) H

p<2m+1 p<m+1 m

2 1. . . . .
But ( mm—i— ) is one of the two central terms in the binomial expansion of (1 + 1)?™*1 and so,

2m+1 1 2m—+1 _ m
( m ><2(1+1) =4

Thus P(m + 1) implies P(2m + 1) and the inductive proof is complete.

Theorem 8.11 Bertrand’s Postulate: If n > 0 then there is a prime p satisfying n < p < 2n.
Proof:  In order to prove the theorem, we only consider large n. In particular, we assume that the theorem

holds for n < 750, as it can be observed by inpsection. We present a proof by contradiction. Assume that
there exists some large n such that there is no prime p such that n < p < 2n. Consider the binomial coefficient

( 27? ) From Lemma 8.1, we have that all prime factors p of ( 21? ) satisfy p < 2n/3. Let s(p) be the largest
power of p which divides 277 , 80 by lemma 8.1, we have
pS(P) <o

If s(p) > 1, then p < v/2n. It follows that no more than [v/2n] primes occur in ( 2: ) with exponent larger

( 27? ) <@ I] »

p<2n/3

than 1. Therefore, we have

Now 27? ) > 22‘:1 (since ( 27? ) is the largest term in the binomial expansion of (1+1)?" which has 2n + 1

summands). Thus we have

471»
<(2n)m H D

2n+l <2n/3
pPs<in
Since [],<,, < 4™, we have
B 4" V2 42
9 ny n/3
ony1 2

For reasonably large n, we may assume that 2n + 1 < (2n)?, so canceling 427/3 e have:

43 < (2n)PHVEn

or, taking logarithms,

In4
n ?I’l < (24 +v2n)In2n
This is clearly false for large n. In fact, for n = 750, we have
750-1.3
325 = —3 < (24 v1500) In 1500 < 41 - 7.5 < 308

Hence, the result holds for n > 750. As mentioned earlier, the result holds by inspection for n < 750. O
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Conjectures:

e The twin prime conjecture: There are many pairs of primes p, ¢ where ¢ = p + 2. For examples:
3,5; 17,19; 881,883; 1997,1999: 10°+7,10° + 9;
Let mo(z) be the number of prime pairs less than z, so for example
m2(10%) =35 and m(10%) = 8164
The twin prime conjecture states that
ma(x) — 00 as T — 00

Using very complicated arguments based on the idea of a sieve Chen showed that there are infinitely many
pairs of integers p, p + 2 where p is a prime and p + 2 has at most two prime factors.

e The Goldbach conjecture: Any even positive integer, greater than 2, can be expressed as a sum of two
primes. For example:

8 =345, 80=237+43, 800=379+ 421, 8000 = 3943 + 4057.
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Chapter 9

Tchebychev’s Theorem

9.1 Primes and their Distribution

The following results have been discussed in the earlier chapter

Theorem 9.1 There is an infinitude of Primes

Theorem 9.2 p, < 22" '

Theorem 9.3 There is an infinite number of primes of the form 4n + 3

Theorem 9.4 There is no Arithmetic Progression with all primes

Theorem 9.5 If n > 2 terms of the AP p,p+d, ... are all primes, then q|d for all primes ¢ < n

Proof: by contradiction. Assume ¢ < n is a prime s.t. ¢ |/n. We claim that the first ¢ terms of the
AP yield distinct remainders mod ¢.F by contradiction suppose 0 < i < j < ¢(p + id) mod q¢ < (p + jd)
mod q. Hence (j — i)d mod ¢ = 0. Therefore ¢ | j —i or ¢ | d and neither is possible. Therefore we have
R ={amod q,(a+d) modq,...(a+ (¢—1)d) mod g} = {0,...q—1i} There is a composite a +id with ¢ | a +id
O

Theorem 9.6 There are arbitrarily large gaps between primes, i.e. for every positive integer k, there exist k
consecutive composite members.

Proof:  This can be easily seen as V positive integers k we have

(k+D)1+2, . (k+ 1) +k+ 1. (9.1)
G+ +45Vj€2,. . k+1 (9.2)
O

Definition 9.1 p® || n means p* | n but p®** |/n

45
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Theorem 9.7 If for prime p and n >1 p® || n! then

-Lp-n

12 uy
P p

where p! < n < plt!

Proof: By Induction on n.Clearly n = 0 and n = 1 are trivial cases. Say this is true for n — 1. Therefore we

have
n-1 8 |
B=Y1 p Jand p” || (n —1)! (9.4)
i=1
Claim 9.1 a— (=%
Proof:
1 1
n n n -1
a—pF3= —| - —| - , 9.5
> ;W —, (9.5)
But we know that 1 ‘
1 ifp'ln
i Ly = (96)
And therefore
a—03=k (9.7)
O We therefore have a = 3 + k where p* || n and hence since n! = n(n — 1)! and from above we have
p? || (n — 1)! therefore p® || n! O
Corollary 9.8 For all m,n prime p for p® || 2, a = D1 \UTLJ - mej)
Lemma 9.1 For any prime p, integer n
Definition 9.2
(p,n) such that P*®™) || ( 2: ) (9.8)
v(p,n) such that p*®™ < 2n < p?@m+1 (9.9)
then
n(p,n) < v(p,n) (9.10)
Proof: We know that
2n 2n!
< " ) - (9.11)
Now from the previous corollary we get
g 2n n
uip,n) = — | = 2|—= 9.12
(p,n) ;LLPIJ Lle) (9-12)
for each j > 1
2 2
I R R (9.13)
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but we have

therefore we have

Corollary 9.9

2n n
<n>_Hpu<p,>

p<2n

Lemma 9.2

2n vip,n
<n>|Hp<p>

p<2n

Proof:
P || ( 2: ) since p(p,n) < v(p,n)
( on ) _ H P | H P
n p<2n p<2n
Fact 9.10

II n
n<p<2n

since for every p such that n < p < 2n
p | (2n)p |/n!

m(x) = number of primes < x for all positive x € R

Corollary 9.11

Proof:
Il r< ( 2: ) o
n<p<2n p<2n
We know that
H n < H D
n<p<2n n<p<2n
and
pV(p,n) <on
H n < ( 2: ) < H 2n
n<p<2n p<2n
or we have

nﬂ(2n)fﬂ'(n) < < 2n ) < ( m )71'(277,)
n

47

(9.14)

(9.15)

(9.16)

(9.17)

(9.24)

(9.25)

(9.26)

(9.27)

(9.28)
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Theorem 9.12 Tchebyshev’s Theorem:For x > 2 and x € R

T

<b 9.29
aloga: <m(@) < logx ( )
for some real constants a and b
Proof:
Claim 9.2 loa?
_ ‘o9
a=— (9.30)
We have
2n m(2n)
<
( N )(2n) (9.31)
But since N
2n \ n+j "
(n)_H ; >2 (9.32)
j=1
and since for j € {1,2,...,n} we have "T'” > 2 and since 2™ < ( 2n )W(Qn) we have taking logarithm on both
sides
nlog2 < m(2n)log(2n) (9.33)
log2
2n) > 9.34
7( ")*nlog(zn) (9.34)

for x > 2, choose n such that 2n < x <2n+ 2. n21:>2n22:>4n22n+2:>n2%, Therefore

2n +2log2 _ log2 =«

2n) > 9.35
m(2n) 2 4 logr — 4 logx ( )
Therefore
log2
Claim 9.3
b = 32log2 (9.37)
We have
prm =) < ( 2n ) <2 (9.38)
< n <
hence we have 7(2n) — 7(n) < 2nll§§721 where n > 1. Let 2n = 2" for r > 3. Plugging into the previous equation
we get
: : . log2 2"
m(2) — (@) S22 = (9.39)

— log2r1 r—1

Taking summation on both sides yields

> @) —w@h, < — (9.40)
| ) r—1
- 3

or we have

2j ,
7(2%7) — 71(2%) < Z U"Q* I (9.41)
r=3
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But we know that w(2%) = 0, therefore the above equation yields

J or or J 25 9
T
<D o Z DI D
r=3 _j+1 r=2 r=j+1
But we know that .
J 2j+1
2" 247
Z — < and 22’0<2]+1
r=j+1 J r=2
Therefore we have
. 2j+1 ,
m(2)) < ——— + 27 %!
J

229+

Now since for j > 2 we have j < 29 and hence 27115 < 2291 gnd therefore 291! < .Hence

Hence for j > 2 we have

Clearly this also holds for j = 1. Therefore for any x € R there is a unique j such that
9212 < 5 < 92

and hence (229 (229)
w(24 m(2% 16
- < 92j—2 =4 92 G

Also taking logarithms on both sides in the previous equation we have

2j — 2) log2 < logzx < 2jlog2

(
Therefore
l < 2log2
7 = logx
And therefore finally we have
( ) log2
logm

And hence the result.
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(9.42)

(9.43)

(9.44)

(9.45)

(9.46)

(9.47)

(9.48)

(9.49)

(9.50)

(9.51)
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Chapter 10

Linear congruences, Chinese
Remainder Theorem and Fermat’s
Little Theorem

10.1 Linear Diophantine Equations

Definition 10.1 Diophantine equations are equations with integer coefficients and which admit only integral
solutions.

The simplest Diophantine equation is of the form:

ar+by =c (10.1)

Such an equation is called a Linear Diophantine Equation(LDE) in 2 unknowns. We now state the necessary
and sufficient conditions for such an equation to have an integral solution.

Theorem 10.1 The LDE ax + by = ¢ has a solution iff ged(a,bd)|c.

Proof:

(=) If (z0,y0) is a solution, then ged(a,b)|(azg + byo). Clearly then ged(a,bd) also divides the RHS, viz. c.
(«<=) Using extended Euclid’s algorithm, find (zg, yo) such that azg + byg = d where d = ged(a,b). Since d|c,
(zoc/d,yoc/d) is an integral solution of the original LDE. O

Theorem 10.2 The set of all solutions of the LDE ax + by = ¢ is given by: x = xg — (b/d)u, y = yo + (a/d)u,
where (xg,yo) s a particular solution and d = ged(a,b).

Proof: Let d = gcd(a,b), a = rd and b = sd.
Let (zg,yo) be a particular solution and (z’,y’) be any other solution of the LDE.

arg +byo = ¢ = ax’ + by’ (10.2)
= a(zo—2") = by —yo) (10.3)
= r(zo—2") =50 —yo) (10.4)
= 7|(y —vo) A s|(xg —2') because ged(r,s) =1 (10.5)

51
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Therefore, Ju, s.t &' = xg — su = zg — (b/d)u and y' = yg + ru = yo + (a/d)u. ]

We now give a procedure that computes a particular solution for the given LDE. All the other solutions can be
derived using this particular solution.

Algorithm 10.1 Solving a Linear Diophantine Equation

Procedure(LDE(azx + by = ¢))
Let (d,2',y’) = ExtendedEuclid(a,b).
If d|c then
xo — cx'/d
Yo < cy'/d
return (o, yo)
else print "No solutions”
EndProc.

Note that Algorithm 10.1 is merely a restatement of Theorem 10.1 which gives a constructive guideline for

solving any given LDE.

10.2 Linear congruences

Definition 10.2 Let a,b,n be integers. Then a is said to be congruent to b modulo m, denoted as
a =b mod m or alternatively as a =, b (10.6)

if m|(a — D).
Properties of linear congruences

l.a1 = b1 AN as=,, b0 = a1 tas =, by £ bs
a; =m b1 N as =, bg = a102 =m, blbg

ac =, be = a =, b where m’ = m/ged(c, m)

Ll

Given a fixed integer m, for each integer a, there is an integer r, such that 0 <r < m and a =, r.

These properties can be easily proved by expressing a =,, b as a = b+ km. We prove Property 4 which leads
to some interesting results.

Proof:  (Property 4) Define Z,, = {0,1,...,m — 1}. This is the set of all possible remainders when any
integer is divided by m. Hence if a leaves a remainder r when divided by m then a = r 4+ km for some k.
Therefore a =,, r and r € Z,,. O

The set Z,, has some interesting properties.

1. If a,b € Z,,, then Vo € {+, —,x},3c € Z,, st c=, a0b

2. By Property 1, it is clear that =, is an equivalence relation over Z,, which is preserved under modular
addition, subtraction and multiplication.

The next thing that comes to the mind is division. The modular counterpart of division is called a 'multiplicative
inverse’.
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Definition 10.3 Given integers a, m, an integer b is the multiplicative inverse of a modulo m if ab =,, 1. We
say that a=' = b.

Note that a multiplicative inverse need not exist for any arbitrary integer a. For example, 2 doesn’t have a
multiplicative inverse modulo 4. Theorem 10.3 puts down necessary and sufficient conditions for existence of
an inverse.

Theorem 10.3 FElements of Z,, which have multiplicative inverses are precisely those that are relatively prime
to m.

Proof: Rewrite the equation axr =,, 1 as ax — my = 1. By Theorem 10.1, this LDE can be solved iff
gcd(a,m) = 1. O

Corollary 10.4 If p is prime, then all elements in Z, except 0 have multiplicative inverses.

Note that by Property 1, it is clear that (Z,,,+,0) and (Z, — {0}, *,1) (where p is prime) are abelian groups.
Further, (Z,,+,*,0, 1) is a commutative ring.

We now come to solving single variable linear congruences and demonstrate the correspondence between the
congruences and LDEs.

Theorem 10.5 azx =, b has a solution iff ged(a,m)|b. If d = ged(a,m) and d|b then ax =, b has d mutually
incongruent solutions modulo m.

Proof:  The congruence can be rewritten as a linear Diophantine equation
ar —my =" (10.7)

The first part of the proof is obvious from Theorem 10.1. Now, if (xg,yo) is a particular solution, then from
Theorem 10.2, we know that all solutions of this LDE are given by:

x, = o + (m/d)u, y, = yo + (a/d)u. (10.8)

We claim that (z(,y), (21, 91),-..,(@}_1,y,_,) are mutually incongruent solutions. Take any two distinct
solutions, say (zf,y;) and (2/,y}) and let 0 <4 < j < d. Therefore,

xh — ;= (j —i)m/d (10.9)

Clearly, if m|(2; — x7) then d|(j — ) which is not possible because 1 < j —i < d—1. So (z},y;) and (7,y}) are
incongruent. Since ¢ and j were arbitrary, {(«],y,)|0 < u < d} consists of mutually incongruent solutions. O

Corollary 10.6 If gcd(a,m) =1 then a has a unique multiplicative inverse modulo m.

10.3 Chinese Remainder Theorem

Theorem 10.7 [Chinese Remainder Theorem| Let my, ..., m, be pairwise relatively prime numbers. Then the
system of equations

T =m,; A; (1 << T) (1010)

has a unique solution modulo M, where M = H:Zl m;.
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Proof:  Let M = [[._, m;, and M; = M/m,. Now,

i # j = ged(m;, m;) =1 (10.11)
= gcd(M;,m;) =1 (10.12)
= M; ' (modulo m;) exists and is unique (Theorem 10.5) (10.13)

Define 2o =Y., MiMi_lai. Now by definition of M;, if ¢ # j then m,;|M;. Therefore,
Vi, @0 =m, MM a; =, a; (10.14)

Hence, z is a solution of the system of equations. We claim that z¢ is unique modulo M = []_, m;. Let z
be another solution of the system. Therefore,

Vi, To =m, T (10.15)
= Vi, my|(zo— ) (10.16)

Now since ¢ # j < ged(m;, mj) =1, so (mima...m,)|(xo — xp). Therefore,
[ mi(= M)l(o — xf) (10.17)
i=1

Hence, z is unique modulo M = []i_, m; O

10.4 Fermat’s Little Theorem

Theorem 10.8 [Fermat’s Little Theorem| If p is prime, then for any integer a, ¥ =, a.

Proof: If pla, then a? =, 0 =, a. So let us assume that p doesn’t divide a. Consider the numbers
a,2a,3a,...,(p—1)a.

Claim: Any two distinct numbers from the above sequence are incongruent modulo p.
Take any two numbers from the sequence, say ia and ja where ¢ < j. Then, ia =, ja = p|(j —1) since p doesnt’t
divide a. But 1 < ¢ < j < p, so p cannot divide 7 — i. Hence ¢a and ja are incongruent modulo p.
Therefore, for each element ia, 37, s.t,
ia=pj (10.18)

where, 1 < j < p and j is determined uniquely by i. Multiplying Eq. 10.18 over all 7, we get:

12...(p—1a? ' =, II (10.19)
je{1,2,.p—1}

(p—Dla?™t =, (p—1)! (10.20)

a?' =, 1 Since ged((p—1)!,p) =1 (10.21)

a =, a (10.22)

Note that when we vary ¢ in the LHS of Eq. 10.18, we get a different value of j each time. This accounts for
the (p — 1)! term in the RHS of subsequent equations. O

Theorem 10.9 If a® =, a and a? =, a where p # q are primes, then aP? =4 a.

Proof: By Fermat’s Little Theorem, we have a” =, a, Taking exponents on both sides,

a’’"=pa? =, a (10.23)
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Similarly,
a’!=,a" =4 a (10.24)
Hence,
plaP? — a and ¢|a?? — a (10.25)
Since ged(p, q) = 1, we have
pqlaP? — a (10.26)
Hence,
a’l =pq a (10.27)
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Chapter 11

Euler’s ¢ function, (Generalisation of
FLT, CRT

11.1 Introduction

In this lecture, we will discuss Euler’s Theorem, Generalisation of Fermat Little Theorem and Chinese Remainder
Theorem.

11.2 EULER’s PHI-FUNCTION

For n > 1, The number ¢(n) denote the number of postive integer not exceeding n , that are relatively prime
to n.

Example 11.1  ¢(1) =1 $(2) =1 #(3)=2 p4)=2...
#(7) = 6 $(10) = 4 $(30) = 8 .

Fact 11.1 (1) =1 since ged(1,1) =1
forn>1 gced(n,n) =n # 1 = n is not relatively prime to n.

Definition 11.1 For n > 1, ¢(n) can be characterised as the number of postive integers less than n and
relatively prime to it. The function ¢ is usually called the Fuler phi-function after its originator , ( sometimes
the totient ), the functional notion ¢(n), however, is credited to Gauss.

p(n) = | @(n) |
where  ®(n) = {m; |0<m; <n, m,; are relatively prime to n }
Fact 11.2 if n is prime then every number less than n is relatively prime to it , ie ¢(n) = n—1.

Theorem 11.3 if p is a prime and k > 1 , then
") = pF-pt = pr1-3)
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Proof gcd (n,pF) = 1 if and only if p does not divide n.
There p*~! integers between 1 and p* which are divisible by p , namely p,2p,3p, ..., (p*—1)p.
Thus the set { 1,2, , p* } contains exactly p¥ — pF~! integers which are relatively prime to p*
so by definition of ¢, ¢(pF) = pF—pF!
Example 11.2 #(9) =¢(3%)=32-3=6 {1,2,4,5,7,8}
#(16) = p(42) =2* — 23 =8 {1,3,5,7,9,11,13,15}
Theorem 11.4 The function ¢ is a multiplicative function
¢ (mn) = ¢ (m) ¢ (n)

whenever m and n have no common factor ( ged(m,n) = 1)
Theorem 11.5 If an integer n > 1 has the prime factorisation n = p’fl p§2 co.ophr then

¢ () = (P —p) 5 —pe*h) . (i)

— _ 1 _ 1 _ 1

b)) = n(l-L1) 1-1) .. (1-2)
Proof By Induction on r , the number of distinct prime factors of n . It is true for r = 1, Then
o) = (P — pf71) . Let it holds for r = i, since ged ( pi* phr ... pfi,pfj_ﬁl ) = 1 Now,

by definition of multiplicative function -
s P . PP = el - pl) )
=" ) (i - e
Invoking the induction assumption first factor on right hand side becomes
G i B (e BPPPR o P B (o S )
This serve to complete the induction step, as well as the proof.

Example 11.3  ¢(360)
prime factor of 360 = 23325
So ¢ (360) = 360(1-3)(1-3(A-1%) = 96

Theorem 11.6  for n>2, ¢(n) is an even integer.

Proof Consider two cases when n is power of 2 and when n is not power of two .

(1) Letnisapowerof2 n=2F k>2

¢ (n) = ¢(2%) =271 - 3) = 2~! ie even integer

(2) 1 does not happen to be power of 2 then it divisible by an odd prime p ,thenn = p* m
where k>1 and ged(ph, m) =1

By multiplicative nature of phi-function -

¢ (n) = o(p* m) = ¢(p*) ¢ (m) = p*'(p — 1)¢ (m)

Hence  ¢(n) iseven because 2 | p—1.

11.3 FERMAT’s THEOREM

Theorem 11.7 Let p denote prime integer. If p does not divide a then aP~™' =, 1
So for every integer a , a? =, a
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Proof Euler in his landmark result generalized this theorem for any integer ( described in next section ), so
proof of this theorem can be obtained as a corollary to next theorem.

11.4 EULER’s GENERALIZATION of FERMAT's THEOREM

Theorem 11.8 for any integer n >1 , if ged(a,n) = 1, then a®™ =, 1

Example 11.4 n = 30, a = 11,
we have 11960) =40 118 =55 121* =30 1* =54 I

As a preclude to launching our proof of Euler’s Generalization of Fermet’s theorem , we require a preliminary

lemma -

Lemma Let n > 1, gcd(an)=1, if ml, m2, ..., mg,) are the postive integers less than n and

relatively prime ton, then aml, am2, am3, ..., amg,) arecongruent modulo n to ml, m2,
.y Mgny in some order.

if ged (a, n) = 1,and Let ®(n)={ml,m2,..., myy }
Then {am; | m; € ®(n)} =, ®(n) in some order

Proof
factl Observe that no two of the integers ~ aml , am2, am3, ..., amgy) are congruent modulo n .
am; #, am; forall i # j
otherwise m; =, m;
fact2  since ged (a, n) = 1 ged(mi, n) = 1 = ged (amy, n) = 1 forall i 1 < i<
¢(n) , from these two facts am; =, m; € ®(n) for some j.
This proves that the number aml , am2, am3, ..., amgy) and numbers ml, m2, m3, ...,

Myn) are identical ( modulo n ) in certain order.

Theorem 11.9 nc Z+  and  ged (a, n) =1 , then a®™ =, 1

Proof Let n>1. Let m1, m2, m3, ..., mgy) be postive integer less than n  which are relatively
prime to n. Then m1, m2, m3, ..., mgy) be reduced residue system modulo n.

= aml, am2, am3, ..., amgy) is also reduced residue system modulo n.

hence corrosponding to each m,; there is one and only one am; such that m; =, am; So from previous
lemma, aml , am2, am3, ..., amg,) are congruent, not necessarily in order of appearance, to m1, m2 ,
m3, ..., Mgy So on taking the product of these ¢(n) congruences, we get -

= o™ [Ym =, 129 m,
since ged(m;,n) = 1 and [[ m; has inverse modulo n , so we cancel out this from both side.
case if p is prime, Then ¢(p) =p—1 so, whenever ged(a,p) =1, we get

a?®) = p 1= a7t =, 1
which is Fermat’ Theorem
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11.5 GAUSS's THEOREM

Gauss noticed some remarkeble features of phi-function, namely, that sum of the values of ¢(d) , as d
ranges over the postive divisors of n, is equal to n itself.

For each postive integer n > 1

n = Zd|n¢(d)

The sum being extended over all postive divisors of n.

Proof The integers between 1 and n can be partitioned into classes such that each class Sy = {
m | ged(myn) = d, 1< m < n } whered|n
ie if d is postive divisor of n, we put the integer m in the class S; provided ged(m, n) =d

S =@ (n) Sp = {n}
claim: S; = ® (n/d) foreachd |n, sinceged (m,n) = d; if and only if ged (m/d, n/d) = 1
Thus the number of integers in class Sy is equal to number of postive integers not exceeding n/d which are
relatively prime to n/d, in other words, equal to ¢ (n/d)
| S¢ | = {m | ged(m/d, n/d) = 1} = ¢ (n/d)
Then m isin Sy if and only if m/d isin @ (n/d)
2an () = g, 0(n/d) = Yy, 1% = n

Example 11.5 Let n = 10, so postive divisors of n are 1,2 ,5,10. So the classes Sy are :

Sl = {1; 3; 77 9} S2 :{27 47 67 8}
Ss={5} Sio=1{10}

b1)=1 62 =1 o65)=4 6(10)=14
=D an @®d) = Xy, 0n/d) = g, 15 = n
Theorem 11.10  For n>1, the sum of postive integers less than n and relatively prime to n s %nqﬁ(n) .
chd(k,n):1;1§k<n k= %”(/5(”)

Proof Let k1, k2, ... ky(,) be the postive integers less than n and relatively prime to n. Now,since ged(k ,
n) =1 if and only if ged(n-k , n) = 1, Then

k1 4+Kk2 4 ... 4+ kg = (m-kl) + (n-k2) + ... + (0 - ky(y) = d(n) n- (k1 +Kk2 4 ... 4 ky(py)

So Zk€¢(n) k= Zk€¢(n)(n —k) =¢(n)n— ZkE(b(n) k. Thisemplies Zke¢(n) k= %n¢(n)

Example 11.6 n= 30, ?(30) = 8 these 8 integers {1, 7, 11, 13, 17, 19, 23, 29} are

less than 30 and are relatively prime to 30 . Then >, {1, 7, 11, 13, 17, 19, 23, 29} = 120 = % 30 8

11.6 Different Proof of CRT

Euler’s generalisation of Fermat Little Theorem leads to a different proof of Chinese Remainder Theorem. if
ged (m;,m;) = 1 for 1 # j. Then system of linear congruences x =, a; ,fori = 1,2,...,r
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admits a simultaneous solution.
Let M = szl m; Mz = M

The integer =z = ale)(ml) + ...+ aTMf(mr) =>4 Mf(mi) full-fills our requirements.

a; M) but since ged (M;, m;) =1 , we have
M;S(mi) =m; 1

and so x =, a; foreachi.
This application is one of the usefulness of Euler’s Theorem in Number Theory.

11.7 Significance of CRT

a = (a,a9,...,a,)
b = (b17b2,...,b7-)
these representation are unique upto M = [[m;
(ax b) mod M = ((a1 £ b1)modm, (as = ba)modma, ..., (a, £ b,.)modm,.)

(ab) mod M

= (S M), by M) mod M

= (X7 yar b MPTOMI) mod M forall i A j, M| MU )
=v > aibiMiQd)(mi) is a unique solution of system of equation modulo M
= ( (a1b1) mod my, ... ,(azb.) mod m,)

61
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Chapter 12

Congrunces of Higher Degree

Definition 12.1 Let a,b,n be integers. Then a is said to be congruent to b modulo m, denoted as
a = b mod mS$or alternatively as a =, b (12.1)
if m|(a —b).

Definition 12.2 Let f(x) be any polynomail with integer coefficients then higher order congruence equation will
typically look like this.

f(z) = 0 (12.2)

Fact 12.1 if all coeffients of the polynomial are multiples of m then every integer is a solution to the equation

2.2.
Theorem 12.2 if we primie factorize m then m can be represented as m = Hlep?'i such that pi*|m, where
a; > 1 for each i, and 1 < i < k then f(x) =, 0 is equivalent to f(x) =, 0 for each p;.

this is equivalent to the following claims.

Claim 12.1 if u is a solution of f(x) =, 0 then u is a solution of every equation f(x) =, 0.

Claim 12.2 if f(x) =,2: 0 has no solutions for some i, 1 <1 <k then f(x)=10 has no solutions.

Claim 12.3 if each of f(x) =, 0 has solutions at,a?,... af” which are all mutually incongurent solutions then

79 Yo
. . . . k i ) _
take v as any linear combination of solutions u =, Y, m;bial’ where m; = m/p$* and b; =poi My L and the
resulting value u is a solution of f(x) =, 0.

Proof:

proof for the first claim is

if f(x) =, 0 has a solution u then
1. f(u) =, 0 then m|f(u)

2. m|f(u) implies that p{**|f(u) for each i

7
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3. for each i if p*| f(u) implies that f(u) = i 0

P;
O
Proof for the second claim is very similar to the above and it can be easily proven.
Now we will prove our third claim.
Proof:
1. pitim; Vj # ¢ (from the construction of m;.)
2. u =0 m;b;a; =0 a;(from the construction of m; and b;.)
3. f(u) =0 fas) =i 0 from the fact that a; is a solution f(u) =0 0.
4. it means that Vi p{" | f(u).
5. Hle pi| f(u) implies that m/|f(u)
6. m|f(u) implies that f(u) =, 0
O

With that proof our problem of finding a solution to f(z) =,, 0 reduces to a problem of finding a solution to
f(z) =pe: 0, where p is a prime.

Fact 12.3 if f(z) =pe 0 has a solution u then u is a solution of f(x) =0 0 foralll<pB<a.

