Notes on Fourier Series

Alberto Candel

These notes on Fourier series complement the textbook [7]. Besides the
textbook, other introductions to Fourier series (deeper but still elementary) are
Chapter 8 of Courant-John [5] and Chapter 10 of Mardsen [6].

1 Introduction and terminology

We will be considering functions of a real variable with complex values. If
f :[a,b] = C is such function, then it can be written as

where Rf and Sf are its real and imaginary parts, respectively. We say that f
is integrable on [a, b] if both Rf and Jf are integrable there, in which case

/:f:/abacefﬂ/:sf_

A function or a real variable f is said to be periodic with period P if

flz+ P) = f(x)

holds for all z. Hence, if we know the values of f on an interval of length P, we
know its values everywhere.

If f is a function defined on an interval [a,b), we can extend f to a function
defined for all z which is periodic of period b — a. We simply define f(z) to be
f(z+n(b—a)), where n is the integer such that a <z +n(b—a) <b.

Assume that f is periodic of period P. If f is integrable on an interval of

length P then

P—a P

| =]

—a 0

for arbitrary number a.
In what follows we will usually consider functions of period 27. They will

be usually defined on [0,27] or in [—m,7]. A function f : [0,27] — C will be
called continuous, differentiable, etc., if that is true for its periodic extension.

For instance, f : [0,27] — C is continuous in this sense if f is continuous on
(0, 27), right continuous at 0, left continuous at 27, and f(0) = f(27).



We will denote by
flat) = lim f(x + %)

the right limit of f at z, and by
—) =1 — 2
fla—) = lim f(z —t7)

the left limit at x.

The exponential functions z — e'** (n an integer) play a fundamental
role in the theory of Fourier series. They are periodic of period 27 and have
continuous derivatives of all orders. They have the additional properties of being
group homomorphisms from the additive group of real numbers (R, +) into the
multiplicatiove group of non-zero complex numbers (C, X), and of satisfying the
following orthogonality property:

inx

1 [ 1, ifn=m;

o d”“’{o, if n # m.

2r Jo

Functions of the form
N
§ an 627741)7
n=—N

are usually called trigonometric polynomials. To see them more trigono-
metric you may use the identity

inx

e = cosnx + tsinnz,

which translates into
N a N
a,en® = 30 + Z(A" cosnx + By, sinnz),
n=—N n=1
where A,, = a, + a_, and B,, = i(a, —a_y).

We will usually consider periodic functions of period 27. There is no partic-
ular reason for that. Another popular choice is period 1, and functions defined
on [0, 1]. In this case, the basic functions are z ~— ¢*™"*. For an interval [a, b],
the basic functions are x — e2mina/(b — a).

2 Fourier series

Suppose that f is an integrable function. Then

~ 1 [27 )
f(n) = — ft)e=at

:27T 0

is called the n-th Fourier coefficient of f. The Fourier series of f is

Sf(z) =" f(n)e™.



If N is a positive integer, let Sy f denote the function

SNf Z f 7.nx.

The content of the next proposition is known as Bessel’s inequality.

Proposition 1. If |f|? is integrable, then

N ~ 1 2
;;If(n)\z < E/o | f(t)[2dt.
Proof. We compute
2m o
% 1f(t) = Snf(t)Pdt = % ) (F(t) = Sn F(O))(F{) — Sx f({£))dt
2
- % ; <|f()‘ F)Snf(t) — f(t)SNf(t)+|SNf(t)‘2) gt
Now
1 27 . 1 on N :
2/, fO)Snft)dt = %/ 2}; e di
= 3 £ 1 o —int
= ZNf 27/ () dt
N
= D If
-N
Similarly

1 N 2
> [ FOFmed = Z|f
~ Jo

and a similar calculation shows that

1 2T N R
e, ISHIOF &= 3

also. Thus the original equation reduces to

1 27 1 2m N R
— t) = Snft)*dt = — t)|* dt — 2,
o ANUCEE RIS = AU S
Since the left side is nonnegative, the proposition follows. O



Corollary 1. With the same hypothesis on f, the Fourier coefficients f(n) -0
as |n| — oo.

