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Chapter 0O
Integration theory

This is a short summary of Lebesgue integration theory, which will be used in

the course.

Fact 0.1. Some subsets (= “delmdingder”) E C R = (—o0,00) are “measurable”

(=“mdtbara”) in the Lebesque sense, others are not.

General Assumption 0.2. All the subsets E which we shall encounter in this

course are measurable.

Fact 0.3. All measurable subsets E C R have a measure (= “matt”) m(FE), which
in simple cases correspond to “the total length” of the set. E.g., the measure of

the interval (a,b) is b — a (and so is the measure of |a,b] and |a,b)).

Fact 0.4. Some sets E have measure zero, i.e., m(E) = 0. True for example if

E consists of finitely many (or countably many) points. (“mattet noll”)

The expression a.e. = “almost everywhere” (n.6. = néstan 6verallt) means that
something is true for all x € R, except for those x which belong to some set £

with measure zero. For example, the function

1, |z| <1

f@) :{ 0, |z|>1

is continuous almost everywhere. The expression f,(z) — f(z) a.e. means that

the measure of the set € R for which f,(z) - f(x) is zero.

Think: “In all but finitely many points” (this is a simplification).
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Notation 0.5. R = (—o00,00), C = complez plane.

The set of Riemann integrable functions f : I — C (I C R is an interval) such
that

/\f(x)\pd:c< o, 1< p < oo,
I

though much larger than the space C(I) of continuous functions on I, is not
big enough for our purposes. This defect can be remedied by the use of the
Lebesgue integral instead of the Riemann integral. The Lebesgue integral is
more complicated to define and develop than the Riemann integral, but as a tool
it is easier to use as it has better properties. The main difference between the
Riemann and the Lebesgue integral is that the former uses intervals and their

lengths while the latter uses more general point sets and their measures.

Definition 0.6. A function f : I — C (I € R is an interval) is measurable if

there exists a sequence of continuous functions f,, so that
fo(z) — f(x) for almost all x € T

(i.e., the set of points = € I for which f,(x) - f(x) has measure zero).

General Assumption 0.7. All the functions that we shall encounter in this

course are measurable.
Thus, the word “measurable” is understood throughout (when needed).

Definition 0.8. Let 1 < p < oo, and I C R an interval. We write f € LP(]) if

(f is measurable and)
/|f(x)|pda: < 00.
I
(1)

We define the norm of f in LP(I) to be

1/p
T ( / If(a:)|pda:> |

Physical interpretation:

1l = / 1 (@)|de
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= “the total mass”. “Probability density” if f(x) > 0, or a “size of the total

1/2
p=2] Iflse = ( / |f(x)|2dx)

= “total energy” (e.g. in an electrical signal, such as alternating current).

population”.

These two cases are the two important ones (we ignore the rest). The third

important case is p = oo.

Definition 0.9. f € L*>(I) if (f is measurable and) there exists a number
M < oo such that
lf(x)| < M ae.

The norm of f is
| fllzee(ry = inf{M : |f(z)| < M ae.},

and it is denoted by
[ Fllz<cr) = ess suplf ()]
jAS]

(“essential supremum”, ”vésentligt supremum”).

Think: |[|f|lzey = “the largest value of f in I if we ignore a set of measure

zero”. For example:

0, <0
fl@)=492 =0
1, >0

= [ fllpeeny = 1.

Definition 0.10. CF(R) = © = the set of (real or complex-valued) functions
on R which can be differentiated as many times as you wish, and which vanish
outside of a bounded interval (such functions do exist!). C(I) = the same

thing, but the function vanish outside of I.

)/—Infinitely many

derivatives
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Theorem 0.11. Let I C R be an interval. Then CX(I) is dense in LP(I) for
allp, 1 < p < oo (but not in L>(I)). That is, for every f € LP(I) it is possible
to find a sequence f, € CX(I) so that

T}ggollfn — flleey = 0.
PRrOOF. “Straightforward” (but takes a lot of work). [

Theorem 0.12 (Fatou’s lemma). Let f,(x) > 0 and let f,(x) — f(x) a.e. as

n — 00. Then

/f(x) de < lim [ f,(z)dz
I I

n—oo

(if the latter limit exists). Thus,
/ [hm fn(x)] de < lim [ fo(z)de
I n—oo n—oo I

if fn >0 (“f can have no more total mass than f,, but it may have less”). Often

we have equality, but not always.
Ez.
n, 0<z<1/n
falz) = .
0, otherwise.

Homework: Compute the limits above in this case.

Theorem 0.13 (Monotone Convergence Theorem). If

0< filz) < fale) <.

and fn(z) — f(x) a.e., then

/If(:c)dx: iin [ fu(@)ir (< o0

n—~0o0

Thus, for a positive increasing sequence we have

/I[lim fn(x)} dr = lim Ifn(x)dx

n—oo n—oo

(the mass of the limit is the limit of the masses).

Theorem 0.14 (Lebesgue’s dominated convergence theorem). (Eztremely use-
ful)

If fo(x) — f(z) a.e. and |fo(x)] < g(x) a.e. and

/g(:c)d:r <oo (ie.,ge L)),

1
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then
/If(x)d:c = /I Lh_)nolo fn(x)] do = lim Ifn(x)dx.

Theorem 0.15 (Fubini’s theorem). (Very useful for multiple integrals).

If f (is measurable and)
//If(x,y)ldy dx < oo
rJJg

then the double integral
/ [l y)dy da
IxJ

1s well-defined, and equal to

= [ ([ i) e
_ /yg (/wgﬂ:c,y)dx) dy

If f > 0, then all three integrals are well-defined, possibly = oo, and if one of

them is < 0o, then so are the others, and they are equal.

Note: These theorems are very useful, and often easier to use than the corre-

sponding theorems based on the Rieman integral.

Theorem 0.16 (Integration by parts a la Lebesgue). Let [a, blbe a finite interval,
u € LY([a,b]),v € L'([a, b)),

Then
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we get
/ u(®)V(t)dt = (Ub)—U(a))V(a) —I—/ (U(b) —U(s))v(s)ds
= (U(b) = U(a)V(a) +U®)(V(b) - V(a) - / U(s)v(s)ds

— UGV ) - U(a)V(a) — / U(s)o(s)ds. O

Example 0.17. Sometimes we need test functions with special properties. Let

us take a look how one can proceed.

b(®)

i |

1
e 0<t<1
b(t) =4 °
0 , otherwise.

Then we can show that b € C*°(R), and b is a test function with compact support.

Let B(t) = ffoo b(s)ds and norm it F'(t) = %,

(1)
il

0 ,t<0
F(t) = 1 > 1

increase ,0 <t < 1.

Further F'(t) + F(t — 1) =1, Vt € R, clearly true for t <0 and ¢t > 1.
For 0 < ¢t < 1 we check the derivative
d 1 1

o Ft) - F(1-1))= B(D) [B'(t) = B'(1 = 1)] = m=[b(t) = b(1 — )] = 0.
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— Fa Rt

Let G(t) = F(Nt). Then G increases from 0 to 1 on the interval 0 < ¢ < +..

G(t) + G(% —t)=F(Nt)— F(1—Nt)=1, Vt e R.

G(1/N-1) G(1)

\J




Chapter 1

The Fourier Series of a Periodic

Function

1.1 Introduction

Notation 1.1. We use the letter T with a double meaning:
a) T=10,1)

b) In the notations LP(T), C(T), C™(T) and C*(T) we use the letter T to
imply that the functions are periodic with period 1, i.e., f(t 4+ 1) = f(t)
for allt € R. In particular, in the continuous case we require f(1) = f(0).
Since the functions are periodic we know the whole function as soon as we

know the values for t € [0,1).

) 1/p
Notation 1.2. || f||t»m) = <f01|f(t)|pdt> ;1< p<oo. [[fllem =maxer|f(t)]

(f continuous).

Definition 1.3. f € L(T) has the Fourier coefficients

where Z = {0,41,42,...}. The sequence {f(n)},ez is the (finite) Fourier

transform of f.

Note:
~ s+1 .
f(n) = / e_%mtf(t)dt Vs € R,

10
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since the function inside the integral is periodic with period 1.

Note: The Fourier transform of a periodic function is a discrete sequence.

Theorem 1.4.
i) |f(n)] < | fllzrry, VneZ

i) lim,_ 1o f(n) = 0.

Note: ii) is called the Riemann—Lebesgue lemma.

PROOF.

D) f()] = 1y et f(at] < fyle 2 f@)ldt = [y 1f@)ldt = || flli (by

the triangle inequality for integrals).

ii) First consider the case where f is continuously differentiable, with f(0) = f(1).

Then integration by parts gives

1
) = Affmmﬂwﬁ

1 —2mint 1 1 ' —2mint g1
— min t TN tdt
—2min e i )}0 * 27rz'n/0 ‘ J()
1 .
— / 1
= 0+ ——J/(n), sobyi),

|f(n)| = %‘f’(nﬂ < %/g |f'(s)|ds — 0 as n — oo.

In the general case, take f € L*(T) and € > 0. By Theorem 0.11 we can

choose some ¢ which is continuously differentiable with ¢g(0) = ¢g(1) = 0 so

that
1f = gllzrc = /Nf 1)/t < < /2.
By i),
o)l = 1f() = 4(n) + g(n)]
< 1fm) = gn)] + 5(m)|
T 13(m)

IAN A
Q _—
o Tk
T

N

Q> h:
—~

S =

== =

By the first part of the proof, for n large enough, |g(n)| < €/2, and so
[f(n)] <e.

This shows that |f(n)] — 0 asn — oo. [
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Question 1.5. If we know {f(n)}>

12 o then can we reconstruct f(t)?

Answer: 1s more or less 7 Yes”.

Definition 1.6. C"(T) = n times continuously differentiable functions, periodic
with period 1. (In particular, f* (1) = f®(0) for 0 < k < n.)

Theorem 1.7. For all f € CY(T) we have

f(t) = lim Z f(n)e*™mt ¢ eR. (1.1)

N—oo
M—oco n=—M

We shall see later that the convergence is actually uniform in .

PROOF. Step 1. We shift the argument of f by replacing f(s) by g(s) = f(s+t).
Then

g(n) = ™" f(n),

and (1.1) becomes

_ _ 27rint
f(t) = g(0) = AN?;O Z O

Thus, it suffices to prove the case where .
Step 2: If g(s) is the constant function g(s) = g(0) = f(¢), then (1.1) holds since
§(0) = ¢g(0) and g(n) = 0 for n # 0 in this case. Replace g(s) by

h(s) = g(s) = g(0).

Then h satisfies all the assumptions which ¢g does, and in addition, h(0) = 0.
Thus it suffices to prove the case where both ¢t = 0 and f(0) = 0. For simplicity
we write f instead of h, but we suppose below that and | f(0) =0
Step 2: Define

if’(0)

2 )

g(s) = efﬂfs)_l, s # integer (=“heltal”)
s = integer.

—2mis

— 1 =0, and by "'Hospital’s rule

lim g(s) = lim 1'(s) = f'(s)

s—n s—0 —2mie~ 2mis —2m

For s = n = integer we have e

=g(n)
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(since e7®™ = 1). Thus g is continuous. We clearly have

£(s) = (72 — 1) g(s), (12)
fo) = [ermepos (ue (1.2)
= [ e = g(s)as
= [emeglsas— [ gl
— Gln+1) - gn).
Thus,
iM f(n) =g(N+1) = g(=M) =0

by the Rieman-Lebesgue lemma (Theorem 1.4) O

By working a little bit harder we get the following stronger version of Theorem
1.7

Theorem 1.8. Let f € L(T), ty € R, and suppose that

to—1 t—to ' '
Then
N A .
flto)= lim » " fn)e?™™ teR

M—oco n=—M

PrROOF. We can repeat Steps 1 and 2 of the preceding proof to reduce the The-
orem to the case where t5 = 0 and f(tg) = 0. In Step 3 we define the function
g in the same way as before for s # n, but leave g(s) undefined for s = n.
Since lim, o s !(e72™ — 1) = —27i # 0, the function g belongs to L'(T) if and
only if condition (1.3) holds. The continuity of g was used only to ensure that
g € LY(T), and since g € L'(T) already under the weaker assumption (1.3), the

rest of the proof remains valid without any further changes. [J
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Summary 1.9. If f € LY(T), then the Fourier transform {f(n)}>__ of f is
well-defined, and f(n) — 0 as n — co. If f € CY(T), then we can reconstruct f

from its Fourier transform through

N
Z f 27rmt (_ ]\}1_1)110 Z f(n>€27rint> .

n=—oo

The same reconstruction formula remains valid under the weaker assumption of

Theorem 1.8.

1.2 L[*-Theory (“Energy theory”)

This theory is based on the fact that we can define an inner product (scalar

product) in L?(T), namely
1 —_
~ [ ftig®e, f.g€ 22(D)
0
Scalar product means that for all f, g, h € L*(T)

) {f+g.h)=(fh+{g,h)

i) (Af,g9)=Xf.9) VAeC

iii) (g, f) = (f,g9) (complex conjugation)
iv) (f,f) >0, and = 0 only when f = 0.

These are the same rules that we know from the scalar products in C". In

addition we have

e = [17OFat = [ 0Tt = (5.5

This result can also be used to define the Fourier transform of a function f €

L*(T), since L*(T) C L(T).

Lemma 1.10. Every function f € L*(T) also belongs to L*(T), and

[ fllzrery < I fllzeer)
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PROOF. Interpret [.|f(t)|dt as the inner product of |f(t)| and g(t) = 1. By

Schwartz inequality (see course on Analysis II),

[(f,9)] = /T\f(t)\ ldt <[ flle2 - Nlgllze = Hf||L2(1r>/Tl2dt= /1l z2cm)-

Thus, [|f|1r) < || fll2er). Therefore:
fel*t) = /|f(t)|dt < 00
T
—  f(n) = /e‘z’rimf(t)dt is defined for all n.
T

It is not true that L?(R) C L*(R). Counter example:

. € L*(R)
S

(too large at 00).

Notation 1.11. e,(t) = ™™ n e Z,t € R.

Theorem 1.12 (Plancherel’s Theorem). Let f € L*(T). Then
i) S f )P = [0 = 1 f 12y,
i) f=35°__ f(n)e, in L*(T) (see explanation below).

Note: This is a very central result in, e.g., signal processing.
Note: Tt follows from i) that the sum Y2°° __ | f(n)|? always converges if f € L*(T)
Note: i) says that

Z |/(n)]? = the square of the total energy of the Fourier coefficients

= the square of the total energy of the original signal f

= [Iswpa

Note: Interpretation of ii): Define

N . N ) '
fun= Y fmen= Y flm)e™.
n=—M n=—M
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Then

]Vl[iinoon - fM,NH2 =0+

N—oo

1
. [ 1560~ fustopar=o

(fan(t) need not converge to f(t) at every point, and not even almost every-
where).

The proof of Theorem 1.12 is based on some auxiliary results:

Theorem 1.13. Ifg, € L*(T), fx = Zivzo Gns Gn L gm, and Z;’O:()Hgn”%z(m < 00,
then the limit

N
f= lim Zogn
exists in L>.

PRrROOF. Course on “Analysis II” and course on “Hilbert Spaces”. [

Interpretation: Every orthogonal sum with finite total energy converges.

Lemma 1.14. Suppose that Y > _ |c(n)| < co. Then the series

oo

Z c(n)e?mnt

n=—oo

converges uniformly to a continuous limit function g(t).

PROOF.
i) The series Y oo c(n)e*™ converges absolutely (since |e*™| = 1), so
the limit .
o) = Y clme

exist for all t € R.

ii) The convergens is uniform, because the error

1> e =g = 1Y ey

n=—m [n|>m

< Z |C(n>€2m‘nt|

[n|>m

= Z|c(n)|HOasmHoo.

[n|>m
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iii) If a sequence of continuous functions converge uniformly, then the limit is

continuous (proof “Analysis 117). O

PROOF OF THEOREM 1.12. (Outline)

0 < If=funl?={f = fuw, [ = fuw)
= ([, f) = fun, £) = (s fun) + (s farw)
= Y Y——

1 11 117 v

I = (f.f)= £z

= Y ) fen=3 fm)in
= Y i

IIT = (the complex conjugate of IT)=11I.

v o= <i f(n)en, Z fm >
= _Z: m) (en, €m)

o

_N
Z = I =1II

Thus, adding [ — [T — [T +IV =1—11>0, ie.,

N
112y — S 1F @2 2 0
n=—M

This proves Bessel’s inequality

> P < If 1z (1.4)

How do we get equality?
By Theorem 1.13, applied to the sums

N

f(n)en and Z f(n)en,
= n=—M
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the limit
N
g= lim fyy= lim > f(nen (1.5)
N—o0 N—oon=—M
does exist. Why is f = ¢7 (This means that the sequence e, is complete!). This

is (in principle) done in the following way

i) Argue as in the proof of Theorem 1.4 to show that if f € C?(T), then
|f(n)| < 1/(2an)2||f"|| 1 for n # 0. In particular, this means that
Zzoz_oo|f(n)| < 00. By Lemma 1.14, the convergence in (1.5) is actually
uniform, and by Theorem 1.7, the limit is equal to f. Uniform convergence
implies convergence in L?(T), so even if we interpret (1.5) in the L%-sense,
the limit is still equal to f a.e. This proves that fyy — f in L*(T) if
f € C¥T).

ii) Approximate an arbitrary f € L?*(T) by a function h € C*(T) so that
If = Pllzz@ <e.

iii) Use 7) and i) to show that || f — g||z2(r) < €, where g is the limit in (1.5).

Since ¢ is arbitrary, we must have g = f. [

Definition 1.15. Let 1 < p < oc.

P(Z) = set of all sequences {a,} > satisfying Z la,|P < oo.

The norm of a sequence a € (P(Z) is
0o 1/p
laller(zy = < > |an|p)
Analogous to LP(I):
p=1 |lal|lnz = Ttotal mass” (probability),

p=2 |a|ez = Ttotal energy”.

In the case of p = 2 we also define an inner product

[e.e]

(a,b)y = Z anby,.

n=—oo
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Definition 1.16. (>°(Z) = set of all bounded sequences {a,}>2 . The norm
in (°(Z) is
|al| g (z) = sup|a|.
neL
For details: See course in ” Analysis I1”.

Definition 1.17. ¢y(Z) = the set of all sequences {a,, }>° satisfying lim,, 4+ a, = 0.

n=—oo

We use the norm

lalloz) = maxla,|
in co(Z).
Note that ¢y(Z) C ¢*°(Z), and that

lallcoz) = Nlallez)
if {a}2_ € (7).

Theorem 1.18. The Fourier transform maps L*(T) one to one onto ¢*(Z), and
the Fourier inversion formula (see Theorem 1.12 i) maps (*(Z) one to one onto

L*(T). These two transforms preserves all distances and scalar products.
PROOF. (Outline)

i) If f € L*(T) then f € ¢*(Z). This follows from Theorem 1.12.

i) If {a,}o_ € (*(Z), then the series

N
E an627r7,nt
n=—M

converges to some limit function f € L?(T). This follows from Theorem
1.13.

iii) If we compute the Fourier coefficients of f, then we find that a, = f(n).
Thus, {an}32

transform maps L*(T) onto (*(Z).

is the Fourier transform of f. This shows that the Fourier

—00

iv) Distances are preserved. If f € L*(T), g € L*(T), then by Theorem 1.12
i),
If = gl = [If(n) — 9(0) |2z,

ie.,

170 - sttt - S 1) — gl

n=—oo
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v) Inner products are preserved:

[1r®—g0kar = (1=9.5-0)
= (fL,./)—={f.9)— (9. f) + (9.9)
= (f,1Y={f,9) = (f.9) + (9,9)
= ([,]) +(9,9) — 2RRe(f. ).

In the same way,
Do =g = (f-4.-9

Na)

By iv), subtracting these two equations from each other we get

R(f, ) = R(f.9).

If we replace f by if, then

m(f,g) = Rei(f,g)=R(if,g)

Thus, (f, 9)r2mr) = ( 1, G)e2(z), or more explicitely,

/f S )i (1.6)

n=—oo

This is called Parseval’s identity.

