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Introduction

This book is an introduction to the theory of iteration of expanding and non-
uniformly expanding holomorphic maps and topics in geometric measure theory
of the underlying invariant fractal sets. Probability measures on these sets yield
informations on Hausdorff and other fractal dimensions and properties. The
book starts with a comprehensive chapter on abstract ergodic theory followed by
chapters on uniform distance expanding maps and thermodynamical formalism.
This material is applicable in many branches of dynamical systems and related
fields, far beyond the applications in this book.

Popular examples of the fractal sets to be investigated are Julia sets for
rational functions on the Riemann sphere. The theory which was initiated by
Gaston Julia [Julia(1918)] and Pierre Fatou [Fatou(1919-1920)] has become very
popular since appearence of Benoit Mandelbrot’s book [Mandelbrot(1982)] with
beautiful computer made pictures. Then it has become a field of spectacular
achievements by top mathematicians during the last 30 years.

Consider for example the map f(z) = 22 for complex numbers z. Then
the unit circle S = {|z| = 1} is f-invariant, f(S') = S = f=1(S'). For
c~0,c#0and f.(z) = 22 + ¢, there still exists an f.-invariant set J(f.) called
the Julia set of f,, close to S', homeomorphic to S' via a homeomorphism h
satisfying equality f o h = ho f.. However J(f.) has a fractal shape. For large
¢ the curve J(f.) pinches at infinitely many points; it may pinch everywhere to
become a dendrite, or even crumble to become a Cantor set.

These sets satisfy two main properties, standard attributes of ”conformal
fractal sets”:

1. Their fractal dimensions are strictly larger than the topological dimension.

2. They are conformally ”self-similar”, namely arbitrarily small pieces have
shapes similar to large pieces via conformal mappings, here via iteration of f.

To measure fractal sets invariant under holomorphic mappings one applies
probability measures corresponding to equilibria in the thermodynamical for-
malism. This is a beautiful example of interlacing of ideas from mathematics
and physics.

The following prototype lemma [Bowen(1975), Lemma 1.1] stands at the
roots of the thermodynamical formalism

Lemma 0.0.1. (prototype lemma) For given real numbers ¢1,. .., ¢, the quan-
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8 Introduction

tity
n n
F(pi,...pn) =Y —pilogpi + Y _ pits
i=1 i=1
has mazimum value P(¢1,...¢n) = logd i, e®" as (p1,...,pn) Tanges over the

simplez {(p1,...,pn) : pi > 0,> i, pi = 1} and the mazimum is assumed only

at - .
p; = e (Z em)—l
i=1

We can read ¢;,p;,i = 1,...,n as a function (potential), resp. probability
distribution, on the finite space {1,...,n}. The proof follows from the strict
concavity of the logarithm function.

Let us further follow Bowen [Bowen(1975)]: The quantity

n
S=Y —pilogp;

i=1
is called entropy of the distribution (p1,...,p,). The maximizing distribution
(D1, .-, Pn) 1s called Gibbs or equilibrium state. In statistical mechanics ¢; =
—pBE;, where § = 1/kT, T is a temperature of an external ”heat source” and k
a physical (Boltzmann) constant. The quantity E = Y | p;F; is the average
energy. The Gibbs distribution maximizes then the expression

1
—BE=8-—E
§—PE=5- =

or equivalently minimizes the so-called free energy E — kT'S. The nature prefers
states with low energy and high entropy. It minimizes free energy.

The idea of Gibbs distribution as limit of distributions on finite spaces of con-
figurations of states (spins for example) of interacting particles over increasing
to infinite, bounded parts of the lattice Z¢, introduced in statistical mechanics
first by Bogolubov and Hacet [Bogolyubov & Hacet (1949)] and playing there
a fundamental role was applied in dynamical systems to study Anosov flows
and hyperbolic diffeomorphisms at the end of sixties by Ja. Sinai, D. Ruelle
and R. Bowen. For more historical remarks see [Ruelle(1978)] or [Sinai(1982)].
This theory met the notion of entropy S borrowed from information theory and
introduced by Kolmogorov as an invariant of a measure-theoretic dynamical
system.

Later the usefulness of these notions to the geometric dimensions has become
apparent. It was present already in [Billingsley(1965)] but crucial were papers by
Bowen [Bowen(1979)] and McCluskey & Manning [McCluskey & Manning (1983)].

In order to illustrate the idea consider the following example: Let T; : I — I,
i=1,...,n > 1, where I = [0,1] is the unit interval, T;(z) = A\;x + a;, where
i, a; are real numbers chosen in such a way that all the sets T;(I) are pairwise
disjoint and contained in I. Define the limit set A as follows

A:ﬁ U Tiyo---oT; (I)= U lim T;,0--- 0Ty, (x),

) . oo k—oo
k=0 (io,...,ix) (i0,i1.-)
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the latter union taken over all infinite sequences (ig,%1,...), the previous over
sequences of length k£ + 1. By our assumptions |\;| < 1 hence the limit exists
and does not depend on z.
It occurs that its Hausdorff dimension is equal to the only number « for
which
M|+ [ An] =1

A is a Cantor set. It is self-similar with small pieces similar to large pieces with
the use of linear (more precisely, affine) maps (T}, o---0T;, )~ '. We call such a
Cantor set linear. We can distribute measure p by setting p(T;,0---0T;, (1)) =
(Nig - - )\ik)a. Then for each interval J C I centered at a point of A its diameter
raised to the power « is comparable to its measure p (this is immediate for the
intervals T;, o --- o T;, (I)). (A measure with this property for all small balls
centered at a compact set, in a euclidean space of any dimension, is called a
geometric measure.) Hence Y (diam.J)* is bounded away from 0 and oo for all
economical (of multiplicity not exceeding 2) covers of A by intervals J.

Note that for each k p restricted to the space of unions of Tj, o - -- o T;, (I),
each such interval viewed as one point, is the Gibbs distribution, where we set
?((i0s---yik)) = bal(io,- .- ik)) = > palogA;,. The number « is the
unique 0 of the pressure function P(a) = k%_l 10830 i) e®a((i0,-ik)) n this
special affine example this is independent of k. In general non-linear case to
define pressure one passes with k to oo.

The family T; and compositions is an example of very popular in recent years
Iterated Function System [Barnsley(1988)]. Note that on a neighbourhood of
each T;(I) we can consider 7' := T,"!. Then A is an invariant repeller for the
distance expanding map 7'.)

The relations between dynamics, dimension and geometric measure theory
start in our book with the theorem that the Hausdorff dimension of an expanding
repeller is the unique 0 of the adequate pressure function for sets built with the
help of C1*¢ usually non-linear maps in R or conformal maps in the complex
plane C (or in R% d > 2; in this case conformal maps must be Mobius, i.e.
composition of inversions and symmetries, by Liouville theorem).

This theory was developed for non-uniformly hyperbolic maps or flows in
the setting of smooth ergodic theory, see [Katok & Hasselblatt (1995)], Mané
[Ma(1987)], let us mention Lai-Sang Young and Ledrappier [Ledrappier & Young (1985)];
see [Pesin(1997)] for recent developments. The advanced chapters of our book
are devoted to this theory, but we restrict ourselves to complex dimension 1. So
the maps are non-uniformly expanding and the main technical difficulties are
caused by critical points, where we have strong contraction since the derivative
by definition is equal to 0 at critical points.

A direction not developed in this book are Conformal Iterated Function
Systems with infinitely many generators T;. They occur naturally as return
maps in many important constructions, for example for rational maps with
parabolic periodic points or in the Induced Ezpansion construction for polyno-
mials [Graczyk & Swiatek (1998)]. Beautiful examples are provided by infinitely
generated Kleinian groups [.]. The systematic treatment of Iterated Function
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Systems with infinitely many generators can be found in [Mauldin & Urbanski (1996)]
and [Mauldin & Urbanski (2003)], for example.

Below is a short description of the content of the book.

Chapter 0 contains some introductory definitions and basic examples. It is
a continuation of Introduction.

Chapter 1 is an introduction to abstract ergodic theory, here T is a probabil-
ity measure preserving transformation. The reader will find proofs of the funda-
mental theorems: Birkhoff Ergodic Theorem and Shannon-McMillan-Breiman
Theorem. We introduce entropy, measurable partitions and discuss canonical
systems of conditional measures in Lebesgue spaces, the notion of natural exten-
sion (inverse limit in the appropriate category). We follow here Rohlin’s Theory
[Rohlin(1949)], [Rohlin(1967)], see also [Kornfeld , Fomin & Sinai (1982)]. Next
to prepare to applications for finite-to-one rational maps we sketch Rohlin’s the-
ory on countable-to-one endomorphisms and introduce the notion of Jacobian,
see also [Parry(1969)]. Finally we discuss mixing properties (K-propery, exact-
ness, Bernoulli) and probability laws: Central Limit Theorem (abbr. CLT), Law
of Tterated Logarithm (LIL), Almost Sure Invariance Principle (ASIP) for the
sequence of functions (random variables on our probability space) ¢ o T™ n =
0,1,....

Chapter 2 is devoted to ergodic theory and termodynamical formalism for
general continuous maps on compact metric spaces. The main point here is the
so called Variational Principle for pressure, compare the prototype lemma above.
We apply also functional analysis in order to explain Legendre transform duality
between entropy and pressure. We follow here [Israel(1979)] and [Ruelle(1978)].
This material is applicable in large deviations and multifractal analysis, and is
directly related to the uniqueness of Gibbs states question.

In Chapters 1, 2 we often follow the beautiful book by Peter Walters [Walters(1982)].

In Ch. 3 distance expanding maps are introduced. Analogously to Axiom A
diffeomorphisms [Smale(1967)], [Bowen(1975)] or endomorphisms [Przytycki(1977)]
we outline a topological theory: spectral decomposition, specification, Markov
partition, and start a "bounded distortion” play with Holder continuous func-
tions.

In Chapter 4 termodynamical formalism and mixing properties of Gibbs
measures for open distance expanding maps 1" and Holder continuous poten-
tials ¢ are studied. To large extent we follow [Bowen(1975)] and [Ruelle(1978)].
We prove the existence of Gibbs probability measures (states): m with Jacobian
being exp —¢ up to a constant factor, and T-invariant u = p¢ equivalent to m.
The idea is to use the transfer operator Lo(u)(x) = >, cr-1(,) w(y) exp d(y)
on the Banach space of Holder continuous functions u. We prove the expo-
nential convergence "Ly (u) — ( J uwdm)ug, where € is the eigenvalue of the
largest absolute value and wug the corresponding eigenfunction. One obtains
ugy = dm/dp. We deduce CLT, LIL and ASIP, and the Bernoulli property for
the natural extension.

We provide three different proofs of the uniqueness of the invariant Gibbs
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measure. The first, simplest, follows [Keller(1998)], the second relies on the
prototype lemma 77, the third one on the differentiability of the pressure function
in adequate function directions.

Finally we prove Ruelle’s formula

n—1 n—1

d? P(¢p+tutsv)/dt ds|i—s—o = lim l/(z:(uoTi—/ud,uq5)-(z:(voTi—/vd,qu dpe.

n—oo N,
1=0 =0

This expression for u = v is equal to ¢ in CLT for the sequence u o T™ and
measure [lg.

(In the book we use the letter T' to denote a measure preserving transforma-
tion. Maps preserving an additional structure, continuous smooth or holomor-
phic for example, are usually denoted f or g.)

In Chapter 5 the metric space with the action of an distance expanding map
f is embedded in a smooth manifold and it is assumed that the map extends
smoothly (or only continuously)to a neighbourhood. Similarly to hyperbolic sets
[Katok & Hasselblatt (1995)] we discuss basic properties. Te intrinsic property
of f being open map on X occurs equivalent to X being repeller for the exten-
sion.

We call the repeller X with the smoothly extended dynamics: Smooth Ez-
panding Repeller, abbr. SER.

If an extension is conformal we say (X, f) is a Conformal Expanding Repeller,
abr CER. In Section 2 we discuss some distortion theorems and holomorphic mo-
tion to be used later in Section 4 and in Chapter 8 to prove analytic dependence
of "pressure” and Hausdorff dimension of CER on parameter.

In Section 3 we prove that for CER the density uy = dm/dp for measures of
harmonic potential is real-analytic (extends so on neighbourhood of X). This
will be used in 9 for the potential being — log|f’|, in which case p is equivalent
to Hausdorff measure in maximal dimension (geometric measure).

In Chapter 6 we provide in detail D. Sullivan’s theory classifying C"*¢ line
Cantor sets via scaling function, sketched in [Sullivan (1988)] and discuss the
realization problem [Przytycki & Tangerman (1996)]. We also discuss applica-
tions for Cantor-like closures of postcritical sets for infinitely renormalizable
Feigenbaum quadratic-like maps of interval. The infinitesimal geometry of these
sets occurs independent of the map, which is one of famous Coullet-Tresser-
Feigenbaum universalities.

In Chapter 7 we provide definitions of various ”fractal dimensions”: Haus-
dorff, box and packing. We consider also Hausdorff measures with gauge func-
tions different from t“. We prove ”Volume Lemma” linking, roughly speaking,
(global) dimension with local dimensions.

In Chapter 8 we develop the theory of Conformal Expanding Repellers and
relate pressure with Hausdorff dimension.

Section 2 provides a brief exposition of multifractal analysis of Gibbs mea-
sure p of a Hélder potential on CER X. We rely mainly on [Pesin(1997)]. In
particular we discuss the function F),(a) := HD(X,(«)), where X, (a) := {z €
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X :d(z) = a} and d(z) = lim,_ologu(B(x,r))/logr. The decomposition
X = U, (X,.(a)) U X, where the limit d(z), called local dimension, does not
exist for z € X, is called local dimension spectrum decomposition.

