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0 Revision
Lecture 1:

Let D C R be a domain (e.g. interval or all of R). 10/01/11

Definition 0.1. Let f : D — R.

(a) f is continuous at a € D if

Ve>030 >0V €D, |[x—a|<d:|f(x)— fla)] <e.

(b) f is continuous if [ is continuous at all a € D.

(c) f(x) tends to the limit L € R as x tends to a € D, lim f(x) = L, if

Ve>030 >0VeeD, 0< |z —al<d:|f(zx)—L|<e.

Remark. We use the short-hand notation lim f(x) = f(a) to indicate that both
(a) lim f(x) = L exists and (b) f(a) = L.

Theorem 0.2. Let f: D — R. f is continuous at a € D if and only if ilil(ll f(z) =
f(a).
Proof. Let f:D — R.
“=" Let f be continuous at a € D. Then
Ve>030 >0V €D, |[x—a|<d:|f(x)— fla)] <e.
If we set L = f(a), then it follows that we can write
Ve>030>0VeeD, 0< |z —a|<d:|f(z)—L|<e.
But this implies 91613(11 f(z) =1L, so }:11)1(11 f(z) = f(a) as needed.
“<" Let ilirlll f(z) = f(a). Then
Ve>030>0VeeD, 0< |z —a|<é:|f(z)— fla)| <ce.
Additionally, for x = a, we have |f(a) — f(x)] = 0 < ¢, so that
Ve>030 >0Ve €D, |[x—a|<d:|f(x)— fla)] <e.

This implies that f is continuous at a € D.
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Remark. If f is continuous, we are allowed to “exchange” lim and f, i.e.

lim f(z) = f (hm :L‘> :

T—a T—a
In other words, it does not matter whether we evaluate the function first and then

take the limit or whether we first take the limit and then evaluate the function.

Theorem 0.3. If f : D — R is continuous at a € D and b = f(a) # 0 then
f(z) # 0 nearby, i.e.

30 >0VeeD, |[x—a| <d: f(x)#0.
Proof. f is continuous at a, and b = f(a), so that
Ve>030>0VeeD, 0< |z —al <d:|f(x)—bl<e.
Now pick € = |b| so that |f(z) — b| < |b|. Then
[b] > [f(x) = 0] = |[f ()] = [b]] = [b] = [f(2)]

or, equivalently, |f(x)| > 0.

Therefore, by choosing ¢ as we did, we have shown

A6 >0Vx €D, |z —al <d: f(x)#0.

[
Reminder. Use the triangle inequality |z 4+ y| < |z| + |y| (A) to show
[z =yl = [lz] = [yll -
Proof. We need to show both (a) |z —y| > |z| — |y| and (b) |z —y| > |y| — |=]|.
(a) is equivalent to |z| < |z — y| + |y|, and
7] =z —y) Tyl < |z —y[+[y] by (A).
(b) is equivalent to |y| < | — y| + ||, and
yl =y —2) + 2] < |y —z[+|z[ Dby (D).
[



1 Differentiation
Lecture 2:

Let D C R be a domain without isolated points (to allow limits at all points of D). 13/01/11
Definition 1.1. Let f : D — R.

(a) f is differentiable at a € D if the limit

o) -t L@ = 1)

Tr—a Tr — Qa

exists. f'(a) is the derivative of f at a.

(b) f is differentiable if f is differentiable at all a € D. The function f': D — R
given by x — f'(x) is the derivative of f.

Remark. Geometric interpretation: the difference quotient

f(b) — fla)
b—a

is the slope of the secant line through the points (a, f(a)) and (b, f(b)), and the limit
f'(a) is the slope of the tangent line at (a, f(a)) of the graph of f.

bfw)

tangent

/
\__ﬁﬂa,f(a))

X



Examples.

1) f:R — R,z 22 is differentiable at every a € R:

We have
_ 2 9
@)= f0) -
r—a r—a
and
limM:lim(:ﬁ—i—a):%L.
r—a €T —a r—a

The derivative is [/ : R — R, z — 2.

2) f:R— R,z |z|is not differentiable at a = 0:

We have
fla) = f(0) o )1 =<0
z-0 t 1 x>0
and lin% M does not exist.
T— xr —

If a # 0 then, by Theorem 0.3, x and a have the same sign when z is close to

a, so that for a > 0

lim = lim =1,
T—a r—a r—a L — Q
and for a < 0
i L@ = fla) _ —rha_
z—a T —a z—a T — @
so that )
1 x>0
f'(z) = { undefined z =0
-1 r<0.
.
xsin— x#0
3) frR—=R, z+— x is differentiable at a = 0:
0 z=0

This is unclear from the graph of f, as f “wobbles” near zero.



-0.05-

Plotting the derivative doesn’t help much, either:

y=f{x)
y
~G.35 05
nl
We have
f) - 10) 1
X — X

and noting that

1
Sln—‘ < 1, we have
x

) 1
lim z sin —

= lim
x—0 €x 0

r—

1
xsin—‘ <lim |z| =0
€T z—0

1
and therefore f/(0) = lir%xsin —=0.
r— €T



Lecture 3:

Lemma 1.2. f: D — R is differentiable at a if and only if there exist s,t € R and 14/01/11

r: D — R such that
(1) f(z) =s+t(x —a)+r(z)(x —a) for allz € D, and

(2) limr(xz) = 0.

Remark. These properties say that f(z) can be approximated by a linear function

y = s+ t(x —a) for x close to a.

Proof. “=" Let f be differentiable at a. We define r : D — R by
f(z) = fla)

r(z) = z—a

0 Tr=a

—f'(a) z#a

For x # a it follows that

f@) = fla) + f(a)(z —a) +r(z)(x —a) .

For x = a, this identity holds as well, as it reduces to f(a) = f(a). Therefore
(1) holds with s = f(a) and t = f'(a). To show (2) we compute

limr(z) = f'(a) — f'(a) =0.

r—a

“<” Inserting = a into (1) gives f(a) = s, so that (1) gives

f(x) = f(a) +t(z —a) +r(z)(x - a),

and therefore

f(x)—f(a) :t+T(I‘) )
T—a
Now (2) implies that the limit
limM =t+limr(z)=t
T—a xx—a T—a

exists.



Remark. If f(z) = s+t(z—a)+r(z)(x—a) with lim r(x) = 0, then f is differentiable
at a with s = f(a) and t = f’(a). The equation of the tangent at a of the graph of

f is therefore
y=fla)+ f'(a)(z —a).
Theorem 1.3. If f : D — R s differentiable at a € D then f is continuous at a.
Proof. By Lemma 1.2,
flx)=s+t(x—a)+r(z)(x—a)
with lim r(z) = 0. Therefore lim f(z) = s = f(a). O

r—a r—a

Remark. f: R — R, z — |z| is continuous at 0 but not differentiable. The

converse of Theorem 1.3 is therefore not true.

Theorem 1.4. Let f,g : D — R be differentiable at a € D and let ¢ € R. Then
f+gqg,cf, fg, and /g (if g(a) # 0) are differentiable at a. We have

(¢) (f+9)=f+7.
(b) (cf) =cf’,
(c) (fg) = f'g+ fqg' (product rule), and
(d) (f/9) = (f'9—f9g)/9* (quotient rule).
Proof. (a) This is casy.
(b) This is a special case of (c¢) with the constant function g(z) = c.

(c) Write

Tr —a r—a r—a

f(@)ole) — f@)g(a) _ fx) = fla) L oo@) —ola)

As f and g are differentiable at a and g is continuous at a by Theorem 1.3,

(f9)'(a) = f'(a)g(a) + f(a)g'(a) .



(d) By Theorem 1.3, g is continuous at a. g(a) # 0, therefore g(z) # 0 nearby, i.e.
>0VeeD, |[x—a|<d:g(x)#0.

Therefore f(z)/g(x) is defined near a, and

fz) _ fla)
o@) gla) 1 (f@-f@ ()~ gla)
= g (e 02
The limit as © — a exists on the right-hand-side, and therefore
AV L
(1) 0=t @t - s

Example. Show that

(l)’__i’.
i)

(a) Use the quotient rule with constant function 1 in numerator:

(l)'ILl'f’:_L'

f 12 2
(b) Use the product rule with g = 1/f, so that fg = 1, and differentiate this:
/ /
0=(f9)=fg+1fg and therefore g = _% = _% '

Remark. All the derivatives from Calculus we shall assume as known. This is not
cheating, as we can prove every single one in principle. Lecture 4:

Theorem 1.5 (Chain Rule). let f : D — R be differentiable at a € D, and let 17/01/11

g: f(D) — R be differentiable at b = f(a). Then go f : D — R is differentiable at
a and

(go f)(a) =4 (f(a))f (a).
Remark. To get an idea for the formula, let us write

gof(x)—gofla) gof(x)—gofla) flx)—f(a)
r—a f(x) = f(a) r—a

It looks like we can easily take the limit of x — a on the right-hand side. However,

the problem is that f(x) — f(a) might be zero for z # a, and we need to be more

careful because of this.



Proof. By Lemma 1.2 we have
(1) f(z) = f(a) + f'(a)(z — a) + r(z)(z — a), and
(2) g(y) = g(b) + ¢'(b)(y — b) + s(y)(y — b)

with lim 7(z) = 0 and lim s(y) = 0. Define s(b) = 0 so that s is continuous at b.

T—a y—b

Let y = f(z) to get

go f(x) —g(b) =(g'(b) + s(f(2))) (f(x) —b)
=(9'(b) + 5(f () (f'(a) + () (x — a)
=g'(0)f'(a)(z — a) + t(z)(z — a) ,

where t(z) = s(f(z))f'(a) + ¢'(b)r(z) + s(f(z))r(x). Then

lim #(z) = lim (s(f(2))f"(a) + ¢'(0)r(x) + 5(f(z))r(z))

= lim s(F(2))'(0) + g (0) lin () + lim s((2) lim ()

Now lim r(z) = 0, and also lim s(f(z)) = 0 (for the latter we crucially need that s

r—a r—a

is continuous at b), so that

limt(z) =0.

T—a

Thus g o f is differentiable at a with (go f)'(a) = ¢'(b)f'(a) = ¢'(f(a))f'(a). O

10



2 The Mean Value Theorem

Theorem 2.1. If a function f : [a,b] — R has a mazimum (or minimum) at

c € (a,b) and is differentiable at c, then f'(c) = 0.

Proof. If f has a minumum at ¢ then —f has a maximum at ¢, so it suffices to
consider the case of f having a maximum at c. By assumption f is differentiable at

¢, SO

J— e — i L@ =)

T—C r —cC

exists. Restricting to the one-sided limits, we have furthermore

d = lim M <0
r—ct Tr —C
and
d = lim M >0 .
r—C™ xr —C
Therefore d = 0. O

Theorem 2.2 (Rolle). Let f : [a,b] — R be continuous on [a,b] and differentiable
n (a,b). If f(a) = f(b) = 0 then there exists a ¢ € (a,b) such that f'(c) = 0.

