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Chapter 1

Why Differential Topology?

General topology arose by abstracting from the “usual spaces” of euclidean or noneuclidean geometry
and defining more general notions of ‘spaces’. One such generalization is that of a metric space.
Abstracting further one is led to the very general concept of a topological space, which is just specific
enough to talk about notions like neighborhoods, convergence and continuity. However, in order to
prove non-trivial results one is immediately forced to define and impose additional properties that
a topological space may or may not possess: the Hausdorff property, regularity, normality, first and
second countability, compactness, local compactness, o-compactness, paracompactness, metrizability,
etc. (The book [29] considers 61 such attributes without being at all exhaustive.) This is not to
say that there is anything wrong with general topology, but it is clear that one needs to consider
more restrictive classes of spaces than those listed above in order for the intuition provided by more
traditional notions of geometry to be of any use.

For this reason, general topology also introduces spaces that are made up in a specific way of
components of a regular and well understood shape, like simplicial complexes and, more generally, CW-
complexes. In particular the latter occupy a central position in homotopy theory and by implication
in all of algebraic topology.

Another important notion considered in general topology is that of the dimension of a space as
studied in dimension theory, one of the oldest branches of topology. In the case of a space X that is
composed of simpler components X;, one typically has dim X = sup,; dim X;. It is natural to ask for
spaces which have a homogeneous notion of dimension, i.e. which all points have neighborhoods of the
same dimension. This desirable property is captured in a precise way by the notion of a topological
manifold, which will be given in our first definition.

However, for many purposes like those of analysis, topological manifolds are still not nice or regular
enough. There is a special class of manifolds, the smooth ones, which with all justification can be called
the nicest spaces considered in topology. (For example, real or complex algebraic varieties without
singularities are smooth manifolds.) Smooth manifolds form the subject of differential topology, a
branch of topology with a very distinct, at times very geometric and intuitive, flavor.

The importance of smooth manifolds is (at least) fourfold. To begin with, smooth manifolds
are an extremely important (and beautiful) subject in themselves. Secondly, many interesting and
important structures arise by equipping a smooth manifold with some additional structure, leading
to Lie groups, riemannian, symplectic, Ké&hler or Poisson manifolds, etc.) Differential topology is as
basic and fundamental for these fields as general topology is, e.g., for functional analysis and algebraic
topology. Thirdly, even though many spaces encountered in practice are not smooth manifolds, the
theory of the latter is a very natural point of departure towards generalizations. E. g., there is a
topological approach to real and complex algebraic varieties with singularities, and there are the
theories of manifolds with corners and of orbifolds (quotient spaces of smooth manifolds by non-
free group actions), etc. A thorough understanding of the theory of smooth manifolds is necessary
prerequisite for the study of these subjects. Finally, a solid study of the algebraic topology of manifolds
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6 CHAPTER I. WHY DIFFERENTIAL TOPOLOGY?

is very useful to obtain an intuition for the more abstract and difficult algebraic topology of general
spaces. (This is the philosophy behind the masterly book [4] on which we lean in Chapter 3 of these
notes.)

We conclude with a very brief overview over the organization of these notes. In Chapter II we
give an introduction to some of the basic concepts and results of differential topology. For the time
being, suffice it to say that the most important concept of differential topology is that of transversality
(or general position), which will pervade Sections IV.1-V.4. The three most important technical tools
are the rank theorem, partitions of unity and Sard’s theorem. In Chapter VII we define and study
the cohomology theory of de Rham, which is the easiest way to approach the algebraic topology of
manifolds. We will try to emphasize the connections with Chapter II as much as possible, based on
notions like the degree, the Euler characteristic and vector bundles. Chapter IX is an introduction
to a more advanced branch of differential topology: Morse theory. Its main idea is to study the
(differential) topology of a manifold using the smooth functions living on it and their critical points.
On the one hand, Morse theory is extremely important in the classification programme of manifolds.
On the other hand, the flow associated with any Morse function can be used to define homology theory
of manifolds in a very beautiful and natural way. We will also show that the dual Morse co-homology
with R-coefficients is naturally isomorphic to de Rham cohomology. In the final chapter we will briefly
highlight the perspective on our subject matter afforded by the combinatorial approach of singular
(co)homology theory and by analysis on manifolds, to wit Hodge theory.



Chapter 11

Basics of Differentiable Manifolds

II.1 Topological and smooth manifolds

II.1.1 Topological manifolds

In these notes we will prove no results that belong to general (=set theoretic topology). The facts that
we need (and many more) are contained in the first chapter (62 pages) of [6]. (This book also contains
a good its introduction to differential topology.) For an equally beautiful and even more concise (40
pages) summary of general topology see Chapter 1 of [24].

We recall some definitions. ‘Space’ will always mean topological space. We recall some definitions.

II.1.1 DEFINITION A space M is locally euclidean if every p € M has an open neighborhood U for
which there exists a homeomorphism ¢ : U — V to some open V' C R™, where V has the subspace

topology.

11.1.2 1. Note that the open subsets U € M,V C R" and the homeomorphisms ¢ are not part of
the structure. The requirement is only that for every p € M one can find U, V, ¢ as stated.

2. Let U C R™,V C R™ be non-empty open sets admitting a homeomorphism ¢ : U — V. Then
the ‘invariance of domain’ theorem from algebraic topology, cf. [6, Section IV.19], implies m = n.
Thus the dimension n of a neighborhood of some point is well defined, and is easily seen to be locally
constant. Thus every connected component of M has a well defined dimension. We will soon restrict
ourselves to spaces where the dimension is the same for all connected components.

3. It is immediate that a locally euclidean space X inherits all local properties from R™. Thus (a)
X is locally path connected, and therefore connected components and path components coincide. (b)
X is locally simply connected, implying that every connected component of X has a universal covering
space. (¢) X is locally compact, i.e. every p € X has a compact neighborhood K. We quickly prove
this. Let U > p be open and small enough so that there exists a homeomorphism ¢ : U — V with
V C R™ open. Clearly V contains some open sphere B(¢(p),¢),e > 0. Now K = ¢~ 1(B(¢(p),£/2))
and U = ¢~ 1(B(¢(p),e/3)) do the job. (d) M is first countable, i.e. every p € M has a countable
neighborhood base.

I1.1.3 Recall that a space X is Hausdorft if for every p,q € X, x # y there are open sets U 3 p,V 3 ¢
such that UNV = (. One might think that a locally euclidean space is automatically Hausdorff. That
this is not true is exemplified by the space X that is constructed as follows. Let Y be the disjoint
union of two copies of R, realized as Y = R x 0 UR x 1. Now define an equivalence relation ~ on Y
by declaring (x,0) ~ (x,1) < x # 0. (Of course we also have (x,7) ~ (x,7).) Let X =Y/ ~ with the
quotient topology (V C Y is open iff (V) is open) and let 7 : Y — X be the quotient map. Write
p = m(0,0),g = 7(0,1), and let U > p,V > ¢ be open neighborhoods. Then there exists (exercise!)
e > 0 such that 0 < |z| < € implies 7(z,0) = 7(z,1) € UNV. Thus X is non-Hausdorff.

7



8 CHAPTER II. BASICS OF DIFFERENTIABLE MANIFOLDS

II.1.4 Recall that a space X with topology 7 is second countable if there exists a countable family
F C 7 of open sets such that every U € 7 is a union of sets in F. One can construct spaces that are
Hausdorff and locally R™ but not second countable, e.g., the ‘long line’ which is locally 1-dimensional.
The assumption of second countability mainly serves to deduce paracompactness, cf. Section I1.10,
which is needed for the construction of ‘partitions of unity’. As we will see many times, the latter in
turn is crucial for the passage from certain local to global constructions. For this reason we will not
consider spaces that are more general than in the following definition.

I1.1.5 DEFINITION A topological manifold of dimension n € N (or n-manifold) is a second count-
able Hausdorff space M such that every p € M has an open neighborhood U such that there is a
homeomorphism ¢ : U — V|, where V' is an open subset of R™.

For later use we recall the following fact from general topology:

I1.1.6 PROPOSITION Let X be a second countable space. Then every open cover (U;);er (i.e. the
U; C X are open and U;c1U; = X ) admits a countable subcover, i.e. there is a countable subset Iy C I
such that U;er,U; = X.

Proof. Let (Vj,j € J) be a countable basis for the topology, and recall that every open U C X is the
union of all the V} contained in U. Define J; = {j € J | V; C U;} and Jy = UserJ;, and for every
J € Jo pick a s(j) € I such that V; C Uy(). Clearly Jo C J and Io := s(Jo) are countable and we have

x-Uu-UUn- U v-UveUvg-Uu.

el ’iEIjEJi jEUieIJi jEJ() jEJ() i€l

The converse inclusion being obvious, this proves that Iy does the job. |

11.1.2 Differentiable manifolds and their maps

There is a highly developed theory of topological manifolds with many non-trivial results. For most
of the applications in other areas of mathematics, however, one needs more structure, in particular in
order to do analysis on M. This leads to the following notion.

I1.1.7 DEFINITION Let M be a n-dimensional topological manifold. A chart (U, ¢) consists of an
open set U C M and a continuous map ¢ : U — R"™ such that ¢(U) is open and ¢ : U — ¢(U) is a
homeomorphism. For 0 < r < oo, a C"-atlas on a n-dimensional topological manifold consists of a
family of charts (U;, ¢;) such that the U; cover M and such that the map

¢jo ¢Z—1 : R" D ¢;(U;N Uj) — qb](UZ N Uj) C R"

is r times continuously differentiable whenever U; N U; # (0. A chart (U, ¢) is compatible with a
C"-atlas A = {(U;, ;) } iff AU (U, ¢) is a C"-atlas. Two C"-atlasses A, A’ are compatible if the union
AUA" is a C"-atlas. A maximal C"-atlas is a C"-atlas that cannot be enlarged by adding compatible
charts.

I1.1.8 LEMMA Every C"-atlas A on a topological manifold M is contained in a unique maximal atlas,
consisting of all charts that are compatible with A. Two C"-atlasses A and A’ are equivalent iff they
are contained in the same maximal atlas.

Proof. Obvious. |
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I1.1.9 DEFINITION A C"-differential structure on a topological manifold M is given by specifying a
maximal C"-atlas on M or, equivalently, by giving an equivalence class of (not necessarily) maximal
atlasses [A]. A C"-manifold is a pair (M, [A]) consisting of a topological manifold and a C"-differential
structure on it.

11.1.10 REMARK The notion of a differential manifold is not nearly as abstract as it may seem. In
practice one does not work with maximal atlasses but rather with a single representant A of an
equivalence class [A]. One adds or removes compatible charts as is convenient. Whenever we speak
of charts on a differential manifolds we mean charts that are compatible with a given differential
structure! O

A morphism in the category of topological manifolds just is a continuous map. (Thus the topo-
logical manifolds form a full subcategory of the category of topological spaces and continuous maps.)
For differentiable manifolds we need restrictions on the admissible maps:

I1.1.11 DEFINITION Let M, N be C"-manifolds, 0 < r < oo, with atlasses (U;, ¢;) and (V},1;). Let
n<r. Amap f: M — N is C" if the composite

Yiofogrts R™D¢(UiN fHV;)) — (V) C R™

is C™ whenever f(U;) NV} is non-empty. The set of smooth maps from M to N is denoted by
C*®(M,N). For C*(M,R) we just write C*°(M).

11.1.12 REMARK 1. Note that this is well defined since the transition maps <Z5i_/1 o ¢; and wj_,l o1); are
C" and r > n. Thus composing with them does not lead out of the class of C'"-functions.

2. Manifolds and maps that are C* are called smooth.

3. Now that we are able to say what a C” (smooth) map from M to R™ is we see that a chart
(U, ) of a C" (smooth) manifold is just a C" (smooth) diffeomorphism from U to an open subset of
R™.

4. It is clear that a differential C%-manifold is essentially the same as a topological manifold. It
suffices to observe that given two charts (U, @), (U’,¢'), the map ¢/ o ¢~ : (U NU') — ¢'(U NU")
is automatically C°. Thus any two C%-atlasses on M are compatible and there is exactly one C°-
structure on M. Similarly, any continuous map between C%-manifolds is C° in the sense of Definition
II.1.11 O

11.1.13 DEFINITION A C"™-diffeomorphism is a C"-map f : M — N that has a C™ inverse. We write
Diff (M) for the set of C*° diffeomorphisms M — M. Clearly, this is a group with idy; as unit.

I1.1.14 LEMMA Let M, N be C" (smooth) manifolds. Then the product space M x N has a canonical
C" (smooth) structure such that the projections w1 : M x N — M, wy : M x N — N are C" (smooth).
M x N is called the product manifold.

Proof. Let {(Ui, ¢i)icr },{(Vj,¥j)jes} be atlasses for M, N, respectively. Then {(U; x Vj); jyerxs} is
an open cover of M X N and the coordinate maps ¢; x ¢; : U; x V; — R™" define an atlas. The easy
verifications of compatibility and of smoothness of 71, w9 are omitted. |

From the next section on we will exclusively consider smooth, i.e. C'°*°-manifolds. Yet
we think it would be inexcusable not to comment briefly on the extremely interesting relations between
the categories of C%, C"(r € N) and C*°-manifolds. If desired, the rest of this section can be ignored.
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I1.1.3 Remarks

The following result, proven e.g. in [13, Chapter 2|, shows that there is no real reason to consider
CT-manifolds with 1 < r < oo:

I1.1.15 THEOREM Let M be a C"-manifold, where r > 1. There exists a C'°°-manifold M and a
C"-diffeomorphism ¢ : M — M. If M " is another C*°-manifold that is C"-diffeomorphic to M then
there is a C*°-diffeomorphism M — M’.

Thus every C"-manifold (r > 1) can be smoothed in an essentially unique way. (An equivalent of
way of putting this is: Every maximal C" atlas contains a C* atlas.) Yet for some applications it
may still be necessary to consider C"-maps (r < oco) between C'°°-manifolds.

I1.1.16 REMARK It is very important to note that the above theorem is false for r = 0. We list some
results that are relevant in this context. (Each of them is deeper than anything studied in these notes.)

1. There are topological (i.e. C°-)manifolds that do not admit any smooth structure, cf. [42, 38].

2. There are topological manifolds that admit more than one differential structure. For example,
Milnor discovered that the (topological) sphere ST admits inequivalent differential structures,
and together with Kervaire he showed that there are 28, cf. [43]. Brieskorn [37] has given a
relatively concrete representation of these manifolds: Consider the subset X C C® defined by
the equations

212+ [z2f? + 23 + [z + |25 = L
z%—i—z%—i—z%—i—zi’—l—zgk*l = 0
The first equation is real and its solution set clearly is S, whereas the second equation has
two real components. Brieskorn has shown that X3, k=1,...,28 is a (topological) 7-manifold
homeomorphic to S7 and that the differential structures induced from C® = R0 correspond
to the 28 possibilities classified in [43]. The proof requires non-trivial techniques both from
algebraic topology and algebraic geometry.

3. In four dimensions, Donaldson [38] has shown that R* (as topological manifold) admits smooth
structures that are inequivalent to the usual ones. Smooth 4-spheres are still not completely
understood.

4. None of the above can happen in dimensions 1,2,3: In these dimensions every topological manifold
admits a unique smooth structure (and a unique piecewise linear structure or triangulation).
Thus the homeomorphism classes of topological 1-manifolds are in bijective correspondence with
the diffeomorphism classes of smooth 1-manifolds which we will classify in Theorem I1.12.1. 2-
manifolds have been classified, see e.g. [31, Chapter 2| in the topological and [13, Chapter 9]
in the smooth category. The classification of 3-manifolds is still incomplete, but very recently
(2002) there has been spectacular progress due to Perelman.

5. There is an interesting connection between differential topology and real algebraic geometry:
Every compact connected C°°-manifold is diffeomorphic to a connected component of a non-
singular real algebraic variety. Cf. [45] and later work.

6. Complex manifolds are defined as real ones with two changes: 1. The charts take values in C". 2.
The transition functions gbj_l o ¢; are assumed complez differentiable (i.e. real differentiable with
C-linear derivative maps), equivalently holomorphic. Thus a complex manifold is in particular
a smooth real manifold of even (real) dimension, but only very few even dimensional manifolds
admit a complex structure. For the basics of complex manifolds see [33] and for the close
connections with complex algebraic geometry see [30, 11].
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7. Finally, we mention that smooth manifolds can be considered over fields other than R or C.
For any complete normed field K (like Q,) we can consider complete normed K-vector spaces
and differentiable maps between such. Then a manifold over K is defined as before, with charts
taking values in K".

11.1.4 Quotient manifolds

So far our only examples of smooth manifolds are obvious examples R™,S™ and direct products of
manifolds. Quotient spaces of manifolds by equivalence relations often fail to be manifolds. (They
needn’t even be Hausdorff.) But there is a very useful special case:

I1.1.17 DEFINITION An action of a (discrete) group G on a topological space X is a group homomor-
phism 7 : G — Homeo(X), g+ 74, where Homeo(X) is the group of homeomorphisms of X. (When
there is no risk of confusion between different actions we often write gz instead of v4(z).) The action
is called totally discontinuous if every p € X has an open neighborhood U such that U N~4(U) = 0
for all g # e. If X is a smooth manifold M we replace Homeo(X) by the group Diff (M) of smooth
diffeomorphisms.

I1.1.18 DEFINITION A map f: X — Y of topological spaces is a covering map if every y € Y has an
open neighborhood such that
= U Ui,

el
where the U;, i € I are pairwise disjoint open sets and the restrictions f; : U; — V, i € I are
homeomorphisms. (Equivalently, f (V) is homeomorphic to V x I, where I has the discrete topology.)

11.1.19 EXERCISE The cardinality of the index set I may depend on y. Show that it is constant on
the connected components of Y. O

I1.1.20 DEFINITION If a group G acts on a space X we write X /G for the quotient space X/ ~, where
x ~ y iff there is g € G such that y = gz. (Thus X/G is the orbit space of the action.)

I1.1.21 LEMMA Let X be a topological space and G a (discrete) group acting on X by homeomor-
phisms. Then the quotient map f : X — X /G is continuous and open. If the action of G is totally
discontinuous then f is a covering map. If in addition G is finite and X is Hausdorff then X/G is
Hausdorff.

Proof. f is continuous by definition of the quotient topology For U C X define U = Ugea gU. Now,
for any U C X we have f~1(f(U)) = U. IfU is open then U is open, implying that f is an open map.

Let y € X/G and pick x € X such that f(z) = y. Assuming the action of G' to be totally
discontinuous, there exists an open neighborhood U C X of z such that gU NhU = () whenever g # h.
By the above, V = f(U) is an open neighborhood of y and

fy=U=JgU

Here the right hand side is a disjoint union of open sets. Since no two elements of U are in the
same G-orbit, the restricted map f, : gU — V is injective. Surjectivity and continuity are trivial and
openness has been proven above. Thus f, : gU — V' is a homeomorphism for every g € G, and f is a
covering map.
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Assume now that X is Hausdorff, G is finite and acts discontinuously. Consider z,y € X/G, x # y.
Let a,b € X such that f(a) = z, f(b) = y. Since x # y, we have ga # b for all g € G. Since X is
Hausdorff we thus have open neighborhoods U, 3 ga and Vj; 3 b such that U, NV, =0 for all g € G.
Then U = ﬂgg*IUg and V = N,V, are open (here we need finiteness of G) neighborhoods of a, b,
respectively, and satisfy htU NV C U, NV}, =0 for all h € G. Thus f(U) and f(V) are disjoint open
neighborhoods of x and y, respectively. This proves that X/G is Hausdorff. |

I1.1.22 REMARK The conclusion that X/G is Hausdorff also holds for infinite G if one assumes that

X is locally compact Hausdorff and that the action of G is totally discontinuous and proper, i.e. for
compact K, L C X theset {g € G| gK NL # 0} is finite. |

I1.1.23 PROPOSITION Let v be a totally discontinuous action of a finite group G on a manifold M.
Then the quotient map f : M — M/G is a covering map and M /G has a natural smooth structure
w.r.t. which f is smooth.

Proof. By the lemma, M is Hausdorff and f is open. Second countability clearly is inherited from M.
Let A be a maximal atlas of M. We define an atlas A¢g as given by

Ac = {(f(U),d0 f)},

where we consider those charts (U, ¢) of A such that f(U) C M/G satisfies the condition in Definition
I1.1.18 and U is one of the components of f~!(f(U)). Then f~! denotes the inverse of the homeo-
morphism f : U — f(U). Since f: M — M/G is a covering map, these sets f(U) clearly cover M/G.
Overlapping charts of M/G are now of the form (f(U),® = ¢o f=1),(f(V),¥ =o f~1) € Ag with
(U, ), (V,9) € Aand f(U)N f(V) # 0. Then W = f(U) N f(V) is open and f~1 (W) = U;e;W;, and
there are unique j, k € I such that W; C U and W), C V. On the domain ¥(f(U) N f(V)) we have

Todt=¢ofloforp

where f.° !is the inverse of f : W), — W. By the above, the action of G permutes the W/s transitively,
thus there exists g € G such that f,;l o f =, Since 74 is a (smooth) diffeomorphism, ¢ o, oy~ lisa
smooth map between open sets in R™. Thus the charts (f(U),¢o f~1), (f(V),v o f~1) are compatible
and Ag is an atlas. That f is smooth w.r.t. A, A¢g is obvious. [ |

I1.1.24 DEFINITION For n € N, the real projective space RP" is the quotient space (R"*! —{0})/ ~,
where z,y € R"™! — {0} are equivalent iff there is A € R* such that y = \x.

I1.1.25 EXERCISE Show that S™ can be considered as the quotient space (R"*! — {0})/ ~, where
z,y € R"™! — {0} are equivalent iff there is A > 0 such that y = Az. Conclude that RP™ = S™ /4.
Equivalently, RP™ = S™/Zs, where the non-trivial element of Zs = {e, g} acts by gr = —z. Show
that the proposition can be applied to conclude that RP™ is a manifold. O

I1.2 The tangent space

11.2.1 The tangent space according to the geometer and the physicist

If a smooth n-manifold M is given as a submanifold of some euclidean space RY (the precise meaning
of submanifolds will be defined later) one can imagine, at every point p € M, a plane tangent to
M. This tangent plane can be considered as n-dimensional vector space. (Translating it such that p
arrives at 0 € RV we obtain a sub-vector space of R™V.) The aim of this section is to give an intrinsic
definition of the tangent space at a point p, independent of any embedding of M into euclidean space.
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In fact, we will consider three different but equivalent definitions, following [7]. All three definitions,
which we denote TpG M, Tf M, TI;AM until we have proven their equivalence, appear very frequently in
the literature and their comparison is quite instructive.

I1.2.1 DEFINITION Let p € M. A chart (U, ¢) such that p € U and ¢(p) = 0 will be called a chart
around p.

I1.2.2 DEFINITION (OF THE GEOMETER) A germ of a function at p is a pair (V,h) where V.C M is
an open set containing p and h : V' — R is a smooth map. A germ of a curve through p is a pair (U, c)
where U C R is an open set containing 0 and ¢ : U — M is a smooth map satisfying ¢(0) = p. We
define a pairing between germs of curves and germs of functions by

(U, ), (V1) = L he(t))

Cdt t=0
(This is well defined since ¢(U) NV contains some neighborhood of p.) We define an equivalence
relation on the germs of curves through p by

(U,c) = (U',) & ((U,c),(V,h)) = {(U',),(V,h)) for all germs (V,h) of functions at p.

Now we define TpG M = {germs of curves through p}/ ~. Such equivalence classes will be denoted [c],
dropping the inessential neighborhood U'.

In order to elucidate the structure of TpG M, consider a chart ® = (U, ¢) around p. In view of
hoc=(ho¢ 1) o(poc) (valid in a neighborhood of 0) we have

d " O(hoo¢ Ny, 2 d(¢i(c(t
(1) = ), =3 e

(IL1)

Two germs ¢, ¢’ of curves through p therefore define the same element of TpG M iff d(pi(c(t)))/dtji—o =
d(¢i(c'(t)))/dt =g for i = 1,...,n. Thus the map TpGM — R™ given by [c] — (d(¢s(c(t)))/dt)i—o)
is injective. On the other hand, for every v € R"™ there is a germ of a curve through p defined by
c(t) = ¢~ '(tv) on some neighborhood of 0 € R. Obviously, d(¢;i(c(t)))/dti—o = vi, and therefore
the map TpG M — R"™ is surjective, thus a bijection. This bijection can be used to transfer the linear
structure of R™ to TpG M, and in particular it shows that dimg TpG M = n. It remains to show that the

linear structure is independent of the chart ® we used. Let ®' = (U’,¢’) be another chart around p.
Then we have ¢} oc = ¢, 0 ¢! o ¢ocand thus

d(@i(c(t))  KOFo9 (21, 2)) d(i(c(t)))
t=0 ;

1(
Oz; e1==z,=0 4t [t=0

dt
This computation motivates the definition:

11.2.3 DEFINITION (OF THE PHYSICIST) Let M be a manifold of dimensionn and let p € M. Consider
pairs (®,v), where ® = (U, ) is a chart around p and v € R™. Two such pairs (®,v),(®’,v") are
declared equivalent if

n Lot
o — Z’U@' a(¢] o) 8(;;1’ ,l‘n))

=1 r1=...=Tnpn=0

, j=1...,n.

The set of equivalence classes [®,v] is called the tangent space T;D M of M at p. We define a vector
space structure on T M by a[®,v] + b[®,v'] = [®,av + bv'] for a,b € R. (This definition makes sense
since by definition of ~ given two charts ®, ®' around p and v € R™ there exists a unique v’ € R™ such
that [®,v] ~ [®,0'].)
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The isomorphism o' : TpGM — TFM is now given by [c] — [®,v], where ® = (U, ¢) is any
chart around p and v = (d(¢:(c(t)))/dt|;—o). From now on we identify TpGM and TF M and omit the
superscript.

I1.2.4 REMARK Given a chart (U, ¢) around p, a basis of T, M is given by the symbols 0/0z1,...,0/0z,.
This is to be interpreted in the sense of

= 0 " O(ho¢p Na,..., 1))
<;O&Za—xz,h>zzaz oz, , at, ..., 0, € R

i=1

11.2.2 The tangent space according to the algebraist

Being manifestly independent of coordinate charts, the ‘geometer’s’ definition is conceptually more
satisfactory than the ‘physicist’s’, but we needed the latter to identify the vector space structure on
T,M. We now show how this can actually be done in an intrinsic albeit less intuitive way. The
considerations of this subsection will not be used later.