Next we follow the easy (uniform) part of [Przytycki, Urbanski & Zdunik (1989)]
and [Przytycki, Urbanski & Zdunik (1991)]. We prove that for CER (X, f) and
Holder continuous ¢ : X — R, for K = HD(ue), Hausdorff dimension of the
Gibbs measure g (infimum of Hausdorff dimensions of sets of full measure),
either HD(X) = x the measure 4 is equivalent to A, the Hausdorff measure
in dimension ~, and is a geometric measure, or g is singular with respect to
A, and the right gauge function for the Hausdorff measure to be compared to
e is ®(k) = t"exp(cy/log1/tlogloglog1/t). In the proof we use LIL. This
theorem is used to prove a dichotomy for the harmonic measure on a Jordan
curve 0, bounding a domain €2, which is a repeller for a conformal expanding
map. Either 9 is real analytic or harmonic measure is comparable to the Haus-
dorff measure with gauge function ®(1). This yields an information about the
lower and upper growth rates of |R'(r¢)|, for r /' 1, for almost every ¢ with
|¢| = 1 and univalent function R from the unit disc |z| < 1 to Q. This is a
dynamical counterpart of Makarov’s theory of boundary behaviour for general
simply connected domains, [Makarov(1985)].

We prove in particular that for f.(2) = 22 +c,c#0,c~ 01 < HD(J(f.)) <

2.

We show how to express in the language of pressure another interesting
function: fl(lzl |R (rO)|t |dC| for r /7 1.

Finally we apply our theory to the boundary of von Koch ”snowflake” and
more general Carleson fractals.

Chapter 9 is devoted to Sullivan’s rigidity theorem, saying that two non-
linear expanding repellers (X, f), (Y, g) that are Lipschitz conjugate (or more
generally there exists a measurable conjugacy that transforms a geometric mea-
sure on X to a geometric measure on Y, then the conjugacy extends to a con-
formal one. This means that measures classify non-linear conformal repellers.
This fact, annouced in [Sullivan (1986)] only with a sketch of the proof, is proved
here rigorously for the first time. We sketch also a generalization by E. Prado.

In Chapter 10 we start to deal with non-uniform expanding phenomena. A
heart of this chapter is the proof of the formula HD(u) = h,(f)/x.(f) for an
arbitrary f-invariant ergodic measure p of positive Laypunov exponent x, :=
Jlog |f'| dps.

(The word non-uniform expanding is used just to say that we consider (typ-
ical points of) an ergodic measure with positive Lyapunov exponent. In higher
dimension one uses the name non-uniform hyperbolic for measures with all Lya-
punov exponents non-zero.)

It is so roughly because a small disc around z, whose n-th image is large, has
diameter of order |(f™)(z)|™! ~ exp —nx, and measure exp —nh,,(f) (Shannon-
McMillan-Breiman theorem is involved here)

Chapter 11 is devoted to conformal measures, namely probability measures
with Jacobian Const exp —¢ or more specifically |f'|* in a non-uniformly ex-
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panding situation, in particular for any rational mapping f on its Julia set J.
It is proved that there exists a minimal exponent §(f) for which such a measure
exists and that §(f) is equal to each of the following quantities:

Dynamical Dimension DD(J) := sup{HD(u)}, where p ranges over all
ergodic f-invariant measures on J of positive Lyapunov exponent.

Hyperbolic Dimension HyD(J) := sup{HD(Y)}, where Y ranges over all
Conformal Expanding Repellers in J, or CER’s that are Cantor sets.

It is an open problem whether for every rational mapping HyD(J) = HD(J) =
box dimension of J, but for many nonuniformly expandig mappings these equal-
ities hold. It is often easier to study the continuity of 6(f) with respect to a
parameter, than directly Hausdorff dimension. So one obtains an information
about the continuity of dimensions due to the above equalities.

Most of the book was written in the years 1990-1992 and was lectured
to graduate students by each of us in Warsaw, Yale and Denton. We ne-
glected finishing writing, but recently unexpectedly to us the methods in Chap-
ter 11, relating hyperbolic dimension to minimal exponent of conformal mea-
sure, were used to study the dependence on e of the dimension of Julia set
for 22 + 1/4 + ¢, for ¢ — 0 and other parabolic bifurcations, by A. Douady,
P. Sentenac and M. Zinsmeister in [Douady, Sentenac Zinsmeister (1997)] and
by C. McMullen in [McMullen(1996)]. So we decided to make a final effort.
Meanwhile nice books appeared on some topics of our book, let us mention
[Falconer(1997)], [Zinsmeister(1996)], [Boyarsky & Gdéra (1997)], [Pesin(1997)],
[Keller(1998)], [Baladi(2000)] but a lot of important material in our book is new
or was hardly accessible, or is written in an unconventional way.

Warsaw, Denton, 1999-2002, 2006-2007.
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Chapter 0

Basic examples and
definitions

Let us start with definitions of dimensions. We shall come back to them in a
more systematic way in Chapter 7.

Definition 0.2. Let (X, p) be a metric space. We call upper (lower) box di-
mension of X the quantity

log N(r)

lim sup(lim inf), ¢
—logr

where N(r) is the minimal number of balls of radius r which cover X.

Sometimes the names capacity or Minkowski dimension or boz-counting di-
mension are used. The name box dimension comes from the situation where
X is a subset of a euclidean space R?. Then one can consider only r = 27"
and N(27™) can be replaced by the number of dyadic boxes [2]“_1" , ]“21321] X e X

[%, ]“QF’;JZ}], k; € Z intersecting X.

Definition 0.3. Let (X,p) be a metric space. For every x > 0 we define
Aw(X) = lims_oinf{> ;2 (diamU;)"}, where the infimum is taken over all
countable covers (U;,i = 1,2,...) of X by sets of diameter not exceeding 4.
A, (Y) defined as above on all subsets Y C X is called x-th outer Hausdorff

measure.

It is easy to see that there exists kg : 0 < kg < oo such that for all Kk : 0 <
k< ko Ae(X) =00 and for all Kk : kg < kK Ax(X) = 0. The number o is called
the Hausdorff dimension of X.

Note that if in this definition we replace the assumption: sets of diameter
not exceeding § by equal 4, and limgs_¢ by liminf or limsup, we obtain box
dimension.

A standard example to compare both notions is the set {1/n,n=1,2,...}
in R. Its box dimension is equal to 1/2 and Hausdorff dimension is 0. If one

15



16 CHAPTER 0. BASIC EXAMPLES AND DEFINITIONS

considers {27"} instead one obtains both dimensions 0. Also linear Cantor sets
in Introduction have Hausdorff and box dimensions equal. The reason for this
is self-similarity.

Example 0.4. Shifts spaces. For every natural number d consider the space
¥4 of all infinite sequences (ig,41,...) with i, € {1,2,...,d}. Consider the
metric

oo
p((ioyin, .. ), (i, 85, ) = D Xin — |
n=0
for an arbitrary 0 < A < 1. Sometimes it is more comfortable to use the metric
p((iosin, ... ), (i, ... ) = A~ mimdminind,

equivalent to the previous one. Consider o : ¥¢ — %4 defined by f((ig,1,...) =
(i1,...). The metric space (X%, p) is called one-sided shift space and the map o
the left shift. Often, if we do not specify metric but are interested only in the
cartesian product topology in X4 = {1,..., d}Z+, we use the name topological
shift space.

One can consider the space £¢ of all two sides infinite sequences (o) i21,00,01,...).
This is called two-sided shift space.

Each point (g, i1, ... ) € £ determines its forward trajectory under o, but is
equipped with a Cantor set of backward trajectories. Together with the topology
determined by the metric >°0° ___ AI"|i,, — i/ | the set ¢ can be identified with
the inverse limit (in the topological category) of the system --- — %4 — %4
where all the maps — are o.

Note that the limit Cantor set A in Introduction, with all \; = X is Lip-
schitz homeomorphic to ¥4, with the homeomorphism h mapping (ig, 1, ..)
to N, Ty © .. 0 Ty, (I). Note that for each z € A, h~!(z) is the sequence of
integers (ig,%1,...) such that for each k, T*(x) € T;, (I). Tt is called a coding
sequence. If we allow the end points of T;(I) to overlap, in particular A = 1/d
and a; = (i —1)/d, then A = I and h=Y(z) = S5 (i, — 1)d=*71.

One generalizes the one (or two) -sided shift space, called sometimes full
shift space by considering the set ¥4 for an arbitrary d x d — matrix A = (a;;
with a;; = 0 or 1 defined by

Y4 = {(ig,i1,...) €21 az,4,,, =1 forevery t =0,1,...}.

By the definition (¥4 C Y4. Y4 with the mapping o is called a topological
Markov chain. Here the word topological is substantial, otherwise it is customary
to think of a finite number of states stochastic process, see Example ?77.

Example 0.5. Iteration of rational maps. Let f : C — C be a holomorphic
mapping of the Riemann sphere C. Then it must be rational, i.e. ratio of two
polynomials. We assume that the topological degree of f is at least 2. The Julia
set J(f) is defined as follows:

J(f) ={2€ C:VYU > z ,U open, the family of iterates f* = fo---o fly, n
times, for n =1,2,... is not normal in the sense of Montel }.
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A family of holomorphic functions f; : U — C is called normal (in the
sense of Montel) if it is pre-compact, namely from every sequence of functions
belonging to the family one can choose a subsequence uniformly convergent (in
the spherical metric on the Riemann sphere C) on all compact subsets of U.

z € J(f) implies for example, that for every U > z the family f™(U) covers
all C but at most 2 points. Otherwise by Montel’s theorem {f"} would be
normal on U.

Another characterization of J(f) is that J(f) is the closure of repelling
periodic points, namely those points z € C for which there exists an integer n
such that f™(z) = z and |(f™)'(2)| > 1.

There is only finite number of attracting periodic points, |(f™)'(z)] < 1;
they lie outside J(f), an uncountable “chaotic, repelling” Julia set. The lack
of symmetry between atracting and repelling phenomena is caused by the non-
invertibility of f.

It is easy to prove that J(f) is compact, completely invariant: f(J(f)) =
J(f) = f7Y(J(f)), either nowhere dense or equal to the whole sphere (to prove
this use Montel’s theorem).

For polynomials, the set of points whose images under iterates f™,n =
1,2,..., tend to oo, basin of attraction to oo, is connected and completely in-
variant. Its boundary is the Julia set.

Check that all these general definitions and statements are compatible with
the discussion of f(z) = 22+c in Introduction. As introduction to this theory we
recommend for example the books [Beardon(1991)], [Carleson & Gamelin (1993)],
[Milnor(1999)] and [Steinmetz(1993)].

Below are the computer pictures of some Julia sets

FIGURES: Rabbit, Sierpinski carpet (rational function of degree 2), New-
ton’s method

A Julia set can have Hausdorff dimension arbitrarily close to 0 (but not 0)
and arbitrarily close to 2 and even exactly 2 (being in the same time nowhere
dense). It is not known whether it can have positive Lebesgue measure. We
shall come back to these topics in Chapters 7, 11.

Example 0.6. Complex linear fractals. The linear Cantor set construction
in R described in Introduction can be generalized to conformal linear Cantor
and other fractal sets in C:

Let U C C be a bounded connected domain and T;(z) = A\;z + a;, where
i, a; are complex numbers, i = 1,...,n > 1. Assume that closures clT;(U) are
pairwise disjoint and contained in U. The limit Cantor set A is defined in the
same way as in Introduction.

In Chapter 8 we shall prove that it cannot be the Julia set for a holomorphic
extension of T = T;~* on T;(U) for each i, to the whole sphere C.

If we allow that the boundaries of T;(U) intersect or intersect QU we obtain
other interesting examples
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FIGURES: Sierpinski carpet, Sierpinski gasket, boundary of von Koch snowflake

Example 0.7. Action of Kleinian groups. Beautiful examples of fractal sets
arise as limit sets of the action of Kleinian groups on C.

Let Ho be the group of all homographies, namely the rational mappings of
the Riemann sphere of degree 1, i.e. of the form z — fjj_'s where ad — bc # 0.
Every discrete subgroup of Ho is called Kleinian group. If all the elements of
a Kleinian group preserve the unit disc D = {|z| < 1}, the group is called
Fuchsian.

Consider for example a regular hyperbolic 4n-gon in D (equipped with the
hyperbolic metric) centered at 0. Denote the consecutive sides by al,i =
1,...,n,j = 1,...,4 in the lexicographical order: ai,...a},ad,.... Bach side
is contained in the corresponding circle C{ intersecting 0D at the right angles.
Denote the disc bounded by C’g by Df .

It is not hard to see that the closures of D{ and Df 2 are disjoint for each
tand j =1,2.

FIGURE: regular hyperbolic octagon, D/G.

Let gf ,J = 1,2 be the unique homography preserving D mapping a{ to a{ +2
and Df to the complement of ClD{+2. It is easy to see that the family {gf }
generates a Fuchsian group G. For an arbitrary Kleinian group G, the Poincaré
limit set A(G) = |Jlimg— 00 g (2), the union taken over all sequences of pairwise
different g € G such that g;(z) converges, where z is an arbitrary point in C.
It is not hard to prove that A(G) does not depend on z. '

For the above example A(G) = dD. If we change slightly g/ (the circles
C? change slightly), then either A(G) is a circle S (all new €Y intersect S at
the right angle), or it is a fractal Jordan curve. The phenomenon is similar
to the case of the maps z — 22 + ¢ described in Introduction. For details see
[Bowen(1979)], [Bowen & Series (1979)], [Sullivan(1982)]. We provide a sketch
of the proof in Chapter 8. 4

If all the closures of the discs D!,i =1,...,n,5 =1,...,4 become pairwise
disjoint, A(G) becomes a Cantor set (the group is called then a Schottky group
or a Kleinian group of Schottky type).

Example 0.8. Higher dimensions. Though the book is devoted to 1-dimensional
real and complex iteration and arising fractals, Chapters 1-3 apply to general sit-
uations. A basic example is Smale’s horseshoe. Take a square K = [0, 1] x [0, 1]
in the plane R? and map it affinely to a strip by squeezing in the horizontal di-
rection and stretching in the vertical, for example f(z,y) = (324 &,3y—1) and
b5enéi the strip by a new map g so that the rectangle [%, %] X [%, %] is mapped to
[

5,8] x [-4,1]. The resulting composition 7' = g o f maps K to a “horseshoe”,

see [Smale(1967), p.773]
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FIGURE: horseshoe, stadium extension

The map can be easily extended to a C*°-diffeomorphism of C by map-
ping a “stadium” extending K to a bent “stadium”, and its complement to the
respective complement. The set AX of points not leaving K under action of
T n=...,—1,0,1,... is the cartesian product of two Cantor sets. This set is
T-invariant, “uniformly hyperbolic”. In the horizontal direction we have con-
traction, in the vertical direction uniform expansion. The situation is different
from the previous examples of ¢ or linear Cantor sets, where we had uniform
expansion in all directions.