Proof. The proposition says that the series

Z\f legnooZu

— 00

converges, hence |f(n)\ — 0 as |n| — oc. O

3 Example

Let f(z) = x for —m <z < 7. Its Fourier coeffcients are:

f(()):i/ﬂxdx:()

2w
and, for n # 0,
iy 1 " —inx : :
f(n) = by Te dx (use integration by parts)
i —inxz " 1 /Tr —inx
= —xe + - e dzr
n _.  2min J_,
_1)n
)
n

—_1)" o
The Fourier series Sf(x) = Z (=1) 1e'™* converges for all x, and converges
n
n#0
uniformly on compact subsets of (—m, ), that is, on any closed interval [a, b] C
(—m,m).

The uniform convergence follows from the Dirichlet test:

Proposition 2 (Dirichlet test). Consider a,,b, functions on A C R. Suppose
that:

1. a1(z) > az(x) > ... and a, — 0 uniformly on A;

2. The partial sums |by + ...+ by,| < B are bounded on A.

Then the series Zanbb converges uniformly on A

n

To apply this test to Sf, write



1 _
For the first series, let a,, = — and b, = i(—e*”)". The modulus of the partial

n
1+ ei(n+1)x

sum by + ...+ b, = i———— satisfies
1+e®

1+ei(n+1)m
bi+...4+b,| = | ——————

b1+ ...+ by ‘ T o

2

< —

|1+ e

2

= /2 + 2cos(a)

for —m < —a < x < a < 7. Verification of the Dircihlet test hypothesis for the
second series is similar.

4 Convergence of Fourier series

The N*'' Dirichlet kernel is the function given by
N
Dn(t) = _e™.
—N
This function is even, continuous, and periodic of period 27. Its Fourier coef-
ficnets are Dy (n) = 1, if |n| < N, and 0 otherwise.

Proposition 3. Ift is not an integer multiple of 2w, then

i(N+1)t _ ,—iNt in(N + L)
e e sin
DN(t) = ; = ( [ 2)

it _ in L
e 1 sin 3

Proof. To obtain the first equality, note that e* = 1 if and only if ¢ is an integer
multiple of 27. Hence

(eit _ I)DN(t) — ei(N+1)t _ efiNt.

The second follows by multiplying and dividing the second expression by et/?,

together with 2isinz = ' — e™*%. O
Proposition 4. If f is integrable, then
1 27

Si@)=5- [ Dx(0f( -0



Proof. We have

I
L=
S
)
21"_'
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=
g

A change of variable  — t = s finishes the proof (Dy is even). O

We say that a function f : [0,27] — C satisfies a Lipschitz condition if
there is a positive constant M such that the periodic extension of f satisfies

|f(s) = F(t)] < M|s — 1],

for all real numbers s, t.
In terms of the function f defined in [0, 27], this can be expressed as

[f(s) = F(O)] < Mmin{[s —t,[s —t — 27, |s — ¢ + 2]},

for all s,t € [0,2x]. The ‘min’ is the distance from s to ¢ modulo 27, and so it
is the distance as measured on a circle of length 2.

Proposition 5. If f satisfies a Lipschitz condition, then Sy f — f pointwise
as N — oo.

Proof. We have

Suf@) - f@) = o [ (-0 fa)Dyd
= o [ Ue-0-senpyta
1 (7 sin(N + $)t
= o 7W(f($—t)—f(x))W dt

The last equality follows from the periodicity of the integrated functions.
Hence,

|Sn f(@) — f(z)] < % /_:(f(:c—t)—f(a:))(;?z((:g)) sinNtdt’
+% /_:(f(x—t)—f(x))cosNtdt‘.