I1.2.5 DEFINITION (OF THE ALGEBRAIST) Let (Vi,h1),(Va, ha) be germs of functions at p € M.
Defining

a(Vl,hl)-i-b(VQ,hz) = (Vlﬂ‘/é,ah1+bh2),
(Vi,h1) - (Va,he) = (ViNVa, hihs),

we turn the set of germs of functions at p into an R-algebra A,M. A derivation of A,M is a map
0 : ApM — R that is R-linear (i.e. d(azx + by) = adzx + b0y for x,y € A,M and a,b € R) such that
O(xy) = y(p)Ox + x(p)dy for all x,y € A,M. We denote the set of derivations of A,M by D(A,M)
and turn it into an R-vector space by (a0 + b9")(x) = adzx + bd'x for a,b € R, 9,0 € D(A,M) and
x € A,M. (Clearly, D(A,M) is a subspace of (A,M)*.)

11.2.6 REMARK Note that the notion of derivation used in differential topology differs from the usual
one in algebra and functional analysis. (By a derivation of a, not necessarily commutative, k-algebra
A one usually means a k-linear map 0 : A — A such that d(zy) = zd(y) + 9(z)y.) O

In our definition of the geometer’s tangent space TpG M in terms of equivalence classes of germs of
curves through p we have considered a pairing (¢, h) between germs of curves and germs of functions.
In view of (I1.1), and writing h instead of (Vi, h;) etc., it is clear that

(e, ahy + bha) = a(c, h1) + b{c, ha),

<Ca h1h2> =M (p)(c, h2> + ha (p)(c, h1>’

thus (c,-) : h— (c, h) is a derivation on A,M. In this we way get an injective map T, M — D(A,M).
The following lemmas will show that this map is an isomorphism, allowing to consider D(A,M) as an
alternative definition of the tangent space. The latter might be denoted TI;AM , the algebraist’s version
of the tangent space.

I11.2.7 LEMMA Let AYM C A,M be the ideal of (germs of) functions vanishing at p. Then (A9)* =
{37, aibi, a;,b; € AYM} (finite sums of products of two elements of A)M ) is an ideal in AYM. Then

(a) 0 € D(A,M) C (AQM)* vanishes on (AJM)?, thus defines an element of (AYM/(AJM)?)*.



I11.2. THE TANGENT SPACE 15

b) Let o € (AYM/(ASM)?)*. Then the map h — ¢([h — h(p)1]) is in D(A,M), and the maps
P P p
between D(A,M) and (A)M/(AJM)?)* thus obtained are mutually inverse.

Proof. Ad (a) If h,h' € AYM and & € D(A,M) then d(hh') = h(p)dh' + W (p)0h = 0. Thus
(AYM)? C ker & and therefore 9 € (AJM/(AJM)?)*. Ad (b), given ¢ € (AJM/(AJM)?)* we define
Oh = ¢([h — h(p)1]) for any germ h € A,M. Here 1 is the constant function and [- - - | means the coset
in AJM/(AJM)?. Clearly 0 is R-linear and it remains to show the derivation property. We have

hh' — h(p)l (p)1 = h(p)(h" = I (p)1) + B (p)(h — h(p)1) + (h — h(p)1)(A' — I (p)1)
in AYM. Since (h — h(p)1)(h — 1/ (p)1) € (AYM)? we have
[hh' = h(p)h' (p)1] = [h(p) (R’ — I'(p)1) + h'(p)(h — h(p)1)]
in ASM / (A?)M )2. Applying ¢ and using R-linearity we have
O(hh') = @([hh' = h(p)h' (p)1]) = h(p)e([l = I (p)1]) + B (p)e([h — h(p)1]) = h(p)OR" + I (p)Oh,
thus 0 : h — ¢([h — h(p)1]) is a derivation on A,M. [ |

11.2.8 EXERCISE Complete the proof by showing that the above maps between (A)M/(A)M)?)* and
D(A,M) are mutually inverse. O

We cite the following lemma from analysis without proof.

I1.2.9 LEMMA Let h: U — R be a C%-function on a convex open set U C R™. Then

ah 1 92h
+Z — ;) o +) (g p])/o (1—7:)83% ' dt  (IL2)

|lz=p 1,J (%] |lz=p+t(q—p)

for all p,q € U. If h is smooth then the term with the integral is smooth as a function of p.

11.2.10 LEMMA With the above notation, TpM = (ASM/(A)M)?)*.

Proof. Let (U,¢) be a chart around p € M and (V,h) € AgM be a germ vanishing at p. Applying
Lemma I1.2.10 to h o $~! and observing that ¢(p) = 0 we obtain

O(hod™! 0*(ho ¢~ !(x))
Z(bz T +Z¢z ¢] / (1_t)W dt

|x= lz=to(q)

in some neighborhood of p. Since ¢;(-) € A)M for all i and the integral is smooth, the last summand
is in (Ag)Q, thus

d(ho ¢~ (x)) 0y2
= i) ——————= d(4;)7).
S0 TR (mod( )
This means that the algebra A?)M / (AgM )2 is spanned by the (classes of the) coordinate functions
[9i(-)], i = 1,...,n. (Thus dimg(A)M/(A9M)?) < dim M.) Let 81,...,9, be the basis of T,M
associated with the chart (U, ¢) as in Remark I1.2.4. Then
09(¢~ (21, 0)) _ D5

Outs) = gy g W3)

This proves that the [¢;(-)] € AJM/(AYM)? are linearly independent. (Let Y-, ¢;[¢i(+)] = 0. Then ¢; =
(05,22 ¢il¢;(+)]) = 0 for all i.) Furthermore, in view of (IL3), T),M is the dual space of AYM /(AJM)?,
concluding the proof. |

Putting the two lemmas together we obtain
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11.2.11 PROPOSITION The map T,M — D(A,M) given by [c] — (c,-) is an isomorphism of vector
spaces.

I1.2.12 REMARK 1. One can show that for non-smooth C" manifolds, the quotients ASM/(AYM)?
typically are infinite dimensional, thus the isomorphism with 7, M breaks down.

2. In algebraic geometry, one defines A, M (ASM ) as the algebra of germs of ‘regular functions’
defined near p (and vanishing at p). The analogue of Lemma I1.2.7 holds, thus one can define the
tangent space T, M to be either D(A,M) or (AJM/(A9M)?)*. The above considerations show that in
the case of a smooth algebraic variety over R this definition is consistent with our earlier (geometrical
and ‘physical’) ones.

3. The dual vector space Ty M := (Tp,M)*, called the cotangent space, will play an important role
in the theory of differential forms, cf. Chapter VII. O

We summarize: The geometer’s definition is probably the most intuitive one, but it does not give
the linear structure. Furthermore, it is the least suited for manifolds with boundary (cf. Section
I1.6). The algebraist’s approach is somewhat unintuitive but conceptually the nicest, and it is the
way the tangent space is defined in algebraic geometry. It has the disadvantage of breaking down for
non-smooth C"-manifolds. The ‘physicist’ approach is the least elegant but it works in all situations,
including non-smooth manifolds and manifolds with boundary.

I1.3 The differential of a smooth map

The ‘first derivative’ or ‘differential’ of a smooth map f : M — N should be a collection of linear
maps Tpf : T,M — Ty, N of the tangent spaces for all p € M. (Instead of T, f one often writes f,
but we will try to stick to T, f.) According to the chosen definition of the tangent spaces there are
different but equivalent definitions of 7}, f.

I1.3.1 DEFINITION (GEOMETER) Let f : M — N be smooth manifolds. Define Tpr : TpGM —
TszP)N by

T f:[d = [fod.

11.3.2 EXERCISE Show that this is well defined. d

11.3.3 DEFINITION (PHYSICIST) Let f : M — N be smooth manifolds of dimensions m,n. Let
® = (U,¢) and ¥ = (V,4) be charts around p and f(p), respectively. For [®,v] € TYM we define
TL f([®,v]) = [V, '] where v’ € R" is given by

a(¢‘0f0¢_1($1,...,$m)) .
U E V; B \:v:O’ j=1...,n.

=1

In Section II.2 we have found isomorphisms aé\/f : TpG M — T;D M between the two different defi-
nitions of the tangent space of M at p. Now that we also have induced maps T pG I TpG M — TfG(p)N
and Tf f: Tf M — Tﬁp)N , their compatibility becomes an issue. The precise answer is given by the
following

I1.3.4 EXERCISE Consider the map ag/[ : TpGM — TIfDM given by [c] — [®,v], where ® = (U, ¢) is a
chart around p and v = (d(¢;(c(t)))/dti=0), as discussed in the previous section. Show that o, is a
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natural transformation, i.e. the diagram

T¢ M
G / G
Tp M Tf (p) N
M N
p Yt (p)

T°’M — T N
p TfPM f(p)

commutes for every smooth map f: M — N and every p € M. O

I1.3.5 LEMMA Let f: M — N, g: N — P be smooth maps. Then the differentials T}, f, Tt (,)9, Tp(go
[f) satisfy the ‘chain rule’ Tj,(g o f) = Typyg o Tpf as linear maps TpM — Tyq ¢ P.

Proof. Obvious, e.g., in the geometer’s definition of the differential. |

I1.3.6 EXERCISE Let f : M — N be a diffeomorphism. Then T,f : T,M — Ty, N is a linear
isomorphism for every p € M. O

A very important réle in differential topology is played by the inverse function theorem:

11.3.7 THEOREM (INVERSE FUNCTION THEOREM) Let U C R"™ be open and f : U — R"™ a C"-
function where r € {1,2,...,00}. If p € U and T, f : R™ — R" is invertible (equivalently, the matrix
(0fi/0xj)z=p Is invertible) then there is an open V C U such that f : V — f(V) is a bijection with
C" inverse function.

For a proof see, e.g., [25] (where it is proven only for » = 1) or [6, Section II.1] (all r € NU {oo}).
One can give ‘elementary’ proofs using only classical differential and integral calculus and induction
on the dimension n, but it has become standard to apply the Banach fixpoint theorem. The latter
proof has the advantage of working also in infinite dimensions.

I1.3.8 COROLLARY Let f: M — N be smooth and Ty, f : T, M — Ty, N invertible for some p € M.
Then there exists an open neighborhood U > p such that f(U) is open and f : U — f(U) is a
diffeomorphism.

Proof. Let (U’, ¢), (V,1) be charts around p and f(p). Apply the inverse function theorem to o fog !
and conclude the claim for some U C U’. |

We recall that a differentiable homeomorphism f : M — N need not have a differentiable inverse,
e.g. v — 2°. The preceding corollary allows to exclude this nuissance at least locally (and Exercise
11.3.6 shows that invertibility of T}, f is also necessary). Note that a map need not be globally invertible
even iff T, f is invertible everywhere: Consider f : C — C, z — e*. We will later return to the problem
of proving that a map f is globally a diffeomorphism.

I1.4 The Tangent Bundle and Vector Fields

In this section we introduce a formal construction whose importance will become clear later. Let M
be a manifold of dimension m and consider the disjoint union
™™ = ] T,M,
peM

which is called the tangent bundle of M. Its elements are denoted (p,v), where p € M and v € T),M.
There is a canonical surjection 7 : TM — M, (p,v) — p
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11.4.1 PROPOSITION The tangent bundle T M admits the structure of a manifold of dimension 2m
such that the following holds: For every p € M there is a neighborhood U and a diffeomorphism
Y771 (U) — U x R™ such that the diagram

1 U) Lo U xR™
p1
™
U

commutes and such that for each p € M the map ©~*(p) = T,M — {x} x R™ is an isomorphism of
vector spaces.

Proof. Let (U;, ¢;)icr be an atlas of M. We define an atlas (V;,1;)icr of TM by

Vi=r'U) =[] T,M,
peU;

the coordinate maps 1; : V; — R?™ being given by
Yi(p,v) = (9i(p), Tp¢i(v)).
(We use the canonical isomorphism 7, R™ = R™.) For overlapping charts and (z,u) € v;(V;) we have
i o (w,u) = (650 ¢; (@), Ty o (Tppi) ™ (u) = (¢ © ¢; ' (), Dyu),

where D, = Ty(¢; 0 ;1) = (0(¢j 0 ¢~ (x1,...,2,))/07;). Since the matrix D, depends smoothly on
x, Pjo 1/1;1 is a smooth map, and thus (V;,;);cr defines a manifold structure on TM. The rest is
now obvious: For p € M, let U be the domain U; of a chart containing p. Then the coordinate map
Wi« Vi = 1 (U;) — U x R™ is the diffeomorphism whose existence is claimed in the proposition. B

The differentials T}, f for p € M combine to a map between the tangent bundles:

11.4.2 PROPOSITION Let f : M — N be a smooth map. Define a map Tf : TM — TN by
TM((p,v)) = (f(p),Tpf(v)). Then T'f is smooth and the diagram

T,M ' TM M
Tpf Tf f
Tf(p)N G TN N

L s

commutes, where ¢ : T,M — T'M is given by v — (p,v).

Proof. That T'f is a smooth map is immediate by definition of the tangent bundle. Commutativity of
the diagram is trivial. |

11.4.3 DEFINITION A vector field on M is a section of the tangent bundle T M, to wit a smooth map
v: M — TM such that m ov = idys. Thus, to every p € M we assign a tangent vector v(p) € T,M,
and this is done in a smooth way. The set of all vector fields on M is denoted by TI'(T'M).
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I1.4.4 REMARK A vector field on an open set 2 C R"™ (considered as a manifold with one chart (£2,1id))
is just a smooth map v :  — R™. But this shouldn’t lead one to forget that v(p) is an element of
T,M and behaves accordingly under smooth maps and changes of charts. O

11.4.5 EXERCISE As noted before, a chart (U, ¢) around p gives rise to bases {0/0z;,i =1,...,n} of
T, M for all p € U, thus the (restriction to U of the) vector field can be written as

n

v(p) = Z vi(p) 0/0x;.

i=1

Then smoothness of v : M — TM is just smoothness of the R-valued functions v,...,v, w.r.t. any
chart (U, ¢). 0

I1.4.6 EXERCISE (a) In the definition of the tangent space T, M, the pairing (c, h) between (germs of)
curves through p and functions at p was crucial. Given a map (not assumed continuous) v : M — T'M
satisfying mov = idjs and a function f € C°°(M) we obtain a function (v, f) : M — R, p — (v(p), f).
Show that v : M — TM is smooth iff (v, f) € C°(M) for every f € C>(M).

(b) If this is the case then f — (v, f) is a derivation (in the usual sense) of the algebra C'*°(M),
i.e. a linear map dC>°(M) — C*°(M) satisfying 9(fg) = f0(g) + go(f). O

11.4.7 REMARK The tangent bundle of a manifold plays a fundamental role in the Lagrangian for-
mulation of classical mechanics, see [2]. In the latter, the set of possible positions of the N particles
under consideration (the configuration space) constitutes a smooth manifold M. Then the state space
of the system is just T'M, consisting of the positions of the N particles and their velocities. Now the
dynamics of the system is determined by a smooth function L : TM — R, the Lagrangian function.
Provided that L satisfies a certain technical condition, the Lagrangian equations define a vector field
v:TM — TTM, and the flow obtained by integrating the latter (see the next section) describes the
time development R x T'M — T M of the system. O

I1.5 Vector fields, Flows and Diffeomorphism Groups

In this section we consider the relation between vector fields on a manifold and flows, to be defined
soon. To begin with, let I C R be connected and consider a smooth curve ¢ : I — M. For every t € I,
the latter has a velocity Tyc(1) € T M, where we have used the canonical identification T;R = R.
If ¢ is injective, this defines a unique element of T),M for every p € ¢(I). However, ¢(I) only is a
one-dimensional subset of M (at this point we don’t make this precise). One way to obtain a vector
field defined on all of M is the following:

I1.5.1 LEMMA Let M be a (smooth) manifold and A : Rx M — M a smooth map such that A(0,p) = p
for allp € M. Then R — M, t — A(t,p) is a curve through p and the map vy : M — T'M defined by

up tp e [Alt,p)]) € TLOM
is a smooth vector field.
Proof. Consider the case M = R"™. Then v(p) € T,R™ = R" is given by

OA

v(p) = 5(0,1))'

Since A is smooth, v(p) clearly is smooth, too. In the general case, let (U, #) be a chart around p.
Then A := ¢ o Ao (id x 1) maps a neighborhood of 0 x ¢(p) € R x R™ to ¢(U) C R™. Then the
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preceding argument implies that v = A /Ot,_, is smooth. Since ¢ and id x ¢ are diffeomorphisms, A
is smooth. ]

Note that there are many maps A : R x M — M giving rise to the same vector field v since only the
behavior in a neighborhood of {0} x M matters. We will now show that every vector field arises from

a map A as above. We cite the following results from the theory of first order ordinary differential
equations:

11.5.2 THEOREM Let 2 C R™ be open and v : 2 — R™ smooth. For every x € () there exists an open
interval I, C R containing 0 and a smooth map A, : I, — Q such that

1. A;(0) =z

2. B — (A, (1).

3. I, cannot be enlarged without losing 1-2, and every solution of 1-2 is obtained from A, by
restriction to a subinterval of I,.

4. The set A = Uzeql, x {x} CR x Q is open and the map A : A — Q given by (t,z) — A,(t) is
smooth.

5. We have A(t,A(s,x)) = A(t + s,x) whenever both sides are defined.

I1.5.3 REMARK Statements 1-2 mean that there is a smooth solution ¢ — x(t) to the initial value
problem z'(t) = v(x(t)),xz(0) = xo. Statement 4 means that the solution depends smoothly on the
initial value zg. Statement 5 is a straightforward consequence of the fact the the differential equation
in statement 2 is autonomous, to wit the right hand side does not depend on ¢ other than through

x(t).
For a proof see, e.g., [34]. It is interesting to note that the standard proof of Theorem I1.5.2 uses
the Banach fixpoint theorem. The latter thus is essential for both of the analytical results that are

central in differential topology (Theorems I1.3.7 and I1.5.2). O

For M = R this solves our problem: We have

oA
57 (0.2) = v(8:(0)) = v(2),

thus the vector field v arises from A as in Lemma I1.5.1. For general manifold the claim reduces to
M = R"™ by using charts. First a definition:

I1.5.4 DEFINITION A local flow on M consists of an open neighborhood A of {0} x M C R x M and
a smooth map A : A — M satisfying

1. A(O,p)=p Vpe M.
2. A(t,A(s,p)) = A(t + s,p) whenever both sides are defined.

I1.5.5 THEOREM Let M be a manifold and v € T'(T'M). Then there exists a local flow A on M such
that vp = v.

Proof. Let p € M and (U, ¢) a chart around p. Then = ¢(U) C R"™ is open and
5(x) = Ty1(0(v(0~ ' (2))) : @ — T,R® = R"

is a smooth vector field on (2. By Theorem IL.5.2 there exist ACRxQand alocal flow A : A — R®
such that (9A/0t)(0,x) = ¥(x). Denoting A = (id x ¢~1)(A) we defining A : A — M by

A(t,p) - (bil (K(t7 ¢(p)>)
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Since our charts cover M we can define A : A — M for some open neighborhood A of {0} x M. (In
the intersection of the domains of two charts we obtain consistent results. Why?) Comparing our
construction of A with the definition of v in Lemma I1.5.1 it is clear that vy = v. |

I1.5.6 DEFINITION A (global) flow on a manifold M is a local flow A defined on all of R x M.

I1.5.7 REMARK 1. Let A : R x M — M be a global flow. Then, for every t € R, Ay : p — A(t,p)
has the smooth inverse A_;, thus is a diffeomorphisms of M. The map R — Diff M, t — A, satisfies
Ay = idps and Agyy = Ag o A4, and therefore is called a one-parameter group of diffeomorphisms of
M. Note that R — Diff M is an action of R on M in the sense of Definition I1.1.17, but it is totally
discontinuous only if it is trivial (A(¢,-) = idas Vt)!

2. The above considerations have a natural interpretation in terms of dynamical systems. Consid-
ering the points of M as states of a physical system and assuming that there are no time dependent
external forces, there should be a map A; : M — M describing the time development of the system.
(In terms of the above, Ay = A(t,-).) Property 2 in Definition I1.5.4 then just means that waiting s
seconds and then ¢ seconds has the same effect as waiting s + ¢ seconds.

2. Unfortunately, not every vector field integrates to a global flow. Consider e.g. the vector fields
v(r) = 1on M = (0,1) C R or v(z) = 22 on M = R. They integrate to A(t,z) = = + t and
A(t,z) = z/(1 — tx), respectively, both of which run out of M in finite time. However, we have the
following result. O

I1.5.8 PROPOSITION If the support S = {p € M | v(p) # 0} of v € I'(T'M) is compact (thus in par-
ticular if M is compact) then there exists a global flow A : R x M — M such that vy = v.

Proof. Suppose first that M is compact. By the above, the local flow A is defined on an open
neighborhood A C R x M of {0} x M. Thus for every p € M there exists an open U, C M and an
ep > 0 such that (—ep,ep) x U, C A. By compactness there exists a finite subset ' C M such that
UperUp, = M. Let € = min,cpep. Then € > 0 and (—e,e) x M C A. But now we can define A.(-) for
t € (—2¢,2¢) by Ay = Ayj3 0 Ayjp. It is easy to see that this gives rise to a local flow on (—2¢,2¢) x M
with velocity v. Since A was maximal, we conclude (—2¢,¢) x M C A. Tterating this argument we see
that A =R x M.

Now consider non-compact M with compactly supported v. We can find an open N C M with
compact closure such that S C N. N is a manifold of the same dimension as N and it is compact in
the relative topology since M is locally compact, cf. e.g. [6]. Thus the above considerations give rise
to a global flow A on N such that vy =v [ N. We extend A to all of M by setting A(t,p) =p Vp €
M — N,t € R. This is a smooth map R x M — M since A(t,p) = p also holds on the open set N — S,
and it is a flow since A leaves S stable. |

I1.6 Manifolds with boundary

For many purposes, like the formulation of Stokes’ theorem, manifolds as defined above are not
sufficiently general, but a very harmless generalization turns out to be sufficient for most applications.
We write R = {(z1,...,2,) € R" | 1 > 0} and OR"} = {(z1,...,2,) € R" | 21 = 0}.

I1.6.1 DEFINITION A (smooth) manifold of dimension n € N with boundary is a second countable
Hausdorff space M such that every p € M has an open neighborhood U such that there is a home-
omorphism ¢ : U — V, where V' is an open subset of R" or R}, and such that the transition maps
#ogp l:p(UNU') — ¢'(UNU') between any two charts (U, ¢), (U’,¢') are smooth.

I1.6.2 LEMMA Let p € M. If there is an R’} -valued chart (U, ¢) around p such that ¢(p) € OR! then
é(p) € OR'; holds in any chart around p.
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Proof. Let (U’, ¢') be another chart around p and assume that ¢(p) is an interior point of R”. Applying
the inverse function theorem to the smooth and invertible map ¢’ o ~! we see that also ¢'(p) is an
interior point of R} . |

Thus a point p € M is mapped to JR'} by all charts or by no chart. (The same result holds for
topological manifolds, but to prove this one needs to invoke the ‘invariance of the domain’ already
alluded to.)

11.6.3 DEFINITION The boundary of M is
OM = {p e M | ¢(p) € OR"} for some R’} -valued chart (U, ) around p}.

Iff: M — N, we write 0f = f | OM : OM — N.

11.6.4 REMARK Since R" is diffeomorphic to an open ball in R™, one could also require all charts to
take values in R} . However, the flexibility gained by allowing charts taking values in R" is convenient
since now a manifold in the sense of Definition II1.1.9 manifestly also is a manifold with boundary with
oM = 0. O

I1.6.5 LEMMA The boundary OM of an n-manifold M is a (n — 1)-manifold without boundary, thus
JOM = ).

Proof. For every p € OM there is a chart (U,¢) of M around p such that ¢(U N 9M) is an open
neighborhood of 0 in 0 x R®~!. Forgetting the first coordinate, (U NOM,¢ | U N OM) is a chart of
OM mapping an open neighborhood of p to an open subset of R"~!. One verifies that the atlas of
M gives rise to an atlas of OM. Clearly M has no boundary, since we have R"~! in the preceding
sentence, not Ri_l. |

11.6.6 EXERCISE If M is a manifold with boundary then M — dM is a manifold without boundary
(or empty boundary), called the interior of M. O

I1.6.7 EXERCISE Show that M = OM implies M = (). O

11.6.8 We now must reconsider the notions of tangent space and differential for manifolds with
boundary. The important point is that we want 7, M to be a vector space, not a half space, even if
p € OM. The ‘physicist’s’ and the ‘algebraist’s’ definition of the tangent space are clearly applicable
also in the presence of a boundary and give a vector space T),M for all p € M. The ‘geometer’s’
definition is more problematic since a (germ of a) curve may run into the boundary. (One may try
to make this definition work restricting oneself to germs of the form [0,6) — M, but this becomes
somewhat tedious.) Now it is clear that also the differentials T}, f : TyM — TN and TF : TM —
TN can be defined as for boundaryless manifolds

The following is obvious but quite important:

I1.6.9 PROPOSITION Let M be a manifold with boundary OM # (. For every p € OM there is a
canonical linear inclusion map T,0M — T,M given by [c| — [c|. (Here the left [c] is an equivalence
class of curves in OM through p and the right [c] is the same curve considered as curve in M.) Let
® = (U, ¢) be a chart around p € OM. Then the ‘physicist pictures’ of the tangent spaces are related
via

TYoM = {[(®,v)] € TVM | v; = 0}.



I11.7. LOCALLY COMPACT SPACES 23

I1.6.10 EXERCISE Let M, N be n-manifolds, possibly with boundary, with atlasses (U;, ¢;), (Vj, ¥;),
respectively. Then the disjoint union M + N = M [[ N with the atlas {(U;, ¢;)} [[{(V}, %)} is an
n-manifold and (M + N) = OM + ON. O

I1.6.11 EXERCISE Let M, N are manifolds, where N = (), with atlasses (U;, ¢;), (V},1;), respectively.
Then M x N with the atlas (U; x Vj,¢; x v;) is a manifold of dimension dim M + dim N, and
O(M x N)=0M x N. 0

11.6.12 REMARK If OM # () # ON then M x N is not a manifold! If p € OM,q € ON then p x q has
a neighborhood in M x N that is homeomorphic to an open neighborhood of 0 € R™™"~2 x R x R,
but not to any open subset of R™*"~1 xR, . However, M x N is a manifold with corners, i.e. a second
countable Hausdorff space where every point p has a neighborhood that is homeomorphic to an open
subset of (R;)™.) The latter are a straightforward generalization of manifolds with boundary, but we
will not consider them any further in this course. O

From now on ‘manifold’ will mean ‘manifold with boundary’. Of course, the boundary
may be empty. If this is required to be the case we will say ‘manifold without boundary’.
Note that in the literature very often compact manifolds without boundary are called closed. Less
frequently, an open manifold is meant to be a manifold without boundary such that all connected
components are non-compact. We don’t use either of these terms.