Theorem 1.19. The Fourier transform maps L'(T) into co(Z) (but not onto),
and it is a contraction, i.e., the norm of the image is < the norm of the original

function.
PRrROOF. This is a rewritten version of Theorem 1.4. Parts i) and i) say that

{f(M)}2_w € (), and part i) says that || f(0) ez < | fllpremy. O

The proof that there exist sequences in ¢o(Z) which are not the Fourier transform

of some function f € L!(T) is much more complicated.
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1.3 Convolutions (”Faltningar”)

Definition 1.20. The convolution (”faltningen”) of two functions f,g € L'(T)
1s
(2 )(0) = [ 5= s)als)is,
T

where [ = f(jﬂ for all a € R, since the function s — f(t — s)g(s) is periodic.

Note: In this integral we need values of f and g outside of the interval [0, 1), and

therefore the periodicity of f and ¢ is important.

Theorem 1.21. If f,g € L(T), then (f * g)(t) is defined almost everywhere,
and f * g € LY(T). Furthermore,

17 % 9l zy < W1 oy 191l v (17)

PROOF. (We ignore measurability)
We begin with (1.7)

P N LA

_ / | / £t = 5)g(s) ds| dt
=) s a
e [ ( [ o dv) 9(s)] ds

:”f”Ll(qr)

= Hf||L1(1r)/T\9(S)| ds = ||fllzvmllgllzrm
sE

This integral is finite. By Fubini’s Theorem 0.15
[ st~ 9ygts
T
is defined for almost all ¢. [J

Theorem 1.22. For all f,g € L*(T) we have

—_—

(f*9)(n) = f()g(n), nez
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Proor. Homework.

Thus, the Fourier transform maps convolution onto pointwise multiplication.

Theorem 1.23. Ifk € C™(T) (n times continuously differentiable) and f € L*(T),
then kx f € C™(T), and (k f)™(t) = (k"™ x f)(t) for allm =0,1,2,...,n.

PROOF. (Outline) We have for all h > 0

1

Rl e m = ox O] = 5 [ k= 5) = k(e = 9)] f(5)ds.

By the mean value theorem,
k(t+h—s)=k(t—s)+ hk' (&),

for some € € [t—s,t—s+h], and F[k(t+h—s)—k(t—s)] = f(§) = K (t—s) as
h—0,and |3 [k(t+h—s) —k(t—s)]| = |f(£)] < M, where M = sup|k/(s)|. By
the Lebesgue dominated convergence theorem (which is true also if we replace
n — oo by h — 0)(take g(x) = M|f(z)|)

1

lim %[k(tm—s)—k(t—s)]f(s) dSZ/O K (t— s)f(s) ds,

h—0 0

so k * f is differentiable, and (k * f) = k'« f. By repeating this n times we find
that k * f is n times differentiable, and that (k * f)™ = k(™ x f. We must still

show that k™ x f is continuous. This follows from the next lemma. [
Lemma 1.24. If k € C(T) and f € L*(T), then k* f € C(T).
PROOF. By Lebesgue dominated convergence theorem (take g(t) = 2||k||c(r) f(t)),
1
(kx f)(t+h)— (k* f)(t) :/ [k(t+h—s)—k(t—s)]f(s)ds — 0as h — 0.
0

Corollary 1.25. If k € C(T) and f € L'(T), then for allt € R

(k= f)(t)= Y e"k(n)f(n).

n=—oo

Proor. Combine Theorems 1.7, 1.22 and 1.23.

Interpretation: This is a generalised inversion formula. If we choose k(n) so
that
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i) k(n)~ 1 for small |n|
ii) k(n) ~ 0 for large |n,

then we set a “filtered” approximation of f, where the “high frequences” (= high
values of |n|) have been damped but the “low frequences” (= low values of |n|)
remain. If we can take k(n) = 1 for all n then this gives us back f itself, but this
is impossible because of the Riemann-Lebesgue lemma.

Problem: Find a “good” function & € C*(T) of this type.

Solution: “The Fejer kernel” is one possibility. Choose k(n) to be a “triangular

function”:

F,(n)

D | | | | | | | N
N N I I I I I N

+1-|n|
Fm(n) = mm+1n , Inf<m
0 , n| >m

(# 0 in 2m + 1 points.)
We get the corresponding time domain function F,,(¢) by using the invertion

formula:
m

Fu(t) = ) Fu(n)e™.

n=—m

Theorem 1.26. The function F,,(t) is explicitly given by

1 sin®*((m+ 1)7t)
Enlt) = m+1  sin®(xt)

ProoOF. We are going to show that

i i emint — (sin(w(m i 1>t))2 when t # 0.

sin 7t

=0 n=—j
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Let z =™ Zz =2 fort#n,n=0,1,2,.... Also z # 1, and

J j J J j
E e2mnt — § e2mnt + § 6—2mnt — E Zn + § zn

n=—j n=0 n=1 n=0 n=1

- Z
<~
=1
=) zj+l
1—=2
Hence
m 7 m +1 m m
- z) — 2 1
§ § : e27rmt § : _ : E =) _ E Zj-l—l
—Zz —Z
]:O n=—j ]:O ]:0 =0

PN
1 [1—?”“ E~z(1—zm+1]

1—zL 1—-2z2  z(1-2)
B 1 |:1 _zm—i-l 1 _Zm+1]
o 1—2zl 1—-32 z—1
_Em+1+2_zm+1
N - 2P

sint = o~ (e —e), cost = $(e + 7). Now

|1 - Z‘ — ‘1 . e2m’t| — ‘6i7rt(€_i7rt . 6i7rt)‘ — ‘e—im& - eim‘,‘ — Q‘Sin(ﬂ'tﬂ
and
Zm-i—l 24 zm-ﬁ-l _ 627ri(m—i—1) 24 6—2m’(m+1)
(e’”(mﬂ) — e‘”i(m+1))2 = (2isin(m(m + 1)))2.
Hence _
3 zj: e _ Alsin(m(m +1)))* (Sin(ﬂ(m+ 1))>2
== 4(sin(7t))? sin(7rt)

Note also that

m 7 m

Z Z 627rint — Zm: zm: e2m’nt _ Z (m+ 1 — |n|)e2m’nt‘

7=0 n=—j n=—m j=|n| n=-—m

24
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IAVAVLVA YAY

Comment 1.27.
i) Fo(t) € C(T) (infinitely many derivatives).
ii) F(t) > 0.
iii) [p|Fm(®)|dt = [ Fn(t)dt = F,,(0) = 1,
so the total mass of F,, is 1.

iv) For all 6,0 < § < %,
1-6

lim F(t)dt =0,

m—0oQ FY
i.e. the mass of F,, gets concentrated to the integerst =0,+1,+2...

as m — oQ.

Definition 1.28. A sequence of functions F,, with the properties i)-iv) above is

called a (periodic) approximate identity. (Often i) isreplaced by F;, € L'(T).)
Theorem 1.29. If f € L'(T), then, as m — oo,

i) Fpux f— fin LY(T), and

i) (Fy * f)(t) — f(t) for almost all t.
Here i) means that [|(Fn x f)(t) — f(t)]dt — 0 as m — oo

PROOF. See page 27.

By combining Theorem 1.23 and Comment 1.27 we find that F,, * f € C*°(T).
This combined with Theorem 1.29 gives us the following periodic version of
Theorem 0.11:
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Corollary 1.30. For every f € L'(T) and € > 0 there is a function g € C>(T)
such that ||g — fllpm < e.

Proor. Choose g = F,,, *x f where m is large enough. [J

To prove Theorem 1.29 we need a number of simpler results:
Lemma 1.31. For all f,g € L'(T) we have f xg = gx* f

PRrROOF.

(f xg)(t) = f(t —s)g(s)ds

T

We also need:

Theorem 1.32. If g € C(T), then F,, x g — g uniformly as m — oo, i.e.

max|( £y * g)(t) = g(t)] — 0 as m — oo.
S

PRrRoOOF.

(Fuxg)(t) —g(t) "™20 (g% F,)() — g(t)

Commglt 1.27 (g % Fm)(t) _ g(t)/EFm(S)dS

_ / (9(t — 5) — g(0)] Fon(s)ds.

Since ¢ is continuous and periodic, it is uniformly continuous, and given £ > 0
there is a 0 > 0 so that |g(t — s) — g(t)| < e if [s| < 4. Split the intgral above

into (choose the interval of integration to be [—1,1])

/

Let M = sup,egl|g(t)|. Then |g(t —s) — g(t)] < 2M, and

N

1 1
2 2

ot~ 5) —glmatons = ( [+ [+ | Viglt - ) — g0 (o)
~

-5 1
I+ 10| < ( +/> OM Fy(5)ds
4

_1
2

1-5
= 2M/ F,.(s)ds
5



CHAPTER 1. FINITE FOURIER TRANSFORM 27

and by Comment 1.27iv) this goes to zero as m — oo. Therefore, we can choose
m so large that

I+ I111| <e (m >mg, and mg large.)

)
I < / Jalt =) = g(0)| F(s)ds
)

< 6/_6Fm(s)ds

[NIES

< 5/_ Fo(s)ds=¢

=

Thus, for m > mg we have
|(Fi ® g)(t) — g(t)] <2e (for all t).

Thus, lim,, e SUpser|(Fm * 9)(t) — g(t)| = 0, i.e., (F, * g)(t) — ¢(t) uniformly
asm — oo. U

The proof of Theorem 1.29 also uses the following weaker version of Lemma 0.11:

Lemma 1.33. For every f € LY(T) and e > 0 there is a function g € C(T) such
that ||f — gllzrr) <e.

Proor. Course in Lebesgue integration theory. [

(We already used a stronger version of this lemma in the proof of Theorem 1.12.)
PROOF OF THEOREM 1.29, PART i): (The proof of part ii) is bypassed, typically
proved in a course on integration theory.)

Let € > 0, and choose some g € C(T) with || f — g||z1r) < e. Then

[ En*f=fllovry < Fn*xg—g+Fux(f—9)—(f =9l
< Ea*xg—gllo + 1 Fn* (f =Dl + 10 = 9l
Thm 1.21
< [Em g = gl + ([ Ewllorm + DI = gl

(. S/ N\

~
=2 <e

HFm k g — QHLI(T) + 26.
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1
Now [|1Fn g = gl = [ (B glt) = o(0)] de
0
1

< max |(F,, x g(s) — g(s)| dt
0 86[071}

= max|(Fm>kg(s)—g(s)|-/0 dt.

s€[0,1]
—
=1

By Theorem 1.32, this tends to zero as m — oo. Thus for large enough m,

[ F * f = fllzir < 3e,

so Fr,x f— fin LY(T) asm — oo. [
(Thus, we have “almost” proved Theorem 1.29 i): we have reduced it to a proof
of Lemma 1.33 and other “standard properties of integrals”.)

In the proof of Theorem 1.29 we used the “trivial” triangle inequality in L'(T):

If+ gl = /|f(t) +g(t)| dt < /|f(75)| + [g(?)] dt
= | fllrery + gl

Similar inequalities are true in all LP(T),1 < p < oo, and a more “sophisticated”

version of the preceding proof gives:

Theorem 1.34. If 1 < p < oo and f € LP(T), then F,, * f — f in LP(T) as

m — 00, and also pointwise a.e.

PROOF. See Gripenberg.

Note: This is not true in L>(T). The correct “L*-version” is given in Theorem
1.32.

Corollary 1.35. (Important!) If f € LP(T),1 < p < o0, or f € C™(T), then

m

: m+1— |n| ¢ Tin
lim 7 ) = (),

n=—m

where the convergence is in the norm of LP, and also pointwise a.e. In the case

where [ € C™(T) we have uniform convergence, and the derivatives of order < n

also converge uniformly.
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ProOOF. By Corollary 1.25 and Comment 1.27,

m

S ML et = (e )00

n=—m

The rest follows from Theorems 1.34, 1.32, and 1.23, and Lemma 1.31. [

Interpretation: We improve the convergence of the sum

Z f(n) e27rint

n=—oo

by multiplying the coefficients by the “damping factors” mjﬂ:‘”', |n| < m. This

particular method is called Césaro summability. (Other “summability” methods

use other damping factors.)

Theorem 1.36. (Important!) The Fourier coefficients f(n),n € Z of a func-
tion f € LY(T) determine f uniquely a.e., i.e., if f( ) = g(n) for all n, then
f(t)=g(t) a.e

PROOF. Suppose that j(n) = f(n) for all n. Define h(t) = f(t) — g(t). Then
h(n) = f(n) — §(n) = 0,n € Z. By Theorem 1.29,

m

: m+1— |n| 7 2mint
MO =t 3Ly e =
n=—m -0
in the “L'-sense”, i.e.
R / ()] de = 0
This implies h(t) = 0 a.e., so f(¢) a.e. [

Theorem 1.37. Suppose that f € L*(T) and that Y2 __|f f(n)| < co. Then the

series
o0
E f(n) e27rint

n=—oo

converges uniformly to a continuous limit function g(t), and f(t) = g(t) a.e.
ProoF. The uniform convergence follows from Lemma 1.14. We must have

f(t) = g(t) a.e. because of Theorems 1.29 and 1.36. O

The following theorem is much more surprising. It says that not every sequence

{an }nez is the set of Fourier coefficients of some f € L(T).
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Theorem 1.38. Let | € Ll("JI‘),f(n) >0 forn >0, and f(—n) = —f(n) (i.e.
f(n) is an odd function). Then

PROOF. Second half easy: Since f is odd,

S il = S fml+ i)

n#0 n>0 n<0
neL

= 22\— n)| < oo if 7) holds.

~

i): Note that f(n) = —f(—n) gives f(0) = 0. Define g(t fo s)ds. Then
g(1) —g(0) = fol f(s)ds = f(0) = 0, so that g is continuous. It is not difficult to
show (=homework) that

g(n) = s—1F(n), n#0.
By Corollary 1.35,

A 27i-0-0 . m+1—|n| . 27in0
9(0) = 9(0)¢ o+ lim Z Wg(n)? ,
=1 n:—m%,_/ even =1
. 2 “m+1—n f(n)
— 0 — 1 .
g()+27rimlgéo; m+ 1 n
>0

Thus

m 1 . r
%Enoo Z m; ) n fszn) = K = a finite pos. number.

In particular, for all finite M,
o f(n) ~m+1—nf(n)
Sy <K
~ n m—oc £~ m +1 n

<K<oo O

and so 3.2 1 S
Theorem 1.39. If f € C*(T) and g = f®, then §(n) = (2xin)*f(n), n € Z.
PRrOOF. Homework.

Note: True under the weaker assumption that f € C*Y(T), g € LY(T), and

FEHE) = fEH0) + Jy 9(s)ds
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1.4 Applications

1.4.1 Wirtinger’s Inequality

Theorem 1.40 (Wirtinger’s Inequality). Suppose that f € L*(a,b), and that “f

has a derivative in L*(a,b)”, i.e., suppose that

where g € L*(a,b). In addition, suppose that f(a) = f(b) =0. Then

[irora < (20) [loora (1.9
( &) /ab\f’(t)\2dt)-

Comment 1.41. A function f which can be written in the form

where g € L'(a, b) is called absolutely continuous on (a,b). This is the “Lebesgue
version of differentiability”. See, for example, Rudin’s “Real and Complex Anal-

ysis”.

PROOF. i) First we reduce the interval (a,b) to (0,1/2): Define
F(s) = f(a+2(b—a)s)
G(s) = F'(s) =2(b—a)gla+2(b—a)s).

Then F(0) = F(1/2) =0 and F(t) = fot G(s)ds. Change variable in the integral:

t=a+2(b—a)s, dt =2(b—a)ds,

and (1.8) becomes

1/2 , 1 1/2 )
/0 F(s)fds < o [ IGs)Fas. (1.9)
We extend F' and G to periodic functions, period one, so that F'is odd and G
is even: F'(—t) = —F(t) and G(—t) = G(¢) (first to the interval (—1/2,1/2) and
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then by periodicity to all of R). The extended function F' is continuous since
F(0) = F(1/2) = 0. Then (1.9) becomes
1
2 2
/T|F(s)| ds < 4—7r2/T|G(S)| ds &
1
1Nz < oo lIGlleze)

By Parseval’s identity, equation (1.6) on page 20, and Theorem 1.39 this is

equivalent to
R 1 R
S IEMIP < — > [2mnF(n). (1.10)

Here

since F' is odd, and for n # 0 we have (27n)? > 472 Thus (1.10) is true. O
Note: The constant (1’_7“)2 is the best possible: we get equality if we take

F(1) #0, F(=1) = —F(1), and all other F'(n) = 0. (Which function is this?)

1.4.2 Weierstrass Approximation Theorem

Theorem 1.42 (Weierstrass Approximation Theorem). Every continuous func-
tion on a closed interval [a,b] can be uniformly approximated by a polynomial:
For every € > 0 there is a polynomial P so that

max|P(t) - f(t)] < (1.11)
Proor. First change the variable so that the interval becomes [0,1/2] (see
previous page). Then extend f to an even function on [—1/2,1/2] (see previous
page). Then extend f to a continuous 1-periodic function. By Corollary 1.35,
the sequence -

fult) = 3 Fulm)fln)ern

n=—m

(F,, = Fejer kernel) converges to f uniformly. Choose m so large that

|fm(t) = f(E)] < /2

for all t. The function f,,(¢) is analytic, so by the course in analytic functions,

the series

£2(0)

o]
k=
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converges to fp,(t), uniformly for ¢ € [—1/2,1/2]. By taking N large enough we
therefore have

|Py(t) — fm(t)| < /2 for t € [~1/2,1/2],

(k)
where Py(t) = ]kvzo fmk!(o)tk. This is a polynomial, and |Py(t) — f(t)] < ¢

for t € [-1/2,1/2]. Changing the variable ¢ back to the original one we get a

polynomial satisfying (1.11). O

1.4.3 Solution of Differential Equations

There are many ways to use Fourier series to solve differential equations. We

give only two examples.

Example 1.43. Solve the differential equation
y'() + Ay(x) = f(z), 0<z<1, (1.12)

with boundary conditions y(0) = y(1), ¥'(0) = 3'(1). (These are periodic bound-

ary conditions.) The function f is given, and A € C is a constant.

SOLUTION. Extend y and f to all of R so that they become periodic, period
1. The equation + boundary conditions then give y € C'(T). If we in addition
assume that f € L?(T), then (1.12) says that ¢ = f — Ay € L*(T) (i.e. f'is
“absolutely continuous”).

Assuming that f € C*(T) and that f’ is absolutely continuous we have by one

of the homeworks

—_

(y")(n) = (2min)*j(n),

so by transforming (1.12) we get

—4m®n®j(n) + Aj(n) = f(n), neZ, or (1.13)
(A —4r*n®)j(n) = f(n), neZ.

Case A: X\ # 4n?n? for all n € Z. Then (1.13) gives

~

§(n) = A fiz)2n2

The sequence on the right is in £}(Z), so g(n) € £X(Z). (i.e., >_|§(n)| < 0o). By
Theorem 1.37, R
- f(n) 2mint
N—_——

n=—0oo

=j(n)
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Thus, this is the only possible solution of (1.12).
How do we know that it is, indeed, a solution? Actually, we don’t, but by working

harder, and using the results from Chapter 0, it can be shown that y € C1(T),

and .
J(O)= Y 2mingln)e,
where the sequence
. 2ming(n)
2 ) = 3 g
belongs to (*(Z) (both 24— and §j(n) belongs to ¢*(Z), and the product of two

(*-sequences is an (!-sequence; see Analysis IT). The sequence

—4mn?
. 2 N o
(2min)"g(n) = N2t (n)
is an ¢?-sequence, and
= —4rn? .
fn) — f"(t)

‘. A — 4An?n?

n—=—

in the L%sense. Thus, f € CY(T), f’ is “absolutely continuous”, and equation
(1.12) holds in the L?-sense (but not necessary everywhere). (It is called a mild
solution of (1.12)).

Case B: \ = 472k? for some k € Z. Write

A —471n? = 4 (kK* — n?) = 47 (k — n)(k 4+ n).

~

We get two additional necessary conditions: f(£k) = 0. (If this condition is not
true then the equation has no solutions.)