M —_—— e —

11



Proof. We consider three cases:
(1) f(z) =0 for all z € (a,b). Then f'(x) =0 for all x € (a,b).

(2) f(z) > 0 for some = € (a,b). Then f is maximal at some ¢ € [a,b] and
fle) > f(x) > 0. As f(a) = f(b) =0, ¢ must be different from a or b, so f is

maximal at some ¢ € (a,b). By Theorem 2.1 it follows that f'(c) =0

(2) f(x) < 0 for some =z € (a,b). Then f is minimal at some ¢ € [a,b] and
fle) < f(z) <0. As f(a) = f(b) = 0, ¢ must be different from a or b, so f is
minimal at some ¢ € (a,b). By Theorem 2.1 it follows that f'(c) = 0.

Lecture 5:

20/01/11
Theorem 2.3 (Mean Value Theorem). Let f : [a,b] — R be continuous on [a, b

and differentiable on (a,b). Then there exists a ¢ € (a,b) such that

f(b) = fla)

o) = Ho =

P

&

Proof. The equation of the straight line through the points (a, f(a)) and (b, f(b)) is

v= 1t + 10D gy

12



Taking the difference between y = f(x) and this equation, we define the auxiliary

function

) = 1) — fo) - PO =T gy

By construction, h is continuous on [a, b] and differentiable on (a,b). Moreover
h(a) =0 and h(b) =0,

so that Rolle’s Theorem applies: there exists a ¢ € (a, b) such that h'(¢) = 0. Now

h/(SL‘) _ fl(il,’) . f(bl)) : CJ;(CL)
so that A'(c) = 0 implies f'(c) = J) = /@) as claimed. O

b—a
Remark. Geometric interpretation: there exists a tangent to the graph of f which
is parallel to the secant line through (a, f(a)) and (b, f(b)).

We continue with some applications of the Mean Value Theorem.
Theorem 2.4. Let f : [a,b] — R be continuous on [a,b] and differentiable on (a,b).

(a) If f'(x) > 0 for all x € (a,b), then f is strictly increasing on [a,b], i.e. 1 < Ty

implies f(x1) < f(x2).

(b) If f'(x) <0 for allx € (a,b), then f is strictly decreasing on [a,b], i.e. x1 < X9

implies f(x1) > f(x2).

Proof. (a) Let xy,x9 € [a,b] with z; < x9. Applying the Mean Value Theorem to

f on [x1, 5], we have that there exists a ¢ € (xy, z5) with

f(x2) — f(z1)

To — 1

=f(¢)>0.
Therefore f(z2) — f(z1) > 0.

(b) Replace f by —f and repeat.

13



3
x
Example. Find intervals on which f: R —- R, z 3 x is strictly increasing or

strictly decreasing.

11
Y 5 y=fx)
S N E
X
—0.5‘_
1]

As f'(z) = 2> — 1, f'(z) < 0 on (—1,1) and f'(z) > 0 on (—o0,—1) U (1,00).
Therefore f is strictly decreasing on [—1, 1] and strictly increasing on (—oo, —1] and

[1,00).

Theorem 2.5. Let f : [a,b] — R be continuous on [a,b] and differentiable on (a,b).
If f'(x) =0 for all x € (a,b), then f is constant on [a,b], i.e. f(x) = f(a) for all
x € [a,b].

Proof. Let x € (a,b] and apply the Mean Value Theorem to f on [a, x]: there exists

a ¢ € (a,x) such that o) = /) = f'(¢) = 0. Therefore f(z) = f(a). O
r—a
Lecture 6:
We conclude this section with presenting an Intermediate Value Theorem for 21/01/11

differentiable functions. First recall the Intermediate Value Theorem for continuous

functions.

Theorem (Intermediate Value Theorem). Let f : [a,b] — R be continuous and

fla) < s < f(b). Then there exists a ¢ € (a,b) such that f(c) = s.

The following theorem looks very similar.

14



Theorem 2.6. Let f : [a,b] — R be differentiable and f'(a) < s < f'(b). Then

there ezists a ¢ € (a,b) such that f'(c) = s.

Remark. This shows that the derivative of differentiable functions satisfies the
intermediate value property. Note that the derivative doesn’t have to be continuous,

so this is different from the Intermediate Value Theorem for continuous functions.

Proof. Consider the case s = 0 first. We need to show that there exists a ¢ € (a, b)
such that f’(c) =0:

f(b)=>0

I

[(@)<0
L .
I
I
|
al

r
I
l
C

As f is differentiable on [a,b], f is continuous on [a,b] and therefore attains its
minimum on [a,b]. f'(a) < 0 implies that there exists an ¢’ > a with (f(a’) —
f(a))/(a' — a) < 0, thus there exists an o' > a with f(a’) < f(a). Similarly, as
f'(b) > 0, there exists a ' < b with f(V') < f(b). Therefore the minimum is not
attained at the endpoints a or b, but at some point in (a,b). As f is differentiable
at ¢ € (a,b), f'(c) =0 by Theorem 2.1. This concludes the proof for s = 0.

Now consider the general case of s # 0. We can reduce this to the case s = 0
by considering the function g(z) = f(x) — sz. g is differentiable on [a,b] and
g (z) = f'(x) — s implies ¢'(a) = f'(a) —s < 0 and ¢'(b) = f'(b) — s > 0. Therefore,

¢'(¢) = 0 for some ¢ € (a,b). This implies f'(c) = s.

15



3 The Exponential Function

Definition 3.1. A differentiable function f: R — R with (a) f'(z) = f(x) for all
x €R, and (b) f(0) =1 is called exponential function.

[e'e) ZL’n

Remark. We will show later that f(z) = }_ — satisfies this definition. For now,
n=0 T

we shall assume existence of such a function.

In items (A) to (J) we shall collect properties of an exponential function.

(A) f(z)f(—z) =1
Proof. Differentiate h(x) = f(z)f(—x):

W(x) = f'(x) f(=z) + f(2) f'(-2)(-1) = 0,

and by Theorem 2.5, h is constant and h(0) = f(0)f(0) = 1, so h(x) = 1. ]
Lecture 7:

(B) f(z) #0 for all z € R. 24/01/11

Proof. 1f f(x) = 0 for some x € R then 0 = f(z)f(—x) = 1, a contradiction. O

(C) Let g : R — R be differentiable and ¢’ = g. Then there exists a ¢ € R such
that g = cf.

Proof. Consider h(z) = g(z)/f(z). By (B), h is defined on R and differentiable with

g'(x)f(x) — g(x)f'(x)
f(x)?

Therefore h is constant, h(x) = ¢, and g(z) = cf(x). O

B (z) = =0.

(D) Definition 3.1 determines f uniquely.

Proof. Assume g satisfies Definition 3.1. Then (C) implies g = c¢f. As g(0) =1 =
f(0), we have ¢ =1, s0 g = f. O

Now that we have shown uniqueness, we will write f(x) = exp(z) for the function

f defined by Definition 3.1.

16



Theorem 3.2. For all a,b € R, exp(a + b) = exp(a) exp(d).

Proof. Consider g(z) = exp(a+x). Then ¢'(z) = exp(a+x) = g(x), so exp(a+z) =
cexp(x) by (C). Letting x = 0, we find exp(a) = ¢, so that exp(a + b) = cexp(b) =
exp(a) exp(b).

n

Corollary. For a € R and n € N, exp(na) = (exp(a))".

Proof. We use mathematical induction in n: For n = 1, we have

exp(la) = exp(a) = (exp(a))" .

Next, assuming that we have shown that exp(na) = (exp(a))” for some n € N, we

deduce that

exp((n + 1)a) = exp(na) exp(a) = (exp(a))" exp(a) = (exp(a))™ .

(E) exp(z) > 0 for all z € R.

Proof. The function exp is differentiable, therefore continuous. By (B), exp(z) # 0
for all z € R, and exp(0) = 1 > 0. Assume now that (E) is false, i.e. there exists
an x € R for which exp(z) < 0. By the Intermediate Value Theorem it follows that

there exists a ¢ € R such that exp(c) = 0, a contradiction. ]
(F) exp is strictly increasing.

Proof. exp’(xz) = exp(z) > 0, and the claim follows from Theorem 2.4. O

Theorem 3.3. For all z € R, exp(z) > z.

Proof. © < 0: exp(z) > 0> x.
x=0: exp(x) =1>0.
x > 0: By the Mean Value Theorem applied to [0, z], there exists a ¢ € (0, x) such

that
exp(x) — exp(0)
x—0
Moreover, exp(c) > exp(0) = 1 by (F). Therefore exp(z) — 1 = zexp(c) > x, and

= exp(c) .

thus exp(z) >z + 1 > z. O

17



(G) exp(R) =R" (={z €R: z>0}).
Proof. (E) implies that exp(R) C R*. We need to show that also R* C exp(R), i.e.
Ve > 03z € R, exp(z) =c.

Case 1: ¢ > 1.

We have exp(0) = 1 < ¢ < exp(c). By the Intermediate Value Theorem applied to

[0, ], there exists an z € (0, ¢) such that exp(z) = c.

Case 2: 0 <ec< L.

Now 1/c¢ > 1 and as in Case 1 we can deduce that there exists an x € (0,1/¢) such

that exp(x) = 1/c. As exp(z)exp(—z) = 1, we have exp(—z) = c. O
(H) exp(1l) = e, where e = lim (1 + %)”

n—oo

Proof. Recall the Bernoulli inequality: (14 )™ > 1+ na for all z > —1 and for all

HEN().

n—oo

1 n
1) Show that lim <1 + —> exists:
n

1 n
(a) a, = (1 + —) is increasing;:
n

Using
1 1 n—1 n 1

1-—— 1 = — 14+ =

( nQ)( +n—1) n n-—1 Ta
it follows that

1+1 ' 1 LY 1+ 1 '

an: —_ = —_ —

n n? n—1

1 1 1 n—1 1 n—1

>l1——=)(14+—— )1+ =1+ = Qp—1 ,
n n—1 n—1 n—1

1\" 1
where we have used the estimate (1 — —2> > 1 — — which follows from
n n

the Bernoulli inequality.

18



1 n+1
(b) b, = (1 + —) is decreasing:
n

From the Bernoulli inequality it follows that

LI L PR
n2—1) — n?—17— n

Therefore
1\" 1
bn:(1+—) (1+-)
n n
< 1+1 ' 1 1 ”_ 1+ L n—b
- n n2—1, n—1) b

(¢) Each b, is an upper bound for the sequence (a,) and each a,, is a lower

bound for the sequence (b,). Therefore the limits lim a, and lim b,

n—oo n—oo
exist. We find

1
lim b, = lim <an <1 + —)) = lim a, .
n—00 n—00 n n—00

1 n 1 n+1
an:(1+—) Sexp(l)g(l—i——) =b, :
n n

The Mean Value Theorem for exp on [0,1/n]| implies that there exists a ¢ €

2) Show that

(0,1/n) such that
exp(1/n) — exp(0)
1/n—0

so that exp(1/n) =1+ exp(c)/n. As 1 < exp(c) < exp(1l/n), we deduce that

1 1 1 1
1+ —<exp|—) <14+ —exp|—]) .
n n n n

This implies firstly that

(141 < (e (1)) oot

Secondly, (1 — 1/n)exp(1/n) < 1, so that exp(1/n) < n/(n — 1) for n > 2.