Smale’s horseshoe is a universal phenomenon. It is always present for an
iterate of a diffeomorphism f having a transversal homoclinic point q for a saddle
p. The stable and unstable manifolds W*(p) := {y : f*(y) — p}, W*(p) :={y:
f~"(y) — p} as m — oo, intersect transversally at g. For more details on
hyperbolic sets see [Katok & Hasselblatt (1995)].

FIGURE: homoclinic point and embedded horseshoe.

Note that T'|yx is topologically conjugate to the left shift o on the two-sided
shift space 22, namely there exists a homeomorphism h : A% — $2 such that
hoT = o oh. Compare h i Example 0.4. T on AKX is the inverse limit of
the mapping T on the Cantor set described in Introduction, similarly to the
inverse limit £2 of o on ©2. The philosophy is that hyperbolic systems appear
as inverse limits of expanding systems.

A partition of a hyperbolic set A into local stable (unstable) manifolds:
We(z) = {y € A: (Vn > 0)p(f™(x), f"(y)) < e(x)} for a small positive mea-
surable function ¢, is an illustration of an abstract ergodic theory measurable
partition £ such that f(€) is finer than &, f™(£),n — oo converges to the par-
tition into points and the conditional entropy H,(f(£)|€) is maximal possible,
equal to the entropy h,(f); all this holds for an ergodic invariant measure p.

The inverse limit of the system --- — S!' — S where all the maps are z
22, is called a solenoid. It has a group structure: (...,2z_1,20) - (-..,2",2) =
(...,2-1- 21,20 - 2{), which is a trajectory if both factors are, since the map
z + 22 is a homomorphism of the group S*. Topologically the solenoid can be
represented as the attractor A of the mapping of the solid torus D x S! into
itself f(z,w) = (32 + 2w, w?). Its Hausdorff dimension is equal in this special

example to 1 + HD(AN{w = wp}) =1+ iggg for an arbitrary wg, as Cantor
log 2

sets AN {w = wp} have Hausdorff dimensions Toe3 -
sets discussed in Introduction.

These are linear Cantor

Especially interesting is the question of Hausdorff dimension of A if z — %z
is replaced by z — ¢(z) not conformal. But this higher dimensional problem
goes beyond the scope of our book.

If the map z — 22 in the definition of solenoid is replaced by an arbitrary
rational mapping then if f is expanding on the Julia set, the solenoid is locally

the cartesian product of an open set in J(f) and the Cantor set of all possible
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choises of backward trajectories. If however there are critical points in J(f) (or
converging under the action of f™ to parabolic points in J(f)) the solenoid (in-
verse limit) is more complicated, see [Lubich & Minsky] and later papers for an
attempt to describe it, together with a neighbourhood composed of trajectories
outside J(f). We shall not discuss this in our book.

Example 0.9. Bernoulli shifts and Markov chains. For every positive
numbers p1,...,pq such that Zle p; = 1, one introduces on the Borel subsets
of 2% (or id) a probability measure u by extending to the o-algebra of all Borel
sets the function u(Ciyir....i,) = Pob1 ---Dt, where Cyo 4 i, = {(i5,4,...) :
i’, =is for every s=0,1,...,t}. Each such C is called a finite cylinder.

The space X% with the left shift ¢ and the measure u is called one-sided
Bernoulli shift.

On a topological Markov chain 4 C %¢ with A = (a;;) and an arbitrary
d x d matrix M = p;; such that Z?:1pij =1foreveryi=1,...,d, p;j >0
and p;; = 0 if a;; = 0, one can introduce a probability measure p on all Borel
subsets of X4 by extending p(Ci, 4y,....i,) = PioPigis - - - Piv_1i,- Here (p1,...,04d)
is an eigenvector of M*, namely ) . pip;; = pj, such that p; > 0 for every
i=1,...,dand Y =1.

The space X4 with the left shift ¢ and the measure p is called one-sided
Markov chain.

Note that p is o-invariant. Indeed,

,U(U(szou)> = sz'pnopioil « o+ DPiy_1iy = PigPigiy » - Piy_1iy — M(Cm,...,v:t)-
i

i

As in the topological case if we consider ¥ rather than %, we obtain two-
sided Bernoulli shifts and two-sided Markov chains.

Example 0.10. Tchebyshev polynomial. Let us consider the mapping T :
[-1,1] — [-1,1] of the real interval [~1,1] defined by T'(x) = 22% — 1. In
the co-ordinates z +— 2z it is just a restriction to an invariant interval of the
mapping z — z? — 2 discussed already in Introduction. The interval [—1,1] is
Julia set of T'.

Notice that this map is the factor of the mapping z — z* on the unit circle
{]z] = 1} in C by the orthogonal projection P to the real axis. Since the length
measure [ is preserved by z — 22 its projection is preserved by T'. Its density
with respect to the Lebesgue measure on [—2,2] is proportional to (dP/dl)~!,

after normalization is equal to % \/11—W This measure satisfies many properties

2

of Gibbs invariant measures discussed in Chapter 4, though T is not expanding;
it has a critical point at 0. This T is the simplest example of non-uniformly
expanding maps to which the advanced parts of the book are devoted.



Chapter 1

Measure preserving
endomorphisms

1.1 Measure spaces and martingale theorem

We assume that the reader knows basic elements of measure and integration the-
ory. For a complete treatment see for example [Halmos(1950)] or [Billingsley(1979)].
We start with some basics to fix notation and terminology.

A family F of subsets of a set X is said to be a o-algebra if the following
conditions are satisfied:

XeF, (1.1.1)
AeF = A°cF (1.1.2)
and
{A}2,cF = (JAieF (1.1.3)
i=1

It follows from this definition that () € F, that the o-algebra F is closed under
countable intersections and subtractions of sets. If (1.1.3) is assumed only for
finite subfamilies of F then F is called an algebra. Fixed F, elements of the
o—algebra F will be frequently called measurable sets.

Notation 1.1.1. For any family Fy of subsets of X, we denote by o(Fy) the
manimal o-algebra that contains Fy and call it the o—algebra generated by Fy.

A function on a c-algebra F, pu : F — [0, 00], is said to be o-additive if for
any countable subfamily {A4;}2; of F consisting of mutually disjoint sets, we

have
/i( [j Ai) = iM(Ai) (1.1.4)
i=1 i=1

21
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We say then that p is a measure. If we consider in (1.1.4) only finite families of
sets, we say pu is additive. The two notions: of additive and of o-additive, make
sense for a g-algebra as well as for an algebra, provided in the algebra case in
(1.1.4) that all A; and their union belong to F. The simplest consequences of
the definition of measure are the following;:

p(0) = 0; (1.1.5)
if A,B e F and A C B then pu(A) < pu(B); (1.1.6)
if Ay C Ay C ... and {4;}$2, C F then

u( U Ai) = sgpu(Ai) = lim p(49). (1.1.7)

We say that the triple (X, F,pu) with a o-algebra F and p a measure on F
is a measure space. In this book we will always assume, unless the opposite
is stated, that p is a finite measure that is u : F — [0,00). By (1.1.6) it
equivalently means that pu(X) < co. If u(X) = 1, the triple (X, F, ) is called
a probability space and p a probability measure.

We say that ¢ : X — R is a measurable function, if ¢=(J) € F for ev-
ery interval J C R (compare Section 1.2). We say that ¢ is p-integrable if
[1o|dp < o0o. We write ¢ € L'(u). More generally, for every 1 < p < oo
we write ([ |¢[P du)*/P = ||¢||, and say ¢ belongs to LP(u) = LP(X,F,u). If
inf,(m)=0 SUPx\ |¢| < oo we say ¢ € L and denote the latter expression by
lPlloo- 1@llps 1 < p < oo are called LP-norms of ¢. We usually identify in this
chapter functions which differ only on a set of y-measure 0. LP(X, F, u)’s after
these identifications are Banach spaces.

We say that a property ¢(z), x € X, is satisfied for p almost every x € X
(abbr: a.e.), or p-a.e., if p({z : ¢(z) is not satisfied}) = 0. We can consider ¢ as
a subset of X with u(X \ ¢) =0.

We shall often use in the book the following two facts.

Theorem 1.1.2 (Monotone Convergence Theorem). Suppose ¢p1 < g < ... is
an increasing sequence of integrable, real-valued functions on a probability space
(X, F,pu). Then ¢ =lim, oo ¢y, exists a.e. andlim, oo [ ¢pdp = [ ddp. (We
allow +00’s here.)

and

Theorem 1.1.3 (Dominated Convergence Theorem). If ¢,,n > 1 is a se-
quence of measurable real-valued functions on a probability space (X, F, ) and
|on| < g for an integrable function g and ¢, — ¢ a.c., then ¢ is integrable and

lim, oo [ Gndp= [@du.

Recall now that if 7’ is a sub-o-algebra of F and ¢ : X — R is a u-integrable
function, then there exists a unique (mod 0) function usually denoted by E(¢|F")
such that E(¢|F’) is F’'-measurable and

[ B du= [ oau (1.1.8)
A A
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for all A € F'. E(¢|F') is called conditional expectation value of the function
¢ with respect to the o-algebra F’'. Sometimes we shall use for E(¢|F’) the
simplified notation ¢£.

For F generated by a finite partition A4 (cf. Sec.3), one can think of E(¢|c(.A))
as constant on each A € A equal to the average [, ¢du/u(A).

The existence of E($|F") follows from the famous Radon-Nikodym theorem,
saying that if v < u, both measures defined on the same o-algebra F/, (v < p
means v absolutely continuous with respect to p, i.e. u(A) =0 = v(A) =0
for all A € F’), then there exists a unique (mod 0) F'-measurable, u-integrable
function ® = dv/du : X — R* such that for every A € F’

/Acpdﬂ = v(A).

To deduce (1.1.8) we set v(A) = [, ¢dp for A € F'. The trick is that we restrict
u from F to F'.

If ¢ € LP(X,F,u) then E(¢|F') € LP(X,F', ) for all o-algebras F’ with
L? norms uniformly bounded. More precisely the operators ¢ — E(¢|F’) are
linear projections from LP(X,F, pu) to LP(X,F', 1), with LP-norms equal to 1
(see Exercise 1.7).

We end this section with the following version of Martingale Convergence
Theorem.

Theorem 1.1.4. If (F,, : n > 1) is either monotone increasing or monotone
decreasing sequence of o-algebras contained in F, then for every ¢ € LP(u),
1<p<x

JLH;OE(M}—”) = E(¢|F'), a.e. andin LP,

where F' is equal to either \/,_, Fy or (\o—, Fn respectively.

In the theorem above we denoted by \/,—, 7, the smallest o-algebra con-
taining |J,—, F», the latter usually is not a o-algebra, but only an algebra.
According to Notation 1.1.1, \/72, F, = o(U,—; Fn). Compare Section 1.6
where complete o-algebras of this form in Lebesgue space are considered.

Remark 1.1.5. For the existence of F’ and the convergence in L” no mono-
tonicity is needed. It is sufficient to assume that for every A € F the limit
lim E(1L4|F,,) in measure u exists.

(Recall that v, is said to converge in measure v to 9 if for every € > 0,
limy oo ({7 € X : [ () — ()] > £}) — 0.)

In this book we denote by 1 4 the indicator function of A, namely equal to
1 on A and to 0 outside A.

We shall not provide here a proof of Theorem 1.1.4 in the full generality,
(see however Exercise 1.5). Let us provide here at least a proof Theorem 1.1.4
(and Remark 1.1.5 in the case lim E(14|F,) = 14) for the L?-convergence
for functions ¢ € L?(u). (This is the case sufficient for example to prove the
important Lemma ?7 later on in this chapter.)
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For the increasing sequence (F,,) we have the equality L*(X, F', u) = U,, L*(X, F, p).
Indeed, for every B € F’ there exists a sequence B,, € F,, n > 1, such that
w(B+DB,) —0. (B+C=(B\C)U(C\ B) is the symmetric difference of sets
B and C.)

This follows for example from Carathéodory’s argument, see the note The-
orem 1.7.2. We have p(B) equal to the outer measure of B constructed from p
restricted to the algebra U;";l F,.. In the Remark 1.1.5 case where we assumed
lim E(1L4|F,) = 14, this is immediate.

Hence L*(X, F,,p) > I, — lp in L?(X,F, ). Finally use the fact that
every function f € L?(X,F’, ) can be approximated in the space L?(X, F’, i)
by the step functions, i.e. finite linear combinations of indicator functions.
Therefore, since F(¢|F,,) and E(¢|F’) are orthogonal projections of ¢ to L?(X, F,,, )
and L2(X,F’, u) respectively (exercise) we obtain E(¢|F,) — E(¢|F’) in L2.

For a decreasing sequence F,, use the equality L?(X, F’, u) = (,, L*(X, Fn, 1)

1.2 Measure preserving endomorphisms, ergod-
icity

Let (X, F,u) and (X', F', ') be measure spaces. A transformation 7' : X —
X' is said to be measurable if T~*(A) € F for every A € F'. If moreover
w(T7L(A)) = p'(A) for every A € F', then T is called measure preserving. If a
measure preserving map 7 is invertible and the inverse 7! is measurable, then
clearly T~ is also measure preserving. Therefore T is an isomorphism in the
category of measure spaces.

We can write ' = poT~!. For every u'-measurable ¢ we define Ur(¢) =
¢oT. Ur is sometimes called Koopman operator. We have following easy

Proposition 1.2.1. For ¢ € LY (X', F' u') we have [$oTdu = [¢duo
T—1. Moreover for each p the adequate restriction of Koopman operator Ur :
LP(X', F ') — LP(X,F, p) is an isometry to the image, surjective iff T is an
isomorphism.