If f(k:) = f(—k) = 0, then we get infinitely many solutions: Choose (k) and
y(—k) arbitrarily, and

g(n) = W=y " # *k.

Continue as in Case A.

Example 1.44. Same equation, but new boundary conditions: Interval is [0, 1/2],

and
y(0) = 0= y(1/2).
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Extend y and f to [—1/2,1/2] as odd functions

y(t) = —y(=t), —-1/2<t<0
ft) = —f(-t), -1/2<t<0

and then make them periodic, period 1. Continue as before. This leads to a

Fourier series with odd coefficients, which can be rewritten as a sinus-series.
Example 1.45. Same equation, interval [0, 1/2], boundary conditions
y'(0) =0=y'(1/2).

Extend y and f to even functions, and continue as above. This leads to a solution

with even coefficients ¢(n), and it can be rewritten as a cosinus-series.

1.4.4 Solution of Partial Differential Equations

See course on special functions.



Chapter 2

Fourier Integrals

2.1 L'-Theory

Repetition: R = (—o0, 00),

feLl'R) < /OO |f(t)|dt < oo (and f measurable)

fel*R) & /OO |f(t)|?dt < oo (and f measurable)

Definition 2.1. The Fourier transform of f € L*(R) is given by

[e.9]

flw) = / e~ f(1)dt, w e R

—0o0

Comparison to chapter 1:

f e LY(T) = f(n) defined for all n € Z

feL'(R)= f(w) defined for all w € R

Notation 2.2. Cy(R) = “continuous functions f(t) satisfying f(t) — 0 as

t — +o00”. The norm in Cy is

1 fllcom) = max| f(2)] (= sup|f(t)]).

teR

Compare this to cy(Z).

Theorem 2.3. The Fourier transform F maps L'(R) — Cy(R), and it is a
contraction, i.c., if f € L\(R), then f € Co(R) and || flcum < I/ s i

36
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i) f is continuous
i) f(w)— 0 as w — Foo

iti) |f(w)] < [T f(0)ldt, w € R,

Note: Part ii) is again the Riemann-Lesbesgue lemma.

PROOF. iii) “The same” as the proof of Theorem 1.4 i).

ii) “The same” as the proof of Theorem 1.4 ii), (replace n by w, and prove this
first in the special case where f is continuously differentiable and vanishes outside
of some finite interval).

i) (The only “new” thing):
|]E(w + h) _ f(w)| _ ‘/R (6—2m'(w+h)t _ e—27riwt) f(t)dt‘
— ‘/ (6—27riht . 1) e—27riwtf(t)dt‘
R

A-ineq. .
<’ /\e—2mht CY|f(0)] dt — 0 as h— 0
R

—2miht

(use Lesbesgue’s dominated convergens Theorem, e — las h — 0, and

‘6—27riht o 1| S 2) O

Question 2.4. Is it possible to find a function f € L*(R) whose Fourier trans-

form is the same as the original function?

Answer: Yes, there are many. See course on special functions. All functions

which are eigenfunctions with eigenvalue 1 are mapped onto themselves.

Special case:

2

Example 2.5. If ho(t) = e ™ t € R, then ho(w) = e ™", w e R

PROOF. See course on special functions.
Note: After rescaling, this becomes the normal (Gaussian) distribution function.

This is no coincidence!

Another useful Fourier transform is:

Example 2.6. The Fejer kernel in L'(R) is

F(t) = (sin(wt) ) 2

7t
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The transform of this function is

. {1—|w| ;o wl <1,

Fw) = .
0 , otherwise.

PROOF. Direct computation. (Compare this to the periodic Fejer kernel on page
23.)

a) g(t) = f(t—7) = g(w) = 6:2“”]?(00)
b) g(t) = e f(t) = W) =Jlw-1)
¢) g(t) = f(=t) = )= f(-w)
d) g(t) = f(t) = gw) = Jf(—W)
) glt) = Af(N) = §@)=f5) 0 >0
f) geLllandh=fxg = hw) = f(w)j(w)
g(t) = —2mitf(t) } feCYR), and
9) ) = 5 )
and g € L flw) =g(w)
f is “absolutely continuous “ () — D
DR } = §lw) = 2miwf(w)
PROOF. (a)-(e): Straightforward computation.
(g)-(h): Homework(?) (or later).
The formal inversion for Fourier integrals is
fo) = [ e
flt)y = /_ 2T () duw

This is true in “some cases” in “some sense”. To prove this we need some

additional machinery.

Definition 2.8. Let f € L'(R) and g € LP(R), where 1 < p < oco. Then we

define
(f * gt /ft—s

for all those t € R for which this integral converges absolutely, i.e.,

/\ft—s s)|ds < 0.
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Lemma 2.9. With f and p as above, f * g is defined a.e., f x g € LP(R), and

1 gllr@ < Ifllr@llgllee)-
If p= o0, then f * g is defined everywhere and uniformly continuous.

Conclusion 2.10. If || f||L1w) < 1, then the mapping g — f * g is a contraction

from LP(R) to itself (same as in periodic case).

PROOF. p =1: “same” proof as we gave on page 21.

p = oo: Boundedness of f * g easy. To prove continuity we approximate f by a
function with compact support and show that ||f(t) — f(t+ h)||;1 — 0 as h — 0.
p # 1,00: Significantly harder, case p = 2 found in Gasquet.

Notation 2.11. BUC(R) = “all bounded and continuous functions on R”. We

use the norm

| fll Bucr) = sup| f(t)].
teR

Theorem 2.12 (“Approximate identity”). Let k € L'(R), k(0) = [°°_k(t)dt =
1, and define
ka(f) = Mk(M), tER, A>0.

If f belongs to one of the function spaces

a) fe€LP(R), 1 <p<oo (note: p# o),

b) | € Co(R),

c) f € BUC(R),
then ky % f belongs to the same function space, and

kExxf—f asA— o0
in the norm of the same function space, i.e.,
|Ex* f— fller@®) — 0 as A — oo if f € LP(R)

B 3 B if f e BUC(R),
supyeg|(kx * f)() — f(1)] — 0 as A OO{ or f € Cy(R).

It also conveges a.e. if we assume that fooo(supsz|t‘|k(s)|)dt < 0.
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PrROOF. “The same” as the proofs of Theorems 1.29, 1.32 and 1.33. That is,
the computations stay the same, but the bounds of integration change (T — R),

and the motivations change a little (but not much). O
Example 2.13 (Standard choices of k).
i) The Gaussian kernel
k() =e ™ k(w) =e ™.
This function is C'*° and nonnegative, so

ywﬂzéwmﬁzéumh%@:L

ii) The Fejer kernel
sin(rt)?

It has the same advantages, and in addition
F(w) =0 for |w| > 1.

The transform is a triangle:

R 1— <1

oy~ L 1l el <
0, lw| > 1
F(w)

| |

-1 1

iii) k(t) = e~2 (or a rescaled version of this function. Here

~ 1

Same advantages (except C')).
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Comment 2.14. According to Theorem 2.7 (e), ky(w) — k(0) = 1 as A —
oo, for all w € R. All the kernels above are “low pass filters” (non causal).
It is possible to use “one-sided” (“causal”) filters instead (i.e., k(t) = 0 for
t < 0). Substituting these into Theorem 2.12 we get “approzimate identities”,

which “converge to a d-distribution”. Details later.

Theorem 2.15. If both f € LY(R) and f € L*(R), then the inversion formula

£(t) = / () 2.1)

e e}

s valid for almost all t € R. By redefining f on a set of measure zero we can
make it hold for all t € R (the right hand side of (2.1) is continuous).

PROOF. We approximate [, €2 f(w)dw by

[ €2 e f (W) dw (where € > 0 is small)

= [ e2riwt=et Tt [ o= 2miws f( ) dsduw (Fubini)

= J.cr f(5) e 2miw(s—t) p=emw? g s (Ex. 2.13 last page)
Jicn weR e

- -
g

(*)

(x) The Fourier transform of k(ew?) at the point s — t. By Theorem 2.7 (e) this
is equal to

1. s—t 1. t—s
-k -k
5( ) 5(

(since k(w) = e ™" is even).

)

€ 9

The whole thing is

/SERf(S)%k; (t— 3) ds = (f*k)(t) = f € L'(R)

€

as ¢ — 07 according to Theorem 2.12. Thus, for almost all ¢ € R,

f(t) = lim 2t o= f()dw.
E—> R

On the other hand, by the Lebesgue dominated convergence theorem, since
it )] < |flw)| € L (R),

lim ezwme_a%wzf(w)dw:/ezmmf(w)dw.

e—0 R R
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Thus, (2.1) holds a.e. The proof of the fact that

/R 2! f(w)dw € Cy(R)

is the same as the proof of Theorem 2.3 (replace t by —t). [

The same proof also gives us the following “approximate inversion formula”:

Theorem 2.16. Suppose that k € L*(R), k € L'(R), and that

If f belongs to one of the function spaces
a) feLP(R), 1<p<oo
b) f € Co(R)
c) f € BUC(R)

then
/R T (ew) f(w)dw — F(1)

in the norm of the given space (i.e., in LP-norm, or in the sup-norm), and also
a.e. if [7(supgsylk(s)])dt < oo.

PROOF. Almost the same as the proof given above. If k is not even, then we
end up with a convolution with the function k.(t) = Lk(—t/e) instead, but we
can still apply Theorem 2.12 with k(t) replaced by k(—t). O

Corollary 2.17. The inversion in Theorem 2.15 can be interpreted as follows:
If f € L*(R) and f € L*(R), then,

f(t) = f(=t) ae.
Here f(t) = the Fourier transform off evaluated at the point t.

ProoOF. By Theorem 2.15,

f(t) = /e_QWi(_t)“f(w)dw a.e.
R

- -

g

Fourier transform of f at the point (—t)



CHAPTER 2. FOURIER INTEGRALS 43

Corollary 2.18. f(t) = f(t) (If we repeat the Fourier transform 4 times, then
we get back the original function). (True at least if f € L*(R) and f € L'(R). )

As a prelude (=preludium) to the L?-theory we still prove some additional results:

Lemma 2.19. Let f € L'(R) and g € L'(R). Then

froson-  om

/R FOgBdt = /tER () /SERe_zmsg(s)dsdt (Fubini)

- [ER </t6R f(t)6_27ri8tdt) g(S)ds
_ /seRﬂS)g(S)dS' 0

Theorem 2.20. Let f € L'(R), h € LY(R) and h € L'(R). Then

/f h(t)dt = /f (2.2)

Specifically, if f = h, then (f € L*(R) and)

PRrROOF.

£ 112y = [1Fllz2qey- (2.3)

PROOF. Since h(t) = [ 2™t h(w)dw we have

/R fOht)dt = /tER F(t) /w ERe_z’ri“tﬁ(w)dwdt (Fubini)

- /seR </teR f(t)e_%“tdt) hw)d
_ / F)h(@)ds. O

2.2 Rapidly Decaying Test Functions

(“Snabbt avtagande testfunktioner”).
Definition 2.21. § = the set of functions f with the following properties

i) f € C°(R) (infinitely many times differentiable)
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i) t*f(™(t) — 0 as t — +oo and this is true for all

kneZ,=1{0,1,23,. .}

Thus: Every derivative of f — 0 at infinity faster than any negative power of t.
Note: There is no natural norm in this space (it is not a “Banach” space).
However, it is possible to find a complete, shift-invariant metric on this space (it

is a Frechet space).

Example 2.22. f(t) = P(t)e™™ € S for every polynomial P(t). For example,

the Hermite functions are of this type (see course in special functions).

Comment 2.23. Gripenberg denotes S by C°(R). The functions in S are called

rapidly decaying test functions.
The main result of this section is
Theorem 2.24. f€S «— fe S

That is, both the Fourier transform and the inverse Fourier transform maps this

class of functions onto itself. Before proving this we prove the following

Lemma 2.25. We can replace condition (i) in the definition of the class S by

one of the conditions
iti) [o|tF fO(t)|dt < 00, k,n € Z or
w) |(L)"t*f(t)] — 0 ast — xoo, k,n € Zy
without changing the class of functions S.
Proor. If ii) holds, then for all k,n € Z,,
sup|(1 + t*)tF f) ()| < 0o
teR
(replace k by k + 2 in ii). Thus, for some constant M,

[t £ ()] <

— [ [tFfM()|dt < 0.
= [0 <o

Conversely, if iii) holds, then we can define g(t) = t*+! f(")(¢) and get

g'(t) _ gk + 1)tkf(n)(t)1_‘_£k+lf(n+l)(t)j

Vv Vv
ell ell
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so ¢ € L'(R), i.e.,
/ lg'(t)]dt < 0.

[e.e]

This implies

o) < 19(0) + / ¢(s)ds]
< g1+ [ I (o)

< 19(0)] + / 19/(8)lds = 19(0)] + 19/l

so ¢ is bounded. Thus,
1
th () = Zg(t) — 0 as t — Fo0.

The proof that ii) <= iv) is left as a homework. [
PROOF OF THEOREM 2.24. By Theorem 2.7, the Fourier transform of

k
(—=2mit)*" FM(t) is (%) (2miw)" f (w).

Therefore, if f € S, then condition iii) on the last page holds, and by Theorem

2.3, f satisfies the condition iv) on the last page. Thus f € §. The same ar-

gument with e=2! replaced by e™2™! shows that if f € S, then the Fourier

inverse transform of f (which is f) belongs to S. O

Note: Theorem 2.24 is the basis for the theory of Fourier transforms of distribu-

tions. More on this later.

2.3 L?’-Theory for Fourier Integrals

As we saw earlier in Lemma 1.10, L*(T) C L'(T). However, it is not true that
L*(R) c L'(R). Counter example:

. € L*(R)
e

(too large at 00).
So how on earth should we define f(w) for f € L%(R), if the integral

/ 6—27rintf(t)dt
R
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does not converge?

Recall: Lebesgue integral converges <= converges absolutely <=
/\e—%mtf(mdt <00 = feI\R).

We are saved by Theorem 2.20. Notice, in particular, condition (2.3) in that

theorem!
Definition 2.26 (L?-Fourier transform).

i) Approximate f € L?(R) by a sequence f, € S which converges to f in
L*(R). We do this e.g. by “smoothing” and “cutting” (“utjaimning” och
“klippning”): Let k(t) = e~™", define

k,(t) = nk(nt), and

fult) = @ (ko % £)(0)

*k

*
- -

the productvbolongs to S
(%) this tends to zero faster than any polynomial as ¢ — oo.
(%) “smoothing” by an approximate identity, belongs to C'** and is bounded.

By Theorem 2.12 k, * f — f in L? as n — oo. The functions k (%) tend
to k(0) = 1 at every point ¢t as n — oo, and they are uniformly bounded
by 1. By using the appropriate version of the Lesbesgue convergence we

let f, — fin L*(R) as n — oc.

ii) Since f, converges in L?, also fn must converge to something in L2. More
about this in “Analysis IT1”. This follows from Theorem 2.20. (f, — f =
fn Cauchy sequence = fn Cauchy seqgence = fn converges.)

iii) Call the limit to which f,, converges “The Fourier transform of f”, and

denote it f.

Definition 2.27 (Inverse Fourier transform). We do exactly as above, but re-

place e—27riwt by e+27riwt

Final conclusion:
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Theorem 2.28. The “extended” Fourier transform which we have defined above
has the following properties: It maps L*(R) one-to-one onto L2(R), and if f is the
Fourier transform of f, then f is the inverse Fourier transform of f Moreover,

all norms, distances and inner products are preserved.
Explanation:

i) “Normes preserved” means

[1spae = [17w)Pa,
R R
or equivalently, |||l 2wy = || fllz2()-
ii) “Distances preserved” means
1f = gllze = IIf = dll 2wy
(apply i) with f replaced by f — g)
iii) “Inner product preserved” means
[ sws@i = [ fegne,
R R

which is often written as

(f+9) 2wy = {f, 9) 12

This was theory. How to do in practice?
One answer: We saw earlier that if [a, b] is a finite interval, and if f € L?[a,b] =

f € L'a,b], so for each T' > 0, the integral
T

ﬁ@pi/eﬂmv@ﬁ

-7
is defined for all w € R. We can try to let T'— oo, and see what happens. (This

resembles the theory for the inversion formula for the periodical L2-theory.)

Theorem 2.29. Suppose that f € L*(R). Then

T
lim e () dt = f(w)
T—o00 _T

in the L*-sense as T — oo, and likewise

T
lim [ e f(w)dw = f(t)

T—oo [_T

in the L?-sense.
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PROOF. Much too hard to be presented here. Another possibility: Use the Fejer

kernel or the Gaussian kernel, or any other kernel, and define

fw) = lim, o fp e 2k (L) f(t)dt,

f) = limg, o fp etk (2) f(w)dw.
We typically have the same type of convergence as we had in the Fourier inversion
formula in the periodic case. (This is a well-developed part of mathematics, with

lots of results available.) See Gripenberg’s compendium for some additional

results.

2.4 An Inversion Theorem

From time to time we need a better (= more useful) inversion theorem for the

Fourier transform, so let us prove one here:

Theorem 2.30. Suppose that f € L'(R) + L*(R) (i.e., f = fi + fo, where
fi € LYR) and fy € L*(R)). Let ty € R, and suppose that

to+1 f
[0 < o 24
to—1 t_tO
Then - o
f(to) = lim ™ f(w)dw, (2.5)
Tooo” =S

where f(w) = fi(w) + fa(w).

Comment: Condition (2.4) is true if, for example, f is differentiable at the point
tg-
PROOF. Step 1. First replace f(t) by g(t) = f(t + to). Then

f](w) _ 62m°’t°f(w),

and (2.5) becomes

T
g(0) = lm [ (w)d,
S—00 _S
T—o0
and (2.4) becomes
/ 9t —to) = (O)‘dt<oo.
t— 1o

Thus, it suffices to prove the case where .
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Step 2: We know that the theorem is true if g(t) = e™™ (See Example 2.5 and
Theorem 2.15). Replace ¢(t) by

h(t) = g(t) — g(0)e ™™

Then h satisfies all the assumptions which ¢g does, and in addition, h(0) = 0.

Thus it suffices to prove the case where both (*) and | f(0) =0}
For simplicity we write f instead of h but assume (x). Then (2.4) and (2.5)

simplify:
1
/ m‘dt < o (2.6)
e
T
lim flw)dw = 0. (2.7)
7S

Step 3: If f € L*(R), then we argue as follows. Define

f(®)
t) = .
9(t) —2mit
Then g € L*(R). By Fubini’s theorem,

/_ z fw)dw = /_ ; /_ Z e~2m F () dtdw

_ /_ } /_ TS €2 oy £ (1)t

and this tends to zero as T — oo and S — oo (see Theorem 2.3). This proves
(2.7).
Step 4: If instead f € L?(R), then we use Parseval’s identity

| s = [ jen
in a clever way: Choose

A {1, —S<t<T,

0, otherwise.
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Then the inverse Fourier transform h(t) of h is

T .
h(t) = / ™ duy

-S
T
— 1 627riwt _ 1 [e2m'Tt . e27ri(—5’)t}
2mit _g 2mit

so Parseval’s identity gives

T
/ f(W)dw = / f 2 t —27T2Tt e—27r7,( S) j| dt
= (with g(¢) as in Step 3)

_ / [6—27r2Tt . 6—27r2(5)t] g(t)dt

T
= Y1) = g(=8) = 0as ¢

S — o0.
Step 5: If f = fi + fo, where f; € LY(R) and f, € L?(R), then we apply Step 3
to f1 and Step 4 to fy, and get in both cases (2.7) with f replaced by f; and fs.
L]
Note: This means that in “most cases” where f is continuous at t, we have

T

f(to) = Jim [ e?mien f(w)dw.
— 00 _S

T—o0
(continuous functions which do not satisfy (2.4) do exist, but they are difficult

to find.) In some cases we can even use the inversion formula at a point where

f is discontinuous.