Fact 12.4 f(z) =" a;z', where a,, # 0 then the kth derivative of f is a polynomial with degree < n — k.
Fact 12.5 tailers expansion of f(x + h) is f(z) + hf'(z) + Z—Tf”(x) +o 4 %f"(ac), as fi(xz) =0 when t > n.
Theorem 12.6 solving f(z) =pa 0

Proof: if r is a solution to f(x) =pe 0 then f(r) =, 0fort=1,2,...,a.

consider a > 2. if there is a solution u’, of f(z) =p« 0 then there is solution ugj_l of f(x) =pe-1 0 such that
C =pa1 ull_| +ovp®~! for some integer v. By applying tailers expansion

ua EP «

0 =po f(u) Zpe fluli_y + 00" Zpo fluli_y) + f/ (Wl )op* ! (12.3)

but f(uli ) =,0-1 0. so from equation (2.3) we can write

o=, p;ll fludy) (12.4)

if we know the solutions of f(x) =p«-1 0 then from eq 2.4 we can find all the solutions of v and then Uf;q +ope!

will be solutions of f(z) =p« 0

some times it may happen that there are no v corresponding to some u’/_;. it only means that there are no
solutions of f(z) =pe 0 arising from this particular u)/_,.
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In solving f(z) =pe 0 where o > 2, we start with the solutions ugj) of f(x) =, 0. Picking each one of those
solutions and find the possible values for v by solving the equation 2.4 and then from u’’_; +vp®~! we can find
out the solutions for higher order degrees. O

We have now reduced the problem of solving a f(x) =, 0 to congruences with prime moduli. as before we write

flz) =Y gair’ =, 0

Theorem 12.7 if the degree n of f(x) =, 0 is greater than or equal to p, then either every integer is a solution
of f(x) =, 0 or there is a polynomial g(x) having integral coefficients,with leading coefficient 1,and such that
g(x) =, 0 is of degree less than p and the solutions of g(x) =, 0 are precisely those of f(z) =, 0.

Proof:

If we divide f(x) by aP — z we obtain f(x) = ¢(z)(zP — x) + r(z) where g(x) is a polynomial with integral
coefficients and degree less than p.Fermat’s theorem shows that u? — u =, 0, and hence f(u) =, r(u) for every
integer u.

Therefore if r(x) is zero, or every other coefficient in r(x) is divisible by p, then every integer is a solution of

f(@) =, 0.

The only other possibility is r(z) = Zfzobjxj , where k < p, with atleast one coefficient not divisible by p. Let
by, be the coefficient with largest subscript k such that ged(p,by) = 1.Then 3b, an integer such that bb, =, 1
and clearly r(z) =, 0 and br(z) =, 0 have the same solutions. |
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Chapter 13

Lagrange’s Theorem

Hitesh Chaudhary
hitesh@cse.1itd. ernet.in

13.1 Lecture 12

13.1.1 Theorem 12.1

flz) =31 gaix’, a, % 0if n < p then

either, (1) every integer is a solution of f(z)

or, (2) Jg(z) with integeral coeflicients such that
(a)deg(g) <p

(b) leading coefficient is 1

such that the roots of g(x) are precisely the roots of f(x)

13.1.2 Theorem 12.2 - Lagrange’s Theorem

f(z) =, 0 has atmost n mutually incongurant solutions, if not, then every integer is solution.
Also, deg(f)=n<p

Proof: By indution

Base Case: for n = 0; ag = a,, 2, 0 therefore no solution

Induction Step: Assume theorem is true forall deg < n

We need to prove for deg =n

Proof by contradiction: Suppose f(x) has more than n roots, ui,ug, -« ,un,un+1 and lets g(z) = f(x) —
an [T (z — u;)
Here, deg(g) < n since deg(f) = n & highest order term will be cancelled . Also uy,us,- - ,u, are roots of g(x)

As g satisfies the theorem = either g has atmost n-1 solution or every integer is its solution.
From above we know g has n solutions = g has all integer solutions

V integer v, g(v) =, 0%, f(v) —an [[1—y(z — w;)
putting v = up41, f(Unt1) =0, now a, [[/_, (z — u;) must be =0
as an %p 0

= p | (Unt1 — uy) for some i
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= Upy1 =p u; which is contradiction. Hence f(z) has not more than n roots.

We have:

e f(x) has atmost min(deg(f),p) roots if every integer is not a solution

e Va;, p|a;, for deg(f) < p iff all integers are roots of f(z)

13.1.3 Theorem 12.3

f(z) =, 0 with a,, =, 1 has n mutually incongruent solutions iff

@ — 5= f(2)glx) + ()

(note: deg(s) < n as we are dividing 2P — z by f(x) )

Proof: (=)

Suppose f(z) has n roots then P — x = f(x)q(x) + r(x) where r(x) =0 or deg(r) <n
For all solutions u, f(u) =, 0, u L p

= wW—-u=,0=,r(u)= r(x)=00rp|r(u)

This is true for all u = p is factor for every coefficient of r(z) = r(x) = p s(z)

Proof:(<)

Assume, 2P — x = f(x)q(z) + p s(x)

V integers u, By FLT, uP —u =, 0,

also w? —u =, 0 = f(u)g(u) + p s(u). Note, p s(u) =, 0

= f(u)q(u) = 0

Now, f(z)g(z) is a polynomial of degree p, nth coeflicient of f(z), is =, 1 and 2P has coefficient 1.
Therefore leading coefficient of ¢(x) is &, 1

Also, deg(f) = n and therefore deg(q) =p —n

f(z) and ¢(z) has atmost n and p — n mutually congruent roots.

(Since leading coefficients of f(z) and ¢(z) =2, therefore all integers are not their roots)
Also f(z) cant have less than n roots otherwise, deg(f(u)g(w)) will be less than p

= f(z) has exactly n roots.

Theorem(Cor of Lagranges’s Theorem)

If d | p— 1 then 2% — 122, 0 has exactly d solutions

Proof:

By FLT, (#? — 1)f(x) = 277! — 12, 0 where f(z) = 2% + 224 4+ ... + 2*,=Dd where p — 1 = kd
= P71 — 12,0 = (p—1) mutually incongruent solutions

Also, deg(f) =p—d—1= f(x) has exactly p — 1 — d solutions

Therefore, ¢ — 1 has exactly d solutions.
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Primitive Roots and Euler’s Criterion

14.1 Euler’s Criterion and Strengthened Euler’s Criterion
The Quadratic Reciprocity Law deals with the solvability of quadratic congruences.It therefore seems appropri-
ate to begin by considering the congruence

az® +br+c=p0 (14.1)

where p is an odd prime and a #, 0 that is, ged(a,p) = 1. The supposition that p is an odd prime implies that
gcd(4a,p) = 1.(if p is even prime i.e 2, then ged(4a,2) = 1 doesnot hold).Thus, congruence (1.1) is equivalent
to

4a(az® + bz +¢) =, 0.
Using the identity
da(az? + bz + ¢) = (2az + b)* — (b2 — 4ac)
the last-written congruence may be expressed as
(2ax + b)? =, (b* — 4ac)

Now put y = 2az + b and d = b? — 4ac to get
V=, d (14.2)

If © =, x is a solution of (1.1), then y =, 2az( + b satisfies the congruence (1.2).Conversely, if y =, yo is a
solution of (1.2), then 2ax =, yo — b can be solved to obtain a solution of (1.1).

Thus, the problem of finding a solution to the quadratic congruence (1.1) is equivalent to that of finding a
solution to a linear congruence and a quadratic congruence of the form

?=,a (14.3)

If pla,then (1.3) has =, 0 as its only solution.To avoid trivialities, let us assume hereafter that p fa.

Granting this, whenever 2 =, a admits a solution x = =z, then there is also a second solution x = p —
xzo((p — x0)2 =, p? — 2pxo + 23 =, 3 =, a.This second solution is not congruent to the first.For g =, p —
implies that 2z =, 0,0r zy =, 0, which is impossible because p fa.By Lagrange’s Theorem, these two solutions
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exhaust the incongruent solutions of x2 =, a. In short: z2 =, a has exactly two solutions or no solutions.
The major effort in this presentation is directed towards providing a test for the existence of solutions of the
congruence

xo =p a,gcd(a,p) =1

To put it differently,we wish to identify those integers a which are perfect squares modulo p.

Definition 14.1 Let p be an odd prime and ged(a,p)=1.If the congruence x*> =, a has a solution, then a is

said to be a quadratic residue of p.Otherwise,a is called a quadratic nonresidue of p.

The point to be borne in mind is that if @ = b mod p, then a is quadratic residue of p, if and only if b is a
quadratic residue of p.

Thus,we need only determine the quadratic character of those positive integers less than p in order to ascertain
that of any integer.

Theorem 14.1 (Euler’s Criterion).Let p be an odd prime and gcd(a,p)=1.Then « is a quadratic
residue of p if and only if a7 =,1

Proof: Suppose that a is a quadratic residue of p, so that 2> =, a admits solution, call it z.Since
ged(a, p)=1,evidently ged(zq, p)=1.We may therefore appeal to Fermat’s Theorem to obtain

o=y _ oo e
a7 =, (z7) =p X =p 1

. o (r-1) o o
For the opposite direction, assume that a =n =, 1 holds and let r be the primitive root of p(The primitive

roots are explained in the next section and the proof in the reverse direction can be read after reading next
section).Then a =, r* for some integer k, with 1 <k < p — 1.a®P~V/2) = ¢*kr=1/2 = 1

By Theorem 1.3, the order of r (namely,p — 1) must divide the exponent k(p — 1)/2.The implication is that k
is an even integer, say k = 2j.Hence

(’I“j)Q =72 =1k =, q,

making the integer 77 a solution of the congruence x> =, a.This proves that a is a quadratic residue of prime p.

Now if p(as always) is an odd prime and ged(a, p)=1 then
(a®P=D/2 _ 1) (a®P=D/2 4 1) =aP~1 — 1 =, 0,
the last congruence being justified by Fermat’s Theorem.Hence either

aP= /2 = 1oraPN2= 1

7

but no both.For, if both congruences held simultaneously, then we would have 1 =, —1, or equivalently, 2 =, 0
impliesp|2, which conflicts with our hypothesis.Since a quadratic nonresidue of p does not satisfy aP=1)/2 =, 1,

it must therefore satisfy (a(P—1/2 =, —1).This observation provides an alternate nonresidue of p if and only if
(r-1/2 = _q
a =p
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Corollary 14.2 (Strengthened Euler’s Criterion). Let p be an odd prime and gcd(a,p)=1.Then a
is a quadratic residue or nonresidue of p according as

a?=V/2 = 1 or aP~ V2=, -1

14.2 The Order of an Integer Modulo n

Definition 14.2 Let n > 1 and ged(a,n)=1.The order of a modulo n is the smallest positive integer k such
that a* =,, 1

Observe that if two integers are congruent modulo n, then they have the same order modulo n.For if a =, b,
implies that a* =,, b¥, when b* =, 1.

It should be emphasized that our definition of order n concerns only integers a for which ged(a,n) = 1.Indeed,if
ged(a,n) > 1, then we know that the linear congruence ax =, 1 has no solution(The linear congruence ax =, b
has a solution if and only if d|b,where d = ged(a,n).Here d > 1 and b =1, so d }b.) ;hence the relation

a*=,1,k>1

cannot hold, for this would imply that @ = a*~! is a solution of ax =, 1.Thus,whenever there is reference to

the order of a modulo n, it is assumed that ged(a,n) = 1,even if it is not explicitly stated.

Theorem 14.3 Let the integer a have order k modulo n.Then a® =,, 1 if and only if k|b; in particular, k|é(n).

Proof:  Suppose to begin with that k|b, so that b = jk for some integer j.Since a* =, 1, (a*)’ =, 1/(a =, b
implies a* =,, b¥) or a® =, 1.

Conversely, let b be any positive integer satisfying a® =,, 1.By the division algorithm, there exists ¢ and r such
that b = gk + r, where 0 < r < k,consequently,

ab = g7+t = (ak)qar

By hypothesis both a® =, 1 and a* =,, 1, the implication of which is that a” =,, 1.Since 0 < r < k, we end up
with r = 0;otherwise, the choice of k as the smallest positive integer such that a* =,, 1 is contradicted. Hence

b = gk and k|b.
Theorem 1.3 expedites the computation when attempting to find the order of an integer @ modulo n:instead of
considering all powers of a, the exponents can be restricted to the divisors of ¢(n). O

Theorem 14.4 If a has order k modulo n, then a* =, o’ if and only if i =, j.

Proof: First,suppose that a’ =,, a’,where i < j.Since a is relatively prime to n, we can cancel a power of a to
obtain a*=7 =,, 1.According to theorem 1.3, this last congruence holds only if k|i — j, which is just another way
of saying that i =, j.

Conversely, let i =5, j.Then we have i = j + ¢k for some integer ¢.By the definition of k, a* =,, 1, so that

S o a_
o =, T =, d(d¥)! =, o
which is the desired conclusion O

Corollary 14.5 If a has order k modulo n , then the integers a,a?,a’, .....,a"* are incongruent modulo n
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Proof: Ifa' =, a’ for 1 < i < j < k, then the theorem insures that i =, j.But this is impossible unless
i = j.Hence a,a?, .., ak are incongruent modulo n. O

Theorem 14.6 If the integer a has order k modulo n and b > 0, then a® has order k|gcd(b, k) modulo n.

Proof: Let d = ged(b, k). Then we may write b = b1d and k = kid, with ged(by, k1) = 1.Clearly,

k/d

(@)™ = (a " = (aF)" =, 1

If a® is assumed to have order » modulo n,then theorem 1.3 asserts that 7|k;.On the other hand, since a has
order k£ modulo n, the congruence

indicates that k|br;in other words, k1d|b;dr.But ged(ky,b1) = 1 and therefore kq |r.This divisibility relation,when
combined with the one obtained obtained earlier(r|k;),gives

r=k =k/d=k/gcd(b, k)
proving the theorem. O

Corollary 14.7 Let a have oder k modulo n.Then a® has order k if and only if ged(b, k) = 1.

14.3 Primitive Roots of Primes
Definition 14.3 If gcd(a,n) = 1 and a is of order ¢(n) modulo n, then a is a Primitive Root of n.

More generally, one can prove that primitive roots exist for any prime modulus, a result of fundamental impor-
tance. While it is possible for a primitive root of n to exist when n is not a prime, there is no reason to expect
that every integer n will possess a primitive root;indeed, the existence of primitive roots is more an expection
than a rule

Theorem 14.8 Let ged(a,n) = 1 and let ay, a9, as, -y Ag(n) be the positive integers less than n and relatively
prime to n.If a is a primitive root of n,then

at,a?,a?, ..., a®™
are congruent modulo n to ai,az, as, ..., ag(m), in some order.

Proof: ~ Since a is relatively prime to n, the same holds for all the powers of a;hence, each a* is congruent
modulo 7 to some one of the a;. The ¢(n) numbers in the set [a', a?,a?, ..., a®™)] are incongruent by the corollary
to theorem 1.4.As the powers are incongruent to each other and each one is congruent to some one of a;,these
powers must represent the integers ai, az, as, ..., g(n)- O One consequence of what has just been proved is

that, in those cases in which a primitive root exists, we can know state exactly how many there are,

Corollary 14.9 If n has a primitive root, then it has exactly ¢(p(n)) of them
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Proof:  Suppose that a is a primitive root of n.By the theorem, any other primitive root of n is found among
the members of the set [a!,a?,a%, ...,a?™].But the number of powers a¥ 1 < k < ¢(n), which has order ¢(n)
is equal to the number of integers k for which ged(k, ¢(n) = 1(rest of the integers have order less than ¢(n)
because for all such integers I, ged(l, $(n)) > 1) i.e the power of the a should be relatively prime to ¢(n) for it
to be a primitive root.;there are ¢(¢(n)) such integers, hence ¢(¢(n)) primitive roots of n. O

Theorem 14.10 If p is a prime number and d|p — 1,then there are ¢(d) incongruent integers having order d
modulo p

Proof: Let d|p—1 and ¥(d) denote the number of integers k,1 < k < p— 1, which have order d modulo p.Since
each integer between 1 and p — 1 has order d for some d|p — 1 (using theorem 1.3),

p—1= Ed\p71 w(d)

At the same time,Gauss’ theorem tells us that

p—1= Zd‘p—l o(d)

and so,putting together,

Yo Wdd) =) é(d) (14.4)

d|p—1 dlp—1

Our aim is to provide that ¥(d) < ¢(d) for each divisor d of p— 1, since this, in conjunction with equation (1.4),
would produce the equality ¥ (d) = ¢(d) # O(otherwise, the first sum would be strictly smaller than the second)

Given an arbitrary divisor d of p — 1, there are two possibilities:either ¥(d) = 0 or ¥(d) > 0.If ¥(d) = 0, then
certainly ¥(d) < ¢(d).Suppose that (d) > 0, so that there exists an integer a of order d.Then the d integers
a,a?, ....,a? are incongruent modulo p(if @’ =, o’ for 1 <i < j < d, then aU~" =, 1 where j —i < d and hence
contradicting that d is the order) and each of them satisfies the polynomial congruence

z?—1 =,0 (14.5)

for,(ak)d =, (ad)’c =, 1.By the corollary to Lagrange’s theorem, there can be no other solutions of (1.5).If follows

that any integer which has order d modulo p must be congruent to one of a,a?, ....,a%.But only ¢(d) of the just
mentioned powers have order d,namely those a* for which the exponent k has the property ged(k, d)=1.Hence,
in the present situation,y(d) = ¢(d),and the number of integers having order d modulo p is equal to ¢(d).This
establishes the result we set out to prove.

O Taking d = p — 1 in the above Theorem, we arrive at

Corollary 14.11 If p is a prime,then there are exactly ¢(p — 1) incongruent primitive roots of p.

An illustration is afforded by the prime p = 13.For this modulus,1 has order 1;12 has order 2;3 and 9 have order
3;5 and 8 have order 4;4 and 10 have order 6; and four integers, namely 2,6,7,11 have order 12.Thus

22 ®(d) = (1) +9(2) + ¥ (3) + ¢ (4) +4(6) + (12)

—141+242+424+4=12
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as it should.Notice too that

P(3) =2=10(3), ¥(12) =4 = ¢(12,)



Chapter 15

Quadratic Reciprocity

15.1 Legendre Symbol

Legendre Symbol: for given Prime p and any a

u 1  if a is a quadratic residue of p
{ J =,a?P V2= ¢ 0 ifpla

p -1 if a is quadratic non residue of p
Some facts:

ININEM

5 a? 1 i
: =1 given an
[ o |

;]
B

-

since p = 4k + 1 or 4k + 3 all primes of the form (p —1)/2 = 2k or 2k + 1

o a
3. a =, b implies L » J

o

6. 2 =, —1 has a solution iff p is of the form 4k + 1 (from fact (i) )

Theorem 15.1 For odd prime p, Y ©_, { Z J:O

Proof:  if pla then { Z JzO;

else ged(a, p) = 1, so there will be exactly (p-1)/2 a’s are quadratic residues of p and remaining (p-1)/2 will be

quadratic non residue of p
O

Corollary 15.2 The quadratic residues of (prime) p are congruent modulo p to the even powers of primitive
roots. Conversely, the quadratic non-residues are congruent to odd powers of primitive root.
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15.2 Gauss’ Lemma

Theorem 15.3 For any odd prime p and a such that alp
S ={a,2a,3a,...(p—1)a/2}
T={beS|bmodp > p div2}

then { Z J = (=17l

Proof:  The elements of S are all distinct modulo p

We would break set S into two sets {r1,r2,...7m} =U={r | 0<r <p/2,b modp =7r,b €S}
and {s1,82,...5,} =V ={s|p/2 < s<p,bmodp <s,b €8S}

p being odd prime, p/2 is not an integer.

S = {7”'177"2,...T‘m}U{Sl,SQ,...Sn}

m+n=(p-—1)/2

Claim 15.1 ry,7r2,...7m,p — S1,P — S2,...P — Sy are all disjoint

Proof:  This follows from the fact that all elements of S are disjoint.

71,72, ...Tmy are disjoint

S1, 82, - - . Sp,_are disjoint

ifr,=p—s;

= Tri+s8=p

assume r; came from ka and s; came from ma then r; 4+ s; =, 0

= p|(k+m)

therefore disjoint ( both k, m are less than p/2 hence k +m < p) O
Therefore {ri,r3...7m,p — $1, 0 —S2...p—$n} ={1,2,...(p—1)/2}

[[{r1i,r2.-.rm,p—s1,p—82...0— s} =]I{L,2,...(p—1)/2} = ((p— 1)/2)!

((p—=1)/2)!' = rira...rm(p—s1)(p—s2) ... (p—sn) =p (—1)"r1,72,...Tm, 51, 82... S, we know that {ri,ra...ry,s1,52...5,} =
S Therefore ((p —1)/2)! =, (=) ]S = (=1)"a®~V/2((p — 1)/2)!

as p is relatively prime to (p — 1)/2

so we can cancel ((p — 1)/2)! on both sides

Therefore aP~1/2(—1)" =, 1

multiply both sides with (—1)™

Therefore a?~1/2 =, (—1)"

a _
J a0z = (_1)T]

2| [ 1 ifp=glorp=sgT7
Consequence { » J = { 1 ifp=s3orp=s5

{ ]2? J = (—1)" where n is the number of numbers in {2,4,6...(p — 1)} whose remainder > (p — 1)/2

S={2a|l<=a<=(p—-1)/2}
T={deS|b>((p-1)/2}

20 < (p—1)/2iff a<=pdiv4

p=8k+1=pdivd =2kand (p—1)/2=4k =n =2k
p=8k+3=>n=2k+1

p=8k+5=>n=2k+1

p=8k+7=n=2k+2

when p =g 1 or p =g 7 then n is even

Therefore { 2 J:l
p



15.3. GAUSS’ RECIPROCITY LAW 7

d a/2
(g-1)/2

pX>

(P-1)f2

p/2

Figure 15.1: Graph
15.3 Gauss’ Reciprocity Law

For Odd primes p and ¢

{ p J { q J — (—1)(@=D/2((a=1)/2)
q p

Consider the Lattice points in the rectangle (z,y) where both z, y € W(Whole Number Set)
Therefore (p — 1)/2)((¢ — 1)/2) lattice points in the interior of rectangle.

Claim 15.2 No Lattice points on the diagonal

Proof:  If there were then py = qx

as p & q are distinct and x & y are bounded by p/2 & ¢/2 which can’t happen
Which means diagonal splits it into two equal triangles.

O

Claim 15.3 251;;1)/2 jq div p Lattice points in the lower triangle

Proof:  Take any vertical line on integer i.e line x = j where j is an integer.
Then that line has jq div p lattice points on that line So total number of lattice points in the lower triangle are

SV g div p
Od

Claim 15.4 qu:_ll)/Q ip div q lattice points in the upper triangle

proof similar to earlier claim

We know already ((p —1)/2)((q — 1)/2) lattice points
Therefore ((p—1)/2)((q —1)/2) = %5V jq div p + Y15 % ip div g

{ Z J = (—=1)™ where m = 251;—11)/2 jq div p (by Gauss’ lemma)
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{ Z J = (—1)" where n = 2(1—11)/2 ip div q

q p
p/2}&{s | s=bmod p b€ S,p/2<s<p}
as equation of diagonal is py = qx Everything above diagonal represents y > gx/p & below diagonal y < qz/p

{p J L q J = (=1)((p=1/2)a=1)/2) Those lattice points repressent {r | 7 = b mod p ,b € S,0 < r <

Example 15.1 29\ _ L 53

53 | = 29J as29=41and 53 =41

29| |83 | | B3mod29 | | 24| | 8 3 | | 2 2 2 3
53 | |29 ] 29 129 || 29 29 | T | 29 29 29 29
as any square gives 1

2 3 3 _
:{29J_29_:(—1){29J(a529:85)
{3J: 29 as29=5163=51

29 3|
29 29mod3 | _ | 2| __,
3 |7 3 137

Therefore ?g J =(-1)(-1)=1

Therefore 29 is a perfect square modulo 53.



Chapter 16

Applications of Quadratic Reciprocity

Vipul Jain
vipul@cse.7itd. ernet.in

Theorem 16.1 Let p be an odd prime and a = :I:Qk(qn]flpé€2 ...pFm where p1,pa, ..., pm are odd primes. Then,

NSNS

1
o_pJ—le
. 1J_{ 1 ifp=41
L p | | -1 ifpFal

. 2| 1 ifp=sglorp=s7
L p ] | -1 ifp=s3orp=g5

if p; > p then, { 1;01 J = { pi (H;O ) J So it’s sufficient to consider primes < p.

Proof:  If a =, b, then the congruences x®> =, a and z*> =, b have ezactly the same solutions, if any
at all. Thus either both x* =, a and z* =, b are solvable, or none of them has a solution. Hence
{pi J _ { pi (mod p)

» » J as both p; and p; (mod p) are equal modulo p. O

ifpi <p

{ZiJ ifp=41orp =41

_{Ii J ifp=4pi =43
q p

1)/2).((q-1)/2) is even if and only if at least one of the integers p and q is of the form 4k + 1. If
both are of the form 4k + 3, then ((p-1)/2).((¢-1)/2) is odd. O

Proof: \‘p 0 = (—1)(p=1/2(@=1/2) from Gauss’s reciprocity law. Now, the number ((p-

79
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Claim 16.1 2z¢y =, —b has a unique solution.

Proof:  Given equation has a solution if ged(2xg, p)| — b.

For unique solution, ged(2xo,p) = 1.

gcd(2xg,p) = ged(xo, p) as p is odd prime. If ged(xo,p) > 1, it can only be p as p is prime.

Let ged(xo,p) = p.

ged(zo,p) = p = plro = T0 = C.p

=23 =c2p*=bp" +a=a=0asa Lp.

But a is not zero. Hence we get a contradiction if ged(zo,p) = p.

Hence ged(xo,p) =1 =229 L p

Hence 2x0y =, —b has a unique solution. |

Theorem 16.2 If p is an odd prime with a L p, then x* =,» a has a solution iff L ; J =1.

Proof: (=) Let u be a solution of 2> =p» a.

u:x2:q.p"—|—a5pa

‘. a 18 a quadratic residue of p and hence { g J =1

(<) Let { Z J =1 (=)2? =, a has a solution u. Proof is by induction on n.

Induction Hypothesis: Assume x> =,» a has a solution xg.

To prove: z? =, ., has a solution x3 = b.p" ™' +a

From previous claim, let 2zoy =, —b has unique solution yg.

Then, 2zoyo =p —b = p|2zoyo + b = 2x0yo +b=dp---1

Let x1 = xo + yop™

Squaring both sides,

23 = (zo + yop™)2 = 2§ + 2x0yop™ + ygp*"

= 22 = a+ bp"™ + 2z0yop™ + y2p*" (By induction hypothesis)

= 27 = a+ (b+ 2zoyo)p™ + y3p™ = a+ dp"** + y3p®" (By equation 1)
=22 =a+pu(d+yip" ), (n-1) >0V n>1

=12=,110a

Hence proved. O

Theorem 16.3 Let a be an odd integer. Then,x? =5 a always has a solution.
Proof:  If a is odd, then a =5 1 always. Any odd integer x satisfies this equation. a

2 =, a has a solution iff a =4 1.

Theorem 16.4 Let a be an odd integer. Then, x
Proof:  Since z is odd, let v = 2k + 1.
22 = 2k +1)2 = 4k®> + 4k + 1 = 4k(k + 1) + 1 =4 1 Since square of every odd integer is 1 modulo 4, hence

22 =4 a has solution only if a =4 1. Note that every odd integer is a solution. O

Theorem 16.5 Let a be an odd integer. Then, 2 =an a, n > 3 has a solution iff a =g 1.
Proof:  Any solution must be odd since a is odd.

let © = 2k + 1

sxt—1=02k+1)2-1=4k(k+1)

Since one of k and (k+1) must be even, .. 8|(x® — 1) i.e. 2% =g 1.

Hence solution can exist only if a =g 1. Now we prove existence of solution.

Proof by induction on n: Let =g 1.

Induction Hypothesis: 22 =3» a, n > & has a solution.

To prove: 2 =qn+1 a, n > 3 has a solution.

by induction Hypothesis, x3 = b2" + a where o and a are odd.
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Also, xoy =2 —b has a unique solution since ged(xg,2) = 1 as xo is odd. Let that solution be yq.

200y +b . Let moyo + b = 2§

Now, consider 1 = xo + 302"~ . Squaring, we get,

23 = 2% + 2oyo2™ + y%ZQ(”’l) =a+ (b+ xoyo)2™ + y822("’1)

2?7 =a+ 2" 44222007 =0 aif 2(n-1) > ntl = n > 3.

Hence Proved. O

2

Theorem 16.6 Let n = Zkop]flpg2 ...pFm be the prime factorization of n. For any a L n, 22 = =, a has a

solution iff

1. {;JIVlgigmand

2. a =24 1 ifkoE {1,2} andazg 1 kaz 3.