I1I.7 Locally compact spaces

We begin by recalling a few facts concerning compact spaces that should be known from general
topology.

I1.7.1 DEFINITION A normal space is a Hausdorff space such that for any two disjoint closed sets
C1,Cy there are disjoint open sets U; D Cy, i =1,2.

The importance of the normality property derives from the following

I1.7.2 LEMMA (Urysohn) A Hausdorff space X is normal iff for any two disjoint closed sets C'1,Co
there is a continuous function f : X — [0,1] such that f | C1 =0 and f [ Cy = 1.

Proof. As to <, let C1,Cy, f as stated. Then Uy = £71([0,1/3)) and Uy = f~1((2/3,1]) are disjoint
open sets containing C7, Cs, respectively. For the = direction see any book on general topology. W
11.7.3 PROPOSITION Every compact Hausdorff space is normal.

Proof. See any book on general topology. |
I1.7.4 DEFINITION A space X is locally compact if for every x € X there are an open U and a compact
K such that x € U C K.

Unfortunately, not every locally compact Hausdorff space is normal, cf. [29]. Before we return to
this question we consider some basic properties of locally compact spaces.

11.7.5 LEMMA If X is such that every neighborhood of a point contains a compact neighborhood of
that point then X is locally compact. If X is Hausdorff the converse is also true.
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Proof. The implication = is trivial. As to the < direction, let p € V' be given with V' open. By local
compactness there are p € U C K with U open and K compact (thus closed since X is Hausdorff).
Then UNV 3 pisopen and U NV C K is compact, thus normal by Proposition I1.7.3. Thus there

exist
Skosk sk sk skosk sk skoskosk skoskosk sk skosk sk sk skoskoskosk sk

11.7.6 REMARK Occasionally one sees locally compact spaces defined as spaces where every neighbor-
hood of a point contains a compact neighborhood. This is objectionable since in the non-Hausdorff
case it is a stronger assumption. More importantly, it clashes with the terminology according to which
a space X is ‘locally P’ where P is any property that a topological may or may not have, if every
point has a neighborhood V' (not necessarily open) that is P. Besides P=*‘compact’, other examples
for P are ‘path connected’, ‘euclidean’ (homeomorphic to R™), etc. |

11.7.7 LEMMA Let X be locally compact and K C X compact. Then there is an open U D K such
that U is compact.

Proof. By local compactness there exists a cover (V;) of X by open sets with compact closures. Since
K C X is compact it is covered by finitely many of the V;. The union of the latter is an open set with
compact closure. |

11.7.8 EXERCISE Every open and every closed subset of a locally compact Hausdorff space is locally
compact Hausdorff in the relative topology. O

I1.7.9 DEFINITION Let X be a topological space with topology T. We write X+ = X [[{oo} and
identify X with the obvious subset of X*. We define a topology T on X by declaring U ¢ X+
to be open if it doesn’t contain oo and is open in X or it does contain oo and X — U is closed and
compact in X.

11.7.10 EXERCISE Prove the following claims:
1. (X*,77) is a topological space.

2. X is an open subset of X and the subspace topology on X obtained from X coincides with
7. Thus the inclusion map X < X T is a homeomorphism of X onto its image.

3. X is compact.

4. If X is compact then X is closed in X, thus X+ = X [[{cc} as topological spaces.
5. If X is non-compact then X = X, thus X is dense in XT.

6. X is Hausdorff iff X is locally compact Hausdorff.

a

I1.7.11 REMARK Given a space X, aspace Y D X is called a compactification of X if (1) the subspace
topology on X C Y coincides with the given one on X, (2) Y is compact and (3) X is dense in Y. Thus
X is a compactification of X provided X is non-compact. It is called the one-point (or Alexandroff)
compactification. There are many other compactifications, working under different assumptions on
X. O
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11.7.12 REMARK The last part of Exercise I1.7.10 already shows the usefulness of locally compact
(Hausdorff) spaces. We mention four further reasons:

1. Abstract measure theory on locally compact spaces: On locally compact spaces there exists a
nice generalization of Lebesgue’s measure and integration theory for R™. Cf. [26].

2. Gelfand duality: For a loc. cp. space X define
Co(X)={feC(X,C)| Ve >03K C X compact such that |f(z)|] <e Vr € X — K}.

(Equivalently, Co(X) = {fT | X | ft € C(XT), fT(o00) = 0}.) Then Cy(X) is a complex
algebra, complete w.r.t. the sup-norm and therefore a commutative C'*-algebra. Now, every
commutative C*-algebra is isomorphic to C(X) for a locally compact Hausdorff space that is
unique up to homeomorphism. Cf. e.g. [24, Section 4.3].

3. The Haar measure on locally compact groups: On every locally compact group there exists a
unique (up to normalization) left invariant measure in the setting of 1. [23, Section 1.2].

4. Pontrjagin duality for locally compact abelian groups: Let G be a loc. cp. abelian group and
write G for the group of continuous homomorphisms G — {z € C | |z| = 1}, with a suitable
topology. It is not difficult to show that G is a loc. cp. abelian group. Using all of 1-3 above

one proves Pontrjagin duality: G~G. [23, Chapter 3].

We now examine the separation properties of locally compact Hausdorff spaces.

11.7.13 PROPOSITION Let X be locally compact Hausdorff. Let K C U C X with K compact
and U open. Then there exists a continuous function f : X — [0,1] such that f | K = 1 and
suppf = {x € X | f(x) # 0} is compact and contained in U.

Proof. By Exercise 11.7.10, the one-point compactification X * is compact Hausdorff and thus normal
by Proposition I1.7.3. By Lemma I1.7.7 there exists an open V O K with V closed. Applying Urysohn’s
lemma to the closed sets K (since X is Hausdorff) and X+ — (U NV') we obtain a continuous function
f: Xt —10,1] such that f | K =1and {z € X | f(z) >0} CcUNV. Since UNV is compact, we
are done. |

11.7.14 REMARK Let X be locally compact Hausdorff and let K C X be compact and C' C X closed
such that K N C = (). Then Proposition 11.7.13 applies to K C U = X — C, thus there is a continuous
function f : X — [0,1] such that f [ C =1 and f [ C = 0. Thus a continuous function separating
disjoint closed sets exists (as is the case in normal spaces) if at least one of the sets is compact.
Given any closed set C C X and an x € X — C, K = {x} is compact and we obtain a continuous
function separating x and C. Such a space is called completely reqular. In turn, it follows that X is
reqular in the sense that a closed set C C X and x & C are contained in disjoint open sets. |

If we insist on normality, we need stronger assumptions on X. The following property is sufficient:

I1.7.15 DEFINITION A space X is o-compact if it is the union of a countable family C,, of compact
subsets.

I1.7.16 PROPOSITION A locally compact o-compact Hausdorff space is normal.

Proof. See [24, Proposition 1.7.8]. For the class of second countable locally compact Hausdorff spaces
this will follow from the following lemma and the results in the next subsection. |
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I1.7.17 LEMMA A second countable locally compact space X is o-compact.

Proof. By local compactness, there exists a cover (U, i € I) of X by open sets with compact closures.

By Proposition II.1.6, there is a countable subcover Iy C I. Now (U;, i € Iy) is a countable family of
compact sets covering X. |

I1.7.18 REMARK Actually, every second countable locally compact Hausdorff space is metrizable and
thus has all properties of metric spaces, like normality and paracompactness (see below). O

I1.8 Proper maps

It is natural to ask whether a continuous map between locally compact spaces can be extended
continuously to the one-point compactifications. For this we need the following

I1.8.1 DEFINITION A function f: X — Y (not necessarily continuous) between topological spaces is
proper iff f~1(K) C X is compact for every compact K C Y.

11.8.2 EXERCISE Let f : X — Y be a continuous map between locally compact Hausdorff spaces.
Extend f to fT: XT — YT by setting fT(c0) = co. Show that f* is continuous iff f is proper. O
11.8.3 EXERCISE Prove the following claims.

1.If f: A— Band g: B— C are proper then go f : A — C is proper.

2. If A is Hausdorff, B is compact and f : A — B is proper then f is continuous.

11.8.4 PROPOSITION Let B,C be Hausdorff spaces. If f : A — B and g : A — C are continuous and
f is proper then h = (f,g) : A — B x C is proper.

Proof. Let X C B x C be compact. If p; : B x C — B is the projection onto B, then p;(X) C B
is compact, thus f~!(p1(X)) is compact. Since B,C are Hausdorff, B x C is Hausdorff, thus the
compact subset X is closed. Since f, g, thus h, are continuous, h~1(X) is a closed and thus compact
since h~1(X) C f~(p1(X)), which is clear by X C p1(X) x C. ]

I1.8.5 EXERCISE Let G be a toplogical group and X a topological space. An action of G on X is
continuous if the map G x X — X, (g,x) — gz is continuous. An action is called proper if the map
GxX — X xX,(g,2) — (gx,z) is proper. Show that if G is discrete, this condition is equivalent to
the one given in Remark 11.1.22. O

The following result will play an important role in the proof of the embedding theorem.

11.8.6 LEMMA Let f : X — Y be an injective map of locally compact Hausdorff spaces. Then the
following are equivalent:

(i) f(X) is closed and f : X — f(X) is a homeomorphism w.r.t. the subset topology.

(ii) f is closed, i.e. f(C) is closed for every closed C' C X.

(iii) f is proper.
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Proof. (ii)=-(i): Since f is injective, (i) holds iff f=!: f(X) — X is continuous, which is the case if
f(Z) is open in f(X) for every open Z C X. Let Z C X be open. By (ii), f(X — Z) is closed in Y,
thus closed in f(X). Since f is injective, we have f(Z) = f(X) — f(X — Z), thus f(Z) is open in
I69)

(i)=(iii): Let K C Y be compact. Then K N f(X) is compact in f(X), thus f~1(K) = f~}(K N
f(X)) is compact in X by (i).

(iii)=-(ii): Since f is proper, it extends to a continuous map f X — Y of the 1-point compactifi-
cations such that f (00) = 00. Let C C X be closed. Then C'U {o0} C X i is closed and thus compact
Thus f(CU{oo}) C Y is compact, thus closed (since Y is Hausdorff). Thus Y — f(CU{cc}) = Y — £(C)
is open in Y and thus in Y, thus f(C) C Y is closed. |

I1.9 Paracompact spaces

I1.9.1 DEFINITION A cover (U;);er of a space X is locally finite if every p € X has a neighborhood
U such that the set {i € I | UNU; # 0} is finite. A refinement of a cover (U;)icr is a cover (V;);jes
such that every Vj is contained in some U;. A space X is called paracompact if every cover admits a
locally finite refinement.

I1.9.2 REMARK Some authors include Hausdorffness in the definition. Anyway, we’ll only consider
paracompact spaces that are also Hausdorff. O

Paracompact spaces are nicely behaved:

11.9.3 PROPOSITION A paracompact Hausdorff space is normal.

Proof. We beginn by showing that a paracompact space X is regular, cf. Remark I11.7.14. Thus
suppose such x,C are given. For each point y € C there are disjoint open sets U, > x and V,, > y.
Now {X — C}U{V,, y € C} is an open cover of X. By paracompactness there is a locally finite
refinement (W;,i € I). Let U = U{W; | W; C V, for some y € C} and note that this contains C.
By local finiteness of the cover (W;) we have U = U{W; | W; C V,, for some y € C}. Now, z is not
contained in any of the W;, thus 2 ¢ U. Therefore we have disjoint open sets U D C and X — U 3 «,
as required.

To prove normality, let C, D be disjoint closed sets and repeat the argument, replacing z by D. B

11.9.4 DEFINITION A shrinking of a cover (U;)ier is a cover (V;)ier (same index set!!) such that
V;C U foralliel.

11.9.5 LEMMA Every locally finite cover (U;);er of a paracompact Hausdorff space admits a shrinking.

Proof. Let (U;);er be a locally finite open cover of X. For every z € X chose a U; containing x and
call it U,. By regularity, cf. Proposition 11.9.3, there are disjoint open sets Y, >  and Z, D X — U,.
Thus Y, C X — Z, and therefore Y, C X — Z, = X — Z, C U,. Clearly (Y;).cx is an open cover, and
by paracompactness we can choose a locally finite refinement (W;);ecs. Let V; = U{W; | W, C U;}.
Clearly, (V;)ies is again an open cover. As above, local finiteness of (W;) implies V; = U{W | W, C
Ui} C U, thus (V;) is a shrinking of (U;). |

11.9.6 DEFINITION Let X be a topological space. A family (\; : X — [0, 1]);es of continuous functions
is a partition of unity if (a) it is locally finite, i.e. every x € X has a neighborhood on which all but
finitely many of the f; are identically zero and (b) for every x € X we have

> iz) =

el
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(The sum makes sense by (a).) Clearly (V; = {x € X | fi(x) > 0})icr is an open cover, and we say
that (f;)ier is subordinate to a given cover (U;) if (V;) is a shrinking of (U;).

11.9.7 PROPOSITION A Hausdorff space is paracompact iff every open cover admits a subordinate
partition of unity.

Proof. As to <, let (U;) be an open cover and ()\;) a subordinate partition of unity. Then (V; = {z €
X | Xi(z) > 0});er is a locally finite open cover subordinate to (U;).

As to =, let X be paracompact and (U;) an open cover. Let (V});ecs be alocally finite refinement of
(U;) and (W});es a shrinking of (V;). Since X is normal, Urysohn’s lemma provides us with functions
fi: X —[0,1], j € Jsuch that f; | W; =1 and f; | X —U; = 0. Thus the family (f;) is locally finite
and f =3, f; vanishes nowhere. Now A; = f;/f is a partition of unity subordinate to (V;) and thus
to (Uz) |

In view of these results we need criteria telling providing us with paracompact spaces. The first
one shows that paracompactness is independent of local compactness since, e.g., infinite dimensional
Banach spaces are not locally compact.

11.9.8 THEOREM Every metric space is paracompact.

Proof. The original proof by Stone was quite complicated, but now there are simple one-page proofs.
See M. E. Rudin, Proc. AMS 20 (1969) and D. Ornstein, Proc. AMS 21 (1969). [

Together with the fact that every second countable locally compact Hausdorff space is metrizable
this implies paracompactness of these spaces. However, we give a more direct proof.

11.9.9 THEOREM A locally compact Hausdorff space X is paracompact iff every connected component
of X is o-compact.

Proof. For the =-direction, which we don’t need here, see [6]. As to <, it is clear that a topological
direct sum of paracompact spaces is paracompact. It is thus sufficient to prove that a locally compact
o-compact Hausdorff space is paracompact.

By o-compactness we have compact sets (C), )nen covering X. Using Lemma I1.7.7 we can choose,
for every n € N, an open set E,, having compact closure and containing £, _; U C, (with Eg = ().
Clearly Up,E, = X. Now A, = E,, — E,_1 defines a sequence of compact sets such that U, A4n =X
and A; N A; = 0 whenever |i — j| > 1. Now we choose another sequence (By,) of compact sets such
that A, C Bi" and B; N Bj = () whenever |i — j| > 1. For this purpose it is enough that each olE,, is
compact and thus normal.

After these preparations, let (U;);c; be an arbitrary open cover of X. By compactness, each A,, is
covered by finitely many U;'s, thus

Sn

Ay C U Ui(n,r)-

r=1
Then the family 4
{ Vnﬂ’ :Ui(n,r)mBiLnt ’ neN, r=1,...,s, }

is an open cover refining (U;);c;. Every x € X has a neighborhood U contained in some B and
therefore meets at most in the finite family {V,,, | [n —m| <1,r =1,...,s,}. Thus the new cover is
locally finite. |

For our purposes in the sequel, the following is the upshot of this section:

11.9.10 COROLLARY Every second countable locally compact Hausdorff space, in particular every
topological manifold, is paracompact and normal.

Proof. Lemma I1.7.17 gives o-compactness. Now apply Theorem 11.9.9 and Proposition 11.9.3. |
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I1.10 Smooth partitions of unity

By definition, manifolds are spaces obtained by gluing together open neighborhoods in R™. Many
proofs require in a certain sense to undo this operation. This is done using partitions of unity. We
have already seen that manifolds are paracompact and therefore admit continuous partitions of unity.
For the purposes of differential topology this is not good enough since we need the functions A; to be
smooth. We therefore give a proof.

11.10.1 LEMMA Let K C U C M with K compact and U open. Then there exists a smooth function
g: M — [0,00) such that g(x) > 0 for all x € K and suppg C U.

Proof. Let F : R — R be given by F(z) = e Y/@D?=1/@+D? for |2| < 1 and by F(z) = 0 otherwise.
Then F is a smooth and satisfies F'(x) > 0 iff z € (—=1,1). Now let p € U C M with U open. Take a
chart (U, ¢) around p and £ > 0 such that ¢(U N U) C R™ contains the cube

{(z1,...,2n) | |z;i| < e for all i}.

Then the function ¢ — F(¢1(q)/¢) ...  F(én(q)/c) extends to a smooth function g, : M — [0, 1] such
that g(p) > 0 and suppg, C U.

To prove the lemma, take such a function g, for every p € K. The sets {x € M | gp(z) > 0} are
open and cover K. Thus a finite number of them covers K. The sum g of the corresponding functions
gp has the desired properties. |

I1.10.2 THEOREM Let M be a manifold and (U;) an open cover. Then there exists a smooth partition
of unity (\j)jes subordinate to (U;).

Proof. By paracompactness there exist a locally finite refinement (V;);es of (U;) and, by Lemma
I1.9.5, a shrinking (W;);es of (V})jcs. We may also assume that each V; is contained in the domain of
a coordinate chart and that each W] is compact. Using Lemma I1.10.1 we construct, for every j € J, a
smooth function g; : M — [0, 00) such that g;(z) > 0if z € W] and supp g; C Vj. By local finiteness,
g(p) = >, 9i(x) exists as a smooth function that vanishes nowhere (since U;W; = M). Now \; = g;/g
has all desired properties. |

As a first application we consider the extension problem of smooth functions defined on an open
neighborhood of a compact subset of a manifold. (We need the open neighborhood U of K since there
is no way to define smoothness of a function defined on an arbitrary closed subset K C M)

11.10.3 PROPOSITION Let M be a manifold and consider C C U C M, where C is closed and U is
open. Then for any smooth function f : U — R there exists a smooth function f : M — R that
coincides with f on C.

Proof. {U, M — C} is an open cover of M which is trivially locally finite. Thus there is a subordinate
open cover, to wit smooth functions Ay, Apr—c : M — R such that A\y + A\ys—_¢ = 1 and suppAy C
U, suppAy_c C M — C. Defining f(p) to be A\yy(p)f(p) for p € U and zero otherwise, f is smooth. If
p € C then p g M — C, thus Ays_c(p) = 0, therefore A\iy(p) = 1 and f(p) = f(p). [ |

I1.11 Basics of Riemannian Manifolds

I1.11.1 DEFINITION A riemannian metric on a manifold M is a family {(-,-),, p € M} of symmetric
positive definite bilinear forms on the tangent spaces T,M such that the map p — (v(p),v(p)), is
smooth for any (smooth) vector field v. A manifold together with a (chosen) riemannian metric is a
riemannian manifold.
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11.11.2 REMARK One application of riemannian metrics is the assignment of a length to a smooth
curve segment in M. If f : [a,b] — M is smooth we use the identification T}R = R to define
v(t) € TyyyM by v(t) = (T;f)(1). Then

b
L(f) = / dt \[o(t), v(®)) 1

defines the length of f. For M = R" this is easily seen to reduce to the usual definition. As mentioned
before, every manifold is metrizable. In fact, a connected riemannian manifold has a canonical metric
inducing the given topology:

d(p,q) = inf{L(f) | f a smooth curve connecting p and ¢}.

(Showing that this is a metric requires some work, the most difficult part being d(p,q) > 0 if p # q.)
Then the interesting question arises whether the metric space (M, d) is complete. More on this later.
O

I1.11.3 REMARK Let (-,-) and (-,-)~ be riemannian metrics on M. Then

t ~

<'7‘> :t<‘7'>+(1_t)<‘7'> ) te [07 1}
is a continuous family metrices such that (-,-)!1 = (-,-) and (-,-)% = (-,-)~. Thus the space of all
metrices (with a suitable topology) is connected, and in a sense all metrices are equivalent. Indeed,
for many purposes it is sufficient to know that M admits some riemannian metric. Proving this will
be our first application of partitions of unity. O

11.11.4 LEMMA Every manifold admits a riemannian metric.

Proof. Let {U;,i € I} be a locally finite open cover and {\;,7 € I} a subordinate partition of unity.
For each i € I, let (-,-); be a positive definite symmetric quadratic form on R™ and for X,Y € T,M
we define
(X,Y)p = ZM(P) (Tp¢i(X), Tpi(Y))s-
iel

Here the i-th summand is understood to be zero if p & U;. This is well defined by local finiteness of
the partition. Symmetry and positivity are obvious. If X # 0 then (T},¢;(X), Tp¢i(X))i; > 0 whenever
p € U;, implying positive definiteness. Given vector fields X,Y, smoothness of p — (X(p),Y (p)), is
easily seen using local coordinates. ]

I1.12 Classification of smooth 1-manifolds

We first remark that manifolds are locally path connected, thus the path components are closed and
open connected components. Thus a manifold is topologically a direct sum of its path components
and it is sufficient to classify (path) connected manifolds.

In this section we will give a complete classification of smooth connected 1-manifolds. While the
statement of the latter may seem obvious, giving a proper proof is not entirely trivial. Corollary I1.12.3
will turn out to be useful later on. Our approach is inspired by [19, Appendix|. (There, however, only
manifolds embedded in some R™ are considered.)

11.12.1 THEOREM Let M be a connected smooth 1-manifold. Then M is diffeomorphic to one of the
following: [0, 1],[0,00), R, S*.
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I1.12.2 REMARK Of the I-manifolds in the theorem, the compact ones are S! and [0, 1], the bound-
aryless ones are S' and R. O

I1.12.3 COROLLARY Let M be a compact smooth 1-manifold. Then OM consists of an even (finite)
number of points.

Proof. Since M is compact, the number of connected components is finite. The claim follows since a
connected compact 1-manifold is either S! (no boundary) or [0,1] (two boundary points). [ |

In the sequel we will call a connected non empty subset of R an interval. It should be clear that
every interval is diffeomorphic to one of the first three alternatives in Theorem I1.12.1.

I1.12.4 DEFINITION Let M be a smooth Riemannian 1-manifold and I an interval. A map f: 1 —
M is a parametrization if f maps I diffeomorphically onto an open subset of M. It is called a
parametrization by arc length if the ‘velocity’ v(x) = Ty f(1) € Ty, M has length one for all x € I,
ie. (v(z),v(x)) @ =1Ve el

I1.12.5 EXERCISE M must have boundary points whenever I has. Hint: f(I) C M is open. O

I1.12.6 LEMMA Any given local parametrization f : I — M can be transformed into a parametrization
by arc length by a transformation of variables.

Proof. As usual, v(z) = T, f(1). Pick a point xg € I. Then the map

G:1—R, x'—)/xjdt\/m

is smooth and satisfies ('(x) > 0 for all 2 € I. Thus it has a smooth inverse 37! : 3(I) — I. Then
f=fopB Y B(I)— M is a parametrization by arc length. (Verify!) |

I1.12.7 PROPOSITION Iff: I — M andg: J — M are parametrizations by arc length then f(I)Ng(J)
has at most two components. If it has one component then f can be extended to a parametrization
of f(I)Ug(J) by arc length. If it has two components then M is diffeomorphic to S*.

Proof. Clearly g=! o f maps the open subset f~!(g(J)) C I diffeomorphically onto the open subset
gL (f(I)) C J, and the derivative of this map is 41 everywhere. The subset I' = {(s,t) | f(s) = g(t)}
of I x .J consists of line segments of slope &1. Since I is closed and g ! o f is locally a diffeomorphism,
these line segments cannot end in the interior of I x J, but must extend to the boundary. Since go f~!
is injective and single valued, there can be at most one of these segments ending on each of the four
edges of the rectangle I x J. It follows that I' has at most two components. If there are two, they
must have the same slope +1.

If T is connected then ¢! o f extends to a linear map £ : R — R. Now f and g o/ fit together and
define a map I N£~1(J) — f(I)Ug(J).

If T has two components, both with slope +1 say, we have I' = (a, «)(b, 5) U (¢,7)(d, 0):

g

2 =

a b c d

Translating the interval J = (7, 3) if necessary, we may assume that v = ¢ and § = d so that

a<b<c<d<a<p:
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Identifying S* with the unit circle in C and setting 6 = 27t/(a — a) we define

hSl—>M e”»—) f(t) lfCL<t<d7

' ’ g(t) if e<t<p.
By definition, A is injective. The image h(S') is open and compact, thus closed in M. Since M is
connected h is surjective. |

Proof of the Theorem. We use Lemma I1.11.4 to equip M with a riemannian metric. Let p € M and
(U, ¢) a chart around p. Using Lemma I1.12.6 we obtain an arc-length parametrization of U by an
open interval (a,b). If U = M we are done. If not, at least one of the points a, b is not a boundary
point of M. Assume this point is @ and choose a chart (V,4) around a. Clearly V' ¢ U. Again, we
can replace 1) by an arc-length parametrization of V.. We have U NV # (), thus by Proposition I1.12.7
U NV has one or two components. If it has one, Proposition I1.12.7 provides us with an arc-length
parametrization of U UV, and continuing like this we obtain an arc-length parametrization of a certain
maximal subset N of M. If N = M we are done. Assume N # M. Then for every p € M — N and
every open neighborhood V of p, the intersection V N N has two components. In that case, chosing an
arc-length parametrization of such a neighborhood V', Proposition I1.12.7 provides a diffeomorphism
between M and S*. |

11.12.8 REMARK 1. Theorem II.12.1 implies that all connected smooth 1-manifolds of the same type
([0,1], [0,00), R, S!) are diffeomorphic. Thus each of the latter carries a unique smooth structure.

2. By similar methods as used in the proof of Lemma I1.12.6 one can show that every connected
topological 1-manifold M is homeomorphic to one of the four above types. This homomorphism can
be used to define a smooth structure on M, which is unique by 1.

3. The classification of smooth 1-manifolds can also be obtained using some elementary Morse
theory see [12, Appendix 2]. For a Morse theory approach to the classification of smooth compact
2-manifolds see [13, Chapter 9]. Topological surfaces (i.e. 2-dimensional C°-manifolds) can also be
classified using elementary topological considerations, cf. [31]. However, proving that topological
manifolds of dimensions 2 and 3 admit a unique smooth structure is more involved. O



Chapter II1

Local structure of smooth maps

I11.1 The rank theorem

In Exercise I1.3.6 we have seen that T}, f is an isomorphism for all p when f is a diffeomorphism. For
general maps this will not be the case, certainly not if M, N have different dimensions. Thus it is
natural to consider the rank of the linear map 7),f as p € M varies.