Let

for t # 0, and

so that we have

1

Snfa) — f@)] = o

/ h(t) sinNtdt‘ + 2i

. us

/ E(t) cosNtdt’ .

—
The function

n) = 1= tz — /) Shfé 2/ 2eos(t/2)

is continuous at all t # 0 in [—m, 7]. Furthermore,

£/2
= [sn(t/2) ‘ =

T
2

and it extends to a continuous function at ¢ = 0 by giving it the value 1 there.
The Lipschitz condition on f says that

[f(x —t) = f(z)] < MJt|.

Hence the function |h(t)| is continuous and bounded on [—m,0) and on (0,n].
Thus |h|? is integrable on [—7, 7], and we have

S h(t)sin Nt dt = hN) = M=N)
2 J_, 2

The function |k|? is integrable in [0, 27], and we have

1 ™ 1 ™ 6iNt + e—iNt
% . k(t) COSNtdt = % . k(t)f dt
E(N) 4 k(—N)
—
Therefore,

1Svf(z) = flz)] <

IA

5 (R + RN + R + [R(-N))

and note that by the corollary to Bessel’s inequality, the last term converges to
0as N — oo. O



The technique used in the previous proof can also be used to show the
following

Corollary 2. If f is integrable in [0,27] and Lipschitz at xo (for example,
differentiable at xq), then

SN f(wo) — f(w0),

as N — oo.

Proposition 6. If f satisfies a Lipschit condition, then its Fourier series con-
verges absolutely, and therefore uniformly.

Proof. Let gi(x) = f(xz —t) — f(x). The Fourier coefficients of ¢; are

1
T or

~

Gn) / “(Fla—1) = F()e™ da = (e — 1)F(n)

By the Bessel inequality for ¢g; and then by the Lipschitz condition for f:

o0 N 1 2
S Ia@P < 5 [ @) da
T ™ Jo

1 27
<

[f(z—1) = f(x)]* dz

27 Jo

1 2m
<o M
27T 0

_ M2t2
Consequently:

Yolet = 1P f(n)* < M?Jt)”

If 271 < |n| < 2F and t = 2’6%’ then % < In|t < g, and so < 2| — 1],
Hence:
2
S fmP<2 Y e 1PIfm)P < Mgy
2k—1<|n|<2k 2k—1l<|n|<2k

By Cauchy-Schwarz inequality:
1/2

DETOES B DU/ IR

2k—1<|n|<2k 2k—1<|n|<2k

k
V" k=1\1/2 _ r 1/1
< ok+1/2 (27) = b <\/§



Therefore:

k
St <1+ w5 (G5) = ol 2

— 00

as claimed.
O

A function f : [a,b] — C is said to be sectionally continuous on [a, ] if it
is continuous except for a finite number of points xg, z1, -+ , z, where the right
and left limits f(z;+) and f(x;—) both exist.

Riemann-Lebesgue Lemma. If f is integrable on [a,b], then

b

lim f(z)sinaxdz =0,
a—00 a
and
b
lim f(z)cosax dzr = 0.
a—00

a

The proof of this lemma is outlined in Exercise 15-26 of Spivak [7]. An easy
proof can be obtained in case that f and f’ are sectionally continuous functions
in [a, b] by using integration by parts.

Proposition 7. Suppose that f : [0,2n] — C is sectionally continuous, has
a jump discontinuity at wo, and that the left and right derivatives f'(xo+)
and f'(zo—) both exist. Then the Fourier series of f converges to (f(wo+) +

f(zo—))/2 at .

5 Integration of Fourier series

The following is a consequence of the fundamental theorem of calculus.

Proposition 8. If f : [a,b] — C is sectionally continuous, then

:/:f(t)dt

is continuous. Furthermore, F is differentiable at each point of |a,b], except
perhaps at the points of discontinuity of f, where it has right and left derivatives.