Proof: x? = =, a has a solution iff the following system of equations has a solution:
?=pa\2?=pal ...V 2?=pa - (0)
a:z =0 @ - (1)
22 =k @ - (2)
9 _ Let equation i has solutions u; and ] modulo pf
:L' 7pk7, a e (7/)
2 =k @ <+ (m)
- n
Now, x = ZUZT satis fies all the above equations
— ;"
i=0 ?

Since a is a quadratic residue of p; V1 < ¢ < m, hence L ;‘ J = 1.
Proof of part (2) follows from theorem (16). O

Definition 16.1 Jacobi Symbol: For any a and odd n, Jacobi symbol is defined as

Lof - nls

k
wheren = pr‘
i=1

a

Fact 16.7 1 n J = 1 does not imply that a is a quadratic residue of n.

Fact 16.8 a is a quadratic residue of n iff gcd(a, n) = 1 and a is a quadratic residue of of every prime factor
of n.
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Chapter 17

The Jacobi Symbol

Definition 17.1 Jacobi Symbol:

l-]

where, n

and {a
p

For any a and odd n, Jacobi symbol is defined as

J is the Legendre Symbol.

The Jacobi symbol has many properties that make its use the easiest way to evaluate a Legendre symbol.
Suppose m and n are positive odd integers, and a and b are any integers. Then the Jacobi symbol satisfies the

following:

1. When n is a prime, the Jacobi symbol reduces to the Legendre symbol. Analogously to the Legendre
symbol, the Jacobi symbol is commonly generalized to have value

giving

as a special case.

Jinfm|n

HE

2. The Jacobi symbol is not defined for n < 0 or n even.

)

el
e laf=1w]

S

3. _1leifnz41,and1_lj
n n
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6. ifaEmb,thenl “ I:
m

Theorem 17.1 Ifn is odd then

and

Proof:

Proof:  Consider,

l

-1

m

Il
.::?r

@
Il
—

|
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—~
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~—
5
|
f
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THE JACOBI SYMBOL



Then, using the fact that m L n otherwise there will be a p; and g; whose { g; J =0, we get,
m ko1 b,
[EREER S
. L q; pi—1 951
= TII0| & fen

i—1 7

<
=

I3 I3 T35

1

(c1)Eh o) Bt
1

(—1)(EE S #)

m—1 )( n—1

(-1

Multiplying both sides by 1 :L J and Using 1 :l J 1 " J =1,

ER IR

=) ...Using, abgl = agl —bgl

Jacobi Algorithm Now, we will detail an algorithm to evaluate 1 Z I
Suppose n is odd and 0 < a < n.

a = 2kn/ (where, n’ is odd)

ET R A Y R e by
A FTRCA TPy Rt

= gn'+d (0<d <n)

/ !

1 Z/ I (Using, 1 Z/ I_O)
ol e ol B
n | n'

We started with (a,n) and arrived at a smaller pair (a’,n’).

Il
—_—
S o

Il
—
—_
Navl
ol
3
®l
L
+
Sl
¥

Now,

—_—
S.3
%3
I

Hence we get,

Note:

1§ = k2ol 4 ndn'l g odd iff
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10J = 1 ifn=1
n

0 otherwise

Here is how the algorithm works.

ap = lenl

ng = qn1+ap

a; = 2k2n2

ny = (gang + a2
am—1 = kanm
NMm—1 = GmNm +am

The moment when a,, becomes 0, the algorithm terminates.

Algorithm 17.1 The Jacobi Algorithm:

THE JACOBI SYMBOL

algorithm jacobi(a, n)
begin
a <- a mod n;
t <-1;
while (a<>0) do
begin
while (a is even) do
begin
a <- a div 2;
if (n mod 8 = {3,5} ) then t <- -t;
end
swap (a,n);
if (amod 4 =3 and n mod 4 = 3) then t <- -t;
a <- a mod n;
end
if (n=1) then return(t) else return(0);
end




Chapter 18

Elementary Algebraic Concepts

Definition 18.1 SemiGroup A Semigroup S =< S, > is a set of elements S, and a binary operation called
the semigroup product, such that

e S is closed under the Semigroup product @

e (O is Associative

Definition 18.2 Left & Right Identities An element i € S is a left identity if
Yae S,i®a=a
Stmilarly, an element i € S is a right identity if

Va € S,a®i=a

Fact 18.1 A semigroup cannot have distinct left and right identities.

ir ®@ig = i Since ig is the right identity
i ®@ig = ir Since iy is the left identity
=1, = IR

An element which is both a left & right identity is called an Identity.

Fact 18.2 Identity elements if they exist are unique.

From the above discussion it follows that a Semigroup can have more than one Left Identities, provided it doesnt
have any Right Identities. But if there is even one Right Identity, all the Left Identities collapse into one. Same
holds for the Right Identities too.

Definition 18.3 Monoid A Semigroup with an Identity element is called a Monoid.
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A Monoid can be respresented as
w=<M,,1>

where M is a set closed under ®, ® is an associative binary operator, and 1 is the Identity.

e Set of all Postive Numbers with 1 as the Identity element under the Binary Operation Multiplication
forms a Monoid

e Set of all Strings with Empty String as the Identity elemetns forms a monoid under Concatenation.

Definition 18.4 Inverse Given a Monoid

pw=<M 1>
an element a € M 1is the left inverse of the element b € M if

a®b=1

As is intuitive, b is the right inverse of a.
Theorem 18.3 If cvery element of a monoid posseses a left inverse, then the left inverse is also the right
inverse.
Proof:  Let b is the left inverse of a, and c is the left inverse of b

=boa=1coOb=1

Consider,
bO(a®b) (b©a)®b Since © is Associative
= 10b
= b
cObO(ad®b) = coOb
= 1
However,
((ceb)®(a®b) = a®b [cisthe LI of b]
So, we have
I = co(bo(aod)
= ((cOb)®(adb) [© is Associative]
= a®b
= b is the Right Inverse of a as well. O

Theorem 18.4 If every element of a Monoid possesses a left inverse, then the inverses are unique.

Proof:  Lets prove this using Contradiction. Assume b and ¢ are the two left inverses of a.

boa=1,cOa=1

So, we have
1600 = 1600
bea)Oob = (c®a)®b [From above]
bo(@®b) = co(adb) [0 - Associative]
bol = col [b is LI of a, so b is also RI of a]
b = ¢
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Definition 18.5 Group A Monoid in which unique inverses are guaranteed is called a Group.

Mathematically, a Group is defined as
G=<G,06,1, 1>

where G is the set closed under the associative binary operator ®, 1 is the identity element and ~! is the unique
inverse.
If ® is Commutative, then the group is called an Abelian Group.

Fact 18.5 Given a group G,
(aHt=a

(aob)t=b"'toat

e Integers under Addition form a Group

e Z,, set of integers from 1 to the prime p, forms a group under Multiplication (mod p)

Definition 18.6 Finite Group If G is a finite group, then
o(G) = |G|

Definition 18.7 Subgroup For any group G, H C G is a subgroup of G provided H is a group.

1, G are the Trivial Subgroups of G

Fact 18.6 If H is a subgroup of G, then
le H
a€H = a_1€ H Since His closed under ®
Theorem 18.7 Lagrange’s Theorem : If G is a finite group and H is a subgroup of G, then
o(H)lo(G)

Proof:

Claim 18.1 The relation =gC G x G such that

a=gb (read as: a is equivalent to b modulo H)
iff abl e H

s an equivalence relation.
o Reflexivity a =g asince,a0a'=1€ H
Hence it is reflexive.

e Symmetry

a =H b
= ab™! € H
= (ab™)"! € H
= Y la! e H
= ba ! € H
= b =g a
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e Transitivity

a =g b
= ab™? S H

b =g C
= be! S H
= (ab™1)(bc') € H
= ac™? S H
= a =g c

Definition 18.8 Right Coset For each a € G, define H, as the Right Coset of a, where
H, ={h.alh € H}

Definition 18.9 Equivalence Class For any a € G, define [a]g as the Equivalence Class of a, where

l[alg = {d'|a =g a'}
Claim 18.2 H, = [a]g

= H, C [a]g, since for any h € H,

a®(ha)™ = aGaloh™?
= hlteH
= a =y ha
= ha € [a]g
— [G]H C H,,
For any g € [a]n,
a =y g
= ag™t € H
= (agH)™! € H
= ga~? € H
= (ga=')®a € Hoa
= g S H,

Hence, H, = [a]g

Claim 18.3 For any a,b€ H, H, = Hy, or H, (\Hp = ¢

It follows from the fact that Equivalence Classes divide the set into disjoint partitions.

Claim 18.4 There is a 1-1 correspondence between H, and Hy, VYa.b € G

+ H, = H, is obvious.
otherwise h, —7 hy for h € H.
If f is not 1-1,
hib = hob
= hl = ho

Hence f is a bijection. Therefore, |H,| = |H|

Since the group is entirely partitioned among equivalence classes which are disjoint, so if there are k equivalence
classes,

kx o(H) =o(G) O



Corollary 18.8 A group with Prime order can have only trivial subgroups.

Remark 18.1 Converse of Lagrange’s Theorem is not true.
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Chapter 19

Sylow’s Theorem

Given any element a of a finite group G. Consider the set of all powers of a, a®,a’,.... Here a® = 1 is the
identity element and a' is the element a itself.

Definition 19.1 Order of an element of a group is defined to be miny, s.t. a* = 1.
Definition 19.2 Define < a >={1,...,a""'}. < a > is a cyclic subgroup of G.

Definition 19.3 For a subset H C G define < H >= {abla,b € H or < H >}. If < H >= G, then H is
called a set of generators for G.

Corollary 19.1 FEwvery finite group of prime order is a cyclic group.
Proof: Take any a € G,a # 1,0(< a >)|O(G), then, O(< a >) = O(G). 0

Corollary 19.2 Every cyclic group is commutative.

Sylow’s Theorem

Lagrange’s theorem only talks about the order of the subgroup of a group. It does not answer the reverse
question of whether there exists a subgroup of a given order. Sylow’s theorem answers this question albeit only
for some values of the order of the subgroup.

Theorem 19.3 If p is a prime and p*|O(G) then G has a subgroup of order p*.

Proof: Assume O(G) = n = p®m (note that p* may not be the highest power of p in n.) Consider subsets of
G of size p®. The number of such subsets is

pm \ _ pm(p®m —1)...(p%m —p~ +1)
( p” ) a pr(p—1)...1 ' (19-1)

Claim 19.1 If p?||m then p?|| ( ppln )
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Proof:  For any v, p”||(p®m — i) iff p7||(p® —i). All p”’s cancel out leaving p® which is then the highest power

(83

of p that divides ( pme), O O

(63

Definition 19.4 M = {M € G s.t. |[M| = p~},33 s.t. p°|m

Let us define a relation on the set M. M ~ N if 3g € G s.t. M = Ng.
Claim 19.2 The relation defined above is an equivalence relation.
Proof:  The relation as defined above is:

e Reflexive: take g =1 in the relation above. Hence M ~ M,V M.

e Symmetric: If M = Ng, then, Vc € N,3a € M s.t. a = cg. Multiplying both sides by ¢g=!, Va € M,3c €
N s.t. ag™! = c. Hence, N = Mg~*, implies N ~ M.

e Transitive: If M ~ N and N ~ O, then 3g,¢' s.t. ,M = Ng and N = Og’. Hence, M = Og'g and hence

M ~ O.
O
Claim 19.3 3 atleast one equivalence class [N]. € M/ ~ s.t. pPT1 [ |[N].|.
Proof: ~ Assume that every equivalence class is s.t. p’t!| |[M]~| where M € M. We know that |[M| =
(e} (87
ppln ) This implies that p+!| |M| = < pp;n ) Choose [N]. = {Mi,...,Mg}Z st. pP*tt A|[N]~|.
Obviously, YM;, M; € [N].,3g € G s.t. M; = M;g. Let H = {g € G|M; = M g}. 0

Claim 19.4 H is a subgroup of G.
Proof: We show that H is closed, has the identity element and elements in H also have their inverses in H.

o If g1,90 € H, then, My = My1g2 = (M191)g2 = M1(g192). Hence H is closed under -.

e The element 1 is the identity element of the group H.

e For any g € G, the inverse of g in G also belongs to H. For any element a € M;,3c € M; s.t. a = cg. As
The mapping from M; to M, is one-to-one Ve € My,3a € My, s.t. c=ag~'. Hence g~ € H.

Hence H is a subgroup of G. O
Theorem 19.4 EO(H) = O(G).

Proof:  'We construct a bijection between [N]. and the set of right cosets of G/H of H. By construction of H
we get the equivalence:

(Ha = Hb) = (ab™! € H) = (Myab™' = M) = (Mya = M;b),Va,b € G. (19.2)

That is whenever a and b are in the same right coset of H (or their cosets are equal, respectively) they form
the same Mya = mb, name it N. N € [N]. because Nb—! = M;. Hence, N ~ M;. So Ha — Ma,Va € G,
defines a mapping from G/H to [N].. Since N € [N]., N is some M;, j € 1,..., k. Conversely, each M; is of
the form Mja for some a € G by definition. So the mapping Ha — M;ja,Va € G is in fact a bijection. |
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Claim 19.5 O(H) = p®.

Proof:

o om (19.3)
= || pm (19.4)
= KkO(H). (19.5)

As
PPk (19.6)

SO
p*|O(H). (19.7)

This implies O(H) > p©.

|M7| = p*. Consider any a € M. For any h,h' € H,

ah € M, (198)
ah/ € M. (19.9)
Also ah = ah’ implies that h = h/. Therefore M; has > O(H) distinct elements. Thus, O(H) = p®. O

Rings and Fields

Definition 19.5 A ring < R,+,-,0,1 > s.t.

1. < R,+,0 > is an abelian group.
2. < R,-,1> is a monoid.

3. - distributes over +.

For eg. Integers form a ring under addition and multiplication.

Definition 19.6 R is a commutative Ting if - is commutative. For eg. 2 X 2 non-singular matrices over reals
form a ring but not a commutative Ting.

Definition 19.7 R is a field if < R —{0},-,1 > is an abelian group. For eg. Z, is a field for any prime p.
Theorem 19.5 Z,, for any composite m is not a field.

Proof: If m is not a prime then Ja € Z,, s.t. ged(a, m) # 1. This implies that ax =,, 1 has no solution, which
means that Ab € Z,, s.t. ab =, 1. O
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Chapter 20

Finite Abelian Groups & Dirichlet
Characters

20.1 Introduction

Definition 20.1 An Abelian group is a set G with a binary operation o satisfying the following conditions:

For all a,b,c € G, we have, ao (boc) = (aob)oc (the associative law)

There is an element e € G s.t. aoe=a foralla € G

o For any a € G there exists b € G such that a o b = e( existence of an inverse)

For all a,b € G, we have, a ob=bo a(the commutative law)

A finite abelian group G’ C G where G is finite but not necessarily abelian.
Since a € G, order(a) exists.

aorder(a) —led

Definition 20.2 Define ind(a,G") as the smallest positive integer such that
aind(a,G') cq’

Then, 1 < ind(a,G") < order(a)

Theorem 20.1 Let G' C G be a subgroup of a finite abelian group G. Let a € G — G’ and h = ind(a, G")
G" = {za"|x € G',0 <k < h}

Then G” is a subgroup of G s.t.
(i) G c G’
(i) |G”| = h|G'|
Proof: (i) Consider za’ * ya* where z,y € G’,0 < j,k < h
Casel : j+k<h= xa *ya* = zyadt* € G”
Case2 : j+k>h=d*t*ecq cq”
But,a?t* = a"a’ whered < h < i

Now,a" = landd® € G’
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Hence G” is closed under *

Now we need to show that za* has an inverse in G”
Let the inverse be z—1a™*

This is something of the form xaT where 0 <i < h
ie. (vah)a' € G”

Hence (i) proved

(ii) For each element a € G’ we can get at most h elements in G” i.e.

If |G’| = m then all we need to show is that the resulting hm elements in G” are distinct. We prove this by
contradiction. Assume '
za) = ya®

=T = yakfj

Without loss of generality, we assume, h > k > j. Then
ry t=ad"Teq
We know that k — j < h and h is the smallest positive integer s.t. a® € G’
=k—7=0

=T =1
Hence, |G”| = h|G'| O

20.2 Characters of Finite Abelian Groups

Definition 20.3 A character is a complex valued function which is multiplicative.

Complex Valued: f maps each element in a group to a complex number.
Multiplicative: f(a)f(b) = f(ab) and Ic € G: f(c) #0

Fact 20.2 Fuvery group has a character f(a) = 1¥a € G called the Principal Character

Theorem 20.3 If fis a character of a finite abelian group G then f(e) = 1 (where e is the identity element)
and each f(a),a € G is a root of unity.

Proof:  For some ¢ € G

Now, counsider any a € G, order(a) =n

Hence, every f(a) is a root of unity. O



20.2. CHARACTERS OF FINITE ABELIAN GROUPS 99
Theorem 20.4 A finite abelian group of order n has exactly n distinct characters.
Proof:
F{e}=GoCGiC.... CcG,=G
Giy1 = (Gisaig1),ai11 2 Gy
Proof by Induction follows:

Base Case: {e} has exactly one character.

Induction Step:
Assume G; has |G;| characters.
Elements of G; 1 are given by a:afH, r € Gy

Let f; be a chargcter of G;
We now define f; as

fl(l‘) = fl(x)Vx e G,

fi(xa§+1) = fi( ) i(ai+1)k

= filz)filais1)"

Let h = ind(a;+1, G;
= aéﬁrl =ceG;

Define f;(a;41) as the A" root of f;(c)
(Note: f(c) # 0 since all f;(c) are roots of unity.)

fi(ait1) is one of h possible roots of fi(c)
Hence there are at most h extensions for each character of G;

Claim 20.1 f; (defined using one of the ht" roots of f(c)) is a character of Giyy

Claim 20.2 There are h possible extensions of each character of G;
Outline of Proof No two extensions f; and g; can be identical since that would mean f; and g; are identical.

Hence there are exactly h|G;| = |Giv1]| characters of Giy1. O

Definition 20.4 If f and g are characters of a finite abelian group G then
(f*g)(a) = fla)g(a)

Theorem 20.5 For any finite abelian group G, define
G = {f|f isacharacter of G}

then <C¥, *, f1) is a finite abelian group (fy is the principal character) where f~% = %

Proof:  1If g is the inverse of f then g(a) = +

Since G is abelian, G is abelian with the same order. O



100 CHAPTER 20. FINITE ABELIAN GROUPS & DIRICHLET CHARACTERS

Definition 20.5 Given
G= {al, Ay uuny an}

G = {f17 f23 ooy fn}
define A(G) as
A(G) = lag] = [fi(ay)]
Theorem 20.6 The sum of the elements in row i of A is given by

P filay) = noifi=1

= 0 otherwise

Proof: Ifi=1, f; = f1, the principal character, then

Zfl(ar) =lxn=n

r=1
If i # 1,3b € G| f;(b) # 1 otherwise f; = f1

S=>filar)=>_ fi(ba,) = fi(b)S
r=1 r=1
= S(1 - fi(b)) =0

Since f1(b) # 1,5 =0

O
Corollary 20.7 The sum of the elements in column j of A is given by
S i frla)) = n ifaj=e
= 0 otherwise
Definition 20.6 Define A* as the conjugate transpose of A.
A" = laj;] = [fi(as)]
Theorem 20.8 AA* =nl
Proof: B = AA* ~
bi; = Zg=1 fi(ar)_ j(ar)
= S )
= 21 (fe)(ar)
where f
fr="r=1iffi=j
fi
bij = n ZfZ :j
= 0 otherwise
= B=nl
O

Corollary 20.9 A*A =nl
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20.3 Characters of a Finite Abelian Group

e Every finite abelian group has as many characters as the order of the group.
e A character is a complex valued multiplicative function.

e The characters of a finite abelian group form a finite abelian group of the same order with the principal
character as the identity element.

For each character f and a € G, f(a) is a root of unity.
A(G) = lag] = [fi(ay)]

e A has an inverse A* i.e. AA* =nl

Orthogonality Properties

1.
S, filar) = n if fiistheprincipal
0 otherwise

Z::1fr(aj) = n ifa;=ce

0 otherwise

20.4 Dirichlet Characters

For any integer m, ¢,, is a finite abelian group under multiplication.

Definition 20.7 S is called a Reduced Residue System if |S| = ¢(m) and S = ¢, Any ¢p(m) numbers that
are mutually congruent modulo m form a Reduced Residue System.

Fact 20.10 Each S has ¢(m) characters.

For any character f,

0= b= f(a) = f(b)

Definition 20.8 For any reduced residue system modulo m, S and character f, we define a Dirichlet Char-
acter, xs(n) as

xr(n)= f(n) ifnlm
0 otherwise

Fact 20.11 There are ¢(m) Dirichlet Characters.
Definition 20.9 The Dirichlet Character corresponding to f1 is called the Principal Dirichlet Character.

Theorem 20.12 The ¢(m) Dirichlet Characters are:

1. multiplicative
2. periodic

3. Let f be any function s.t. f(n) = x(n) if mLn, then f is a character of the group.



102 CHAPTER 20. FINITE ABELIAN GROUPS & DIRICHLET CHARACTERS
Proof:

1. multiplicative - follows from multiplicativity of characters.

2. periodic - follows from a =, b = f(a) = f(b)

Theorem 20.13 The conjugate of each Dirichlet Character is also a Dirichlet Character.

S e (B)xe () = $(m) ifk = 1 1Lm
0 otherwise

The proof follows from orthogonality properties of characters.

Before we move on to the next theorem we need to study Abel’s Identity.

Definition 20.10 An arithmetical function is a real/complex valued function on positive integers.

Theorem 20.14 Abel’s Identity: Let a(n) be an arithmetical function and let

n<z

where A(x) =0 if x < 1.If f is a function with a continuous derivative on the interval [y, z] , 0 <y < z,then

S aln) ) = ARG - AW - [ A0 O

y<n<z
Analysis: a(n) is a set of impulses.

A(n) is a step function.
f'(t) is continuous = f(¢) is continuous.

Proof Let k = |y] and m = |z], then
Sy encs ) () = Sy a(n)f(n)

=S [A() — A — D] ()

= Sk A f(n) = 05 An) f(n+ 1)

=S A () — fn+ 1) + AGm) fm) — Ak + 1)

S AW () — Fn+ 1) + (AR — [ AG SO — (A F) + [ AD (0
Now

rnsn =g = " o
S AW(() — fn 1) = — Sk Al [ o

== i A @)t
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Substituting above, we get

y<n<z
Since limits on integrals cover this range. O

We now proceed to the next theorem.

Theorem 20.15 Let x be a non-principal Dirichlet character modulo k and let f be a mon-negative valued
function with a continuous negative derivative f'(x) for all x > xg. Then for all x,y :xo <z <y

r<n<y

2. If limgy_.oo, then Y 0" | x(n)f(n) converges and for v > zg

Y x(m)f(n) =Y x(n)f(n) +O(f(x))

n<x
Proof:

1. x is an arithmetical function, hence Abel’s Identity holds.

Alx) =) x(n)
n<z
From orthogonality properties,
k
A(k) = x(n)=0
n=1

x(n) is periodic

Now, |A(z)| < ¢(k) for all x

From Abel’s Identity,

Yocney X()f(n) = F)A(y) = f2)Alx) = [ A)f (t)dt

2. For x > xg

Yo xX()f(n) =30, x(n)f () + limy oo 3=, ey, X(n) f(n)
=2 n<a X(n)f(n) + O(f(2))

Hence Proved. O
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Chapter 21

Dirichlet Products

Definition 21.1 The Mobius Function denoted by p is defined as:

1 ifn=1

pn) =< (=1F ifn= Hle p; where i # j = p; # p;.
0 if n contains a square.

Fact 21.1 For n > 1, the function u(n) is multiplicative and

OURIFIEE e

Proof:  Since,

Do) = +Zk:upz )+ > pupips) + - p(prp2 - - i)

din i=1 i#]
_ (’;) < ) 1)2+...+<z)(—1)k.
= (1-1*
= 0.

Theorem 21.2 Forn > 1, ¢(n) = Zd\nﬂ(d) (%) :

105
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Proof:

Since ¢(n) = Zl
k=1

1

= 2l
= > wd =) )
d|ged(k,n) dln dlk
n/d

= Y ud Y1) =D ud)(5).
d|n d|n

=1

Definition 21.2 If f and g are arithmetical functions then their Dirichlet product or convolution is the func-
tion h = f * g where

hn) =Y fldg (Z) = 3 f(@d)gle) (21.3)

d|n d.e=n
Fact 21.3 h is also arithmetical.
Fact 21.4 x is both commutative and associative.

Proof:  Cousider fx (g*h) and let i = g x h. Then,

(fxijn = > fla)i(b)

a.b=n

= > f@) ) gle)h(d)
a.b=n c.d=b

= Y fla)g(o)h(d) = (fxg)xh
a.c.d=n

Fact 21.5 I(n) = EJ is the identity function for x and
fxI=f=1Ix/f.

Fact 21.6 Let f be arithmetical with f(1) # 0. Then there exists unique f~1 given by,
1

f)

fn) = ) Z f(%) f7Hd) forn>1
d|n,d<n

~
—_
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Proof: We derive f~! in this proof.

Since fx f~' = 1.

Which implies, f(1)f~*(1) = 1.
Hence f~1(1) = ﬁ

0.

Also for any n # 1, f n ffl(d) —
i

Thus, Z f(%)f_l(d) = —f()f ' (n).

d|n,d<n
Hence, f~'(n) = Z f ( ) (d).
d\n d<n
The group of these functions is abelian and hence, (fxg)~ = f~txg~!. Also the inverse of the Mobius function

W is p itself.

O
Theorem 21.7 Mobius Inversion Formula:
Zg iff gn) =>_f(d) ( ) (f % 1o)n.
d|n
Definition 21.3 Mangoldt Function A is defined as:
[ log(p) if n=p™ for some prime p
An) = { 0 otherwise
Fact 21.8 Ifn > 1, log(n) = 3_,, A(d).
Proof: ifn= Hle(pf”), then
k
log(n) = > ailog(p:)
i=1
ko ]
= > > AW
i=1 j=1
= Z A(d
d|n
O

Theorem 21.9 Forn > 1,

A(n) = u(d) log( )= Zu Jlog(d

d|n
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Proof:
Since log(n) = Z A(d).
d|n
Using the Mobius Inversion Formula, A(n) = Z log(d)pu (g)
d|n

= Y u(d)(log(n) — log(d))

d|n

= log(n) Y u(d) =Y p(d)log(d)
d| d|n

Generalized Convolutions

Let f be a real or complex valued function on the [0, 00) with F(z) =0 for 0 < 2 < 1. Let a be an arithmetical

function s.t.

(aoF)(x) =Y a(n)F (f)

n
n<zx

If I is arithmetical then ao F'=a % F.

Theorem 21.10 If a and b are arithemtical and F is as defined above, then
ao(boF)=(axb)oF

Proof:
x x
aoGoF)@) = 3 am 3 THF (=)
= m;I a(n)b(m)F <%)
— {(axb)o F(x)}
Fact 21.11 I(n) is the identity function for o.
Proof: (IoF)(a) = ¥,c, F (2) = F(a).
Generalized Inversion
If @ has a Dirichlet inverse a~!, then
G(z) = Z: a(n)F %) , where G =aoF.
ift F(z) = Z a~'(n)G (f) where F = a~ ' o G.
n b

n<x

(21.4)

(21.5)

(21.6)

(21.7)

(21.8)



Alsoif G =aoF,thena oG =a"to(aoF)=(a"'xa)oF=I0oFoF.

Partial Sums of Dirichlet Products

Theorem 21.12 Ifh = f *g, let
H(z) = Y h(n)

n<zc

and F(z) = Zf(n)

n<zx

Then H(z) = Zf(n)G (%)

n<x

- e (2)

n<lz

Definition 21.4
_J 0 o<z <
Let Ulw) = { 1 ife>1.

Proof: Let F=foU,G=goU and H = hoU. Therefore,

foG = fo(gol).
= (f*g)oU (from Theorem 1.10 ).
= (g* f)oU (using commutativity).
= hol.

The proof then follows from the definition of ', G and H above.

Corollary 21.1 If F(z)=}_, ., f(n) then,
S Y@ =Y fwE =Y F(%).
n<z dln n<x n<x

Proof:

NI

n<z d|n n<z dn

I
(]
(]
=
=
@
~
a3
~—

109
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Chapter 22

Primes are in P

Overview

In this lecture we study the recent result from Manindra Agrawal, Neeraj Kayal and Nitin Saxena of the Indian
Institute of Technology, Kanpur. The paper is titled “Primes is in P”, and solves this longstanding open problem.