If (X,F,u) = (X", F 1) we call T a measure preserving endomorphisms;
we will say also that measure p is T—invariant, or that 7" preserves p. In the
case of (X, F,u) = (X', F', i) an isomorphism T is called automorphism.

We shall prove now the following very useful fact in which the finitness of
measure is a crucial assumption.

Theorem 1.2.2 (Poincaré Recurrence Theorem). If T : X — X is a measure
preserving endomorphism, then for every mesurable set A

p({z e A: T(x) € A for infinitely many n’s}) = pu(A).

Proof. Let
N=NT,A)={zecA:T"(z) ¢ AVn > 1}.



1.2. MEASURE PRESERVING ENDOMORPHISMS, ERGODICITY 25

We shall first show that u(N) = 0. Indeed, N is measurable since N = AN
(ﬂn>1 T-™(X\ A)) If x € N, then T"(x) ¢ A for all n > 1 and, in particular,
T™(x) ¢ N which implies that ¢ T~"(N) and consequently N NT~"(N) =0
for all n > 1. Thus, all the sets N, T=*(N), T~2(N),... are mutually disjoint
since if n1 < ng, then

T~ (N)NT™"2(N)=T""(NNT~""")(N)) = §.

Hence
1> (U T—"<N>> = " TN = 3 (V).
n=0 n=0 n=0

Therefore u(N) = 0. Fix now k > 1 and put
Ny={zx€A:T"(z) ¢ AVn>k}.

Then N C N(T*, A) and therefore from what have been proved above it follows
that u(Ny) < u(N(T*, A)) = 0. Thus

p({z € A: T"(z) € A for only finitely many n’s}) = 0.
The proof is finished. &

Definition 1.2.3. A measurable transformation 7' : X — X of a measure space
(X, F, ) is said to be ergodic if for any measurable set A

w(THA) ~A) =0 = pu(A)=0or u(X\A)=0.
(Recall the notation B+ C = (B\ C)U(C\ B).)

Note that we did not assume in the definition of ergodicity that p is T-
invariant (neither that p is finite). Suppose that for every E of measure 0 the
set T~1(E) is also of measure 0 (in Chapter 4 we call this property of u with
respect to T', backward quasi-invariant). Then in the definition of ergodicity
one can replace u(T~1(A) + A) = 0 by T~1(A) = A. Indeed having A as in the
definition one can define A" = (" U*_ T~™(A). Then pu(A’) = p(A) and
T~Y(A") = A’. If we assumed that the latter implies u(A’) = 0 or u(X\ A") =0,
then p(A) =0or u(X\ A) =0.

Remark 1.2.4. If T is an isomorphism then 7T is ergodic if and only if T~ is
ergodic.

Let ¢ : X — R be a measurable function. For any n > 1 we define
Spdp=¢d+¢oT+...+poT" " (1.2.1)

Let Z={A e F:u(T-1(A) + A) = 0}. We call it o-algebra of T-invariant
(mod 0) sets. Note that every 1 : X — R, measurable with respect to Z, is
T-invariant (mod 0), namely ¥ o T' = 1), but on a set of measure p equal to 0.
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Indeed let A = {x € X : ¢p(x) # ¢ o T(z)} and suppose p(A) > 0. Hence
there exists a € R such that 4, = {& € A : ¢¥(x) < a,7p o T(x) > a} and
1(Ay) > 0. (or a similar A, with reversed inequalities). Since A, € Z, there
exists £ C A of measure 0, such that T(A, \ F) C A,. Hence on A, \ E we
have ¥ o T < a. We arrived at a contradiction with ¢ > a on A,.

Theorem 1.2.5 (Birkhoff’s Ergodic Theorem). If T : X — X is a measure
preserving endomorphism of a probability space (X, F,u) and ¢ : X — R is an
integrable function then

lim %Sn(b(a:) = E(¢|Z) for p-a.e. x € X .

We say that the time average exists for p-almost every = € X.
In particular Theorem 1.2.5 yields for T" ergodic preserving u, that

nler;O%Sn¢(x) = /qﬁdu, for p-a.e. (1.2.1a)
We say that the time average equals the space average.

If ¢ = 14, the indicator function of a measurable set A, then we deduce
that for a.e. x the frequency of hitting A by the forward trajectory equals to
the measure (probability) of A, namely lim,, .., #{0 < j < n: T (x) € A}/n,
is equal to p(A).

This means for example that if we choose a point in X in a euclidean space
at random its sufficiently long forward trajectory fills X with the density being
approximately the density of u with respect to the Lebesgue measure, provided
1 is equivalent to the Lebesgue measure.

On the figure below, Figure 77, for a randomly chosen backward trajectory
zj,j =0,1,...,n,, T(zy) = x)_1, for T(z) = 22> — 1 (see Example 0.9), for
the interval [—1, 1] divided into & = 100 equal pieces, the graph of the function
—142t/100 — 100-#{0 < j <n:—1+2t/100 < z;(xz) < —142(t+1)/100}/n
is plotted. It indeed resembles the graph of 1/7wv/1 — 22, Figure ??, which is the
density of the invariant probability measure equivalent to the length measure.

As a corollary of Birkhoff’s Ergodic Theorem one can obtain von Neumann'’s
Ergodic Theorem. It says that if ¢ € LP(u) for 1 < p < oo, then the convergence
to E(¢|Z) holds in LP. It is not difficult, see for example [Walters(1982)].

Proof of Birkhoff’s Ergodic Theorem. Let f € L'(u) and F,, = max{zfz_ol fo
Ti:1<k<n}, forn=1,2,.... Then for every z € X, F,11(z) — F,,(T(z)) =
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Case 1. Case 2.

Figure 1.1: Graph of k — Zi:ol foTi(x),k=1,2,.... Casel. F,11(2)

= f(z)
(i,e. Fo(T(x)) <0). Case 2. Fr1(x) = f(x)+ F,(T(x)). (ie. F,(T(x)) >

0).

f(x) —min(0, F,(T'(z))) > f(x) and is monotone decreasing, since F,, is mono-
tone increasing. The both cases under min are illustrated at Figure 1.1
Define

A= {x : S?zpf:f(Tl(x)) = oo}.
=0

Note that A € Z. If z € A then F,,41(x) — F,,(T(z)) monotonously decreases to
f(z) as n — oco. The Dominated Convergence Theorem implies then, that

0 [ (Fun - Fdu= [ (P~ FooDau [ gau (22)

(We arrived at [, fdu > 0, which is a variant of so-called Maximal Ergodic
Theorem, see Exercise A.)
Notice that %ZZ;& foTk < F,/n, so outside A we have

n—1
1
lim sup — Tk < 0. 1.2.3
im sup kE:o foT" < (1.2.3)

Therefore, if the conditional expectation value f7 of f is negative a.e., that is
if [ fdu= [, frdp <0 for all C € Z with u(C) > 0, then, by A € Z, (1.2.2)
implies u(A) = 0, hence (1.2.3) holds a.e. Now if we let f = ¢ — ¢z — €, then
fr = —e < 0. Note that ¢7 o T = ¢z implies

n—1 n—1
ML COMELU RIS
k=0 k=0

So (1.2.3) yields

n—1

1
li — T < e
1msupnz¢o < ¢r+e ae
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Replacing ¢ by —¢ gives

n—1
1
liminf — Z¢0Tk > ¢r —€ a.e.
n—oo n pard

Thus lim,, o % Zz;é poTk =¢7 ae. &

Recall that at the end opposite to the absolute continuity (see Sec.1) there
is the notion of singularity. Probability measures p; and pe on a o-algebra F
are called mutually singular, p1 L pe if there exist disjoint sets X1, X, € F
with p;(X;) =1 for i =1,2.

Theorem 1.2.6. If T : X — X is a map measurable with respect to a o-algebra
F and if p1 and po are two different T-invariant probability ergodic measures
on F, then p1 and pa are singular.

Proof. Since p; and po are different, there exists a measurable set A such that

11(A) # ia(A) (1.2.4)

By Theorem 1.2.5 (Birkhoff’s Ergodic Theorem) applied to p; and po there
exist sets X1, Xy € F satisfying p;(X;) = 1 for ¢ = 1,2 such that for every
xr e X7 1

lim =S, 4(z) = pi(A).

n—oo N

Thus in view of (1.2.4) the sets X; and X5 are disjoint. The proof is finished. &

Proposition 1.2.7. If T : X — X is a measure preserving endomorphism of a
probability space (X, F,v), then v is ergodic if and only if there is no T-invariant
probability measure on F absolutely continuous with respect to v and different
from v.

Proof. Suppose that v is ergodic and p is a T-invariant probability measure on
F with y < v. Then p is also ergodic. Otherwise there would exist A such that
T YA) = A and p(A), u(X \ A) > 0 so v(A),v(X \ A) > 0 so v would not be
ergodic. Hence by Theorem 1.2.6 u = wv.

Suppose in turn that v is not ergodic and let A € F be a T-invariant set
such that 0 < v(A) < 1. Then the conditional measure on A is also T-invariant
but simultaneously it is distinct from v and absolutely continuous with respect
to v. The proof is finished. &

Observe now that the space M (F) of probability measures on F is a convex
set i.e. the convex combination au+ (1 —a)r, 0 < a < 1, of two such measures
is again in M (F). The subspace M(F,T) of M(F) consisting of T-invariant
measures is also convex.

Recall that a point in a convex set is said to be extreme if and only if
it cannot be represented as a convex combination of two distinct points with
corresponding coefficient 0 < o« < 1. We shall prove the following.
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Theorem 1.2.8. The ergodic measures in M(F,T) are exactly the extreme
points of M(F,T).

Proof. Suppose that pu, pui,pe € M(F,T), p1 # p2 and p = apg + (1 — a)us
with 0 < o < 1. Then p; # p and p; < p. Thus in view of Proposition 1.2.4
mesure p is not ergodic.

Suppose in turn that p is not ergodic and let A € F be a T-invariant set such
that 0 < u(A) < 1. Recall that given B € F with u(B) > 0 the conditional
measure A — u(A|B) is defined by pu(A N B)/u(B). Thus the conditional
measures p(-|A) and p(-|A°) are distinet, T-invariant and p = p(A)u(-|A4) +
(1 — p(A)p(-|A°). Consequently p is not en extreme point in M (F,T). The
proof is finished. &

In Section 1.8 we shall formulate a theorem on decomposition into ergodic
components, that will better clear the situation. This will correspond the Cho-
quet Theorem in functional analysis, see Section 2.1.

1.3 Entropy of partition

Let (X, F,u) be a probability space. A partition of (X, F, ) is a subfamily (a
priori may be uncountable) of F consisting of mutually disjoint elements whose
union is X.

If A is a partition and z € X then the only element of A containing x is
denoted by A(z) or, if x € A € A, by A(z).

If A and B are two partitions of X we define their join

AvB={ANB:Ac A BecB}

We write A < B if and only if B(z) C A(z) for every x € X, which in other
words means that each element of the partition B is contained in an element of
the partition A or equivalently AV B = B. We sometimes say in this case, that
B is finer than A or that B is a refinement of A.

Now we introduce the notion of entropy of a countable (this word includes
in this book: finite) partition and we collect its basic elementary properties.
Define the function k : [0,1] — [0, o] putting
k(1) = {—tlogt for ¢t € (0,1] (13.1)

0 fort =0

Check that the function k is continuous. Let A = {A; : 1 < i < n} be a
countable partition of X, where n is a finite integer or co. In the sequel we shall
usually write oo.

The entropy of A is the number

H(A) =3 —pu(A) log p(Ai) = D _ k(u(A)) (1.3.2)
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If A is infinite, H(.A) may happen to be infinite too.

Define I(z) = I(A)(x) := —log u(A(z)). This is called an information func-
tion. Intuitively I(z) is an information on an object z given by the experiment
A in the logarithmic scale. Therefore the entropy in (1.3.2) is the integral (the
average) of the information function.

Note that H(A) = 0 for A = {X} and that if A is finite, say consists of
n elements, then 0 < H(A) < logn and H(A) = logn if and only if pu(A;) =
w(A2) = ... = u(A,) = 1/n. This follows from the fact that the logarithmic
function is strictly concave.

In this Section we deal with only one fixed measure y. If however we need
to consider more measures simultaneously (see for example Chapter 2) we will
rather use the notation H,(A) for H(A).

Let A= {A4; :i>1} and B={B;j : j > 1} be two countable partitions of
X. The conditional entropy H(A|B) of A given B is defined as

H(A|B) = Z“(Bj) Z _,U(Ai N B;j) log u(A; N By)

= — 1(B;) u(B;)
- Z—M(Ai mBj)log% (1.3.3)

The first equality, defining H(A|B), can be viewed as follows: one considers
each element B; as a probability space with conditional measure p(A|B;) =
n(A)/u(Bj) for A C B; and calculates the entropy of the partition of the set
Bj into A; N B;. Then one averages the result over the space of B;’s. (This will
be generalized in Definition ?7)

For each x denote — log u(A(x)|B(x)) = — log %) by I(x) or I(A|B)(z).

The second equality in (1.3.3) can be rewritten as
H(A|B) = / I(A|B) dp. (1.3.3a)
X

Note by the way that if B is the o-algebra consisting of all unions of ele-
ments of B (i.e. generated by B, then I(z) = —logu((A(z) N B(z))|B(x)) =
—log E(1L 44| B) (), cf (1.1.8).

Note finally that for any countable partition A we have

H(A|{X}) = H(A). (1.3.4)

Some futher basic properties of entropy of partitions are collected in the
following.