Suppose that f : [0,27] — C is sectionally continuous. Then it is integrable
on [0, 27], so that we can compute its Fourier series. Let this be

)=>" f(n)e™.



Let "
nm=%uw—7wm

Then
F(0)=F(2n) =0,

and together with the proposition above it follows that F' satisfies a Lipschitz
condition on [0,27]. Hence the Fourier series of F' converges uniformly to the
function F. To compute it we use integration by parts. If n # 0,

F(n) = —Fn).

Note that you have to justify the validity of the integration by parts because F
may not have continuous derivative on [0, 27].
Hence,

6  Weierstrass approximation theorem

Weierstrass approximation theorem says that a continuous function f defined
on a closed interval [a, b] is the uniform limit of a sequence of polynomials. We
present a proof using the theory of Fourier series that we have developed (see
also Exercise 3.4.6 of Adams-Guillemin [1]).

Note that this statement is independent of the size and position of the closed
interval [a, b], and thus we may assume that [a, b] is contained in the open interval
(0,27). The first step in the proof is to approximate f by a piecewise linear
function with any prescribed degree of accuracy € > 0. This can be done because
f is uniformly continuous (p. 143), that is, given € > 0, there exists a partition
T, %1, , Ty of the interval [a, b] such that | f(z)— f(y)| < £/3 if both z,y are in
one of the subintervals [2;, z;1]. It follows that if [ is the function whose graph
consists of the segments joining the points (x;, f(x;)) with (2,41, f(2i+1)), then

|f(z) = l(x)| <e/3

for each z in [a, b].

The next step is to extend ! to a function on [0,27] so that it becomes
periodic. This is done by adding to the graph of ! the segments from (0,0) to
(0, f(zg)) and from (x,, f(z,)) to (27,0). This extended function, which we
continue to call [, being piecewise linear and continuous, satisfies a Lipschitz
condition. It follows that it may be uniformly approximated by its Fourier
series. That is, there is N such that

1Snl(z) — U(z)] < /3

for all z in [0, 27].

10



Finally, by using that e™® = cosnx + isinnaz, we see that Syl is a finite
linear combination of the functions sinna and cosnz, |n|] < N. Since the
trigonometric functions sinnx and cosnx can be uniformly approximated by
their Taylor polynomials, we can find a polynomial P(z) such that

|P(z) — Snl(x)] <e/3
in [0, 27]. Combining the three inequalities, we have
|P(x) — f(z)] <&

in the smaller interval [a, b].

7 Applications to number theory

The first application concerns the nature of the values of the Riemann zeta
function

1
C(s) = e
n=1
at the even positive integers. It is adapted from Courant-John [5].
The Bernoulli polynomials ¢, (x), 0 < z < 27, are defined recursively by the
following relations:

@O(x) =1,
P () = npn_1(2),
and

/01 on(x)dz =0

for n > 0. That is, knowing ,,_1 we can calculate @,, up to a constant, which is
determined by the last condition. We see by induction that ¢, is a polynomial
of degree n whose coefficients are rational numbers.

For n > 1 we have

on(1) —@n(0) = /0 ¢ () dz = 0.

Therefore, if we denote by 1, (z) the periodic extension of the polynomial ¢,
then the functions 1, are continuous and satisfy a Lipschitz condition.

The function 91 (z) =  — (1/2) is sectionally continuous. Its Fourier coeffi-
cients, as a function on [0, 1], are:

~ 1 1\ o 0, ifn=0
— - TiNT _ -1

Vi) /0 (x 2)6 de L ifn#£0
2min

11



Therefore its Fourier series is

1 -1 TinT
Swl(df) = g Z EEQ .
n#0

The Fourier series for the other functions 1, are obtained by successively inte-
grating this one. We obtain:

_ k! -1 2mine

In particular, if k£ is even,

Y (x) = (=1)1 k/2 ) Z—cos27m:c
and if k is odd,

Yi(z) = (-1 (k+1)/2 Z ik sin 2wna,

These series v, converge uniformly for all x and agree with ¢y in the interval
[0,1]. We also see that ¢ (—x) = (—1)"¢(x),
Let o it
-1/2, iftk=1
b = x(0) = { De(0), ik > 1.