Theorem 2.31. Suppose that f € L*(R) + L*(R). Let ty € R, and suppose that
the two limits

f(to+) = lim f(¢)

tlto

f(to—) = lim f(¢)

tTto

exist, and that

/t0+1‘ f(t) f t(]_'_ ‘dt _ .
to t—to

" HO =St
/to_l t— 1 ‘ s %




CHAPTER 2. FOURIER INTEGRALS 51

Then -

Jim [ e o) = S1Ftet) + -]
Note: Here we integrate f_TT, not f_TS, and the result is the average of the right
and left hand limits.

PROOF. As in the proof of Theorem 2.30 we may assume that

Step 1: H, (see Step 1 of that proof)

Step 2: | f(to+) + f(to—) = 0}, (see Step 2 of that proof).

Step 3: The claim is true in the special case where

et t>0,
g(t) = {

—e!, t<0,

because g(0+) =1, g(0—) = —1, g(0+) + g(0—) = 0, and

T
/ g(w)dw =0 forall T,
-7

since f is odd = ¢ is odd.
Step 4: Define h(t) = f(t) — f(0+) - g(t), where g is the function in Step 3. Then

h(0+) = f(0+)— f(04+)=0 and
h(0=) = f(0—) = f(0+)(=1) =0, so

h is continuous. Now apply Theorem 2.30 to h. It gives

T
0=~h(0) = lim h(w)dw.
T—oo [_p
Since also -
0= f(0+)[g(0+) +g(0-)] = lim [ g(w)dw,
we therefore get
T T
0= f(0+)+ f(0—) = 71im [h(w) + §(w)]dw = Tlim flw)dw. O
—oo [ _p —oo J_p
Comment 2.32. Theorems 2.30 and 2.31 also remain true if we replace
T
lim X f (W) dw
T—oo J_o
by
lim 2Tt == £(4) dw (2.8)

e—=0 J_ o

(and other similar “summability” formulas). Compare this to Theorem 2.16. In

the case of Theorem 2.31 it is important that the “cutoff kernel” (= e ™) in

(2.8)) is even.
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2.5 Applications

2.5.1 The Poisson Summation Formula

Suppose that f € L'(R) N C(R), that S°° __|f(n)| < oo (i.e., f € £(Z)), and
that Y 2 f(t+n) converges uniformly for all ¢ in some interval (—d,d). Then

S =3 fn) (2.9)

n=—oo n=—oo

Note: The uniform convergence of Y f(t + n) can be difficult to check. One
possible way out is: If we define

en= sup |f(t+n)],
—0<t<d

and if Y >° e, < oo, then Y 2 f(t+ n) converges (even absolutely), and
the convergence is uniform in (=4, ). The proof is roughly the same as what we
did on page 29.

PROOF OF (2.9). We first construct a periodic function g € L'(T) with the
Fourier coefficients f(n):

fn) = / e ()i

—00

© k4l
_ Z /k 6—27rintf(t)dt

k=—00

oo 1
tzé—i—s Z / €—2m'n3f(8 + ]{I)dS
0

k=—o0

Thm 0.14 /01 o—2ins < i f(s+ k)) ds

k=—0c0
= g(n), where g(t)= > f(t+n).
(For this part of the proof it is enough to have f € L'(R). The other conditions
are needed later.)
So we have g(n) = f (n). By the inversion formula for the periodic Fourier

transform:

e e} [e.e]

g(0)= Y )= an)= ) fn),

n=—oo n=—oo n=—oo
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provided (=forutsatt) that we are allowed to use the Fourier inversion formula.
This is allowed if g € C[—4,6] and g € ¢*(Z) (Theorem 1.37). This was part of
our assumption.
In addition we need to know that the formula

gty =Y flt+n)
holds at the point t = 0 (almost everywhere is no good, we need it in exactly
this point). This is OK if Y >° _ f(¢t + n) converges uniformly in [—d,d] (this
also implies that the limit function ¢ is continuous).
Note: By working harder in the proof, Gripenberg is able to weaken some of the
assumptions. There are also some counter-examples on how things can go wrong

if you try to weaken the assumptions in the wrong way.

—_—

2.5.2 Is L'(R) = Cy(R) ?

That is, is every function g € Cy(R) the Fourier transform of a function f €
L'(R)?

The answer is no, as the following counter-example shows. Take

5 , Jw| <1,

g(w) = m ;o ow>1,
1

Thi—w) 0 W < —1.

Suppose that this would be the Fourier transform of a function f € L'(R). As

in the proof on the previous page, we define
ht)= > flt+n).

Then (as we saw there), h € L'(T), and h(n) = f(n) for n = 0,+1,42, .. ..
However, since y >, %i}(n) = 00, this is not the Fourier sequence of any h €
LY(T) (by Theorem 1.38). Thus:

Not every h € Cy(R) is the Fourier transform of some f € L'(R).

But:
fel'(R) = feCy(R) (Page36)
feI?)(R) & felIL?R) (Page47)
fes & fes ( Page 44)
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2.5.3 The Euler-MacLauren Summation Formula

Let f € C*(R") (where RT = [0,00)), and suppose that
™ e L'(RY)

foralln € Zy ={0,1,2,3...}. We define f(¢) for t < 0 so that f(t) is even.

Warning: f is continuous at the origin, but f’ may be discontinuous! For exam-
ple, f(t) = e

f(t)=e ~2M

We want to use Poisson summation formula. Is this allowed?
By Theorem 2.7, f = (2miw)" f(w), and f™ is bounded, so

sup| (2miw)"|| f(w)| < 0o for allm = > [f(n)] < oc.

weR Ne——o0

By the note on page 52, also Y~ f(t+n) converges uniformly in (—1,1). By

the Poisson summation formula:

S fn) = H0)+5 S i)

(627rimt 4 e—27rint) f(t)dt
Cos(‘2,7rmt) g

= Lo+ /0 h f(t)dt+; /0 " cos(2mmt) f(£)dt

Here we integrate by parts several times, always integrating the cosine-function

and differentiating f. All the substitution terms containing odd derivatives of
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f vanish since sin(27nt) = 0 for ¢ = 0. See Gripenberg for details. The result

looks something like

1

- _ > 1 _i / L " Y 1 )
> g0 = [ S0+ 30~ 30+ 235" 0) = g0+

2.5.4 Schwartz inequality

The Schwartz inequality will be used below. It says that

[(F )l < N2l

(true for all possible L?-spaces, both L*(R) and L?(T) etc.)

2.5.5 Heisenberg’s Uncertainty Principle

For all f € L*(R), we have

0o o) N 1
(/_wt2|f(t)|2dt) (/_wwzlf(w)Ide) > 5 e

Interpretation: The more concentrated f is in the neighborhood of zero, the
more spread out must f be, and conversely. (Here we must think that ||| L2(R)
is fixed, e.g. || fllz2@®) = 1.)

In quantum mechanics: The product of “time uncertainty” and “space uncer-

tainty” cannot be less than a given fixed number.
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PRrROOF. We begin with the case where f € S. Then

tor [ efeat [lof@lide =4 [erolie [ 17wl

(f ( ) = 27iw f(w) and Parseval’s iden. holds). Now use Scwartz ineq.

> 1 [rolro)

- o [r@lroa)
> 4( Reltf(t) )]dt)
i/

[ 0+ 507)| ae)

= / t— f(t))dt (integrate by parts)
R
—\f(t

= (ror. /°°|f<t>|dt)

00
=0

- ([

This proves the case where f € S. If f € L(R), but f € S, then we choose a

sequence of functions f,, € § so that

/ | fo(1)]dt —>/ (t)|dt and
/_oo|tfn(t)|dt - /_Oo|tf(t)|dt and
| k@i » [ i

(This can be done, not quite obvious). Since the inequality holds for each f,, it
must also hold for f.

2.5.6 Weierstrass’ Non-Differentiable Function

Define o(t) = > 5o, a” cos(2mb*t), ¢t € R where 0 < a < 1 and ab> 1.

Lemma 2.33. This sum defines a continuous function o which is not differ-

entiable at any point.
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PrOOF. Convergence easy: At each ¢,

o0 o0
E |a® cos(2mbt) E < 00,
k=0 k=0

and absolute convergence = convergence. The convergence is even uniform: The

error is
‘Z a® cos(2mb*t)| < Z|ak cos(2mbFt)| < Z at = K — o
k=K k=K k=K

so by choosing K large enough we can make the error smaller than ¢, and the
same K works for all ¢.

By “Analysis I1”: If a sequence of continuous functions converges uniformly, then
the limit function is continuous. Thus, ¢ is continuous.

Why is it not differentiable? At least does the formal derivative not converge:

Formally we should have
Zak 2mb*(—1) sin(27b*t),
k=0

and the terms in this serie do not seem to go to zero (since (ab)* > 1). (If a sum
converges, then the terms must tend to zero.)
To prove that ¢ is not differentiable we cut the sum appropriatly: Choose some

function ¢ € L'(R) with the following properties:
i) p1)=1
i) p(w)=0forw<iandw>b

i) [ [tp(t)]dt < oc.

()

0 1/b 1 b

We can get such a function from the Fejer kernel: Take the square of the Fejer
kernel (= its Fourier transform is the convolution of f with itself), squeeze it
(Theorem 2.7(e)), and shift it (Theorem 2.7(b)) so that it vanishes outside of
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(%, b), and (1) = 1. (Sort of like approximate identity, but ¢(1) = 1 instead of
p(0) =1.)

Define p;(t) = Vo(bt), t € R. Then $;(w) = ¢(wb™?), so ¢(b) = 1 and
$(w) = 0 outside of the interval (=1 p71).

Put f; = o * ¢;. Then
Bo = [ ale= e

— / 27ribk(t—s) + e—27ribk(t—s) QOj(S)dS
k=0
(by the uniform convergence)

(Thus, this particular convolution picks out just one of the terms in the series.)
Suppose (to get a contradiction) that o can be differentiated at some point ¢ € R.

Then the function

o(t+s)—a(t) O'/(t) S # 0
n(s) = : ’
(®) 0 , s=0

is (uniformly) continuous and bounded, and n(0) = 0. Write this as

o(t —s) = —sn(—s) + o(t) — so'(t)
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ie.,
i) = /U(t — 5)p;(s)ds
R
= [ —st-9es)s +ol0) [ plds-(e) [ spls
R R R
=¢,(0)=0 2,0
—27i
= —/sn(—s)bjw(bjs)ds
R
=y [ n) sels
R b H,l_/
—0 pointwise €L
— 0 by the Lesbesgue dominated convergence theorem as j — oo.
Thus,
—j : LraNd o -
bjfj(t)HOaSjHOO<:>§<g>€ — 0 as j — oo.
As |62’”bjt| =1, this is & (%)j — 0 as j — oo. Impossible, since § > 1. Our

assumption that o is differentiable at the point ¢ must be wrong = o(¢) is not

differentiable in any point!

2.5.7 Differential Equations
Solve the differential equation
u’(t) + Au(t) = f(t), t e R (2.10)

where we require that f € L*(R), u € L*(R), u € C'(R), v’ € L*(R) and that v’

is of the form

where v € L*(R) (that is, u/ is “absolutely continuous” and its “generalized
derivative” belongs to L?).

The solution of this problem is based on the following lemmas:

Lemma 2.34. Let k =1,2,3,.... Then the following conditions are equivalent:

i) u € LAR)NC*HR), u*V is “absolutely continuous” and the “generalized
derivative of u*=1) 7 belongs to L*(R).
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it) @ € L*(R) and [p|w*i(k)]|2dw < oo.

PRrROOF. Similar to the proof of one of the homeworks, which says that the same
result is true for L2-Fourier series. (There ii) is replaced by S2|nf(n)|? < cc.)

Lemma 2.35. If u is as in Lemma 2.3/, then
u®) (W) = (2miw) i (w)

(compare this to Theorem 2.7(g)).

PROOF. Similar to the same homework.

Solution: By the two preceding lemmas, we can take Fourier transforms in (2.10),

and get the equivalent equation

(27miw)?a(w) + Ai(w) = f(w), w € R & A—4r%w?)i(w) = f(w), w € R (2.11)

Two cases:

Case 1: A —47%w? # 0, for all w € R, i.e., A must not be zero and not a positive

number (negative is OK, complex is OK). Then

f(w)

Uw) = g wER

so u = k * f, where k = the inverse Fourier transform of
~ 1
klw)= ———.
() A — 4m2w?

This can be computed explicitly. It is called “Green’s function” for this problem.

Even without computing k(t), we know that
o ke Cy(R) (since k € L'(R).)
o ) has a generalized derivative in L?(R) (since [,|wh(w)|*dw < cc.)
e J does not have a second generalized derivative in L? (since [, |w?k(w)|?dw = c0.)

How to compute k7 Start with a partial fraction expansion. Write

A =ca? for some a € C
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(av = pure imaginary if A < 0). Then

Now we must still invert

1 1 1

A\ — Am2w? 02 —4n2w? o — 2w  « + 27w

A B

+
o —2tw o+ 2w
Aa + 27wA 4+ Ba — 2nwB

(o — 27w) (v + 27w)

A+ Bla=1

(A+ Bla = A=B= i
(A— B)2rw =0 20

L and —L This we do as follows:

a+2mw a—2mw "’

Auxiliary result 1: Compute the transform of

where

Re(z) > 0

ﬂwz{eﬂt’tza

0 , t<0,

(= f e L*(R) N LYR), but f ¢ C(R) because of the jump at

the origin). Simply compute:

f(w) _ / e—27riwt6—ztdt
0

B 6—(z+2m’w)t o0 B 1
| = (2 4+ 27w C 2miw + 2
( o

Auxiliary result 2: Compute the transform of

where

Re(z) >0

et <0,
t) = B
7 { 0, t>0,

(= f e L*R)N LY (R), but f ¢ C(R))

- f(W) _ / e27riwteztdt

—00

- 6(2—27riw)t 0 B 1
G -2miw)t] 2 —2miw

Back to the function k:

]%( ) 1 1 n 1
w) = —
20 \ o — 27w o+ 27w

B 1 ? . )
 2a \ia — 2w da+ 2miw )
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We defined a by requiring a? = A. Choose « so that Im(a) < 0 (possible because

« is not a positive real number).

= Re(ia) >0, and k(w) = L ( : + ! )

20 \ 'ty — 2miw o+ 2miw

The auxiliary results 1 and 2 gives:

et >0
k(t):{2a€ bz

et <0
and
u(t) = (b= 10 = [ kit = 9)f(5)ds
Special case: A\ = negative number = —a?, where a > 0. Take o = —ia

= ia = i(—i)a = a, and

—Leat t>0
k(t) = { 2a T

—e L t<0 e
a

1
k(t) = —Q—e—latl, teR

a

Thus, the solution of the equation

where a > 0, is given by

wher

k() — —2_1a

This function k£ has many names, depending on the field of mathematics you are

e~ teR

working in:
i) Green’s function (PDE-people)
ii) Fundamental solution (PDE-people, Functional Analysis)

iii) Resolvent (Integral equations people)
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Case 2: \ = a? = a nonnegative number. Then
f(w) = (a® — 47*wHi(w) = (a — 2mw)(a + 27w)a(w).

As @(w) € L*(R) we get a necessary condition for the existence of a solution: If

a solution exists then

/R‘ (a— 2775:56(063 + 27w) ‘2dw < oo (2.12)

(Since the denominator vanishes for w = 45>, this forces f to vanish at +g-,
and to be “small” near these points.)

If the condition (2.12) holds, then we can continue the solution as before.

Sideremark: These results mean that this particular problem has no “eigenval-
ues” and no “eigenfunctions”. Instead it has a “contionuous spectrum” consisting

of the positive real line. (Ignore this comment!)

2.5.8 Heat equation
This equation:

t>0

d 02
u(t,r) = g=ult,x)+g(t ),
u(t, ) 2 U(t, ) ( ){x R

uw(0,z) = f(z) (initial value)

is solved in the same way. Rather than proving everything we proceed in a formal
mannor (everything can be proved, but it takes a lot of time and energy.)

Transform the equation in the x-direction,

a(t,y) :/e_%mcu(t,x)d:c.
R

a(t,y) = (2miy)*alt,v) + g(t,7)

~

Assuming that [, e > 2y (t,x) = 2 [ e7>™"yu(t, z)dx we get
(
0,7 = f()

ot i
9
ot
=

{%ﬂ(t,”}/) = —47T2’Y271(t77>+g(t77>
10,7) = f(v)
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We solve this by using the standard “variation of constants lemma”:

i) = fem™t 4 [ ey, )
— JO
= (ty) o+ da(t, )
We can invert e 477" = ¢=7@VT)® — o=7(/N)* where X = (2y/7t) "
According to Theorem 2.7 and Example 2.5, this is the transform of

-

1 -7 z ]_ x
= e

= e
o2/t o2/t

—

We know that f(7)k(7) =k % f(7), so

k(t,x) =

wta) = % e I )y,
(By the same argument:
s and t — s are fixed when we transform.)
us(t, ) = fot(k * g)(s)ds
1 e—(ﬂc—y)2/4(t—8)g(37 y)dyds,

o t roo
- fO f—oo 2\/@

u(t,z) = wui(t,x) + ua(t, x)

The function

22

e it

1
k(t,z) =
t,2) 2v/ 7t
is the Green’s function or the fundamental solution of the heat equation on the
real line R = (—o00,00), or the heat kernel.

Note: To prove that this “solution” is indeed a solution we need to assume that

- all functions are in L?(R) with respect to z, i.e.,

/ fu(t, )Pz < oo, / gt 2)Pde < oo, / (@) 2dz < oo,

- some (weak) continuity assumptions with respect to ¢.

2.5.9 Wave equation

2 2 t>0
a—Qut,x = a—gut,x + k(t, x), ’
su(t, ) szt ) + k(t, ) LeR
u0,z) = f(x), reR

Su(0,2) = g(a), z€R
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Again we proceed formally. As above we get

Dat,y) = —an*y%a(t,y) + k(t,7),
w(0,7) = f(v),
24(0,7) = §(7).

This can be solved by “the variation of constants formula”, but to simplify the
computations we assume that k(¢, z) = 0, i.e., h(t,7) = 0. Then the solution is

(check this!)

5 sin(27yt)

a(t,y) = cos(2myt) f(7) + 9(7)- (2.13)

27y

To invert the first term we use Theorem 2.7, and get

[f(z+1)+ fz —1)].

N~

The second term contains the “Dirichlet kernel”, which is inverted as follows:

Ex. If
1/2, t| <1
0, otherwise,

then k(w) = 52 sin(27w).

2rw

PROOF.
7 1 ! —2miwt 1 :
kw)y== [ e dt =...= 2—sm(wt).

1 Tw

Thus, the inverse Fourier transform of

sin(2m) k(x)_{ 1/2, |z| <1,

2wy | o, |x| > 1,

(inverse transform = ordinary transform since the function is even), and the

inverse Fourier transform (with respect to ) of

sin(27vt) tsin(2mt) _
—— = {————= is
27y 27yt
x 1/2, |z| <t,
k(<)
t 0, |z|>t.

This and Theorem 2.7(f), gives the inverse of the second term in (2.13): It is
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Conclusion: The solution of the wave equation with h(t,z) = 0 seems to be

u(t,x) =

et +iw—0+; [ oty

1
2 2 /.,

a formula known as d’Alembert’s formula.

Interpretation: This is the sum of two waves: u(t,z) = ut (¢, z) +u™ (¢, ), where
. 1 1
ut(t,z) = 5f(:c+t) + §G($+t)
moves to the left with speed one, and
_ 1 1
u (t,x) ==f(r—1t)— =G(z —t)
2 2
moves to the right with speed one. Here

G(x) = / gy, ceR.



Chapter 3

Fourier Transforms of

Distributions

Questions

1) How do we transform a function f ¢ LY(R), f ¢ L?(R), for example

Weierstrass function
o0

o(t) =) a* cos(2nb*t),

k=0
where b # integer (if b is an integer, then o is periodic and we can use
Chapter I)?

2) Can we interpret both the periodic F-transform (on L*(T)) and the Fourier

integral (on L'(R)) as special cases of a “more general” Fourier transform?

3) How do you differentiate a discontinuous function?

The answer: Use “distribution theory”, developed in France by Schwartz in
1950’s.