IIT.1.1 ProprosITION Consider f: M — N and let p € M. If rank(T,f : T,M — Ty, N) = r, there
exists an open U > p such that rank(Ty f : TyM — Ty N) > r for all g € U.

Proof. Let (U, ¢), (V,9) be charts around p, f(p), respectively. W.r.t. these charts the differential T}, f
is described by the n x m-matrix A = (O(¢j o f o ¢~ (z1,...,2))/0z;). That the rank of A is r
means that A has an invertible r x r submatrix but no invertible submatrix of size (r +1) x (r + 1).
Invertibility is equivalent of non-vanishing of the determinant. Now, the determinant of the submatrix
under question is a continuous function of p and therefore does not vanish in a sufficiently small
neighborhood of p. In such a neighborhood the rank of 7}, f cannot be smaller than 7, as claimed. W

ITI1.1.2 REMARK 1. This result can be restated by saying that the map p +— rankT),f is lower
semicontinuous. (A function f is lower semicontinuous if lim, ., f(¢) > f(p).)

2. Note that the rank of T, f may be bigger than that of T} f arbitrarily close to p: Consider
f:R—=R: p—p?atp=0. |

The following proof is taken from [7].

II1.1.3 THEOREM Let M, N be manifolds without boundary. Consider f : M — N and assume that
rank T}, f is constant on some neighborhood U of p € M. Then there are charts (V,¢) and (W, )
around p and f(p), respectively, such that f(V) C W and f: Yo fod™t:p(V)— (W) has the
form f: (1, ooy ) = (21,...,20,0,...,0).

Proof. We may right away restrict to maps f: U — R” where U C R™ is a neighborhood of zero and
f(0) = 0. Now there exists a (r x r)-submatrix of T}, f that is invertible at p = 0. Suitably renaming
the coordinates of R™ and R" we may assume that the matrix (0f;/0x;)1<i j<r is invertible at x = 0.
Let h: U — R™ be given by (z1,...,Zm) — (f1(z),..., fr(x), 241, ..., 2Zm). The Jacobi matrix of h

33
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has the form r n—r

Ofi
Oz

Toh =

Now we have det Toh = det(0f;/0z;)1<i j<r # 0, thus by the inverse function theorem there is a local
inverse h~! : V! — U’ bijectively mapping some open neighborhood V' of 0 to some U’ C U, and the
diagrams

R” > U’ —h> V' cR™ (1, ey xm) = (f1(z), oy fr(@), Tpg1y o ooy )
oh~!
f ! f
R™ (fi(@), ..., fn())

commute. Thus the map g = foh™! : V/ — R™ has the form (21,. .., zm) = (21, -+, 2r, Gr41(2), -, gn(2))
and therefore the Jacobi determinant

r n—r
I 0 r
Tog =
? A(z) m—r

where A(z) = (09;/0z;). Since rank f = rank g = rankTpg = r in a neighborhood of zero, we must
have A(z) = 0 in this neighborhood. Thus

Jg;
aZj

=0, r+l1<i<n, r+1<j<m. (ITL.1)

Let now

k: (yla-“?yn) = (yl""vyrayTJrl _gTJrl(yl""7y7“’03"'a0)a"',yn _gn(yla--'ayryoa“'ao))'
The Jacobi matrix (0k;/0y;) of k is

Tok =
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thus k is invertible in some neighborhood of zero, and ko f o h™! = k o ¢ is represented by the
composition

(215 s 2m) LR (215 oy 2ry Grg1(2)s ooy gn(2))
k
= (21,0002 Gri1(2) — g1 (215 o, 20,0,00.,0), 0oy gn(2) — (21, -+, 2,0, ..., 0)).

For (z1,...,2n) in a sufficiently small neighborhood of 0 and r + 1 < ¢ < n we have g;(21,...,2n) —
gi(z1,...,2r,0,...,0) = 0 because of (III.1), thus kog = ko f oh~! is represented by

(215 oy 2m) — (21, ., 20,0,...,0),

as claimed. In the above argument we didn’t care precisely about the open neighborhoods of zero on
which our maps were defined, but is clear that we can replace V' by a smaller open neighborhood v’
of zero such that f(V') C W. Then f =1 o fo ¢! is defined on all of ¢(V). [

In order to apply the theorem one must show that the rank of T}, f is constant in a neighborhood of p,
to wit one must exclude the possibility mentioned in Remark I11.1.2.2. Without further information,
this is difficult (but see Theorem III.2.9 for a situation where it can be done). If, however, the
rank of T, f at p is maximal, i.e. rank 7T, f = min(dim M,dim V), it cannot increase, thus Theorem
II1.1.3 applies. This motivates a detailed study of the two cases rankT,f = dim N < dim M and
rank T, f = dim M < dim N. (In fact, most books prove the rank theorem only for these special cases,
giving two different arguments. This seems somewhat unsatisfactory.)

I11.1.4 DEFINITION A map f : M — N is an immersion (or immersive) at p if the linear map
Tpf : TyM — Ty, N is injective. It is called a submersion (or submersive) at p if T, f : TyM — Ty, N
is surjective. A map is an immersion (submersion) if it is immersive (submersive) for all p € M.

ITI1.1.5 REMARK Clearly, f : M — N is an immersion iff rank 7, f = dim M < dim N for all p € M.
Similarly, f is a submersion iff rank 7T}, f = dim N < dim M for all p € M. O

The special significance of immersions and submersions will become clear in Sections III.3 and
IV.1, respectively. Here we only note that an immersion need not be injective: consider the map from
S1 to the ‘figure 8’ in R2.

II1.2 Submanifolds

We begin by considering manifolds without boundary.

II1.2.1 DEFINITION Let M be a manifold of dimension m without boundary and let n < m. A subset
N C M is a submanifold of dimension n if for every p € N there is a chart (U, ¢) of M around p such
that p(UNN) = ¢(U)NR", where R™ is identified with the subset {(x1,...,2,,0,...,0) | (z1,...,2,) €
R™} of R™.

I111.2.2 PROPOSITION If N C M is a submanifold of a manifold M then N is a manifold in a canonical
way. With respect to this differential structure, the inclusion map N — M is a smooth injective
immersion.

Proof. Let p € N and (U, ¢) as in Definition II1I1.2.1. Then (U N N, (Z), where ¢ : UNN — R" is
given by p — (¢1(p), ..., ¢n(p)) is a chart around p for N. That the charts obtained in this way are
mutually compatible and thus define a differentiable structure for IV is obvious. The same holds for
the last statement. |
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I11.2.3 EXERCISE Prove that if N C M is a submanifold (and thus itself a manifold) and P C N is
a submanifold then P is a submanifold of M. O

II1.2.4 EXERCISE Prove the following claims:

1. N C M is a zero dimensional submanifold iff it is a discrete subset of M (i.e. N is discrete w.r.t.
the subset topology).

2. N C M is an m-dimensional submanifold iff N is an open subset of M (with the induced
differentiable structure).

a

I11.2.5 EXERCISE For m < n the following are submanifolds: R™ C R™, S™ C S™, O(m) C O(n),
U(m) C U(n). Find further examples. O

I11.2.6 REMARK Note that a submanifold N C M need not be an open or closed subset: {(x,0) | x €
R} C R? is a closed submanifold, (0,1) C R is an open submanifold, and {(z,0) | z € (0,1)} C R? is
neither open nor closed. O

II1.2.7 EXERCISE If N C M is a submanifold then the inclusion ¢ : N — M is an injective immersion
and T,.(T,N) C T,M is a subspace of dimension dim N for every p € N. We will usually identify
T,N with its image in T, M: T,N C T,M. O

ik define submanifolds of manifolds with boundary * ¥tk
If N ¢ M is a submanifold and N and M both have a boundary, the relation between the
boundaries can be quite complicated. We give some examples:

OM = 0N =1 R®™ Cc R™, S™ C S™, O(n) C O(m), n <m.

OM =0, ON #0 R} CR™, n<m; D" CR"

OM #0, ON =0 R7T CR%Y, m<n, where (1,...,Zm) — (0,...,0,21,..., ).

OM #0, ON #0 D™ CR%}. R CR%Y, m <n, where (z1,...,Zm) — (21,...,2m,0,...,0).

II1.2.8 DEFINITION A submanifold N of a manifold M with boundary is neat if 9IN = N N OM.

Of the above examples of submanifolds, those in the first row are trivially neat since OM = ON = (),
whereas no submanifold of the second type can be neat. D™ C R’} (where the disc sits in the interior
of R} ) is not neat.

The following result provides a (rather special) way to construct submanifolds of a given manifold
M. More widely applicable methods will be studied later.

1I1.2.9 THEOREM Let M be connected without boundary and let f : M — M be a smooth map such
that fo f = f. Then f(M) is a closed submanifold of M.

Proof. The image f(M) equals the fixpoint set {p € M | f(p) = p}, thus it is closed. It is easy to see
that f(M) is connected. Now it is sufficient to consider the map f in a neighborhood of a point p. By
the chain rule, f o f = f implies T}, f o Ty f = T, f for all ¢ € M, in particular T),f o T, f =T, f for
every p € f(M). Thus

imT,f ={veT,M|T,f(v) =v}=ker(idp,n — Tpf)

for all p € f(M). This implies dim M = rank T}, f + rank(idz,as — T, f), and both ranks can only
increase in a neighborhood of p, we conclude that rank T}, f is locally constant on f(AM), thus constant
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since f(M) is connected. Let r = rank T}, f for some p € f(M) be this constant. Then there is an open
neighborhood U of f(M) such that rank T, f > r for all ¢ € U. Now rank T}, f = rank(Tyq) f o T, f) <
rankTy(,)f = r, thus rank T, f is constant on U. Therefore the Rank Theorem II1.1.3 applies. Let
p € f(M), thus f(p) = p. By the rank theorem there are charts (U, ¢) and (V,4) around p = f(p)
such that Yo foo™l: (z1,...,2,) — (z1,...,2,,0,...,0) and ¢(f(U)) = ¢(U) NR", thus f(M) is a
submanifold. |

II1.3 Embeddings

Given a smooth map f: M — N it is a natural question whether f(M) C N is a submanifold. In this
generality, however, the question is too difficult. We therefore limit ourselves to the more restricted
question: When is f(M) C N a submanifold such that f: M — f(M) is a diffeomorphism? Clearly,
f must be injective and immersive (by Exercise 11.3.6). This is, however, not sufficient. Consider a

map f : R — R? whose image looks like
ﬁD

f can easily be made injective and immersive, but f(R) C R? is not a submanifold near the point p.
(With a view to Lemma I1.8.6 we note that lim,_,~, f(x) = p is finite and that the image of the closed
set [x, +00) is not closed if z > f~1(p).)

II1.3.1 PROPOSITION Let f : M — N be a smooth map of manifolds. Then the following are
equivalent:

(i) f(M) C N is a closed submanifold and f : M — f(M) is a diffeomorphism.
(ii)) f(M) C N is closed, f is an immersion and f : M — f(M) is a homeomorphism.
(iii) f is a proper injective immersion.

Proof. (1)=(ii). The diffeomorphism f : M — f(M) is a fortiori a homeomorphism. By Exercise
11.3.6, Ty, f : TyM — Ty, (f(M)) is invertible, thus the composition Tp,M — Ty (f(M)) — Ty N
is injective.

(ii)=(i). Since f is an immersion we have rank(7),f) = m at all p € M, cf. Remark III.1.5. Thus
the Rank Theorem III.1.3 applies and, for every p € M, provides charts (U, ¢), (V,4) around p and
g = f(p) € N, respectively, such that f(U) C V and f : o fod™t: ¢(U) — (V) is given by
x +— (2,0,_p,), where 0,_,, denotes the zero of R"~"™. Here ¢(U) C R™ and ¢ (V) C R™ are open
neighborhoods of zero. Since m < n we can find open neighborhoods A € R™ and B C R,
both containing 0, such that A x B C ¥(V). Then U’ = ¢~ (AN ¢(U)) C M is open and we have
p(U") x B C (V). Finally, defining V' = ¢~ (¢(U’) x B) we have a map f from ¢(U’) C R™ to
(V') =¢(U') x B CR™

Since f: M — f(M) is a homeomorphism, f(U’) is open in f(M), thus there is an open W C N
such that f(U') = W N f(M), thus U' = f~Y(W). Now, (V' N W,% | V' N W) clearly is a chart
around ¢ € N. In view of (V') = ¢(U’) x B C R™, a point y € V' N W satisfies ¢(y) C R™ (i.e.
¥i(y) = 0 for all i« > m) iff there is € U’ such that ¢(y) = (¢(x),0,—m). This is equivalent to
Y(fM)NV' NW) =4V NnW)NR™. Hence f(M) C N is a submanifold and f: M — f(M) is
locally smoothly invertible, thus a diffeomorphism.

(ii)<(iii). This follows from Lemma I1.8.6. [ |
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II1.3.2 DEFINITION When the equivalent conditions of Proposition 111.3.1 are satisfied, the map f :
M — N is called an embedding and f(M) C N an embedded submanifold.

I11.3.3 COROLLARY Let M be compact and f : M — N an injective immersion. Then f(M) C N is
a submanifold and f : M — f(M) is a diffeomorphism.

Proof. Let Z C N be compact, thus closed. By continuity, f~*(Z) C M is closed, thus compact by
compactness of M. Thus f is proper. |

In Section II1.5 we will show that every n-manifold admits an embedding into R?"*1. The proof
requires some further preparations which will be the subject of the next section.

I11.4 Measure zero in manifolds: The easy case of Sard’s theorem

In this section we will develop some rudiments of measure theory in manifolds where we will only need
the notion of measure zero.

I11.4.1 DEFINITION By a cube of edge A in R™ we mean a product D = [["_[a;, b;] of n intervals in
R with |a; — b;| = X for all i. We write |D| = A". Now, a set C' C R™ has measure zero if for every
e > 0 there exists a sequence of cubes {D; C R"};cn such that

[e.e]

Cc [j D, and Z |D;| < e.
i=1

=1

I11.4.2 REMARK 1. It is important to understand that measure zero is a relative notion. The interval
I = [0,1] C R has non-zero measure, but I x 0 C R? has measure zero!

2. We would arrive at the same notion of measure zero if we replace closed by open cubes. Since
the ratio of the volumes of a cube and the circumscribed ball depends only on n, U C R™ has measure
zero iff it can be covered by countably many balls of arbitrarily small total volume. Similarly, one
could use rectangles, etc. O

1I1.4.3 EXERCISE If U C R™ has measure zero then any V' C U has measure zero. If m < n then
R™ 2 R™ x 0 C R™ has measure zero. O

I11.4.4 LEMMA Let (C; C R");en be a sequence of sets of measure zero. Then |J; C; has measure
zero.

Proof. Let ¢ > 0. Since C; has measure zero we can pick a sequence {Df ,j € N} of cubes such that
Ci Cc U;Df and 3, |Dj| < 27%. Then {D!,i,j € N} is a countable cover of |J;C; and we have

§%ﬂpﬂ<5§;24:g. [

I11.4.5 LEMMA Let U C R™ be open and f : U — R™ differentiable (C'). If C C U has measure
zero then f(C) C R™ has measure zero.

Proof. Let || - || be the euclidean norm on R™. Every p € U belongs to an open ball B C U such that
| Ty f|| is uniformly bounded on B, say by x > 0. Then

1 () = F)ll < kllz =y

for all z,y € B. Thus, if C C B is an m-cube of edge A then f(C) is contained in an m-cube of
edge less than /mkA. It follows that f(C) has measure zero if C' has measure zero. Writing U as a
countable union of such C', the claim follows by Lemma II1.4.4. [ |

The preceding lemma shows that the following definition has a coordinate independent sense:
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I11.4.6 DEFINITION A subset C of a manifold M has measure zero iff $(U N C') has measure zero in
R™ for every chart (U, ¢) in the maximal atlas of M.

I11.4.7 EXERCISE 1. Use Lemma I11.4.5 to show that C' C M has measure zero iff (U N C) C R™
has measure zero for every chart (U, ¢) in some atlas compatible with the differential structure of M.
2. If C' C M has measure zero then M — C' is dense in M. O

I11.4.8 LEMMA Let U C R™ be open and f : U — R" differentiable, where n > m. Then f(U) C R"
has measure zero.

Proof. Define f: U x R"™™ — R" by f(m,y) = f(z). Since U x {0} C R™ has measure zero, Lemma

~

II1.4.5 implies that f(U) = f(U x {0}) C R™ has measure zero. [ ]

Now we can state the easy case of Sard’s theorem:

I11.4.9 PROPOSITION Let f : M — N a smooth map of manifolds, where dim M < dim N. Then
f(M) has measure zero in N.

Proof. Let (U;, ¢;), (V},1;) be countable atlasses for M and N, respectively. Then

(D V) = U (F@)nvi) = @ye foer) (u(Uin f71(V)) -

Now, ¥jo fo qb;l is a smooth map from an open subset of R to R, thus the measure of its image is
zero by Corollary I11.4.8. Thus v;(f(M) N V;) has measure zero by Lemma II1.4.4, and this is what
is required by Definition III.4.6. |

The general version of Sard’s theorem will be given in Section IV.2. We give a first application of
Proposition I111.4.9.

1I1.4.10 DEFINITION Two smooth maps f,g : M — N are smoothly homotopic if there is a smooth
map h: M x [0,1] — N such that hg = f and hy = g, where we write hy = h(-,t).

1I1.4.11 THEOREM If M is a manifold of dimension m < mn then any smooth map f : M — S" is
smoothly homotopic to a constant map.

Proof. By Proposition 111.4.9, f(M) C S™ has measure zero, thus there is a point ¢ € S™ not in the
image of f. Therefore f maps into the X = S™ — {¢}, which is smoothly homeomorphic to R", and
therefore contractible (to wit, there is a smooth map r : X x [0,1] — X such that r(z,0) = z for all
x € X and x +— r(x,1) is a constant map). Composing f with such a contraction gives the desired
homotopy. |

For later purposes we prove that smooth homotopies behave similarly to continuous homotopies.

I11.4.12 LEMMA Smooth homotopy is an equivalence relation. (The set of smooth homotopy classes
of smooth maps X — Y will be denoted by [X,Y]s.)

Proof. Symmetry and reflexivity are obvious, but transitivity requires proof. Let ¢ : [0,1] — [0,1]
be a smooth function such that ¢(t) = 0 for t < 1/3 and ¢(¢t) = 1 for ¢t > 2/3. (For example, let
©(t) = Nt —1/3)/(Mt—1/3) + A(2/3—1)) where \(t) = 0 for t <0 and A(t) = e~/ for t > 0.) If now
h is a smooth homotopy between f and g, define h'(z,t) = h(z,p(t)). Then A’ is a smooth homotopy
between f and g that is constant as a function of ¢ for t < 1/3 and ¢ > 2/3. The usual (double speed)
composite of two such modified homotopies is a smooth homotopy. ]
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II1.5 Whitney’s embedding theorem

I11.5.1 LEMMA Let M be a compact manifold (with or without boundary). Then there exists an
embedding ¥ : M — R"” for some n € N.

Proof. As usual let m = dim M. Let {(U;, ¢;)} be an atlas. By compactness finitely many of the U;
suffice to cover M, thus we may assume the atlas to be finite with ¢ = 1,...,k, and by Lemma 11.9.5
we can also find sets Vj still covering M such that V; C U;. Furthermore, Proposition I11.10.3 provides
smooth functions \; : M — R which are 1 on V; and have support in U;. Defining ¢; : M — R™
to be \i(p)¢i(p) for p € U; and zero otherwise, 1; is smooth. Now define ¥ : M — (R™)* x RF
by U = (¢1,..., %k A1,...,Ag). We claim that ¥ is injective: If U(p) = U(q) then \;i(p) = \i(q)
for all i. Now, p € V; for some j, thus \;j(p) = 1. Since also \j(¢) = 1, we have ¢ € Uj, and
oj(p) = Ai(p)d;(p) = ¥i(p) = ¥j(a) = Aj(@)9j(q) = ¢;(¢) implies p = ¢ since ¢; : U; — R" is
injective. Next we show that ¥ is an immersion, i.e. ¥, = T,¥ is injective for all p € M. Again,
p € Vj for some j and thus A\; = 1 on a neighborhood of p. Now v; = ¢;, and ¢;, = ¢;_ is injective
since ¢; is a chart.

Thus ¥ : M — RF(™D) is an injective immersion. Since M is compact, Corollary I11.3.3 applies
and ¥ is an embedding. [ |

II1.5.2 PROPOSITION Let M be a compact manifold of dimension m. Then there exists an embedding
U M — R¥HL

Proof. We know already that there exists an embedding ¥ : M — R" for some n. The proposition
thus follows by induction if we can show that n can be reduced by one provided n > 2m + 1. For any
non-zero a € R™ we let m, be the orthogonal projection onto the orthogonal complement a+ = R"*~1,
(Thus 7, (z) =  — a(a,x)/(a,a), where (-,-) is some scalar product on R™.) We write ¥, = m, 0 ¥
and claim that there exists a # 0 such that ¥, is an embedding.

To prove this we define h : M x M xR — R" by h(p,q,t) = t(¥(p) — ¥(¢)) and g : TM — R"
by g(p,v) = Tp¥(v). In view of dimM X M xR = 2m + 1, dimTM = 2m and our assumption
n > 2m + 1, the (easy case of) Sard’s theorem, cf. Proposition 111.4.9, implies that im h U im g has
measure zero, thus there exists a point ¢ € R™ —imh — img. Note that a # 0 since 0 belongs to
both images. Now assume ¥, (p) = ¥,(¢), which is equivalent to ¥(p) — ¥(q) = Aa. By assumption
¥ is an embedding, thus injective. Assuming p # ¢ we therefore have A # 0 and we can write
a=\"1(U(p) — ¥(q)) = h(p,q,A~"). This is in contradiction with our choice of a & im h, thus ¥, is
injective.

Next, suppose T, ¥, (v) = 0 for some v € T, M. By definition of ¥, this is equivalent to T, ¥(v) =
Aa. Again, assuming v # 0 we have T, ¥(v) # 0 since ¥ is an immersion. Thus XA # 0 and a =
AT, U (v) = T,(A\"1v) in contradiction with a ¢ img. Thus ¥, is an immersion. By Corollary
111.3.3, ¥, is an embedding. ]

II1.5.3 REMARK 1. We have actually proven a bit more than stated: On the one hand, it is clear from
the proof that every compact n-manifold admits an immersion into R?”. On the other hand, if a not
necessarily compact manifold is already given as a submanifold of some R", the preceding arguments
provide an immersion into R?” and an injective immersion into R?"*!. In the non-compact case there
are two problems: in Lemma II1.5.1 we cannot always find a finite atlas, and in Proposition 1I1.5.2,
an injective immersion need not be an embedding. Nevertheless, we will prove that Theorem II1.5.4
generalizes to non-compact manifolds. In fact, every n-manifold, whether compact or not, admits an
embedding into R?", but this is more difficult to prove (Whitney 1944).

2. If one asks for the lowest n such that every m-manifold admits an immersion, not necessarily
injective, into R™ the answer is n = 2m — a(m), where a(m) is the number of non-zero digits in the
binary representation of m. The proof (1985) is very difficult. a
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I11.5.4 THEOREM (WHITNEY) Every manifold of dimension m admits an embedding into R?™+1.

Proof. Since M is locally compact we can find an cover (U;, ¢ € I) of M by open sets with compact
closures. Since M is paracompact this cover admits a locally finite refinement (V;, j € J). Obviously
also the V; have compact closures. By Proposition II.1.6, we can replace J by a countable subset Jj.
We index this cover by N and call it (V},j € N). Let (\;) be a partition of unity subordinate to (V).
We index (Vj), (A;) by the natural numbers and define n(x) = >,y iAi(z). By local finiteness, this
is a smooth map, and it is proper since = 1([1, N]) ¢ UX, V;. Now let U; = ! ((i—2,i+2)) and
C; = 77_1 ([z — %,i + %]) Then U; is open, C; is compact and U; C C'Z-O. Furthermore, all the C; with
even indeces are mutually disjoint and the same holds for the odd indexes. The above methods gives
us smooth maps U; : M — R?"*! that are embeddings on U; and map the complement of C; to 0.
(Note: While every open subset U of a manifold is a manifold, this does not need to be true for U:
The closure of an open square in R? has corners. However, Lemma II1.5.1 and Proposition I11.5.2 still
apply to U as is clear from their proofs.) Composing with a diffeomorphism of R?"*! to an open ball
in R?"*! we may assume that the images of all ¥; are contained in the same bounded subset. Now
define ¥, = >, Uy, U =3 Wy g and ¥ = (V,, Uy, n) : M — R¥HLx RIMHL xR If U(z) = U(y)
then n(z) = n(y), thus x,y are in the same U;. If i is odd (even) then ¥, (V¥,) is an embedding on
U;, implying x = y. Thus ¥ is an injective immersion. Since 7 is proper, ¥ is proper and thus an
embedding. By construction, ¥(M) C K x R with K ¢ R%?"+1 compact. As remarked before, the
cut down argument of Proposition II1.5.2 works also for non-compact M and provides a projection
7 R2@mAD+L | R2m+1 gnto a hyperplane such that U/ = 7 o ¥ is an injective immersion. 7 can be
chosen such that its kernel does not contain the last coordinate axis. Then ¥’ is still proper, thus an
embedding by Proposition I11.3.1 and Lemma II.8.6. |

IT1.5.5 REMARK The theorem says that every manifold (smooth, finite dimensional) is a submanifold
of some R". This might be compared with the result that every finite group and every compact Lie
group is a matrix group, i.e. a subgroup of GL(N, C) for some N. Thus one could in principle dispense
with the abstract notion of a manifold in the sense of Definition 11.1.9 and consider only embedded
manifolds. (This is in fact the approach of [19, 12].) There are however good reasons for not doing
so: On the one hand the abstract perspective keeps the focus on the relevant intrinsic properties, the
manifold or group structure and not the embedding. More importantly, many constructions produce
only the abstract manifold or group structure, but no embedding. E.g., the automorphism group
of some structure, even when finite or compact Lie, does not usually come with an embedding into
GL(N,C), and similarly the Riemann surface constructed from a germ of a holomorphic function is an
abstract manifold without given embedding into RY. Thus the supposedly more concrete embedded
approach would make life much more difficult. O

I11.5.6 REMARK Every embedding ® : M — R? of a manifold gives rise to a riemannian metric on
M: Let (-,-) be the scalar product a x b— >, a;b; on R? and define

(X,Y)p = (T,2(X(p)), T,2(Y (p)))-

(The easy verification that this is a metric is left to the reader.) Together with Theorem III.5.4 this
provides an alternative proof of Lemma II.11.4. It is natural to ask whether all riemannian metrics
arise in this way, or equivalently whether every (smooth) riemannian manifold can be embedded
isometrically into R%. This was indeed proven by Nash, first for C''-manifolds and then in the smooth
case [46]. 0

II1.5.7 REMARK If M is an manifold M with boundary the preceding arguments still give an embed-
ding ¥ into some R™. Let us show that one can fine an embedding ¥’ : M — R™*! such that ¥ (M)
is a neat submanifold, i.e. 9¥(M) = (M) N ORT. Let a: U — OM x [0,1) be a collar of OM and
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write ay : U — [0,1) for the second component. Let 5 : [0,1] — [0, 1] be a smooth function satisfying
B7L0) = {0}, B[l —¢,1] =1 for some € > 0, and 3’(0) > 0. Now define ¢ : M — [0,1] to be B0 ay
on U and the constant function 1 on M — U. This function is smooth and satisfies ¢~1(0) = OM.
Clearly ¥/ = (¢,V¥) : M — RTH is an injective immersion, and by Proposition I1.8.4 it is proper,
thus an embedding. Since «q, thus ¢ vanishes precisely on M we have \Iflfl(aRmH) = OM. Since
a1 =0 on OM but T,a; # 0, also ¢ has non-zero derivative on M, thus the embedding is neat. O

II1.5.8 REMARK It is no exaggeration to say that the four most important technical tools in differential
topology are (i) partitions of unity, (ii) the rank theorem, (iii) Sard’s theorem and (iv) flows arising
from suitable vector fields. There is no non-trivial proof that does not use at least one of these
tools. This is nicely illustrated by the neat embedding theorem for manifolds with boundary, which
relies on the rank theorem via Proposition II1.3.1, on partitions of unity via Lemma II1.5.1, on Sard’s
theorem via Proposition I11.5.2 and on flows via Theorem ?7. However, the most important concept
of differential topology is probably that of transversality or general position. In the next chapter we
will consider the simplest version in the guise of the theory of regular values. The general theory will
be discussed later. O

II1.6 Digression: The tangent groupoid

In the proof of Proposition I11.5.2 we considered maps from h: M x M x R — R™ and h : TM — R"
associated with an embedding ® : M — R™. In this section we show that there is a manifold TM,
called the ‘tangent groupoid’, of dimension 2m + 1 constructed from M x M x R and TM. The
significance of TM derives from its applications in quantization theory which we cannot go into. We
just give its definition as another example of a canonically constructed manifold.