The paper presents a polynomial time algorithm for recognizing prime numbers, solving a longstanding open
problem in Complexity Theory, and passing a milestone in the centuries-old journey towards understanding
prime numbers.

We describe below a version of the algorithm of Agrawal, Kayal and Sazxena, and sketch a proof of correctness.

Problem Description and Methodology

We want a polynomial-time method to determine if a given number n is prime, that is, a method that termi-
nates after performing O((logn)€) steps of computation. To put the problem in perspective, the previous best
algorithm for primality testing is due to Adleman, Pomerane and Rumely and runs in (logn)!°9l°9lo9m time,
which as we can see is not polynomial in the length of the number n. Before describing the algorithm, we look
at an identity for primeness.

Lemma 22.1 (a) If n is prime, then (X —a)" =, X" — a.

(b) If gcd(a,n) =1 and n is composite, then (X —a)"™ #, X" — a.

Proof:  (Sketch)
(a) If n is prime ( 7; ) =,0fori=1,2,...,n—1and a" =, a.

n

") a2

(b) If n is composite and p is a prime factor of n, then the coefficient of X? in (X —a)", is (
O

This lemma leads naturally to the algorithm as described in Fig. 22.1..

’ If (X —1)" =, X™ — 1, then n is prime, otherwise it is composite. ‘

Figure 22.1: A primality testing algorithm
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This algorithm classifies numbers correctly as prime and composite; unfortunately, it cannot be implemented
efficiently. There are two difficulties. First, the straightforward method for computing the polynomial (X —1)",
requires n — 1 multiplications, and we are allowing ourselves only O((logn)¢) time. This is not a serious
problem. It is well-known that one can compute powers more efficiently by repeated squaring (see Figure 22.2).
Interestingly, the use of repeated squaring for computing powers seems to have originated in India, but in the

If n is a k-bit number, then for i = 0,1,2,..., k, compute b; =, (X — 1)2i by repeated squaring, starting
from by = X — 1. Let n = E?:o €:2%, ¢; € {0,1} be the binary expansion of n. Then, (X —1)" = H?:o byt

Figure 22.2: Powering by repeated squaring

absence of email, it took some time for the word to get around. The procedure is reported to have existed as
early as 200 B.C.

The second problem with the algorithm of Figure 22.1, and this is more serious, is that the polynomial (X —a)™
has too many coefficients, potentially n + 1, and computing such a polynomial even by the repeated squaring,
is not feasible in O((logn)¢) steps. The key idea in the new primality test is to perform computations modulo
a polynomial of small degree. This way, the number of coefficients in the polynomial stays small.

Input: A integer n > 2.
Step 1: If n is of the form a®, for integers a,b > 2, then n is composite.

Step 2: Choose the smallest prime r, so that r does not divide n, and the order of n modulo 7 is divisible
by a prime ¢ > [2y/rlogn| + 2. Let £ = |24/rlogn] + 1.

Step 3: For a =2,3,...,¢, if a divides n, then n is composite.
Step 4: Fora=1,2,...,¢,if (X —a)" #xr_1,, X" — a, then n is composite.

Step 5: If n has not been declared composite by the earlier steps, then n is prime.

Figure 22.3: The new primality testing algorithm PTA of Agrawal, Kayal and Saxena

Definition 22.1 f(z) =xr_1,, g(z) if the coefficients of the respective terms of f(x) and g(z) are equal mod
n and the degree of the terms are equated mod 7.

To implement Step 2 of the procedure described in Fig. 22.3, we try all primes, starting from 2, one after the
other. If at any stage we discover a non-trivial divisor of n, we declare that n is composite. It can be shown
that for all large n, the prime r in Step 2, can be chosen to be O((logn)%). We refer the reader to the original
paper for a justification of this claim, which is based on a theorem due to Fouvry (1985). Assuming this, it
is straightforward to check that this algorithm runs in polynomial-time. We will concentrate only on showing
that this algorithm is correct.

Proof of Correctness

It is easy to verify, using Lemma 22.1, that if n is prime, this algorithm will never declare that it is composite.
So, we only need to argue that composite numbers are not declared prime. Compare Step 4 to the inefficient
primality test of Figure 22.1. The only difference is that we are now performing the computations modulo
X" —1. The main danger in this is that even if (X —a)™ #,, X" —a, it could be that (X —a)" =xr_1, X" —a.
To compensate for this, we now verify the identity for ¢ different values of a, instead of trying just one value,
namely 1. The main point of the Agrawal, Kayal and Saxena paper is that this is adequate compensation.
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To see this, let us assume the opposite and show that this leads to a contradiction.

Assumption: n is a composite number and the PTA algorithm declares that it is prime. ‘

Because the number n passes all tests in Step 4, we know that
fora=1,2,....0, (X —a)"=xr_1, X" —a. (22.1)

Note that in the above identity we can replace the n in (mod X" — 1,n) by any divisor of n. Let p be a prime
divisor of n. [Most of our discussion is valid for any prime divisor of n. In the end we will choose a special
prime divisor of n based on the conditions established in Step 2.] Then, we have

fora=1,2,...,0, (X —a)"=xr_10, X" —a. (22.2)
Since p is prime, we always have (see Lemma 22.1(a))
fora=1,2,....¢, (X —a)’ =xr_1,, X? —a. (22.3)

We thus see that the numbers n and p satisfy similar identities in (22.2), (22.3).

Claim 22.1 Suppose

Then, (X —a)™™2 =xr_1, X"™"™2 —q.

Proof:
The second assumption says that (X —a)™ — (X™2 —a) =, (X" — 1)g(X), for some polynomial g(X). By
substituting X™* for X in this identity, we get

(X7 =)™ = (X777 —a) =, (X" = 1)g(X"™).

Since X" — 1 divides X™ " — 1, this shows that (X" — a)™* =xr_1, X™"? — a. Using this and the first
assumption, we obtain
(X — a)m1m2 = (Xml — a)m2 EXT,LP )(WLITH2 — a.

O
Now starting from (22.2) and (22.3), and repeatedly applying the above claim, we see that for each m of the
form p'n?, (i,j > 0), we have (X —a)™ =xr_1, X™ —a, fora=1,2,...,¢. (The case i,j = 0 corresponds to

m =1, and is trivially true.)

Consider the list L = (p'n’ : 0 <i,j < [\/r]). This list has (y/7+1)? > r numbers. Thus, we have two numbers
in the list that are congruent modulo . Let these numbers be m; = p*'nd* and ms = p*?n’2 = m; + kr, where
(i1,41) # (i2,j2). From now on we will concentrate on just these two elements of the list. Since X" =xr_; 1,
we have (X —a)™ = X™TF — g = X" —q=xr_1, (X —a)™. That is,

fora=1,2,....¢, (X —a)™ =xr_1, (X —a)™. (22.4)
Claim 22.2 mip = msy.

We will prove this claim below. Let us first complete the proof of correctness by assuming this claim. From this
claim and the definition of m; and ms we see that piinft = p‘2ni2. Since (i1, j1) # (i2,j2) and p is prime, this
implies that n is a power of p. That is n = p® for some s. If s > 2, Step 1 of the algorithm would already have
declared that n is composite. This contradicts our assumption that the algorithm declares that n is prime. On
the other hand, if s = 1, then n is prime, again contradicting our assumption that n is composite. We have
proved that the algorithm is correct assuming Claim 22.2.
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Proof of Claim 22.2: Let h(X) be an irreducible factor of (X" —1)/(X — 1). Then, from (22.4) we see that
fora=1,2,...,¢, (X —a)™ =px),p (X —a)™. (22.5)

That is, each element of the field F,,[X]/(h(X)) of the form X — a satisfies the equation Z™* — Z™2 = (. Note
that if e; and ey are two elements that satisfy this equation, then ejes also satisfies this equation. Thus, each

element of the set ,
S = {H(X —a)* 14 € {0,1}}

a=1

satisfies this equation. We will argue (based on the choice of 7 in Step 2) that S has 2¢ distinct elements. Thus,
the equation Z™ — Z™2 = 0 has at least 2¢ roots in the field F,[X]/(h(X)). Note that my,my < n?V" < 2¢.
That is, this polynomial has more roots than its degree. So, it must be the zero polynomial, that is m; = ma,
and we are done.

We need to argue that the 2¢ products of the form Hi:l(X —a)%, a, € {0,1}, give distinct elements in
F,[X]/(h(X)). By Step 3, p > £. So, X —a, fora =1,2,...,¢, are distinct irreducible elements of F,,[X]. Since
elements of F,[X] factorize uniquely into irreducible factors, the 2¢ products, Hi:1(X —a)®, a, € {0,1}, are
distinct elements of F,,[X]. But are they distinct in F),[X]/(h(X))? Each such product is a distinct element of
F,[X] of degree at most ¢, so the difference of any two is a non-zero polynomial of degree at most £. If we can
somehow ensure that the degree of h(X) is at least £+ 1, then these products will be distinct in F,,[X]/(h(X)).

How do we ensure that h(X) has degree at least £ 4+ 17 Recall that the number p in the argument so far is an
arbitrary prime divisor of n. It is time to choose p. By Step 2, we know that the order of n modulo r is divisible
by a prime g > ¢+ 1. Since ¢ is prime there must be a prime factor p of n whose order w modulo r is divisible
by ¢. In particular, w > ¢ > £+ 1. Fix one such p.

Claim 22.3 w divides deg(h), so deg(h) > w > ¢+ 1. (Actually, deg(h) = w, but we won’t need this.)

Proof:

Let 1 be a root of A(X) in a suitable extension of F,. Since h(X) divides X" — 1, we have " = 1. Since n # 1
(h is irreducible) and r is prime, the order of 7 in this field is r. Since r does not divide p (because r does not
divide n in Step 2), 0,77, n*, ..., are distinct elements of the field. Since, h(X)P = h(XP), and h(n) =0,
we have h(n?) =0 for i = 0,1,...,w — 1. So h(X) has at least w distinct roots in a field. Thus, ~(X) must
have degree at least w.

We have X" =1 in F,[X]/(h(X)), because h(X) divides X" — 1. In the implementation of Step 2, we ensure
that r does not divide n; in particular, r # p. So, 1 is not a root of (X" —1)/(X —1) in F,, and h(X) # X — 1.
Since r is prime, and X # 1, the order of X in F,[X]/(h(X)) is exactly r. But the order of an element must
divide the order, pdee(") — 1, of the multiplicative group of the field. That is, r divides pde&(") — 1, implying
that w divides deg(h). This completes the proof of Claim 22.3 and Claim 22.2. a
The above claims immmediately lead to the central theorem of this lecture.

Theorem 22.1 The procedure PTA declares that a number p is prime only if p is prime.

[This lecture was delivered by Prof. Jaikumar from Tata Institute of Fundamental Research, Mumbai.]
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Chapter 23

Akshat Verma

23.1 Example 1

Example 23.1 Show that the prime divisors of 2P — 1, where p is any odd prime are of the form 2kp + 1.

In order to prove the above, we first prove a general result.
Theorem 23.1 If p and q are odd primes and qla? — 1, then either qla — 1 or g = 2kp+ 1 for some integer k.

Proof:  Since gla? — 1, we have
a’ =, 1 (23.1)

Also, by FLT, we have
al™t=,1 (23.2)

We also know that if order of @ modulo g should be a factor of all r such that a” =, 1. Hence, the order of a
modulo ¢ should be either p or 1, as p is prime. If the order of a modulo ¢ is 1, we have gla — 1.Otherwise,
By the earlier argument, ¢ — 1 should also be a multiple of p, i.e.,

qg—1=kp (23.3)

Hence, ¢ = kp + 1. Also, since we have the fact that ¢ is odd, we get ¢ = 2kp + 1. O We now make the note
that @ — 1 for a = 2 is 1 and hence, the first case of Theorem 1 is not possible. Hence, all odd prime divisors
of 2P — 1 have the form 2kp + 1. We also note that there are no even divisors of 2P — 1 as it is an odd number.
This completes the required proof.

23.2 Example 2

Example 23.2 Assume that p and q are distinct odd primes such that p—1|q — 1. If ged(a, pq) = 1, show that

q—1 _
a =pq 1.

Since a and pq has no common factors and p and ¢ are prime, we know that ged(a,p) = ged(a,q) = 1. Hence,
we know the following from FLT:
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By the assumption that p — 1|¢g — 1, we have

qg—1=k(p—1) forsomek>1 (23.6)
Hence, we have
_ _ _1\k
e L | (23.7)
ie., a?™! =p L. or
plat™t —1 (23.8)
. Also, by Eqn. 23.5 we have
gla®™! =1 (23.9)

By Eqn. 23.9 and 23.8 and the fact that p and ¢ are primes, we have
pqla?™t —1 (23.10)

This proves the required statement.

23.3 Example 3

Theorem 23.2 Show the more general result of the mulitplicativity of Fuler’s function, i.e, show that

¢(ab) = 49(a)o(b) (23.11)

¢(d)
where d = ged(a, b).

Proof:  Let us express d as a product of its prime factors p;, i.e.,

d=pi"..pp*
Similarly, we can write a and b as
a = p?l...p?kpzﬁl...pgix" (23.12)
b= ey, (23.13)
Now, we use the following theorem
1
d(m) = mll,j, (1 — Z;) (23.14)
where the product is over all the distinct prime roots p of m.
It is easy to see now that
1 1 1 1
¢(ab) = ab((1——)...(1 ——))((1 — 1-— 23.15
(ab) (( pl) ( pm))( P ( P ) (23.15)
1 1 1 1
= a((1——)...01 ——))b((1 — 1-— 23.16
(« p ) pm)) (« Pr+1/ ( Pr+n ( )
o(b
= ¢>(a)( _1)( 31_1) (23.17)
P/ Pk
P(a)g(b)
p(a)g(b)d
= /7 23.19
5@ (25:19)



23.4. EXAMPLE 4 119

23.4 Example 4

Theorem 23.3 Forn > 2,

Ugp—1 = ul+ub_g (23.20)
Usp = UL — ULy (23.21)
Proof: The proof is by induction.
Base Case: n =2
ug =2=1+1 =uj+u (23.22)
uy =3=4-1 =uj—u (23.23)

Induction Hypothesis:
Let us assume that the theorem holds for n = k; then we have

Ugk—1 = up+ujp_, (23.24)
Usk = URyq — Up_y (23.25)
Induction Step:
Adding the two equations we get:
Usk1 = Upyq +up (23.26)

This completes the proof for the odd case. Also, we have

Ugk42 = Ukl T U2k (23.27)
= Uiy TR Uy — U (23.28)
= Uy up R Uy + 2ugteoy — ujy (23.29)
= Uiy +up +uf 4 2ug(upg — ug) (23.30)
= Uj,q +ui + 2upupsr — U, (23.31)
= (upp1 +wp)® — uj (23.32)
= Upeo —Up (23.33)
O

23.5 Example 5

Theorem 23.4 If p' is a prime such that p' =4 1 and if p = 2p' + 1 is also a prime, then 2 is a primitve root
(mod p).
Proof: By Fermat’s Little Theorem, we have
27t =1 (23.34)
So, to prove that 2 is a primitve root modp, we only need to show that there does not exist a k < p — 1, s.t.
2k =,1 (23.35)

To show this, we assume that there does exist such a k and without loss of generality we take the smallest such
k. Hence, k is the order of a modulo p. Because of Equs. 23.34 and 23.35, we have k|(p — 1). Also, we have
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p = 2p’ + 1. Hence, we have k|2p’, which means that either k = 2 or k = p’. It is obvious that k # 2 as 2% =, 4.
Hence, the only possible case is k = p/, i.e.,

7 =1 (23.36)
or-D/2 = 1 (23.37)

Also, p’ =4n + 1 and p = 2p’ + 1 leads to p =g 3. Hence, { 12) J = —1, i.e. , there does not exist any such k

and p — 1 is the order of 2 (mod p), i.e., 2 is a primitive root of p. |
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Rahul Gupta

24.1 Linear Congruences

Exercise 24.1 If p is an odd prime, then prove that there are infinite primes of the form 2kp + 1. You may
use the result that if b is prime, then z* =, 1 = al(b— 1)V = 1.

Solution: Note that the result is immediate from Dirichlet’s theorem. Here we present an alternate proof. We
shall prove the result by contradiction. Assume that there are only r primes of the form 2kp + 1. Let p1,...,p,
those r primes. Define s and t as

s = 2p1pa...py (24.1)
t = P e 41 (24.2)
(s" = 1)
= = = 24.
s—1 (24.3)

Note that since p; = 2k;p + 1, we have p; =, 1. Hence s =, 2. Now consider a prime divisor ¢ of ¢. Hence,

sfo=, 1 (24.4)

q

Therefore, either s =, 1 or p|(g — 1).

1. Consider the case s =; 1. If s =, 1, then s’ =, 1 for all i. Hence,
t =, p (24.5)

But since ¢ divides t, therefore, t =, 0. So it must be that p = ¢. But if p = ¢, then s =; 1 =, 1, which
contradicts s =, 2. So, this case is impossible.

2. Consider the case p|(¢ — 1). Therefore, ¢ = 2kp + 1, since (¢ — 1) is even and a multiple of p. So ¢ must
one of the p;’s. So ¢|s and consequently g|s* for 1 < < p — 1. Therefore ¢ =, 1 which violates ¢t =, 0.

So, there are an number of infinite primes of the form 2kp + 1 where p is an odd prime. m|

24.2 FEuler Function

Exercise 24.2 Define S(m) ={a | ¢#(a) = m ,a > 0}. Prove that

121
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1. S(m) is finite for all m.

2. S(m) = ¢ whenever m is an odd integer greater than 1.

Solution:  Let the unique prime factorization of any integer a in S(m) be given by:

a=pMp™ . ptr (24.6)
Therefore,
dla) = JJeF-pi (24.7)
i=1

= [[# " wi-1) (24.8)
i=1

If ¢(a) = m, then surely (p; — 1)|m for all 1 < ¢ < r. Since there are only finite number of divisors of m, then
our possible choices for p; are restricted. If m has d,, different divisors, then we can choose a maximum of d,,
different primes. Further, since (p; — 1)|m, we have

PPt < om, 1<i<r (24.9)
or ki < Log(m) (24.10)
log(p:)
log(m)
1 .
< M ® (24.11)

Hence, we have a finite upper bound on the possible prime factors and also their exponents. Therefore, the
number of a’s such that ¢(a) = m, is finite. Infact,

log(m)
S <d,(1 24.12
S| < dun(1 4 720 25 (24.12)
Further, pf"_l(pi — 1) is even for all primes p; except when p; = 2 and k; = 1. Hence, for all odd m > 1,
S(m) = ¢. O

24.3 Primitive Roots

Exercise 24.3 Prove that if n > 2, then the product of all primitive roots of n is congruent to 1 modulo n.

Solution: Let a be any one of the primitive roots of n. Now, all the primitive roots of n lie in the set

R ={a" | gcd(a’,n) = 1} (24.13)

Let {a®t,a®,... ,a'™} be all the primitive roots of n, where m = ¢(¢(n)). Therefore, the required product is
given by o '

m = ghtietFin (24.14)

Claim 24.1 The sum of all numbers coprime to an even integer b is divisible by ¢(b).

Proof: Let S = Zjlbj. If j is coprime, then so is b — j. Therefore,

g — Z(b —7) (24.15)
JLb
bp(b) — S. (24.16)
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So, S = 1b¢(b). And hence ¢(b)|b whenever b is even. 0
Now, ¢(n) is always even since n > 2. Therefore the claim applies, and all the ¢(¢(n)) integers that are coprime
to ¢(n) add up to be a multiple of ¢(n), say k¢(n). Hence,

o= gk (24.17)
=, 1 (because a L n) (24.18)
O

24.4 Quadratic Reciprocity

Exercise 24.4 Prove that if p and q are two distinct primes that differ by 4, then atleast one of the equations

2 _ 2 _ )
T2 =pg 5, 7 =pg 10 has no solutions.

Solution:  We shall prove the result by contradiction. Assume that both the given equations have atleast one
solution each. Hence 5 and 10 are quadratic residues modulo pq. Therefore they are also quadratic residues
modulo p and gq.

U)q J - (24.19)
{ 11)2 J - 1 (24.20)
:>BJ:1 and HSJ:1 (24.21)
- { Z J =1 and { 1q0 J —1 (24.22)

Note that the case p = 5 and ¢ = 2 doesn’t arise because p and ¢ differ by exactly 4. Now since the Legendre
symbol is multiplicative, we get

BJ:{?J/BJZMMMJ:HOJ/HJﬂ (24.23)

Now = 1< p =g +1. Hence both p and ¢ are of the form +1 mod 8. The various possibilites for p — ¢

)

(mod 8) are 0,2,6. Since p — g =g 4, we arrive at a contradiction. So, atleast one of the given congruences has
no solution. a

24.5 Quadratic Residues

Exercise 24.5 Assuming p to be an odd prime, prove the following :

1. Product of all quadratic residues of p is =, (—1)e+1)/2,

2. If p=4 1 then the sum of all quadratic residues of p equals ip(p -1).

Solution: (1) Let r be any primitive root of p. The set of quadratic residues of p is exactly equal to the set
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{r?¥ | 2 < 2k < p — 1}. Hence the product of the quadratic residues is given by

(p=1)/2

= I (24.24)
k=1

= Y2k (24.25)

F(p=1)(p+1)/4 (24.26)

(rP=D/2)(p+1)/2 (24.27)

Now since r is a primitive root, therefore, r®=1/2 =, —1. This is so because the only other choice for r(p=1)/2
is 1, which is impossible because order,(r) = p — 1. Hence,

(—1)p+1)/2 (24.28)

s

O Solution: (2) Let p = 4k 4+ 1. Take any arbitrary integer « € [1,p — 1]. Let y = p — x. y is the mirror
image of x about the point (p — 1)/2 on the real axis. We have,

z =, —y (24.29)
= D2 = (L1212 (24.30)
= P72 = 4 =D/2 " gince (p—1)/2 is even. (24.31)

Therefore, x is a quadratic residue < y is a quadratic residue. Hence, we can conclude the following

e The residues are split equally before and after (p — 1)/2(= 2k) (Strictly speaking, 2k is a part of the first
half). Moreover, since p is a prime, there are exactly (p — 1)/2(= 2k) quadratic residues. Out of these,
exactly k lie in [1, 2k].

e The sum of a quadratic residue z € [1,2k] and its 'mirror’ residue p — z is p, which is independent of x.

Hence the total sum of all residues is given by Y, . grin Lo TP —T = kp = i(p —1)p. O



Chapter 25

Gaurav Gupta

25.1 Fibonacci Numbers

Exercise 25.1 Prove that, for any number m, there must be a Fibonacci number Fy, such that Fy =,, 0, and
further that, k < m?
Solution:  Begin by considering the set A,

(ai, i =1,2,3, . |an =m Fp)

Since the terms of that sequence are remainders left on division by m, they are numbers between 0 and m — 1,
of which there are m. Further, there are only m? ordered pairs of remainders possible. (There are m choices
for the first number in the ordered pair, and for each choice, m choices for the second number.) We now make
two observations:

1. Because of the addition rule for congruences, the a; sequence satisfies a, 12 =, an+1 + a,. This means
that once we know two terms of the sequence, all the rest are determined.

2. Fy =, 0 and Fy =, 1. Thus, the ordered pair of remainder (0,1) occurs.

Since there are m? + 1 remainders arising from the Fibonacci numbers Fy through F,,>, but only m? different
ordered pairs of remainders, implying m? different remainders (By 1°¢ Observation), the remainders must repeat
(By Pigeonhole principle). Further, since they are uniquely defined forwards and backwards, and since 0 occurs
at Fy, 0 must reoccur. Hence, there are Fibonacci numbers divisible by m, regardless of what m is. O

25.2 Fermat’s Little theorem

Exercise 25.2 Show that, every possible divisor of the number F,, = 22" +1, n > 5, has the form
p=h2""?+1

with an integer h.

125
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Solution: If p | F,, = 22" + 1, then

22:+1 =, -1 modp
— 2 =1
— 22"+2 = since a =, b = a* =,, bF

1
= 2221 =,0

Now, we make use of Fermat’s little theorem which is as follows:

Theorem 25.1 If p is a prime number and a is a natural number, then
a’ =pa
Furthermore, if p does not divide a, then there exists some smallest exponent d such that
at—1 =,0

and d divides p — 1.

Getting back to our problem, we conclude that we have

2" | (p—1)
— p=h2"241

25.3 Chinese Remainder Theorem

Exercise 25.3 Prove that, x> =,, « has exactly 2% different solutions, where k is the number of distinct primes
of n.

Solution: Let n = mymeo...mg, where m;, 1 < i < k are powers of distinct primes. We know:
== 2(x-1)=,0
Note that, m; are relatively prime, we have:
{z|z(z—1)=,0} = {z|z(x—1)=,,0,V1<i<k}
So, the number of solutions should be the same for both sets. Also note:
ged(z,z —1) =1
So the solution of z(z — 1) =,,, 0 must satisfy:
2=, 0\/2=,, LVI<i<k

So we can get 2% different systems. By the Chinese Remainder theorem, each system must have one unique
solution modulo n = mims...m;. Furthermore, we can also show that these systems have distinct solutions.
If two different systems have the same solution x, then within these two systems must exist the following two
different equations associated with some m;:

T =, 0

T =y, 1

But this is impossible.
So we can conclude that the equation 2% =, = has exactly 2¥ different solutions. a
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25.4 Euler’s Criterion

Exercise 25.4 Give solutions for :

I2 =79 5

Solution: ~ Note that 79 is an odd prime, and ged(5,79)=1, ie 79 does not divide 5. So our problem can be

generalized to solving

2_
=pa

where p is odd and ged(a,p) = 1.
(p—1) . .
=>a 2 =, 1 by Euler’s criterion

p+1
Now, for z = +a ¢ we have
b
X =p a 2 =p aa 2 =p a
+1
4

Thus the solution of 22 =, a are x =, +a"+ . (We know that there are exactly two solutions mod p)

Applying this to 22 =79 5: we have p = 79 and (pH) = 20, so the solutions are & =79 +5.

Now, 520 =9 20. Hence the solutions are & =79 i20 O

25.5 GCD

Exercise 25.5 If ged(b,c) = 1, prove that

gcd(a, be) = ged(a,b)ged(a, c)

Solution:  Suppose ged(b,c) = 1. Let

e = gcd(a, be)
f= ng(aﬂ )
g = ged(a, ¢)

band g | ¢ = gcd(f,g) =1 (0
aandg|la = fgla (1
bandg|c = fg | bc (2
and (2) = fg | ged(a,bc) =€ (3

fl )
[l )
[ )
(1) )
Next, f =azx 4+ by, g =aX +cY

fg = (ax+by)(aX +cv)
=a%xX + acxY + bayX +beyY (4)

But, e |a,e|bc = ¢ | RHS(4) = ¢| fg ... ()
From (3) and (5), we obtain that e = fg. O
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Chapter 26

Ashish Rastogi

26.1 Greatest Common Divisor

Exercise 26.1 A polynomial f with integer coefficients is called primitive if

n

f(x):a0+a1x+...anx and (ao,al’--wan):l'

Prove that the product of two primitive polynomials is primitive.

Answer Suppose f and g are two primitive polynomials. That is
ni ng
f(z) = Z a;x’ and g(x) = Z bz’
i=0 i=0

where (ag,a1,...,a,) = (bo,b1,...,b,) = 1. The product of two primitive polynomials h(z) = f(x) - g(x). We

have
ni+ng

h(z) = Z et where ¢; = Zatbi,t
i=0 t=0

We need to show that (ci,c2,...,Cn,4n,) = 1 given that (ai,az2,...,a,,) = 1 and (b1, ba,...,by,) =
fact that (a1, as,...,a,,) = 1 implies that there does not exist a prime p such that p | a; for all 1 <
Similarly, there does not exist a prime p such that p | b; for all 1 <14 < ng.

1. The
7 S ni.

Claim 26.1 The prime p divides ci for all k < i+ j.

Proof: ~We have

k
Ck = E abr_¢
t=0

We claim that in any term a;bg_; of the above summation, either t < ¢ or k — ¢ < j. In order to observe this,
assume that in some term of the summation, we have both ¢ > ¢ and £k —t > j. Then summing these two
inequalities we get t + (kK —t) > i+ j (=) k > i+ j, but since k < i + j, we arrive at a contradiction.

Since in any term a;br_; for 0 < t < k, we have either t < ¢ or k —t < j, it follows that either a; €

{ap,a1,...,a;_1} or by_; € {bo,b1,...,bj—1}. Therefore we have either p | a; (if a; € {ag,a1,...,a;-1}) or
p | bg—y (if by € {bo,b1,...,b;_1}). In both cases, we have p | a;bx—;. Therefore since p | a;by—; for all0 <t < k,
it follows that p | Zf:o atbp—¢ (=) p | ck- O

129
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Claim 26.2 The prime p does not divide c;;.