3.1 What is a Measure?

We start with a simpler question: what is a “0-function”? Typical definition:

o(x) =0, x#0
0(0) = o0
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We observe: This is pure nonsense. We observe that §(z) = 0 a.e., so [*_d(z)dz = 0.
Thus: | The d-function is not a function! What is it? ]

Normally a d-function is used in the following way: Suppose that f is continuous
at the origin. Then

[e.9]

| t@i@ar = [ @ =) 8 do+f0) [ sy

[e.9] —00

=0 =0
when z=0 when z#0

_ ﬂm/fammxsz»

[e.9]

This gives us a new interpretation of o:

The J-function is the “operator” which evaluates a continuous function at the

point zero.

Principle: You feed a function f(z) to d, and § gives you back the number

f(0) (forget about the integral formula).

Since the formal integral [~ f(2)d(x)dx resembles an inner product, we often
use the notation (0, f). Thus

(0, f) = F(0)

Definition 3.1. The §-operator is the (bounded linear) operator which maps

f € Cy(R) into the number f(0). Also called |Dirac’s delta |

This is a special case of measure:

Definition 3.2. A measure j is a bounded linear operator which maps func-
tions f € Cy(R) into the set of complex numbers C (or real). We denote this
number by (u, f).

Example 3.3. The operator which maps f € Cy(R) into the number

1
FO)+ 10+ [ Floyis
0
1S a measure.

PROOF. Denote (G, f) = f(0) + f(1) + [, f(s)ds. Then
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i) G maps Co(R) — C.
ii) G is linear:
(G Af+ng) = Ajf(()1)+;afJ((J)+V(1)+u9(1)
+ [ )+ ng(e))as
= Af(0)+Af(1) +/01 Af(s)ds

+ug(0)+ug(1)+/0 pg(s)ds
= NG, f)+u(G,g).

iii) G is continuous: If f, — f in Cy(R), then maxser|f,.(t) — f(t)] — 0 as

n — 00, SO

£2(0) = F(0), fu(1) — f(1) and / fu(s)ds — / £(s)ds,

SO
(G, fn) = (G, f) as n — oo.

Thus, G is a measure. [
Warning 3.4. (G, f) is linear in f, not conjugate linear:
(GAf) = MG, f), and not = NG, f).

Alternative notation 3.5. Instead of (G, f) many people write G(f) or Gf

(for example , Gripenberg). | See Gasquet| for more details.

3.2 What is a Distribution?

Physisists often also use “the derivative of a d-function”, which is defined as

(", f) = =1'(0),

here f'(0) = derivative of f at zero. This is not a measure: It is not defined
for all f € Cy(R) (only for those that are differentiable at zero). It is linear,
but it is not continuous (easy to prove). This is an example of a more general

distribution.
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Definition 3.6. A tempered distribution (=tempererad distribution) is a
continuous linear operator from S to C. We denote the set of such distributions
by &'. (The set S was defined in Section 2.2).

Theorem 3.7. Every measure is a distribution.
PROOF.
i) Maps S into C, since S C Cy(R).
ii) Linearity is OK.
iii) Continuity is OK: If f,, — fin S, then f,, — fin Co(R), so (u, fn) — (1, f)
(more details below!) O

Example 3.8. Define (', ) = —¢'(0), ¢ € S. Then ¢’ is a tempered distribu-

tion
PRrROOF.

i) Maps § — C? Yes!
ii) Linear? Yes!

iii) Continuous? Yes!

(See below for details!) [
What does ‘ Yn — pin S ‘ mean?

Definition 3.9. ¢, — ¢ in S means the following: For all positive integers k, m,
thol™ (1) — th o™ (¢)
uniformly in t, i.e.,
lim max|t* (™ (t) — ™ (t))] = 0.
n—oo teR
Lemma 3.10. If v, — ¢ in S, then
Pl — o™ in Co(R)
forallm=20,1,2,...

PRrROOF. Obvious.

Proof that ¢’ is continuous: If ¢, — ¢ in S, then maxicr|¥),(t) — ¢'(t)] — 0

as n — 00, SO
(0, on) = = (0) = ¢'(0) = (¢, ). O
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3.3 How to Interpret a Function as a Distribu-
tion?

Lemma 3.11. If f € L*(R) then the operator which maps ¢ € S into

-/ Zf(s)w(s)ds

is a continuous linear map from S to C. (Thus, F is a tempered distribution).

Note: No complex conjugate on (!
Note: F'is even a measure.

PROOF.

i) For every ¢ € S, the integral converges (absolutely), and defines a number
in C. Thus, F' maps § — C.

ii) Linearity: for all p,¢ € S and \, u € C,

(F Mg+ ) = / F(5) o) + ()]s

= /f ds+u/f

- +(F ).

iii) Continuity: If ¢, — ¢ in S, then ¢, — ¢ in Cy(R), and by Lebesgue’s

dominated convergence theorem,
(F.on) = [ 19)en(s)ds = [ f6)elo)ds = (Fp). O
R R

The same proof plus a little additional work proves:

Theorem 3.12. If

[0

oo LAt

for somen =0,1,2,..., then the formula

_ / T f)e(s)ds, peS,

defines a tempered distribution F.
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Definition 3.13. We call the distribution F' in Lemma 3.11 and Theorem 3.12
the distribution induced by f, and often write (f, ¢) instead of (F, ¢). Thus,

(f,p) = /_OO f(s)p(s)ds, ¢ e€S.

This is sort of like an inner product, but we cannot change places of f and ¢: f
is “the distribution” and ¢ is “the test function” in (f, ).

Does “the distribution f” determine “the function f” uniquely? Yes!

Theorem 3.14. Suppose that the two functions fi and fo satisfy
|fi(t)]

———dt < =1 , =2
ST oo (1 ori=2),

and that they induce the same distribution, i.e., that
[ s = [ poea ees
R R
Then f1(t) = fa(t) almost everywhere.

Proor. Let g = fi — fo. Then

/g(t)go(t)dt =0 forallp eSS «—
R

A%(l + )" 2p(t)dt =0 VYoeS.

Easy to show that (1 +t3)"2p(t) € S <= ¢ € S. If we define h(t) = %,
~———

¥(t)
then h € L'(R), and

/_OO h(s)Y(s)ds=0 V¢ € S.

[e.e]

If ) € S then also the function s +— (¢ — s) belongs to S, so

_ Yy € S,
/Rh(s)w(t —3s)ds =0 { - (3.1)

Take 1, (s) = ne~™m)* Then ¢, € S, and by 3.1,
Up x h = 0.

On the other hand, by Theorem 2.12, ¥, * h — h in L'(R) as n — oo, so this
gives h(t) =0 ae. O
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Corollary 3.15. If we know “the distribution f”, then from this knowledge we

can reconstruct f(t) for almost all t.

PROOF. Use the same method as above. We know that h(t) € L'(R), and that

ft)

(o W)(O) = h(t) = oy

As soon as we know “the distribution f”, we also know the values of

a0 = [ /(5)

Ty ) (= s)ds

forallt. O

3.4 Calculus with Distributions

(=Rékneregler)

3.16 (Addition). If f and g are two distributions, then f + g is the distribution

(f+g,0)=(f0)+(9.9), vES.
(f and g distributions <— f €8 andge S').

3.17 (Multiplication by a constant). If A is a constant and f € S', then \f is

the distribution

Aoy =AMfrp), weS.

3.18 (Multiplication by a test function). If f € &' and n € S, then nf is the

distribution
(nf,e)=(f,np) ¢eSs.

Motivation: If f would be induced by a function, then this would be the natural

definition, because

/R[n(é‘)f(S)]w(S)dS = /Rf(é‘)[n(S)SO(S)]dS = {finp).

Warning 3.19. In general, you cannot multiply two distributions. For ezample,

(6 = “9-function”)

‘52 =00 is nonsense‘ _
=Dirac’s delta
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However, it is possible to multiply distributions by a larger class of “test func-

tions”:

Definition 3.20. By the class O35 (R) of tempered test functions we mean the
following:
Ve CaR) <= feC=(R),

pol

and for every kK =0,1,2,... there are two numbers M and n so that
W) < MA+]t"), teR.

Thus, f € C55(R) <= f € C*(R), and every derivative of f grows at most as

a polynomial as t — oo.

S = “rapidly decaying test functions”
Repetition: S§" = “tempered distributions”
ca(R) = “tempered test functions”.

Example 3.21. Every polynomial belongs to C%). So do the functions

1
1522 (142%™ (m need not be an integer)
T

Lemma 3.22. If¢ € Co5(R) and ¢ € S, then

Yp e S.

PROOF. Easy (special case used on page 72).

Definition 3.23. If ¢ € C(R) and f € &', then ¢ f is the distribution

pol

(Wl o) =(f,ve), eS8

(O.K. since ¢p € S).

Now to the : Every distribution has a derivative, which is another

distribution!

Definition 3.24. Let f € &’. Then the distribution derivative of f is the
distribution defined by

(flo)=—=(f.¢), weS

(This is O.K., because p € S = ¢’ € S, so —(f, ¢’) is defined).
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Motivation: If f would be a function in C*(R) (not too big at co), then
(f,¢) = / f(s)¢'(s)ds (integrate by parts)

= )l / " P s)e(s)ds
T o0

= —([l9). O

Example 3.25. Let

£(t) = { «, 20,

—et, t<0.

Interpret this as a distribution, and compute its distribution derivative.

Solution:

(Fro) = —(fd) = — /_w £(5)¢/(s)ds

= [ e [ e
— e [ pleds— [ - [ et

— o0

= 2p(0) — /_OO e lslp(s)ds.

e}

Thus, f' = 26 + h, where h is the “function” h(s) = —e™ ¥l s € R, and § = the
Dirac delta (note that h € L'(R) N C(R)).

Example 3.26. Compute the second derivative of the function in Example 3.25!

Solution: By definition, (f”,¢) = —(f’,¢’). Put ¢’ = 4, and apply the rule
(f', )y = —(f,4"). This gives

(", ) = (f, ")

By the preceding computation

) = —20(0) - / " el (s)ds

[e.e]

= (after an integration by parts)

= 200+ [ Jel)s
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(f = original function). Thus,
(b =200+ [ fs)ets)ds.
Conclusion: In the distribution sense,
=28+ f,

where (&', ) = —¢'(0). This is the distribution derivative of Dirac’s delta. In

particular: f is a distribution solution of the differential equation
f'—f=20.

This has something to do with the differential equation on page 59. More about
this later.

3.5 The Fourier Transform of a Distribution

Repetition: By Lemma 2.19, we have

[ﬁf@ﬁ&ﬁ:[ffmmmﬁ

if f,g € LY(R). Take g = ¢ € S. Then ¢ € S (See Theorem 2.24), so we can
interpret both f and f in the distribution sense and get

Definition 3.27. The Fourier transform of a distribution f € § is the distribu-
tion defined by

(f.o)=(f.¢), ¢€S.

Possible, since p € S <—= ¢ € S.

Problem: Is this really a distribution? It is well-defined and linear, but is it

continuous? To prove this we need to know that

(on—pinS < ¢, —¢inS|

This is a true statement (see Gripenberg or Gasquet for a proof), and we get

Theorem 3.28. The Fourier transform maps the class of tempered distributions

onto itself:

fesS «— fed.
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There is an obvious way of computing the inverse Fourier transform:

Theorem 3.29. The inverse Fourier transform f of a distribution f e S s

given by

(foo) = (f,0), ¢€S,
0 2mitw

where 1) = the inverse Fourier transform of ¢, i.e., Y(t) = [°_e*™“op(w)dw.

ProoF. If ¢y = the inverse Fourier transform of ¢, then ¢ = ’Q/A) and the formula
simply says that (f,9) = (f,4). O

3.6 The Fourier Transform of a Derivative

Problem 3.30. Let f € S'. Then ' € S'. Find the Fourier transform of f'.

Solution: Define n(t) = 2wit, t € R. Then n € C, so we can multiply a

pol»
tempered distribution by 1. By various definitions (start with 3.27)

(f),0) = (f, o) (use Definition 3.24)
—{f,(¢)) (use Theorem 2.7(g))
—(/, &) (where ¥(s) = —2misp(s))
—<f, ) (by Definition 3.27)
(f ,NP) (see Definition above of 1)
= (nf.¢)  (by Definition 3.23).

Thus, (/f-’\) = nf | where | n(w) = 2miw,w € R.

This proves one half of:

Theorem 3.31.

(/f’\) = (i2rw)f and

—

(=2mitf) = (fY

More precisely, if we define n(t) = 2mit, then n € C5), and
() =nf. f)=—1"

By repeating this result several times we get

Theorem 3.32.
(f(/’f\)) = @Qmiw)f keZ,

((=2mit)ef) = f®.
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Example 3.33. Compute the Fourier transform of

f(t):{ et t>0,

—et, t<0.

Smart solution: By the Examples 3.25 and 3.26.

f" =20+ f (in the distribution sense).

Transform this:

—

[(2miw)? — 1]f = 2(8") = 2(2miw)d

(since & is the derivative of §). Thus, we need 4:

Goo) = (5.8) = (0) = / o(s)ds

where f(s) = 1. Thus 4 is the distribution which is induced by the function

f(s) =1, i.e., we may write |6 = 1|,
Thus, —(472w? + 1)f = 4miw, so f is induced by the function —4%%__ Thus,

—(1+4nr2w?) "
A 4miw
J(w) = —(1+ 4m%w?)’
In particular:
Lemma 3.34.
dw) = 1 and
1 = o

(The Fourier transform of § is the function = 1, and the Fourier transform of

the function = 1 is the Dirac delta.)
Combining this with Theorem 3.32 we get

Lemma 3.35.

Sk = (2miw)F, keZ,=0,1,2,...
[(—?ﬁ)k] — §®
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3.7 Convolutions (”Faltningar”)

It is sometimes (but not always) possible to define the convolution of two distri-

butions. One possibility is the following: If ¢, € S, then we know that

—

(0 x ) = ¢,

so we can define ¢ % 1) to be the inverse Fourier transform of gblﬁ. The same idea

applies to distributions in some cases:

Definition 3.36. Let f € &’ and suppose that ¢ € 8’ happens to be such that
g € Coo(R) (ie., g is induced by a function in C?

So(R), ie., g is the inverse

F-transform of a function in C75)). Then we define
f * g = the inverse Fourier transform of f g,
i.e. (cf. page 77):
{(f*g9.0) = (f3, )

where ¢ is the inverse Fourier transform of ¢:

o0 = [ oo,

[e.e]

This is possible since g € C5), so that f g € §8'; see page 74

To get a direct interpretation (which does not involve Fourier transforms) we

need two more definitions:

Definition 3.37. Let t € R, f € &', ¢ € §. Then the translations 7, fand 7;¢

are given by

(rp)(s) = @(s—t), seR
<th7 SO> = <.fa T_tQO>
Motivation: 7, translates ¢ to the right by the amount ¢ (if ¢ > 0, to the left if
t <0).

For ordinary functions f we have

[ eneeas = [ s —neeis 1=y

[e.9]
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T
T

o
o

A

t

so the distribution definition coincides with the usual definition for functions

interpreted as distributions.

Definition 3.38. The reflection operator R is defined by

(Rp)(s) = ¢(—s), €S,
(Rf,0) = (f,Rp), [fe€S, ¢S

Motivation: Extra homework. If f € L*(R) and 5 € S, then we can write f x

in the form

(fxo)t) = [ fls)n(t —s)ds

and we get an alternative formula for f x 7 in this case.

Theorem 3.39. If f € §" and n € S, then f xn as defined in Definition 3.36,

1s induced by the function
l— <f7 TtRTI)v

and this function belongs to Cpo(R).
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We shall give a partial proof of this theorem (skipping the most complicated

part). It is based on some auxiliary results which will be used later, too.

Lemma 3.40. Let p € S, and let

ou(t) = 2T 2 LIRSS

Then . — @' inS ase — 0.
ProOOF. (Outline) Must show that

lim suplt|*[™ (1) — "™V (1) = 0
=0 4R

for all t,m € Z,. By the mean value theorem,
P (t+e) = o™ (t) + e (€)
where t < ¢ <t+¢ (if e > 0). Thus

[IM(t) = O] = e TI(E) — ()]

t .
_ |/ <p(m+2)(s)ds| where t < { <t+cife >0
¢ ort+e<é<tife<0

t+|e|
< [ s,
t

—lel

and this multiplied by [¢|* tends uniformly to zero as e — 0. (Here I am skipping

a couple of lines). O

Lemma 3.41. For every f € 8 there exist two numbers M >0 and N € Z, so
that
[(f, )] <M max [¢/p®(t)]. (3.2)

0<j, k<N
teR

Interpretation: Every f € S’ has a finite order (we need only derivatives ¢*)
where k < N) and a finite polynomial growth rate (we need only a finite power
9 with 7 < N).

PROOF. Assume to get a contradiction that (3.2) is false. Then for all n € Z,
there is a function ¢, € S so that

> T o®F) ()],
(s pn)| 2 m max [H,7(2)

teR
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Multiply ¢, by a constant to make (f, p,) = 1. Then

1
max [tV ()|<——>Oasn—>oo,
0<5,k<n
51

s0 ¢, — 0in S as n — oo. As f is continuous, this implies that (f,¢,) — 0
as n — oo. This contradicts the assumption (f, ¢,) = 1. Thus, (3.2) cannot be
false. [

Theorem 3.42. Define ¢(t) = (f, :Rn). Then ¢ € Cpy), and for alln € Z,
P () = (f™,mBn) = (f, nRy"™).
Note: As soon as we have proved Theorem 3.39, we may write this as
(fxm)™ = f" sen = fxn™

Thus, to differentiate f*n it suffices to differentiate either f or n (but not both).

The derivatives may also be distributed between f and n:
(f )™ = fBwpnm=h 0 <k<n.
Motivation: A formal differentiation of
(PO = [ f6=9es)ds gives
(Feef = [ Fle=spplaps = xp
and a formal differentiation of
(f=@)t) = /f (t —s)ds gives
(el = [ - ds=Fep.
PROOF OF THEOREM 3.42.
i) 2le(t+e) —o(t)] = (f, 2 (r+-Rn — 7 Rn)). Here

%(maRn —7nlin)(s) = Z[(Bn)(s —t—¢) — Rn(s —1)]

= —In(t+e—s)—n(t—s)] (by Lemma 3.40)
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Thus, the following limit exists:

tim it + ) — ()] = {f, 7).

Repeating the same argument n times we find that ¢ is n times differen-
tiable, and that
P = (f,mRy™)

(or written differently, (f * 7)™ = f % ™))

ii) A direct computation shows: If we put
U(s) =n(t = s) = (Bn)(s —1) = (nhn)(s),

then ¢'(s) = —n'(t — s) = —nRy'. Thus (f, nRy) = —(f, V') = (f",¢) =
(f', 7 Rn) (by the definition of distributed derivative). Thus, ¢' = (f, .Rn’) =
(f',7Rn) (or written differently, f xn" = f’' *n). Repeating this n times

we get
[ n(n) — f(n) % 1.

iii) The estimate which shows that ¢ € C2%:

pol*

By Lemma 3.41,

(", 7 R)|
M m%XN|Sj(TtR77)(k)(S)| (¢ as above)

0<j,k<
seR

o™ (2)]

IN

M (k) (4 _ e —
oDax st —s)| (t—s=1v)
seR

- — y)ip®
M max [(t—v)"(s)]
veR

< a polynomial in [¢t|. O

To prove Theorem 3.39 it suffices to prove the following lemma (if two distribu-

tions have the same Fourier transform, then they are equal):
Lemma 3.43. Define o(t) = (f,7Rn). Then ¢ = fi.

PROOF. (Outline) By the distribution definition of ¢:

(6, 0) = (p,0)) forally €S.
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We compute this:

(i) = | el dls

functlon

8

8

pol
o

= f> TSRT] )dS

8

= thls step is too difficult: To show that we may move
the integral to the other side of f requires more theory

then we have time to present)
= U mRoplods) = ()
Here 74Rn is the function
(s Bn)(t) = (Rn)(t — ) = n(s —t) = (7n)(s),

so the integral is

/OO (s — t)(s)ds = /OO (1im)(s)1(s)ds (see page 43)
= /OO Gn\) s)ds (see page 38)
— /OO —27rzts - (S)dS

&%ﬁﬂ@>=<ﬁw>
= (fi, ). Thus, o= fi. O

Using this result it is easy to prove:

Theorem 3.44. Let f € S, p,p € S. Then

* k = k *

(fxp)*x fox(px1)
inC"’;’l mnS in S’ mnS
N—_—— ——

oo
in Cpol

PRroor. Take the Fourier transforms:
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The transforms are the same, hence so are the original distributions (note that
both (f * ) * ¢ and f (¢ x 1)) are in C so we are allowed to take distribution

Fourier transforms).