Let I C R be connected and containing zero. Then as a set, T;M is defined as the disjoint union

TM =M x M x (I-{0}) J[] TM.



Chapter 1V

Transversality Theory I: The degree
and its applications

IV.1 Inverse images of smooth maps

Consider a map f : M — N and a subset L C N. In this section we ask which subsets of M can
appear as inverse image f~!'(L) and when this is a submanifold. Our first result shows any closed
subset A C M appears as zero set of a smooth R-valued function.

IV.1.1 PrROPOSITION (WHITNEY) Let M be a manifold and A C M a closed subset. Then there
exists a smooth function f : M — R such that A = f~1(0).

IV.1.2 LEMMA Let A € U C R"™ with A closed and U open. Then there exists a smooth function
Y : U — R such that A = f~1(0).

Proof. Since the open balls are a basis for the topology of R™ we can write the open set U — A as
a countable unit of open balls (B; = B(g;, R;),i € N). We choose smooth functions ¢; : U — [0, 00)
such that

(a) wz($) > 0iff x € B;.
(b) 1; and all its derivatives up to order i are uniformly bounded by 2.

(To satisfy condition (a) let ©;(p) = F(|p — qi|/R;), where F': R — R is as in Lemma II.10.1. Since
1; and all derivatives are bounded, Condition (b) can be enforced by multiplying v; by a sufficiently

small positive number.) We now write ¢ = >, 1;. In view of \|¢,(n) oo < 27% Vn < i we have

o0 n—1 o0 [e'¢) n—1 [e'¢)
=1 =1 i=n i=n i—n

1=1
thus the sum converges uniformly on all of U. Thus ¢ is a smooth function. In view of (a), ¥(z) >0
iff x € B; for some i, thus ¥(z) > 0 iff x ¢ A. [ |

n—1

2w

=1

= < + <

Proof of the proposition. Let (U;,¢) be a locally finite atlas and ()\;);e;r subordinate partition of
unity with supp A; C U;. Then A Nsupp A; is a closed subset of U; and using the homeomorphism
¢; : Up — ¢(U;) and the lemma, we find a smooth function 7; : U; — [0,00) such that 7;(p) = 0 iff
p € ANsupp ;. We extend 7; by declaring it to be zero on M — U; and define n = >, A;n;. (This is
well defined since the partition is locally finite.) If z € A then n;(x) = 0 for all 4, thus n(z) = 0. If
x & A then A\;(x) > 0 for some i, and ¢ ANsupp A;. Thus n; > 0 and n(z) > A;j(x)n;(z) > 0. [ ]

43
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The above proposition is not very useful in practice, precisely because it is so general. Its main
significance lies in showing that in order for A = f~!(L) to be a submanifold we need to impose
requirements on the function f and the subset L C N. We begin with the special case where L = {q}.

IV.1.3 DEFINITION Given f: M — N, a point p € M is called regular if Ty,f : T,M — Ty N is
surjective, i.e., f Is submersive at p, and critical otherwise. A point ¢ € N is called a regular value iff
every p € f~1(q) is a regular point. Otherwise it is a critical value.

IV.1.4 LEMMA Let f : M — N be a smooth map of manifolds without boundary and let ¢ € N
a regular value. If f~'(q) is non-empty then W = f~!(q) C M is a submanifold of dimension
dim M —dim N. For p € W we have T,W = {v € T,M | T, f(v) = 0}.

Proof. If f(p) = ¢ then rankT,f = dim N = n in a neighborhood of p, thus by the rank Theorem
I11.1.3 there are charts (U, ¢), (V, 1) around p and ¢, respectively, such that f(U) = V and 1o fop~!is
of the form (z1,...,%n, Tnit1,---,Tm) — (21,...,2,). Since P(q) = 0 € R™, we have ¢(f1(q) NU) =
d(U)NR™ ™ where R™™" sits in R™ as Ogn X R™~™. This is precisely the definition of a submanifold.
The above local description of W C M also implies the claim on T),IV. |

IV.1.5 REMARK If dimM < dim N then every p € M is critical, thus the set of critical values
coincides with the image f(M) C N. Therefore Lemma IV.1.4 is empty if dim M < dim N. O

IV.1.6 EXERCISE Show that p is a regular point of f : M — R iff there exists a chart (U, ¢) around
p such that the partial derivatives d(fo ¢! (z1,...,2m))/0x;,i = 1,...,m do not all vanish at z = 0.
O

IV.1.7 EXAMPLE Let M = R" and f: M — R given by (x1,...,7,) — 22 +--- +22. We claim that
every a # 0 is a regular value: If a < 0 then f~'(a) = 0. If a > 0 then f(z) = a implies that some
is non-zero. Then Of /0x; = 2x; # 0, thus x is a regular point. We have thus shown that the sphere
f~1(a) is a submanifold of R™.

IV.1.8 EXERCISE Let M, (R) = R denote the set of real n x n matrices. Show that the orthogonal
group O(n) = {A € M,(R) | AAT = 1} consisting of orthogonal matrices is a submanifold of dimension
n(n —1)/2. 0

We now generalize Lemma IV.1.4 to the situation where M has a boundary.

IV.1.9 LEMMA Let M be a manifold without boundary and let f : M — R be a smooth function
with zero as regular value. Then the subset S = {x € M | f(z) > 0} is a manifold with boundary
0S={xe M| f(z)=0}.

Proof. The set where f > 0 is open in M and therefore a submanifold of the same dimension as M.
Suppose f(z) = 0. Since f is regular at x, by the rank Theorem III.1.3 it is locally equivalent to the
canonical submersion (z1,...,%;,) — z1. But for the latter, the lemma is obvious. |

IV.1.10 PROPOSITION Let f : M — N be smooth with ON = () and let ¢ € N a regular value
for f and Of = f | OM. If f~'(q) is non-empty then f~'(q) C M is a neat submanifold (i.e.
o(f~Yq)) = f~Yq) NOM) of dimension dim M — dim N.
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Proof. Let m,n be the dimensions of M, N, respectively. M — dM and M are manifolds without
boundary and by the regularity assumptions on ¢, Lemma IV.1.4 implies that f~*(¢)N (M —dM) and
f~1(¢)NOM are submanifolds (without boundary) of dimensions m —n and m—n—1, respectively, and
we must show that their union is a manifold with boundary. Since this is a local property it suffices
to consider the case where M = R™". Let p € R N f~1(g) and let U C R™ be an open neighborhood
of p. One can find a smooth map g : U — N coinciding with f on U N R’?. Replacing U by a
smaller neighborhood if necessary, we may assume that g has no critical points. Thus ¢~1(¢) C R™
is a smooth manifold of dimension m — n. Now, the tangent space at p of g~!(q) is the kernel of
the map T,9 = T, f : T,R" — T,N, and the hypothesis that ¢ is a regular value of 0f = f | OR'!
implies that this kernel cannot completely be contained in 0 x R™~!. Therefore zero is a regular value

of the coordinate projection 7 : g~ 1(q¢) — R, (z1,...,7,) — =1, and Lemma IV.1.9 implies that
g1 (g) "R is a manifold with boundary 7, *(0). Since the latter two sets coincide with f~1(q) N U
and f~1(q) N U NOR™T, respectively, we are done. |

In some applications, like Example IV.1.7 and Exercise IV.1.8, one needs to show that a specific
value ¢ € N is regular. In many other applications, some of which will be considered soon, it is
sufficient to show that a regular value of f: M — N exists. That regular values always exist (and in
fact are dense) is the content of Sard’s theorem which we will now prove in its general form.

IV.2 Sard’s theorem: The general case

Sard’s theorem, is one of the cornerstones of differential topology — most of the subsequent develop-
ments will rely on it. As in most other treatments, our proof essentially is the one of [19].

IV.2.1 THEOREM The set of critical values of a smooth map f: M — N has measure zero in N.

1V.2.2 REMARK 1. Thus the regular values are dense in N.

2. The theorem is blatantly wrong if one replaces ‘critical values’ by ‘critical points’! E.g., if
f: M — N is a constant map then all p € M are critical, thus the critical points have non-zero
measure.

3. If dimM < dim N it follows from Remark IV.1.5 that the theorem reduces to Proposition
111.4.9. O

The proof will use Fubini’s lemma, to be proven first. We denote by R?fl the subset R" "1 xt C R”™.

IV.2.3 LEMMA An open cover of the interval [0,1] contains a finite subcover by intervals I;,j =
1,...,k such that Zle |1;| < 2.

Proof. By compactness a finite subcover I;,j = 1,...,k exists, and we may assume that it minimal,
i.e. none of the I; may be omitted. Then every point p of [0,1] is contained in at most two of the
Ij: Assume p € I1 NI, N I3 and let s = min(/; U o U I3), t = max(/; U [o U I3). Now one of the
intervals, say I, contains [s,p] and another one, say I, contains [p,t]. But now I; U Iy = [s,t] and
I3 is superfluous, contradicting the minimality of the covering. Thus the I; cover [0, 1] at most twice
and the claim follows. u

IV.2.4 ProOPOSITION (FUBINI'S LEMMA) Let C be a a countable union of compact subsets of R™ such
that Cy = C'N R?fl has measure zero in R?il ~ R ! for each t € R. Then C has measure zero.

Proof. We give the proof assuming that C is compact, leaving the generalization as an exercise.
Then there exists an interval [a,b] C R such that C' C [a,b]™. Let ¢ > 0. By assumption, C; =
C NRY, considered as a subset of [a,b]" ! has measure zero, thus can be covered by open cubes
Wi C [a,b]", i € N, such that Y, |W}| < e. Let Wy = U;W{ C [a,b]" 1. For any fixed t € R,
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the map d; : R® — R, = — |x,, — t| is continuous and vanishes precisely on R?fl. Since W4 is open,
([a, ]t — W}) x [a, b] is closed, thus C — (W; x [a,b]) is compact, and d; assumes a minimum o > 0
on this set. This implies

{.TJEC ‘ ‘.’En—t‘ <O[} C Wy x I; with It:(t—a,t—i—a). (IVl)

The intervals I; constructed in this way cover [0, 1], thus by Lemma IV.2.3 there is a finite subcover
I, ..., I of volume < 2. Here I; = I;, for some t; € [0,1]. In view of (IV.1), the boxes

(Wi xI;|ieN, j=1,...k}

cover C and have total volume < 2e, whence the claim. [ |

1V.2.5 EXERCISE Conclude the proof by considering the case where C' is a countable union of com-
pact sets. (This family includes open sets and closed sets and is stable w.r.t. countable unions and
intersections as well as under continuous images.) |

Proof of Sard’s theorem. In view of Lemma I11.4.5 and the fact that every manifold admits a countable
atlas, it suffices to prove that f(U) has measure zero for a smooth map f : U — R™ when U C R™
is open. In this situation, let D C U be the set of critical points and let D; denote the set of
p € U at which all partial derivatives of f of order < 4 vanish. The D; form a descending sequence
Do D Dy D Dy D ... of closed sets. We will prove

(a) f(D — D;) has measure zero.
(b) f(D; — D;t1) has measure zero for all .

(¢) f(Dyg) has measure zero for sufficiently large k.

The claim then follows by Lemma I11.4.4.

We begin with the proof of (c¢) which is similar to that of Lemma II1.4.5. Let W C U be a cube
of edge a, and let k > m/n — 1. We will show that f(W N Dj) has measure zero, which is sufficient
since U is a countable union of cubes. For x € D N W and x + h € W, Taylor’s formula gives

|[f(@+h) = f(2)] < cln|*,

where ¢ depends only on f and W. We decompose W into a union of 7" cubes of edge a/r. If W7 is
one of these small cubes containing = € Dy, every point in W7 is of the form x+h where |h| < /ma/r.
Thus by the above estimate, f(/) is contained in a cube of edge

oo (L)

, = Sk

where the constant b depends only on f and W but not on r. The union of these cubes has total
volume s < r"™ . b"/r"(kﬂ), and this expression tends to zero as r — oo, provided n(k+1) > m. Thus
the volume sum can be made arbitrarily small by choosing a sufficiently fine subdivision of W.

We now turn to the proof of (a). Note first that if n = 1 then D = D; (recall Exercise IV.1.6),
thus the claim is trivially true. We may thus assume that n > 2. Claim (a) will now be proven by
induction over m. To begin the induction note that for m = 1,n > 2, f(U) has measure zero by the
easy case of Sard’s theorem proven earlier, cf. Proposition I11.4.9. We now assume that (a) holds for
every f:R™ ! 5 U — R” and it for maps f : R™ D U — R™. Around each € D — D; we will find
an open set V' such that f(V N D) has measure zero. Since D — Dy is covered by countably many such
neighborhoods, this proves that f(D — Di) has measure zero. If z € D — D then there is a partial
derivative that does not vanish, say df1/0x; # 0. Then the map h : (z1,...,2m) — (f1(x),22,...,2m)
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has non-singular Jacobian at x, thus by the inverse function theorem it maps a neighborhood V of x
diffeomorphically onto an open set V’. The transformed map g = foh~!: V' — R" has the form

g: (215 2m) = (21,92(2), - -+, gn(2))

around h(x). This clearly maps the hyperplane {z | z; = ¢} into the hyperplane {y | y1 = t}. Note
that the set D’ of critical points of g is precisely h(V N D). Denoting by

gt xR"HNV -t xRV!

the restriction of g, a point in (¢ x R™~1) NV’ is critical for g iff it is critical for g’ since the Jacobian
is given by

? Dgt

which is non-singular iff Dg? is non-singular. By the induction assumption, the set of critical values
of ¢g' has measure zero in ¢ x R™~1, thus the set of critical values of g has measure zero intersection
with each hyperplane {y | y; = t}. Since g(D’) is a countable union of compact sets, Fubini’s lemma
applies and we conclude that g(D") = f(V N D) has measure zero.

The proof of (b) is similar, in that it also works by induction over m. For every x € Dy — D44
there is a (k+1)-th derivative that does not vanish at . We may assume 0**! f,. /0x10z,,, - - - Oz, # 0.
Let w : U — R be the function w = 9% f,/0z,, - --0z,,. Then w(x) = 0, dw/dz1(x) # 0, and as
above the map h : x — (w(x),za,...,x,) is a diffeomorphism h : V' — V' for some neighborhood V' of
x, and h(D, NV) C 0 x R»~! ¢ R™. Considering again the transformed map g = foh™!: V' — R™
and its restriction g° : (0 x R™™1) NV’ — R™, the set of critical values of ¢g° has measure zero by
induction assumption. But each point of of h(D; NV) is critical for g° since all partial derivatives of g
at that point, thus also of g°, of order < k vanish. Thus also f(D,NV) = goh(D; NV) has measure
zero. Since Dy — Dy is covered by a countable union of such sets, it follows that f(Dy — Dy1) has
measure zero. |

IV.3 Retractions onto boundaries and Brouwer’s fixpoint theorem

In this section we combine Proposition IV.1.10 with the general form of Sard’s theorem to prove (the
smooth version of) a classical result of algebraic topology.

IV.3.1 PrROPOSITION If M is a compact manifold with boundary, there is no (smooth) retraction
f:M — OM. (A retraction is a map f: M — OM such that f | OM = idgp;.)

Proof. [Hirsch] Suppose a smooth retraction f exists. By Sard’s theorem there is a regular value
q € OM for f. Obviously, ¢ is also a regular value for the identity map df = idgps. Thus Proposition
IV.1.10 applies and f~!(q) is a submanifold of M such that d(f'(q)) = f~1(q) NOM = {q}. (The
last equality follows from f | OM = id.) The codimension of f~1(q) is equal to dim M = dim M —1,
thus dim f~!(¢) = 1. Furthermore, f~!(q) C M is closed, thus compact and by Corollary 11.12.3 it
must have an even number of (distinct) boundary points. This is a contradiction. |

We can now prove the smooth version of Brouwer’s fixpoint theorem. By D™ we denote the closed
unit ball in R™.
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IV.3.2 THEOREM (BROUWER) Any smooth map f: D™ — D" has a fixpoint.

Proof. Suppose f: D™ — D™ has no fixpoint, thus f(x) # x for all z € D". Consider the ray (=half
line) through x starting at f(x). Let g(x) be its unique intersection with the boundary D" = S"~1.
Clearly, g : D™ — 0D" is a retraction, thus the theorem follows from Proposition 1V.3.1 provided we
can show g to be smooth. Since z, f(z), g(x) lic on a line, we have g(x) — f(x) = t(x — f(x)) where
t > 1. On the other hand, |g(z)|?> = 1. Combining these equations we get |tz + (1 —t)f(z)|> =1 or

2le — f@) +2f(2) - (x — f(@) + [ F@)2 =1 =0.

The standard formula for the solutions of a quadratic equation shows that the unique positive root ¢,
and therefore g(x) =tz + (1 — t) f(z), of this equation depends smoothly on x. [

1V.3.3 REMARK In Section V.4 we will prove the continuous version of Brouwer’s fixpoint theorem
by reducing it to the above result. O

IV.4 The mod 2 degree

If M and N are manifolds of the same dimension and ¢ € N is a regular value then f ~!(q) C M is zero
dimensional, thus discrete by Exercise II1.2.4. If M is compact, f~!(g) is finite. We are interested in
the cardinality of this set.

1V.4.1 LEMMA Let M, N be manifolds of the same dimension with M compact and f : M — N
a smooth map. Let R C N be the set of regular values of f. Then R is open and the function
R > q — #fY(q) is locally constant. (Le. every ¢ € R has a neighborhood V. C N such that

#fHp)=#f"1(q) forallpe V.)

Proof. That R is open was proven in Proposition ITI.1.1. Now let p1, ..., px be the points of f~1(¢). By
Corollary I1.3.8 we can find pairwise disjoint open neighborhoods Uy, ..., Uy of these points that are
mapped diffeomorphically to open neighborhoods Vi,...,V; in N. Since M is compact, f : M — N
is a closed map, thus f(M — Uy --- — Uy) is closed. Therefore

V=vinVen ---NVy—f(M—-Uy---—Uy)
is open. Now, every p € V has one preimage in each of the U; and no others, implying #f ~1(q) | V = k.

1V.4.2 LEMMA Let M, N be manifolds of the same dimension with M compact without boundary. If
f,g9: M — N are smoothly homotopic and q is a regular value for f and g then

#f 1 (q) = #9g '(g) (mod 2).

Proof. Let h : M x [0,1] — N be a smooth homotopy. Assume first that ¢ is a regular value for h.
Then by Proposition 1V.1.10, and using Exercise 11.6.11, we have

Oh ™ Hq) = h g NaWM x[0,1])
= Al ()N (M x0UM x 1)
= fNg) x0Ug (g x 1,

thus #9(h~(q)) = #f (q) + #97'(g). Since h™'(q) is a compact 1-manifold, its boundary has an
even number of points by Corollary I1.12.3, whence #f ~1(q) = ¢ '(q) (mod 2).
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Now suppose that ¢ is not a regular value of h. By Lemma IV.4.1 there is a neighborhood V C N
of q consisting of regular values for f such that #f~1(¢') = #f~'(q) for all ¢ € V. Similarly, there is
a neighborhood V' C N of ¢ consisting of regular values for g such that #¢~'(¢') = #g '(q) for all
q € V. By Sard’s theorem, V NV’ contains a regular value ¢’ for h. Now

#f N q) =#F1d) = #9'(d) =#g ' (q) (mod 2)

gives the desired equality. |

IV.4.3 DEFINITION Let M be a manifold and h : M x [0,1] — M a smooth map. Then h is a
diffeotopy if hy = h(-,t) : M — M is a diffeomorphism for every t € [0, 1].

IV.4.4 PROPOSITION Let M be connected. Then for all p,q € M there is a diffeotopy h : M x [0,1] —
M such that hg = idy; and hi(p) = q. (In particular, the diffeomorphism group of M acts transitively.)
h1 can be chosen to act identically outside a compact set.

Proof. We call two points p,q isotopic if the statement is true for them. This clearly defines an
equivalence relation. Now the result follows from connectedness of M provided we can show that the
equivalence classes are open. It suffices to show for every p € M that all points in a neighborhood U
are isotopic to p. This neighborhood can be chosen small enough to be contained in the domain of a
coordinate chart (U, ¢). Thus everything follows if we prove the following claim: Let g be contained in
the open unit ball B in R™. Then there exists a diffeotopy h : R™ x [0, 1] — R" leaving the complement
of B pointwise stable and such that h1(0) = ¢q. There are various ways of doing this; we will follow
[19].

Let ¢ : R™ — R be a smooth function satisfying ¢(z) > 0 if || < 1 and ¢(z) =0 if 2| > 1. (E.g.,
let ¢(x) = A\(1 — |z|?), where A(t) = e~ /! for t > 0 and A(t) = 0 otherwise.) Let ¢ € R™ be a unit
vector and x € R™. Since ¢ has compact support, the system

% =cd(x1,...,2pn), 1=1,...,n
of differential equations has a unique solution y.(t), defined for all ¢ € R, and satisfying the initial
condition y(0) = xz. We write ay(x) = y,(t). It is clear that oy(x) is defined for all t € R,z € R"
and smooth in both variables. Furthermore, ag(z) = x and a; 0 ay(z) = asq¢(x). Thus t — ay(+) is a
one-parameter group of diffeomorphisms that acts trivially on the complement of B. If ¢ € B,q # 0,
the choice ¢ = ¢/|q| clearly implies that a;(0) = ¢ for some ¢t > 0. Now x X t — ay(z) is the desired
diffeotopy. ]

1V.4.5 EXERCISE Combine Proposition IV.4.4 with an inductive argument to show that one can find
a compactly localized diffeotopy sending any finite set {z1,...,x,} to any other set {y1,...,y,}. O

1V.4.6 REMARK Proposition IV.4.4 and Exercise IV.4.5 are special cases of a much more general
result, proven e.g. in [7, §9]: If h : N x [0,1] — M is an isotopy, i.e. a smooth map such that
ht : N — M is an embedding for all ¢ € [0, 1], then there exists a diffeotopy v : M x [0,1] — M such
that vy o hg = hy. (One says, the isotopy has been embedded into a diffeotopy.) The proof uses similar
ideas, namely the diffeomorphism group associated to a flow generated by a suitable vector field. For
more on the latter concepts see Section II.5. O

1V.4.7 PROPOSITION Let M, N be manifolds of the same dimension with M compact and N con-
nected. Then #f~'(p) = #f '(q) (mod 2) for all regular values p,q € N. This common value
deg, f € {0,1} depends only on the smooth homotopy class of f.
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Proof. Choose a diffeotopy h as in IV.4.4, thus h; is a diffeomorphism such that hi(p) = ¢q. Thus ¢
is a regular value of hy o f. Since h; is smoothly homotopic to the identity hg, Lemma IV.4.2 implies

#fHq) = #(h1o /) Nq) = #(f Lo hfl(q)) = #f71(p). Denote this element of Zo by deg, f. If ¢
is smoothly homotopic to f, by Sard’s theorem there is a regular value p for f and g. Then

degy f = #f(p) = #9~ ' (p) = degy g (mod 2),

as claimed. ]

1V.4.8 EXERCISE Let f : M — N be smooth, where M be compact and N connected of the same
dimension. If deg, f # 0 then f is surjective. O

1V.4.9 EXERCISE Let M, N be manifolds, where M is compact, N is connected without boundary
and dim M = dim N + 1. Show that deg, 0f = 0. Hint: Show that there is a regular value ¢ for f
and f. Then use (0f)"1(q) = f~1(q) NOM = d(f~(q)). O

IV.5 Applications of the mod 2 degree (Unfinished!)

The mod 2 degree of a map is a rather weak invariant since it can assume only two values. There are,
however, various situations where this is no drawback at all due to an intrinsic Zs structure of the
problem. We will consider two of them.

IV.5.1 The Borsuk-Ulam theorem

1V.5.1 LEMMA The following statements are equivalent:
(i) If f: S™ — S™ satisfies f(—x) = —f(x) then deg, f = 1.
(ii) If f : S™ — S™ satisfies f(—x) = — f(x) then n < m.
(iii) Let f: S™ — R™ be a smooth map. Then there exists x € S™ such that f(x) = f(—x).