Theorem 1.3.1. Let (X, F, u) be a probability space. If A, B and C are count-
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able partitions of X then:
H(AvV B|C) = H(A|C)+ H(B|]AVC)

a

o~

H(AV B) = H(A) + H(B|A) b
A<B = HAIC) < H(BIC) (c
B<C = HAB)> HAIC) G

—~

e

H(AV B|C) < H(A|C) + H(B|C)
H(A|C) < H(A|B) + H(BIC) (f

Proof. Let A = {4, :n > 1}, B={By, :m > 1}, and C = {C; : | > 1}.
Without loosing generality we can assume that all these sets are of positive

measure.
(a) By (1.3.3) we have

)
)
)
)
)
)

w(A; N B; NCy)

H(AVBIC) = =) u(AinB; NCy)lo N

1,7,k

But
w(A; N B; NCy) _ w(A; N B; N Cx) p(A; N Cy)
1(Ck) 1(A; N Cr) 1(Ck)
unless p(A; N Cx) = 0. But then the left hand side vanishes and we need not

consider it. Therefore

(Ai n Ck)
1(Cr)
w(A; N B; NCy)
1(A; N Ck)

H(AVBIC) = =) u(A;iNB; N Oy log &

1,7,k

- Z w(A; N B; N Cy)log
i,k

1(Ai N Ck)
= u(Ain Ck)logm +H(B|AVC)

ik
H(A|C) + H(BJAVC)

(b) Put C = {X} and apply (1.3.4) in (a).
(c) By (a)

H(B|C) = H(AV B|C) = H(AC) + H(B|AV C) > H(A|C)

(d) Since the function k defined by (1.3.1) is strictly concave, we have for every
pair i, j

,LL(C[ ﬂB A ﬂCl ,u Cl ﬂB M(Aiﬂcl)
k(El: B3 ) Z ( O ) (1.3.7)

But since B < C, we can write above C; N B; = C}, hence the left hand side
equals to k ((/A(Tﬁf)) and we conclude with
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() - oo, (aca)

(Note that till now we have not used the specific form of the function k).
Finally, multiplying both sides of (1.3.7) by u(B;) using the definition of k
and summing over ¢ and j we get

, , (A ﬂB w(A;NCy) . (AN C)
_Zu(AmBj)l (B ;ucmB O log & O
A ﬁcl) (Aiﬁcl)
Z“Cl RGN

or equivalently H(A|B) > H(A|C).
Formula (e) follows immediately from (a) and (d) and formula (f) can proved
by a straightforward calculation (its consequences are discussed in Exercise 77).

&

1.4 Entropy of endomorphism

Let (X, F, 1) be a probability space and let T': X — X be a measure preserving
endomorphism of X. If A = {4;};c; is a partition of X then by T~1.A we denote
the partition {77!(A;)}ier. Note that for any countable A

H(T™'A) = H(A) (1.4.1)

For allm > m 2 0 denote the partition \/I_ T A = AVT(A)V---V
“(A) =V, K T7A) by A%. For m = 0 we shall sometimes use the notation

An

Lemma 1.4.1. For any countable A
H(A") = H(A) + ) H(A|A]) (1.4.2)
j=1

Proof. We prove this formula by induction. If n = 0 it is tautology. Suppose
it is true for n — 1 > 0. Then with the use of Theorem 1.3.1(b) and (1.4.1) we
obtain

H(A™) = H(A? v A) = H(A?) + H(AJAT)
= H(A"™!) + H(AJA}) = H(A) + ) H(AJA])

j=1

by the inductive assumption. Hence (1.4.2) holds for all n. )
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Lemma 1.4.2. The sequences %HH(A”) and H(A|AT) are monotone decreas-
ing to a limit T, A).

Proof. The sequence H(.A|.A?), n =0,1,... is monotone decreasing, by Theo-
rem 1.3.1 (d). Therefore the sequence of averages is also monotone decreasing to
the same limit, furthermore it coincides with the limit of the sequence %_HH(A”)
by (1.4.2).

The limit %HH(A") whose existence has been shown in Lemma 1.4.2. is
known as the (measure—theoretic) entropy of T with respect to the partition A
and is denoted by h(T', A) or by h, (T, A) if one wants to indicate the measure
under consideration. Intuitively this means the limit rate of the growth of aver-
age (integral) information (in logarithmic scale), under consecutive experiments,
for number of experiments tending to infinity.

Remark. Write a; := H(A*~!. To prove the existence of the limit %HH(A"),
instead of relying on (1.4.2) and the monotonicity, we could use the estmate

Anem = HA"T) SHAY + HATT T = an + HA™ ™) = an + am.
following from Theorem 1.3.1 (e) and from (1.4.1), and apply the following

Lemma 1.4.3. If {a,}>2 is a sequence of real numbers such that anim <
ap + A for all n,m > 1 then lim, . a, exists and equals inf,, a,/n. The
limit could be —oo, but if the ay,’s are bounded below, then the limit will be
nonnegative.

Proof. Fix m > 1. Each n > 1 can be expressed as n = km + ¢ with 0 < i < m.
Then

An _ Gitkm _ Qi Okm o G kam a4 oam

n i+km — km  km ~ km @ km km  m
If n — oo then also k — oo and therefore limsup, ,, % < %=. Thus
limsup,, ., %> < inf 2. Now the inequality inf 2= < liminf,, .., %* finishes
the proof. &

Notice that there exists a subadditive sequence (i.e. satisfying ani, <
an+an,) such that the corresponding sequence a,, /n is not eventually decreasing.
Indeed, it suffices to observe that each sequence consisting of 1’s and 2’s is
subadditive and to consider such a sequence having infinitely many 1’s and 2’s.
If for an n > 1 we have a,, = 1 and a,4+1 = 2 we have “7” < L:L“—J:f

One can consider a, + Cn for any constant C' > 1 making the example
strictly increasing.

Exercise. Prove that Lemma 1.4.1 remains true under the weaker assumptions
that there exists ¢ € R such that a1, < an + ap, + ¢ for all n and m.

The basic elementary properties of the entropy h(T, A) are collected in the
next theorem below.
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Theorem 1.4.4. If A and B are countable partitions of finite entropy then

WT,A) < H(A) (a)
WT, AV B) < iT, A) + i(T, B) (b)
A<B = WT,A) <KT,B) (c)
WT, A) < WT,B) + H(A|B) (d)
WT, T Y(A)) = WT, A) (e)
If k> 1 then KT, A) = h(T, A) ()
k
If T is invertible and k > 1 then (T, A) = h(T, \/ T'(A)) (g)
i=—k

The standard proof (see for example [Walters(1982)]) based on Theorem
1.3.1 and formula (1.3.2) is left for the reader as an exercise. Let us prove only

(d).
h(T,A) = lim lH(A"—l) — lim & (H(A"—1|B"—1) - H(B"—l))
’ n—oo N, n—oo N

< fim © Til HT(A)B™Y) + lim SH(B™)

T n—oon = n—oo N
1 n—1

< lim —~ > H(T (AT (B) + (T, B) < H(A|B) + h(T, B).

j=0

Here is one more useful fact, stronger than Th. 1.4.4(c):

Theorem 1.4.5. If T : X — X is a measure preserving endomorphism of
a probability space (X, F,u) and A and B,,,m = 1,2,... are countable par-
titions of finite entropy, and H(A|B,) — 0 as m — oo, then h(T,A) <
liminf,,— e MT, By). In particular, for B, := B™ = \/;’;0 T=3(B), one ob-
tains KT, A) < W(T, B).

Proof. By Theorem 1.4.4(d), for every positive integer m,
h(T, A) < H(A[Bm) + (T, Bm).

Letting m — oo this yields the first part of the assertion. For B,, = B™, one
can substitute in place of the last summand h(T, B™) = h(T, B), by Theorem
1.4.4(f). '

The (measure-theoretic) entropy of the endomorphism T : X — X is defined
as
h,(T) = h(T) = sup{h(T, A)} (1.4.8)
A

where the supremum is taken over all finite (or countable of finite entropy)
partitions of X. See Exercise 77.
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It is clear from the definition that the entropy of T' is an isomorphism in-
variant.

Later on (see Th. 1.8.7, Remark 1.8.9, Corollary 1.8.10 and Exercise 77)
we shall discuss the cases where H(A|B,) — 0 for every A (finite or of finite
entropy). This will allow us to write h,(T) = lim,,—o h(T,By) or h(T) =
h(T, B).

Let us end this Section with the following useful

Theorem 1.4.6. If T : X — X is a measure preserving endomorphism of a
probability space (X, F,u) then

WT*) = kWT) for all k> 1 (a)
If T is invertible then (T ~') = W(T) (b)

Proof. (a) Fix k > 1. Since

1 n—1 k—1 k nk—1
li - kj —1 _ v —1 _
Jim nH(\/ \/T A)) nlir{:on H( \/ T—'A) = kh(T, A)
j=0 =0 =0
we have h(T*, \/ - _’A) = kh(T, A). Therefore
k—1
kh(T) =k sup h(T,A) = suph (T*, \/ T7'A) < buph(Tk B) = h(T*)
A finite i—0

(1.4.3)

On the other hand by Theorem 1.4.4(c) we get h(T*, A) < h(T*, \/f;ol T7'A) =

kh(T, A) and therefore h(T*) < kh(T). The result follows from this and (1.4.3).
(b) In view of (1.4.1) for all finite partitions A we have

n—1
\/T7 H(7— (= 1>\/7” =H(\/ T7A)
=0

=0

This finishes the proof. &

1.5 Shannon-Mcmillan-Breiman theorem

Let (X,F,u) be a probability space, T : X — X be a measure preserving
endomorphism of X and A be a countable finite entropy partition of X.

Lemma 1.5.1 (maximal inequality). For eachn =1,2,... let f, = I(A|A})
and f* = sup,,>1 fn. Then for each A\ and each A € A

pl{r e A: f*(z) > A} <e (1.5.1)

Proof._Tor each A € Aand n = 1,2,.... let f1 = ~log E(14A7). Of course
Jn =2 aca 14 f2. Denote

={z: fil(2),.... fila(2) S X fil(@) > AL
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Since BA € F(A?}), the o-algebra generated by A7,
pBinA) = [ adp= [ B di= [ e dus e,
BA BA B2
Therefore
u{zeA: f*(z >)\}:§: (BAnA) < AZM

&
Corollary 1.5.2. The function f* is integrable with integral bounded by H(A) + 1.

Proof. Of course p{z € A : f* > A} < p(A), so u({z € A: f* > A}) <
min{x(A),e"*}. So by Lemma 1.5.1

/f*du—Z/f du—Z/ ple e A: f* > A}dA

AcA AcA

/ min{u(A), e} dX
AeA
logp(A) 00
-3 / A)dA + / e dA)

Aea Y0 —log u(A)
-y (—M(A)(logu(A)) + u(A)) = H(A) +1.
AcA

&

Note that in case of finite A the integrability of f* follows from the inte-
grability of f*|4 for each A, following immediately from Lemma 1.5.1. The
difficulty with infinite A is that there is no u(A) factor on the right hand side
of (1.5.1).

Corollary 1.5.3. f, converge a.e. and in L'.

Proof. E(14|AT) is a martingale to which we can apply Theorem 1.1.4. This
gives convergence a.e., hence convergence a.e. of each f2, hence f,. Now
convergence in L! follows from Corollary 1.5.2. and Dominated Convergence
Theorem. &

Theorem 1.5.4 (Shannon-McMillan-Breiman). Suppose that A is a countable
partition of finite entropy. Then there exist limits

n—1
f= nlgr;o I(AJAY) and fr(z) = nhHH;O % ; f(T'(x)) for a.e. x
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and
T}er;on+1I(A") = fr ae. andin L'
Furthermore
1
T =1l HA™) = = .
WEA) = tim B = [ frdu= [ £

The limit f will gain a new interpretation in (1.8.6), in the context of Lebesgue
spaces, where the notion of information function I will be generalized.

Proof. First note that f, = I(A|A}) converge to an integrable f by Corollary
1.5.3. (Caution: though integrals of f,, decrease to the entropy, Lemma 1.4.3,
it is usually not true that f,, decrease.) Hence the a.e. convergence of time
averages to fr a.e. holds by Birkhoff’s Ergodic Theorem. It will suffice to prove
(1.5.4) since then (1.5.4), the second equality, holds by integration and the last
equality by Birkhoff’s Ergodic Theorem, the convergence in L.

(In fact (1.5.4) follows already from Corollary 1.5.3. Indeed lim,,— %HH(A") =
limy, oo H(A|AT) = limy,— oo [ T(AJA?) dp = [limy,— oo I(AJA?) dpu = [ fdp.)

Let us establish now some identities (compare Lemma 1.4.3). Let {A, : n >
0} be a sequence of countable partitions. Then we have

1V ) =14V ) +1(V 4)

=1

3

- I(AOI \/ Ai) + I(A1| \/ Ai) o I(A).
i=1 =2

In particular, it follows from the above formula that for A4; = T*A, we have

I(A™) = I(AJA?) + (T~ AJAS) + ... + (T~ A)
= T(AJAY) + T(AJAT D oT +...I(A)oT"
=fot foc10T + fnooT?+ ...+ foo T",

where fi, = I(AJA¥), fo = I(A). Now

1 <& ) .
< |—— n_iol"— foT"
< nH;(f o' —foT")

1 n
n——HI(A ) — [z

1 < :
o T — f1].
i ‘n Y feT g
Jj=0
Since by Birkhoff’s Ergodic Theorem the latter term converges to zero both

almost everywhere and in L', it suffices to prove that for n — oo

1
n+1

n
Zgn_i oT" -0 a.e. and in L.
i=0

where g = |f — fxl.
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Now, since T is measure preserving, for every i > 0

/aniOTidN: /gnfidﬂ“

Thus 237" [gn—ioTidp = L3 | [gn—sdu — 0, since f, — f in L' by
Corollary 1.5.3. Thus we established the L' convergence in (1.5).

Now, let Gy = sup,,~ y gn- Of course Gy is monotone decreasing and since
gn — 0 a.e. (Corollary 1.5.3) we get Gy \, 0 a.e.. Moreover, by Corollary 1.5.2,
Go < sup,, fn + f € L.