3.8 Convergence in S’

We define convergence in &’ by means of test functions in S. (This is a special

%9

case of “weak” or “weak™”-convergence).

Definition 3.45. f, — f in &’ means that

<fn790> - <f7 80> for all p € S.

Lemma 3.46. Letn € S with n(0) = 1, and define n\(t) = An(At), t € R, A > 0.
Then, for all ¢ € S,

‘m*ap—>gpz’n8 as)\—>oo.‘

Note: We had this type of ”d-sequences” also in the L!-theory on page 36.
PROOF. (Outline.) The Fourier transform is continuous & — S (which we have

not proved, but it is true). Therefore

Mm*xp—pinS <= Mm*p—¢inS
<~ MMy —pinS
= Nw/NPpw) — H(w) in S as A — oo.

Thus, we must show that

sup
weR

wk (%)j MN(w/A) —1]p(w)| — 0 as A — oo.

This is a “straightforward” mechanical computation (which does take some time). O
Theorem 3.47. Define ny as in Lemma 3.46. Then

ny — 0 inS as A — oo.

Comment: This is the reason for the name ”d-sequence”.

PROOF. The claim (="pastaende”) is that for all ¢ € S,

/Rn,\(t)ap(t)dt — (0,) = ¢(0) as A — o0.
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(Or equivalently, [, An(At)p(t)dt — ¢(0) as X — 00). Rewrite this as

[ m@ R0t = (5 R 0),
and by Lemma 3.46, this tends to (Rg)(0) = ¢(0) as A — oo. Thus,
(Mr, ) — (0,¢) forall p € S as A — oo,
sonmy —dinS'. O
Theorem 3.48. Define ny as in Lemma 3.46. Then, for all f € §’, we have
mx*f— finS as A\ — oco.
PRrROOF. The claim is that

(mx f,o) — (f,p) forall p €S8.

Replace ¢ with the reflected

v=Rp = (mx*xf,RY)— (f,RY)forallpeS
<= (by Thm 3.39) ((nx* f) *¢)(0) — (f *)(0) (use Thm 3.44)
= f*(m*¥)(0) — (f*¥)(0) (use Thm 3.39)
= (LR *y)) — (f, RY).

This is true because f is continuous and 7y * 1 — 9 in S, according to Lemma
3.46.

There is a General Rule about distributions:

Metatheorem: All reasonable claims about distribution convergence are true.
Problem: What is “reasonable”?

Among others, the following results are reasonable:

Theorem 3.49. All the operations on distributions and test functions which we

have defined are continuous. Thus, if

fo= finS, gn—ginS,
VYn — Y in Co5y (which we have not defined!),
on — @ in S,

An — N in C, then, among others,
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i) fotgn—f+ginS

i) Mfo — M in S

ii) Y fo — 0 f in S

W) Pn ¥ fr — D * fin S () =inverse F-transform of 1)
v) on* fr— o x fin O

vi) f,— fin S

vii) fo— f inS' et

Proor. “Easy” but long.

3.9 Distribution Solutions of ODE:s

Example 3.50. Find the function v € L*(R,) N CY(R,) with an “absolutely

continuous” derivative u’ which satisfies the equation

u'(z) —u(x) = f(x), x>0,
u(0) = 1.

Here f € L*(R,) is given.

SOLUTION. Let v be the solution of homework 22. Then

{ V'(z) —v(z) = f(z), x>0, (33)
v(0) = 0.
Define w = v — v. Then w is a solution of
{ w'(z) —w(x) = 0, x>0, (5.4)
w(0) =

In addition we require w € L*(R,).

ELEMENTARY SOLUTION. The characteristic equation is
M —1=0, roots A= =+1,

general solution

w(z) = c1e” + e ",
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The condition w(z) € L*(R,) forces ¢; = 0. The condition w(0) = 1 gives
w(0) = cpe® = ¢y = 1. Thus: w(z) =e™ 7, x > 0.
Original solution: u(z) = e~* 4+ v(x), where v is a solution of homework 22, i.e.,

wa) =g [y =3 [

0

DISTRIBUTION SOLUTION. Make w an even function, and differentiate: we

denote the distribution derivatives by w™® and w®. Then

w = w' (since w is continuous at zero)
w? = w4+ 2uw'(0) & (Dirac delta at the point zero)
———

due to jump
discontinuity
at zero in w’

The problem says: w” = w, so

w? —w = 2w'(0)dy. Transform:
((2miy)2 — 1) (7y) = 2w'(0)  (since dy = 1)
— B(7) =

whose inverse transform is —w’(0)e™1*! (see page 62). We are only interested in

values z > 0 so

Example 3.51. Solve the equation

{u%x)—u(x) = f(x), x>0,

where a =given constant, f(x) given function.

Many different ways exist to attack this problem:
METHOD 1. Split w in two parts: u = v + w, where
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and
w'(z) —w(z) = 0, x>0
{ w'(0) = a,
We can solve the first equation by making an even extension of v. The second
equation can be solved as above.
METHOD 2. Make an even extension of u and transform. Let «(® and u® be

the distribution derivatives of u. Then as above,

uV = o' (uis continuous)
u? = w424/ (0)8 (v discontinuous)
~—~—

=a

By the equation: v” = u + f, so
u® —u = 2ad, + f

Transform this:

Invert:

u(z) = —ae 1l — % /OO e~ 1= (1) dy.

Since f is even, this becomes for x > 0:

e) = —ae~ =5 [Tty —g [ ey
METHOD 3. The method to make u and f even or odd works, but it is a “dirty
trick” which has to be memorized. A simpler method is to define u(t) = 0 and
f(t) =0 for t <0, and to continue as above. We shall return to this method in
connection with the Laplace transform.

Partial Differential Equations are solved in a similar manner. The computations

become slightly more complicated, and the motivations become much more com-
plicated. For example, we can replace all the functions in the examples on page

63 and 64 by distributions, and the results “stay the same”.

3.10 The Support and Spectrum of a Distribu-
tion

“Support” = “the piece of the real line on which the distribution stands”
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Definition 3.52. The support of a continuous function ¢ is the closure (="slutna
holjet”) of the set {z € R: ¢(x) # 0}.

Note: The set {z € R: (x) # 0} is open, but the support contains, in addition,
the boundary points of this set.

Definition 3.53. Let f € &’ and let Y C R be an open set. Then f vanishes
on U (="forsvinner pa U”) if (f,¢) = 0 for all test functions ¢ € S whose

support is contained in U.

\

~
N

-
-

\j

U

Interpretation: f has “no mass in U”, “no action on U”.

Example 3.54. § vanishes on (0,00) and on (—o0,0). Likewise vanishes §(*)
(keZy=0,1,2,...) on (—00,0) U (0,00).

PRrROOF. Obvious.

Example 3.55. The function
1=t [t <1,
ft) =
0, [t]>1,

vanishes on (—oo, —1) and on (1,00). The support of this function is [—1, 1]

(note that the end points are included).

Definition 3.56. Let f € S’. Then the support of f is the complement of the

largest set on which f vanishes. Thus,

M is closed, f vanishes on R\ M, and
supp(f) = M < < f does not vanish on any open set
which is strictly bigger than R\ M.

Example 3.57. The support of the distribution 5 is the single point {a}. Here

k € Z,, and d, is point evaluation at a:

(0, ) = p(a).
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Definition 3.58. The spectrum of a distribution f € &’ is the support of f

Lemma 3.59. If M C R is closed, then supp(f) C M if and only if f vanishes
on R\ M.

PrRoOOF. Easy. O

Example 3.60. Interpret f(¢) = t" as a distribution. Then f=—L_¢m
we saw on page 78. Thus the support of f is {0}, so the spectrum of fis {0}

27r2

By adding such functions we get:

Theorem 3.61. The spectrum of the function f(t) = 0 is empty. The spectrum
of every other polynomial is the single point {0}.

PROOF. f(t) =0 <= spectrum is empty follows from definition. The other
half is proved above. [

The converse is true, but much harder to prove:

Theorem 3.62. If f € S’ and if the spectrum of f is {0}, then f is a polynomial
(#0).

This follows from the following theorem by taking Fourier transforms:

Theorem 3.63. If the support of f is one single point {a} then f can be written

f= zn: an ok,
k=0

PRrROOF. Too difficult to include. See e.g., Rudin’s “Functional Analysis”.
Possible homework: Show that

as a finite sum

Theorem 3.64. The spectrum of f is {a} <= f(t) = e*™*P(t), where P is a
polynomial, P # 0.

Theorem 3.65. Suppose that f € S" has a bounded support, i.e., f vanishes on
(=00, =T) and on (T,00) for some T > 0 ( <= supp(f) C [-T,T)). Then f

can be interpreted as a function, namely as

fw) = (f.n(t)em),

wheren € S is an arbitrary function satifying n(t) =1 fort € [-T—1,T+1] (or,

more generally, fort € U where U is an open set containing supp(f)). Moreover,

fe Coo(R).
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ProOOF. (Not quite complete)
Step 1. Define

b(w) = (f,n(t)e™>™),
where 7 is as above. If we choose two different n; and 7, then n;(¢) — n2(t) =0

is an open set U containing supp(f). Since f vanishes on R\U, we have

(fom@)e ™) = (f,m(t)e ™),

so P (w) does not depend on how we choose 1.
Step 2. For simplicity, choose n(t) so that n(t) = 0 for |[¢| > T+ 1 (where T as

in the theorem). A “simple” but boring computation shows that

1 —2mi(w —2miw 8 —2Tiw g —2Tiw
e BN 2Ry ) iy () — ity )

in S as ¢ — 0 (all derivatives converge uniformly on [-7—1, T+1], and everything
is = 0 outside this interval). Since we have convergence in S, also the following
limit exists:
1 ,
lim (9w +2) — plw)) = ¥(w)
1 . .
_ 11m<f, _(6—27rz(w+a)t o e—27rzwt)77(t)>
e—0 £ ‘
= (f, —2mite ™™ (t)).

Repeating the same computation with 7 replaced by (—2mit)n(t), etc., we find
that v is infinitely many times differentiable, and that

V(W) = (f, (=2mit)’e > (t)), k€ L. (3.5)

Step 3. Show that the derivatives grow at most polynomially. By Lemma 3.41,
we have
[(f. o) < M max [t/ (2)].

0<t,I<N
teR

Apply this to (3.5) =

" (W) < M
[P W)l < M max
teR

! .
t’ (%) (—2mit)ke=2mwin(t)].

The derivative [ = 0 gives a constant independent of w.

The derivative [ = 1 gives a constant times |w|.
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The derivative | = 2 gives a constant times |w|?, etc.
Thus, [ (w)| < const. z[1 + Jw|], so ¢ € 3.
Step 4. Show that ¢ = f That is, show that

/R P(w)pw)dw = (F,0)(= (£, 4)).

Here we need the same “advanced” step as on page 83:

/R bw)pw)do = / (F. €2l (t) o w) )
= (why??) = {f, / 2T () () o)

since n(t) =1 in a )

= <f7 n(lﬁ)@(t)) ( neighborhood of Supp(f)

= (/o)

A wery short explanation of why “why??” is permitted: Replace the integral by

a Riemann sum, which converges in S, i.e., approximate

—2miwt : —2miwgt
e o(w)dw = lim E e Fo(wg)—,
/]R e T n

where wy, = k/n.

3.11 Trigonometric Polynomials

Definition 3.66. A trigonometric polynomial is a sum of the form
¢(t) — ch'e2ﬂiwjt.
j=1

The numbers w; are called the frequencies of .

Theorem 3.67. If we interpret v as a polynomial then the spectrum of ¢ is

{wi,ws, ..., wn}, i.e., the spectrum consists of the frequencies of the polynomial.
PROOF. Follows from homework 27, since supp(d,,;) = {w;}. O

Example 3.68. Find the spectrum of the Weierstrass function

o(t) =Y a"cos(27rb"),
k=0

where 0 <a < 1, ab > 1.
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To solve this we need the following lemma

Lemma 3.69. Let 0 <a<1,b>0. Then

N e
Z a® cos(2mbFt) — Z a® cos(2mb*t)
k=0 k=0

in S as N — oo.

Proor. Easy. Must show that for all ¢ € S,

N 00
/ (Z - Z) a”® cos(2mb"t)p(t)dt — 0 as N — oc.
R \k=0 k=0

This is true because

/RZ la® cos(2mb™t)p(t)|dt < /RZ a¥|o(t)|dt

> Zw(mdt

k=N+1 -

aN—i—l [es)
= 3 / lp(t)|dt — 0 as N — oo.
—a

IN

— o0

Solution of 3.68: Since Z]kvzo — > e, in &', also the Fourier transforms converge

in &, so to find ¢ it is enough to find the transform of Z]kV:O a cos(2mb*t) and

to let N — oo. This transform is

1
00 + 5la(G +0p) + a*(0pe + 02) + -+ ™ (O + Gpv)]-

Thus,

A 1
02504—5;& (5_bn—|—5bn),

where the sum converges in &', and the support of this is {0, b, &-b% b3, .. .},

which is also the spectrum of o.

Example 3.70. Let f be periodic with period 1, and suppose that f € L*(T),
ie., f01|f(t)|dt < 00. Find the Fourier transform and the spectrum of f.

Solution: (Outline) The inversion formula for the periodic transform says that

f= 2 fmem.

n=—oo
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Working as on page 86 (but a little bit harder) we find that the sum converges

in &, so we are allowed to take transforms:

f= Z f(n)s,  (converges still in ).

n=—oo

Thus, the spectrum of f is {n € N : f(n) # 0}. Compare this to the theory of

Fourier series.

General Conclusion 3.71. The distribution Fourier transform contains all the

other Fourier transforms in this course. A “universal transform”.

3.12 Singular differential equations

Definition 3.72. A linear differential equation of the type

Zaku(k) =f (3.6)

k=0

is regular if it has ezactly one solution u € S’ for every f € §'. Otherwise it is

singular.

Thus: Singular means: For some f € &' it has either no solution or more than

one solution.

Example 3.73. The equation v’ = f. Taking f = 0 we get many different so-
lutions, namely u =constant (different constants give different solutions). Thus,

this equation is singular.

Example 3.74. We saw earlier on page 59-63 that if we work with L2-functions

instead of distributions, then the equation
"
u +Au=f
is singular iff A > 0. The same result is true for distributions:

Theorem 3.75. The equation (3.6) is reqular

& Z ar(2miw)* £ 0 for all w € R.
k=0
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Before proving this, let us define

Definition 3.76. The function D(w) = >_,_, a*(27wiw)* is called the symbol of
(3.6)

Thus: Singular < the symbol vanishes for some w € R.
PROOF OF THEOREM 3.75. Part 1: Suppose that D(w) # 0 for all w € R.
Transform (3.6):

If D(w) # 0 for all w, then ﬁ € Chy; so we can multiply by %:

. L
usz & u=Kxf

where K is the inverse distribution Fourier transform of ﬁ. Therefore, (3.6)

has exactly one solution u € &’ for every f € §'.
Part 2: Suppose that D(a) = 0 for some a € R. Then

(Db, ) = (ba, Dip) = D(a)ip(a) = 0.

This is true for all ¢ € S, so D), is the zero distribution: D¢, = 0.
& Zak(Qmw)kéa =0.
k=0
Let v be the inverse transform of d,, i.e.,
v(t) = ™" = Zakv(k) = 0.
k=0

Thus, v is one solution of (3.6) with f = 0. Another solution is v = 0. Thus,

(3.6) has at least two different solutions = the equation is singular. [

Definition 3.77. If (3.6) is regular, then we call K =inverse transform of ﬁ

the Green’s function of (3.6). (Not defined for singular problems.)

How many solutions does a singular equation have? Find them alll (Solution
later!)
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Example 3.78. If f € C(R) (and |f(t)] < M (1 +t|*) for some M and k), then

the equation

has at least the solutions

u(x) = /Ox f(z)dz + constant

Does it have more solutions?

Answer: No! Why?

Suppose that v’ = fand v’ = f = u'—v" = 0. Transform this = (27iw)(4—0) =
0.

Let ¢ be a test function which vanishes in some interval [—¢, ¢](< the support

of p isin (—oo, —¢] U [g,00)). Then

v(w) = 2

2miw

is also a test function (it is = 0 in [—¢,¢]), since (2miw)(t — 0) = 0 we get

0 = ((2miw)(t—0),1)

Thus, (4 — 0,¢) = 0 when supp(y) C (—o0, —¢] U [g,00), so by definition,
supp(z—v) C {0}. By theorem 3.63, & — ¢ is a polynomial. The only polynomial

whose derivative is zero is the constant function, so u — v is a constant. [
A more sophisticated version of the same argument proves the following theorem:

Theorem 3.79. Suppose that the equation

i apu® = f (3.7)
k=0

is singular, and suppose that the symbol D(w) has exactly r simple zeros wy,ws, . . ., wy.
If the equation (3.7) has a solution v, then every other solution uw € & of (3.7)
s of the form

r
=1+ 2 bje27rzwjt’
j=1

where the coefficients b; can be chosen arbitrarily.
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Compare this to example 3.78: The symbol of the equation v’ = f is 2mwiw, which

has a simple zero at zero.

Comment 3.80. The equation (3.7) always has a distribution solution, for all
f €S8'. This is proved for the equation v = f in [GW99, p. 277], and this can

be extended to the general case.

Comment 3.81. A zero w; of order v > 2 of D gives rise to terms of the type
P(t)e*™ it where P(t) is a polynomial of degree < r — 1.



Chapter 4

The Fourier Transform of a

Sequence (Discrete Time)

From our earlier results we very quickly get a Fourier transform theory for se-

[e.e]

quences {a, 15 _ .

(e}

We interpret this sequence as the distribution

Z a,0, (0, = Dirac’s delta at the point n)

n=—oo

For example, this converges in &’ if

lan| < M(1+ |n™)  for some M, N

and the Fourier transform is:

[e.e]

n=—oo k=—o00

oo
2 an€—2mwn — § a_ke2mwk:

which also converges in §’. This transform is identical to the inverse transform

discussed in Chapter 1 (periodic function!), except for the fact that we replace i

by —i (or equivalently, replace n by —n). Therefore:

Theorem 4.1. All the results listed in Chapter 1 can be applied to the theory

of Fourier transforms of sequences, provided that we intercharge the Fourier

transform and the inverse Fourier transform.

Notation 4.2. To simplify the notations we write the original sequence as f(n),

n € Z, and denote the Fourier transform as f Then

99

f s periodic

(function or
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distribution, depending on the size of | f(n)| as n — 00), and

flw)= 3 flmpemen

n=—oo

From Chapter 1 we can give e.g., the following results:
Theorem 4.3.

i) felXZ) s fe LT,

i) f e lMZ)= feC(T) (converse false),

feLYT) 4 EC@
g € *(2)

iv) Etc.
We can also define discrete convolutions:
Definition 4.4. (f xg)(n) => = _ f(n—k)g(k).

This is defined whenever the sum converges absolutely. For example, if f(k) # 0

only for finitely many & or if

fet(z),ge€ =), orif
fer(z),g e *(Z), etc.

Lemma 4.5.
i) feltZ),ge P(Z), 1<p<oo, = fxgelP(Z)
i) felZ),g€co(Z) = fxg€coZ).
PROOF. “Same” as in Chapter 1 (replace all integrals by sums).

Theorem 4.6. If f € (*(Z) and g € (*(Z), then

Also true if e.g. f € (*(Z) and g € (*(Z).