Proof. (i)=(ii). Assume f : S™ — S™ satisfies f(—x) = —f(z) and m < n. Composing f with an
inclusion S™ < S™ we get a map that satisfies f(—z) = —f(x) and degy f = 0 (by Exercise IV.4.8),
contradicting (i).

(ii)=-(i). Assume f:S™ — S™ satisfies f(—x) = —f(x) and deg, f = 0. Then we construct a map
g: 8™ — 8" !gatisfying f(—z) = —f(x). Thisis in contradiction with (ii). *¥iesisiskickiimiotiokoioiook

(ii)=-(iii). If (iii) does not hold then ¢(z) = (f(x)—f(—x))/|f(x)—f(—x)| defines a map S™ — S~ 1
satisfying ¢(—x) = —¢(z) contradicting (ii).

(iii)=-(ii). Assume f : S™ — S™ satisfies f(—z) = —f(z) and m < n. Then composing with the
inclusion S < R™*! < R™ we obtain a map S™ — R" satisfying f(—xz) = —f(x) # 0, contradicting
(ii). n

IV.5.2 THEOREM (BORSUK-ULAM) The equivalent statements of Lemma IV.5.1 are true.

Proof. To be written. For the time being, see [12, Chapter 2, §6]. [ |

IV.5.3 COROLLARY At any given time there are two antipodal places on earth having exactly the
same weather (in the sense of having the same temperature and air pressure).

Proof. Follows from (iii) above. [ |
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IV.5.2 The Jordan-Brouwer theorem

The classical Jordan curve theorem says that a closed connected curve C' in R? divides R? — C into
two connected components. In algebraic topology one proves the generalization according to which
every subset X C R”™ homeomorphic to S?~! divides R” — X into two connected components, exactly
one of which is bounded, cf. e.g. [6, p. 234]. Using the mod 2 degree, we prove a smooth version which
is more general in that X need not be homeomorphic to S®~!. Consider e.g. X C R3, where X is a
compact connected surface of genus g.

IV.5.4 THEOREM (JORDAN-BROUWER) Let X C R™ be a compact connected hypersurface, i.e. a
submanifold of dimension n — 1. Then

1. The complement of X consists of two connected components, the “outside” Dy and the “inside”
D;. Furthermore, Dy is a compact manifold with boundary 0D, = X.

2. Let z € R" — X. Then z € D iff any ray r emanating from z and transversal to X intersects X
in an odd number of points.

Proof. To be written. For the time being, see [12, Chapter 2, §5]. [ |

IV.6 Oriented manifolds

In order to define a Z-valued homotopy invariant of smooth maps (between manifolds of the same
dimension) we need the notion of an orientation of a manifold. The latter concept is important in
many other contexts as well.

IV.6.1 DEFINITION Let B = {z1,...,x,}, B = {2},...,2,} be bases of R". We consider them as
equivalent if the matrix M defined by Mx; = «} for all i has determinant > 0. An equivalence class
of bases on R" is called an orientation.

It is clear that R™,n > 1 has precisely two orientations, called +1, and we choose the basis
(1,0,...,0),(0,1,...,0),...,(0,...,0,1) to represent +1. By decree, the zero dimensional vector space
also admits orientations =+1.

1V.6.2 DEFINITION An orientation of the m-manifold M consists of a choice of an orientation of
T,M for every p € M. If m > 0 we require that, for every chart (U, ¢), the invertible linear map
Ty : TyM — Ty R™ maps the orientation of T, M to the same orientation of R™ for allp € U. A
manifold is orientable if it admits an orientation. An oriented manifold is a manifold together with a
choice of an orientation. If M is an oriented manifold then —M denotes the same manifold with the
opposite orientation.

Not every manifold is orientable. A counterexample is provided by the well known Mobius strip.

1V.6.3 EXERCISE A manifold M is orientable if there exists an atlas A compatible with the given
differentiable structure such that

/ -1
det <8¢20¢ (:L‘l,...,"L'n)) > 0
(%j

for any (U, ¢), (U',¢') € Ap and x € (U NT"). 0
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An orientation for M defines an orientation for the boundary M as follows. Assume dim M > 1.
For x € OM choose a basis (v1,...,vy) of T, M that is (1) positively oriented, i.e. represents the given
orientation of M, (2) the v;,7 > 1, are tangent to M, i.e. in the image of T, where ¢ : OM — M
is the inclusion, and (3) v; points outside of M. Now the orientation of OM at x is declared to be
defined by (va,...,vy). If dim M = 1, the orientation of OM at x € OM declared to be +1 or —1 if
the given orientation of M at x points outward or inward, respectively. With this definition and the
standard orientation on [0, 1] we have 9[0,1] = {(0,—), (1,+)}.

If M, N are oriented manifolds an orientation of the product M x N arises canonically from
the isomorphism T, y(M x N) = T,M & T,N. To wit, if (e1,...,em),(f1,...,fn) are positively
oriented bases of T, M,T,N, respectively, we define the basis {(e1,0),...,(em,0),(0, f1),...(0, fn)}
of T,M @& T,N to be positively oriented. In particular, let M be a manifold without boundary and
I =10,1]. Then O(M x I)=(—M)x0U M x 1.

1V.6.4 EXERCISE The obvious diffeomorphism o : M x N — N x M is orientation reversing iff both
M and N have odd dimension. O

IV.6.5 EXERCISE Let M be a manifolds where ON = (). Then

OMx N)=0M x N, 9N x M)=(-1)4mNN x oM.

IV.7 The Brouwer degree

Now we turn to the discussion of the degree of a smooth map between oriented manifolds of the same
dimension.

IV.7.1 DEFINITION Let M, N be oriented manifolds of the same dimension, where M is compact. For
a smooth map f : M — N and a regular value ¢ € N we define deg(f,q) € Z by

deg(f,q) = Y sienT,f,

pef~1(q)

where signT), f = 1 if the image of the orientation of T,M under Ty, f : TyM — Ty, N coincides with
the orientation of Ty,) N, and —1 otherwise. Depending on signT), f we call p a point of positive or
negative type.

IV.7.2 EXERCISE By Lemma IV.4.1, the set R C N of regular values of f is open. Show that the
map R — Z, q— deg(f,g) is locally constant. O

IV.7.3 LEMMA Let M, N be oriented manifolds, where M is compact, N is connected without bound-
ary and dim M = dim N + 1. Then deg(df,q) = 0 for every regular value q of 0f = f | OM.

Proof. Assume first that ¢ is a regular value for f and df. Then f~!(q) is a compact 1-dimensional
submanifold of M, thus by Section I1.12 it consists of finitely many circles and closed arcs. By
Proposition IV.1.10, the endpoints of these arcs are on OM, and f~!(q) N OM consists precisely
of these endpoints. Let A C f~!(q) be one of these arcs and A = {a,b}. We will show that
sign T,0f + sign T,0f = 0. Since deg(9df) is the sum over sign T, 0f for all endpoints of the said arcs,
this implies deg(df) = 0, as claimed.

The orientations for M, N determine an orientation for A as follows: Given p € A, let (v1,...,Um)
be a positively oriented basis for T, M such that vy is tangent to A. If T}, f carries (ve,...,vy) into
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a positively oriented basis for T, N then we declare the orientation of A to be given by v, otherwise
by —wv;. Let v1(p) be the positively oriented unit vector tangent to A at p. Clearly vi(p) a smooth
function and vi(p) points inward at one boundary point and outward at the other. This implies
sign T,0f = —sign T 0f, as claimed.

Now assume that ¢ is a regular value only of df. By Exercise IV.7.2, ¢ — deg(0f,q) is locally
constant, thus there exists an open neighborhood U C R of ¢ such that deg(9f,q’) = deg(df,q) for
all ¢ € U. By Sard’s theorem, U contains a regular value ¢’ of f and df. Then the above implies
deg(df,q") = 0 and thus deg(df, q) = 0. [

IV.7.4 LEMMA Let M, N be oriented manifolds of the same dimension with M compact without
boundary. If f,g : M — N are smoothly homotopic and q is a regular value for f and g then

deg(f,q) = deg(g, q)-
Proof. By assumption we have a smooth map h : M x [0,1] — N such that hg = f,h; = g. Now
O(M x[0,1]) = (=M) x OU M x 1. Thus the degree of h | I(M x [0,1]) is equal to deg g — deg f, and
this must vanish by Lemma IV.7.3. |

IV.7.5 PROPOSITION Let f: M — N be a smooth map of oriented manifolds of the same dimension
with M compact and N connected. Then deg(f,p) = deg(f,q) for all regular values p,q. This common
value deg f depends only on the smooth homotopy class of f.

Proof. The proof now proceeds exactly as the one of Proposition IV.4.7. We only need to remark that
the diffeomorphism hi, being diffeotopic to the identity, is orientation preserving. Thus orientations
are preserved throughout the argument. |

IV.7.6 REMARK Clearly, —1 = 1 (mod 2). Thusif f : M — N satisfies the assumptions of Proposition
IV.7.5 then we have deg f = deg, f (mod 2). O

IV.7.7 EXERCISE Show that the map f:S! — S, € — €? where m € Z, has degree m. O

IV.7.8 EXERCISE Show that two smooth maps f,g: S' — S! are (smoothly) homotopic iff they have
the same degree. Hint: Consider the lifts f,§: S — R known from covering space theory. O

IV.8 Applications of the degree

IV.8.1 The fundamental theorem of algebra

We begin by showing that the degree can be used for a proof of the fundamental theorem of algebra.
Let P : C — C be a polynomial of degree m > 0 that is monic (i.e. a,, = 1). The family P;(z) =
tP(2) + (1 —t)2™ = 2™ +tay,_12™ L +- - +tag, where t € [0,1], defines a smooth homotopy between
z+ 2™ and P. In view of
bi(z)
Zm

1 1 1
:1+t am,1—+am72—2+"'—|—a0—m
¥4 ¥4 z

and the fact that the expression in the bracket goes to zero as |z| — oo, we see that for sufficiently
large R, none of the P; has a zero of absolute value > R. Writing D = {z € C | |z] < R}, we get a
family of maps

P,(Rz)
ST 8t e S
” PR
By Exercise IV.7.7, ¢o(z) = (2/|2])™ : S — S! has degree m. By homotopy invariance of the degree,
deg ¢1 = deg(P/|P|) = m. If now P has no zeros in the interior of D, then ¢; = P/|P| extends to D,

thus has degree zero by Lemma IV.7.3. This is a contradiction.
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IV.8.2 Vector fields on spheres

IV.8.1 EXERCISE The map S™ — S™, (z1,...,%ny1) — (—x1,%2,...,2,41) has degree —1. Thus
8" — 8™ z+ —x has degree (—1)"*!. Show that for even n there is no smooth homotopy between
the identity of S™ and the reflection z — —z. O

The preceding facts can be profitably applied to the classical subject of vector fields on spheres.
We consider the embedded manifold S™ = {z € R**! | |z|?> = 1}. Then we may identify 7,,S™ = {y €
R"*! | 2.y = 0}, thus a vector field on S™ just is a smooth map v : S™ — R"*! such that z-v(z) =0
for all z. If n is odd, a nowhere vanishing vector field on S is given by the formula

U(iEl, ... 7':E2k‘) - ($2, —X1, T4y, —T3y ..., T2, _':L'Qk;—l)~

1V.8.2 EXERCISE Show that the sphere S™ does not admit a nowhere vanishing vector field iff n is

even. Hints: 1. Show that a nowhere vanishing vector field v gives rise to a smooth map v’ : S — S™.
2. Consider the map h : S x R — R"*! defined by

h(x,0) = cos Oz + sinv'(z).

Show that h maps into S™. 3. Consider the homotopy h : S™ x [0, 7] — S™ and use Exercise IV.8.1. O

IV.8.3 The Hopf theorem on maps into spheres

In Theorem II1.4.11 we have seen that all smooth maps f : M — S™ are homotopic if dim M < n.
Elucidating the case dim M = n for compact M will be our third application of the degree.

1V.8.3 LEMMA Let M be a compact oriented connected n-manifold. For every d € 7 there exists a
smooth map f: M — S™ of degree d.

Proof. A constant map has degree zero. For d € N let (U;,¢;),i = 1,...,d be charts of disjoint
support where each ¢; : U; — R"™ is orientation preserving and surjective. Let s : R® — S" be a
smooth orientation preserving map that maps all x with |z| > 1 to a point sy and the open unit ball
diffeomorphically to S™ — {so}. (E.g., let s(x) = h=Y(z/A(]x]?)), where h : S™ — {so} — R" is the
stereographic projection from sg, and A is a smooth monotone decreasing function with A(¢) > 0 for
t <1and A(t) =0 for ¢t > 1.) Now define f : M — S™ by

_f sodilp) peU;
f(p)_{so peM—-UU;

Then f is smooth. Now, every ¢ € S™ — {so} is a regular value and has exacly d inverse images. By
construction, 7T}, f is orientation preserving for all p € f ~1(q), thus f has degree d. In order to obtain
degree —d, choose all ¢; be orientation reversing. |

1V.8.4 PROPOSITION Let M be a connected oriented compact manifold of dimension n + 1 with
OM # (. Let f : OM — S™ be a smooth map. Then f extends to a smooth map M — S™ iff
deg f = 0.

Proof. The = direction has been shown in Lemma IV.7.3. The proof of the ‘if’ direction requires
some tools that have not been introduced yet. The first half of the argument will be given in the next
subsection, while the remaining part is postponed until Section VI.2. |

IV.8.5 THEOREM (HOPF) Let M be a connected oriented compact n-manifold without boundary.
Let f,g : M — S™ be smooth maps. Then f and g are smoothly homotopic iff deg f = degg. For
every d € Z there is a map of degree d. (Thus [M,S™]; = 7Z.)
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Proof. The argument for the first statement is the same as in Lemma IV.7.4: The pair f, g is the same
as amap (—M) x OUM x 1 — N of degree degg — deg f, and a lift of this map to M x [0, 1] is the
same as a smooth homotopy between f and g. Now the first claim follows from Proposition 1V.8.4
and the second from Lemma IV.8.3. |

1V.8.6 REMARK There are versions of the preceding results where ‘oriented’ is replaced by ‘unori-
entable’. Just replace the degree by the mod 2 degree in the conclusions of Proposition IV.8.4 and
Theorem IV.8.5. (Thus there are exactly two homotopy classes of smooth maps M — S™.) When
OM # (), all maps M — S™ are homotopic, whether M is orientable or not. See [13, Chapter 5] for
proofs. O

1V.8.7 COROLLARY The degree establishes a bijective correspondence between 7Z and the smooth
homotopy classes of smooth maps S™ — S™.

~Y

In Section V.4 we will use smooth approximation of continuous maps to prove 7, (S™) = Z.

IV.8.4 Winding numbers

The notion of winding number is just a simple, but useful, reinterpretation of the degree of a map.
The rationale of its name should be evident from the case n = 1 of the following

IV.8.8 DEFINITION Let M be a compact oriented n-manifold and f : M — R — {2} a smooth
map. Then the winding number W (f, z) is defined as W (f, z) = deg f, where

F. _, qn — f(x)—z
R e

IV.8.9 LEMMA Let U C R* be open and f : U — R¥ smooth. Let x be a regular point with f(z) = z.

If B is a sufficiently small closed ball centered at x and Of = f | 0B then W(df,z) =1 if f preserves
the orientation at x and —1 otherwise.

Proof. By Corollary 11.3.8, f restricts to a diffeomorphism between sufficiently small neighborhoods
U>zandV >z We may assume x = z = 0. If we choose U connected it is easy to see that T, f is
either orientation preserving for all p € U or orientation reversing for all p. Let B C U be a closed ball.
Then Of : 0B — f(0B) is a diffeomorphism with the same orientation behavior as f. Furthermore,
df/|0f| is homotopic to df, thus also df/|0f| : OB — S*~1 has the same orientation behavior as f.
Therefore W (f,0) = deg(0f/|0f|) = £1 according to whether f is orientation preserving at  or not.
|

IV.8.10 LEMMA Let B C R¥ be a closed ball and f : B — RF smooth. Let 0f = f | 0B. If z is a
regular value of f without preimages on OB then W (9f,z) = deg(f, z), where the right hand side is
as defined in Section IV.7.

Proof. Let B; C B be sufficiently small disjoint closed balls around the preimages {x;} of z, and let
C = U;B;. Tt is clear that deg(f | C,z) = deg(f,z), and by Lemma IV.8.9 the left hand side equals
> W(0B;, z) = W(0C, z). Now, the map z +— ‘J}(é)):zz is well defined on B — U;B;, thus its restriction
to the boundary 9(B — U; B;) has degree zero by Lemma IV.7.4. Therefore, W (9B, z) = W (U;B;, z) =

deg(f, z), and we are done. |

IV.8.11 EXERCISE If B C RF is a closed ball and f : R¥ —IntB — Y is smooth then f extends to a
smooth map R¥ — Y iff the restriction df : 0B — Y is homotopic to a constant map. a
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IV.8.12 PROPOSITION For all k > 1 we have:
1. Any smooth map f : S¥ — S* of degree zero is homotopic to a constant map.
2. Any smooth map f : ¥ — RFtT — {0} with W (f,0) = 0 is homotopic to a constant map.

Proof. 1=2: If f : S¥ — RF1 — {0} satisfies W(f,0) = 0 then f : S¥ — S*¥ 2 — f(z)/|f(x)| has
degree zero, thus is homotopic to a constant map by statement 1. Now statement 2 follows from the
fact that f and f = f/|f| are homotopic.

Now we prove statement 1 by induction. For k = 1 this follows from Exercise IV.7.8. Thus assume
claim 1 (and thus 2) has been proven for k < [ and consider f : S' — S! with deg f = 0. Let a,b be
distinct regular values of f. Pick an open set U C S! such that (i) f~'(a) C U, (ii) b € f(U) and
(iii) there exists a diffeomorphism « : R — U. (To see that such U exists, pick an open U’ C S
diffeomorphic to R! and apply Exercise IV.4.5 to find a diffeomorphism ~ of S that maps all points
of f~!(a) into U’ and all points of f~'(b) to S' — U".) Let 3 : S' — {b} — R be a diffeomorphism
that maps a to 0. Then g = B0 f oa : R — R! makes sense and has 0 as a regular value with finite
pre-image. Thus deg(g, 0) is well defined and equal to zero, the latter following easily from deg f = 0.
We claim that there exists a smooth map § : R — R! — {0} coinciding with g outside a compact set.
To see this let B be a ball containing ¢~(0) in its interior. By Lemma IV.8.10, the winding number
W (dg,0) is zero. Thus statement 2, as already proven for k = [ — 1, implies that dg : S'=! — R — {0}
is homotopic to a constant map. Now Exercise IV.8.11 implies that we can extend g | R — B to
g : R — Rl — {0}. Clearly g is homotopic to g by a homotopy that is constant outside the compact
set B. Tt follows that f is homotopic to a map f : S* — S' — {b}. Since S — {b} is diffeomorphic to
R!, thus contractible, it follows that f is homotopic to a constant map. |

IV.8.13 REMARK If X is any topological space, the set [S™, X] of (continuous) homotopy classes of
continuous maps S™ — X (preserving base points) has a group structure, abelian if n > 2, see any
book on homotopy theory or [4]. Restricting to smooth maps, one can show that the assignment
[S™,S™]s o [f] — deg f gives rise to an isomorphism of abelian groups. O

IV.9 Transversality

So far, we have considered inverse images f~!(q) of smooth maps f : M — N. We will now generalize
Proposition IV.1.10 to inverse images f~'(L), where L C N is a submanifold. This requires the notion
of transversality due to Thom. First some linear algebra.

Let Vi, V5 be linear subspaces of a vector space V. We write V1 + Vo = V if every x € V can be
written — not necessarily uniquely — as * = x1 4+ x9 where x1 € V1,29 € V5.

1V.9.1 EXERCISE Let Vi, V5 be linear subspaces of a vector space V. The following are equivalent:
2. The composite map V) — V — V/V; is surjective.

3. dimVj +dimV, = dim(V1 N VQ) +dim V.

1V.9.2 DEFINITION Let f : M — N be smooth and L C N a submanifold. We say that f is
transversal to L and write f th L iff for every p € f~(L) we have T,f(T,M) + TrpyL = Ty N.
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IV.9.3 EXERCISE If f: M — N D L satisfies f M L and dim M 4+ dim L < dim N then f(M)NL = .
O

IV.9.4 ExERCISE If f: M — N is submersive then f M L for every submanifold L C N. O

1V.9.5 THEOREM Consider f : M — N where L C M is a submanifold, all manifolds being boundary-
less. If f L and f~1(L) is non-empty then W = f~1(L) C M is a submanifold whose codimension is
equal to that of L in N (thus dim M —dim f~!(L) = dim N —dim L). We have T,W = (T,f)" (T}, L)
for allp e W.

Proof. As in Lemma IV.1.4 it suffices to prove the claim locally. Thus let p € f~'(L) and (U, ¢) a
chart around p. Let (V,%) be a chart around f(p) such that (V) =X xY and (VN L) =X x 0,
where X,Y are open neighborhoods of 0 in R¢ and R™ ¢, respectively. If we suitably shrink U, the
composite f =ofod !t mapsU = ¢(U) into X x Y.

By Exercise IV.9.1, f L is equivalent to surjectivity of T, M — T4,y N/Tyq L for all p € (L.

In terms of f this is equivalent to the composite map
G 0L xxy oy
having 0 as regular value. Since f~1(X x 0) = §~(0), the first claim follows from Lemma IV.1.4.

By Lemma IV.1.4, T,W = {v € T,M | T,gé(v) = 0}. Thus T,W = {v € T,M | T,fo(v) €
T0,0)(X x 0)}. Now, Tig,0)(X x 0) = Tp¥)(T, L), and the formula for T, follows. [ |

1V.9.6 REMARK In view of Definition IV.9.2, any map f whose image does not meet L is transversal
to L. Therefore the condition that f~!(L) be non-empty cannot be dropped (unless we want to
consider the empty set as a manifold of any dimension). O

Combining the methods in the proofs of Propositions IV.1.10 and Theorem 1V.9.5 one can prove
IV.9.7 THEOREM Consider f : M — N where L C N is a submanifold and 0L = ON = (. If
fth L, of d L and f~1(L) is non-empty then f~(L) C M is a neat submanifold (i.e. d(f~1(L)) =
f~Y(L) N OM ) whose codimension is equal to that of L in N.

IV.9.8 EXERCISE Prove the theorem. (Hint: See [12, p. 60-62].) 0

The theory of regular values that we have studied in detail is a special case of transversality:

IV.9.9 EXERCISE If L = {q} then f M L iff ¢ is a regular value. O

Another important special case of transversality and Theorem IV.9.7 is the following;:

IV.9.10 DEFINITION Let A, B be submanifolds of M. We write A h B if « th B, where v+ : A — M is
the inclusion map. Thus A th B iff T,A+T,B = T,M for all p € AN B. (This is symmetric in A, B.)

IV.9.11 COROLLARY Let A, B be submanifolds of M satisfying A \ B and OM = 0B = (. If
AN B C M is non-empty it is a submanifold of codimension codim A + codim B (i.e. dimension

dim A + dim B —dim M) and 0(AN B) = 0AN B.

IV.9.12 EXERCISE Let A, B C M be transversal submanifolds. Show that T,(AN B) = T,ANT,B
whenever p € AN B. O
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1V.9.13 EXERCISE Which of the following linear spaces intersect transversally?
1. The zy plane and the z axis in R3.
2. The xy plane and the plane spanned by {(3,2,0), (0,4, —1)} in R3.
3. The plane spanned by {(1,0,0),(2,1,0)} and the y axis in R3.
4. R¥ x Ogi and Ogr x R! in R™ (depending on k,1,n).
5. R* x Op: and R! x Ogr in R (depending on k,1,n).
6. V x 0 and the diagonal in V' x V.
7. The skew symmetric (A" = —A) and symmetric (A* = A) matrices in M, (R).

a

IV.9.14 EXERCISE Show that the ellipses 22 + 2y? = 3 and 322 + y? = 4 intersect transversally and
that the ellipses 222 + y? = 2 and (z — 1)2 + 3y = 4 don’t. Hint: Draw! O

The crucial ingredient for the definition of the degree and its mod 2 version was Sard’s theorem
to the effect that regular values always exist. In order to apply Theorem IV.9.7 to situations where
we do not a priori have a map f: M — N and a submanifold L C N satisfying f M L and 0f M L,
we need a higher dimensional generalization of Sard’s theorem. This is provided by the transversality
theorem, one version of which is the following:

IV.9.15 THEOREM Let f: M — N be smooth, L C N a submanifold such that OL = ON = (). Then
there exists a smooth map g : M — N smoothly homotopic to f such that g th L and Og M L. The
map ¢ can be chosen arbitrarily close to f in the C°-topology.

Before we can prove such results in Section V1.2, some preparation is needed. Again, the concepts
introduced along the way (vector bundles, normal bundles, tubular neighborhoods) are important in
many other contexts, like the smooth approximations of continuous maps to be discussed in Section
V4.



Chapter V

More General Theory

V.1 Vector bundles

V.1.1 Vector bundles and their maps

Vector bundles are a natural generalization of the tangent bundle considered earlier. They play
a central role in all branches of differential geometry (and also in K-theory, which is a branch of
algebraic topology). While we will work only with vector bundles over manifolds, we give the general
definition.

V.1.1 DEFINITION A (real) vector bundle over a space B is a space E together with a continuous
map m : E — B such that 7~'(p) is a vector space (over R) for every p € B. Furthermore, every
p € B admits a neighborhood U and a homeomorphism 1 : 7=1(U) — U x R™ such that

1 U) L U xR

b1

U

commutes and such that ¢ : 7=1(p) — {p} x R" is an isomorphism of vector spaces for every p € U. A
vector bundle 7 : E — B is smooth if B and E are manifolds, m is smooth and the homeomorphisms
1 are diffeomorphisms.

V.1.2 REMARK 1. It is obvious that p — dim 7 ~!(p) is a locally constant function. If dim7~!(p) = n
for all p € B we say that the vector bundle has rank n.

2. If 7 : E — B is a continuous vector bundle and M a (smooth) manifold, one can equip E with
a manifold structure such that = becomes a smooth map. O

V.1.3 DEFINITION Let m : E — B and n’ : E' — B’ be vector bundles and f : B — B’. Then
g: E — E' is a map of vector bundles over f if

E—9 g
T !
B B’
f
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commutes and g, : 7 1(p) — 7 1(f(p)) is linear for every p € B. In the case of manifolds we require
g to be smooth.