These are rational numbers, and from the Fourier series we see that
b, =0 if kis odd, k # 1,

and 2(k)
_ 1+k2
be = (—1 (/) kznk

It follows that the values of the Riemann zeta function at the even integers
are rational multiples of a power of (27).

Not much is known about the values ((2m + 1). Only recently Apéry [8]
showed that ¢(3) is irrational.

The next application (Exercise 10.5 of Mardsen [6]) is a representation of
the function sin7z as an infinite product that resembles the factorization of a
polynomial. This was already known to Euler, of course by other means.

We consider the function f(z) = cosAz, —7 < & < 7, where A is a non-
integral real number. The function f(—m) = f(m) so it can be extended to a
periodic continuous function. To compute its Fourier series we use the interval

12



[—7,m]. We have

- 1 [ .
fln) = by cos A\re " dx
T
1 " AT —iAxT\ ,—inx
= (e +e " )e dx
T
(=nH™  2x
= 9 NZ 2 i Az

Since the function f satisfies a Lipschitz condition, its Fourier series con-
verges to f(x) at all points. Hence, for —7 < z <,

SINAT n 22X
COS AT = om Z (71) m@ .

n—=—oo

In particular, for x = w we have

sin A
COSTA = ( Z)\2_n2>

Therefore

1 2
mtanm\ — N :;7)\2 2

if A is not an integer. The series on the right converges uniformly for 0 < A <
Ao < 1. The function on the left is integrable because wtanwA — (1/A) — 0 as
A — 0. By integrating,

log (Sm“) Zlog <1 - >

)\2
sinTA = 7w\ H <1 — 2)
n

n=1

for [\| < 1. That is

These product formula is also valid for A = +1, and then for all real A because
the expression on the right defines a periodic function of period 2. This product
formula is interesting because it exhibits directly that the function sin 7w\ van-
ishes at the integer values of A. In this respect it corresponds to the factorization
of a polynomial when its zeros are known.

If we take A = 1/2, we obtain Wallis’ product formula for 7/2:

T 22446688

2 13355779

13



8 The isoperimetric inequality

This application of Fourier series will show that among all simple closed plane

curves of a given perimeter, the circle is the one that encloses the largest area.
By a plane curve we mean a continuous function z : ¢ € [0, 27] — z(t) € C.

It is closed if z(0) = z(27), and it is simple if the function z is one to one on

[0,27). We assume that the curves considered here have continuous derivative.
The length L of the curve z(t), 0 <t < 27 is

2
L:/ |2/ (t)] dt
0

as is described in the Appendix to Chapter 13. We assume that L = 2m, and
that the curve is parametrized by arc-length: |2/(t)| = 1 for all t. The area A
enclosed by the curve z is seen to be

1 2
A=~ )2 (t) dt.
o G
The hypothesis imposed on the function z imply that it can be represented

by its Fourier series:
o0

2(t) = Z(t)e™.

—0o0
By replacing z(t) by z(t) — 2(0) (which is a translation of the plane, so it does
not change the quantities A and L), we may assume that z(0) = 0.
The Fourier coefficients of Z and 2’ are easily computed:

2
Z(n) ! /0 2(t)e ™t dt = Z(—n),

T or
and R
z/(n) = inzZ(n).

Hence

1 2r o o] )

A= 5 i n;w Z(—n)e m;w im Z(m)e™™ dt
= ﬂZn|2(n)|2
n#0

On the other hand, for the length we have (recall the assumption L = 2)

2w
/ dt
0

/0 "0 dr
2772n2|2(n)|2.

n#0

2

14



By comparing term by term we obtain the isoperimetric inequality
0<7—A.