For arbitrary N < n we have

n n—N-—-1 n
1 . 1 . 1 .
n—i T = n—i T 1 n—i T
n—!—lzg ° n+1 Z Jn=i® +n—|—1,z Jn=i ®
=0 =0 i=n—N
1 n—N-—1 1 n
< G T+ —— GooT"
n+ 1 =0 " " +1 i:;N 0

Hence, for Ky = Go+GooT + ...+ GooTVN

n ) 1
o g D i o T S (An)z +limanp g K 0T = Gz e,

where (Gn)z = limy, o W%H Z?:o Gy o T* by Birkhoff’s Ergodic Theorem.
Now (Gn)z decreases with N because Gy decreases, and

/(GN)I dp = /GNdM —0

because Gy are non-negative uniformly bounded by G € L' and tend to 0 a.e.
Hence (Gn)z — 0 a.e. Therefore

n
lim su _;oT" =0 ae.

establishing the missing a.e. convergence in (1.5). &

As an immediate consequence of (1.5.4) and (1.5.4) for T ergodic, along with
fr = [ frdu, we get the following:

Theorem 1.5.5 (Shannon-McMillan-Breiman, ergodic case). If T : X — X is
ergodic and A is a countable partition of finite entropy, then

1
lim —I(A" ') (2) = h(T, A). for a.e.z€ X
n—oo N,
The left hand side can be viewed as a local entropy at x. The Theorem says that
at a.e. x the local entropy exists and is equal to the entropy (compare comments
after (1.3.2) and Lemma 1.4.2).
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1.6 Lebesgue spaces, measurable partitions and
canonical systems of conditional measures

Let (X, F, 1) be a probability space. We consider only complete measures (prob-
abilities), namely such that every subset of a measurable set of measure 0 is
measurable. If a measure is not complete we can always consider its comple-
tion, namely to include in the completion of F all sets A such that there exists
B € F with A + B contained in a set in F of measure 0.

Notation 1.6.1. Consider A, an arbitrary partition of X, not necessarily
countable nor consisting of measurable sets. We denote by A the sub o-algebra
of F consisting of those sets in F that are unions of whole elements (fibres)

of A.

Note that in the case where A C F, we have A D (A) the latter defined in
Notation 1.1.1, but the inclusion can be strict. (For example if A C F is the

partition of X into points, then o(A) consists of all countable sets and their
complements in X and A = F.) Obviously A D {0, X }.

Definition 1.6.2. The partition A is called measurable if it satisfies the follow-
ing separation property.

(1.6.1) There exists a sequence B= {B,, : n > 1} C A such that for any two
distinct Ay, Ay € A there is an integer n > 1 such that either

Ay C B, and A; C X\Bn

or
Ay C B, and A; C X\Bn

Since each element of the measurable partition A can be represented as an
intersection of countably many elements B,, or their complements, each element
of A is measurable. Let us stress however that the measurability of all elements
of A is not sufficient for 4 to be a measurable partition (see Exercise 1.7). The
sequence B is called a basis for A.

Remark 1.6.3. A popular definition of an uncountable measurable partition A
is that there exists a sequence of finite partitions (recall that this means: finite
partitions into measurable sets) A,,n = 0,1,..., such that A = \/°_, A,.
Here (unlike later on) the join \/ is considered in the set-theoretic sense, i.e. as
{4, NA, N Ay, € Ay,yi=1,... }. Clearly it is equivalent to (1.6.2).

Notice that for any measurable map T : X — X’ between probability mea-
sure spaces, if A is a measurable partition of X', then T~1(A) is a measurable
partition of X.

Now we pass to the very useful class of probability spaces: Lebesgue spaces.
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Definition 1.6.4. We call a sequence B= (B, : n > 1) C F, basis of (X, F, )
if the two following conditions are satisfied:

(i) (1.6.2) holds for A = ¢, the partition into points, (i.e. B is a basis for
€);

(ii) for any A € F there exists a set C € o(B) such that C O A and
u(C\ 4) = 0.

(Recall again, Notation 1.1.1, that o(B) denotes the smallest o-algebra con-
taining all the sets B,, €B. Rohlin used the name Borel o-algebra.)

A probability space (X, F, 1) having a basis is called separable.

Now let & = +1 and B = B, if e = 1 and BY) = X\ B, ife = —1.
To any sequence of numbers €,,,n = 1,2, ... there corresponds the intersection
N, B, By (i) every such intersection contains no more than one point.

A probability space (X, F, u) is said to be complete with respect to a basis
B if all the intersections ()o—, BE™ are non-empty. The space (X, F, u) is said
to be complete (mod 0) with respect to a basis B if X can be included as a
subset of full measure into a certain measure space (X, F, 1) which is complete
with respect to its own basis B = (B,,) satisfying B,, N X = B,, for all n.

It turns out that a space which is complete (mod 0) with respect to one basis
is also complete (mod 0) with respect to its every other basis.

Definition 1.6.5. A probability space (X, F, u) complete (mod 0) with respect
to one of its bases is called Lebesgue space.

Exercise. If (X1, F1, 1) and (Xa, Fa, po) are two probability spaces with com-
plete measures, such that X; C Xo, p2(X2 \ X7) = 0 and F7 = Fa|x,, 1 =
palr, (where Faolx, := {ANX;: A€ Fs}), then the first space is Lebesgue iff
the second is.

It is not difficult to check that (see Exercise ?77?) that (X, F, ) is a Lebesgue
space if and only if (X, F, u) is isomorphic to the unit interval (equipped with
classical Lebesgue measure) together with countably many atoms.

Theorem 1.6.6. Assume that T : X — X' is a measurable injective map from
a Lebesgue space (X, F, u) onto a separable space (X', F', u') and pre-images of
the sets of mesure 0 (or positive) are of measure 0 (resp. positive). Then the
space (X', F' i) is Lebesgque and T~ is a measurable map.

Remark that in particular a measurable, measure preserving, injective map
between Lebesgue spaces is an isomorphism. If X = X'/ F D F/|F # F' and
X', F', 1 is separable, then the above implies that (X, F, u) is not Lebesgue.

Let now (X, F,u) be a Lebesgue space and A be a measurable partition of
X. We say that a property holds for all almost all atoms of A if and only if
the union of atoms for which it is satisfied is measurable, of full measure. The
following fundamental theorem holds:

Theorem 1.6.7. For almost all A € A there exists a Lebesque space (A, Fa, i)
such that the following conditions are satisfied:
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(1.6.2) If B F, then BN A€ Fa for almost all A € A.

(1.6.3) The function X — [0,1], x — pa) (BN A(z)) is F-measurable for all
B € F, where A(x) is the element of A containing x.

(1.6.4) 1(B) = [y page) (BN A(x)) du(z)

Remark 1.6.8. One can consider the quotient (factor) space (X/A, Fa,pa)
with X /A being defined just as A and with F4 = p(A) and pa(B) = u(p~'(B))
for the projection p(xz) = A(z). It can be proved that the factor space is again a
Lebesgue space. Then x +— pa(x)(BNA(x)) is Fa-measurable and the property
1.6.4 can be rewritten in the form

u(e) = | | FABOA) dua(A) (1.6.5)

Remark 1.6.9. If a partition A is finite or countable, then the measures 4 are
just the conditional measures given by the formulas pa(B) = p(A N B)/u(A).

Remark 1.6.10. (1.6.4) can be rewritten for every p-integrable ¢, or non-
negative p-measurable ¢ if we allow +oo-ies, as

Jodu= | ( / s duAm)du(x). (1.6.6)

This is a version of the Fubini Theorem.

The family of measures {u4 : A € A} is called the canonical system of
conditional measures with respect to the partition A. It is unique (mod 0) in
the sense that any other system p/, coincides with it for almost all atoms of A.

The method of construction of the system 4 is via conditional expectations
values with respect to the o-algebra A. Having chosen a basis (B,,) of the
Lebesgue space (X, F, i), for every finite intersection

B=B" (1.6.7)
one considers ¢p := E(1p|A), that can be considered as a function on the

factor space X /A, unique on a.e. A € A such that for all Z € A
W(B02) = [ onlA)dua(a)
p(2)

Clearly (B, N A) is a basis for all A. It is not hard to prove that for a.e. A, for
each B from our countable family (1.6.7), ¢p(A) as a function of B generates
Lebesgue space on A. Uniqueness of ¢p yields additivity.

Theorem 1.6.11. If T : X — X' is a measurable map of a Lebesgue space
(X, F, ) onto a Lebesgue space (X', F', 1), then the induced map from (X/¢, Fe, pi¢)
for ¢ =T7Y(e), to (X', F', 1) is an isomorphism.
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Proof. This immediately follows from the fact that the quotient (factor space)
is a Lebesgue space and from Theorem 1.6.6. &

In what follows we consider partitions (mod 0), i.e. we identify two partitions
if they coincide, restricted to a measurable subset of full measure. For these
classes of equivalence we use the same notation <, > as in Section 4. . They
define a partial order. If A, is a family of measurable partitions of a measure
space (unlike in previous Sections the family may be uncountable), then by its
product A =\/_A, we mean the measurable partition A defined by

(i) A > A, for every T;

(ii) if A" > A, for every 7 and A’ is measurable, then A’ > A.

Similarly, replacing > by <, we define the intersection A A-.

The product and intersection exist in a Lebesgue space (i.e. the partially
ordered structure is complete). They of course generalize the notions of Section
4. Clearly for a countable family of measurable partitions A, the above \/ and
the set-theoretic one coincide (the assumption the space is Lebesgue and the
reasoning (mod 0) is not needed). In Exercise 1.13 we give some examples.

There is a natural one-to-one correspondence between the measurable parti-
tions (mod 0) of a Lebesgue space (X, F, 1) and the complete o-subalgebras of
F, i.e. such o-algebras F' C F that the measure p restricted to F’ is complete.
This correspondence is defined by the assignment to each A the o-algebra F(A)
of all sets which coincide (mod 0) with the sets of A (defined at the beginning
of this Section). The operations on the measurable partitions (mod 0) corre-
spond operations on the corresponding o-algebras. Namely, if A, is a family of
measurable partitions (mod 0), then

FNA) =\ FA),  FN\A)=N\FA).

Here A\, F(A:) =, F(A;) is the set-theoretic intersection of the o-algebras,
while \/_ F(A-) is the set-theoretic intersection of all the s-algebras which con-
tain all F(A,).

For a monotone increasing (decreasing) sequence of measurable partitions
A, and A=V, A, (A= A\, As respect.) we write A, / A (or A, \, A).
In the language of measurable partitions of a Lebesgue space the Martingale
Theorem 1.1.4 can be expressed as follows:

Theorem 1.6.12. If A, ~ A or A, \, A, then for every integrable function
f,was E(flA,) — E(f|A), where for A any measurable partition one writes

E(flA) () := [ flaw) dra)-

Proof. By the definition of canonical system of conditional measures and the
definition of conditional expectation value we have for every measurable parti-
tion A the identity E(f|A) = E(f|F(A)). &
1.7 Rohlin natural extension

We shall prove here following very useful
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Theorem 1.7.1. For every measure preserving endomorphism T' of a Lebesgue
space (X, F, ) there exists a Lebesgue space (X, F, fi) with measure preserving
transformations 7, : X — X,n < 0 satisfying T o mp—1 = my,, which is an

inverse limit of the system - - - LxZLx.

Recall that in category theory [Lang(1970), Ch. I}, for a sequence (system) of

objects and morphisms - - - Mns O, My M Op an object O equipped with
morphisms 7, : O — O, is called an inverse limit if M,,om,_1 = 7, and for every
other O’ equipped with morphisms 7}, : O’ — O,, satisfying M,, o7, _; = 7,
there exists a unique morphism M : O — O such that 7, o M = «/, for every
n < 0. In particular, for 7/, := M, omp—1 : O — O, there exists M : O — O
such that m, o M = n/, = M,, o m,_1 for every n. It is easy to see that M is an
automorphism.

Here objects are probability spaces or probability spaces with complete prob-
abilities, and morphisms are measure preserving transformations or measure
preserving transformations up to sets of measure 0. (We have thus multiple
meaning of Theorem 1.7.1.)

Thus Theorem 1.7.1 produces a measure preserving automorphism T:X —
X satisfying

TpoT =T om,_1 (1.7.1)

for every n < 0. This automorphism is called Rohlin’s natural extension of T.
In the proof of the Theorem we shall use the following

Theorem 1.7.2 (On Extension of Measure). Every probability measure v (o-
additive) on an algebra Gy of subsets of a set X can be uniquely extended to a
measure on the o-algebra G generated by Go

This Theorem can be proved with the use of the famous construction by
Carathéodory [Carathéodory(1927), Ch. V], namely by the construction of the
outer measure: v.(A) =infv(B): B € Gy, A C B for every A C X.

We say that A is measurable (in Carathéodory’s sense) if for every E C X
the outer measure v, satisfies v.(E) = v.(FE N A) + v.(E \ A). The family of
these sets appears to be a o-algebra containing Gy, hence containing G.

For a general definition of outer measure and sketch of the theory see 7.

Proof of Theorem 1.7.1. We start with producing inverse limit in the set-theoretic
category: Consider for Z~, the set of all non-positive integers, the space

X = {(@n)nez- : T(xn) = Tpy1 ¥n < 0}. (1.7.2)

and m; : X — X the projection to the i-th coordinate, m;((xy )nez) = =i

Now provide X with a o-algebra F and probability measure fi, so that
(X, F, i) becomes the inverse limit.

Consider G,, = 7, !(F). Note that this is an increasing sequence of o-

algebras with growing |n| because 7= 1(A) = 7,1 (T~'(A)) for every A € F.

n—1

Write Fo = Ungo Gp. This is an algebra. For every A € F and n < 0 define
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f(m;t(A)) := u(A). This is well-defined because if C = 7, 1(A;) = 7,1 (Az) for
Ay, Ay € F and n < m then A = T_(m_”)(Ag). Since T preserves p, we have
n(Ar) = p(Az). N

The next step is to observe that [ is o-additive on the algebra Fy. For
that we use the assumption (X,F,u) is a Lebesgue space!. We just assume
that X is a full Lebesgue measure subset of the unit interval, with classical
Lebesgue measure and atoms, and the o-algebra of Lebesgue measurable sets
F, see Exercise 1.9. Now it is sufficient to prove that for every decreasing
sequence C; € Fo,i = 1,2,... if N, Ci = 0 then (C;) — 0. Suppose to the
contrary that there exists ¢ > 0 such that a(C;) > ¢ for every i. Passing to
a subsequence and reindexing we can write C,, = 7~ (C"),n = 1,2,.... We
construct compact sets D}, C CJ, such that p(C}, \ D},) < &2~ and T|p, is
continuous for all n (Lusin’s Theorem, [Halmos(1950), Sec. 55]).