= exp(c)

Shifting n by one, we deduce that exp(1/(n+1)) < (n+1)/n=1+1/n, so

(1 + %)nﬂ > (exp (ﬁ))nﬂ —exp(l) .

19
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Lecture 9:

28/01/11
Corollary. exp(n) = e" forn € Z.

Proof. n € N: exp(n) = (exp(1))" = e™.
n=0: exp(0) =1 = €.
—n € N: exp(—n) = (exp(n)) ' =e". O

We also have (exp(n/m))™ = exp(n) = €", so that exp(n/m) = e*™. Sum-

marising we have proved the following result.
Theorem 3.4. (1) exp is strictly increasing,
(2) exp(R) = R*, and

(3) exp(z) = e for all x € Q.

20



4 Inverse Functions

Definition 4.1. Let f : D — R, and let £ = f(D) be the image of f. Then f is
wnvertible if there exists g : £ — R such that

go f(zr)=x forallz € D and fog(x) =z for allx € £.
g 1s an nverse of f.

Properties of the inverse:

1) The inverse is uniquely defined.

Proof. Let £ = f(D) and ¢1,¢92 : £ — R be inverses of f. Let y € £. There exists
an x € D with y = f(z) and

gi(y) =gi1o f(z) =2 =go0 f(z) = g2(y) ,
S0 g1 = g2. L
As the inverse is uniquely defined, we can write g = 1.
2) If f is invertible, then f~! is invertible as well, and (f~!)~! = f.

3) The graphs of f and f~! are mirror images with respect to the straight line

Y=

Proof. Graph(f) = {(z, f(x)) : # € D} and Graph(f~") = {(y, f7'(y)) : y € €} =
{(f(x),f o f(x):2eD}={(f(x),z): x € D} is its mirror image. O
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Example.

f Ry —R flz) =2® f(Ry) =Ry
f7URE — R f N z) =V FHRY) =Ry
2'_ ) o
v
y=x Ve

il rd

1.5 P
1 e *__,.»-"'r
] p. -

y 1 7 y=ix
_ PP
| .,/’f///
05 " 4

i V. /
dofe it
I 7
¥ -

0 L L |
0 0.5 1 1.5 2

X
Lecture 10:
31/01/11

Theorem 4.2. f: D — R is invertible if and only if it is injective (one-to-one).

Proof. “=” Let f be invertible and f(z1) = f(x2). Then z; = f~1o f(z) =
fo fws) = 2.

“<” Let f be injective and let £ = f(D). Then for each y € & there is a unique
x € D such that y = f(z). Define g : £ — R via g(y) = x. Then

go f(r) =g(y) =2 V€D and

fogly)=flx)=y Vye&.
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Corollary. If f : D — R is strictly increasing (or decreasing) then f is invertible.
Proof.

11 < xy = fla1) < fla2) o
implies z1 # xo = f(x1) # f(z2).
T > 22 = f(21) > f(z1)

Example. exp : R — R is strictly increasing, therefore invertible.

27 X //
r=k
rd
//
¥ i /" y=n(x)
s
v L
e e
4 "
_I _I /0 j_ﬂ 1
2 | y 1 2
el /[ *
P /
4 -1+ i
e f
4 /
e
/ {
7 241
exp(R) = R* exp ' =log: Rt - R.

Let I be an interval (a,b € I, a <c<b=cel). If f: I — R is continuous

then f(/) is an interval (by the Intermediate Value Theorem).

Theorem 4.3. Let f : [a,b] — R be continuous and injective. Then f attains its

minimum and maximum at a or b.

Proof. Without loss of generality, let f(a) < f(b). f is continuous, therefore f

attains its maximum at ¢ € [a, b)].
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If ¢ < b then f(a) < f(b) < f(c) and by the Intermediate Value Theorem
there exists a d € [a,c] such that f(d) = f(b). Now d < ¢ < b implies d # b,
a contradiction to injectivity. Thus ¢ = b and f is maximal at b. An analogous

argument shows that f is minimal at a. O]

Theorem 4.4. Let I be an interval and f : I — R be continuous and injective.

Then f is strictly increasing or decreasing.

Proof. (1) Consider I = [a, b] and assume without loss of generality that f(a) < f(b).
Let x,y € I with x < y. Then, by Theorem 4.3, f attains its maximum in b and
therefore f(x) < f(b). Restricted to the interval [x,b], the minimum of f is attained
at x, and thus f(z) < f(y). As f is injective, in fact f(z) < f(y).
(2) Consider now an arbitrary interval I. f is continuous and injective when re-
stricted to any closed and bounded interval [a,b] C I, therefore by (1) it is strictly
increasing or decreasing on [a, b].

Now pick u,v € I with u < v and assume without loss of generality that f(u) <
f(v). Let x,y € I with < y, and choose a closed interval [a,b] C I containing

x,y,u,v. f is strictly increasing or decreasing on [a, b], so f(z) < f(y). O
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Examples.

x z € (0,1]
1) f:(0,2) =R, f(z) = :
3—z z€(1,2)

27

1.5

0.5

f is injective, but not strictly increasing or decreasing (it is not continuous).

T z e (0,1)
2) 1:(0,1)U(1,2) > R, f(z) = .
3—x z€(1,2)

1.5

0.5

f is injective, continuous, but not strictly increasing or decreasing ((0,1)U(1, 2)

is not an interval).
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Theorem 4.5. Let I be an interval and f : I — R be continuous and injective.

Then f=1: f(I) — R is continuous.

Proof. Theorem 4.4 inplies that f is strictly increasing or decreasing. Consider the
case of strictly increasing f. Let a € I. Then b = f(a) € f(I), and we need to show
that f~! is continuous at b:

Fixe > 0. If y = f(z) € f(I) satisfies f(a—¢) <y < f(a+¢) thena—e <z <
a—+e.

Choose now

0 :=min{f(a+¢e)—b,b— fla—¢e)}.

Then |y — b| < 6 implies [z — a| < &, so f~' is continuous at b. O

26
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Theorem 4.6. Let I be an interval and f : I — R be continuous and injective. Let

f be differentiable at a € I and b = f(a).
(a) If f'(a) =0 then f~' is not differentiable at b.

(b) If f'(a) # 0 then f~' is differentiable at b and

—1v B 1 B 1
U0 = 5y = 7))

Proof. (a) Let f'(a) = 0 and assume f~! is differentiable at b = f(a). Then

differentiating z = f~1(f(x)) gives a contradiction:
L= (f1)(f(a))f(a)=0.

(b) Let f'(a) # 0. Define the difference quotient
-1 -1 b
Aly) = S ) - ()

- fory #6b.
We need to show that (f~1)(b) = lin% A(y) exists. Define now
y—)
f@-s@
B(z) = r—a
f'(a) r=a.

Note that lim B(z) = f'(a) = B(a), so B is continuous at a, and therefore

r—a

continuous on /.

f~1 is continuous on f(I), and so B o f~! is also continuous on f(I). We

compute

Y
b.
Bofiy AT w-1"0 "7
f'(a) y=>.
Therefore Bo f~!(y) = 1/A(y) for y # b and

: 1 -1 gl
i{f}]m:Bof (b) = f'(a)

so (f71)(b) exists and equals 1/ f(a).
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Examples.

1)

Consider f: R — R, x + 23. f is differentiable, and f’(x) = 3z%. Moreover,
f(R) =R (and f is continuous by Theorem 1.3).

f'> 0 on (—00,0) and on (0,00), so by Theorem 2.4 f is strictly increasing
on both (—o0, 0] and [0, c0), hence on all of R.

By the corollary to Theorem 4.2, f is invertible. (The inverse f~!: R — R it
is given by z — 2/3).
From Theorem 4.5 it follows that f~! is continuous.

From Theorem 4.6 it follows that f~! is not differentiable at z = 0, and
differentiable for all x # 0 with derivative

_1v B 1 B 1 B 1
VO = 5w T swrp T

Consider f : R — R, z — exp(z). f(R) = R*, f is differentiable, and
f(x) = exp(z) > 0.
Therefore f~! : RT™ — R, z + log(x) is differentiable, and

1 1

(f” )'(@Zm—x-

General powers, exponentials, and logarithms

For a € R and b € RT, we define

b* = exp(alog(b)) .

We have 2 = exp(alog(z)) for a € R and = € R, and differentiating using the

chain rule gives

a—1

(x%) = exp(alog(m))% = ax

We have b* = exp(zlog(b)) for b € RT and x € R, and differentiating using the

chain rule gives

(b") = exp(xlog (b)) log(b) = log(b)b" .

28
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For a € RT and b € R* \ {1} we define

_ log(a)
lOgb(a> - lOg(b) :

log x

—— we find that for x € R*
log b

Considering the function log, : Rt — R, z +—

ploer®) — exp (log(b) 11(;?((;)) = exp(log(z)) =«

and that for x € R

log, (b¥) = @ log(exp(log(b)z)) =

so that log, is the inverse of the function x — b*.

1
——log(b)z =

Example.
The function f : Rt — R, 2 +— 2% is differentiable, and

f'(x) = (") = (exp(xlog(x)))" = exp(zlog z) <log(:v) + %) = (14 logx)z® .

1.57

et
4
1

| [ —— — — — —

1.5

=
42
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5 Higher Order Derivatives

Theorem 5.1 (Second Mean Value Theorem). Let f, g : [a,b] — R be continuous

on [a,b] and differentiable on (a,b). Then there exists a ¢ € (a,b) such that

g (©)(f(0) = f(a)) = f'(c)(g(b) — g(a)) .

Proof. Consider the auxiliary function h : [a,b] — R given by

W) = f(x)(g9(b) = g(a)) — g(x)(f(b) = f(a)) .

h is continuous on [a,b] and differentiable on (a,b). By the Mean Value Theorem

there exists a ¢ € (a,b) such that

and inserting the definition of h, we find

f'(e)(g(b) — g(a)) — g'(c)(f(b) — f(a))

[y

Remark. For g(z) = x, this reduces to the Mean Value Theorem.
If the derivative of a function f : D — R is again differentiable, we can consider

the second derivative f” = (f’)’. We generalise this to higher order derivatives.

Definition 5.2. Let f : D — R be n times differentiable at a € D for some n € Ny.
We call f™ the n-th derivative of f. It is given by

fO%) = f(a) and f*Ya) = (f®)Y(a) for0<k<n.

We say a function is n times continuously differentiable at a € D if f™ is continuous

at a.

Remark. Conventionally, n-th derivatives are denoted by repeating dashes, i.e.

f _ f(O) 7 f/ _ f(l) : f// _ f(2) : f/// _ f(3) , f//// _ f(4) ’

but this becomes cumbersome for large n.
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Example. Forn € N/ let f: R — R, z — |z|z".