Equality holds if and only if

Z(n2 —n)

n#0

Zn)* =0,

that is, if and only if |2(n)|* = 0 for n = —1, 42,43, ---. In this situation,
2(t) = 2(1)e",
which is a circle of radius |Z(1)].
Proposition 9. If z(t) is a curve of length L enclosing an area A, then
4 A < L2,
with equality if and only if z(t) is a circle.

Proof. The curve w(t) = (2n/L)z(t) has lenght 27 and encloses an area of
(2m/L)?A. By the discussion above,

2 2
<o [Z2Z
o< (L)A

A7 A < L2

or

9 Ergodic theory

Ergodic theory is a field of mathematics which studies the long term average
behavior of systems. The collection of all states of a system forms a space X.
The evolution of the system is represented by a transformation f : X — X,
where f(x) is taken to be the state at time 1 of a system which at time 0 is in
the state z.

This of course sounds very abstract. Here is a concrete example. Suppose
that your state space X is the unit circle |z| = 1 in the complex plane, and that
your transformation is a rotation by an angle 2. Thus if you are at the point
z = > at time 0, at time 1 you would be at the point ¢?™@z = ¢2m(@+e),
and at €2"*t) at time n. If « is a rational number of the form p/q, then
you would come back to the initial state at time ¢. On the other hand, if « is
irrational, you will never visit any of the states through which you have already
passed. In this case, we may further ask how the states are distributed on the
circle.

15



Another problem related to this one is the following (see Arnold-Avez [3]).
Let a,, n=1,2,---, denote the first digit of 2. Let N(7, k) denote the number
of 7’s included in the first k terms of the sequence a,. The problem is to
compute, if it exists, the limit

lim N7 k) .
k—oc0

Here are the first terms of the sequence; the number 7 is quite slow in showing
up.

27 47 87 17 37 67 17 27 57 b 7 47 87 b 37 67 ) 7 57 b) 7 7 87 b) 37 67 ]'7
27 57 1’ 2) 47 87 1’ 37 67 b 7 5’ 1) b 47 8’ b ) 77 b ’ ’ 17 b 47 97 )
37 77 17 2a 5a
Let 21, xa, ... be a sequence of numbers in the interval [0,1). Given any pair

of real numbers a, b, such that 0 < a < b < 1, denote by &,(a, b) the number of
the first n terms of the sequence xj; which are in the interval [a, b).
A sequence zy is said to be uniformly distributed in the interval [0, 1) if

lim 7&(@, b)

n—00 n

:b—

, for each pair of numbers 0 < a < b < 1. For example, the sequence xj =
1 — (1/k) is not uniformly distributed in [0, 1).

Proposition 10. An infinite sequence of numbers () in the interval [0,1) is
uniformly distributed if and only if

1 & 1
lim —» f(zx) = [ f(x)dz,

for every function f integrable on [0,1].

Proof. Given an interval [a,b), the function

(@) = 1, ifa<x<b
Xa,p)\T) = 0, otherwise,

is integrable on [0,1). We have

1
/ Xla,b) = b—a,
0

1 — n(a,b
ﬁZX[a,b)(xk) = < (n )
k=1

Therefore the sequence is uniformly distributed.

and

16



Conversely, if the sequence is uniformly distributed, then
1 o !
lim — = d
Jm 53 S / f(@) do

holds when f is of the form X[q4). Since any step function on [0, 1] is a linear
combination of functions of the form x|, ), this result also holds for them.