PROOF. (!-case: “Same” as proof of Theorem 1.21 (replace integrals by sums).
In the (2-case we first approximate by an ¢!-sequence, use the ¢*-theory, and pass
to the limit.
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Notation 4.7. Especially in the engineering literature, but also in mathematical

literature, one often makes a change of variable: we have

flw) = 30 fmen = 3 pw) ()"

= > flm)

where z = e*™,

Definition 4.8. Engineers define F(z) = > .2 f(n)z™" as the (bilateral)
(=“dubbelsidig”) Z-transformation of f.

Definition 4.9. Most mathematicians define Fi(z) =Y 7 _ f(n)z" instead.

Note: If f(n) =0 for n < 0 we get the onesided (=unilateral) transform

F(z) =Y f(n)z"" (or Y f(n)z").

Note: The Z-transform is reduced to the Fourier transform by a change of vari-
able

z=e""] solwe(0, 1] |z =1

Thus, z takes values on the unit circle. In the case of one-sided sequences we can
also allow |z| > 1 (engineers) or |z| < 1 (mathematicians) and get power series

like those studied in the theory of analytic functions.

‘All Fourier transform results apply‘




Chapter 5
The Discrete Fourier Transform

We have studied four types of Fourier transforms:
i) Periodic functions on R = f defined on Z.
ii) Non-periodic functions on R = f defined on R.
iii) Distributions on R = f defined on R.
iv) Sequences defined on Z = f periodic on R.
The final addition comes now:

v) f a periodic sequence (on Z) = f a periodic sequence.

5.1 Definitions

Definition 5.1. IIy = {all periodic sequences F(m) with period N, i.e., F'(m+
N) = F(m)}.

Note: These are in principle defined for all n € Z, but the periodicity means
that it is enough to know F(0), F/(1),..., F(N — 1) to know the whole sequence

(or any other set of N consecutive (= pa varandra foljande) values).

Definition 5.2. The Fourier transform of a sequence F' € Ily is given by

~ 1 i _ 2mimk
F(m):N e~ F(k), meZ.
0

B
Il

102
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Warning 5.3. Some people replace the constant % in front of the sum by \/—% or

omit it completely. (This affects the inversion formula.)

Lemma 5.4. [ is periodic with the same period N as F.

PROOF.
F(m _I_ N) _ N Z 27rL(m+N)k (k:)
one period
1 _2 k 27rnnk
- 1Y e
N one period :1
= F(m). O

Thus, |F € Iy = F € [y|.

Theorem 5.5. F can be reconstructed from F by the inversion formula

N-1
2mimk A~

F(k) =S 5 F(m).

Note: No % in front here.

Note: Matlab puts the % in front of the inversion formula instead!

PRrROOF.
2 | ~m oy = 2 _1Fl N Fk
;efv NZZ:Q N ()—Nl:0 (1) ;}e N = F(k)
=0
N, ifl=k
o, ifl£k

N .
We know that (e%> =1, so e’™ is the N:th root of 1:

We add N numbers, whose absolute value is one, and who point symmetrically

in all the different directions indicated above. For symmetry reasons, the sum
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2m(k—1
N

must be zero (except when [ = k). (You always jump an angle ) for each

turn, and go k — [ times around before you are done.)

Definition 5.6. The convolution F'x G of two sequences in Il are defined by

(FxG)(m)= > F(m—k)G(k)

one period

(Note: Some indeces get out of the interval [0, N—1]. You must use the periodicity
of F' and G to get the corresponding values of F(m — k)G(k).).

Definition 5.7. The (ordinary) product F' - G is defined by
(F'-G)(m) = F(m)G(m), m € Z.

Theorem 5.8. (F/’\G) = F G and (F/’:k\G) = NF -G (note the extra factor
N).

PrOOF. Easy. (Homework?)
Definition 5.9. (RF)(n) = F'(—n) (reflection operator).
As before: The inverse transform = the ususal transform plus reflection:

Theorem 5.10. F' = N(Ef’) (note the extra factor N), where ~ = Fourier

transform and ~= Inverse Fourier transform.

PrOOF. Easy. We could have avoided the factor N by a different scaling (but

then it shows up in other places instead).

5.2 FFT=the Fast Fourier Transform

Question 5.11. How many flops do we need to compute the Fourier transform
OfF celly?

FLOP=FLoating Point Operation={multiplication or addition or combination
of both}.

1 Megaflop = 1 million flops/second (10°)
1 Gigaflop = 1 billion flops/second (10?)

(Used as speed measures of computers.)
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Task 5.12. Compute F(m) = % ffV:_Ol e~ "N F(k) with the minimum amount

of flops (=quickly).

Nk
Good Idea 5.13. Compute the coefficients (e_QT) = w" only once, and store

2mimk
N — WF we have e” N = W™ = w" where r =

them in a table. Since w
remainder when we divide mk by N. Thus, only N numbers need to be stored.
Thus: We can ignore the number of flops needed to compute the coefficients

27rnnk:

(done in advance).

Trivial Solution 5.14. If we count multiplication and addition separetely, then
we need to compute N coefficients (asm =0,1,..., N — 1), and each coefficient

requires N muliplications and N — 1 additions. This totals

N(2N — 1) = 2N?* — N = |2N? flops|

This is too much.

Brilliant Idea 5.15. Regroup (=omgruppera) the terms, using the symmetry.
Start by doing even coefficients and odd coefficients separetely:

Suppose for simplicity that N is even. Then, for even m, (put N = 2n)

N—
A 1
Fiem) = + Z Wk B (k
=0
1 n—1 2n—1
- N[ WEE(R) + Y w2mkF(k)]
k=0 k=n
Replace k by k+n
_ % [ w2mkF ‘l‘ w2m(k+n)F(k + n)
k=0

1
o _ 2mimk 1

e /2) 3 [F(k)+ F(k+n)].

2
N 4

This is a new discrete time periodic Fourier transform of the sequence G(k) =

2

N
L[F(k) + F(n + k)] with | period n = 5 |

A similar computation (see Gripenberg) shows that the odd coefficients can be

computed from

F2m—|—1

2>|P—‘

n—1

27'r7,mk
=22
k=0
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where H(k) = %e‘% [F(k) — F(k+n)]. Thus, instead of one transform of order
N we get two transforms of order n = %

Number of flops: Computing the new transforms by brute force (as in 5.1 on

page 105) we need the following flops:

Even: n(2n—1) = NTZ — & +n additions = NTZ flops.
Odd: The numbers e~ w = e "N

are found in the table already computed.

We essentially again need the same amount, namely NTQ + % (n extra multiplica-
tions).

Total: N72+N72+% = N2+ =~ N?. Thus, this approximately halfed the number
of needed flops.

Repeat 5.16. Divide the new smaller transforms into two halfs, and again, and
again. This is possible if N = 2% for some integer k, e.g., N = 1024 = 219,

Final conclusion: After some smaller adjustments we get down to

3
52”“1{: flops.
Here N = 2% so k = log, N, and we get

Theorem 5.17. The Fast Fourier Transform with radius 2 outlined above needs

approzimately %NlogQ N flops.

This is much smaller than 2N? — N for large N. For example N = 20 = 1024
gives 5
§N10g2 N =~ 15000 < 2000000 = 2N? — N.

Definition 5.18. Fast Fourier transform with

radius 2 :  split into 2 parts at each step N = 2F
radius 3 :  split into 3 parts at each step N = 3*

radius m : split into m parts at each step N = m”

Note: Based on symmetries. “The same” computations repeat themselves, so by
combining them in a clever way we can do it quicker.

Note: The FFT is so fast that it caused a minor revolution to many branches of
numerical analysis. It made it possible to compute Fourier transforms in practice.

Rest of this chapter: How to use the FFT to compute the other transforms dis-

cussed earlier.
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5.3 Computation of the Fourier Coefficients of

a Periodic Function

Problem 5.19. Let f € C(T). Compute

1
fiy = [ e sya
0
as efficiently as possible.

Solution: Turn f into a periodic sequence and use FFT!

Conversion 5.20. Choose some N € Z, and put

F(m) = f(5). meZ

(equidistant “sampling”). The periodicity of f makes F periodic with period N.
Thus, F' € 1ly.

Theorem 5.21 (Error estimte). If f € C(T) and f € (1(Z) (i.e., S| f(k)| < o),
then

F(m) = f(m) = > f(m +kN).

k0
PROOF. By the inversion formula, for all ¢,
- )
JEZ

Put t, = =

zl=

Flte) = F(k) =Y % f())

JEZ

(this series converges uniformly by Lemma 1.14). By the definition of F:

. 1 = st
F(m) = —Z

2

27rz(J m)k
XF

%,_/
_ N, if % = integer
0, if % # integer

I
=
dﬁ

= Z f(m + NI).
ez
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Take away the term f(m) (I = 0) to get

F(m) = f(m)+Y_ f(m+ NI).

140

Note: If N is “large” and if f(m) — 0 “quickly” as m — oo, then the error

Zf(m+Nl) ~ 0.
10

First Method 5.22. Put
i) f(m)

i) f(m) = 1F(m) if Im| =& (N even)

E(m) if lm| < §

Q

iii) f(m) =0 if jm| > ¥.

Here ii) is not important. We could use f(%) =0 or f(%) = F(m) instead.

Here
N_

—_

1
N
Notation 5.23. Let us denote (note the extra star)
D ow= ), a
|k|<N/2 |k|<N/2
= the usual sum of ay if N odd (then we have exactly N terms), and
a sum where the first and last terms have been

Z*: divided by two (these are the same if the sequence
ap =

|<N/2 s periodic with period N, there is “one term too

many” in this case).

First Method 5.24 (Error). The first method gives the error:

i) Im| < & gives the error
|f(m) = F(m)| <> |f(m+ kN))|

k0

it) |m| = I gives the error
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iii) |m| > & gives the error | (m)].

we can simplify this into the following crude (="grov”) estimate:

*

sup|f(m) = F(m)| < Y |f(m)| (5.1)

mel m|>Ny/2

(because this sum is > the actual error).
First Method 5.25 (Drawbacks).
1° Large error.
2° Inaccurate error estimate (5.1).
3° The error estimate based on f and not on f.
We need a better method.
Second Method 5.26 (General Principle).
1° Evaluate t at the points t;, = £ (as before), F(k) = f(tx)

2° Use the sequence F to construct a new function P € C(T) which “approx-

imates” f.
3° Compute the Fourier coefficients of P.
4° Approzimate f(n) by P(n).

For this to succeed we must choose P in a smart way. The final result will be

quite simple, but for later use we shall derive P from some “basic principles”.

Choice of P 5.27. Clearly P depends on F. To simplify the computations we
require P to satisfy (write P = P(F))

A) P is linear: P(AF 4+ puG) = AP(F) + pP(G)

B) P is translation invariant: If we translate F', then P(F') is translated by

the same amount: If we denote

(;F)(m) = F(m—j), then
P(n;F) = mynP(F)

(j discrete steps <= a time difference of j/N ).
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This leads to simple computations: We want to compute P(m) (which we use as

approximations of f(m)) Define a d-sequence:

1, f =0,+N,+2N, ...
D(n):{ Y ormn ) ) Y

0, otherwise.

Then
O
1, fn=k+JN, jEZ
(reD)(n) = .
0, otherwise,
SO
F(k), n=k+jN
F@nDm =4 - |
0, otherwise.
and so

=2

-1

F F(k‘)TkD

I
ifng

Therefore, the principles A) and B) give
N-1
P(F) = F(k)P(mxD)
k=0
N—1

= F(k)y/nP(D),

=0

ol

Where P(D) is the approximation of D = “unit pulse at time zero” D.
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We denote this function by p. Let us transform P(F'):

(P(F)(m) = / S F(k) (o) (s)e 2 omds
k=0
N+1 1 ' k
- ZF(k)/ e 2T - y)ds (5= 5 =1)
k=0 0
N+1 .
= Y oFw [, e
k=0 period
N+1 -
= ) F(k)em ~" / 2Ty (1) dt
o Sl )
p(m)
N+1 -
= p(m)>_ F(k)e ¥
k=0 P
:N‘ff:(m)
= Np(m)EF(m).

We can get rid of the factor NV by replacing p by Np. This is our approximation

of the “pulse of size N at zero”

{N, n=0+;jN

0, otherwise.

Second Method 5.28. Construct F' as in the First Method, and compute F.
Then the approzimation of f(m) is

f(m) ~ F(m)p(m),

where p is the Fourier transform of the function that we get when we apply our

approximation procedure to the sequence

N, n=0(+jN)

0, otherwise.

ND(n) = {

Note: The complicated proof of this simple method will pay off in a second!

Approximation Method 5.29. Use any type of translation-invariant inter-
polation method, for example splines. The simplest possible method is linear

interpolation: If we interpolate the pulse ND in this way we get Thus,
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N points

N1 —NJt), [t <5
pt) = Lo
0, v S <1

z|=

(periodic extension)

This is a periodic version of the kernel. A direct computation gives

. _ (sin(mm/N) 2
We get the following interesting theorem:

Theorem 5.30. If we first discretize f, i.e. we replace f by the sequence F (k) =
f(k/N), the compute F(m), and finally multiply F(m) by
. (sin(mm/N) 2

then we get the Fourier coefficients for the function which we get from f by linear

interpolation at the points t;, = k/N.

(This corresponds to the computation of the Fourier integral fol e~ 2mmt £(1)dt by
using the trapetsoidal rule. Other integration methods have similar interpreta-

tions.)
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5.4 Trigonometric Interpolation

Problem 5.31. Construct a good method to approrimate a periodic function

f € C(T) by a trigonometric polynomial

N

2 am€27r2mt

m=—N

(a finite sum, resembles inverse Fourier transformation).

Useful for numerical computation etc.

Note: The earlier “Second Method” gave us a linear interpolation, not trigono-
metric approximation.

Note: This trigonometric polynomial has only finitely many Fourier coefficients
# 0 (namely a,,, |m| < N).

Actually, the “First Method” gave us a trigonometric polynomial. There we had

A

ji(m) ~ gm) for |m| < %,
f(m) =~ %F(m) for |m| = %,
f(m)=0 for |m| > &.

By inverting this sequence we get a trigonometric approximation of f: f(t) =

g(t), where

gty =Y F(m)e*™™. (5.2)

Im|<N/2

We have two different errors:

2mikm

i) f(m) is replaced by F(m) = + S (£)e '~
ii) The inverse series was truncated to N terms.
Strange fact: These two errors (partially) cancel each other.

Theorem 5.32. The function g defined in (5.2) satisfies

i.e., g interpolates f at the points ty (which were used to construct first F' and
then g).
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PROOF. We defined F(k) = f(£), and

*

Fim)= > F(ke 3"

k|<N/2

By the inversion formula on page 103,

k - 2‘"’Lmk . . .
g(ﬁ) = Z F(m)e™ ~ (use periodicity)

Error estimate: How large is | f(t) — g(t)| between the mesh points ¢, = £ (where

the error is zero)? We get an estimate from the computation in the last section.
Suppose that f € (*(Z) and f € C(T) so that the inversion formula holds for all
t (see Theorem 1.37). Then

Z f 27r2mt and

meZ
g(t) = Z F(m)e*™™*  (Theorem 5.21)
Im|<N/2
= Y | fm) 4> fm+EN)| ™
[m|<N/2 k0
= f(t) - Fm)e™™ 4+ 3" N " fm 4 kN>
jm|>N/2 [m|<N/2 k£0
Thus
gt —f@ < D 1fm)]+ Z Y |f(m+ kM) =2 Z |f(m
Im|>N/2 Im|<N/2 k0 m|>N/2

=>lys w2l O
(take | = m + kN, every |l| > % appears one time, no |l| < % appears, and
I| = & two times).

This leads to the following theorem:
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Theorem 5.33. If °°___|f(m)| < oo, then

m=—0oQ

g(t) = @B <2 > |f(m),

Im|>N/2

where R
g(t) = ZTm|§N/2 F(m)627”mt7 and

_ 2mimk

F(m) = %ZTmENﬂe Tf(%)

This is nice if f(m) — 0 rapidly as m — oo. Better accuracy by increasing N .

5.5 Generating Functions

Definition 5.34. The generating function of the sequence J,(z) is the func-
tion

flw,2) = ()",

where the sum over n € Z or over n € Z,, depending on for which values of n

the functions J,(z) are defined.

Note: We did this in the course on special functions. FE.g., if J, = Bessel’s

function of order n, then
flx,2) = 212,

Note: For a fixed value of x, this is the “mathematician’s version” of the Z-
transform described on page 101.

Make a change of variable:

2 — e2m’t - f(l’, 62m’t) _ Zjn(x)(e27rit)n

neL

= Z Jn(x>e2mnt7

neL

Comparing this to the inversion formula in Chapter 1 we get

Theorem 5.35. For a fixed x, the n:th Fourier coefficient of the function t —
f(z,e*™) is equal to J,(x).

Thus, we can compute J,(z) by the method descibed in Section 5.3 to compute

the coefficients a,, = J,(z) (x = fixed, n varies):
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1) Discretize F(k) = f(z,e ~ )
2) F(m) =% Siyenpe ~ F(k)
3) F(m) — Ju(z) = > ko Gm+kN, (Theorem 5.21)

where a1y = v ().

5.6 Omne-Sided Sequences

So far we have been talking about periodic sequences (in Iy ). Instead one often

wants to discuss
A) Finite sequences A(0), A(1),...,A(N —1) or

B) One-sided sequences A(n),n € Z, ={0,1,2...}

Note: 5.36. A finite sequence is a special csse of a one-sided sequence: put
A(n) =0 forn > N.

Note: 5.37. A one-sided sequence is a special case of a two-sided sequence: put
A(n) =0 forn <0.

Problem: These extended sequences are not periodic. = We cannot use the Fast

Fourier Transform directly.
Notation 5.38. CZ+ = {all complex valued sequences A(n),n € Z,}

Definition 5.39. The convolution of two sequences A, B € C%+ is

(AxB)(m)=>_ A(m—k)B(k), m € Z,
k=0
Note: The summation boundaries are the natural ones if we think that A(k) =
B(k) =0 for k < 0.

Notation 5.40.

Ak), 0<k<n
A|n(k) = { 0 >

Thus, this restricts the sequence A(k) to the n first terms.
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Lemma 5.41. (A * B), = (Ajn * Bp)pn
PROOF. Easy.
Notation 5.42. A =0, means that A(k) =0 for0 <k <n—1, ie., A, =0.
Lemma 5.43. I[f A=0, and B =0,,, then A% B = 0,,11,.
PrROOF. Easy.
Computation of A * B 5.44 (One-sided convolution).
1) Choose a number N > 2n (often a power of 2).

2) Define

Ak), 0<k<
Py = { AR 0sh=<n
0, n<k<N,

and extend F' to be periodic, period N .

3) Define

periodic extension: G(k+ N) = G(k).

Then, for allm, 0 < m <n,

(}p;‘* G)(:?? = kZ:O F(m — k)G(k)
= Y F(m—k)G(k)
k=0
- ; A(m —k)G(k) = (A% B)(m)

one-sided convolution

Note: Important that N > 2n.
Thus, this way we have computed the n first coefficients of (A * B).

Theorem 5.45. The method described below allows us to compute (A x B)),
(=the first n coefficients of A x B) with a number of FLOP:s which is

C - nlogyn, where C is a constant.

Method: 1)-3) same as above
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4) Use FFT to compute

F-G(=NF+G)).

5) Use the inverse FFT to compute

P

Then (A B)j, = (F * G)p.

Note: A “naive” computation of A % By, requires C - n*> FLOPs, where C) is
another constant.

Note: Use “naive” method if n small. Use “FFT-inverse FFT” if n is large.
Note: The rest of this chapter applies one-sided convolutions to different situa-
tions. In all cases the method described in Theorem 5.45 can be used to compute

these.

5.7 The Polynomial Interpretation of a Finite

Sequence

Problem 5.46. Compute the product of two polynomials:

p(x) = Zakxk q(z) = Zblxl.
k=0 1=0

Solution: Define a;, = 0 for k£ > 0 and b, = 0 for [ > m. Then

pla)g(z) = (Zx> <Zw>

-

Vo
sums are actually finite

= > ™ (k+l=j k=j-1)
k.l

7 m+n
_ E j§ — E J
= T CLj_lbl = G,
7 =0 7=0

where ¢; = ) /_,a;j_;b;. This gives

Theorem 5.47.
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i) Multiplication of two polynomials corresponds to a convolution of their
coefficients: If

) = at, q@) =3 bha
k=0 =0

then p(x)q(x) = Y70" ¢;a?, where ¢ = a * b.

it) Addition of two polynomials corresponds to addition of the coefficients:
p(x) +q(z) = chxj, where ¢; = a; + b;.

ii1) Multiplication of a polynomial by a complex constant corresponds to mul-

tiplication of the coefficients by the same constant.