Proof: ~We have
itj

Citj = E atbiJrjft
t=0

We will that p divides all terms in the expansion of ¢;1; except a;b;. First of all, note that since p { a; and
p 1 b; and since p is prime, p { a;b;. Now consider any term a;b;y;_, with ¢ # i. Once again, for any term
of the expansion of c¢;;;, we claim that either ¢ < ¢ or i + j —t < j. For the sake of contradiction, assume
that ¢ > 4 and i + 5 — t > j. Further, since t # i, we have t > i + 1. Adding the two inequalities, we get
i+4j >4+ 7+ 1, which brings us to a contradiction. Therefore, for any term a;b;1;_¢ with ¢ # i, we have either
plagorp| b It follows that p | D25, ; +jarbiij—¢. But since pfa;b;, we have p{ci;. O

Therefore, for any prime p, we have shown that there exists an integer m (0 < m < nj + ng) such that p|¢
for 1 <1< m and p{ ¢,,. Therefore, there is no prime p such that p | ¢; for 0 <1 < ny + ny. It follows that
(co,€1y- -y Cnytn,) = 1, which completes the proof.

26.2 General Number Theory

Exercise 26.2 Prove that S,, defined as

1
Sn:7+

CRE

3

is not an integer for all positive integers n > 2.

Answer We present a proof by contradiction. Let us assume that S, is an integer for some integer n. Let k
be an integer such that 2k < n < 25*1 Note that since n > 2, k>1.

Claim 26.3 The minimum integer m such that for all2 <i<n,i | m is

m=2F.3.5.7.9....

Proof:  Any integer i such that 2 < i < n, we have i = 27 - (20 + 1), where 21 + 1 < m and j < k. Therefore
27 | m and 2] + 1 | m. Therefore 27 - (21 + 1) | m. Hence, we have i | m for all 2 < i < n. O

Consider the number S,, - m,

m m m m
Spm=—+—+ .. F—F.. .+ —
2 3 ) n

Note that since k& > 1, m must be even. Assuming that S,, is an integer, S, - m is also even (product of an
integer with an even number is also even). We will show that 2?22 7 is an odd integer, which is impossible

since S, -m =Y , 2, thus arriving at a contradiction.

Firstly, note that %* is an integer for each i <2 < n since i | m (from the claim). Further, for each i <2 <n,
except for i = 2F, we have i = 27 - (21 + 1) where j < k. Therefore we have

m_2¥-3.5-7-9-...
i 20204 1)

= 2K=J . (product of odd numbers)
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Since j < k, k — j > 1 and therefore 277 - (product of odd numbers) is an even number. Therefore,

i#2F
m .
Z — = an even integer
i=2..n v
For i = 2%, T =4t=3-5-7-9-... which is a product of odd numbers, and hence must be odd.
i#£2k
m m ) . .
Z —+ ok = an even integer 4+ an odd integer = an odd integer
i
i=2..n

And therefore

n
m
Z — = an odd integer
i—2
We have shown that S, - m is even and >, “* is odd, but since S, -m = S, %, this is impossible. Hence

our assumption that S, is an integer fails and we arrive at a contradiction.

26.3 Fibonacci Numbers

Exercise 26.3 Let F,, be the nth term in the Fibonacci sequence. Show that a prime p > 5 divides either Fj,_;
or Fpiq.

Answer Consider the nth Fibonacci number F,. Let o and § be the two roots of 2 — x — 1, such that
a= HT\@ We have:
F, = M
V5

Plugging in o = 1+T‘/5 and 0 = #, we get

which recuces to

Therefore

Fn2"1:<7f)+(’;>5+(7;>52+... (26.1)

If n is some prime number p > 5, then we have

Fp2p—1:(11’)+<§>5+<§>5Q+...+5<P—1>/2
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Note that 2°~! =, 1 (from Fermat’s Little Theorem). Further, since p is a prime ( ‘7; ) =,0forall 1 <i<p.

Taking modulo p on both sides, the above equation reduces to
F,=, 5(p—1)/2

From Euler’s criterion, we know that if p is an odd prime and (a,p) = 1, then alP=1)/2 =, 1. Therefore,
plugging a = 5 in this equation, we have
F

p =p

+1

Recall from the lectures that F;f =Fo1Fh1+ (—1)"‘1. If n is an odd prime then n — 1 is even and hence the
identity reduces to
F=FypF, 1 +1

Since F), =, £1, we have Fg =, 1, and therefore

Fp+1Fp_1 Ep 0

Since p is a prime, therefore either p | Fj41 or p | Fp—1, which completes the proof.

26.4 Quadratic Residues

Exercise 26.4 Let p be a prime. The Diophantine equation
224 ? =p

is soluble in integers x and y if and only if p=2 or p=4 1.

Answer Note that 2 = 12+ 12 and therefore 22 + y? = 2 has a solution in integers. Next, we consider primes
p> 2.

= First we show that if 2 and y are integer solutions to the equation z?+%2 = p, then p =4 1. Note that since p
is an odd prime, both x and y cannot be even or odd at the same time. Without loss of generality, assume that
z is even and y is odd. We have 2% =, 0 (since z is even) and y? =4 1 (since y is odd). Therefore 2% + y? =4 1,
which completes one side of the proof.

(<) Now, we show that if p =4 1 then 22 + y? = p is soluble in integers. We will first show that there exists
an integer o such that 0 < zo < p/2 where 2% + 1 =, 0. Rewriting this equation, we need to show that that

x2 = -1 = z2 =, p — 1. Therefore, we need to show that p — 1 is a quadratic residue modulo p.

Recall that a is a quadratic residue modulo a prime p if p { a and 2% =, a is soluble. By Euler’s criteria, we
know that a is a quadratic residue modulo p if and only if

AP D2 =

Consider (p — 1)(P=1/2,

(p—1 (p—1)/2
=, (—1)-1/2 since —1=, (p—1)
= (=) +D-D/2 gince p=4=1,s0p=4v+1
I
= 1

Since (p — 1)(1”*1)/ 2 =, 1, from Euler’s criteria, it follows that p — 1 is a quadratic residue modulo p. Therefore,

z2 = (p-1 = x2 =, —1 has two solutions, say x; and xo. We know that x9 = p — 1, and therefore, atleast
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one of the solutions must be less than p/2. Therefore, there exists an integer & = x satisfying 0 < zg < p/2
and 23 =, -1 = 2%+ 1=, 0. Therefore

2 +y* =kp
has a solution {z, 1} for some positive k. Note that since zo < p/2, we have 23 + 1 = p?/4 + 1 < p?. Since
23 + 12 = kp < p?, it follows that k < p.

Consider {z1,41} such that zg = z1 and yg = 11 with —k/2 < 27 < k/2 and —k/2 < y; < k/2. This is easily
enforced by the observation that if ©og = m then zg =, k — m, and if m > k/2 then k — m < k/2.

a? + 97 = (20 — ck)® + (yo — dk)?
= af — 2ckxo + (ck)? + yg — 2dkyo + (dk)?
= 2% +y2 + k(—2cxo + *k — 2dyo + d?k)
=5 25 + Y3
=k 0

Since 71 < k/2 and y; < k/2, we have 22 +y§ < 2(k/2)?. Since 23 +y? =1 0 = k'k. From the above observation
we have k'k < 2(k/2)? = Kk <k.

Note that we have a solution {zg,yo} for the equation 22 + 2 = kp where p =4 1 and k < p. The main idea
of the proof is as follows: using {zg,yo} and {x1,y1} just described above, we will construct another pair of
integers {z2,y2} such that 23 + y3 = jp with j < k. Hence, using a solution of 2% + y? = kp, we get a solution
to 22 + 4% = jp, with j < k. This reduction step can be repeated until j = 1, and then we have the solution to
22+yP=1-p.

Observe that
Tor1 + Yoy = 1‘0(.1‘0 — Ck) + yo(yo — dk)
= a3 — wock + Y2 — yodk
23 + y3 + k(—cxzo — dyo)
=k T + Yo

Similarly,

Toy1 — 1Yo = To(yo — dk) — (w0 — ck)yo
= ToYyo — Todk — ToYo + ckyo
= k(—xod + cyo)
=Lk 0

Claim 26.4 For integers i1, iz, i3 and i4, we have

(12 4 i2) (12 +1%) = (ixd3 + i2ia)* + (4144 — i2i3)?

Proof: Expanding the left hand side, we get 343 + i35 +i3i2 + i3i5 . Expanding the right hand side, we have
1242 + 0313 + 2iyizioiy + 1513 + 1313 — 2i1igioi3 = 213 + i3i5 + 315 + 1513 = 1393 + 1343 + 1313 + 9313 which is the
same as the left hand side. O Setting i1 = g, i2 = Yo, 93 = x1 and i4 = y1 in the above equation we get

(25 + y3) (2T + y1) = (wox1 + yoy1)* + (zoyr — 21y0)> = kp - k'k = K'k?p (26.2)

Since zox1 +yoy1 =k 0, we have xgx1 +yoy1 = x2k for some x5 and xoy; —x1yo =g 0, we have xoy1 —x1yo = Y2k
for some yo. Plugging this in equation 26.2, we get

(z2k)* + (y2k)? = K'kp
and cancelling k2, we get
w3 +ys = K'p
Hence we have obtained an integer pair {xs,y2} that is a solution to 22 + y?> = k’p knowing a solution to

2?2 + 9% = kp with k£ > k’. The result follows by successive repetition of this reduction until ¥’ = 1, which is
when we have a solution pair {z¢,y;} such that 7 4+ y? = 1 - p, which is what is desired.
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26.5 Multiplicative Functions and Perfect Numbers

Exercise 26.5 Define the function o(n) as

o(n) = Zd

d|n

An integer n is called a perfect number if o(n) = 2n. For example for the number 6, we have o(6) = 1424346 =
2.6 = 12, and therefore 6 is a perfect number. Prove that all even perfect numbers are of the form 2P~1(2P —1),
where both p and 2P — 1 are both primes.

Answer (=) Ifn=2P"1(27 —1) and 2P — 1 is prime (note, this implies p is prime by Chapter 29, Example
2). The divisors of n are 2¢ for 1 <i < (p—1), and 2/(2° — 1) for 1 < j < (p — 1). Therefore we must evaluate

the sum
p—1 p—1
>ty 2l (2r 1)
i=1 j=1

Observe that Zf;ll 2t = 2P — 1. Therefore, we have

p—1
20— 14+ 29(20 - 1)
j=1

p—1
=2 -1 2 +1)
j=1

=(2F-1)(2° —1+1)
= (2P —1)2°
=2.271(2» — 1) =2n

Therefore, n is perfect.

(<) For this part of the proof, we will assume that n is an even and perfect number, and show that n is of
the form 2P~1(2P —1). Since n is even, we can extract the largest power of 2 from n and write it as n = 2¥~1n/,
where n’ is an odd and k > 2.

Claim 26.5 o is a multiplicative function. That is

(m,n)=1 = o(mn)=c(m)-o(n)

Proof:  Consider

o(mn) = Z d

dlmn

If (m,n) = 1, then a divisor d of mn can be uniquely expressed as d = dyda, where di|m and dz|n, and
(d1,ds) = 1. Therefore, any term appearing in the expansion of o(mn) will appear uniquely as a product of d;
and dy in o(m) - o(n) and no other terms will appear. O
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Since ¢ is multiplicative we have
an) =o@2FYHo(n)
= (28 —1)o(n/) (since o(2°) =1+2+22+...2¢ =2iF1 1)
=2n (by hypothesis since n is perfect)
= 2Fp/
Since (28 — 1) { 2%, it must be that (2% — 1) | n’. Therefore, we have n’ = (28 — 1)n”. Note that

, a(n) 2kn/ 2F(2k — 1)n” -
= = = =9
W) =G T @ oD 2% 1 "

Note that n” | n’. Consider
n + n' = (2k _ l)n// Jrn// _ 2kn// _ O’(n/)

It follows that n’ and n” must be the only factors of n’, since if that were not the case, then o(n') > n’+n”. So
n' =1 and n’ is prime. Hence n’ = 2¥ — 1 and n = 2¥=1(2¥ — 1). Note, once again, from Chapter 29, Example
2, that since 2* — 1 is prime, k& must too, necessarily be prime.

Remark The only perfect numbers less than 10% are 6, 28, 496 and 8128. This exercise presented here
characterizes even perfect numbers. It is not known if there are infinitely many perfect numbers or if any odd
perfect numbers exist.
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Chapter 27

Dhan Mahesh

27.1 Exercise 1

If F,= 22" +1,n>1is a prime, then 2 is not a primitive root of F),
Solution:

Clearly 2 is a primitive root of 5 = F

since 22" — 1= (22" +1)(22" — 1)

22" =, 1

= Order,y(F,) < 2"*!

but F, is prime.

L o(F,) =F,—1=2%

but we know that 22" > 27+ n > 1

.. Ordery(F},) is smaller than ¢(F},).

by the definition of Primitive root, 2 can’t be primitive root of Fj,.

27.2 Exercise 2

Can we extend Quadratic reciprocity law for Jacobian Symbol for -ve integers with the conditions that

exists when both m,n are odd (and positive) and 1 17:1 J = 1 7:: J and 1 :I?l J =17

Solution:

1. mis -ve and n is +ve

TV T o)
o | 512

by Q R Thm
- 1 m I I n I _ (_1)—(n—1)(m+1)/4+(n—1)/2 — (_1)(n71)(1—m)/4

8 3

1 Z JI : I:(—1)<m—1><"—1>/4

2. mis +ve and n is -ve
similar as above and we would get
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CHAPTER 27.

m 1 n J:(_l)(m_1)(1—n)/4

n m

if both m and n are -ve

LA L

n
n
m
m — (—1)w-D/2
1 " 1)

1)+ (y+1)/4 = (=1)(n=D0m-1)

0
-
<
[ V)
—
< 8
~—-=
—_—
SIS
—-=
|

I

DHAN MAHESH

= (_1)(y—1)/21

= (_1)(I—l)/2+(y—1)/2+(w—1)(y—1)/4

T
Y

So we can see from above cases that QR Law can be extended to -ve integers also, but only when both m, n
are -ve with the conditions specified.

27.3 Exercise 3

1.

Prove that if p is prime and p|a? — bP then p?|aP — bP

2. Prove that if a2 =g 1 then a2~ =sa 1

Solution:

1.

By Fermat’s Little Thm a? =, a and ¥ =, b

o (a? = bP) =, (a —b)

pl(a? — b7) ( given)

= plla—b)..a=pk+Db

coaP — 0P = (b+ kp)P — b = 0P — bP 4 pPkP 4 (D)0 Ipk ... 4 (D)p'kibP" L
So p?|(a? — b7)

Hence Proved

Lemma 27.1 If p is prime and a =po b then a?” =pata b

Proof:  Proof by Mathematical Induction
Base cases: for = 0, this is obvious
for x = 1 by Fermat’s Little thm a” =, a and b” =, b

cLoaP Epa+1 bP

IH: If it is true for 2 = k i.e a?" =prta b"" then it is true for z = k + 1 also.. iea?

k k
aP =peia OP

a?"" = aP” xaP ng xaP =, 0" b

°. Cka+1 Epm+(x+1 bpk+1

Hence proved

D

a? =g 1 consider a® as c and p = 2, = 3,b = 1.. So it becomes ¢ =q3 1
So by above part(1) " =gess 12

— CL =ox+3 1

If we put o = 2% + 2 we will get the required result

a—2
0,2 =92« 1

Epm+a+1 bp

k41

J
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27.4 Exercise 4

Lemma 27.2 The product of the positive integers less than m and prime to m is congruent to —1 modulo m if
m =4, p"or 2p"with p an odd prime , but product is congruent to +1 modulo m for all other moduli.

Proof: If m =4, the product 1 %3 =4 —1

If m = p™, let t be a quadratic non residue of the odd prime p, and let a;, where i« = 1,2...,¢(p"), be the
least positive integers forming a reduced residue system modulo p™. Then, for each a;, the congruence a;xz =, t
doesn’t exists. The integers a; are, therefore, separated into ¢(p™)/2 pairs, and if P is the product of these
pairs,

P =, t9007)/2

But t?"~1/2 =, —1, and hence

(tP=D/2p" " = (Z1 4 fp)p"

and " (-1/2 = _1 4 Mp"

Therefore t*®")/2 =, —1

and P =, —1

If m = 2p™, let s be a quadratic nonresidue modulo p, and let ¢ satisfy both of the congruences

T=p S

Tr =2 1

Therefore, t is an odd quadratic nonresidue of 2p", for if 2% =,» ¢ had a solution, then t =, s would be a
quadratic residue of p. The congruences a;x =o,» ¢t now pair the positive integers a;, where i = 1,2, ..., ¢(2p"),

that are less than 2p™ and prime to 2p™. If P represents the product of these pairs, we find that
P =g 19207)2

But t??~1/2 =, —1, and thus t**")/2 =,.. However, ¢ is odd, and ¢(2p") = ¢(p"). Therefore, P =g,n —1
If m = 2, the product will be 1 ( hence true)

If m = 2%, where u > 2, then -1 is a quadratic nonresidue of 2*. Hence, the congruences a;x =9u —1,

where the a; range through the positive integers less than 2% and prime to 2, separate these igtegers into 22
2=

pairs. In this case, therefore , if P again represents the product of these pairs, P =qu (—1) =5 1.

Finally suppose that m doesn’t in any above category.. then we would be able to write m = 2%p]*py? - - - pI'=.
Let s be a quadratic nonresidue modulo py, and let ¢ satisfy both the congrueces

T=p, S

T =2pop3--pr 1

Then t is a quadratic nonresidue of m. Again, if the a;, where i = 1,2...¢(m) are the positive integers less
than m and prime to m, then the congruences a;x =,, t pair the a; and, as before, the Product P of the a; is
such that

P =, t4(m)/2

But t(~V/2 = 1, and ¢t?(™)/2 =,m —1. However, since ¢(p;") is even and ¢(m) = ¢(py*)d(p3*) -+ d(p;"),
t¢(m)/2 Epnl 1

1
Moreover, t = 1+ 2pops - - - pyk, so that t?0")/2 = (14 2pops - - - p,k)?(™/2 and t#(m)/2 =przpns.pnr L Further-

more, t2° =5u 1, and thus $#(M)/2 =,. 1. Therefore, t*(M/2 = 1, and P =,, 1. Hence proved.
O

27.5 Exercise 5

Write down the Quadratic Residues of 13.
Solution:
To answer this, we will see two lemmas
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Lemma 27.3 The Quadratic residues of an odd prime p coincide with teh even powers of any primitive root of
p.

Proof:  Consider the congruences z? =, a with ged(a,p) = 1. then if r is a primitive root of p, because the
powers 7,72, r3, ..., rP~1 form a reduced residue system modulo p, either

a=,r*

ora =, r¥t!

In first case, it is evident that a is a quadratic residue of p, for (r*)? =, a. Applying Euler’s Criterion to the
second case, if

(r2k+1)(p=1)/2 =,1

the exponent of r must be multiple of p — 1. But then (2k 4 1)/2 would have to be an integer, and that is
impossible. Hence, in the second case a is a quadratic nonresidue of p. Thus the set of quadratic residues of p
consists of the even powers of a primitive root of p.

O

13 is a odd prime and 2 is a primitive root of 13, so the quadratic residues of 13 are 22 =13 4,2* =5 3,28 =3
9,210 =15 10, and2'2 =3 1.

Lemma 27.4 The integers 12,22 ... ((p — 1)/2)? are the incongruent quadratic residues of the odd prime p.

Proof: ~ We can say that a> =, (p — a)?, we need only the integers 1%,22...((p — 1)/2)? to determine the
quadratic residues modulo p. Each of these integers is evidently a quadratic residue of p, but, more than that,
no two of them are congruent modulo p, for if

2 2
a1 =p a3
then (a1 —a2)(a1 +a2) =, 0
and p divides at least one of a; — ay and a; + as. But since both a; and as are positive and less than p/2,
neither a; — ag nor a; + as is divisible by p. These (p — 1)/2 integers, therefore, yield all the quadratic residues
of p.
O
So by the above lemma , we can say that 12 =13 1,22 =3 4,32 =13 9,42 =3 3,5% =13 12,62 =13 10. and the
quadratic residues of 13.
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Mayank Kumar

28.1 GCD

Exercise 28.1 Show that for any integers x,m and n with m,n > 0,

ged(z™ —1,2" — 1) = abs(z9°dmm) _ 1)

Solution We will prove that LHS divides RHS and RHS divides LHS. Since the two sides are both positive in
sign, so this will clearly prove that LHS = RHS.

(=)

Lets assume that d is a divisor of ged(z™ — 1,2™ — 1). So, d|z™ — 1 and d|2™ — 1.

= 2™ =1 (mod d) and =™ = 1(mod d).

We can find integers u and v such that mu + nv = g = ged(m, n), then

29 = 2™ = (™) (2™)" = 1%1Y = 1(modd)

so dlabs(z9 — 1).

(=)

Conversely suppose that d|z9 — 1. Then 29 = 1 (mod d), so 2™ = (29)"™/9 = 1(mod d). Similarly, 2" = 1(mod
d). So d divides both 2™ — 1 and 2™ — 1, and hence divides ged(z™ — 1,2™ — 1).

Hence proved.

28.2 Fibonacci Numbers

Exercise 28.2 Show that if the Fibonacci number F(n) is prime then n is prime. More precisely prove the
implication
m|n = F(m)|F(n)

Solution First of all lets prove that
m|n = F(m)|F(n)

using the principle of induction on [ = *
Base case Base Case is trivial, since m = n = F(m)|F(n)
Propogation Step Let us assume that the claim is true for 1 = k.
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To Prove Claim is also true for 1 = k+1

Proof
k+1 = 241
_ n+m

So, it only remains to prove that if F'(m)|F(n) then F(m)|F(n + m)
Let F(n) =p=* F(m)
Fin+m) = Fn—1)*«Fm)+F(n)xF(m+1)
= F(m)(F(n—1)+px F(m+1))

Hence proved.
If F(n) is prime, then there exists no m such that m|n, otherwise from the above proof we would have F(m)|F(n).
Hence n is also a prime.

28.3 Euler’s Phi Function

Exercise 28.3 Prove that ¢(n) is even for any n >3

Solution

Approach 1: We know that, ¢(n) counts the number of integers m,1 < m < n — 1 which are relatively prime to
n.

Claim If m is relatively prime to n, then so is n — m.

Proof Let us assume that there is a k > 1 such that k|(n —m) and k|n. This would imply that k|(n — (n —m)),
or simply k|m, which in turn says that ged(m,n) > k > 1, which is a contradiction.

Therefore the numbers m, 1 < m < n — 1 which are relatively prime to n come in pairs (m,n —m). It is clear
that m # n — m, otherwise n = 2 X m, and n is not relatively prime to m. Hence the number ¢(n) is even.
Approach 2: Consider,

[1]31 = [1]n
-1 = [-1]3
= [l]n

Ifn>3[-1, # [1]n
Also [—1]y, [1]» form a subgroup of the group < G,,1, x > of order 2.
So, by Lagrange’s theorem we have 2|o(G,,) = ¢(n), i.e ¢(n) is even.

28.4 Chinese Remainder Theorem

Exercise 28.4 Argue that, under the definitions of Chinese Remainder Theorem, if ged(a,n)=1, then

(a"'modn) < ((a7 'modny), (a3 'modns), ..., (a;, 'modny,))

Solution From Chinese Remainder Theorem, we know that
(amodn) < ((amodn,), (amodns), ..., (amodny))

Since, ged(a,n) = 1, they are relatively prime, and hence a~!modn is defined. Similarly a='modn; is also
defined. Now substituing a~! in place of a in the above relationwe get,

(e modn) « ((a" modn,), (a” modny), ..., (a”'modny))

It remains to prove that,
(a;lmodni) = (a " modn;)
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Consider,
a* (a; 'modn;)(modn;)
= (a; * a; ') (modn;)
= 1(modn;)
Hence,
(a"'modn) < ((ay 'modni), (a3 'modns), ..., (a;, 'modny))

28.5 Jacobi Symbol

Exercise 28.5 Let n > 1 be an odd integer. Calculate the Jacobi symbol

5

(3><2"+1

)

Solution Since 5 = 1 mod 4, the quadratic reciprocity law gives

5 )_<3><2”—|—1)
3x2m4+1’ 5

(

To determine the value of 3 x 2™ 4+ 1 modulo 5, we distinguish the cases n = 1 mod 4 and n = 3 mod 4.

e Case n =1 mod 4 Then n = 4k + 1 with an integer k > 0 and
3.2" = 324+ =32 (2" = 6.16" = 1.1 = 1mod5

hence 3x2" 41 141 2
X
= =(=)=—1
2L (L

e Case n =3 mod 4 Then n = 4k + 3 with an integer k > 0 and

3.2" = 3.2%+3 = 323 (2Y)F = 24.16" = (—1).1¥ = —1mod5

hence 3x2"+1 141 0
>< J—
= :—:0
) =)=
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Chapter 29

Hitesh Chaudhary

29.1 Fermat’s Little Theorem
Exercise 29.1 Show 7 | 22225555 4 55552222

Solution: By FLT, n” =7 n.

So for natural numbers q and r, n79" =7 (n")4.n" =; nln" =; ndtr

Now, 2222 =7 3 and 5555 =7 4 =; —3.

Thus 22225555 + 55552222 =~ 35555 + (_3)2222

=, 3793+4 | (_3)317+3
=, 3113+6 + (73)45+5
=, 31T+0 4 (_3)T+1 0O
=, 3243 4 (—3)1+1

29.2 Tchebychev’s Theorem

Exercise 29.2 Let 3 be the positive real number less than 1. Show if the integer N is very large enough, there
exist a prime between BN and N.

Solution:  Lets 3 < 1. By Tchebychev’s Theorem, m(n) ~ 2o and m(8n) ~ 1o§%n ~ 1oz f_ﬁogﬁ ~ lfg"n

Therefore, for sufficiently large n, w(n) > w(8n). Hence there is atleast one prime between n and n. O

29.3 Prime Numbers
Exercise 29.3 Show that a? + b? + ¢ + d? is never prime.

Solution:  Any composite number C can always be written as a product in atleast 2 ways. (As 1.C is always
possible). Lets C = ab = cd then C | ab. Set ¢ = mn such thatm is part which divides a and n is the part which
divides b. Then there are p and q such that

a=mp,b=ng
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Solving ab = cd for d gives, d = %b = % = pq. It then follows that
S =a?+b+c*+d?
=m?2p? +n2¢® + m2n? + p2q® It therefore follows that a® + b> + c® + d? can never be prime.
= (m® +¢*)(n* + p?)

29.4 Congruences

Exercise 29.4 f(z) of degree k and f(x) =0 (mod p) have k solutions. and f(x) = f1(x)f2(x) . Then number
of incongruent solutions of fi1(x) = 0(mod p) is equal to its degree and similarly for fa(z)

Solution:  Let fi(x) = box! + ... + by and fo(x) = cox™ + ... + ¢, where by Z Ocy #Z O(mod p) . Then,
f(z) = bocox™™ + ... + bicym(mod p), I4+m = k Each solution of f(x) = 0 (mod p) will be solution of at least
one of the congruences, fi(x) = 0(mod p) or fa(z) = 0(mod p) . Conversely is also true.

Now if number of incongruent solutions of fi(x) = 0 (mod p) or fo(x) = 0(mod p) were less than respectively 1
or m, then numbfer of solutions of f(x) = 0(mod p) would be less than 1+m = k which is contrary to hypothesis.
Thus fi(z) = 0(mod p) must have I solutions and fo(x) = 0(mod p) must have m solutions. O

29.5 Continued Fractions

Exercise 29.5 If a is vlaue of continued fraction < ag;ay,... > and r, = W is n'" partial quotient

S _ Py 1 1
then, sgramm <lo— "1 < g <@

Solution:  As proved in lecture,
for k = —1, O, ... we have Pk+1Qk’ - Qk+1pk = (—1)k, Pk+2Qk - Qk+2pk = (71)kxk+2
Also, if 7, denotes nt" partial quotient then for each n , ro, < Topt2 and 79,41 < To,—1 and for all m, n,

Tom < Twn+1

from above assertions we have,
P
la — &| < ‘ﬁ - % = Q"an_*_l < &% because Qn11(a0; s nyr) = anr1Qn(a0, s an) + Qn_1(ag, ..., an) >
Qn(ann»an) P
imi P, 2 _ Py
Similarly, |a — ol = |Q::Z2 -t

An42 An42

= — > 1 > 1
QnQni2 Qn(ant2Qn+1Qnt+1+Qn) — Qn(Qn+Qn+1) 2QnQn+1




Chapter 30

Satish Parvataneni

30.1 CRT

Theorem 30.1 Show that 3x for any n such that x + 1,z 4+ 2,...,x + n are composit numbers.