(a) If n > 1 then f'(z) = (n+ 1)|z|a" 1
Consider three cases:
0> 0 fx) =2, fia) =
z <0 f(z) = —a"", f'(x

) =
o (0 f<> ~J0)

(n+1)z"
—(n+1)z"

= lim |z|z"~! =0

z—>0 z—0

k—1
(b) For 0 <k <n, fB(z) = (H (n+1-— z)) x|z *
i=0
Use mathematical induction in k:

k=0:

fO ) = (H(n +1-— z)) |z]a" = |z]a™ .

i=0
k— k+1: For k < n,

fED(2) = (F9) () = ( (n+1—1d) ) (|lzfa"7*)
= (ﬁ(n +1—4) | (n4+1—k)|z|z"*!

= (H(n +1—14) | |z|z"*

So f is precisely n times differentiable.

Theorem 5.3 (Taylor’s Theorem). Let f : [a,z] — R be n times continuously differ-
entiable (i.e. ) exists and is continuous) on |a,x] and (n+ 1) times differentiable

on (a,x). Then there exists a ¢ € (a,x) such that

f'(a f"(a 2 JS™(a S (e il
f(z) = fla)+ 1<! >(a:—a)—i— 2(! )(:c—a) +...+ n'( ) mTf))(x a)

Remark. A similar statement holds for < a (replace [a, z] by [z,a] and (a,z) by

(x,a)).

(x—a)"+

Proof. Let
F(t):ft)+fll(.>(x—t)+%(!ﬂ(m—t)2+...+f(:!(t)(a:—t)”
O,
s,y
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Then F is continuous on [a, z] and differentiable on (a,z), and

(k) n k)
F’(t) :Z f o (t) ($ —t)k _ Z (i _(I’;'(x _ t)kfl

Applying Theorem 5.1 to F(t) and g(t) = (x — )" on [a, x] shows that there exists
a c € (a,x) such that F'(c)(g(x) —g(a)) = ¢'(c)(F(x) — F(a)). As F(x) = f(z) and
g(x) =0, we find that

(n+1) (o
PO (0 (= ay™) = ~(n 4 Do — 0 (f(@) ~ F(a)
so that -_
f n+1 (C) 1
f(@) = Fla) + 0y e — a)

Remark. We call

") (g
L) =3 oy

k
k=0
the n-th degree Taylor polynomial of f at a and

B f(n+1)(c>
" (1)

(z — a)" !

the Lagrange form of the remainder term. The equation

f(z) = Tha(z) + Ra

is also called Taylor’s formula, and

o
Ejfkf%x_@k

k

o0
=0

is called the Taylor series of f at a.
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Examples. Lecture 14:

10/02/11
1) Estimate e = exp(1) using Taylor’s formula:

For f(x) = exp(z), we have f*)(z) = exp(z), and thus

and
exp(c)
(n+1)!

Taylor’s Theorem applied to f = exp on [0, 1] says that there exists a ¢ € (0,1)

R, =

such that

B exp(c
e =exll Zk‘ cEat

Using that exp(c) < exp(1) < (1 + 1/1)? = 4, we find

n+1

ZH<€<Z/€1

Evaluating this chain of inequalities for n = 10 gives the bounds

2.718281826 < e < 2.718281901 .

Moreover, as

1 - 4
€ — 0 )
k| (n+1)
we find
=y i
k=0
oo ok
2) Show that exp(x) = > o for all x € R:

k=0
Taylor’s Theorem applied to f = exp on [0, z] for z > 0, or on [z, 0] for z < 0,

says that there exists a ¢ with |¢| < |z| such that

exp(c) 41
x
(n+1)!

lexp(z) = Too(2)] = |Bn| =

n

x
Now lim — =0, so that R,, — 0 as n — oo.
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= (1)
3) Show that log(z) = > .
=1

For f(x) = log(x), we have f'(z) = 1/x, f"(z) = —1/2%, f" =2/23,.... From

(z— 1Dk for 1 <a <2

this we conjecture that for k > 1

(=D*(k —1)!

O ) =

holds and prove this via mathematical induction (this is a standard argument

which we omit here). We choose a =1 and get

n (k) no k-1
L) = W = 3 B ey

k=1

and

AR o1 (D" (z =1\
n_(n+1)!(x_1>+_n+1( c ) '

Taylor’s Theorem applied to f = log on [1,z] for 1 < x < 2 says that there
exists a ¢ with ¢ € (1,z) C (1,2) such that

1 n+1

1 —Tn =R, < ——
log(z) — Toa(o)| = |Rul < ——

r—1

C

—1
NowO<zx—1<landl<c<ax<2,s0that x

< 1. Therefore R,, — 0

Cc
as n — OoQ.

(It can be shown that this result holds not only for 1 < z < 2but for 0 < z < 2,

or, equivalently, for |z — 1| < 1.)

We return now to our discussion of the exponential function.

0 M

I = —.

(1) expla) = 5 &
Proof. From Example 2) above. O

(J) lim z™exp(—z) =0 for all n € Ny.

Tr—00

xn—l—l

Proof. From (I) it follows that exp(x) > i for z >0 and n € Ny. Therefore

(n+1)

1)!
0 < z"exp(—x) < (n+1) :
T
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and, taking the limit of x — o0,

1!
0 < lim 2" exp(—z) < lim (nt D! =

Tr—00 T— 00 T

0.

Lecture 15:
11/02/11
Theorem 5.4. Let f : R — R be given by

fe) = exp(—1/x) x>0,
0 z<0.

Then

f(k)(x) _ Py(1/z)exp(=1/z) x>0,

0 <0,

where Py 1s a polynomial of degree at most 2k.
Corollary. The n-th degree Taylor polynomial of f at zero is T, (x) = 0.

Remark. While the Taylor polynomial can be a good approximation to a function,
it need not be. In this case all Taylor polynomials are zero, so f(x) = R,, and the
remainder does not get small.

When looking for the cause of this, one finds that close to zero the derivatives
of f become arbitrarily large. From the Lagrange form of the remainder we know

that for each n € N there exists a ¢, € (0, x) such that

T
n!

exp(—1/2) = Ry
This implies that for = fixed,
f™(c,) = &exp(—l/x) — 00 asmn — oQ.
:LuTL

In other words, no matter how close z is to zero, there exists a sequence (¢,) with

cn € (0,2) such that lim f™(c,) = co.
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Proof (Theorem 5.4). We use mathematical induction in k. In the case k = 0 we
only need to choose Fy(1/x) = 1. For the inductive step from k to k + 1, we need

to compute the derivative of

£0)(z) = P(1/z)exp(=1/z) = >0,
0 r<0.

For x < 0 we find f*+)(z) = 0, and for > 0 we compute

fE (@) =Pi(1/2)(=1/2®) exp(~1/2) + Pi(1/) exp(~1/z)(1/2?)
=(1/2%) (Pi(1/x) — Pi(1/x)) exp(—1/z)

=Ppp1(1/x) exp(—1/z) ,

where Py, 1(t) = t*(P.(t) — P.(t)) is a polynomial of degree at most 2k + 2. For

x = 0 we compute the left and right limits of the difference quotient separately. We
fW(x) — f(0)

have lim =0 and find
z—0~ z—0
() - fW0)
tim IO i (12 B f0) exp(-1/2)
:tlim tPy(t)exp(—t) =0
by (J). This concludes the inductive step. O

Theorem 5.5 (L’Hospital’s Rule). Let f,g: D — R be differentiable for |x —a| < e

and let ¢'(x) #0 for 0 < |z —a| < ¢. [fﬂlciirif(x) = ill)ng(x) =0 and Zf}}fﬁ g’/Ei))
f(z)

exists, then lim ——= exists and
Tr—a g(l‘)

f(z)

: _ o (@)
2 ) A )

Proof. We first show that g(z) # 0 for 0 < |z — a| < . By assumption g(a) = 0. If
g(b) = 0 for some b with 0 < |z — b| < ¢, then we apply Rolle’s Theorem to g and
find that there exists a ¢ between a and b such that ¢’(c) = 0, but this contradicts

the assumption that ¢'(z) # 0 for 0 < |z —a| < e.
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Next, by the Second Mean Value Theorem applied to f and g, there exists a ¢

between a and x such that

g (©)(f(z) = f(a)) = f'(c)(g(x) — g(a)) .
By assumption f(a) = g(a) =0, and as g(z) # 0 as well as ¢'(c) # 0, we can write
@) 1O

glx)  g'(c)

Finally, when © — a then necessarily ¢ — a, so that

lim @ = lim 1) .
v=a g(x)  e=ag'(c)

Lecture 16:
Examples. 14/02/11

1) Apply 'Hospital’s rule:

y V1+2r -1+ y 1/V1+2r—1/2/1+4 =z . 1 1
111 = 11m = _—_ = =,
x—0 x x—0 1 2 2

2) Apply 'Hospital’s rule twice:

lim exp(z) — 1 —x  lim exp(z) =1 . exp(z) 1 ‘
z—0 2 z—0 2x z—0 2 2

The rule also holds if f(z), g(x) — oc:

3)
(Ia]) = tim 280D _ ) Ve

o[ = timy 5 = i 2

lim |z|* = lirr(l)exp(:v log(|z|)) = exp(lirr(l)xlog(\x])) =exp(0) =1.

z—0
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6 Definition of the Riemann Integral

Let I = [a,b] for a < b be an interval. Given
a=20 <11 <Ty<...<Xp_1<x,=>0,

we call

P ={zxg,x1,29,...,Tp_1,%n}

a partition of I. We denote the set of all partitions of I by P.

We denote I; = [x;_1,%;] and Az; = x; — x4 for i = 1,2,...,n. A partition is
called equidistant, if all I; have equal length Ax;.

P; is called a refinement of P, if P, C P,. Two partitions P, and P, have a common
refinement, for example P = P, U P, is such a refinement. The notion of refinement
defines a partial order on P.

o(P) = max{Az; : ¢ = 1,2,...,n} is called the mesh of P. P, C P, implies

o(Py) > o(P,), i.e. arefinement has a smaller mesh.

Examples.
b— b— b—
1) P = {a,a+—a,a+2 a,...,a—i—n ¢ :b} is an equidistant parti-
n n n
. . b—a
tion of [a, b] with o(P) = .
n
1 2 2 12
2) P, = {O,%,%,...,ﬁ} is a refinement of P, = {O’E’E"“’%}' o(Py) =
1 1 1 2 n+1
— < P) = —. Note that P;3 = <0 i t
2n o(P) n ove Mt s {7n+1’n+1’ ,n+1}1sno &

refinement of P;.

Definition 6.1. Let f : [a,b] — R be bounded and P = {xg,x1,...,2,} be a
partition of |a,b]. We define the upper sum of f with respect to P

=1

and the lower sum of f with respect to P

i=1
where M; = sup{f(z) : x € I;} and m; = inf{f(z) : z € I;}.
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Remark: Geometrically, if f is positive then the area A between the z-axis and

the graph of f(z) from a to b should satisfy

L(f,P)<A<U(f,P).
Lecture 17:

Example. 17/02/11
Given f : [-2,1] — R, z — 2? — z, consider the partition P = {-2,—1,1}.
Then I} = [-2,—1] and I, = [—1,1]. We find (and make sure you understand why!)

and this together with Az; = 1 and Axzy = 2 implies

U(f,P)=6-1+2-2=10,

L(f,P)=2-1+(—1/4)-2=3/2.