If f is integrable on [0, 1], then, by the theorem on p.256, given ¢ > 0, we
can find step functions s1, ss such that s; < f < s9, and

1
/ (s2(z) — s1(x)) dx < e.
0

Since the proposition holds for s,

n

1 1 1
nll_}ngon;sﬂxk):/o sz(x)dxge—i—/o f(z) dx,

so that if n is large enough,

n

1 1
EZSQ(xk) < 254—/() f(z)dx.

k=1
Since f < s, this implies
1o !
LS fan) < 2€+/ F(z) dx,
0

n
k=1

for n sufficiently large. Similarly, by using s; instead of sy, we obtain

1o !
nl;f(zk)>/0 f(@)dx — 2e.

Therefore

P> tw) = [ fa)ds

k=1

< 2e,

for n large enough. O

Proposition 11. A sequence xy, is uniformly distributed if and only if

1 n
lim — E eIk = (),
n—oo M
k=1

for each non-zero integer m.

17



2mima

Proof. The function z — e is integrable on [0, 1], and if m # 0

1
/ > g = ().
0

Thus, if the sequence x is uniformly distributed, the conclusion holds by the
previous proposition.
Conversely, suppose that

n

o1 ;
lim — E eIk = (),
n—oo M
k=1

for m # 0. Then, by linearity, the equation
1 n 1
dm 3 ) = | t@as,

holds for every trigonometric polynomial (it obviously holds for the constant
function = 1).

It then follows that the equation also holds for every continuous periodic
function on [0, 1], since the proof of the Weierstrass approximation theorem
implies that they can be uniformly approximated by trigonometric polynomials.
More precisely, given € > 0, choose P(z) so that

sup [f(z) - P(z)| <e.
0<z<1

If welet fi =P —cand fo = P+e¢, then f{ < f < fs and

/0 (fala) — fi(2)) do = 2,

and the same argument as in the previous proposition shows that the equation
also holds for continuous periodic functions on [0, 1].

If s is a step function on [0, 1], we can find continuous periodic functions f;
and f5 such that f; < s < f; and

/0 (fa(x) — fi(z)) dz < e.

The same argument then shows that the equation holds for step functions, and
therefore it also holds for any integrable function on [0, 1]. O

Proposition 12. If A is an irrational number, then the sequence of fractional
parts {kA} is uniformly distributed in [0,1).

Proof. Clearly, 2™ 1FA} — ¢2minkA For each integer m # 0, m is an irrational
number, and we have

Z eQﬂ'zmk)\

k=1

< —
= |sintmA|

18



Therefore
n

.1 ;
lim — E e2mimkA — O
n—o0o N
k=1

Further details on uniform distribution of numbes can be found in Chan-
drashekar [4].

Next we study the problem on the sequence of first digits of powers of 2.
The first digit of 2" is equal to k if and only if

k10" < 2" < (k+1)107,
or, taking logarithms,
r+log;ok < nlogyy2 < r+logyy(k+1)
Taking fractional parts, this may be written as
logig k < {nA} <logyo(k +1),

where A = log;,2. Since A is irrational, the sequence {nA} is uniformly dis-
tributed in [0,1). Therefore, by applying the definition to the interval [a,b) =
[log,o k,log,(k + 1)), we have that

im (20 o, <1 + 1> .

n—oo n k

10 Complex Analysis

This section requires a minimum of familiarity with complex power series. The
treatment in Spivak [7] suffices. Familiarity with complex analysis is helpful; a

standard reference is Ahlfors [2].
o

Let f(2) = E a,z" be a complex power series with radius of convergence

n=0

R > 0. For each 0 < r < R, let f, be its restriction to the circle |z| = r, that is
frote[0,2m] = f(t) = f(re).

Each f, can be represented by its Fourier series, which is obtained directly from
the power series expression:

fi(t) = Z anr™e™,
n=0

that is, ﬁ(n) =a,r"ifn >0, ﬁ(n) =0if n < 0. If we use the formula for the

Fourier coefficients,
1 27

fr(n) = = fr(t)eimt dt

:27T 0
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Let M(r) = sup |f(z)], we have

|z|=r

Fl < 5o [ 10lde < b,

Proposition 13. If the power series f(z) = Z anz" has radius of convergence

n=0
R = o0, and
M
tim M0 _ g
r—oo T
then f is a polynomial of degree < k.
Proof. Clearly, |a,| < M(r)/r™. Thus a, =0 if n > k. O

This result is a generalization of Liouville’s theorem of complex analysis (see
Ahlfors [2]), which has the fundamental theorem of algebra as a consequence.
Another important fact of complex analysis is Cauchy integral formula which
we now derive for complex power series.