Proof:  Given any n, from the fact the primes are infinite we can list out n prime numbers p1,ps, ..., Py -
Fact 30.2 By CRT for any mi, ma, ..., m, pair wise relatively prime numbers the system of equations
T =, a;wherel <i<r (30.1)

has a unique solution modulo M where M = [;_, m;

so for p1,pa,...,p, primes (which are pair wise relatively prime numbers) we can find out an x which satisfies
the system of equations Eqn. 30.1 for a; = —1,a0 = —-2,...,a, = —n.

System of equations become
— (30.2)

7

where 1 <i¢<nanda; =-1,a, =-2,...a, = —n.

From the above system of equations we can conclude that p1|z + 1, pa|z+2,...,p,|z 4+ n and hence proved. O

30.2 FLT

Theorem 30.3 if p and q are distinct primes, prove that p?~' 4+ ¢?~' =1 mod pq
Proof:
Fact 30.4 By FLT if p is a prime and p [ a then a?~! = 1(_ mod p)

As p and q are distinct primes p [ p and ¢ f p by FLT

p?'=1 modq (30.3)
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¢ '=1 modp (30.4)

As p?~1|p and ¢P~!|q are trivially true we can write

@ '=0 modgq (30.5)
p?1=0 modp (30.6)
From Eqn. 30.3 and Eqn. 30.5
p? P+ ¢ ' =1 modgq (30.7)
and From Eqn. 30.4 and Eqn. 30.6
p? 1+ ¢ P =1 modp (30.8)

Theorem 30.5 if a =b mod ny and a =b mod ns and ged(ny,ne) =1 then a =b mod ninsy

Proof:  Let c=a-b then nq|c and na|c, integers r and s can be found such that ¢ = rny = sns.
Given ged(ny,ng) = 1 allows us to write 1 = xn; 4 yne for some choice of integers x and y.Multiplying the last
equation by ¢ then

c=cx*x1=c(niz+ ny) = nicx + nacy. (30.9)
If appropriate substitutions are now made on the right hand side, then

¢ =ny(sn2)x + na(rny)y = nina(sx +1y) (30.10)

Substituting c=a-b in the above equation we get a =b mod nins and hence proved.

O
From the above fact and Eqn. 30.7 and Eqn. 30.8 we can conclude that
p? P+ ¢ ' =1 mod pg (30.11)
O

30.3 GCD

Theorem 30.6 Prove that ged of two postive integers always divide their LCM

Proof: Let a and b be any two positive integers, d is the ged(a,b) and 1 is the lem(a,b), By definition

= ak1 = ka
d|a and d|b ie a = dey and b = deg

if we find ged(d,]) it reduces to ged(d, aki) and on further reduction ged(d, deiky) hence ged(d,l) comes out to
be d and hence d|l . O
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30.4 Linear Congruences

Theorem 30.7 if x = a mod n prove that either x = a mod 2n or x = a + n( mod 2n)

Proof:
r—a=kn from x=a modn
T —a=k2n+r on dividing kn by 2n where 0 <r < 2n
ki2n+r =kn
r=kn—ki2n
r=n(k — 2k;)

As 0 < r < 2n the value of k — 2k1 can be either 0 or 1.
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e when k — 2k; is zero then the value of r is zero and hence Eqn. 30.13 reduces to x — a = k12n which is

equal to x = a mod 2n

e when k — 2k; is one then the value of r is n and hence Eqn. 30.13 reduces to z — a = k12n + n which is

equal to x =a+n mod 2n

30.5 Primes

Theorem 30.8 if p > 5 is a prime number ,show that p*> + 2 is composite
Proof:  In order to prove the above we first prove a general result.
Theorem 30.9 Any prime number number greater than 3 has a remainder 1 or 5 when divided by 6

Proof:  Any integer n can be represented in the following form.

n=6xq+r whered <r <6.

(30.17)

Hence we have 6 choices for r : 0, 1, 2, 3, 4, 5. From the fact that n is a prime and therefore it is not divisible

by 2 or 3 we can analyze these 6 choices.

1. r is 0 then n=6*q and clearly it is divisible by 2 which is not possible since n is a prime.

2. ris 1 then it is possible.

3. ris 2 then n=6%q+2 and clearly it is divisible by 2 which is not possible since n is a prime.
4. ris 3 then n=6%q+3 and clearly it is divisible by 3 which is not possible since n is a prime.
5. ris 4 then n=6%q+4 and clearly it is divisible by 2 which is not possible since n is a prime.

6. r is 5 then it is possible.
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we can see that the only possible remainders for n divided by 6 are 1 and 5. O
Hence any prime p > 5 can be in one of the forms 6k+1 or 6k+5.
e if p is of 6k-+1 form then p? + 2 = 6k + 1% + 2 which reduces to 36k2 4+ 12k + 3 which is clearly divisible
by 3 and hence it is composite.

e if p is of 6k+5 form then p? + 2 = 6k + 5% + 2 which reduces to 36k2 + 60k + 27 which is clearly divisible
by 3 and hence it is composite.



Chapter 31

Bipin Tripathi

31.1 Euler ¢ function, FLT

Example Let m > 1 and n > 1, Prove that ¢(m *n) = %

Proof
case 1 If ged(m,n) = 1 and ¢ is a multiplicative function then

_ _ ¢(m)¢(m)ged(m,n)
(b(m * n) - ¢(m) * (;5(71) - ¢(ged(m,n))

case 2 if gcd(m,n) # 1 then
Let d = ged(mmn) =pf*...... e, a1 >1,...... yap > 1

and m = pﬁl ...... pf* M n=p...p;* N (Where gcd(M,N) = 1) and  py,..

MN. Hence m*n = p?”‘cl .. .pi""’c‘M x N,

p(mxn) =PIy .. (L) p(M) % p(N)

since ¢(p*) = p*(1 —1/p)

d(mxn) =pPt pr—1)...... Py (py — 1)$(M) + ¢(N)
now,

S(m)d(n)d _ SOy S0y )SM)S(DT) oS (07 )S(N) (P71 ...p} )
#(d) d(PT1)- (07 ?)

$(m)é(m)d _ Pyt (pr=1).ceepyt T (pe=1)$(M)PF " (pr—=1)copf T (=D S(N) (BF1 ....p )

¢(d) Py (pr—1)epyt T (pe—1)
Hmgmd — phter=l(py —1)...... P (py = 1)¢(M) % ¢(N)
m)p(n)d
#( qﬁ)(cZ() )d _ d(m *n)

31.2 Congruences of higher degree

Example Show that the congruence z? =

.,p+ do not divide

(mod2¥) has exactly four solutions mod 2¥, namely » = 41 or

x = £(1 + 2571 (mod2"), when k > 3.Show that when k = 1 there is one solution and when k& = 2 there are

two solutions mod 2F.

Proof
Let 22 = 1(mod2¥) then 2F|22 — 1 = 2%|(z — 1)(x + 1)

151



152 CHAPTER 31. BIPIN TRIPATHI

since ged((z — 1), (z + 1)) = 2 = ged((x — 1)/2, (x + 1)/2) = 1, for k > 3 2*72|((x — 1)/2 * (v + 1)/2) and also
ask—2>1=2|((x—1)/2*(x+1)/2)

Case 1 if 2|(x — 1)/2 then 2 does not divide (x + 1)/2 so we get 2¥72|(z — 1)/2 = 2¥71|(z — 1)
Hence x = 1(mod2~1) or equivalently x = 1 or 1 + 2¥71(mod2*)

Case 2 if 2|(x 4+ 1)/2 then similarily the casel we can get x = —1 or —(1 + 2*~1)(mod2*)

Conversely , suppose x = £1 or £(1 + 2¥~1)(mod2*)
then x = +1(mod2k~1) = x = +1 + K2+~ 1,
Hence 22 = 14+ 2K x 2F~1 4 (K2F~1)2

=14 K % 2% 4 K2 % 22k—2

= 1(mod2*) as 2k —2 >k
Now for k=1,

22 =1 ( mod 2) has solution ~ x = 1(mod 2)
Now for k=2 ,

2:

x ( mod 4) has solution  x = £1 (mod 4)

31.3 Quadratic Irrational

Example Let d = a® + b, where a,b € N,b > 1 and b|2a.Prove that [v/d] = a and that v/d has the continued
fraction expression

Vd = [a, %, 2a]

Hence , or otherwise , derive the continued fraction expression for v/ D2 — D, when D > 2 is a postive integer.
Conversely, if the continued fraction expression of v/d has period length 2, show that d = a? + b, where a,b
€ N,b> 1 and b|2a.

Proof

Letd=a?+b, whereabe N, b>1 and b|2a
a?<d<a®+2a<(a+1)?
=a<Vd<a+1anda=[Vd

Now 2o =vd, po=0, =1, ay=[d=a
pitVd d—pi

Ti= " Pit1 =@ *qi —Piy, Git1 = —;

d—p? 24b—a? +vd RN
plzao*qo—poza*l—():a, q1 = qol :a+1 a :b7 xl:plql :a+ ;-"_7 0,1:[.]31]:2a/b
3

2 24 p—a? VaZ+b
pQZTab_a:C% Q2:a+ba =4 x2:a+{z+7 a2:[x2]=2a,
2,3 2 /o2
p3=2a*1—a=a, qui‘lﬂl’“ =0, I3:7a+;+b:l‘1

Hence Vd = Va2 + b = [a, 22, 2q]

Next ,Let D>2, ,D&N then D>~ D= (D—-1)?>+(D—1),and D —1]2(D — 1)

Hence vD? — D =[D —1,2,2D — 2]

Conversely, the continued fraction expression of v/d has period length 2,

before going further, let take following theorem :

Theo. :  If postive integer d is not a perfect square , the simple continued fraction expression of v/d has the
form

\/g = [aoa a1, a2, ...... Qr_1, 2&0] with ag = [\/&]
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So for [ag, a1, 2ag] = ap + 27! so that x = [a1, 2ag], observing that = = [ay, 2a0, a1, 2ao] = [a1, 2a0, 7]

we get x = aj + (2ag + 27 1) 71, solving this for #7! and discarding the negative solution, we get ! = ag + Vd
So instead of solving ! take another way

Suppose  Vd = [ag,a1,2a0] , a1 # 2a

then z = ag + vd = [2a0, a1] = 2 * ag + —— = 2a¢ + —=2

ai+1 arzt1
Hence ax? + = 2apa1x + 2a0 +
a12? = 2apa1x + 2ag
= al(a% + 2\/&@0 + d) = 2apaq (CLO + \/&) + 2ay
= ard = CL%CLl + 2ag
d=aj+2° =a>+b

where a = a9  and b:%;ﬁl here b e N

31.4 Congruence, Euclidian Algorithm

Example
(a) Ifa>1,b>1, prove that ged(2® —1,2b — 1) = 29¢d(ab) _ 1,
(b)  Prove that ged(a,b)=gcd(a+be,b) for any integers a , b ,and c.

(a) Proof

Leta>1,b>1andd=ged(a,b) and e = ged(2¢ — 1,2° — 1)

then d|a , d|b and e]2* — 1, ¢[2b — 1

now 24 — 1|2% — 1,24 — 1]2* — 1 s0 2¢ — 1]e

Assume d = ged(a,b) = ax — by, where x and y are postive integers.

also 2* =1 (mod e ), so 2% =1 ( mod e )

similarly 2° =1 ( mod e ), s0 2% =1 (mod e )

Hence 297 = 2% (mod e ) = 297 % 20¥ = 2% ( mod e )

Hence 2%77% =1 (mod e ) = ¢[2¢ — 1

since 2¢ — 1]e and ]2 — 1 then e = 2% — 1 = ged(2% — 1,20 — 1) = 29¢d(a:b) _ 1,

(b) Proof

We first show that the common divisors of a and b is identical to the set of common divisors of a+bc and b.
For if d divides a and b then it divides bc and hence a+bc , while if d divides a + bc and b then it divides
be and hence (a+bc) - be = a. Now ged(a,b) is a common divisor of a and b , so by the above it is acommon
divisor of a+bc and b, so it divides ged(b,a+bc) by definition of ged(b,a+bc) . Similarly , ged(b,a+bc) divides
ged(a,b). So ged(a,b) = + ged(b,a+be), but since both ged(a,b) and ged(b,a+bc) are nonnegative ,by definition
,therefore

ged(a,b)= ged(b,a+bc)

31.5 Primitive Roots

Example For an odd prime p show that there are as many primitive roots of 2p™ as of p".

Proof

(=) Let r is primitive root of 2p™, by definition of primitive roots : if r is primitive root of 2p™ then
r?P") =, . 1 and r* #g,n 1 for all postive integers k < ¢(2p™) hence ged(r, 2p™) =1

Now ¢(2p™) = ¢(p™) since p is odd prime and r#(2P") =5, 1

then 7?(P") =5 . 1 and we have ged(r, p™) =1 because ged(r,2p™) =1

we claim r is a primitive root of p™,
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Assume r is not primitive root of p”, then there is a k < ¢(p") such that r* = 1= p"|r¥ — 1 and also r is
such that ged(r,2p™) =1

so ¥ is odd because 2p" will be even = ¥ — 1 is even and also p™ is odd.

when we say p"|r¥ — 1 (‘i.e. an odd number is dividing an even number ) so 2p" should also divide ¥ — 1 |
hence 2p"|rk — 1 = 1k =5,. 1

since ¢(p™) = ¢(2p™) and k < ¢(p™) then r is not primitive root of 2p™ = Contradiction

= 1 is of primitive root of p"

Hence if r is primitive root of 2p™ then r is also primitive root of p™

(=) Let r is primitive root of p™. either r is an odd integer or even integer ( if r is even, then r + p”
is odd and is still a primitive root of p™). Then ged(r, 2p™) =1.

The order m of r modulo 2p™ must divide d(2p™) = P(p™)

But 7™ =5, 1 implies that ™ =p,» 1, and so ¢(p")|m. Together these divisibility conditions forces m = ¢(2p™)
making r a primitive root of 2p™.

Hence if r is primitive root of p™ then r is also primitive root of 2p™

So for an odd prime p, there are as many primitive roots of 2p™ as of p™.



Chapter 32

Amit Agarwal

32.1 Example 1

Example 32.1 Show that the Carmichael numbers are square-free and the product of atleast three primes.

Proof:  Suppose for contradiction that p?|n. Let g be a generator modulo p?, i.e., an integer s.t. gPP~1 is the
lowest power of g which is =2 1. (it is easily proved that such a g always exists.)
Let n’ be the product of all primes other than p which divide n. By the Chinese Remainder Theorem, there is

an integer b satisfying the two congruences:
b=y g (32.1)

and
b=, 1. (32.2)

Then b is like g, a generator modulo p?, and it also satisfies ged(b,n) = 1, since it is not divisible by p or any
prime which divides n’. We claim that n is not a pseudoprime to the base b. To see this, we notice that if
b"~! =, 1 holds, then, since p%|n, we automatically have b"~* =,. 1. But in that case p(p — 1)|n — 1, since
p(p—1) is the order of b modulo p?. However, n —1 =, —1, since p|n, and this means that n — 1 is not divisible
by p(p — 1). This contradiction proves that there is a base b for which n fails to be a pseudoprime.

Lemma 32.1 If n is square free, then n is a Carmichael number iff p — 1ln — 1 for every prime p dividing n.
Proof:  First Suppose that p — 1|n — 1 for every p dividing n. Let b be any base, where ged(b,n) = 1. Then
for every prime p dividing n we have: "' is a power of b*~1, and so

vrl=, 1. (32.3)
Thus, b"~! — 1 is divisible by all of the prime factors p of n, and hence by their product, which is n. Hence,

bt =, 1Vb. (32.4)

Conversely, suppose that there is a p s.t. p — 1 does not divide n — 1. Let g be an integer which generates Z.
Find an integer b which satisfies:

(32.5)
1. (32.6)
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Then

ged(b,n) = 1 (32.7)
vt =, gL (32.8)
But ¢"~! #, 1, because n — 1 is not divisible by the order modulo p — 1 of g. Hence, b"~! #,, 1, and so n is not

prime. O Now it remains to rule out the possibility that n = pq is the product of two distinct primes.
Suppose that p < ¢g. Then, if n were a Carmichael number, we would have n — 1 =,_; 0, by lemma 32.1. But

n—1 = plg-—1+1)-1 (32.9)

=41 p—1 (32.10)

41 0 (32.11)

since 0 < p—1 < ¢ — 1. This concludes the proof. a

32.2 Example 2

Definition 32.1 A prime of the form 2™ — 1 is called a Mersenne prime. An interesting theorem relating to
Mersenne primes is that if 2™ — 1 is a prime, then, so is n.

Example 32.2 Let p be a Mersenne prime, let ¢ = p?, and let i be a root of X?> +1 =0, so that Fp, =F,u-
Suppose that the integer a® + b is a generator of F;. Prove that a + bi is a generator of F.

Proof: We have

(a+ b))t = (aP + bPiP)(a + bi) (32.12)
= (a—bi)(a+bi) (32.13)
= a*+b%. (32.14)

Claim 32.1 If (a + bi)™ € F), then p + 1|m.

Proof: Let
d = ged(m,p+1). (32.15)

We see that
(a+bi)* € F,. (32.16)

But since p+ 1 is a power of 2, if d < p+ 1 we find that (a+ bz’)pTH is an element of F,, whose square is a? + b?.

Claim 32.2 a2 + b2 is not a residue.

Proof:  Any power of a residue is a residue, so none of the nonresidues can occur as a power. O Hence,
d=p+1andp—+1m. O Now, suppose that
n=n'(p+1) (32.17)

is such that (a + bi)™ = 1 (note that p + 1|n by the claim).
Then /
(a® +0*)" = 1. (32.18)

So p — 1|n/ because a* 4 b* is a generator of F. |
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32.3 Example 3

Example 32.3 Let m = p{* ...p%" be an odd integer, and suppose that a is prime to m and is the square of

some integer modulo m. Find x s.t. x* =, a. Suppose that for each j you know a nonresidue modulo p;, i.e.,

an integer n; s.t. (Z—J) = —1. For each fized p = p; suppose you know some zq s.t. x3 =, a. Show how you
J

can then find some =20+ x1p+ ... + Ta_1p* ! s.t. 22 =) a.

Proof: ~ We use induction on «.
To go from o — 1 to «, suppose you have an (o — 1)-digit base-p integer z’ s.t.

2% = a1 a. (32.19)

p

a—1

To determine the last digit 241 € {0,1,...,p—1} of x = 2’ +3,_1p* "}, write 2/ = a+bp*~! for some integer

b, and then work modulo p® as follows:

2?2 = (2 2a1p® ) =pe 2% + 20w0_1p* ! (32.20)
a+p* b+ 2zoz0-1). (32.21)
So it suffices to choose
Xoo1=p —(220)7 ' (32.22)
Claim 32.3 2x( is invertible.
Proof:  Since p is odd, and a =, z3 is prime to p. O O

32.4 Example 4

Example 32.4 Prove that

1

11 (32.23)
; 1-

all primes p

SACS

diverges to infinity. Using this prove that the sum of the reciprocals of the primes diverges.

Proof: Expand each term in the product in a geometric series:

1 1
(1445, (32.24)

In expanding all the parentheses, the denominators will be all possible expressions of the form
Pyl (32.25)

According to the Fundamental Theorem, every positive integer n occurs exactly once as such an expression.
Hence the product is equal to the harmonic series

i % (32.26)

n=1

which we know diverges.
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For the second part, we first note that for x < %, we have
1
x> ~5 log(1 — x). (32.27)

When z = % for prime p, the previous result holds. Now take the log of the product in the previous part:

log( ] ! )= > —1og(1—%). (32.28)

1
all primes p P all primes p
By the result in equation 32.27 the RHS is less than
2 > ! (32.29)
- p
all primes p

which is the sum of the reciprocals of the primes. Since we know that the product in 32.23 diverges, the sum
of the reciprocals of the primes also diverges. O

32.5 Example 5

Example 32.5 Suppose that m is either a power p® of a prime p > 2 or else twice an odd prime power. Prove
that, if 22 =,, 1, then either x =,, 1 or x =,, —1. Also this is always false if m is not of the form p® or p>*,
and m # 4.

Proof:  Suppose that m = 2p®. Since m|(2? — 1) = (z + 1)(z — 1), we must have a powers of p appearing in
both x + 1 and x — 1 together. But since p > 3, it follows that p cannot divide both x + 1 and = — 1 (since they
are only two apart from one another). Thus all the of the p’s must divide one of them. If p®*|z + 1, this means
that o =pe —1; if p®|z — 1, then « =, 1. Finally, since 2|22 — 1 it follows that x must be odd, i.e., z =5 1.
Thus, either © =950 1 or £ =35 —1. The proof for the case m = p® is the first part of the earlier proof.

First, if m > 8 is a power of 2, it’s easy to show that z = % + 1 gives a contradiction to the earlier part.
Next suppose that m is not a prime power (or twice a prime power), and
p*||m. (32.30)

Set
(32.31)

We can use the Chinese Remainder theorem to find an  which is =y« 1 and =,,» —1.
Let z = rp®+ 1 and x = sm’ — 1. Consider

2 = (rp* 4+ 1)(sm' 1) (32.32)
= rsin—(rp*+1)+1+(sm' —1)+1-1. (32.33)

Hence 22 =,, 1. But x =,,, 0 by the Chinese Remainder Theorem. This contradicts the first part. O



Chapter 33

Vipul Jain

33.1 Primes and their Distribution

Theorem 33.1 1. Prove that if n > 2, then there exists a prime p satisfying n < p < nl.

2. For n > 1, show that every prime divisor of n! + 1 is an odd integer greater than n.

Proof:

1. Consider (n! - 1). Let p be a prime factor of (n! - 1). If (n! -1) is a prime, p = (n! - 1). If (n! - 1) is
composite, then a f (n! - 1) V positive integer 2 <a < n since a | n! but a /1. So p ; n. Since (n! - 1) is
composite, p < n!. Hence prime number p satisfies n < p < nl.

2. If n = 1, then n! 4+ 1 = 2 which is even and has 2 as a prime factor. If n > 1, then n! is even as 2 is
a factor of n!. This means that (n! + 1) is odd ¥ n > 1. So all prime factors of n are odd. Let p be a
prime factor of (n! + 1). We note that V1 < a <n, (n! + 1) =, = 1. .. all prime factors of (n! + 1) are
greater than n and this completes the proof.

33.2 Linear Congruence

Exercise 33.1 (Ancient Chinese Problem) A band of 17 pirates stole a sack of gold coins. When they tried to
divide the fortune into equal proportions, 8 coins remained. In the ensuing brawl over who should get the extra
coins, one pirate was killed. The wealth was redistributed, but this time an equal division left 10 coins. Again
an argument developed in which another pirate was killed. But now, the total fortune was evenly distributed
among the survivors. What was the least number of coins that could have been stolen?

Solution: Let the number of coins stolen was x. We form Linear congruences from given data.

= 3 (mod 17) (33.1)
= 10 (mod 16) (33.2)
= 0 (mod 15) (33.3)

159
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17*16*15 = 4080. ... we need to find x (mod 4080) that satisfies all three congruences (From Chinese Remainder
theorem). Since r3 = 0, we only need todetermine N; and z; for i = 1 and 2.

T = 3, N1 = 16*15 = 240

Solving 240x; =17 1 gives 1 = 9 as solution.

ro = 10, No = 17*15 = 255

Solving 255x5 =14 1 gives o = -1 as solution.

Thus, x = 3*240*9 + 10*255*(-1) = 3930 (mod 4080) are the solutions. Since we want smallest positive solution,
x = 3930 is the solution. Hence the least number of coins that could have been stolen is 3930.

33.3 The Fibonacci Sequence

Theorem 33.2 Show that the sum of the squares of the first n Fibonacci numbers is given by the formula

u% + u% + u§ +F ui = UpUnp+1 (33.4)
Proof:
Up+1 = Up + Up—1 (335)
= Un = Up+1 — Up-1 (336)
u? = wup (asuy =uy =1) (33.7)

Vn > 2 (un—1 is defined only if n > 2)

w2 = Upty = Up(Up +up_1) ( from(33.6) ) (33.8)
= ui = UpUntl — Up Un_1 (33.9
Now consider u? + u3 + u3 + -+ + u2.
ul Fud+us Ul ud = ugug 4 (ugus — ugur) + (uzug — uzug) + ...
+(un71un - unflun72) + (unun+1 - ununfl) (3310)
= upupt1 ( As all other terms cancel out ) (33.11)
O

33.4 Euler’s Phi function

Theorem 33.3 Prove that the equation ¢p(n) = ¢(n + 2) is satisfied by n = 2(2n - 1) whenever p and 2p - 1
are both odd primes.

Proof:  First, note that for integers m and n such that ged(m,n) = 1, ¢(mn) = ¢(m)p(n) because ¢ is a
multiplicative function.

If 2p-1 is prime, then
p(n) = ¢(2(2p-1))=0¢22p-1)=0(2)¢2p—-1)=1.(2p-1) - 1) =2p -2 (33.12)

Now, n + 2 = 2(2p - 1) + 2 = 4p. Since p is odd, we have
p(n+2) = ¢(dp)=o(4)o(p) =2(p—1)=2p—2 (33.13)
Soo(n) = ¢(n+2) if n = 2(2p - 1) where both p and (2p - 1) are primes. O



33.5. FERMAT’S LITTLE THEOREM 161

33.5 Fermat’s Little Theorem

Theorem 33.4 Prove that if p is an odd prime and k is an integer satisfying 1 < k < (p-1), then the binomial
coefficient ( p;l > =, (-1)k.

Proof:
-1 (p—1)!
(pk ) _ m (33.14)
~1)(p-2)...(p—k

_ (=D k!) (p—k) (33.15)
_ p{(p—2)(p—k3!)~~(p—k))}+(—1)11!{(p—2)(2;!— 3)...(p—k))} (33.16)

_ pp=2@=3)...(p=k))} (D =3)p—9)...(0 = F)}

k! k!

L2 - 3)(2‘— 4. (p=k)} (33.17)
_ (33.18)

lp=2p=3)...0-F)} D1 =3)p=4)...(0—k)}
k! k!
DR =D k) (DM R - DY (DR

R i + x x (33.19)
_ =@ =3)...(p=k)}  (ED{p=3)p=9)...(0 = F)}
k! k!

Now, from (33.20), we conclude that p{(p*2)(p;i?)m(p*k))} + (*1)1llp{(p*SL(!p%)m(p*k))} o+ (*1)k’1(k*]il)!pk’l(p*k)

)R (1) 1pP
+(1) k(! D'p k

is an integer as (—1)" is an integer and left hand side of equation is also an integer. Also,

p{(p—2)(p—ki?)m(p7k))} +

p is prime and k < p, hence ged(p,k!) = 1. Since we can take out p common from
(=1)'11p{(p=3)(p—4)...(p=k))} D HR=D) T p=k) | (=D M (R=D)lp"
&l + ... + A + !

, it is divisible by p. Hence we get

p{p—2)(p—3)...(p—k))} N (—D'1p{(p-3)p—4)...(p—k))} _
k! k! =P
(DM =D p—k) (=D k= D

oot o - o (33.21)

From (33.20) and (33.21), we get

(p;l) =, (-1 (33.22)

This completes the proof. O
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Chapter 34

Tushar Chaudhary

34.1 Fibonacci numbers

Exercise 34.1 Show that F(n) is a multiple of 3 iff 4|n

Solution (=)
Fn+4) = F(n+3)+F(n+2)
= 2xF(n+2)+F(n+1)
= 3xF(n+1)+ F(n)

This proves that if F(n) is a multiple of 3, F(n+4) is also a multiple of 3. Since F(0) is 0(3*0), it goes on to say
that every fourth Fibonacci number is a multiple of 3. Hence if 4|n, F(n) is a multiple of 3.

(<)

We know that ged(F(n),F(n+1)) = 1.

So since 3|F(n), F(n + 1) can not be a multiple of 3. Similarly since 3|F(n + 4), F(n+3) can not be a multiple
of 3.

F(n+2) = F(n+1) + F(n)

Since 3|F(n) and F(n+1) is not a multiple of 3, F(n+2) can not be a multiple of 3.

Hence proved.

34.2 Chinese Remainder Theorem

Exercise 34.2 Under the definitions of Chinese Remainder Theorem, prove that the number of roots of the
equation f(x) = 0 (mod n) is equal to the product of the number of roots of each of the equations f(x) = 0 (mod

n1).f(x) = 0 (mod ng),....f(x) = 0 (mod ny).

Solution By Corollary 33.22 in ”Introduction to Algorithms - Cormen, Leiserson, Rivest”, we know that the
equation
azx = b(modn)

has d distinct solutions, where d = ged(a,n) or no solutions. The equation has d distinct solutions in the case
when ged(a,n) | b. Without the loss of generality, lets assume f(x) = ax - b.
Case 1 When the system has d distinct solutions.