V.1.4 REMARK A vector bundle 7 : £ — B should be understood as a family of vector spaces
V, = n1(p) 2 R, one for each p € B, where the total space E = HpeMVp has a topology (or
manifold structure) that locally looks like a direct product U x R™. (This property is called local
triviality.) In particular, 7 : M x R™ — M, (x,v) — x is a vector bundle. A vector bundle 7 : E — B
is called (globally) trivial if there exists an isomorphism (over idg) ¢ : E — B x R™ of vector bundles.
One can show that every vector bundle over a paracompact contractible space is triviall (Cf. [13,
Corollary 2.5] or [3].) O

V.1.5 EXAMPLE Clearly the tangent bundle 7 : TM — M of M defined in Section 11.4 is a vector
bundle over M. For every f: M — N, the map T f: TM — TN is a map of vector bundles over f.

V.1.6 DEFINITION A section of a vector bundle = : E — B is a smooth map s : B — FE such that
mos = idp. The set of sections of E is denoted by I'(E).

V.1.2 Some constructions with vector bundles

V.1.7 DEFINITION If 7 : E — B is a vector bundle and A C B then © : 7= 1(A) — A is a vector
bundle, called the restriction E | A.

V.1.8 LEMMA Let f : M — N be a map (smooth in the case of manifolds) and p : E — N a vector
bundle over N. Then f*E = {(p,e) € M x E | f(p) = w(e)} and f*m : (p,e) — p define a vector
bundle f*m : f*E — M, the pullback of m : E — B along f. The diagram

A~

f'E E
frm T
M N.

commutes, thus f : f*E — E, (p,e) — e is a map of vector bundles over f.

Proof. For p € M we have (f*m)~'(p) = {(p,e) € px E | w(e) = f(p)} = 7 (f(p)), which is
a vector space. If p € M and the open neighborhood U C N of f(p) and the local trivialization
Y771 (U) — U x R™ are as in Definition V.1.1, then f~1(U) C M is open and

(fm)HHU)) = {(pe) e M x E | f(p) =7(e) € U}.
Thus we can define a map ¢’ : (f*7)~*(f~Y(U)) — f~1(U) x R™ by
(fm) (I U)) —= U xR — f7H(U) x R"

)

(P, €) —— 9(e) —— (p, ma(¥(e)))-
where mo : U x R™ — R" is the projection on the second factor. This map has a continuous inverse

f xid px !

(P, m2((€))) F—— (f(p), ma(t(e))) == v(e)

(p,e).



V.1. VECTOR BUNDLES 61

Thus 1’ is a homeomorphism and f*E is locally trivial. The consideration of smooth structures in
the manifold case is left as an exercise.

The last claim is simply the fact that f(p) = m(e), which by definition holds for every (p,e) € f*FE.
|

V.1.9 EXERCISE Let m: E — B be a vector bundle and A C B with inclusion map ¢ : A — B. Then
the pullback bundle .*7 : .*E — A is isomorphic to the restriction E [ A = (7 : 7~ 1(A4) — B). O

V.1.10 PROPOSITION Let w : . — N be a vector bundle and f : M — N a map. The pullback
f*m: f*E — M is universal in the following sense. If &' : E' — M is a vector bundle and g : E' — E
a map of vector bundles over f then there is a unique vector bundle map g’ : E' — f*E over idys such

~

that g = f o ¢, thus the diagram

commutes.

Proof. For e € E' define ¢'(e) = (7'(e),g(e)) € M x E. It is a trivial matter to verify that the above
diagram commutes. The choice of 7/(e) and g(e) in the two entries of ¢’ is forced by commutativity
of the lower and upper triangle, respectively. |

If V, V' are finite dimensional vector spaces, we obtain new vector spaces V@V’ V@V’ Hom(V, V'),

etc. This generalizes to vector bundles as follows:

V.1.11 PROPOSITION Let w: E — B and «’ : E' — B vector bundles over the base space B. Then
there exist vector bundles

m:E®E — B, m: E®E — B, 73 : Hom(E,E') — B,
over B such that

i) =2a ) e p), )= p) o (p), w3 '(p) = Hom(r ' (p), '~ (p)).

Proof. We define E @ E' = {(e,¢') | w(e) = '(¢/)} and my(e,e’) = 7(e). Clearly 7, *(p) is a vector
space. Let p € B and U, U’ neighborhoods of p over which E, E’, respectively, trivialize. Then U N U’
is a neighborhood of p for which one easily writes down the isomorphism v required by Definition
V.1.1.

Next we define

ExE = [[='®er )
pEB
Hom(E,E') = HHOID(?T_l(p),ﬂ',il(p)).

peEB
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The definition of w9, w3 and the linear structures on the fibers are obvious. It remains to identify the
right manifold structure and to prove local triviality. We consider only F® E’, the case of Hom(E, E’)
being completely analogous. Let {U;,v;} and {U/, 4.} be bundle atlasses for E, E’, respectively. Then
{Ui N U}, ¢ @ 95} is a bundle atlas for E'® E’, proving that E'® E’ is a vector bundle. If B is a
manifold it is easy to see that £ ® E’ is a manifold. |

V.1.12 REMARK 1.In fact, every functorial construction with vector spaces generalizes to vector bun-
dles, cf. [3] for the precise formulation and proof.

2. Every vector bundle 7 : E — M over a ‘nice’ base space, e.g. a manifold, admits a complement,
i.e. a vector bundle 7’ : E' — M such that the vector bundle E @ E’ is trivial. This fact is fundamental
for K-theory, see e.g. [3]. O

V.1.3 Metrics and orientations

V.1.13 DEFINITION A (riemannian) metric on a smooth vector bundle 7 : E — M is a family
{(-,"Yz, © € M} of symmetric positive definite bilinear forms on E, = n~!(x), such that the map
x +— (s(x),t(x)), is smooth for all sections s,t € I'(E).

V.1.14 PROPOSITION Every vector bundle admits a riemannian metric.

Proof. Let r be the rank of F and et (U;,¢;),i € I be a bundle atlas for F, i.e. the U; are an open
cover of B such that
(ﬁi : 7T_1(UZ') — Ui x R".
We may assume the cover to be locally finite and choose a subordinate partition of unity {\;,i € I}.
For each i € I, let (-,-); be a positive definite symmetric quadratic form on R™ and for X, Y € I'(T M)
we define
(X,Y)p = Xilp) (p2 0 $i(X (D), p2 0 $:(Y (p)))i-
el
Here the i-th summand is understood to be zero if p ¢ U;. This is well defined by local finiteness of

the partition and smooth. Symmetry and positive definiteness are obvious, and positive definiteness
follows from (X, X), > 0 which is evident for X (p) # 0. |

V.1.15 DEFINITION An orientation on a vector bundle 7 : E — B is a choice of an orientation for
each vector space 7~ 1(p), p € B such that the orientation is locally constant in every bundle chart.

Clearly, an orientation for the tangent bundle of a manifold M is the same as an orientation of M
in the sense of Definition IV.6.2. The orientation of a direct sum E & E’ of oriented vector bundles is
defined as the product orientation on T'(M x M').

V.2 Normal bundles

Besides the tangent bundles T'M, another important class of a vector bundles is provided by the
normal bundles NM. As opposed to the former, the latter are not intrinsically defined but depend on
an embedding of M into some euclidean space R".

V.2.1 DEFINITION Let M C R" be a submanifold and write
NyM = T,M* = {v € T,R" =R" | (v,w) =0 Yw € T,M}.
(Here (-,-) is the standard inner product on R™.) Then the normal bundle N M is
NM ={(p,v), pe M,v e N,M}

with the obvious projection w: NM — M.
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V.2.2 PROPOSITION NM admits the structure of a (smooth) manifold of dimension n such that
m: NM — M is a submersion and a smooth vector bundle of rank n — dim M.

Proof. Tt is clear that each 7~ !(p) is a vector space of dimension n — m, where m = dim M. Since
M C R” is a submanifold, for every p € M we can find a chart (U ,¢) around p € R"™ such that,
writing U = U N M, we have ¢(U) = $(U) NR™. Thus if X : R — R¥ is the projection onto the last
k = n —m coordinates and 1 = X o ¢, we have U = ¢~1(0). Clearly, ¢ is a submersion. We have
NU = NM N (U x R™), thus NU is open in NM, the latter topologized as a subspace of M x R™.
For each p € M, the map T,y : R" — R* is surjective and its kernel is Tp,M. Thus its transpose
(Tpy)t - R* — R™ is injective and its image is N,M. Therefore the map ¢’ : U x R*F — NU defined
by ' (p,v) = (p, (Tpw)!v) is a bijection and an embedding of U x R¥ into M x R", thus (U x R¥, /)
is a chart. Since such maps exist for all p € M, NM is a manifold. (Verification of compatibility of
these charts is left as an exercise.) Since m o1’ : U x R¥ — U is just the standard submersion, 7
is a submersion. That = : NM — M is a vector bundle is now clear, the local trivializations being
provided by the inverses of the maps 7’ considered in the proof. |

V.2.3 EXERCISE Show that the map M — NM given by p — (p,0) is an embedding. (Thus M can
be considered as submanifold of NM.) O

The above considerations can be generalized to more general submanifolds M C P, where P is
supposed to be equipped with a riemannian metric. (By Remark II1.5.6 all metrics arise via pullback
from embeddings into some R™.)

V.2.4 DEFINITION Let P be a riemannian manifold with metric g and let M C P be a submanifold.
Then the normal bundle N (M, P) is

N(M, P) = {(p,v), pe M, v e Ny(M,P)},

where
N,(M,P) ={veT,P| (v,w), =0 YweT,M}

with the obvious projection 7 : N(M,P) — M.

V.2.5 PROPOSITION For any riemannian metric on P, N(M, P) is a manifold of dimension dim P and
a vector bundle of rank dim P — dim M over M. The projection onto M is a submersion.

Proof. This can be proven with the intrinsic methods of riemannian geometry, cf. e.g. [17, p. 133]. In
order to avoid this, but appealing to Nash’s difficult embedding theorem instead, we may assume P to
be isometrically embedded into some R™. Then the proof proceeds essentially as that of Proposition
V.2.2. |

V.2.6 REMARK The normal bundle N (M, P) seems to depend on the choice of a riemannian metric
on P. Alternatively, one can consider the algebraic normal bundle
N“(M, P)={(p,v), p€ M, v € T,P/T,M},

which can be shown to be a manifold diffeomorphic to N (M, P). (More precisely, one has an iso-
morphism of vector bundles over idys.) This implies that, up to diffeomorphism, N (M, P) does not
depend on the metric on P. In practice, the more geometric definition of N (M, P) is more useful. O
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If M and P are both oriented we define an orientation on N (M, P) by the direct sum
N(M,P)TM =TP | M.

(I.e., we choose the orientation of N (M, P) such that the direct sum orientation on N (M, P) ® T M
coincides with the given orientation on T'P | M.)

V.2.7 LEMMA Let My, My C P be transversal submanifolds, i.e. My th M. Then
Np(My N My, P) = Np(My, P) ® Np(Mz, P) Ype My N M.
Thus the normal bundle of the submanifold My N M, is given by
N(My N My, P) = (N(Mp,P) | MyNMy) & (N(Ma,P) | MyN My).

Proof. By transversality, MMMy is a manifold, and by Exercise IV.9.12, T),(M;NMs) = T, M1 NI, Ms.
Now, let W; C T,P be subspaces such that T,M; = W; & (T,M; N T,M,) for i = 1,2. By the
transversality assumption T,My + T,My = T,P we have T,P = W, & Wy & (T, My N T,M3). Thus
N,M; = T,P NT,Mi- = W and (1 < 2) and therefore

Np(Ml N MQ,P) = TpPﬂ Tp(Ml N MQ)J_ =W Wy = NpM2 D Nle.

This proves the first claim, and the second is just a reformulation. |

The preceding lemma is a special case of the following:

V.2.8 EXERCISE Consider f: A — M D B where f th B, and let W = f~1(B). If W # () then
Np(W, A) 2 (T, /)~ (Ny(p) (B, M)

for all p € W. a

V.2.9 EXERCISE Let A = {(z,z) | z € M} C M x M be the diagonal. Show that the map T'M —
N(A, M x M) defined by (z,v) — ((z, ), (v, —v)) is a diffecomorphism. 0

V.3 Tubular neighborhoods

V.3.1 DEFINITION Let M C R"™ be a submanifold and e : M — (0, 00) a smooth map. Then we define
Mf={peR"|3qge M s.th. |p—q| <e(q)}.

V.3.2 THEOREM Let M C R"™ be a submanifold. Define § : NM — R™ by 0(p,v) = p+ v. Then
there exists a smooth map € : M — (0,00) such that 6 restricts to a diffecomorphism between the
neighborhood N°M = {(p,v), p € M,v € N,M,|v| <e(p)} of M = {(p,0), p € M} in NM and the
neighborhood M¢ of M in R™. The latter is called a tubular neighborhood of M.

Proof. Consider the map h : NM — R"™ given by (p,v) — p+v. Through every (p,0) € M x{0} C NM
there pass the submanifolds M x {0} and {p} x N, M. The derivative T{, gyh maps the tangent spaces
of these two submanifolds to T, M C R"™ and N,M C R", respectively. The latter sum up to R", thus
p x {0} is a regular point of h. Since NM and R™ have the same dimension, h is a diffeomorphism
of some neighborhood of M x {0} in NM onto a neighborhood M of M in R™. If M is compact, the
latter neighborhood contains M€ for some € > 0. If M is non-compact then choose an open cover of
M by sets U; € M and v; > 0 such that U7 C M. If {\;} is a partition of unity subordinate to {U;}
then e(p) = >, e:\i(p) does the job. [ |

The theorem permits the following extension which clarifies its geometric meaning;:
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V.3.3 PROPOSITION Let M C R™ be compact and let § and € be as in Theorem V.3.2. Then for every
p € MF there is a unique closest point o(p) € M. o is a submersion and the inverse of 6 : N*M — M¢

is given by 6! : p — (o(p),p — o(p)).

Proof. Let p € M€ and consider the map Ay, : M — Ry, ¢ — |p—¢q|*> = (p — ¢,p — q)rn. Since M is
compact, A, is bounded and assumes its infimum. Thus there exists ¢ € M such that A,(q) < A\,(¢')
for all ¢’ € M. Now the derivative T,\, = 2(p—gq, ) : T,M — R vanishes, thus p—q € TqZML = NyM.
Thus p = g + v = h(g,v) with (¢,v) € NM. If ¢' € M is another point for which |p —q| = [p — ¢/|
then again p = ¢’ + v = h(¢,v") with (¢’,v') € NM. By Theorem V.3.2, h : N°M — M€ is a
diffeomorphism, thus in particular a bijection, implying (q,v) = (¢’,v’). Therefore there is a unique
point o(p) € M closest to p € M*.

If 7 : NM — M is the canonical projection and h~! : M® — N¢M is the inverse of the diffeomor-
phism h, it is clear from the preceding reasoning that ¢ = moh™!: M — M. As a composition of a
diffeomorphism and a submersion, ¢ is a submersion. |

As with normal bundles, the above considerations generalize to arbitrary embeddings M C P:

V.3.4 DEFINITION Let P be a riemannian manifold and M C P a submanifold. A tubular neigh-
borhood of M is an open neighborhood U of P together with a diffeomorphism ¢ : N(M,P) — U
restricting to the identity map on the zero section (where we identify the latter with M ).

V.3.5 THEOREM Let P be a riemannian manifold and M C P a submanifold. Then M has a tubular
neighborhood U in P.

Proof. Again, there is an proof intrinsic to riemannian geometry and avoiding embeddings into eu-
clidean space, cf. e.g. [17, Exercise 8-5]. On the other hand, one can give a more elementary proof
assuming an embedding P C R", cf. [6, Theorem I1.11.14]. |

One can show that all tubular neighborhoods for M C P are diffeotopic:

V.3.6 THEOREM Let P be a riemannian manifold and M C P a submanifold. Let Uy,Us be tubular
neighborhoods of M in P. Then there exists an diffeotopy ¢ : P x I — P such that ¢¢g = id,
¢1(Uy) =Us and ¢y(p) =p for allp € M,y € I.

For a proof see [13, Theorem IV.5.3] or [7, Satz 12.13]. We will not use this result.
As an application of tubular neighborhoods we obtain the following result on the topological
triviality of Euclidean space:

V.3.7 LEMMA Let M be a compact manifold with boundary and let f : OM — R™ be any smooth
map. Then f extends to a smooth map M — R".

Proof. By the embedding theorem, we may consider M as a submanifold of some R*. Let U be a
tubular neighborhood of M in R¥ with projection o : U — OM. Then foo : U — R™ extends f to
U. Let p: U — R be a smooth function that equals one on M and vanishes outside some compact
subset of U. Now we extend f to all of R¥, thus in particular to M, by setting it to be equal to p - f
on U and 0 elsewhere. |

V.3.8 EXERCISE Use Exercise V.2.9 and the tubular neighborhood theorem to show that there is a
diffeomorphism between a neighborhood of My (the zero section) in T'M and a neighborhood of A in
M x M, extending the usual diffeomorphism My — A, (z,0) — (z,z). O
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V.4 Smooth approximation

The main motivation for the introduction of normal bundles and tubular neighborhoods was the
proof of the transversality theorem. As another application of these tools we will now show that the
smooth methods of differential topology can be used to prove results about continuous maps between
manifolds.

V.4.1 THEOREM Let f: M — N be a continuous map of manifolds without boundary. Let f [ U be
smooth where C C U C M with C closed and U open. Then there exists a smooth map g : M — N
such that g | C = f [ C. The map g can be chosen homotopic to f and arbitrarily close to f in the
C°-topology.

Proof. We first consider the case where N = R"™. There exists a locally finite open cover {U;,i € I'} of
M subordinate to the open cover {U, M — C'}, which we may assume indexed by Z such that U; C U
ifi <O0and U; C M —Cif i > 0. Given a smooth function ¢ : M — (0, 00), the cover {U;} and vectors
fi € R™i > 0 can be chosen such that |f(p) — fi| < e(p) for all p € U;,i > 0. Let {\;,i € Z} be a
partition of unity with supp A; C U;. Consider

gp) = f(0) > _Xp) + > fidi(p).

1<0 1>0

g is smooth since \;(p) vanishes for i < 0 and p € M —C, and g | C = f | C since for p € C we
have X\;(p) = 0 Vi > 0, implying >, 4 Ai(p) = 1. The indicated choice of the f; guarantees that can
be chosen in any C%-neighborhood of f. Being R™-valued functions, f and g are clearly homotopic.
In the general case, choose an embedding ¥ : N — R™ and a tubular neighborhood ¥(N)® D ¥(N)
with projection o. Let G = {(x,V o f(x)), € M} be the graph of Vo f in M x R™, let W be a
neighborhood of G and
Q= 1{(z.y) € MxT | (z,0(y)) € W}.

Choosing a smooth map g : M — R”™ whose graph lies in ), o o g is a smooth map with values in
U(M), thus W' ogog: M — N is smooth, coincides with f on C and is homotopic and arbitrarily
close to f. [ |

V.4.2 COROLLARY Let M, N be smooth manifolds. There are bijections between (i) the (continuous)
homotopy classes of continuous maps M — N, (ii) continuous homotopy classes of smooth maps and
(iii) smooth homotopy classes of smooth maps.

Proof. By Theorem V.4.1, every continuous map f : M — N is (continuously) homotopic to a
smooth map f : M — N. This proves the bijection (i) (ii). Let f,g : M — N be smooth and let
h: M x [0,1] — N be a continuous homotopy. We may assume that h; : M — N is independent of
ton [0,e) and (1 —¢,1]. Thus h | U with U = M x ([0,€) U (1 — ¢,1]) is smooth and the smoothing
theorem gives a smooth homotopy between f and g, proving the bijection (ii)«(iii). |

We immediately have the following ‘continuous’ corollaries of our earlier ‘smooth’ results in The-
orem I11.4.11 and Corollary IV.8.7:

V.4.3 COROLLARY Ifdim M < n then every continuous map f : M — S™ is homotopic to a constant
map. In particular, m,,(S™) =0 if 0 <m < n.

V.4.4 COROLLARY Let M be a connected oriented compact n-manifold without boundary. Then the
degree establishes a bijective correspondence between the set [M, S™] of homotopy classes of continuous
maps M — S™ and Z. In particular, m,(S™) = 7Z for all n > 1.

The smooth version of Theorem IV.3.2 requires only slightly more work.
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V.4.5 COROLLARY Any continuous map f: D™ — D™ has a fixpoint.

Proof. Suppose the continuous map f : D™ — D™ has no fixpoint. By the same argument as in
Theorem IV.3.2 we deduce the existence of a (continuous) retraction r : D™ — dD™ = S"~1, It is easy
to change r into a continuous map 7’ which is a retraction of D onto a neighborhood U of D™. Thus
r’ is the identity and therefore smooth on U, and applying smooth approximation to 7’ we obtain a
smooth retraction r” : D™ — @D™, which cannot exist by Proposition IV.3.1. [ ]

V.4.6 REMARK We have seen that methods from differential topology, combined with smooth ap-
proximations, can be used to compute the homotopy groups m,,(S™), m < n of spheres. There is a
theory, due to Pontryagin and Thom, which establishes a bijection between certain homotopy groups,
like 7,,(S™), m > n, and ‘cobordism classes’ of certain manifolds. (The result that 7, (S™) = Z can
be obtained as a very special case of this formalism, cf. [19, §7].) Originally, this theory was intended
for the computation of m,,(S™) where m > n, and in fact this has been done for m —n < 3. Un-
fortunately, the difficulties soon become insurmountable. There are, however, other, more algebraic
ways of computing m,,(S™), and Pontryagin-Thom theory can be used the other way round to prove
otherwise inaccessible results about smooth manifolds! We refer to [19] for a lucid introduction to the
relatively easy theory of ‘framed cobordism’ and to [13] for ‘oriented’ and ‘unoriented’ cobordism. O



68

CHAPTER V. MORE GENERAL THEORY



Chapter VI

Transversality 1I: Intersection Theory

VI.1 Parametric transversality

VI.1.1 PROPOSITION Let F': M xS — N be a smooth map and L. C N a submanifold, where S, N, L
are boundaryless. For s € S we write Fs = F(-,s): M — N. If F th L and OF th L then F, th L and
OF, M L for all s € S but a set of measure zero.

Proof. By F th L and Theorem IV.9.5, F~}(L) C M x S is a submanifold. Consider the projection
M x S — S. We claim, for any s € S, that Fy L iff s is a regular value of 7 : F~!(L) — S, and
OF, th L iff s is a regular value of Or : 9F (L) — S. This clearly implies the proposition since by
Sard’s theorem the union of the sets of critical values of 7 : F~1(L) — S and of o7 : 0F "}(L) — S,
respectively, has measure zero. It remains to prove the claim, which is a purely algebraic matter.

By the assumption F' i L we have

Tia,5)F [Ta,s)(M X )] + Tp(a.)L = TpasN  V(a,s) € F~H(L).
In view of T(, ¢ (M x S) =T, M @ TS this is equivalent to
T, FY(T,S) + TuFs(TaM) + Tpag L = TrsyN  V(a,s) € FH(L), (VL1)
where Fs = F(-,s) as before, and F'* = F(a,-). On the other hand, Fs h L means
T, Fo(ToM) 4 Tp(g 0L = Tp N Va € F;'(L). (V1.2)
Given (VI.1), the stronger condition (VI.2) follows for a certain s € S iff we have
T F*(T,S) C TuFy(ToM) + Tp(o L Va € Fy'(L). (V1.3)

If ueT,M, veTsS wehave T, F(u®v) = T,Fs(u) + TsF*(v). Thus (VL.3) holds iff for every
a € F;(L) and v € TS there exists u € T,M such that T, o F(u ® v) € Tp(gsL. On the other
hand, for the projection 7 : F~1(L) — S we have Ta,5)T(u @ v) =v. Thus s € S is a regular value of
7 iff for every a € F; (L) and v € T,S there exists u € T,M such that u @ v € T(, (F~'(L)). By
Theorem IV.9.5, a vector u @ v € T(, 4)(M x §) is in T(ms)(F*l(L)) iff TpqsF'(u®v) € L, thus the
two conditions are equivalent, proving the claim.

The argument for OF; : M — N and dn : F~1(L) — S is exactly the same as (and in fact a special
case of) the preceding one. |

VI.1.2 COROLLARY Let f: M — R" be a smooth map and L. C R™ a submanifold. For s € R" write
fs:x— f(x)+s. Then fs L for all s € B1(0) but a set of measure zero.
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Proof. Let S be the open unit ball around 0 € R™ and define F(x,s) = f(x) + s. It is clear that
s+ F(x,s) is a submersion for any fixed . A fortiori, F': M x S — R"™ is a submersion, thus F' h L.
By Proposition VI.1.1, fs M L for almost all s € S. ]

The functions f and fs; = f+ s are obviously homotopic. We have thus proven Theorem IV.9.15 in
the case where N = R". For an arbitrary target manifold N we can choose an embedding ® : N — R"
for suitable n. Corollary VI.1.2 then implies that there is a map g : M — R”™ arbitrarily close to @ f
such that g M ®(L). The image g(M) lies in some neighborhood U of ®(N) C R"™, and all we need is
a projection 7 of U onto ®(N) such that wg M L. This requires some preparation, which will be the
subject of the next subsections.

V1.2 Transversality theorems
Using tubular neighborhoods it is now easy to prove our first general transversality theorem.

VI1.2.1 PROPOSITION Let f : M — N be a smooth map, L C N a submanifold, where ON = OL = ().
Then there exists a smooth map g : M — N such that g~ f and g M L, dg M L.

Proof. Let ¥ : N — R" be an embedding and let S be the unit ball in R™. Let ¢ : N — R, and
o:¥(N)® — N as in Theorem V.3.2. We define

F:MxS— N, F(z,s)=9"'o[Uf(x)+e(f(x))s].

Since o : W(N)® — U(N) restricts to the identity map on W(NV), we have F(x,0) = f(x). Obviously,
s— o f(x)+e(f(x))s: M — V(M) is a submersion for every x € M. Therefore s — F(x,s) is
a composition of two submersions, thus a submersion. It clearly follows that ' : M x S — N is a
submersion. Thus F' M L for any submanifold L € N, and Theorem VI.1.1 implies that Fs h L and
OF; i L for almost all s € S. Let g = F; for such an s € S. Finally, M x I — N, (z,t) — F(x,ts) is
a homotopy between f = Fy and g = Fj. |

For the purposes of intersection theory we need a version where g can be taken to coincide with f
on a subset on which it is already transversal.

VI1.2.2 THEOREM Let f : M — N be a smooth map, L C N a submanifold, where ON = 0L = ().
Let C C N be closed, and assume that (f | C) h L and (Of | C NOM) t L. Then there exists a
smooth map g : M — N such that g ~ f, g W L, dg h L and g coincides with f on a neighborhood
of C.