Write II = H(iooX = {(zn)nez- : Tn € X} for the cartesian product of
the countable number of exemplars of X with the product topology (compact
by Tichonov’s Theorem). Define X™ := {(z;)icz- : T(x;) = xip1¥n < i < 0}.
Of course X € X™ C II. Denote by 7" the projection from X™ to the n-th
coordinate.

Then the sets D, = (i, (7%) "' (D}) are compact and decreasing. They are
non-empty because u(n"(D,)) > /2 by the construction, for all n. Therefore
N,, Dr is non-empty (Cantor theorem). Notice finally that (), D, C () Cy so
the latter set is non-empty. We have proved that [ is o-additive on Fo.

The final step of the construction is the extension of fi to the o-algebra F
generated by Fy. It exists (and is unique) due to Theorem 1.7.2.

If we work in the category of complete measures we define the o-algebra F
as the completion (by subsets of sets of measure 0) of the o-algebra generated
by .7:0.

Thus the probability space (X' JF , i1) has been constructed. We leave check-
ing that it is indeed the inverse limit to the reader.

Let us prove that the probability space ()~( ,F, i) with completed fi is Lebesgue
space. Let (B;) be a basis of (X, F,u). Denote by 7, the projection of II to
the n-th coordinate for all n. (We use the same symbol as for projections from
X C 1II before. Recall also that projections from intermediate domains have
been denoted by 7™.) Then clearly the family m,(B;) is a basis of the parti-
tion ¢ in II. The restrictions of m;*(B;) to X generate the o-algebra F on X
discussed before (in the sense of Def. 1.6.4 (ii)), because (B;) generates F. We

define
jna( () 7€) :=u(f] =00,

1=—n

for C; = ﬂég Bl(a”i) for all n <4 <0 and %1 sequences ¢;; for I =1,2,...,1(4).
It is easy to see that the sequence fir,y, is compatible on algebras: finite unions of
ﬂ?:_n 71 (C;), namely firr 11 extends firr,,,. (One says that this is a compatible

family of of finite-dimensional probability distributions.)But II is compact, hence

IThis is a substantial assumption, being overlooked by some authors.
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fir,n are o-additive on the union of these algebras, hence extend to a measure
(o-additive) fr on the o-algebra 1 generated by them (Kolmogoroff Theorem,
see bibliographical notes). The restriction of fir to X coincides with i on F
by the uniqueness in Theorem 1.7.2. The restriction of Fy is a o-algebra so
it contains F. We shall know these c-algebras coincide if we verify that X is
f-measurable, i.e. X e .7:}[.

Thus the assertion to be proved is that X € Fp and that X is of full
measure fir;. This will prove that (X, F, i) is complete (mod 0) with respect to
(By) restricted to X, hence it is Lebesgue space.

Recall that X = N, X™ and note that by Lusin Theorem for each n there

exist compact sets D, ; C Xn = 1,2,... such that fip (H \ U, Dm) = 0.

Compact sets are measurable as their complementary open sets are countable
unions of cylinders. &

Remark 1.7.3. f( can be interpreted as the space of all backward trajectories
for T. The map T : X — X can be defined by the formula

T((xn)nez-) = (..., 22, 21,0, T(20))- (1.7.3)

X could be defined in (1.7.2) as the space of full trajectories {(z)nez; T(2,) =
Tp+1}. Then (1.7.3) is the shift to the left.

The formula (1.7.3) holds because T defined by it, satisfies (1.7.1), and there
holds uniqueness of T satisfying (1.7.1)

Remark 1.7.4. Alternatively to Lusin Theorem argument above, we could find
for X" sets E,;D X", with b (En i \X”) — 0, which are unions of cylinders
ﬂ?:,n 7; 1(C;). This agrees with the following general fact:

If a sequence of sets ¥ generates a o-algebra G with a mesure v on it (see
Def.1.6.2 (ii)) then for every A € G there exists C' D A with v(C'\ A) = 0 such
that C' € ¥/,_s, i.e. C is a countable intersection of countable unions of finite
intersections of sets belonging to 3 or their complements. Exercise: Prove this
general fact, using Caratheodory’s outer measure constructed on measurable
sets.

The construction via Lusin theorem presents X as X osos S€b up to measure
0 (as compact sets are in ¥, _5). So it is not the most economic.

Remark 1.7.5. Another way to prove Theorem 1.7.1 is to construct first
(IT, F11, fip) on the infinite cartesian product II, and next (X, F, /i) as the re-
striction of the first probability space to X. We have chosen a different way
in order to avoid in the construction the correctness of the definition of fi,’s in
the finite products and the compatibility. We needed it only to prove that the
inverse limit is Lebesgue.

We end this section with another version of Theorem 1.7.1. Let us start with
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Definition 1.7.6. Suppose that T is an automorphism of a Lebesgue space
(X,F,p). Let ¢ be a measurable partition. Assume it is forward invariant,
namely T'(¢) > ¢, equivalently T(¢) < ¢. Then ( is said to be ezhausting if
Vnzo ™) =e.

Theorem 1.7.7. For every measure preserving endomorphism T of a Lebesgue
space (X, F, ) there exists a Lebesgue space (X, F, ji) with an automorphism T,
with a forward invariant exhausting measurable partition ¢, such that (X, F, p) =
(X/C fCaM/C) the factor space, cf. Remark 7?7, and T is factor of T, namely

Top=poT for the projection p : X - X.

Proof. Take (X, F, i) and T from Theorem 1.7.1. Set ¢ := m, '(¢). By (1.7.1)
and T~1(e) < e we get T~1(¢) < C.

If &' = V,50T"(C) is not the partition of X into points, then T'/¢’ is an
automorphism of (X /€', Fur, fier). Moreover if we denote by p’ the projection
from X to X /&' then we can write 7_, = «’, o p’ for some maps 7', for
every n > 0. By the definition of inverse limit p’ must have an inverse which is
impossible.

The last part, that \/, -, 7™(() is the partition of X into points, has also an
immediate, not category theory, proof following directly from the form of X in
(1.7.2). Indeed forn > 0T™(¢) at & = (..., x_9,x_1,xo is the n-th image of ¢ at
T—™(Z) i.e. at (..., T p_1,Z_p). So it is equal to {(..., 2", _;, 2’ ,.,...,z0) €
X :x_, =x_,)}. Intersecting for n — oo we obtain {}. &

1.8 Generalized entropy, convergence theorems

This section contains generalizations of entropy notions introduced in Section 3
to the case of all measurable partitions. The triple (X, F, ) is assumed to be
a Lebesgue space.

Definition 1.8.1. If A is a measurable partition of X then its (generalized)
entropy is defined as follows:

H(A) = oo if A is not a countable partition (mod 0);
H(A) =2 1ca —1(A)log u(A) if Ais a countable partition (mod 0).

Lemma 1.8.2. If A,, and A are measurable partitions of X and A,, /" A, then
H(Ayn) /" H(A).

Proof. Write H(A) = [I(A)du where I(A)(z) = —logu(A(x)) is the infor-
mation function (compare Sec.4, we set log0 = —oo, hence I(A)(x) = oo if
w(A(z)) = 0, here). Write the same for A,. As pu(A,(z)) \, u(A(z)) for a.e.
x, the convergence in the Lemma follows from Monotone Convergence Theo-
rem. &
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Definition 1.8.3. If A and B are two measurable partitions of X, then the
(generalized) conditional entropy H(A|B) = H,(A|B) of partition A subject to
B is defined by the following integral

H,(AIB) = [ T (AIB) dus(B) (L8.1)

Xx/B

where A N B is the partition {AN B : A € A} of B and up form a canonical
system of conditional measures (Sec. 7). Choose a sequence of finite partitions
A, /A (see Remark ?7). The conditional entropy H,,, (A, |B) is measurable
as a function of B in the factor space (X/B,Fg,ug), hence of course as a
function on (X, F,u), since it is a finite sum of measurable functions B +
—up(ANB)logup(ANB). Since A, |B /" A|B for a.e. B, we obtain, by using
Lemma 1.8.2, that H,, (A,|B) — H,, (A|B). Hence H,,(A|B) is measurable,
so our definition of H,(A|B) makes sense (we allow co’s here).

Of course (1.8.1) can be also written in the form

/X H,,. (AlB()) du(z), (1.8.2)

with H,, (A|B) understood as constant function on each B (compare (1.6.7)
versus (1.6.5)).
As in Sec.3 we can write

H,(AIB) = /X I(AIB) dp, (1.8.3)

where I(A|B) is the conditional information function:
T(AIB)(z) == — log (e (Alz) N B(x)).

Indeed I(.A|B) is non-negative and p-measurable as lim, ., I(A,|B) (a.e.),
so (1.8.3) follows from (1.6.6).

Lemma 1.8.4. If {A, :n > 1} and A are measurable partitions, A, \, A and
H(A,) < oo then H(A,,) \, H(A).

Proof. The proof is similar to Proof of Lemma 1.8.2. &

Theorem 1.8.5. If A, B are measurable partitions and {A, : n > 1} is an
increasing (decreasing and H(A1|B) < oo) sequence of measurable partitions
converging to A, then

lim H(A,|B) = H(AB) (1.8.4)

n—oo

and the convergence is respectively monotone.

Proof. Applying Lemmas 1.8.2 and 1.8.4 we get the monotone convergence
H,,(A,|B) — H,,(A|B) for almost all B € X/B. Thus the integrals in the
Definition 1.8.3 converge by the Monotone Convergence Theorem. &
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Theorem 1.8.6. If A, B are measurable partitions and {B, : n > 1} is a
decreasing (increasing and H(A|B1) < o0) sequence of measurable partitions
converging to B, then

lim H(A|B,) = H(A|B) (1.8.5)

n—oo

and the convergence is respectively monotone.

Proof 1. Assume first that A is finite (or countable with finite entropy). Then
the a.e. convergence I(A|B,) — I(A|B) follows from Martingale Convergence
Theorem (more precisely from Theorem 1.6.12), applied to f = 1l 4, the indicator
function for each A € A.

Now it is sufficient to prove sup,, I(A|B,) € L' in order to use Dominated
Convergence Theorem (compare Corollary 1.5.3) and (1.8.3). One can repeat
Proofs of Lemma 1.5.1 (for increasing B,,) and Corollary 1.5.2.

The monotonicity of the sequence H(A|B,,) relies on Theorem ??. How-
ever for infinite B,, one needs to approximate B, by finite (or finite entropy)
partitions. For details see [Rohlin(1967), Sec. 5.12].

For A measurable, represent A as lim; . A; for an increasing sequence of
finite partitions A;, j = 1,2, ..., next refer to Th. 1.8.5. In the case of decreasing
B, the proof is straightforward. In the case of increasing B,, use

H(A|B,)—H(A;|Bn) = H(A|(A;VBn)) < H(A|(A;VB1)) = H(A|B1)—H(A;|By).

This implies that the convergence as j — oo is uniform with respect to n, hence
in the limit H(A|B,) — H(A|B). &

Proof 2. For A finite (or countable with finite entropy) there is a simpler way
to prove (1.8.5). We have for every A € A by Theorem 1.1.4, the convergence in
L? applied to E(1L4|F(B,)), hence the convergence in measure p of g, ()(AN
B, (x)). By the continuity of the function k(t) = —tlogt, see Sec.3, this implies
the convergence in measure u

k(8,, (2) (AN Bn(2))) = k(pp@) (AN B(x)))-

(We do not assume x € A here.) Summing over A € A we obtain the conver-
gence Hy,o o (A[Bn(2)) — Hypue)(AlB(z)) in measure p. These functions are
uniformly bounded by log #A ( or by H(A) ) and non-negative, hence we get
the convergence in L' and in consequence, due to (1.8.2), we obtain (1.8.5).
(Note that we have not used the a.e. convergence in Th. 1.1.4, but only the
convergence in L? proved there.) &

Observe that we can rewrite now the definition of the entropy h, (T, A) from
Section 1.5 as

h, (T, A) =H(AJA™), where A™ := {7 T7"(A). (1.8.6)

A countable partition B is called a countable generator for an endomorphism
of a Lebesgue space if B™ /" ¢. Due to Theorem 1.8.6 we obtain the following
facts useful in computing the entropy for concrete examples.
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Theorem 1.8.7. (a) If B, is a sequence of finite partitions of a Lebesgue
space, such that B,, /" €, then, for any endomorphism T of the space, h(T) =
limy,— 00 M(T, Br)-

(b) If B is a countable generator of finite entropy for an endomorphism T of
a Lebesgue space, then WMT) = h(T,B).

Proof. By Theorem 1.8.6 for every finite A we have lim,, o H(A|B,,) = H(Ale) =
0, hence in view of Theorem 1.4.5, instead of sup 4 in the definition of h(T"), it
is sufficient in (1.4.8) to consider lim;, o h(7, B,,). This proves (a). Theorem
1.4.5 together with the definition of the generator prove also (b). &

Remark 1.8.8. For T' an automorphism one considers two-sided countable (in
particular finite) generator: \/,_ ___ T™(B) = e. Then, as in the one-sided case,

H(B) finite implies h(T") = h(T, B).
Remark 1.8.9. In both Theorem 1.8.6 and Theorem 1.8.7(a) the assumption
on the monotonicity of B, can be weakened. Assume for example that A is finite

and B,,, — ¢ in the sense that for every measurable Y, E(1ly|B,,) — 1y in mea-
sure, as in Remark 1.1.5. Then H(A|B,,,) — 0, hence h(T") = lim;,,—. H(T, By,)-

Indeed for H(A|B,,) — 0 just repeat Proof 2 of Theorem 1.8.6. The con-
vergence in measure g of pg () (A N Bp(x))) to piemy (A N e(x))) writes as
E(14|B,,) — 1 4, which has just been assumed.