163
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In this case, ged(a,n) | b. Number of solutions will be equal to ged(a,n). Since all n; are factors of n, they all
divide b. hence each of the k equations will have ged(a, n;) solutions.
It remains to prove that

k
gcd(a,n) = chd(mni)
1

The above result follows from the fact that all n;s are pairwise relatively prime.

Case 2 When the system has no solutions.

In this case, ged(a,n) does not divide b.

Then ged(ged(a,n),b) = k # ged(a,n). Hence ged(a,n) = kk’ where k” and b are relatively prime. Since all n;
are pairwise relatively prime, atleast one n; divides k” and hence does not divide b. The equation corresponding
to that n; will have no roots. Hence proved.

34.3 Wilson’s Theorem

Exercise 34.3 Wilson’s Theorem states that if p is a prime, then (p—1)! = —1(modp). Prove that the converse
is also true if p > 2: in other words, show that if p is an integer, p > 2and(p — 1)! = —1(modp) then p is prime.

Solution Suppose that (p — 1)! = —1(modp) and that 1 < a < p—1is a divisor of p. Thus

al(p—1)!

but also
(p—1)! = —1(moda)

=al(p—-1)+1
= all
hence a must be 1.

So the only positive divisors of p are p and 1. Hence, if p > 2, p is a prime.

Hence proved.

34.4 GCD, Continued Fractions

Exercise 34.4 In the Euclidean algorithm for finding ged(a, b), we use repeated division with quotient and
remainder
a=qob+ 19

b=qro+m

ro = q2r1 + 12
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Solution We prove by induction on k, the number of non-zero remainders got in the Euclidean algorithm. As
base case we consider k=0,1.

For k=0, a = qob . The continued fraction for ¢ in this case is simply [qo].

For k=1, a = qob + 19; b = q179 + 0. The computation for the continued fraction in this case gives

qo + 2
qo + %
=

e

_ 1
= Qo+
= [qo:q]

Propogation Step : If the result is true for the Euclidean Algorithm with k non-zero remainders and for continued
fractions with k terms, then the result holds for k+1 as well.

For the k41 case, we have a = qob + ro;b = 170 + r1;71 = @271 + 72} e i The1 = Qr17k + 0
Now we know that for b, g, the continued fraction is
. 1
q1
q2 + LB*F%

Then § =qo + 3 .

T =4qo+

b ¢+ L

Q2+q3+1%

ie [qO: q1,42, ---... 7qk+1]

Hence Proved

34.5 Fermat’s Little Theorem

I confess that Fermat’s Theorem as an isolated proposition has very little interest for me, because I
could easily lay down a multitude of such propositions, which one could neither prove nor dispose of.
—Karl Friedrich Gauss (1777-1855)

Exercise 34.5 (a)Suppose a is a quadratic residue modulo some prime p > 2. Prove that a is not a primitive
(b)Let p be a prime. What is the value of Zz;} a? mod p root mod p.

Solution (a) Assume a = 22 mod p; Raising both sides to the power ’”2;1 we get

T =Pl = 1Imodp
by Fermat’s Little Theorem.

Thus a has at most order 21 which implies that a cannot be a primitive root mod p since primitive roots

2
have order p-1.

Solution (b) By Fermat’s Little Theorem we have,

a?~! = 1lmodp
=a? = amodp
éS:zzz;ia” = Zg;ia



166 CHAPTER 34. TUSHAR CHAUDHARY

If p = 2 then S = 1mod2.
If p > 2, then S = Omodp since p|p(p — 1) but does not divide 2.



Chapter 35

Keshav Kunal

35.1 Infinitude of Primes

Exercise 35.1 Use Bertrand’s Postulate to show that:

1. If n > 6, then n can be expressed as the sum of distinct primes.

2. The equation
1 1 1

+ RN + =
n n+1 n+k
does not admit positive integer solutions.

m

3. The equation

nl =mF

has integer solutions if at least one of k,n or m 1is 1.

Solution: Bertrand’s Postulate states that if n > 0, then there is a prime p satisfying n < p < 2n.

1. Proof by Induction:
Base: T=5+2
I.H.:Assume true for all k,6 < k < n.
If n+ 1 is a prime, we are done. Assume n + 1 is not a prime. Using the postulate, there exists a prime
D, "T'HQ < p <n. Using the I.H., n+1—p can be expressed as sum of distinct primes,say p1 +p2 ...+ p;.

Also, p>n+1—pand hence n+1=p; + pa...+ p; + p where each prime is distinct.

2. Case 1: 1 <k <n.

1+1++1<1+1 +1<1
n n+1 n+k n n+1 2n —

So, m < 1 and there is no integer solution.
Case 2: 1 <n<k.
Consider the biggest prime p,n < p < n+ k. Such a prime exists by Bertrand’s postulate.

1 1 1 . Zi«“:oﬂjﬂ(n +])

n+n+1“'+n+k_ Iin+j

In the numerator, p divides all terms except the one corresponding to ¢ = p — n. Also, p divides the
denominator. Hence the denominator does not divide the numerator and the value is not integral.

167
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3. Consider the prime factors of n!. If n! = mF for k > 2, every prime factor should occur atleast twice in
the prime factorization of n!. Now, consider the largest prime p such that n/2 < p < n. Clearly p|n! but
p? [ n! as p is the only number between 1 and n which divides p. So, there exist no solutions for k& > 1.

Trivial solutions can be constructed when either of n, k or m is 1.

35.2 Quadratic Residues

Exercise 35.2 Show that very positive integer can be expressed as the sum of four squares.

Solution:
Claim 35.1 If two integers can be expressed as the sum of four squares, so can their product.

Proof. Assume n; = a® + b? + ¢ + d2 and ny = 22 + 3% + 22 + 2. Note that ny can be expressed as a@, where
o = a+ bi+ cj + dk. Similarly, no = 80, where 8 = x + yi + zj + tk. Now,
(a®> + b+ + d*) (2 + % + 22+ t2) = aafp

B0 is real and so commutes with &. Thus,

afpa

afaf

= (ax —by —cz — dt)® + (ay + bx + ct — dz)* + (az — bt + cx + dy)? + (at + bz — cy + dx)?
(35.1)

ning = aaff

Hence the product can be expressed as the sum of four squares.
The next two claims will show that any prime number can be expressed as the sum of four squares.

Claim 35.2 There exist integers a, b, c,d such that a® + b + c? + d?> = mp, where m < p.

There are %(p — 1) quadratic residues in Z,. Since 0 is also a square,Z, contains %(p + 1) squares. The two sets

{2* + 1|z € Z,} and {—z?|z € Z,} contain % (p + 1) elements each in Z,. Now, 2 2(p+ 1) = p+1 > number
of distinct elements in Z,. So, there exist integers such that z2 +y?> +1=, 0. 22 =, (p —2)?, s0if 0 <z < p,
either x or p —x < . There exist integers x,y with 0 < z,y < § such that

x2+y2—|—12—|—02Ep0:>x2+y2+12+02zmp

Now z?,y? < (5§)2. Hence 2% +y* + 12 + 0% < % +1 < p? for p > 2. So the factor m in 35.2 is less than p
which completes the proof of the claim.

Claim 35.3 Any odd prime p can be expressed as the sum of four squares.

From the previous claim we have,

a?4+ b2+ +d?> =mp, wherem <p
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case: m s even
a, b, c,d can be divided into two pairs such that a pair contains both even or both odd numbers. wlog assume
(a,b) and (¢, d) form such pairs. Using

a—2b
2

c+d c—d 1
VA (G ()= 5@+ D)

a+b

(5 +(

we can find a m’ < m such that m’p can be expressed as the sum of four squares.
case: m is odd
Choose numerically least z,y, z,t such that =z =, a,y =, b, 2 =, c and t =, d. It is easy to see that

AP+ +d? =, 00242 +22+t2 =,, Oaz+by+cz+dt =, Oay—br—ct+dz =, Oaz+bt—cx—dy =,, Oat—bz+cy—dz =,, 0
Using o« = a — bi — ¢j — dk and the proof of 35.1, we get

(a®+0*+2+d*) (2 +y? + 22 +t2) = (ar+by+cz+dt)? +(ay—br—ct+dz)* +(az+bt —cx—dy)* +(at —bz+cy—dx)?

Since numerically least values have been chosen, z,y, z,t < % and hence

mA 2
4+ + 22+t =m'm < (5) 4 =m?
Dividing the equation 35.2 by m? gives m/p, wherem’ < m as the sum of four squares.
We have shown that for an odd prime p,we can progressively choose smaller values of m such that mp can be
expressed as sum of four squares. Hence following this method of descent, we can finally express p as the sum
of four squares.

Since every number has a unique prime factorization, using the previous claim we can express each prime(note
that 2 = 02402 + 12 +12) as a sum of four squares and then use claim35.1 repeatedly to get four squares which
sum up to the number. O

35.3 Approximation of Irrationals

Exercise 35.3 Show that for an irrational number «, the convergent Z—" is the best approximation to o relative
to any y satisfying

1. Y < gn+1 ifan-‘rl =1

2. Y <gn-1-+ an+1Qn/2 Zf Ap41 > 1

Hence show that 22/7 is the best approximation to 7 relative to any integer less than 54. Solution: We shall
consider case (ii) when n is even. Choose 8 = 2a — p,, /¢, which implies o — 5—“ = — a. So, we have

n

Pn cq<Bntl o g Pt
Adn dn+1 qn—1
Consider the interval I (22,5) where ¢ lies midway between Z"—J’i and %' We claim that it contains the

interval (%7 () by proving the following claim

Claim: 8 < §
Proof. A rational number lying strictly between Z—" and Z"—: has the form
_ t
T(s,t) = Pnt TP

Sqn—1 + tqn
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Note that § = T'(2,an+1) = T(1, an+1/2). We will show that 5 < T'(1,0) for 6 < an41/2.

B<T(1,0) e 2 — Lo < Dozt _ 0
dn dn—1 Qn—l(Qn—l + GQn)

But we know that,

- 1 1
Pnot _ Py and O L

dn—1 dn dndn—1 dn dndn+1

Using the above results we get,

2 1 0
< _
qndn+1 gndn—1 Qn—l(Qn_l + HQn)
1
N QH(Qn—l + GQn)
= Adn (qn—l + ZQQn) < An+14n
dn—-1 An+41
=>—+4+0 < —
2qn * 2

Hence as ¢,—1 < ¢y, the equation (35.3) holds if 8 < g,,+1/2 which completes the proof of the claim.
Now suppose u/v is a rational number in interval I. As the length of this interval is greater than u/v — %7

Uqn — UPn < 1

0<
gn Qn(anl + an+IQn/2)

The numerators and denominators of these fractions are integers and hence we get v > ¢,—1 + an+1¢n/2. This

implies that no rational number in the interval I has a denominator less than ¢,—1 + an41¢,/2 which implies

’;—" is the best approximation.

Note that the SICF representation of m = [3,7,15...]. Using the theorem 22/7 is the best approximation
to m relative to any integer less than 1+ 15.7/2 = 53%. O

35.4 Congruences

Exercise 35.4 Show that the equation
(Ta+ 1)z + (Tb + 2)y> + (Tc +4)2° + (7d + V)azyz = 0

has no non-trivial solutions

Solution: We will show that the equation
(Ta + 1)a® 4+ (Tb+ 2)y* + (Te 4+ 4)2° + (7d + 1)ayz =7 0

— (P2 42 +ryz =, 0

has no non-trivial solution which proves the result because any non-trivial solution to eqn.(35.4) will also be a
non-trivial solution to it. We will use the following claim,

Claim:z® =7 0, +1, —1

This claim can be proved by considering all possible values of  modulo 7.

Consider the following cases for eqn.(35.4).
Case: z =7 0. The equation reduces to =3 4+ 2y> =7 0 which does not have a non-trivial solution.
Case:z #7 0. The equation reduces to 2 + 2y3 + 4 &+ 2y =, 0. Consider the following sub cases.
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1. =7 0. The equation reduces to 2y> 4 4 =; 0, which does not have a solution.
2. y =7 0. The equation reduces to 23 4 4 = 0, which does not have a solution.

3. x =7 +1,y =7 £1. The equation reduces to 1+ 2+ 4 + 1 =7 0, which does not have a solution.

35.5 Divisibility

Exercise 35.5 The Farey series F,, of order n is the increasing sequence of all irreducible fractions lying between
0 and 1 whose denominators do not exceed n, so 0 < a < b < n and (a,b) = 1. For instance the Farey series
of order 4 is 0/1,1/4.1/3,1/2,2/3.... Assume that a/b,c/d,e/f are consecutive terms in the series F,. Show
that:

1. bc—ad=1

2. c¢/d=(a+e)/(b+ f)

3. Use the above parts to find the two terms which succeed 3/7 in Fi;

Solution:

1. The general solutions of bx — ay = 1 are given by
r=x9+ta , y=yo+1tb

Choose t such that n —b <y <n. Soz/y € F,, and z/y > ¢/d. We will show z/y = ¢/d by contradiction.
Assume x/y > ¢/d.So,we have

x/y—a/b > 1/dy
c¢/d—a/b > 1/bd
Also,

/by = (bz —ay)/by
= z/y—a/b
> 1/dy+1/bd
= (b+y)/bdy
> n/bdy
> 1/by

which is a contradiction.
2. From the previous part we know that,
bc—ad = 1
de—cf =1

Solving for ¢ and d, we get ¢ = bgj; 7 and d = bstg f.Hence we get the result.

3. The next two terms are 4/9 and 5/11.
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Chapter 36

Akrosh Gandhi

36.1 Euclidean Algorithm

Exercise 36.1 Prove that if m > n, then a® + 1 devides a®" — 1. Also show that a, m,n are positive integer
with m > n, Then

1 ifa is even

2m 2" _
ged(@®™ +1,a% +1) { 2 ifais odd

Proof:  As we have given m > n let a > 1, then we can say that m > n+1 and (a®>" ! —1) = (" +1)(a®" —1)
so that (a?" +1)[(a®"+' —1). since m > n+1, a®>"t! — 1 devides a®>" — 1 because 2”12, so concludingly we
can say (a2" +1)|(a®" —1).

let d = ged(a®” +1,a*" 4 1) then d|a®>” 41 and d|a®” +1. From previous result (a®” +1)|(a®>” —1) so d|a®" —1,
Hence d|(a®>” 4+ 1) — (a®” — 1) , this implies d|2. d is 1 or 2 and hence ged(a®” +1,a2" 4+ 1) is 1 or 2.

if a is even then a®™ + 1 is odd so that ged(a®” +1,a®" +1) =1

if a is odd then a®” 4 1 is even so that ged(a®” +1,a%" +1) =2

36.2 Linear Conrguence

Exercise 36.2 Let p be an odd prime and r > 1. Show that there are exactly two solution (mod p") to the
congruence x? = 1(modp”). More generally, show that if ged(a,p”) = 1 then congruence x> = a(modp”) either

has no solution or has two solution mod p".

Proof: if 22 = 1(modp”) then 22 — 1 = 0(modp”) so p|(x — 1)(x + 1). Since p|p" and p is prime, it follows that
either p|(x — 1) or p|(x 4+ 1) (or both). However if it divides both factor then p divides 2 = (z + 1) — (x — 1),
which is impossible, since p is an odd prime. Hence p divides exactaly one of = + 1.

if p|(z — 1) then ged(z 4+ 1,p") =1, so from p”|(z — 1)(x + 1) we deduce that p”|(z — 1), that is, x = 1(modp").
Similarly, if p|(z + 1) then = —1(modp"). Hence the congruence z? = 1(modp”) has two solution mod p",
namely z = £1(modp").

More generally, if gcd(a,p”) = 1 and 22 = a(modp”) then ged(a, p) = 1. We need to show that if 22 = y?(modp™)
with ged(a,p) = 1 then y = +a(modp™). As before, we have p”|(z — y)(z + y), so either p|(z — y) or p|(z + y).
These cannot both occur, since otherwise p divides (z + y) + (z — y) = 2z, which is impossible. Hence either
ged(x 4+ y,p") =1 or ged(x — y,p") = 1 and therefore x = y(modp™) or x = —y(modp"). O
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36.3 Periodic Continued Fraction

Exercise 36.3 Let N be a positive integer(not square). Let p; and q; are defined as notes. From continued
fraction of VN, let S, is defined as in ’”;J Then proove for every non negative integer n we have p2_| —
Ng:_ | = (=1)"S,.

Proof:  As we know earlier that quadratic irrational o = %.Let put mg = 0 and Sy = 1 then we have
a =+ N. p; and g; are defined as p; = pj_1a; +pj—2 and g; = gj—1a; + gj—2.
Write VN = [ag, a1, ..., an—1,ay,] This is periodic continued fraction so

\/N _ nPn—1 +pn72 _ (mn + \/N)pn—l + Snpn—2

= (36.1
Andn-1+qn—2 (Mg + VN)go_1 + Sngn_2 )
Which implies
NQn—l + (annfl + SnQn—Z)\/N = (mnpnfl + Snpn72> + pnle (362)
Since V/N is irrational,
MpGn-1 + Sn@n—2 = Pn—1 and MyPr—1 + SpPn—2 = Nqn_1
By apply simple mathematics ,
Pr—1—Ngu_1 = Sn(Pn-1Gn—2 — Pn—2qn-1) (36.3)
As follows from notes that p,—1¢n—2 — Pn—2gn—1 = (—1)™ we proved that
p2_, — Ng¢>_, = (—1)"S,, Hence proved.
O

36.4 Quadratic Reciprocity
Exercise 36.4 If p is a prime and p = z* + ny?, where x,y,nZ, prove that ged(z,y) =1 and { —pn J =1.

Proof:  Let say d = ged(x,y), then d is divisor of both 2 and y, so d|x and d|y, but we have p = 22 + ny?
so d|p, but p is prime hence d is either 1 or p. if d is p then p|z ,but that is not possible,because it contradict
p > 22, so dis 1, hence ged(z,y) = 1.

Next,

x? + ny? = 0(modp) (36.4)
22 = —ny?(modp) (36.5)
Now it is clear that p couldnt devide y other wise ply = p|z, and which is not possible.
2 _ —N

Let y'y = 1(modp) , then (zy')? = —n(modp), so { | = 1.
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36.5 MultiplicativeFunction

Exercise 36.5 Let m, n € N with ged(m,n) = 1. Show that the positive divisors d of mn are precisely
the numbers of the form kl where k, | are any positive divisors of m, n respectively, and that each d can be
represented in this form in only one way.

A function f:N — N is called a multiplicative function if f(mn) = f(m)(n) whenever gcd(m,n) = 1. Let o(n)
denote the sum af all positive divisors of n, and let T7(n) denote the number of positive divisors of n. Show that
o and T are multiplicative functions.

Proof:  As ged(m,n) = 1, we can write m = p§!...p¢" and n = q{l...qgs, where p1,...,pr q1,...,qs are
distinct primes and eq,...,e., f1,..., fs > 0. By uniqueness fo prime factorisations, any positive divisord of mn

can be written uniquely as d = p1...prq1...¢qs with 0 < a; < e; for each ¢ and 0 < b; < f; for each j. Thus,
writting k = p{*...p% and [ = qll’1 ...b% we have d = kl,with k, positive divisors of m,n respectively.
Conversely if k, [ are positive divisors of m, n respectively then clearly d = kl is a positive divisors of mn. Each
d has a unique representation in this form: by the unique factorisation of d into primes, each primes factors p;,
occurring in d must be a factor of k (since p; does not divide n) and similarly each prime factor ¢; in d must
come from /.

Let by using the defination of o(n), that it demote the sum af all positive divisors of n, so.

o(mn) = Y d (36.6)
= dlg kl (36.7)
Kidin
= [Dr) (D0 (36.8)
= U(I;‘:)la(n). " (36.9)

and,

Tlmn)= > 1= Y "1= (> 1||D 1] =7(m)r(n) (36.10)

dlmn klm ln klm ln

so both ¢ and 7 are multiplicative function. a
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Chapter 37

Sai Pramod Kumar

37.1 Congruences

Exercise 37.1 (a)Suppose that m is either a power p® of a prime p > 2 or else twice an odd prime power. Prove
that, if ©2 =, 1, then either =, 1 or x =, —1.

(b)Prove that part (a) is always false if m is not of the form p® or 2p*.

(c)Prove that if m is an odd number which is divisible by r different primes, then the congruence x> =,, 1 has
2" different solutions for 0 and m.

Solution:  (a)For example, suppose that m = 2p®.Since m|(z% — 1) = (z + 1)(z — 1), we have o powers of p
appearing in both x + 1 and = — 1 together. But since p > 3, it follows that p cannot divide both = + 1 and
2 — 1(which are only 2 apart from each other), and so all the p’s must divide one of them.

If p¥|z + 1, then & =, —1. If p®|z — 1, then & =, 1. Finally, since 2|(z? — 1) it follows that z must be odd,
ile,xr=91=5 —1.

Using the property of congruences:If a =,,, b, a =, b and m and n are relatively prime, then a =,,, b, either
T =gpa 1 Or & =gpe —1.

(b)If  is not of the form p® or 2p® or 4, the other possibilities are m = 2% where a > 2 or m=p*m’ where m’' # 2
Case 1: Suppose © = m/2 + 1 where m = 2¢

2=m?/A+1+m=,,1

—zx=,land z =, —1

Butz =m/2+1 = x# 1orx # —1 which is a contradiction.

Therefore m can’t be of the form 2.

Case 2: Suppose m = p*m/, where m’ > 2 and p® || m,

Using CRT, we can find a common solution for

T =pe 1l and x =, —1

= 2% =pa land 22 =, 1

= 2?2 =pam 1 = 1

If x =, 1 = 2 =, 1 because ged(m’,p*) =1

Since x is a solution for x =,,» —1, its a contraction for x to satisfy both x =,y —1 and z =, 1

If x =, =1 = = =,« —1 again raising a contradiction

Therefore m can’t be of the form p®m’.
Hence, part (a) is always false if m is not of the form p® or 2p®.
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(¢)m = p1pa...pr where pis 1 < i < r are distinct primes
If 22 =,, 1,Vi.
Let 2 and z} be 2 solutions. Let y; be such that y? =, 1

X Epl Y1

T =p Yy
Using CRT, 22 =, y? =), | = 2% =, 1

There are r equations and x an take 2 values for each equation. So, we have 2" different sets of r equations
giving 2" different solutions.Each distinct value of = for an equation x =, y; yields a different solution because,
if 1 and x5 yield the same solution then

T1 =m T2 = T1 =p, T2 =p, ¥i = 1 and xo are not different solutions.Therefore there are 2" different
solutions.

37.2 Infinite Continued Fractions
Exercise 37.2 Prove that forn > 1,
g_ %: = (_1)”k;2 (€7L+1+ < Oaanaan—h ceey A2, 471 >)_1

Solution:

hn §n+1 hn hn— 1 hn
_ _ — n—: 1
S € kn £n+1 kn + kn—1 kn (37 )

kn(gn—&-lhn + hn—l) - hn(gn+1kn + kn—l)

— 7(hnkn71 - hn—lkn)

T kn(Ensikn 4 k1) (37.3)
= —(=)"" (hik; Bk = i1

B ki1 = hia ks = (=1)77) (37.4)

kn (£n+1kn + knfl)

Claim 37.1 k,,/kn,—1 =< an,ap_1, ..., a2,a1 >
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Proof:
nkn_1+ kn_
fnfhgy = nncithncz (37.5)
knfl
P (37.6)
= Qp+-—-—-— .
kn—l/kn—Q
1
= ap,+ T (37.7)
an—1+ kn—2/kn_3
1
= ap+ T (k—1 =0) (37.8)
Ap—1 + 1
An—2 + s E
1 ko
=< Op,Qp—1,.-., 01 >
O
Continuing from Eqn. 37.8
= (1" (37.9)
kn(£n+1kn + knfl) .
(="
= 37.10
s + b1 ) (37:10)
= (=1)"k; 2 (Epgr+ < 0,an, ap_1,...;a9,a3 >) " (37.11)
by using Claim 37.2, ky,_1/k, = k/k% =<0,an,an_1,.., 02,01 >
O

37.3 Diophantine Equations

Exercise 37.3 Let a,b and ¢ be positive integers such that ged(a,b) = 1.Assuming that clab is not an integer,
prove that the number N of solutions of ax+by = ¢ in positive integers is |c/ab| or |c/ab| + 1.Assumng furthur
that ¢/a is an integer, prove that N = |c/ab].

Solution:

We know that ax 4+ by = ¢ has solutions only if ged(a,b)|c and the solutions are of the form = = 1 + gt and
Y=y — %t where (z1, 1) is a solutions and g = gcd(a, b).

For x to be positive, t > —(g/b)x1

For y to be positive, t > —(g/a)y1

We restrict ¢ to the range —(g/b)x1 < t < (g/a)y; for solutions to be in positive integers. The smallest allowable
value for ¢ is | —(g/b)x1 + 1| and the largest value is —|—(g/a)y1 + 1]. The no.of solutions is then

N = —[=(g/a)yr +1] = [-(g/b)z1 +1] +1 (37.12)
= —([—(g/a)yr] + [—(g/b)z1 + 1]) (37.13)
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Using theorem, |z] + |y| < |z +y] < |z] + |y] + 1, where 2 and y are real numbers. we get,
—(l=(g/a)yr = (9/b)21] +1) < N < —([—(9/a)yr — (g/b)1])

Since —(g/a)yr — (9/b)z1 = —(g/(ab))(byr + az1) = —gc/(ab), we have

—[—gc/(ab)] =1 < N < —|—ge/(ab)]
We have g =1,
Case 1: if ¢/(ab) is not an integer,
—[=¢/(ab)] =1 <N < —[—¢/(ad)]
—[=¢/(ab)] = 1= |c/ab]

Therefore, the number of solutions N is |c¢/ab| or |¢/ab] + 1.

Case 2: if ¢/a is an integer,
Then a specific solution of ax 4+ by = ¢ would be 21 = ¢/a and y; = 0.

N = —([=(g/a)y1] + [=(g/b)z1 +1]) = =(|—¢/(ab)| + 1) = [(¢/(ab)]

Therefore, the number of solutions N is |¢/(ab)].

37.4 Primitive Roots

Exercise 37.4 Show that there are (p—1)/2 quadratic residues and (p—1)/2 quadratic nonresidues for an odd
prime p and find them.

Solution:

Denote quadratic residues by r, nonresidues by n.

r%p_l)m =1 and rép_l)ﬂ =1 implies that rirs is also a quadratic residue.

n(lp_l)/2 =—1and nép_l)/Q = —1 implies that nyn, is also a quadratic residue.

rP=1/2 = 1 and n»~1/2 = —1 implies that rn is a quadratic non residue.

Let g be the primitive root of an odd prime p.We have ¢®®=1/2 = —1. We can infer that all the even powers
of gi.e g2, g% g%..,gP~ !, are quadratric residues because (92)@71)/2 = g=D/2g(p=1)/2 — (_1)? Similarly,
g%, 6%, ...., g7~ can be reduced to (fl)k where k is even. Hence they are quadratic residues.

Similarly, we can claim that g', g3, ....,g?~2 can be reduced to (—l)l where [ is odd. Hence they are quadratic

non-residues.

Using the theorem that if ged(a,n) = 1 and let ai, ag, ..., ay, be the positive integers less than n and relatively
prime to n and a is a primiive root of n, then

a,a?,...,a%

are congruent modulo n to ai,az, ..., aq, in some order.

Therefore, ¢*, g%, ¢°,....,g"?~Y are equivalent to 1,2,...(p-1) in some order and there are (p-1)/2 quadratic
residues namely g2, g%, ¢%..., g?~! and (p-1)/2 nonresidues namely g, g%, ¢°, ..., g? 2.
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37.5 Quadratic Reciprocity

am+b
p

AR RERr

Solution:  There is a one-to-one mapping between m and am + b. ( For my, mo, if am; + b = ams + b =
my =p mo which is a contradiction).
Therefore

Exercise 37.5 Prove that Y " _, { J =0, assuming a #, 0.Also prove that { C;b J =

» {am—i—bJ: » {mJ
m=1 P m=1 P

We know that there are (p — 1)/2 quadratic residues and (p — 1)/2 quadratic nonresidues(shown in previous

poblem). For all quadratic residues 1, { ; = 1 and all quadratic nonresidues j, ]]) J = —1. Thus the sum is
0.
F\U.I'thU.I‘, \‘ ab J = (ab)(p_l)/2 — a(p—l)/Qb(P—l)/Q = \‘ a b and
p p p
a=pb=alP 12 = pr-1/2 — { “ J = { b J
p p
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Chapter 38

Tariq Aftab

38.1 Congruences of higher degree

Exercise 38.1 Look at the following Definition and answer the following questions:

n

Definition 3:5.1 A series Zzo:l an%n is H-entire if a,, € NT for all n. Two H-entire series series Z’:,OZO an -
and Y7 b= are said to be congruent (mod n) if a, = by(mod n)

1. Show that if f(z) and g(z) are H-entire series, then the same is true of

ren [ s s, B it 10 =0 (38.1)
2. Show that for any non-prime m > 4
(e —1)™! = 0(mod m) (38.2)
In particular show that
. R
(e —1)*=2)" m(m 4) (38.3)

3. For prime p, by using the periodicity (mod p) of the coefficients show that

Sk(p—1)

D (38.4)

=1

(e —1)P~!