Proof. We claim that there is an open set U with C C U C M such that (f | U) h L. On the one
hand, if p € C — f~1(L) then, since L is closed, X = C — f~!(L) is an open neighborhood of p such
that (f [ X) L holds trivially. If, on the other hand, p € f (L), pick an open neighborhood W of
f(p) and a submersion ¢ : W — R¥ such that f h L at a point ¢ € f~{(LNW) iff ¢o f is regular at q.
By assumption ¢ o f is regular at p, thus it is regular in a neighborhood of p. This proves the claim.

Now let C’ be any closed set contained in U and containing C' in its interior, and let {\;} be a
partition of unity subordinate to the open cover {U, M — C’}. Defining 7 to be the sum of those \;
that vanish outside of M — C’ we obtain a function v : M — [0,1] that is one outside U and zero on
some neighborhood of C.

Defining 7 = +? we have T,7 = 2v(p)T,y : T,M — R, thus Ty = 0 whenever v(p) = 0. Let
F: M xS — N be the map considered in the proof of Proposition VI.2.1 and define G: M x S — N
by G(z,s) = F(z,7(x)s). We claim G t L. To see this, let (z,s) € G~'(L) and suppose, to begin
with, 7(x) # 0. Then the map S — M, r — G(z,r) is a composition of the diffeomorphism r — 7(x)r
and the submersion r — F(z,7), thus it is a submersion. Thus (z,s) is a regular point of G and,
a fortiori, G h L at (x,s). It remains to consider the case 7(x) = 0. We write G = F' o H, where
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H:MxS— M xS is given by (x,s) — (x,7(x)s). Then, for (v,w) € T,M x T3S =T, M x R", we
have

T(m,s)G(v7 w) = (TH(:B,S)F © T(m,s)H)(Ua w) = T(m,T(:r)s)F((U7 T(x)w + TJBT(U)S)) = T(I,O)F(U? 0)7
where we have used 7(z) = 0 and T,7(v) = 0. Since F(z,0) = f(x), we have
T(m,s)G(U7 UJ) = Ta:f(v)7

thus T(, - G and T f have the same images. Furthermore, 7(x) = 0 implies x € U, thus f M L at z
and therefore G M L at (z,s), as claimed.

Similarly on shows G M L. By Proposition VI.1.1 we can find s € S such that Fs m L and
OF th L. Then g = F is homotopic to f and if p belongs to the neighborhood of C' on which 7(p) =0
then g(x) = G(x,s) = F(x,0) = f(x), as desired. [ |

VI1.2.3 COROLLARY Let L C N be a submanifold where ON = 0L = (). If f : M — N is such that
OF : OM — N is transversal to L then there exists g : M — N such that gh L, g ~ f and g = Of.

VI.2.4 REMARK In our proof of the transversality Theorem VI.2.2 and its preliminaries we followed
the approach of [12], which has the virtues of being elementary and of exhibiting very clearly the
use of Sard’s theorem via Proposition VI.1.1. There are more elegant proofs that use either ‘jet-
transversality’, cf. [13, 9], or some more vector bundle theory (the fact that every vector bundle on a
manifold admits an ‘inverse’), cf. [7, 6]. O

Now we are in a position to finish the proof of Hopf’s theorem on maps into spheres:

Proof of Proposition IV.8.4. We are given a map f : OM — S™ C R"*!. By Lemma V.3.7, f may be
extended to a smooth map F : M — R"™t!. Since f has its image in S™, 0 € R**! is trivially a regular
value, thus f m {0}. By the transversality extension Theorem VI.2.2 we can pick F' such that F' h {0}.
Thus 0 is a regular value of F' and F~1(0) C M is a finite set. Let U C M — dM be an open set for
which there exists a diffeomorphism ~ : R"*! — U. By Exercise IV.4.5 we may suppose that F~1(0)
is contained in U. Let B C R"*! be an open ball such that F~1(0) C v(B). Then F/|F| extends to
M —~(B). Since F | 9M = f has degree zero by assumption, it follows that F' | 9y(B) — R"*! —{0}
has winding number zero. Thus, by part II of Proposition IV.8.12, the restriction F : 9y(B) — R"*!
is homotopic to a non-zero constant map, in other words we can change F' on «(B) such that it avoids
the value zero. Let F’ be this function. Then the desired extension of f: M — S to f M — S™
is given by f = F'/|F'|. |

V1.3 Mod-2 Intersection theory

In this section all manifolds are without boundary.

The theories of the degree and the mod 2 degree were concerned with maps f : M — N between
manifolds of the same dimension. Intersection theory, of which again there is an unoriented (mod 2)
and an oriented version, is a generalization to the situation where one has a map f : M — N and
a submanifold L C N subject to the condition dim M + dim L = dim N. (This contains the case
where L = {¢} and dimM = dim N.) The condition that g be a regular value is replaced by the
requirement f M L, so that Theorem IV.9.5 implies that f~!(L) is a discrete subset of M. We begin
our considerations with the unoriented mod 2 intersection theory which contains the formalism of the
mod 2 degree as a spectial case. (In fact the latter seems to be the only interesting application of
mod 2 intersection theory! If we still consider the mod 2 theory in some detail, it is because it is
considerably easier to set up than the oriented theory.)
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VI1.3.1 DEFINITION Consider f : M — N D L where M is compact, dim M + dim L. = dim N and
f M L. Then we define the mod 2 intersection number I5(f,L) € {0,1} by

L(f, L) =#f~Y(L) (mod 2).

VI.3.2 PROPOSITION Let f,g: M — N be smoothly homotopic and both transversal to L. Assuming
the conditions of Definition VI.3.1 we have Is(f,L) = I2(g, L).

Proof. Let F': M x I — N be a homotopy. By the assumption f m L, g M L we have OF h L. By
Theorem VI.2.2 there is G : M x I — N such that G L, G ~ F and G = OF. Now G~(L) is a
neat one-dimensional submanifold of M x I, thus

AGHL) =GN L)Nn (M x {0,1}) = fFHL)x0U g (L) x 1.

By Corollary 11.12.3, d(G~1(L)) has an even number of points, thus #f'(L) = #¢~ (L) (mod 2).
|

For an arbitrary map f : M — N we pick a homotopic map f : M — N such that f h L and
define I5(f, L) = I(f, L). The preceding proposition implies that this is well defined, i.e. independent
of the choice of f, and it is clear that if f ~ g then Iy(f,L) = I3(g, L).

An important special case is that of transverse submanifolds.

VI.3.3 DEFINITION Let M be compact and let A, B C M be transverse submanifolds, i.e. A th B,
such that dim A + dim B = dim M. Then we define

IQ(A,B) = IQ(L,B),

where v : A — M is the canonical embedding map. If we want to emphasize the ambient manifold M
we write Is(A, B; M).

By its definition, together with Proposition VI1.4.2, I3(A, B) is stable w.r.t. deformations of A. In
order to show that Is(A, B) is stable also under perturbations of B and to understand the relation
between I5(A, B) and I5(B, A) we generalize our approach somewhat:

VI.3.4 DEFINITION Let f: A — M, g: B — M be smooth maps between compact manifolds without
boundary. We say f i g if T,,f(T,A) + Ty9(1,B) = T,M whenever f(p) = g(q) = r.

Assuming f h g we would like to define Is(f,g) by

Iy(f,9) = #{(p.q) € Ax B | f(p) = g(q)} (mod 2).

The problem is that it is not evident that the set {...} is finite.

VI1.3.5 LEMMA Let U,V be subspaces of the vector space W. Then W =U @V (i.e. U+V =W and
UNnV ={0}) if (UxV)® A=W x W, where A = {z x z,x € W}.

Proof. Clearly UNV = {0} is equivalent to (U x V)N A = {0}. Under these equivalent assumptions,
UV =W and (UxV)DA =W x W are equivalent to dimU 4+ dim V' = dim W and dim U - dim V 4

dim W = 2dim W, respectively, which in turn are equivalent. |

V1.3.6 PROPOSITION In the situation A > B & B with M compact, f Mg iff (f x g) M A, where A
now is the diagonal in M x M. Under these (equivalent) conditions

I(f,9) = L(f x g, A).
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Proof. The first claim is an immediate consequence of the lemma, taking U = T, f(T,A4), V =
T,9(T,B), W = T, M for f(p) = g(q) = r. Assume these equivalent transversality conditions are
satisfied. Now the set {(p,q) € A x B | f(p) = g(q)} is just (f x g)"'(A), and this is finite by
(f xg)MA. |

VI.3.7 PROPOSITION If f' ~ f, ¢’ ~ g then Is(f’,¢") = I2(f, 9).

Proof. If f;, g; are homotopies from f to f’ and from g to ¢’, respectively, then f; x g; is a homotopy
from f x g to f' x g [

VI.3.8 COROLLARY Let A, B, M be compact and dim A4+dim B = dim M. If B C M is a submanifold
and ¢ the inclusion map then Is(f, B) = I5(f,¢) for any f: A — M.

Proof. If f M B then this is trivial. Otherwise find f’ ~ f such that f m B. Then we have
I2(f,B):-[2(f/,B):I2(f,a[’)212(fab)‘ u
Thus perturbing the embedding ¢ by a homotopy does not change the mod 2 intersection number,

which is the desired stability w.r.t. B. In particular, it turns out that the theory of the mod 2 degree
is a special case of intersection theory:

VI1.3.9 COROLLARY Let M be compact and N connected with dim M = dim N. Then I2(f,{q}) is
independent of q and coincides with deg, f.

Proof. Since N is connected the inclusion maps 7,7’ of ¢,¢’ € N into N are homotopic. Thus
L(f,{q}) = L(f,i) = L(f,i) = L(f,{d'}). Picking ¢ to be a regular value of f it is clear that

Iy(f,{q}) = #f'(q) (mod 2) = deg f. ]

VI1.3.10 COROLLARY Under the same assumptions as above, I3(A, B) = I»(B, A).

Proof. If A M B this is obvious since then I3(A, B) = I3(B,A) = #(A N B) (mod 2). In the general
case it follows from Is(A, B) = I3(f,g) where f: A — M,g: B — M satisfy f h g and are homotopic
to the inclusion maps. But it is clear that Is(f, g) = I2(g, f)- [ |

V1.4 Oriented intersection theory

We now turn to the more interesting case, where the manifolds M, N, L come with orientations. Some
preliminary considerations are in order. In connection with the condition dim M + dim L = dim N on
the dimensions, the transversality condition T}, f (T, M) + Tty L = T,y N becomes

T, f(T,M) & Ty L = TyyN  Vp € M. (VL4)

(This follows from the equivalence 1 < 3 in Exercise IV.9.1.) Furthermore, T),f : T,M — Ty, N is
an isomorphism, thus it defines an orientation for its image. For p € f~(L) we define signT,f = 1
if (VI.4) holds as an equation of oriented vector spaces, i.e. the given orientation of T' #(p)V coincides
with the direct sum orientation of T}, f (T, M) © Ty L, and sign T}, f = —1 otherwise. (Recall that the
direct sum of oriented vector spaces is not commutative in generall)

VI1.4.1 DEFINITION Consider f : M — N D L where all manifolds are oriented, M is compact,
dim M +dim L = dim N and f i L. Then we define the oriented intersection number I(f,L) € 7 by

I(f,L) = Z signT), f.

pef~1(L)
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VI1.4.2 PROPOSITION Let M, N, L be as in Definition VI.4.1 and let f,g : M — N be homotopic
maps satisfying f t L,g M L. Then I(f,L) =1(g,L).

Proof. Similar to the proof of Lemma IV.7.4, but the details are quite tedious. See [12, Section II.3].
|

Again, if f : M — N is any smooth map, not necessarily transversal to L, Theorem IV.9.15 allows
us to find g ~ f such that g h L. Then Proposition VI.4.2 implies that the definition I(f, L) := I(g, L)
makes sense. As in the unoriented case, given two submanifolds A, B of a compact oriented manifold
M we define I(A, B) = I(1, B), where ¢ : A < M is the canonical embedding.

If f: M — N satisfies f h {q}, equivalently ¢ is a regular value of f, we find

I(f{q}) = > signT,f =deg .
pef~ (@)

By the definitions of I(f,{q}) and deg f it follows that this equality holds for all ¢ € N.

If we have maps A L M & B with M compact satisfying f mh g we define I(f,g) as the sum
over the pairs (p,q) € A x B, f(p) = g(q) = r of numbers £1, depending on whether the (given)
orientation on T, M coincides with the direct sum orientation on 7, M induced from the orientations
on T,A,T,B by the isomorphism T}, f(T,A) & T,9(T;B) = T, M.

VI.4.3 PROPOSITION In the situation A 2> M & B with M compact, f Mg iff (f x g) M A, where A
is the diagonal in M x M. Under these (equivalent) conditions

I(f,9) = (=) PI(f x g, A).

As a consequence, I(f,g) is homotopy invariant w.r.t. f and g, and I(A, B) is stable under small
perturbations of A, B.

Proof. The first half has been proven in the preceding subsection. The statement on the orientations
is left as an exercise. (For the solution see [12, p. 113].) |

We conclude our general study of intersection theory by examining the behavior of the intersection
number under exchange of A and B.

VI1.4.4 LEMMA Let A, B, M be compact with dim A 4+ dim B = dim M. Then
I(f,9) = (-1t AdmBr(g, f)
forany f :A— M and g: B — M.
Proof. Follows from V @ U = (—1)dmU-dimV(f7 @ 7). |

VI.4.5 COROLLARY I(A, B) = (—1)4mAdmBr(p A),

V1.5 The Euler number and vector fields

VI.5.1 Euler numbers and Lefshetz numbers

Still, all manifolds are assumed boundaryless. For a manifold M let A = {zxz, z € M} C M x M be
the diagonal. Clearly, this is an m-dimensional submanifold of the 2m-dimensional manifold M x M.

VI.5.1 DEFINITION Let M be compact connected oriented (and boundaryless). Then the Euler num-
ber of M is defined by
X(M)=1(A,A; M x M).
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VI.5.2 COROLLARY Let M be compact connected oriented and odd dimensional. Then x(M) = 0.
Proof. Follows from Corollary VI.4.5 since dim A = dim M is odd, thus I(A,A) = —I(A, A). |

VI1.5.3 LEMMA Let M, N be compact connected oriented. Then x(N x M) = x(N)x(M).

Proof. As a consequence of Tpy,(M x N) = T,M & T,N one has fi x fo h By x By for f; : A; —
M; D B;, i = 1,2 satisfying f; h B;. Similarly, (fi x f2) (B x By) = f{ *(B1) x f; '(B2) implies
I(f1 X fa, B1 x Bg) = I(f1,B1)I(f2, B2). The claim follows by observing that also orientations behave
as expected. |

The Euler number of a manifold is a fundamental invariant. Later on, it will be interpreted in
terms of de Rham cohomology and CW-decompositions. For the time being, our only efficient way
of computing the Euler number will be via its relation to vector fields with finitely many zeros. The
following will be used later.

VI1.5.4 LEMMA Let M be as in Definition VI.5.1. Then
X(M) = I(M(]a MO; TM)7
where My is the zero section of T M.

Proof. Let ¢ : M — TM be the inclusion map of the zero section. The transversality theorem allows us
to choose ¢/ : M — T'M such that ./ h My and such that /(M) is contained in any given neighborhood
of My. Now the claim follows from Exercise V.3.8. |

VI.5.5 REMARK A generalization of the Euler number is provided by the Lefshetz number. As before,
let M be a compact oriented manifold without boundary and let f : M — M be a smooth map. Then
the Lefshetz number of f is defined as the intersection number L(f) = I(G(f),A; M x M), where
G(f) = {(z, f(x)), = € M} is the graph of f. Clearly, x(M) = G(idps), and one shows that L(f)
depends only on the smooth homotopy class of f. The relevance of the Lefshetz number derives from
the Lefshetz fixpoint theorem: If L(f) # 0 then f has a fixpoint. (The proof is trivial: If f has no
fixpoint then G(f) N A = 0, thus I(G(f),A; M x M) =0.) When G(f) M A one has a nice explicit
formula for L(f) in terms of the behavior of f near its fixpoints, see [12, Section III.4]. 0

VI1.5.2 Euler numbers and vector fields (Unfinished!!!)

V1.5.6 DEFINITION Let v: M — TM, v': N — TN be vector fields and f : M — N a smooth map.
We say that v corresponds to v under f if

M / N
v v
TM TN
Tf

commutes.
If f is a diffeomorphism, f and T'f are invertible, thus we can use the formulae

o' = Tfovof !
v = (Tf) tov of

to transport vector fields from M to IV or conversely.
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VI1.5.7 DEFINITION Let v € T'(T'M) be a vector field on M and let p € M be an isolated zero of v.
Let (U, ¢) be a chart around p. Then the map r : U — R" defined by

¢! v T

U TU P2

R"™ > ¢(U) R™

TH(U) = ¢(U) x R"

has zero as a regular value. Then we define indyv = #r~1(0). Equivalently, let ¢ > 0 be such that
0 is the only zero of r in the ball B(ve,0) C R"™. Then ind,v is equal to the degree of the map
St — S~ defined by

VI.5.8 EXERCISE Prove that ind,s is well defined. (One must show that the choice of another chart
(U',¢') and of &’ > 0 gives a map o, that is homotopic to a; and thus has the same degree.) |

VI.5.9 THEOREM (POINCARE-HOPF) Let M be a compact connected oriented manifold without
boundary and let s € T'(T'M) be a smooth vector field with finitely many zeros. Then

xX(M) = Z indy,s.

pes—1(0)

Proof. Let v : M — TM be a vector field, to wit a section of the tangent bundle. We write
v(x) = (x,vy), where v, € T, M. In view of m ov = idyy it is clear that v is an injective immersion. If
S C TM then v=1(S) = m(S), implying that v : M — T'M is a proper map. Thus v is an embedding
of M into TM. For A € [0,1] we denote by vy : M — TM the vector field x — (x, Av,). The family
(vy) is a homotopy between v and the zero section x +— (z,0), thus

I(U,M(]) :I(Mo,Mo;TM) :I(AvAaM XM) :X(M)a

where the second equality is Lemma VI.5.4. Now, v(M) N My = {(z,0) | v(x) = 0}, and we have
v M MO iff

SkoRRR Rk kokskskk

VI.5.10 COROLLARY x(S™) = 0 for odd n.

Proof. As seen in Section IV.8, the odd dimensional spheres admit vector fields that vanish nowhere.
In view of Theorem VI.5.9 the conclusion is immediate. |

VI.5.11 PROPOSITION Ifn is even then x(S™) = 2.

Proof. We will later give an elegant proof using Morse theory. Therefore, here we limit ouselves to a
sketch proof. It is clear that on any sphere S™ (whether n is even or odd) one can find a vector field
X as follows: The only zeros are at the North and South poles, the former being a source and the
latter a sink of the associated flow. The direction of the flow is along the great circles from the North
to the South pole. Let’s look at this flow locally, in a neighborhood of a source or sink. Then, w.r.t.
suitable coordinates, a source looks like the vector field x — x from a neighborhood U of 0 to R",
whereas a sink is given by @ — —z. The corresponding maps from S”~! to S”~! are the identity map
and the map x — —x, respectively. The former has degree one, the latter degree (—1)"™ by Exercise
1V.8.1. Thus
X(S") = > ind,X =1+ (-1)",
pEX~1(0)
from which the claim and a new proof of the preceding corollary follow. |

We conclude this chapter with a result that uses almost everything developed so far:
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VI.5.12 THEOREM A compact connected oriented manifold M without boundary admits a nowhere
vanishing vector field iff x(M) = 0.

Proof. The ‘only if’ part is immediate by Theorem VI.5.9. Thus assume x(M) = 0. We begin
by constructing a vector field on M with finitely many zeros, all non-degenerate. To this purpose
choose an embedding M C R™ and consider the map p : M x R®™ — T'M which maps (x,v) to the
image of v € R™ under the orthogonal projection to T,M C T,R™ = R". It is easy to see that p is
a submersion, thus transversal to the zero section My C T'M. We can therefore apply Proposition
VI.1.1 on parametric transversality to conclude that there exists v € R™ such that the vector field
pv 1« +— p(z,v) is transversal to My, in particular it has finitely many zeros.

Now pick an open set U C M for which a diffeomorphism ¢ : U — R"™ exists. By Exercise I1V.4.5
there exists a diffeomorphism « : M — M mapping the zeros of p, into U. Now the vector field
o =Taop,oa ! has all its zeros in U, and p” = T'¢o p' o ¢~ ! is the pullback of p’ | U to R", which
we now consider as a map f : R" — R"™. Theorem VI.5.9 implies that the sum over the indices of the
zeros of p’ is zero, and diffeomorphism invariance of the index together with the fact that all zeros of
p' lie in U implies that also the sum over the indices of the zeros of p” is zero. Now, the vector fields
p, P, p"" are non-degenerate, thus transversal to the zero section, implying that f : R™ — R" has zero as
regular value. Furthermore, deg f equals the sum over the indices of the zeros, thus deg f = 0. Picking
a ball B C R" containing all zeros of f in its interior, the considerations of Subsection IV.8.4 imply
that there exists a map f’: R™ — R™ — {0} coinciding with f on the complement of B. Considering
/' again as a vector field on R™ and replacing p’ | U by the pullpack to U of the latter, we obtain a
vector field on M without zeros. |

VI.5.13 REMARK The results of this section can be generalized without difficulty to the situation
where T'M is replaced by any oriented vector bundle of rank dim M over M. Also boundaries can be
taken into account. See [13, Chapter 5]. O



78

CHAPTER VI. TRANSVERSALITY II: INTERSECTION THEORY



Bibliography

1]
[2]

[9]
[10]
[11]
[12]
[13]
[14]

[15]
[16]
[17]
[18]
[19]
[20]
[21]

22]
[23]

V. I. Arnold: Ordinary differential equations. Springer, 1992.

V. 1. Arnold: Mathematical methods of classical mechanics. Springer, 7777

M. Atiyah: K-Theory. Benjamin, 1967.

R. Bott & L. W. Tu: Differential forms in algebraic topology. Springer GTM 82, 1982.
N. Bourbaki: Elements of mathematics. General topology. Chapters 1-4. Springer, 1989.
G. E. Bredon: Topology and Geometry. Springer GTM 139, 1993.

T. Brocker & K. Jénich: Finfihrung in die Differentialtopologie. Springer, 1973. English transla-
tion: Introduction to differential topology. Cambridge University Press, 1982.

H. K. Cycon, R. G. Froese, W. Kirsch & B. Simon: Schridinger operators with application to
quantum mechanics and global geometry. Springer, 1987.

M. Demazure: Bifurcations and catastrophes. Springer, 2000.

T. Frankel: The geometry of physics. Cambridge University Press, 1997, 2004.
P. Griffiths & J. Harris: Principles of algebraic geometry. John Wiley Inc., 1978.
V. Guillemin & A. Pollack: Differential Topology. Prentice Hall, 1974.

M. W. Hirsch: Differential Topology. Springer GTM 33, 1976.

F. Hirzebruch: O(n)-Mannigfaltigkeiten, exotische Sphéren und Singularitdten. Springer LNM
57, 1968.

J. Jost: Riemannian geometry and geometric analysis. Springer, 1995, 2002.

S. Lang: Differential manifolds. Springer GTM 777, 1985.

L. M. Lee: Riemannian manifolds. An introduction to curvature. Springer GTM 176, 1997.
Y. Matsumoto: An introduction to Morse theory. AMS, 2002.

J. Milnor: Topology from the differentiable viewpoint. Princeton University Press, 1997.

J. Milnor: Morse theory. Princeton University Press, 1963.

J. Milnor: Differential topology. In: T. L. Saaty (ed.): Lectures on modern mathematics II. Wiley
1964.

J. Milnor: Lectures on the h-cobordism theorem. Princeton University Press, 1965.

D. Ramakrishnan & R. J. Valenza: Fourier analysis on number fields. Springer GTM 186, 1999.

103



104 BIBLIOGRAPHY

[24] G. Pedersen: Analysis Now. Springer GTM 118, 1989. Reprinted (with corrections) 1995.
[25] W. Rudin: Principles of mathematical analysis. McGraw Hill, 1953, 1964, 1973.

[26] W. Rudin: Real and complex analysis. 777

[27] M. Schwarz: Morse homology. Birkh&user, 1993.

[28] M. Schwarz: Equivalences for Morse homology. In: Geometry and topology in dynamics. Con-
temp. Math. 246, AMS 1999.

[29] L. A. Steen & J. A. Seebach Jr.: Counterexamples in topology. Dover, 1978.

[30] J. L. Taylor: Several complex variables with connections to algebraic geometry and Lie groups.
Graduate Studies in Mathematics 46, Amer. Math. Soc., 2002.

[31] T. tom Dieck: Topologie. 2nd edition. Walter de Gruyter, 2002.

[32] F. W. Warner: Foundations of differentiable manifolds and Lie groups. Springer GTM 94, 1983.
[33] R. O. Wells: Differential analysis on complex manifolds. Springer GTM 65, 1980.

[34] W. Walter: Ordinary differential equations. Springer GTM 182, 1998.

[35] Weiping Zhang: Lectures on Chern-Weil theory and Witten deformations. World Scientific, 2001.
[36] R. Bott: Morse theory indomitable. Publ. Math. IHES 68, 99-114 (1989).

[37] E. Brieskorn: Beispiele zur Differentialtopologie von Singularitéten. Invent. Math. 2, 1-14 (1966).

[38] S. K. Donaldson: An application of gauge theory to four dimensional topology. J. Diff. Geom.
17, 279-315 (1983).

[39] M. Guest: Morse theory in the 1990s. In: M. R. Bridson & S. M. Salamon (eds.): Invitations to
geometry and topology, pp. 146-207. Oxford University Press, 2002. (math.DG/0104155).

[40] B. Helffer & J. Sjostrand: Puits multiples en mécanique semi-classique. IV. Etude du complexe
de Witten. Comm. Partial Diff. Eq. 10, 245-340 (1985).

[41] F. Hirzebruch: Singularities and exotic spheres. Séminaire Bourbaki, Exp. No. 314, 1966-7.

[42] M. A. Kervaire: A manifold which does not admit any differentiable structure. Comment. Math.
Helv. 34, 257-270 (1960).

[43] M. A. Kervaire & J. Milnor: Groups of homotopy spheres. I. Ann. of Math. 77, 504-537 (1963).
[44] F. Laudenbach: On the Thom-Smale complex. Astérisque 205, 219-233 (1992).

[45] J. Nash: Real algebraic manifolds. Ann. Math. 56, 405-421 (1954).

[46] J. Nash: The imbedding problem for Riemannian manifolds. Ann. Math. 63, 20-63 (1966).

[47] E. Witten: Supersymmetry and Morse theory. J. Diff. Geom. 17, 661-692