Theorem 6.2. Let f : [a,b] — R be bounded. If P is a refinement of the partition
P, then

(1) U(f, P) <U(f, P1), and
(2) L(f, P2) > L(f, P).
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Proof. Let P, = {zg,x1,...,2,} and Py = P, U{y}. If ;1 <y < z; then

M’ =sup{f(z):x € [r;_1,y]} < M,; and

M" =sup{f(z) :x € [y, z;]} < M, .
Therefore M;Ax; = M;(y —x;—1) + Mi(z; —y) > M'(y — x;—1) + M"(z; — y), so that

7=1
J#i

> Z MAz;+ M'(y — xi—1) + M"(z; — y)
=1
2

:U<f7 P2) .

Now let P, be an arbitrary refinement of P;. Then P; is obtained from P; by adding

a finite number of points y;, creating a chain of partitions

PP=0QnCQC...CQ =1

and

A similar argument leads to L(f, P,) > L(f, P1). O

Corollary. Let Py, P, be partitions of [a,b]. Then
L(f, ) <U(f, P) -
Proof. Let P = P, U P, be a common refinement of P, and P,. Then
L(f, P1) < L(f, P) SU(f, P) SU(f, P») .
O

Corollary. {U(f,P) : P € P} is bounded below and {L(f,P) : P € P} is bounded

above.
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Definition 6.3. Let f : [a,b] — R be bounded. We call

/* f(x)dz =mf{U(f,P): PP}

the upper integral of f and

b
/ f(z)dx = sup{L(f,P): P € P}
the lower integral of f.

Remark. Clearly,

/a*bf(xmxz /*:f(w)dw-

Definition 6.4. A bounded function f : [a,b] — R is Riemann integrable if the

upper and lower integral of f agree. The quantity

/abf(x)da::/a*bf(x)dmz/*:f(az)da:

is called the Riemann integral of f over [a,b].

Lecture 18:

Theorem 6.5. Let f : [a,b] — R be bounded. f is Riemann integrable if and only 18/02/11

if
Ve>03P eP:U(f,P)— L(f,P)<ce.

Proof. “=" Let f be Riemann integrable and
A=sup{L(f,P): PeP}=mt{U(f,P): P P}.
Then for a given € > 0 there exist P, P, € P such that
€ €
A—§<L(f,P1) and U(f,P2)<A+§
For P = P, U P, we have

U(f,P)—L(f,P)gU(f,Pz)—L(f,P1)<A+§— (A—%) —c.
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“<” If for any € > 0 there is a P € P such that
U(fap)_L(fvp) <€

then . .
/ f(zv)dx—/ fl@)de <U(f,P)— L(f,P) <e.

As € > 0 can be arbitrarily small,

/a*bf(x)dx=/*zf(x)dx,

so f is Riemann integrable.

Examples.

1) Let f:[a,b] — R, x — ¢ be the constant function.

For P = {zg,x1,...,2,} we find m; = M; = ¢ and thus
U(f,P) :ZMiAxi:cZAxi =c(b—a)
i=1 i=1

and
L(f,P)= ZmZAmi = cZAmi =c(b—a).
i=1 i=1

Therefore f is Riemann integrable with

/abf(x)dx—c(b—a).

1 z€Q,

0 z¢Q.
For P = {zg,x1,...,2,} we find m; =0 and M; = 1 and thus

2) Let f:a,b] = R, 2 —

U(f,P)= iMZA% = iAmi =((b—-a)
i=1 i=1

and
i=1

Therefore f is not Riemann integrable.
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0 z€l0,1),
3) Let f:]0,2] = R, z—

1 zell,2].

My=my =0, My=1, me=0, Msg=mg=1,
and thus

U(f,P)=0-(x1 —0)+1-(xo—x1)+1-(2—x9)
and

L(f,P)=0-(x1—0)+0-(zg —z1)+1-(2—1m9),
so that

U(f,P)—L(f,P):$2—I1<€.

Therefore f is Riemann integrable with

/Ozf(m)d:pzl.
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Theorem 6.6. Every increasing or decreasing function f : [a,b] — R is Riemann

integrable.

Proof. Assume without loss of generality that f is increasing. Then f(a) < f(z) <

f(b) for z € [a,b], so f is bounded.
Let € > 0. Choose a partition P with a mesh

£
< .
~ fb) = fla) +1
As f is increasing, M; = f(z;) and m; = f(z;_1), so that

a(P)

n n

U(f> P) - L(f7 P) = Z(Mz - mi)Aﬂfi = Z(f(%) - f(iUi—l))Afl?i

i=1 i=1

< Z(f(%) = f(zi1))o(P) = (f(b) = f(a)o(P)

<O ~ M5 =@ <

By Theorem 6.5, f is Riemann integrable.

Definition 6.7. A function f : D — R is uniformly continuous if

Ve>030 >0Vee DV eD, |[x—c| <d:|f(x)— fle)|<e.

Remark. This means that ¢ is chosen independently of ¢. The statement that a

function f : D — R is merely continuous is equivalent to

VeeDVe>030>0Ve €D, |[x—c|<d:|f(x)— flo)| <e.

Note how the statement “Vc € D” has moved places. Clearly a uniformly continuous

function is continuous, but a continuous function need not be uniformly continuous.

Example.

f:R — R, z — 2% is continuous, but not uniformly continuous:

To show this, assume that f is uniformly continuous. Then for € = 1, say, there
exists a § > 0 such that [z —¢| < d = |22 —?| <e=1forall z,c € R. As 4 is

independent of ¢, this should be true for all ¢, for example if ¢ = 1/§. But then, for

x=c+9/2, we find |[x — | =9/2 < § and
2% — | = |(c+6/2)* — | = |ed + 62 /4] =1+ 6% /4> 1
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which is a contradiction.

This example works because the domain is not closed and bounded. Continuous
functions on closed and bounded domains are in fact uniformly continuous. We shall
see below that this is an important ingredient in proving Riemann integrability of

continuous functions.
Theorem 6.8. Let f : [a,b] — R be continuous. Then f is uniformly continuous.

Proof. Suppose f is continuous on [a, b] but not uniformly continuous. Then

Je>0¥6>0FceDIreD, |[x—c| <d:|f(z)— flc) > €.

So there exists € > 0 such that for 6 = 1/n there exist ¢,, z, € D with
|z, — | <& but |f(z,) — flen)] > €.

Now (and this is the key step!) using Bolzano-Weierstra8, (¢,,) contains a convergent

subsequence. Therefore there exist (n,),en such that

(a) lim ¢, = d for some d € [a, ],

r—00

(b) lim z,, =d (as |x,, —d| < |z, — cn|+ |cn, —d|), and

r—00

(¢) lim f(ca,) = f(d) and lim f(z,,) = f(d).

r—00 r—00

But by assumption for all n, |f(z,) — f(c,)| > €, which is a contradiction. O

Theorem 6.9. Every continuous function f : [a,b] — R is Riemann integrable.
Lecture 20:

Proof. By Theorem 6.8, f is uniformly continuous on [a, b], so that 03/03/11

€

Ve > 030 > 0Ve,d €a,b], c—d|<d:|f(c)— f()] < .

Now choose a partition P with ¢(P) < 6. Then on each interval I;, f assumes its

minimum m; at some ¢; and its maximum M; at some ¢}, so that m; = f(¢;) and
M; = f(c). As |¢; — | < o(P) <6,

3

Mi_mi:|f(c,')_f(ci|<b_a‘

2
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Therefore

n

U(f,P) = L(f,P) = (M; — m;)Ax; < < imi —c.

; b—a 4
=0

By Theorem 6.5, f is Riemann integrable. m
Examples.

1) f:]a,b] = R, f(z) =ua:

f is increasing, therefore Riemann integrable. To compute the Riemann inte-

gral, choose

P,={a,a+ A;a+2A,...,a+nA =b}

b— h—
where A = - . The mesh of the partition is given by o(P,) = A = - e
We find
m;=a+ (i—1)A, and M, =a+1iA.
Therefore
L(f, P) =) (a+(i=1)A)A
i=1
-1
=anA + %A2
1 1
=a(b— —(b—a)Y(1——].
(b =)+ 50 (1)
Therefore

’ 1 v a?
/ f(z)dx = lim L(f,Pn):a(b—a)+§(b_a)225_5‘

n—oo

As we already know that f is Riemann integrable, we now conclude that

b b b2 2
/a f(x)dx:/*af(x)dmza—%.

If we didn’t know that f was Riemann integrable, a computation of the upper

sums shows that
1 9 1
U(f,Pn) :a(b—a)+§(b—a) 1+ﬁ .
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1

Just as we should, we find that U(f, P,)—L(f, P,) = (b—a)*~ — 0 asn — oo,
n

and that

2) f:[lL,a] >R, f(z) =1/
f is decreasing, therefore Riemann integrable. To compute the Riemann inte-

gral, choose

Po={1=¢"¢"¢....¢" =a}
where ¢ = /a. We find

Avi=q —q¢7 =(¢g—1)q™",

so that the mesh of the partition is given by o(P,) = (¢ — 1)¢"'. We find

1
m;=—, and M;=—.
q q

Therefore

3

L(f, P,) = (q— 1)qi71

(q—1)=n(1—$):n(1—;a) .

R

<.
Il
—

.

|

=1

Therefore

/af(x) dx = lim L(f,P,) = lim n (1 —a /")

1 n—oo n—oo

=t (1 - (st

lim 1 — exp(—tlog(a))
t—0 t
log(a) exp(—tlog(a))
1

= log(a) .

=lim
t—0

As we already know that f is Riemann integrable, we now conclude that

/j f(z)de = /1 () dz = log(a) .
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If we didn’t know that f was Riemann integrable, a computation of the upper

sums shows that

U(f7 Pn) :n<q_ 1) :

Just as we should, we find that U(f, P,) — L(f, P,) = n(q — 1)*/q — 0 as

n — oo, and that

/1 " F@) dr = log(a) = / 1 (o) dz .

48



7 Properties of the Riemann Integral

Theorem 7.1. Let f : [a,b] — R be Riemann integrable. If [c,d] C [a,b] then f is

Riemann integrable on |c, d].