Solution:
L Let f(z) = 30° yanZ; and g(z) = 3200 by 2r. We then find that
/ o . 2"
fl(z) = ;anﬂm (38.5)

/O F(t)dt = ; tnr s (38.6)

183



184

CHAPTER 38. TARIQ AFTAB

f(2)g(z) = f: En: mbn—m ( " ) Z—T (38.7)

n=0m=0
Therefore all these series are H-entire. We now prove the final series to be H-entire using induction. Suppose
m—1
f(0) =0 and f((TfL)_ are H-entire.Since f and f’ are H-entire the same is true for

il
m—1
{7512)—1)! £(2) (38.8)
Therefore it is also true for : p(pym—1 m
o =5 )

Which proves the last equation to be H-entire by induction.

By part 1 we see that (e* — 1)™~! = (m — 1)!g(2) where g(z) is H-entire, since for non-prime m > 4;
(m — 1)! = 0(mod m){let m = pq. Now if p # g as both p and ¢ < (m — 1) the result is obvious. If p = ¢
then we have the case that m = p? with p prime; if p # 2, p and 2p are both smaller than (p? — 1) which
is the result}, we find

z _ m o____ S m hz(_1ym—h _ — _1\ym—h m n ﬁ
(e —1) __hzzo(h>e (1) _g[g( 1) (h>h]n! (38.10)
{We assume 0° = 1} therefore in particular we have
z 3 _ . n n z" — n 2"
(e* — 1) —;[3—3x2 —|—3]Z:[3+3}n(mod4) (38.11)

Now we know that 32 = 1(mod 4), hence 3 + 32P*™! = 2(mod 4) and 3 + 3%P = 0(mod 4), which yields:

e 2k+1
1) =2 d4 38.12
(e? kz::l 2%k + 1)! (mod 4) (38.12)

We now apply the formula with m = p — 1; and setting
(e* —1)P Z an , (38.13)

But the formula 27! = 1(mod p) implies that a,4,—1 = an,(mod p), and the coefficients are periodic; on
the other hand, we know that (p — 1)! = —1(mod p), hence:

(F — 1Pt =P = (1) b= + ... (mod p) (38.14)
Which definitely gives us
z _ 1y l=_ ﬂ d 38.15
(ef =1 = Z[k(p_l)],(wp) (38.15)
k=1 ’
O

38.2 Divisibility

Exercise 38.2 Let F,, = 22" + 1. Show that F,, divides F,, — 2 if n < m, and from this deduce that F,, and
F,, are relatively prime if m # n. From the latter statement deduce a proof of the existence of an infinitude of
primes.
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Solution: Let k € N be such that m = n + k.Also let u = 22". We therefore have:

Foo—2 Fppp—2 2277 -1 W -1 (38.16)
F, ~ F,  24+1  u+1 ’
But we know that .
-
-1 .
“ T | (38.17)
u—+1

Which is an integer.Hence F), divides F),, —2.Now let d = gcd(F,,, F),);since d | F,, from above we have d | F;;, —2.
Also since d | F, also we have d | 2. But because both F,, and F,, are odd, d = 1, and therefore F,, and F,,, are
relatively prime. We also see that the mapping of N into the set of prime numbers which assigns to each integer
n the smallest prime factor of F;, is therefore injective, so there are indifinitely many prime numbers. 0O

38.3 Euler’s Totient Function

Exercise 38.3 We define
Ny = eXo<a logp (38.18)

With ¢ being the Euler’s Function and v(n) the number of prime factors of n, show that:

v(n) < k and @ > d)(T]\;Zk) formn < Ny, (38.19)

Solution: Let ¢ = ¢{'¢5> ... q;-” be the prime factorization of n, with ¢; < g2 < ... <g;. Then we’ll have
2<q1,3<q2,...,pi<q for1<i<j (38.20)

This implies that:
N;=23...p; <n (38.21)

Since by Hypothesis, n < N and the sequence Ny is strictly increasing, we deduce that

Jj <k —1and since v(n) = j, (38.22)
we have v(n) < k. Now _
CAGHIES o P
- il;[l@ ) (38.23)
] 1
_ .24
> E(l pi) (38.24)
T Ly _ oW
> 121(1 - )=t (38.25)

And since we have

= > 38.26
Ni—1 ( —p%c) Ng Ni, ( )
Therefore we finally have
p(n) _ ¢(Ni)
2
n > N, (38.27)
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38.4 Fibonacci Numbers

Exercise 38.4 Show that the Fibonacci Numbers (Fy)nen, where Fy = 0, Fy = 1 and forn > 0, Fio =
Fo1 + F,, is equidistributed mod 5

Solution: ~ We have mod 5: Fy = 0,F; = 1,...,Fyg = 0,F5; = 1 and therefore for n = 0 and n = 1 we
have F,, 4120 = F,. By induction one deduces from this that the sequence is periodic with period 20. It only
remains to be established by a further direct calculation that whenever n € {0,1,...,19}, F, exactly every
value mod 5 four times. More generally, F, is periodic mod 5% where (k > 1 is an integer.) with period 4.5k
and in each period it takes each value mod 5% four times, hence it is equidistributed mod 5. In addition if F),
is equidistributed mod q where ¢ > 1 an integer, q is necessarily of the form 5*. O

38.5 Tchebychev’s Theorem

Exercise 38.5 The Prime Number Theorem states that

m(z) = O(é) (38.28)

We define
v(z) = Z logp (38.29)

p<z

Show the equivalence of the Prime Number Theorem with

1. v(z) ~x

2. pp ~ nlogn (p, being the n'" prime number)

Solution:

1. We have
v(z) = Z logp < logx Z 1 = n(z)logx (38.30)

p<z p<z
Not Vd € (0,1) : v(x) > 37,5 ,<, logp

> bloga(m(z) — w(2°)) (38.31)
on(z)logr — x°loga (38.32)

Assuming the Prime Number Theorem we deduce from this that
limf@] <1land limL@J >0 (38.33)

for all 6 € (0,1). Hence we have lsz@J > 1 and therefore v(z) ~ x. Conversely if v(z) ~ x we have
using the first equation

l
r@logz | 4 (38.34)

li
im| .

from which we have

o

x° ~ m(z) and from lim[M

1
1< 5 (38.35)

Which gives us the Prime Number Theorem
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2. For each n > 1 we have 7(p,) = n. If the Prime Number Theorem is assumed, we have when n — oo

Pn
n ~ 38.36
logpn ( )
logn ~ logpy, and p,, ~ nlogp, ~ nlogn (38.37)
Let’s now assume that for all x > 2
Prz)y <2 < Pray1 (38.38)

If for infinite n we assume that p,, ~ nlogn we deduce that for infinite x the extreme terms are equivalent

to m(x)logm(x) and consequently
x ~ m(x)logr(z) (38.39)

And hence z z
~ ~N—— A ——— .4
logx ~ logm(x) and 7(x) logn(e) " Togs (38.40)
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Chapter 39

Vikas Bansal

39.1 Generalisation of Euler’s Thoerem *

Theorem 39.1 Fuler’s generalisation of Fermat’s theorem. If (a,k) = 1, then

a®™ = 1(mod m).

Theorem 39.2 Prove that a™™) =1 (mod n), where

n=p{'ps?...pim is the prime expansion of n, ged(a,n) =1 and A(n) = lem(¢ (p5), ¢ (p52), ..., ¢ (S)).

Proof: It is easy to see that ¢ (p;*) |A(n) for each i. Also from Euler’s generalisation of Fermat’s Theorem
defined above,
a(?) = 1(mod (p;*)) for each i.

A(n) A(n) — €i .
o) e get a*™ = 1(mod (pi*)) for each i.

(a/\(") - 1) for each ¢. Since p;*’s are coprime, their product also divides (a)‘(") — 1).

n | (a)‘(”) - 1)

= o™ =1(mod n).

Raising to power

= (pi")
Hence

39.2 Primes and Congruence

Example 39.1 Let p and q be primes. If p*> divides 29 — 1, then o(*4) = 1( mod p?) and moreover 2P~1 =1
(mod p?).

Proof: If p divides 29 — 1, then 29 = 1 (mod p). Let d be the algebraic order of the group 2(modulo p). Then
d divides the prime q hence it must be q itself.
Using Fermat’s little theorem, 2°~! = 1 (mod p) and d also divides (p—1). Since (p—1) is even we get, q|(p—1).

189
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Or, p = 2kq + 1 for some integer k. Hence 29 = o(5m) =1 (mod p?).
Raising to k" power we get,
p—1
272 = 1(mod p?).

Squaring this equation (modulo p?) completes the proof.
Example 39.2 Prove that n divides N =) _, n—3r(r!) iff n is a prime number.

Proof: N =1(11)4+2(2) + ...+ (n—3)[(n — 3)!]. r(r!) can be written as (r 4+ 1)! — rl.Therefore
N=@2-1)+@'-2)4+...+[n—=-2)=(n-=-3)]=n-2)!-1.
Multiplying through by n — 1 and adding n to both sides, we get
m=1)N+n=(n-1)+1.

Using Wilson’s Theorem that n is a prime iff n divides (n — 1)! + 1, from the above equation we get n is prime
iff n divides (n — 1)N. But n and n — 1 are always relatively prime, so n divides N. a

d

39.3 Diophantine Equations

Example 39.3 Ify and z are natural numbers satisfying
y® + 4y = 2%

prove that y is of the form 2k2.

Proof:  Let k% denote the greatest square which divides k and let y = nk?. Then n cannot have repeated
factors, o/w a square greater than k? would divide y.

v+ Ay = 22
gives
y(y? +4) = 2%,
nk?(y* +4) = 22,
hence

k*|2% = k2.
Let 2 = mk. Then nk?(y® +4) = 22 = n(y? + 4) = m2. Or n(y? + 4) is a perfect square. But according to
assumption, n does not have repeated factors. Thus all the factors of n must occur again in y? + 4.i.e.

nl(y* +4).

Also since y = nk?, n|n?k* + 4, and n|4. Hence n = 1,2 or 4. Since n has no repeated factors, n # 4. If n = 1,
then y? +4 = m?. But no two squares differ by 4. Hence n has to be 2 for any solutions to exist. Hence y is of
the form 2k2.
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39.4 Chinese Remainder Theorem

Example 39.4 A square free integer is an integer n which is not divisible by the square of a prime. Show that
Vk,3m such that m+1, m+2, ... m+k are all not square free.

Proof:  Choose p1,p2,...pr to be k distinct primes,for any given k. Consider the k congruences,

r = —1(mod p3).
x = —2(mod p3).
x = —3(mod p3).

r = —k(mod p}).

Using the Chinese Remainder Theorem, these congruences have common solutions. Consider any solution x.
We obtain, p3|(z + 1), p3|(z +2), ...pi|(x + k). Hence each of x + 1, z +2, ... x + k is divisible by a square of
a prime. Therefore x is the required solution.

39.5 Algebraic Number Theory (Fields)

Example 39.5 Prove that for any prime p > 2 the sum

L
13 23 33 (p—1)3

if written as a rational number a/b has the property that pla.
Theorem 39.3 7Z, is a field iff m is a prime number.

Proof:  Consider the field Z,. Since Z, is a field, each element (except 0) of Z, has a multiplicative inverse.
Therefore the term 1/a? in the field Z,, can be written as b*> where b is the multiplicative inverse of a in Z,.Hence
in the field Z, the equivalent problem is ”Prove that the sum 1%, + 2% + 3% +...+ ﬁ is the zero element
of the field”. But the inverses of the elements 1,2,3 ..., p — 1 are the same elements in some order. So the sum
1%+2%+3%+...+ﬁ can be written as 13 +22 +33+ ...+ (p—1)3 = M = a. Since p is a prime,
(p — 1)? is divisible by 4. Therefore this sum is zero in Z,, except in the case p = 2 when divisibility by 4 will
not hold.

39.6 Greatest Integer Function

Example 39.6 Let S be the set of integers given by [na] and [nB] for n = 1,2,3 ..., where [| denotes the
Greatest Integer Function. Prove that S consists of every positive integer, each appearing exactly once, if o and
B are positive irrational numbers such that é + % =1.
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Proof:  Suppose there is an integer k which does not belong to S. Hence 3 an integer n such that

CHAPTER 39. VIKAS BANSAL

na < kand (n+1)a > k+ 1.

Similarly 3 an integer m such that

mp <kand (n+1)8>k+ 1.

(39.1)

(39.2)

Using the properties of the Greatest Integer Function. Using the above inequalities 1.10 and 1.11, we get

n—+m

and (n+ 1)+ (m+1)

= (n+m)
= (k-1)

Which is a contradiction since (m + n) is an integer and it cannot lie between two consecutive integers.
Now we prove that 3 no integer which appears more than once.Suppose on the contrary this holds, i.e

<
<

k and (n+m+1)
(n+m) < k.

3k such that [na] = [mg] = k.

k kE+1 k

kE+1

= —<n<——and =-<m< ——.
(0%

o B

= k<n+m<k+1. (adding the equations from 1.17)

B

Which is a contradiction ( same as above). Hence the result holds.

> k.

(39.3)

(39.4)

(39.5)
(39.6)

(39.7)
(39.8)
(39.9)



Chapter 40

Anuj Saxena

40.1 Chinese Remainder Theorem

Exercise 40.1 (Genralization of CRT)
Let my,ma, ..., my be positive integers. Then Given integers x1,xo, ..., T,the system of congruences

x=x;(modm;) 1<i<k

has a solution iff x; = x;  (mod ged(m;, m;)) forall i # j.Moreover if solution exist it is unique (mod
lem(my,mg,...,my)).
Proof:

Suppose the solution of the system exist we have to show that z; = z; (mod ged(m;, m;)). we have,

x = z;(modmy)
and x = x;(modm;)
where 1 < 4,7 < k and ¢ # j. clearly,
x = xz;(mod ged(m;, m;))
and = = xj;(mod ged(m;,mj))

Since solution of the system exist
= x; = zj(mod ged(m;, m;))
Conversely, given z; = z; (mod ged(m;, m;)) we have to show that the solution of the system exist.

we will prove this by constructing the solution of the system using given condition.For this we will first take a
pair of congruence and reduce it into a single congruence.

Suppose we have a pair
x = x1(mod my) x = x2(mod ma)

Then x = x1 + kmy for some k.Since x = x5 (mod my), This implies

1+ kmy = x9 (mod ma)

or kmi; = x3—2x9 (modms)

193
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let d = ged(my,m2) then d | zo — 1. Thus,

—z—1
pl 27 (mod ma/d)

d  d

Since we know if ged(a,n) = d then the congruence az = b (mod n) has a solution iff d | b and solution is
unique modulo n/d, this implies that the congruence has a unique solution ¢t = ¢; (mod ms/d).Substituting
k =k +jma/din x = x1 + kmy we find = 21 + kymy + jmima/d.Hence x = 1 + kymy (mod lem(mq, m2)).

By repeating the process k — 1 times, we find the solution to a system of k congruences.

To prove uniqueness, Suppose system has two solutions x and y s.t.

x = xi(modm;) 1<i<k
and y = xzi(modm;) 1<i<k
then z —y =0 (mod m;) for 1 <4 <k, hence z =y (mod lem(my, ma, ..., myg)). O

40.2 Euler’s ¢-Function

Definition 40.1 (Generalization of Euler’s ¢-function)
Let ay,as9,...,a; be a set of arbitrary integers. Define
Y(n;a1,az,...,a;) =|{h| 1< h<n, h+a;is relative prime to n for all i, 1 <i < k} |
also denoted simply by 1p(n)
Example 40.1 For example if a; = 0,a2 = 1 for k =2 and n = 15 , then 1(15) is the number of b, 1 < h < 15

, for which h4-0 , h+1 both relative prime to 15. Since there are only three such values of h (namely h = 1,7,13),
= (15;0,1) = ¥(15) = 3.

Fact 40.1 for ay,as,...,ar =0, ¥(n) = ¢(n).

Exercise 40.2 (i) For relative prime numbers , ¢ is multiplicative function. i.e.If (m,n)=1, ¢ (mn) = P(m)y(n).

(#) If canonical form of the n is p*ps?...p¢ and if t;,1 < i < r,denotes the number of integers among
€1, €9,...,er which are incongruent modulo p;, then

Y(n) = Zﬁ(pl*tl)(pZ*tQ)-“(pr*tr)
gl gk
B (1 Pl)(l pz)”'(l pr)

Proof:
(i) Choose integers r and s such that,

r = 1(mod m), r = 0(mod n)
s = 0(mod m), s = 1(mod n)
Then as x and y ranges over the complete set of residues 1,2,...,m modulo m and 1,2, ..., n,modulo n respec-

tively , the mn numbers
z = rx + sy(mod mn)
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ranges over a complete set of residue , modulo mn.

For if |
rey+sy1 = raxg + sy2(mod mn)
=r(xy —x3) = s(y2 — sy1)(mod mn)
i.e.
r(ry —x2) = s(y2 — sy1)(mod m)
and r(zy —x3) = s(y2 — y1)(mod n)

Consequently , 1 = xo(mod m) and yo = y1(mod n) and the mn values of the z form a complete set of residue
,modulo mn.

Hence for each a; , 1 <i <k, there exist a pair of integers x; and y;, Such that
a; = rx; + sy; (mod mn)
i.e.

a; = lax;(mod m)
1.y; (mod n)

and a;
Now , we get

z+a; =r(z+x;) + sy + yi) (mod mn)

We know that z + a; is relative prime to mn iff it is relative prime to both m and n

Now, z + a; is relative prime to m iff x + x; is relative prime to m , and z + a; is relative prime to n iff y + y;
is relative prime to n.

This showes that x + a; is relative prime to m and y + a; is relative prime to n.This occurs for all i =1,2...,k
stmultaneously for all 1p(m) values of © of the set 1,2,...,m and for all ¥ (n) values of y of the set 1,2... n.

This gives ¥ (m)p(n) as the number of permissible values of z for which the z+ a1, z+aq, ...,z + ay are relative
prime to mn, which is ¥ (mn).Hence proved.

(ii) First we will show that for power of prime, i.e for n = p® and a > 1, value of Y(p®) = p*~L(p —1t) , where
t is number of distinct residues modulo p among ai,as ..., a.

Let ry,79,...,7 be the non-negative residue , modulo p of ai,as . ..,a.And arrange the number n in p® rows
each having n integers as

1 2 p—1 P
p+1 p+2 e 2p—-1 2p

P*'p+1) @*'p+2) - (*—-1) p°

Then in the first row there are p — t integers incongruent modulo p to the —ry,—ro,...,—74 s.t. h+ri,h +
To,...,h+ 1y are relative prime to p (and so relative prime to p*).

Also each number in a column headed by one of these p — t integers h would provide an h s.t. h+r;,1 <i<t,
are each relative prime to p. Thus ¥ (p®) = p*~1(p — t).
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Now ,Since 1 is multiplicative function,

Y(n) = Y(PI'py?...pe")
= PP )P(Pe?) ... p(pyr)
o —1

= pU Hpr —t)ps> e — t2) .. pS (D — tr)
n
= —(p1—t)(p2—t2)...(pr — t;)

pip2 ... Pr
t1 to t
= n1-1Ha-2)...0-2
p1 D2 Dr

40.3 General Number Theory

Definition 40.2 (Farey Sequences)
Farey sequence of order n is the increasing sequence of the irreduciable rational fractions between 0 and 1, both

inclusive, whose denominators do not exceeds n..

Example 40.2 For example , Farey sequence of order 6 is

Exercise 40.3 (i) if a1/b1 and az/bs be two consecutive terms in farey sequence,then asby — aiby = 1.
(i) if a1/b1,a2/ba and a3/bs are three consecutive terms of Farey sequence,then as/bs = (a1 + as)/(b1 + b3).
(#i7) Two consecutive term of a Farey sequence of order n , for n greater then 1,have different denominators.

(iv) Prove that the number of terms in the Farey sequence of order n is 14+ ¢(1) + ¢(2) + ...+ ¢(n), where ¢(k)
denotes Fuler’s ¢-function.

Proof:

(7) Since first two terms of any Farey sequence are 0/1 and 1/n so the result holds when n=1.Next, let n > 1.Let
a1/b1 and ag/be are terms in Farey sequence.Since the fractions in the sequence are in their lowest terms i.e.
(a1,b1) = (ag,be) = 1.This showes that there exist a solution x = 2 and y = yo of the equation

biz + (—a1)y =1
and so the general solution ,for t arbitrary integer , are x = xg + a1t and y = yo + b1t

Sice the set on integer w,n — b < w < n, form a complete set of residues, modulo b; , choose t so that
n —by < yo+ bit < n.Now since a1,b; and y are all positive integers,we have from equation bz = 1 4 ay that
x > 0. Moreover since biz = 1+ a1y < 1+ a;n,we have

<1—|—a1n< 1—|—(b1—1)n

- by - by <n

T

Hence,since (z,y) = 1,0 <n—b; <y <nand 0 < z < n this implies z/y is a term in the farey sequence of
order n.Now from bz + (—a1)y =1, we have
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and so ) b .
gy — T a1y — 0y <27 Y <y
by - b

if x/y is not the successor of ay /by,

T az _ bax —agy S 1

y b bay T bay
On the other hand,

a1 o a bty n

by b1 T biba oy by T bibay  biboy

however,
1 T ay n 1

= _ > e
by oy b—1" bibyy by

Which is a contradiction. Therefore z/y must be ag/bs and so asby — a1by = 1.
(#4) The result follows from the last result , by applying it for two terms at a time and by simple manipulation.

(#i1) Let a1 /by and ag /by be two consecutive terms of the sequence.Given n > 1, so there are atleast three terms
in the Farey sequence of order n.If a; /by is the first term, the next term will be 1/n.If ag/bs is the last term of
the sequence , a1 /by is (n —1)/n and ay /by is 1/1

Assume that by > 1. If by = by , then by > as > a1 + 1 and since a1 < as < by — 1

ai a1 a1+ 1 as
— < < < =
by by —1 by T by

Since 0 < a1/(by —1) < 1,we have a term of the sequencse between two consecutive terms of the sequence. This
is a contradiction to our assumption that b; = by

(iv) Proof followe from the facts that if a/b is an element in Farey sequence then (a,b) = 1, and for any
b(denominator) , 1 < b < n the possible a s.t a/b is an element in Farey sequence are ¢(a) exactly. O

40.4 Quadratic Residue

Exercise 40.4 (Sum of Two Squares)

Let the positive integer n = Im? , where | is not divisible by the square of a prime .Then n can be written as a
sum of two squares iff I contains no prime factor of the form 4m + 3 .

Answer For example 20 = 5.22 = 42 + 22 and 90 = 2.32.5 = 92 + 32 but 12 = 3.22 can not be written as a
sum of two squares.

Claim 40.1 If m > 1 and if k is the least integer greater than \/m , then for an integer a relative prime to m
there exist positive integers © and y , 0 < x,y <k — 1, such that either ay = x(mod m) or ay = —x (mod m)

Proof:  Consider the set S = {ay + 2|0 < 2,y < k — 1}. Note that m lies between squares of k — 1 and k i.e
(k—1)2 <m < k2. Observe that k =2form =2, k=2form =3, and k < (k—1)? when k > 3.This showes
that & < m for m > 2.
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Since the cardinality of S is k% (> m) , atleast two of them must belong to same residue class modulo m.Suppose

ayy + 1 = ays + x2(mod m)

we then have
a(yr — y2) = 22 — x1(mod m)

Since yl1 # ya(mod m) and x1 # x2(mod m) (by assumption) , set © =| o — 1 | and y =| y1 — y2 | where
1 <,y <k — 1.Then we have solutions x and y of either ay =  (mod m) when y; — y» and xz2 — 1 have sign

or ay = —z (mod m) when y; — y2 and x2 — z1 have opposite signs.
Claim 40.2 The product of two sum of two squares is sum of two squares.

Proof:  Proof is direct from the identity

P+ @) (r* +5°) = (pr +qs)* + (ps — qr)”

Corollary 40.1 If each my,mo...,mg ,Vk > 2 , is a sum of two squares ,then mq.ms
two squares.

Claim 40.3 Every prime m of the form 4k + 1 can be written as a sum of two squares.

Proof:  Since -1 is a quadratic residue of m = 4k + 1(?),
a® +1 = 0(modm)

is solvable.By claim 0.1 there exist positive integer x and y , each less than /m , s.t.
ay = tx(modm)

Now ,
a*y? +y* = 0(modm) = 2 + y* = 0(modm)

Hence
2 2 _
r° +y° =mn

where n > 1. But , since 22 + 3% < 2m, p = 2 + 2.
Now we will prove the main result by usying these three claims-

Since
2 { 0(mod4) when w is even

w= 1(mod4) when w is odd

0O

...my 1s also a sum of

This implies for any = and y , 22 + y? # 3 (mod 4). Hence , no prime of the form 4m + 3 can be written as a
sum of two squares.Moreover every prime not of the form 4m +3 can be written as the sum of the two squares,

since 2 = 12 + 12,

=

Suppose that n = Im? is a sum of two squares , we have to show that [ can not have a prime factor of the form

4m + 3.

This is obvious for I = 1 and [ = 2. Take I > 3 . Let n = Im? = a? + b?, where ab # 0,
dbO7 (CL07 bO) =1

d = (a,b),a = dag,b =
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Ifd>1,let d=q"dy where r > 1 and (d1,q) = 1.Since d* | n , ¢ | m and m = ¢*m;y, where (my,q) = 1.If
r > s, then 2r > 2s 4 2. Since the highest power of q deviding Im? is not greater than 2s + 1, 2r < 2s 4 1.This
is a contradiction. Hence , since d? | n and r < s, we see that d? | m%.say m? = d>m3.This showes , since

a? +bv?
lmg =3 = ag + b?

we have a2 + b2 = 0(modl). Next, let p be an odd prime factor of . Since (ag, by) = 1,(agbg,p) = 1.Let c satisfy
the congruence agc = 1(modp).Then, since a2 + b2 = 0(modp),

(apc)? + (boc)? = 0(modp) = (boc)? = —1(modp)
Now since -1 is quadratic residue of p, p must be of the form 4m + 1.
=
now we will show that ,when [ contains no square of a prime and no prime factor of the form 4m +3 , n = Im?
casel : when | =1, we have n = m? + 02

case2 : when [ > 1 , let [ = pips...px be canonical decomposition of [.Each of these prime is either 2 or
of the form 4m + 1 and so a sum of two squares. Hence from claim0.2, [ is a sum of two squares , say
I = p? + ¢*.Therefore

n=Im? = (pm)* + (qgm)*

Fact 40.2 The Diophantine equation n = x> + y? is solvable in integers iff n has the property stated above.

40.5 Sylow Theorem

Theorem 40.3 If p is a prime and p® || O(G) then G has a subgroup of order p* , called Sylow p-subgroup G
or just Sylow subgroup.

Exercise 40.5 Using Sylow Theorem prove that,

(i) If a prime p divides the order of a finite group G (= p*m, (p,m) = 1), then G contain an element of the
order p.

(it) using part (i), prove that there are exactly two isomorphism classes of groups of order 6.

Proof: (i) From Sylows theorem, let H be a subgroup of order p® and let x be an elemet of H s.t. x # 1(identity).
Since we know that the order of a elenllent divides the order of the groups , this implies that x divides p® so it
is p” for some r, 0 < r < a.Then 2’ has order p.

(#4) According to claim(i) a group of order 6 must contain an element of order 3 and an element of order 2.Let
x be an element of order 3 and y be an element of order 2 in G s.t.

G={2'y’ |0<i<20<j<1}

form a distinct element of group.For if 2?7 = 2Py this implies 2P = y9=7 . Every power of x except the identity
has order 3, and every power of y except the identity has order 2.Thus 2P = 97 = 1, which shows that p =i
and ¢ = j.Since G has order 6, the six element 1, z, z2,y, zy, z%y run through the whole group.In particular, yx
must be one of them.



200 CHAPTER 40. ANUJ SAXENA

clearly yx # y because this will imply that z = 1, also y # 1, x, 22 for similer reasons.Therefore,
either yxr=axy or yzr=azy

holds in G.Either of these relations , together with 23 = 1 and y? = 1 form the multiplication table for the
group.Therefore there are atmost two isomorphism classes of order 6. O