Consider radii 1 < ro. Then

f(rie’) = Z anrye™
n=0

The relation between the Fourier coefficients of f,, and f,, says that

27
anpry = by flrae™)e """ ds,
0

so that we can write

. 1 N\ e o
f(rle”) - (rlezt) f-(rzeza)e—ms ds
n=0 0

2 T9
1 27 " i(t 9) n i

= = S ettt ds.
27 0 {n_o (7,26 f(r2e ) ’

The series inside the integral is a geometric series whose sum is

> D gitt=s) T 1—rleit i
79 roels

n=0

so that
1 271'

frie) = 2 J,

it\ 1
f(ree®) <1 _ne ) ds.

ro€ts

If we now let z = rie®, w = rye®®, we can rewrite the above expression as
? )

1 fw)
R

which is know as the Cauchy integral formula in complex analysis.
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11 Exercises

Exercise 1. Prove Parseval’s identity: if |f|? is integrable, then

X 27
SIFF = 5= [ 1@ e

See also Problem 15-13.

Exercise 2. For each positive integer N, let

Filt) = 55 32 D ()
n=0

denote the Fejer kernel, defined on [—,7].

(a) Prove that
1 sin®((NV +1)t/2)
CN+1 sin(t/2)

Fn (1)

(b) The function Fy is periodic and non-negative.

s

(¢) The integral/ Fyn(t)dt = 2m.

(d) For each a > 0,
lim Fn(t)dt =0.

N=oo Ja<|t|<n

Exercise 3. Let f be integrable on [—m, 7]. For each positive integer N, define

N
onflz) = ﬁ Z Sy f(z).
n=0

(a) Prove that

onfla) = - / " Fa(e - 0)1(1)d.

= o »

(b) Show that if f is continuous on [—7, 7], then oy f converges to f uniformly.

Exercise 4. If f has continuous derivative on [0, 27] then there is a constant
M such that |f(n)| < M/|n| for all n # 0.

~

Exercise 5. Let f be a continuous function on [0, 27|, and suppose that f(n) =
0 for all n. Show that f = 0.
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Exercise 6. In physics you probably were told about the Dirac delta function.
Tt is the function ¢ on [—, 7] such that

" @it~y = f(0)

Although ¢ is not really a function, you can still compute its Fourier series.
What is it?
Can you compute the Fourier series of the derivative ¢’ of the delta function?

Exercise 7. Compute the Fourier series of the function f(x) = |z — 7|, 0 <
r < 2.
References

[1] M. Adams and V. Guillemin, Measure Theory and Probability, Birkh&user,
Boston, 1996.

[2] L. Ahlfors, Complex Analysis, McGraw-Hill, New York, 1966.

[3] V.I. Arnold and A. Avez, Ergodic Problems of Classical Mechanics, Addison-
Wesley, Redwood City, Ca. 1989.

[4] K. Chandrasekharan, Introduction to analytic number theory, Springer-
Verlag, Berlin, 1968.

[6] R. Courant and F. John, Introduction to Calculus and Analysis, Springer-
Verlag, New York, 1999.

[6] J. Mardsen, Elementary Classical Analysis, Freeman, New York, 1974.
[7] M. Spivak, Calculus, Publish or Perish, 1994.

[8] A. van der Poorten, A proof that Euler missed...Apéry’s proof of the irra-
tionality of ¢(3), Math. Intelligencer 1 (1978/79), 195-203.

22