Proof. Let € > 0. Then there exists a partition P of [a,b] such that U(f,P) —
L(f,P) <e. If we let

/
P :Pu{cad}:{x07x17"'7xk:Caxkﬁ-l?"'?xk‘-l-?”:daxk+r+1a"'7$n}

then
U(f,P") = L(f,P) <U(f,P)— L(f,P) <e
. Now let
P" ={xk, xpa1, o Thor} -
This is a partition of [c, d] with

k+r

U(fv P”) - L(fv PU) = Z (Mz - mz)sz

i=k+1

< Xn:(Mz —m;)Ax;

=1

:U(fvpl) _L(faP,) <é€
Thus f is Riemann integrable on [c, d]. O

Theorem 7.2. Let f : [a,b] — R be Riemann integrable on [a,c| and [c,b] where

a <c<b. Then f is Riemann integrable on [a,b] and

/f o= [ fo dx+/f

Proof. Let e > 0 and let P; and P, be partitions of [a, c] and [c, b], respectively, with

U(f,Pl) —L(f, Pl) < andU(f,Pg) (f PQ)

€
2

DN ™

Then P = P, U P, is a partition of [a, b] with

Ulf,P)—L(f,P)=U(f,P)+U(f, ) — L(f,P) — L(f, ) <¢
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and hence f is Riemann integrable on [a,b]. Moreover, as

L@Pﬂs/U@MxSWﬁa>am LR < [ fa)ds <UL P

we have
P < [ fw)des [ fe)de < 0P).

Clearly we also have

b
meg/me§Umm,

and taking differences leads to

LGP - < [ f@des [ fe)de— [ fa)de <UL P) - L01P)

or, equivalently,

liﬂ@dw+1fﬂ@dm—[fﬂ@dx

Therefore. we have shown that for all e > 0

l%@m+l%@m—43mw

cf(x)dm—+ bj(x)dxzz bj(x)dm.
[ e [ swan= |

Remark. Because of Theorem 7.2 it makes sense to define for a > b

/abf(x)dx:—/baf(q:)dx.

Then, if f is Riemann integrable on a closed and bounded interval I, and a,b,c € I,

l?@m+[ﬂ@mzfﬂ@m.

<é€

so that

we have
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Theorem 7.3. Let f,g: [a,b] — R be bounded and P be a partition of [a,b]. Then
(a) U(f+g,P)<U(f,P)+Ulg, P), and
(b) L(f +g,P) > L(f, P) + L(g, P).

Proof. For a subinterval I; of the partition P, we write M;(h) = sup{h(z) : = € I}
and m;(h) = inf{h(x) : = € [;}.

(a) On a subinterval [; of the partition P we have

M;(f + g) =sup{f(x) + g(x) : v € [;}

<sup{f(x):z € L} +sup{g(x) : x € I,} = M;(f) + M;(g) .

Thus
UU+9J3=§;NMf+wA%
< iMi(f)Axi + iMi(g)Axi =U(f,P)+U(g,P).
(b) Similarly,

Mf+gJ3:§:mdf+mA%
> Zmi(f)A:vi + Zmi(g)Azi =L(f,P)+ L(g,P) .

=1

Lecture 22:

07/03/11
Theorem 7.4. Let f,g: [a,b] — R be Riemann integrable and ¢ € R. Then f + g

and cf are Riemann integrable, and

Avm+ﬂ@@=fﬂ@m+fﬂmmam

bcf(a:) dx =c bf(a:) dx .
/ /
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Proof.  (a) Let € > 0. Then there exist partitions P, and P, of [a, b] such that

and U(g,P,) — L(g, P2) <

DO | M

U(f, ) — L(f, 7) <

DN ™

Let P = P, UP,. Then

U(f.P)— L(f,P) <U(f, P1) = L(f, P1) <

U(ga P) - L(g7p) SU(97P2) _L(g>P2)

l\JIm L\:>|m

By Theorem 7.3 it follows that

U(f+9,P)=L(f+9.P)<U(f,P)+Ulg,P) = L(f,P) = L(9, P) < ¢,
so f + g is Riemann integrable on [a, b].

We proceed now as in the proof of Theorem 7.2. As

P) < /bf(w)dx <U(f,P) and L(g,P)< /bg(x) dx < U(g, P)
we have

L(f,P)+ L(g, P /f da:—l—/ g(x)dx <U(f,P)+U(g,P) .

Clearly we also have

L(f,P)+ L(g,P) < L(f+¢9,P) < | f(z)+g(z)dz

<U(f+g,P)<U(f,P)+Ulg, P),
and taking differences leads to

@@+[@@m—lv@+m@m

Therefore we have shown that for all e > 0

[+ s@a- [ @i [ o
/abf(x) +g(z)dzx = /abf(x)dx+/abg($)dx.

22

<e,

so that



(b) This is an exercise. The key step is to show that
U(Cf,P) —L(Cf,P) < |C’(U(f,P) —L(f,P)) :
]

Theorem 7.5. Let f : [a,b] — R be Riemann integrable. If g : [a,b] — R differs

from f at finitely many points then g is also Riemann integrable, and

/abg(x)dx:/abf(x)dx.

Proof. For ¢ € [a, b], define
1 z=c,

Xe(T) =
0 x#c.

If g differs from f at {c1,cq,...,c,}, then
g(@) = f(x) + > (g(c:) = fe))Xe () ,
i=1

and it suffices to show that x.(z) is Riemann integrable with ff Xe(z) dz = 0. We
shall show this by choosing suitable partitions.
If a < ¢ < b, choose P = {a,x1,x9,b} with a < 21 < x9 <band x9 — 27 <e. It
follows that
0=L(xe, P) < U(xe, P) <.

If ¢ = a, choose P = {a,x1,b} with a < 21 < b and z; — a < €. It follows that
0= L(xs,P) <U(xa,P) < €.

If ¢ = b, choose P = {a,x,b} with a < z; < b and b — z; < e. It follows that
0=L(xP)<UlwP)<ce.

Thus, for all € > 0 there exists a partition P with U(x., P)—L(x., P) < . Therefore
Xe is Riemann integrable. As L(y., P) = 0 for any partition P,

/abxc(m)dxzo.
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Lecture 23:

10/03/11
Theorem 7.6. Let f,g : [a,b] — R be Riemann integrable. If f(z) < g(x) for all

j{bf(x)dx < jibg(x)dx.

Proof. As g(x) — f(z) > 0, we find

x € [a,b] then

o< tlg- Py < [ o)~ s = [ g~ [ s
Il

Theorem 7.7. If f : [a,b] — R is Riemann integrable, then |f| is Riemann inte-

/abf(x)dx

Proof. For a partition P of [a,b], we define

grable, and

< [y,

M; = sup{f(x) : z € L.}, M} = sup{|f(a)| : 2 € I} ,

m; = inf{f(z):z € L;}, m; = inf{|f(z)| : z € L} .

Starting with
L @) = 1f W < |f(z) — f(y)

we can show (exercise problem) that

Therefore

n

U(Ifl,P) - L(f|, P) :Z<M: —m}) Az

As f is Riemann integrable, it follows that |f| is Riemann integrable. Furthermore,

—[f(@0)] < fz) < |f(2)]

o4



implies by Theorem 7.6 that

_/ab,f(x)\dxg/abf(x)dxg/ab|f(x)|d:c.
[l

Theorem 7.8. If f : [a,b] — R is Riemann integrable then f* is Riemann integrable.

Proof. As f is bounded on [a, b], there exists an M € R such that |f(x)| < M for

all = € [a,b]. Given a partition P of [a,b], we have

M;(f?) = (Mi(If1))* and mi(f*) = (mi(|£]))* -

Therefore

Mi(f2) = mi(f?) = (Mi(LF]) +ma(|F D) ML) = ma([£1) < 2M (Mi(1 f[) = ma((f])) -

Thus
U(f* P)— L(f* P) <2M(U(|f|, P) = L(f], P)) ,

and hence f? is Riemann integrable. O

Remark. The above proof shows also that

[ @< @i

Theorem 7.9. If f,g : [a,b] — R are Riemann integrable then fg is Riemann

integrable.

Proof. We write

((f(2) + 9(2))* = (f(x) — g(x))*) -

el B

f(x)g(x) =

Now f+ g and f — g are Riemann integrable by Theorem 7.4, and thus (f + ¢)? and

(f — g)? are Riemann integrable by Theorem 7.8. By Theorem 7.4 it follows that
1

fg= 1 ((f +9)? = (f — g)?) is Riemann integrable. O
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8 The Fundamental Theorem of Calculus . "
ecture 24:

Definition 8.1. Let I be an interval and let f : I — R. A differentiable function 11/03/11
F: 1 — R is called an antiderivative of f if F'(x) = f(x) for all x € 1.

Theorem 8.2. If F' and G are antiderivatives of f, then G = F +c¢ for some ¢ € R.
Also, F' + ¢ is an antiderivative of f for all ¢ € R.

Proof. (G—F) =G —F' = f—f=0,s0G—Fisconstant. Also (F+c¢) =F = f
for all c € R. [

Theorem 8.3 (The Fundamental Theorem of Calculus). Let f : [a,b] — R be

Riemann-integrable. If F' is an antiderivative of f then

/f@mx_mm—me

Proof. Let P be a partition of [a,b]. Applying the Mean Value Theorem to F on I;,

there exists a ¢; € (z;_1, ;) such that
F(z;) — F(zi1) = F/(Ci)(ffi —xi1) = f(e)Az;

As
=inf{f(z):z € L;} < f(e;) <sup{f(z):x € ;} =M,,
it follows that

L(f,P) <Z F(xzi)) < U(f, P).

/f )da < F(b /f

and as [ is Riemann integrable, it follows that

b
/ flx)dx = F(b) — F(a) .

Example. An antiderivative of f(z) = 1/x is F(z) = log(z), as F'(z) = f(z). We

Therefore

O

use this to compute

2 Jog(a)|? = log(a) — log(1) = log(a) -

1

For further examples, see Calculus I.
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Theorem 8.4. Let f : [a,b] — R be Riemann integrable and define F' : [a,b] — R
by
t
F(t) :/ f(z)dx .
Then

(a) F is continuous on [a,b].
(b) If f is continuous at ¢ € |a,b] then F is differentiable at ¢ and F'(c) = f(c).

Proof. (a) f is Riemann integrable, hence bounded, i.e. there exists an M € R
such that |f(z)| < M for all x € [a, b].

Given t,ty € [a,b], we have

/atf(x) dx—/atof(x)dx /t:f(a:)dx

If |t —to| <0 = % then |F(t) — F(to)| < ¢, implying continuity of F'.

|F'(t) = F(to)| =

< Mt —tol .

(b) Let f be continuous at ¢, i.e. Ve > 0 35 > 0 Vo € [a,b], |z — ] < 0 :
|f(z) — f(c)] <e. Hence, if 0 < |t — ¢|] < ¢ then

F(t) — F(c) —f(c)‘ _ [ fx)de— [ f(c)da < L 1f(x) = f(c)|dx .
t—c t—c t—c
Thus F'(c) = 11_1)11 w exists and F'(c) = f(c).
Lecture 25:
Example. Let f:[—1,1] — R be given by 14/03/11
0 ze[-1,0],
fx) =
1 ze€(0,1].
Then
’ 0 tel-1,0],
F(t) = [ fa)ds -
-t t te(0,1].

The function F' is continuous on [—1, 1] and differentiable on [—1,0) U (0, 1], but not
differentiable at ¢ = 0.
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Corollary. Every continuous function f : [a,b] — R has an antiderivative.
Proof. By Theorem 8.4, F(t) = f(: f(t)dt is an antiderivative of f. O
Definition 8.5. If F' is an antiderivative of f, we define

/f(x)dx =F(z)+c,

the indefinite integral of f.