Operation Polynomial Coeflicients
Addition p(x) +q(z) | {ar + bk}?jg{m’"}
Multiplication by Ap(z) {ar}i_,
reC

Multiplication p(z)q(x) (a*b)(k)

Thus there is a one-to-one correspondence between
polynomials <= finite sequences,

where the operations correspond as described above. This is used in all symbolic
computer computations of polynomials.

Note: Two different conventions are in common use:

A) first coefficient is ag (= lowest order),

B) first coefficient is a,, (= highest order).

5.8 Formal Power Series and Analytic Functions

Next we extend “polynomials” so that they may contain infinitely many terms.

Definition 5.48. A Formal Power Series (FPS) is a sum of the type
> A(k)a*
k=0

which need not converge for any x # 0. (If it does converge, then it defines an

analytic function in the region of convergence.)
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Example 5.49. Y2 z—lf converges for all x (and the sum is e”).
Example 5.50. Y 7 2" converges for |z] < 1 (and the sum is ).

Example 5.51. Y 7~ klz* converges for no x # 0.

All of these are formal power series (and the first two are “ordinary” power

series).
Calculus with FPS 5.52. We borrow the calculus rules from the polynomials:

i) We add two FPS:s by adding the coefficients:

iA(k:)xk + iB(k:)xk

= [A(k) + B(k)]2".
k=0
it) We multiply a FPS by a constant A\ by multiplying each coefficients by A:

MY D AR)E = T NA(R)]a*.

k=0 k=0

iii) We multiply two FPS:s with each other by taking the convolution of the

coefficients:
> AR | B(k)at| =Y C(k)at,
k=0 k=0 k=0

where C = A B.
Notation 5.53. We denote A(z) = Y50, A(k)z".

Conclusion 5.54. There is a one-to-one correspondence between all Formal
Power Series and all one-sided sequences (bounded or not). We denoted these by

C%+ on page 116.

Comment 5.55. In the sequence (="fortsdttningen”) we operate with FPS:s.
These power series often converge, and then they define analytic functions, but

this fact is not used anywhere in the proofs.
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5.9 Inversion of (Formal) Power Series

Problem 5.56. Given a (formal) power series A(x) = S A(k)a*, find the in-

verse formal power series B(x) = 3" B(k)z".

Thus, we want to find B(z) so that

A(z)B(z) =1, ie.,
> A(k)2*| | B(D)a!

Notation 5.57. §p = {1,0,0,...} = the sequence whose power series is {1 +

=140z +0x%+...

0z + 022 + ...}. This series converges, and the sum is = 1. More generally:

5 = {0,0,0,...,0,1,0,0,...}
= 0+40z+02+... 402" + 1z + 02" + 02" + ..

Power Series | Sequence

5k ZL’k

SOLUTION. We know that AxB = &, or equivalently, A(x)B(z) = 1. Explicitly,

A(z)B(z) = A(0)B(0) (times z°) (5.3)
+[A(0)B(1) + A(1)B(0)]z (5.4)
+[A(0)B(2) + A(1)B(1) + A(2)B(0)]«? (5.5)
T (5.6)
From this we can solve:
i) A(0)B(0) =1 = A(0) # 0 and B(0) = ;.

i) A(0)B(1) + A(1)B(0) =0 = B(1) = —235C (always possible)

i) A(0)B(2) + A(1)B(1) + A(2)B(0) = 1 = B(2) = —45;[A1)B(1) +

A(2)B(0)], etc.
we get a theorem:

Theorem 5.58. The FPS A(x) can be inverted if and only if A(0) # 0. The

1

inverse series [A(x)]™" is obtained recursively by the procedure described above.
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Recursive means:
i) Solve B(0)
ii) Solve B(1) using B(0)
iii) Solve B(2) using B(1) and B(0)
iv) Solve B(3) using B(2), B(1) and B(0), etc.

This is Hard Work. For example

_ 3 b
Sln(flf) = l'—g‘l—y—
2 7t
COS(Z') = 1_5_‘_?_
i 1
tan(z) = sin(z) = sin(z) =777
cos(z) cos(z)

convolution

Hard Work means: Number of FLOPS is a constant times N2. Better method:
Use FFT.

Theorem 5.59. Let A(0) # 0. and let B(z) be the inverse of A(x). Then, for
every k > 1,
B‘gk = <B|k * (250 — A% B\k))pk (57)

PROOF. See Gripenberg.

Usage: First compute B); = {ﬁ,0,0,0, ..

Then By, = {B(0),5(1),0,0,0,...} (use (5.7))

Then Bjy = {B(0), B(1), B(2), B(3),0,,0,0,...}

Then Bjs = {8 terms # 0} etc.

Use the method on page 117 for the convolutions. (Useful only if you need lots

of coefficients).

5.10 Multidimensional FFT

Especially in image processing we also need the discrete Fourier transform in
several dimensions. Let d = {1,2,3,...} be the “space dimension”. Put 114, = {

sequences x(kq, ko, ..., kq) which are N-periodic in each variable separately}.
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Definition 5.60. The d-dimensional Fourier transform is obtained by transform-
ing d successive (="efter varandra”) “ordinary” Fourier transformations, one for

each variable.

Lemma 5.61. The d-dimensional Fourier transform is given by

1 —2mi(kymy+kgmo+...+kgmg)
x(ml,mQ,...,md):— e N l’(lﬁ,]{?g,...,]{}d).
Nd

kv ko kg

PROOF. Easy.

All 1-dimensional results generalize easy to the d-dimensional case.

Notation 5.62. We call k = (k1, k2, ..., kq) and m = (mq,mq, ..., my) multi-

indeces (=pluralis av “multi-index”), and put
]_f'm: k‘lm1+k2m2—l—...+kdmd
(=the “inner product” of k and m).

Lemma 5.63.

Definition 5.64.

(F-G)(m) = F(m)G(m)
(F'*G)(m) = F(m — k)G(k),

=™

where all the components of m and k run over one period.
Theorem 5.65.

(F-GY = FxG,

(F+«Gy = NIF.G.
PRrROOF. Follows from Theorem 5.8.

In practice: Either use one multi-dimensional, or use d one-dimensional trans-

forms (not much difference, multi-dimensional a little faster).



Chapter 6

The Laplace Transform

6.1 General Remarks

Example 6.1. We send in a “signal” u into an “amplifier”, and get an “output

Under quite general assumptions it can be shown that

y(t) = (I u)(t) = / K(t — s)u(s)ds,

i.e., the output is the convolution (="faltningen”) of u with the “inpulse re-

signal” y:

sponse” K.

Terminology 6.2. “Impulse response” (=pulssvar) since y = K if u = a delta

distribution.

Causality 6.3. The upper bound in the integral is t, i.e., (K xu)(t) depends only

on past values of u, and not on future values. This is called causality.

If, in addition u(t) = 0 for ¢ < 0, then y(t) = 0 for ¢ < 0, and

t
)= [ K= syuls)is
0
which is a one-sided convolution.

Classification 6.4. Approzimately: The Laplace-transform is the Fourier trans-
form applied to one-sided signals (defined on R™ ). In addition there is a change

of variable which rotate the complax plane.

124
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6.2 The Standard Laplace Transform

Definition 6.5. Suppose that [;* e~ f(¢)|dt < oo for some o € R. Then we
define the Laplace transform f(s) of f by

f(s) = /000 et f(t)dt, R(s) > o.

Lemma 6.6. The integral above converges absolutely for all s € C with R(s) > o
(i.e., f(s) is well-defined for such s).

Proor. Write s = a +i3. Then

™) = lem e f ()]
= e ()]
< e 7[f{)l, so

/Oo|e‘“f(t)ldt < /ooe_”t|f(t)|dt<oo. O
0

0

Theorem 6.7. f(s) is analytic in the open half-plane Re(s) > o, i.e., f(s) has

a complex derivative with respect to s.
PROOF. (Outline)

f(Z) B f(S) /OOO e — e_Stf(t)dt

zZ— S z— S

00 e—(z—s)t -1
= / —————e ' f(t)dt (put z—s=h)
0

Z— S

001 —ht —st
_ /0 e = 1) e f(t)ds

————

——t as h—0

As Re(s) > o we find that [ [te™ f(t)|d < oo and a “short” computation (about
% page) shows that the Lebesgue dominated convergence theorem can be applied
(show that |4(e™ —1)] < const. - t - €*, where @ = $[o + R(s)] (this is true
for some small enough k), and then show that [ te®|e™* f(t)|dt < o). Thus,

d%f(s) exists, and

Ef(s) =— /000 e Sttf(t)dt, R(s)>o

Corollary 6.8. %f(s) is the Laplace transform of g(t) = —tf(t), and this

Laplace transform converges (at least) in the half-plane Re(s) > o.
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Theorem 6.9. f(s) is bounded in the half-plane R(s) > o

PROOF. (cf. proof of Lemma 6.6)

) = | /Owe‘“f(t)dtlé /Ooole‘“f(tﬂdt

— /ooe—(m)t\f(t)\dtg/Ooe—”t\f(t)\dt<oo.
0

0

Definition 6.10. A bounded analytic function on the half-plane Re(s) > o

is called a H>-function (over this half-plane).

Theorem 6.11. If f is absolutely continuous and [;° e "|g(t)|dt < oo (i.e.,
f(t) )+ fo s)ds, where [ e |g(t)|dt < c0), then

(f)(s) = sf(s) — f(0), R(s)>o.

PROOF. Integration by parts (a la Lebesgue) gives

lim ' et f(t)dt = lim ([e_Stf(t)]g + % /OO 6_8tf'(t)dt)
0

T—o0 0 T—o0 —S
A - -

= HO)+s), o

(f)(s) = sf(s)—f(0). O
6.3 The Connection with the Fourier Transform
Let Re(s) > o, and make a change of variable:

/OO e S f(t)dt  (t = 2mv;dt = 2ndv)

e_%svf 2mv)2mdv (s = o+ iw)

o)

—27rzwv _27rcwf(27TU)27TdU (put f(t) =0fort< 0)

8

—2mwt

Il
\o\o\

8

where

(6.1)

o) = { 2re 2t f(21t) >0

0 , t<0.
Thus, we got
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Theorem 6.12. On the line Re(s) = « (which is a line parallell with the imagi-
nary azis —oo < w < 00) f(s) coincides (=sammanfaller med) with the Fourier

transform of the function g defined in (6.1).

Thus, modulo a change of variable, the Laplace transform is the Fourier transform
of a function vanishing for ¢ < 0. From Theorem 6.12 and the theory about
Fourier transforms of functions in L'(R) and L?(R) we can derive a number of

results. For example:

Theorem 6.13. (Compare to Theorem 2.3, page 36) If f € L*(RT) (i.e., [~ |f(t)]dt <
00 ), then
lim |f(s)] =0

|s|—o0

R(s)>0

(where s — oo in the half plane Re(s) > 0 in an arbitrary manner)

Im
A

. Re

Combining Theorem 6.12 with one of the theorems about the inversion of the

Fourier integral we get formulas of the type

1 o0
2m J_

emlf(t), t>0,

2t f(o + iw)dw =
A ) 0, t <O0.

This is often written as a complex line integral: We integrate along the line
Re(s) = «, and replace 2rt — t and multiply the formulas by €2 to get
(s =a+iw, ds =idw)

1 a+ico

_ st
ft) = i) e f(s)ds (6.2)
1 [ . B
_ (atiw)t C N
5 e fla+iw)idw

wW=—00
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Warning 6.14. This integral seldom converges absolutely. If it does converge
absolutely, then (See Theorem 2.3 with the Fourier theorem replaced by the in-

verse Fourier theorem) the function

2re 2 f(t), t >0,
g(t) =
0, t<0

must be continuous. In other words:

Lemma 6.15. If the integral (6.2) converges absolutely, then f must be contin-
uous and satisfy f(0) = 0.

Therefore, the inversion theorems given in Theorem 2.30 and Theorem 2.31 are

much more useful. They give (under the assumptions given there)

Lpr) + ft-) = dim = / T et Fs)ds

2 T—o0 271"& —iT
(and we interpret f(¢t) = 0 for ¢ < 0). By Theorem 6.11, if f is absolutely
continuous and f’ € L*(R"), then (use also Theorem 6.13)

fs)= g[(f’)(S) + /0],
where (f/)(s) — 0 as |s] — oo, R(s) > 0. Thus, for large values of w, f(a+iw) ~
10

126) (over the half plane) another much used space (especially in Control theory)
is H.

so the convergence is slow in general. Apart from the space H™ (see page

Theorem 6.16. If f € L*(R"), then the Laplace transform f of f is analytic in
the half-plane R(s) > 0, and it satisfy, in addition
sup/ |f o+ iw)|?dw < oo,

a>0 J —oo
i.e., there i1s a constant M so that
/Oo|f(oz+iw)\2dw <M (foralla>0).
PROOF. By Theorem 6.12 and the L-theory for Fourier integrals (see Section
2.3),
/ "o+ iw)Pdw = / " ore et famt)Pdt (2t = v)

0o 0

_ zﬂ/o o= £ (u)|2d

< on / F(0)Pdo = 27| fll 20y O
0
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Converesly:

Theorem 6.17. If ¢ is analytic in R(s) > 0, and ¢ satisfies

sup/ lo(a + iw)|*dw < oo, (6.3)

a>0 —00

then ¢ is the Laplace transform of a function f € L*(RT).
PRrOOF. Not too difficult (but rather long).

Definition 6.18. An H2-function over the half-plane %(s) > 0 is a function ¢
which is analytic and satisfies (6.3).

6.4 The Laplace Transform of a Distribution

Let f € & (tempered distribution), and suppose that the support of f is con-
tained in [0,00) = R (i.e., f vanishes on (—00,0)). Then we can define the

Laplace transform of f in two ways:

i) Make a change of variables as on page 126 and use the Fourier transform

theory.

ii) Define f(s) as f applied to the “test function” e~ ¢ > 0. (Warning: this

is not a test function!)

Both methods lead to the same result, but the second method is actually simpler.
If R(s) > 0, then ¢ — e* behaves like a test function on [0,00) but not on
(—00,0). However, f is supported on [0,00), so it does not matter how e~
behaves for ¢ < 0. More precisely, we take an arbitrary “cut off” function

n € Cp satisfying

nt)=1 fort>—1,
n(t)=0 fort< -2
Then n(t)e " = e~ for t € [—1,00), and since f is supported on [0, 00) we can

replace e~** by n(t)e " to get

Definition 6.19. If f € &’ vanishes on (—o0,0), then we define the Laplace
transform f(s) of f by
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(Compare this to what we did on page 84).

Note: In the same way we can define the Laplace transform of a distribution that
is not necessarily tempered, but which becomes tempered after multiplication by
e 7 for some o > 0. In this case the Laplace transform will be defined in the

half-plane fs > o.

Theorem 6.20. If f vanishes on (—o00,0), then f is analytic on the half-plane
Rs > 0.

PROOF OMITTED.
Note: f need not be bounded. For example, if f = ¢’, then

—_—

(0)(s) = (&',n(t)e™) = —(d,n(t)e”™)
d —s

%6
(which is unbounded). On the other hand

i —
[t=0 = —S5.

0(s) = (0 m(t)e ™) = e o = L.
Theorem 6.21. If f € S8’ vanishes on (—o0,0), then

0 0 - L
w fs) = sfls)

Proor. Easy (homework?)

Warning 6.22. You can apply this distribution transform also to functions, but
remember to put f(t) =0 fort < 0. This automatically leads to a d-term in the
distribution derivative of f: after we define f(t) = 0 for t < 0, the distribution

derivative of f is

£(0)do +  f(t)
—— N2

dervatives of jump at zero  usual derivative

6.5 Discrete Time: Z-transform

This is a short continuation of the theory on page 101.
In discrete time we also run into one-sided convolutions (as we have seen), and
it is possible to compute these by the FFT. From a mathematical point of view

the Z-tranform is often simpler than the Fourier transform.
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Definition 6.23. The Z-transform of a sequence {f(n)}>, is given by
fz) =2 f(m)="",
n=0
for all these z € C for which the series converges absolutely.

Lemma 6.24.

i) There is a number p € [0,00] so that f(z) converges for |z| > p and f(2)
diverges for |z| < p.

i) f is analytic for |z| > p.

PRrOOF. Course on analytic functions.
As we noticed on page 101, the Z-transform can be converted to the discrete

time Fourier transform by a simple change of variable.

6.6 Using Laguerra Functions and FFT to Com-

pute Laplace Transforms

We start by recalling some results from the course in special functions:

Definition 6.25. The Laguerra polynomials £, are given by

and the Laguerra functions /,, are given by

d

0t) = —es (-

1 m
‘ ) (e, m>0.
m!

t

Note that £,,(t) = e"2L,,(t).

Lemma 6.26. The Laguerra polynomials can be computed recusively from the

formula
(m—+1)Lyi1(t) + (t —2m — 1)L, (t) + mLy—1(t) =0,

with starting values L_1 =0 and L, = 1.
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We saw that the sequence {/,,}°°_, is an ortonormal sequence in L*(R"), so that
if we define, for some f € L*(R"),

- /0 YRy

- Z fnlm(t)  (in the L*-sense). (6.4)

then

Taking Laplace transforms in this equation we get

= Z fmgm(5>

m=0

Lemma 6.27.

7,) gm( ) (s—1/2)™

ii) f(s)=3m g fm%, where fo, = [ f(t)n(t)dt.

Proor. Course on special functions.

The same method can be used to compute inverse Laplace transforms, and this
gives a possibility to use FFT to compute the coefficients {f.,}5o_, if we know
f(s). The argument goes as follows.

Suppose for simplicity that f € L'(R), so that f(s) is defined and bounded on
C,. = {s € C|Re s > 0}. We want to expand f(s) into a series of the type

(s —1/2)™
Z.fm +1/2 m+1 (65)
Once we know the cofficients f,,, we can recover f(t) from formula (6.4). To find

the coefficients f,,, we map the right half-plane C, into the unit disk D = {z €
C : |z] < 1}. We define

s—1/2 L1 1
Z = P = —
s+1/2 TR TTY
114z 1 1+2 1
— 1/2 =—(1 =
s=o7, and s+s+1/ 2( +1—z) T 50
1
=1-=z
s+1/2

Lemma 6.28.
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i) R(s) >0 < |z| < 1itemfit)/R(s) =0 <= |z] =1
i) s=1/2 <= 2=0

i) s=00 <= z=1

v) s=0 <<= z=-1

vi) s=—1/2 <= z=00

PROOF. Easy.

Conclusion: The function f (3122) is analytic inside the unit disc D, (and bounded
if f is bounded on C,).

Making the same change of variable as in (6.5) we get

1 ~11+z me

1—=z 1—2
Let us define
1 ~11+z2
= — 1.

Then

oo
=D fnd",
m=0

so g(z) is the “mathematical” version of the Z-transform of the sequence { f,,, }°_,

(in the control theory of the Z-transform we replace 2™ by z=™).
If we know f(s), then we know g(z), and we can use FFT to compute the

coefficients f,,: Make a change of variable: Put ay = €*™/V. Then

— f: fmaN — Z fm627rzmk/N ~ Z fm 2mimk /N
m=0

(if N is large enough). This is the inverse discrete Fourier transform of a periodic
extension of the sequence { f ) Z5- Thus, f,, ~ the discrete transformation of

the sequence {g(ak)}N=' We put

1 ~(11+a§fv

1—ak’21—ak

G(k) = g(ai) = ):

and get f,, ~ G(m), which can be computed with the FFT.
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Error estimate: We know that f,,, = g(m) (see page 115) and that g(m) = 0 for
m < 0. By the error estimate on page 108 we get

‘é(m) - fm‘ = Z|fm+kN‘

k0

(where we put f,, =0 for m < 0).
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