Theorem 8.6. If f and g have antiderivatives on I, then so do f + g and cf for

¢ € R. Moreover,
/f(x)+g(x) dx—/f(x) dm—l—/g(m) dr and /cf(x) dx—c/f(x) i
Proof. F' = f and G/ = g imply (F+G) = F'+ G’ = f + g. Therefore
/f(:z:)+g(a:) dx:F(a:)+G(3:):/f(x) da:~|—/g(;1:) iz |
Similarly, (cF) = ", so that
/cf(x) dz = cF(x) :c/f(x) d
]

Theorem 8.7. Let f,g: I — R be differentiable. If f¢' has an antiderivative, then

so does f'g, and

/ f(@)g(x) dz = f(x)g(x) - / f(2)g () d;.

Proof. Let H be the antiderivative of h = f¢’, i.e. H = h = fg'. Then (fg) =
f'g + fg' implies that

fg=(f9) —fg =(fg) —H =(fg—H)".

Therefore fg — H is an antiderivative of f’g, and

/f’(fﬂ)g(aﬁ) dr = f(2)g(x) — H(x) = f(x)g(z) — /f(ﬂ?)g’(w) dz .
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Theorem 8.8. Let g : I — R be differentiable and let F' be an antiderivative of
f:9(I) = R. Then F o g is an antiderivative of (f o g)g’, i.e

/ (g
Proof. We verify that (F o g)(x) = () (x) = f(g(x))g (). O

Corollary. Let g : [a,b] — R be continuously differentiable and let f : g([a,b]) — R

be continuous. Then

g(b)
/ flg x)dr = fluw)du

g(a)
Proof. f and (fog)g' are both continuous on [a, b], hence Riemann integrable. As f

is continuous, it has an antiderivative, F'. By Theorem 8.8, F'og is an antiderivative

of (fog)g, and
/ﬂmmﬂszwm»

By the Fundamental Theorem of Calculus,

b g(b)
L/ﬂmmﬂmm:Fw@wwwmnzﬂ)ﬂmm
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9 Sequences and Series of Functions

Let D C R be a domain. Unless stated otherwise, in this section all functions map
D — R.

Recall that a sequence (a,,) of real numbers converges to a limit a if
Ve>03no e NVn >ng: |a, —a| <e.

Similarly, for a sequence of functions ( f,,) we can discuss convergence of this sequence
to a limiting function. This leads to the consideration of the convergence of the
sequence (a,) where a, = f,(z) for x € D. Keeping the point z fixed, this leads
to the notion of pointwise convergence, while allowing = to vary within the domain
D leads to the notion of uniform convergence. The next definition makes this idea

more precise.
Definition 9.1. Let (f,) be a sequence of functions.

(1) fn converges pointwise to a function f if

Ve € DVe>03ng € NVn >ng:|fulz) — f(z)] <e.

(2) fn converges uniformly to a function f if

Ve>03dng e NVn >ng Ve € D |fu(x) — f(x)] <e.
Lecture 26:
Remark. In (1) no depends on z and ¢, whereas in (2) ng depends on €, but not 17/03/11

on x. In both cases, we can write

f(z) = lim f,(z).

n—oo

Note that the limit notation does not indicate whether the convergence is uniform
or pointwise.
Clearly uniform convergence implies pointwise convergence, but the converse is

not true.
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Examples.

(1) fn:10,1] = R, — 2™

We find
0 0<z<1,

lim f,(z) = lim 2" =

n—oo n—oo

1 =1.

Thus f,, converges pointwise to the discontinuous function

0 0L<z<1,
f:0,1]] =R, zw
1 z=1.

This convergence is not uniform: we need to show

de > 0Vno e N3In >ng 3z € [0, 1] : |fu(x) — f(z)] > €.

Take € = 1/2 and consider z = 27/

[ful27m) = fTYM =27 -0 = 5 2

N =
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(2) fn:10,1/2] = R, z+— 2"

0.6
0.5-
0.4-
¥ 0.3-
0.2-

0.1

%
v

-0.1 0
-0.1-

For 0 <z <1/2 we find lim f,(x)

0.1

02 03 04 05 0.6

X

= lim 2" = 0. Thus f, converges to

n—oo

f:00,1/2] =R, x+~0.

This convergence is uniform:

The difference between f,(z) and f(z) is largest at = = 1/2. Therefore, if we

pick an integer ng such that ng > —log(e)/log(2) to ensure (1/2)" < ¢, then

for all n > ny,

|fu(@) = fz)] = 2" = 0] < (1/2)" < (1/2)™ < e
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(3) fn:10,2] = R,

(

nx 0<z<1/n,

T—=92—nzr 1/n<x<2/n,

0 2/n<x<2.

fn(0) =0, and if 0 < = < 2 then f,(z) =0 if n > 2/x, so that

lim f,(z)=0 forall0<z<2.

n—oo

Thus f, converges to

f:00,2l =R, x+—0.

This convergence is not uniform: take ¢ = 1 and consider x = 1/n:

|fu(l/n) — f(1/n)|=]1-0/=1>¢.
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Lecture 27:

Remark. The following figures indicate the idea of an “c-tube” around the limiting 103/
18/03/11

function f.

fre

x
£ — tube of uniform convergence

In the case of uniform convergence, given ¢ > 0, the graph of y = f,(z) must lie
entirely within the e-tube of f for all sufficiently large n.

When the limiting function f is discontinuous, the e-tube is “broken”.

A

X
£ — tube of a discont. fiunction is broken

If f is a limit of continuous f,, no f, can lie entirely within the e-tube of f if ¢ is

sufficiently small.
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Theorem 9.2. Let f, : D — R converge uniformly to f : D — R. If f, are

continuous at a € D then f is continuous at a.
Proof. We need to show
Ve>030 >0Ve eD,|lx—al <d:|f(x)— fla)| <e.

By assumption we have

(a) V&' >03ng e NVn >ng Vo € D: |f(z) — fulz)| <€, and

(b) Ve”">035 >0Ve € D, |x —al <d:|fu(x) — fula)| <e”.
We start estimating the distance between f(x) and f(a) by splitting | f(z) — f(a)]
into three parts:

[f (@) = fla)| < |f(2) = fu@)[ + [fu(x) = fala)| + | fula) = fla)] -

First, given € > 0, we choose ¢’ = £/3. By (a) there is an ny such that for all n > ng

and for all z € D:

|f(x) = fulz)| <&/3
(so that clearly also |f(a) — fn(a)| < e/3). Next, fix an n > ng and choose €” = /3.
By (b) there exists a 6 > 0 such that for all z € D,

[z —al <0 |fulz) = fula) <€/3.
Thus, given € > 0 we have shown that there is a 6 > 0 such that
e € €
|f(z) = fla)] < 3T3t3=¢

for |z —al| < 0. O

Remark. This theorem implies that under the assumption of uniform convergence

of the functions we can exchange limits as follows:

lim lim f,(z) = lim lim f,(z) .

T—a n—00 n—oo r—a
——— ——
f(z) fn(a)

If the convergence of f,, to f is not uniform, this is generally not correct. For example
lim lim 2" =0 but lim lim 2" =1 (see example (1) above).
r—1— n—o0 n—oo r—1—

An immediate consequence of Theorem 9.2 is the next theorem.
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Theorem 9.3. If a sequence of continuous functions converges uniformly, then the

limiting function is continuous.

Remark. If the limiting function of a sequence of continuous functions is discon-
tinuous, the convergence cannot be uniform.

Examples (continued).

(1) f,, are continuous, the limiting function is not continuous. Therefore the con-

vergence of f,, to f cannot be uniform.

(2) f. are continuous, and the convergence is uniform. Therefore the limiting

function is continuous.

(3) f. are continuous, the limiting function is continuous. However, this does not

imply uniform convergence.

Theorem 9.4. Let f, : [a,b] — R be Riemann integrable. If f,, converges uniformly
to f:]a,b] — R then f is Riemann integrable and

b b
/ f(x)dr = lim [ f.(v)dx.

Remark. This theorem implies that under the assumption of uniform convergence

of the functions we can exchange limits as follows:

/b lim f,(x)dz = lim bfn(x) dx .

n—oo n—oo a

Proof. Let ¢ > 0. We want to show that there exists a partition P such that
U(f,P)— L(f, P) < e. We shall do this in three steps.

(a) We know that f,, converges uniformly to f:

3

dn e NVz € [a,b] : |f(z) — fu(x)] < 30—a)

(b) Once n is chosen, we use Riemann integrability for f,:

AP :U(fn, P) — L(fn, P) <

Wl M
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(¢) Now we constrain upper and lower sums U(f, P) and L(f, P): f, is bounded,

and (a) implies that f — f,, is bounded, so that

M; =sup{f(x):x € L;} <sup{fn(z):z € L;} +sup{f(z) — fu(x):z € [;}

<M+ " and
S M +3(b—a) , an

=inf{f(x):x € L;} >inf{f.(x) : x € L;} + inf{f(z) — fu(x):x € [;}
>m(n) — —8
- 3(b—a)

Therefore
P)— <N (M — M)A c Az, == . and
U(f? ) U(fn) _Z ) Il — 3(6— a) Zzl xl 3 ) an
L(f.P) — L(f,.P) > —m ™Ay, > - Az = —2
(f,P) (fnr )_;(m m; ) Ax; > 3(b_“>i21 x 3
Thus

U(f,P)—L(f,p):

cL,ELc_,
-3 3 3
Therefore f is Riemann integrable.
Moreover
b
x dx—/ fo(z)de| =

€
< [ 17~ Rl de < 0 - Dl @) - @I e ) <5,

SO

lim fn da:—/f
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Example.

(4) Consider

(

n’z 0<z<1/n,

fai[0,2] 5 R, 2= dom—n2z 1/n<z<2/n,

0 2/n <z <2.

\

As in Example (3), as n — oo, f,(x) — f(x) = 0 pointwise, but not uniformly.

We compute

2 1/n 2/n
/ folz)dx = / n*x dr + / (2n —n’z)dr =1
0 0 1/n

which is not equal to

/02f<x>dx:o.
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Theorem 9.5. Let f, : [a,b] — R be continuously differentiable. If f, converges
pointwise to f : [a,b] — R and f! converges uniformly to g : [a,b] — R, then f is
differentiable and f' = g.

Remark.
This theorem implies that under the assumption of uniform convergence of the

derivative of the functions we can exchange limits as follows:

/
(lim fn> = lim (f)) .
n—od n—od
Lecture 29:
Proof. Consider g, = f!. By assumption, g, converges uniformly to g on [a,b]. 24/03/11
Hence, by Theorem 9.3, ¢ is continuous.
Moreover, g, is Riemann integrable on [a,b]. Restricting to the interval [a, z]
for a < z < b, we apply Theorem 9.4 to g on [a,x]. It follows that ¢ is Riemann
integrable on [a, x] and that

/ g(t)dt = lim [ g,(t)dt.

n—oo
a

Now fu(z) = fula) + [ ga(t)dt is an antiderivative of g, = f}, and as f,

n’

converges pointwise to f, we compute

As g is continuous, by Theorem 8.4 f is differentiable. This implies that f is an

antiderivative of ¢ and, hence, that ' = g.

Remarks.

(1) We only need convergence of f, to f at one point zy. Moreover, it follows

that f,, converges uniformly to f.
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Proof. By the Mean Value Theorem, (f,, — f)(x) = (f.— f)(x0) + (x —x0)(f] —

f")(cy) for some ¢, € (a,b). Hence

[fo@) = f(@)] < |falzo) = f (o)l + (b = a)l fr(cn) — f'(ca)] -

The first term tends to zero because f,, (o) converges to f(xo), and the second

term tends to zero because f! converges to f’ uniformly. ]

(2) It suffices for f, to be differentiable, i.e. f! need not be continous (without

proof).

(3) Even if f, is differentiable and f,, — f uniformly, the limiting function need

not be differentiable.

Definition 9.6. (a) > f.(z) converges pointwise if
n=1

si(@) = 3 fula)

converges pointwise as k — oo.

(b) > fulx) converges uniformly if
n=1

s(@) = 3 fula)

converges uniformly as k — oo.

ol 1

Example. ——— converges uniformly: we compute
p n; G5 g y P
1
d 1 R G 1 1
_ _ . - 1— :
5x(®) ;(2+x2)" 2422 1 1—|—352( (2+x2)k)
2+ a2
A 1 <1f IlzeR 0 as k hich implies (pointwise)
S — for all — —0as k — which implies (pointwise
convergence
(2422 1422’

n=1
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We estimate
1 1 1

= . < —
1+22 (24 22)F — 2k

‘ L @)

1+ 22

The bound 1/2* tends to zero as k — oo independently of x, so convergence is
uniform. Lecture 30:

. 25/03/11
Theorem 9.7 (Weierstrall M-Test). Let Y a, be convergent. If |f.(x)| < a, for
n=1

all x € D then > fu(x) converges uniformly on D.

n=1
Proof. We estimate

k

D falx) =Y fula)

n=1

o0

<D @IS )Y an

n=k+1 n=k+1

n=k+1

(e} o)
As > a, converges, the bound > a, — 0as k — oo independently of x € D. [
n=1 n=k+1

1
Example (continued). For f,(z) = 2t we estimate
€T n

1
fol@)] < 57 =

o

00 1 00
and as > a, = >, on = 1 converges, by the Weierstrafl M-Test > f,(z) converges

n=1 n=1 n=1
uniformly for z € R.

Theorem 9.8. (a) Let f, be continuous. If > f, is uniformly convergent then

n=1

o0
f =73 fu is continuous.
n=1

(b) Let f, be continuously differentiable. If > f, is convergent and Y fl is
n=1 n=1

uniformly convergent then f = > f, is differentiable and f' = > fI.
= n=1

n=1

(c) Let f, be Riemann integrable on [a,b]. If > f, is uniformly convergent then

n=1
o b 00
f =" fu is Riemann integrable and [ f(z)dz = f; fn() de.
n=1 a n=1
Proof. This is an immediate consequence of Theorems 9.3, 9.4, and 9.5. O
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10 Power Series

Definition 10.1. Y a,z"™ with a, € R is called a power series.
n=0 -
Its radius of convergence r is given by

o
T = sup {|x| : E apx" converges} :

n=0

e.9]
(a finite r may not exist if Y a,x™ converges for all x € R.)
n=0

Theorem 10.2. (a) If Y a,a™ converges for x = ¢, then Y a,z" converges ab-
n=0 n=0
solutely for all x € R with |z| < |c|.

(b) If > apx™ diverges for x = ¢, then Y. a,z"™ diverges for all x € R with
n=0 n=0
|z > [c].

Proof.  (a) Convergence of Y a,c” implies that lim a,c” = 0. Thus for |z| < |¢|

n=0 n—00

there exists a ng € N such that

n n

for n > nyg.

ana”| = lane"] - |2 < |2
C C

, which converges absolutely.

Therefore > |a,z"| is majorised by >

n=ngo n=no

(b) If > anx™ converged for some x with || > |c|, then by (a) > a,y™ would
n=0 n=0
converge for all y with |y| < |z|, in particular for y = ¢, which is a contradic-

tion.
O
(e}
Corollary. > a,x™ converges absolutely for all x € R with |x| < r and diverges for
n=0

oo
all x € R with |z| > r, where r is the radius of convergence of > anz".
n=0

Remark. Convergence for x = £r must be considered separately.
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Theorem 10.3. Let r > 0 be the radius of convergence of > a,x™ and let0 < p < r.
n=0

Then Y ap,x™ converges uniformly on D = {z € R: |z| < p}.
n=0
Proof. As p <r, > a,z"™ converges absolutely. As |a,z"| < |a,p"| for x € D, the
n=0

Weierstral M-Test implies uniform convergence of ) a,x™ on D. ]
n=0
Theorem 10.4. Let r > 0 be the radius of convergence of f(x) = > apa™. Then
n=0

for all x € R such that |x| <,

n+1

T o0 x
/0 f<t>dt:;a"n+1 .

Proof. Choose p € R such that 0 < p < r. Then > a,x™ converges uniformly on
n=0

D={xeR:|z| <p}. As f.(z) = a,a™ is Riemann integrable, Theorem 9.8(c)

implies that f(z) = > a,2™ is Riemann integrable on D and that

n=0

T 00 T 0 xn-i—l
f(t)dt = / at"dt =) ap
J =3 o=y

]

Theorem 10.5. Let r > 0 be the radius of convergence of f(x) = > apx™. Then
n=0

for all x € R such that |z| <,
f(z) = Znan:v"_l :
n=1

Proof. Choose p € R such that 0 < p < r. Then > a,z™ converges uniformly
n=0
on D = {x € R: |z| < p}. To apply Theorem 9.8(b), we need to show that

>~ na,z™ also converges uniformly on D. Once this is established, it follows that f
n=0

is differentiable on D and that f'(x) = > na,z™ .
n=0

Now pick p' such that p < p/ <r. Then > a,p™ converges absolutely, and

n=0

<p)n
n —_—
ik
—_———

<1 for n>ng

Inanz"| < |nanp"| = |anp™| < |anp™]
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implies by the Weierstral M-Test uniform convergence of > na,z" for |z| < p, as
n=0
needed. O

Corollary. f(x) = 3 a,a™ is for |x| < r infinitely often differentiable, and f* (x) =
n=0

Snn—1)...(n—k+ Da,a™*.
n=~k

[e'e) (n
Remark. We find f*)(0) = klay, so that f(z) = / ( ) z™, the Taylor series of
n=0 '

f about zero.

Examples.

(1) For |z| < 1 we have

1 2 3 - n,.n
1+x:1—x+x - —l—...:nzzo(—l)x :
and integration gives by Theorem 10.4
R 00 e
log(1 =r——=4+—=———+...= -1)"
og(l+x)==x st3 T RZ:O( )n—l—l

for |x| < 1 (we had only proved this earlier for 0 < x < 1).

Note that for = 1 the first sum diverges (1 —1+1—1+...) but the second
sum converges (1 —1/2+1/3 —1/4 + ...), whereas for x = —1 both sums
diverge. Lecture 32:

31/03/11
(2) For |z| <1 we have 03/

1—x2 Zx%

1 1 1 1
Asmzi(1_x+1+—x>,wehavefor|x|<1

1 1+x v 2, g2t
21 — .
2 BT 4 /0 1— 22 Z

n=

Thus, for example, z = 1/2 gives

ogz—2(ty L 4 1 o
Bo= T3 Ty )
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X (=D

(3) exp(—a?) = 3 L

for all x € R, so that

n=0 n.
T o0 (_1)nx2n+1
—t*)dt =Y ~———— forallz € R.
/0 exp(—t©) nzg n2n 1) orall z €
(4) — = S (1) for |a| < 1, so that
= — T or |r SO a
1+£L’2 n=0 7

T odt =1 (—1)np?ntt
arctan :/o i ZW for |z| < 1.

We shall now connect power series to Taylor series. We note that

fl@) =) an(z—a)"

n=0
(e e]
converges for |z — a| < r, where r > 0 is the radius of convergence of > a,a™. We
n=0

identify f*)(a) = klay, so that

(g
)y =3 1@ oy

n!

n=0

which is just the Taylor series of f about a.

Theorem 10.6 (Taylor’s Theorem with Integral Form of the Remainder). Let
f :]a,x] — R be n times continuously differentiable on |a,z] and (n + 1) times
differentiable on (a,z). Then

fr )

o (x —t)"dt .

@) = Toale) + [

Proof. As in the proof of Taylor’s Theorem (Theorem 5.3), we write

nflk)
F(t) = Tofe) = Y T 0w oy

and compute

(n+1)
F(t) = fn—!(t)(x — )"

Therefore by the Fundamental Theorem of Calculus
T z f£(n+1) t
F(z) — F(a) :/ F'(t) dt :/ f—'()(x—t)” dt ,
“ a n!
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and with F(z) =T, .(z) = f(x) and F(a) = T, .(z) we have

f(x) / f(nH) a:—t) dt .

Remark. An analogous result holds if [a, z] is replaced by [z, a] for z < a.

Theorem 10.7. For o € R we have

(1+x) Z()kfor|x|<1,
k=0

. (Z) _afa- 1)..].{!(04— k+1)

Proof. We need only consider z # 0. We apply Theorem 10.6 to f(z) = (1 + z)*.

From

fP@)=ala—1)...(a—k+1)(1+z)*

we see that f*)(0) = a(a—1)...(a — k +1). Therefore

(1+2)" = kzn% ((;)xk + /Or ala - l)ﬁ'!'(a = (4 4 el — gy

We need to estimate the remainder term

/z ala — 1)n' (a—mn) (14 )7 (o — 1) dit

If x >0 we have 0 <t <z <1, so that

<x—t_ 14+

< = <z
14+t 14+t

Similarly, if x < 0 we have 0 > ¢ > x > —1, so that

r—t 14+
> =z > .
— 1+t 1+t —

Taken together, we conclude that inside the integral we can estimate

x—1
1+¢

‘§|x|
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Moreover, for |z| < 1, M = max{[1+¢|*"! : |t| < |z|} is finite. Putting this together,

(")

we arrive at
-1\ [ —t\"

a(a ) / (1+ ) (L) dt‘ <M
n 0 1+1¢

Applying the quotient test, we find that

-1
o)
n+1 B '1 _a

—1
Ma(a ) n+1
n

™

|z| — |z| <1 asn — oo,

-1
and thus M a<a ) |z|™ — 0 as n — oo. This proves that
n
¥ -1 ... (a—
/ O‘(Oé ) ‘ (Oé n) (1 + t)a_n_l(l‘ _ t)n dt — 0
0 n!
as n — 00, as required. O

Examples. For |z| < 1,

so that (also for |z| < 1)
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