Corollary 1.8.10. If X is a compact metric space and F the o-algebra of Borel
sets (generated by open sets), then if supgcp (diam(B)) — 0 as m — oo, then
WT) = limy,— oo H(T, By)-

Proof. 1t is sufficient to check E(14|B,,) — 14 in measure. First note that for
every § > 0 there exist an open set U and closed set K such that K C A C U
and (U \ K) < 4. This property is called regularity of our measure p and is
true for every finite measure on the o-algebra of Borel sets for a metric space
(compactness is not needed here). It can be proved by Caratheodory’s argument,
compare Proof of Th. 1.1.4. Namely we construct the outer measure with the
help of open sets, as in the sketch of the proof of theorem 1.7.2 (where we
used Gp) and notice that since each closed set is an intersection of a decreasing
sequence of open sets we will have the same outer measure if in the construction
of outer measure we use the algebra generated by open sets. Now we can refer
to Theorem 1.7.2.

Next, due to compactness of X, hence K, for m large enough the set A’ :=
U{B € B, : BNK # 0} contains K and is contained in U, hence u(A+A’) < 4.
This implies that

/ E(LalBo) — 1] dp =
X

/ E(nAwm)dm/ |E<nA|Bm>—nA|du+/ |~ B(L4|B,n) dp <
X\ (AUA") A A ANA’

4]

AN A)
p(X\ A

WX\ (AUA)) +6+ (1 - M(M(A/) )M(AmA’) < 36.



50 CHAPTER 1. MEASURE PRESERVING ENDOMORPHISMS

Hence p{z : |E(14|B,,) — 1 4] 2\/5} < /3. &

For a simpler proof, omitting Theorem 1.8.6, see Exercise 77.

We end this Section with the theorem on decomposition into ergodic compo-
nents and the adequate entropy formula. Compare this with Choquet represen-
tation theorem: Th. 2.1.11, and Th. 2.1.13.

Let T be a measure preserving endomorphism of a Lebesgue space. A mea-
surable partition A is said to be T-invariant if T(A) C A for almost every
A € A. The induced map Ty = T|a : A — A is a measurable endomorphism of
the Lebesgue space (A, Fa,pa). One calls T4 a component of T'.

Theorem 1.8.11. (a) There exists a largest (finest) measurable partition A
(mod 0) into T-invariant sets (called the ergodic decomposition). Almost all of
its components are ergodic.

(b) nW(T)= fX/.A h(T'a) dpra(A).

Proof. We shall not prove here the part (a). Let us mention only that the
ergodic decomposition partition corresponds (see Sec.6) to the completion of Z,
the o-subalgebra of F consisting of T invariant sets in F (compare Theorem
1.2.5).

To prove the part (b) notice that for every T-invariant measurable partition
A, for every finite partition ¢ and almost every A € A, writing £4 for the
partition {sN A : s € £}, we obtain

W(Ta,€4) = H(EalE]) = /A Ly (E41€3) dpia.

Notice next that the latter information function is equal a.e. to I,(¢]¢™ V A)
restricted to A. Hence

/ W(Ta) djia(4) = / djis / Ly (€alEr) dpa =
X/ A X/ A A

[ e v Aydn =i v 4) = (19

The latter equality follows from an approximation of A by finite T-invariant
partitions n /* A and from

H(ele™ vn) = HEVale™ V) = Tim TH((EVn)") =

lim LH(E" V) = lim ~H(¢") = H(T,€).

n—oo N n—oo N

Let now &, be a sequence of finite partitions such that &, , €. Then
and Lebesgue monotone convergence theorem prove (b) &
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1.9 Countable to one maps, Jacobian and en-
tropy of endomorphisms

We start with a formulation of a deep theorem by Rohlin:

Theorem 1.9.1. Suppose that A and B are two measurable partitions of a
Lebesgue space (X, F, ) such that ANB is countable (mod 0 with respect to pp)
for almost every B € B. Then there exists a countable partition v = {y1,72,..- }
of X (mod 0) such that such that each y; € 7 intersects almost every B at not
more than one point, which is then an atom of pp, in particular

AV B=~VB (mod 0).

Furthermore, if HLA|B) < oo, then v can be chosen so that

H(y) < H(A|B) + 3/ H(A|B) < 0.

Definition 1.9.2. Let (X,F,u) be a Lebesgue space. Let T : X — X be a
measurable endomorphism. We say that T is essentially countable to one if the
measures p4 of a canonical system of conditional measures for the partition
A = T~!(e) are purely atomic (mod 0 with respect to ), for almost all A.
We say that T is countable to one if we can omit the phrase "mod 0 with respect
to ua” above.

Lemma 1.9.3. If T is essentially countable to one and preserves u then there
exists a measurable Y C X of full measure such that T(Y) CY and

1. T7Y2)NY for a.e. © €Y is countable, moreover it consists only of
atoms of the conditional measure pir-1(z);

2. T(B) is measurable if B CY is measurable;

3. Tly is forward quasi-invariant, namely u(B) = 0 for B C Y implies
W(T(B)) = 0.

Proof. Let Y/ be the union of atoms mentioned in Definition 1.9.2.. We can
write, due to Theorem 1.9.1, Y’ = Uj vj, 80 Y’ is measurable. Set ¥ =
Moo T~"(Y"). Denote the partition 77 (¢) in Y by ¢. Property 1. follows from
the construction. To prove 2. we use the fact that (Y/¢, F¢, u¢) is a Lebesgue
space and the factor map T¢ : Y — X is an automorphism (Th. 1.6.11). So,

for measurable B C Y, the set
{AeC:pa(BNA) A0} ={Ae(: AnB#0} (1.9.1)

is measurable by (1.6.7) and therefore its image under T, equal to T'(B), is
measurable. If u(B) = 0, then the set in (1.9.1) has measure p¢ equal to 0,
hence as T¢ is isomorphism we obtain that T'(B) is measurable, of measure 0.

&

The key property in the above proof is the equality (1.9.1). Without as-
suming that p4 are purely atomic there could existed B of measure 0 with
C:={Ae(:pa(BnA)+# 0} not measurable in Fe.
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To have such a situation just consider a non-measurable C' C Y/¢. Consider
the disjoint union D := C UY and denote the embedded C' by C’. Finally,
defining measure on D, put u(C’) = 0 and p on the embedded Y. Define
T(d) = T(C) for C > ¢ and ¢ being the image of ¢ under the abovemen-
tioned embedding. Thus C” is measurable, of measure 0, whereas T'(C’) is not
measurable because C' is not measurable and 7 is isomorphism.

Definition 1.9.4. Let (X, F, u) and (X', F', u’) be probability measure spaces.
Let T : X — X’ be a measurable homomorphism. We say that a real, nonneg-
ative, measurable function J is a weak Jacobian if there exists E of measure
0 such that for every measurable A C X \ F on which T is injective, the set
T(A) is measurable and u(T(A)) = [, Jdu. We say J is strong Jacobian, or
just Jacobian, if the above holds without assuming A C X \ E.

Notice that if T' is forward quasi-invariant, namely (u(A4) = 0) = (/' (T(4)) =
0), then automatically weak Jacobian is strong Jacobian.

Proposition 1.9.5. Let (X, F, u) be Lebesgue space and T : X — X be a mea-
surable, essentially countable to one, endomorphism. Then there exists a weak
Jacobian J. It is unique (mod 0). For T restricted to'Y (from Lemma 1.9.3) J
is strong Jacobian.

Proof. Consider the partition v = {v1,72,...} given by Theorem 1.9.1. Then
for each j the map T'|.,y is injective. Moreover by Lemma 1.9.3 T'|,,ny maps
measurable sets onto measurable sets and is forward quasi-invariant. Therefore
J exists on each 7; N'Y by Radon-Nikodym theorem.

By the presentation of each A C Y as U;’il ANy, the function J satisfies
the assertion of the Proposition. The uniqueness follows from the uniqueness of
Jacobian in Radon-Nikodym theorem on each v; NY'. &

Theorem 1.9.6. Let (X, F,v) be a Lebesgue space. LetT : X — X be a v pre-
serving endomorphism, essentially countable to one. Then its Jacobian, strong
on'Y defined in Lemma 1.9.3, weak on X, has logarithm equal to I(e|T~(g)).
(We do not need to assume here T(Y) C Y. I stands for the information
function, see Sections 1.4 and 1.8 ).

Proof. Consider already T restricted to Y. Let Z C Y be an arbitrary measur-
able set such that 7" is 1-to—1 on it. For each y € Y denote by A(y) the element
of ( = T~!(e) containing y. We obtain

v(T(2)) = V(T_l(T(Z))) = /T_l(T(Z)) (/A(y) IldvA@,)) dv(y)

/T—l (1(2)) (/A(y) 17(y)/vag{y}) dVA(y)) dv(y)
/ L2(y)/vaw{y}) dv(y) = / 1/vayly}) dv(y)
T-1(7(2)) p



1.10. MIXING PROPERTIES 93

Theorem 1.9.6 gives rise to the so called Rohlin formula:

Theorem 1.9.7. Let (X,F,u) be a Lebesque space. Let T : X — X be a p
preserving endomorphism, essentially countable to one. Suppose that on each
component A of the ergodic decomposition (cf. Th. 1.8.11) the restriction T4
has a countable generator of finite entropy. Then for the weak Jacobian J

hu(T) = HET ) = [ 1T 0) dn = [ log T di.

Proof. The third equality follows from Theorem 1.9.6, the second one is the
definition of the conditional entropy, see Sec. 8. To prove the first equality we
can assume, due to Theorem 1.8.11, that T is ergodic. Then, for (, a countable
generator of finite entropy, with the use of Theorems 1.8.5 and 1.8.6, we obtain

H(e|T™H(e)) = H(e|¢T) = lim H(¢"|¢™) = H(¢[¢T) =h(T,¢) = h(T).

&

Remark. The existence of a countable generator, without demanding finite
entropy, is a general, not very difficult, fact, namely the following holds:

Theorem 1.9.8. Let (X, F,u) be Lebesgue space. Let T : X — X be a u-
preserving aperiodic endomorphism, essentially countable to one. Then there

exists a countable generator, namely a countable partition ¢ such that (- = ¢
(mod 0).

Aperiodic means there exists no B of positive measure and a positive in-
teger n so that T"|p =id. For the proof see [Rohlin(1967), Sec. 10.12-13] or
[Parry(1969)]. To construct ¢ one uses the partition v found for e and T~1(e)
according to Theorem 1.9.1 and so-called Rohlin towers.

The existence of a generator with finite entropy is in fact equivalent to
H(ele™) = h(T') < oo. The proof of the implication to the right is contained in
Proof of Th. 1.9.7. The reverse implication, the construction of the partition,
is not easy, it uses in particular the estimate in Th. 1.9.1.

The existence of a generator with finite entropy is a strong property. It may
fail even for exact endomorphisms, see Sec. 10 and Exercise ?7. Neither its
existence implies exactness, Exercise 7?7. To the contrary, for automorphisms,
two-sided generators, even finite, always exist, provided the map is aperiodic.

1.10 Mixing properties

In this section we examine briefly some mixing properties of a measure preserv-
ing endomorphism, stronger than ergodicity. A measure preserving endomor-
phism is said to be weakly mizing if and only if for every two measurable sets A
and B

n—1

T LS (T I(B) 0 A4) — p(A)p(B)| =0
§=0
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To see that a weakly mixing transformation is ergodic, suppose that T-(B) =
B. Then T~%(B) = Bfor all k > 0 and consequently for every n, - Z;:Ol (T~ (B)N
A) — u(Au(B)| = |u(B) — u(B)?|. Thus u(B) — u(B)?> = 0 and therefore
w(B)=0or 1.

A measure preserving endomorphism is said to be mizing if and only if for
every two measurable sets A and B

Jim p(T7"(B) N A) = p(A)u(B) =0

Clearly, every mixing transformation is weakly mixing. The property equivalent
to the mixing property is the following: for every square integrable functions

f,
’ T}er;o/f(goT”)du:/fdu/gdu.

Indeed, the former property follows from the latter one if we substitute the
indicator functions 1l 4, 15 in place of f,g. To prove the opposite implication
notice that with the help of Holder inequality it is sufficient to restrict to simple
functions f = -, a;1a,,9 = >_; a;1 4, for finite partitions (A;) and (B;). Then

[ raoryan- [ rau [ ad] =S a0 T ) - wAu(B)| o

because every summand converges to 0 as n — 0.

In the sequel we will deal also with stronger mixing properties. An endomor-
phism is called K-mizing if for every measurable set A and every finite partition
A

lim  sup |u(ANB) - u(A)u(B)| =0,

n—oo BE]:(AZO)
Recall that F(AS°) for n > 0 means the complete o-algebra assigned to the par-
tition A° = \/;in T=7(A). The following theorem provides us with alternative
definitions of the K-mixing property in case T is an automorphism.
Theorem 1.10.1. If T : X — X is a measure-preserving automorphism of a
Lebesgue space, then the following conditions are equivalent:

(a) T is K-mizing.

(b) For every finite partition A Tail(A) :== N>y Ve, T7"(A) is equal to the
trivial partition v = {X}

(¢) For every finite partition A # v, h, (T, A) > 0 (T has completely positive
entropy)

(d) There exists a forward invariant erhausting measurable partition o (i.e.
satisfying T~ (o) < a, T™(a) /" €, see Definition 1.6.4) such that T~"(a) \, v.

The property Tail(A) = v is a version of the 0-1 Law. An automorphism
satisfying (d) is usually called: K-automorphism. The symbol K comes from
the name: Kolmogorov. Each partition satisfying the properties of o in (d) is
called K-partition.
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Remark. the properties (a)-(c) make sense for endomorphisms and they are
equivalent (proofs are the same as for automorphisms). Moreover they hold for
an endomorphis iff they hold for its natural extension.

Proof. (a part of) To show the reader what is the Theorem about let us prove
at least some implications:

(a)=>(b) Let A € F(Tail(A)) for a finite partition A. Then A € F(\/,—, T7*(A))
for every n. Hence, by K-mixing, u(4A N A) — p(A)u(A) = 0 and therefore
w(A) =0or 1.

(b)=(c) Suppose h(T,.A) = 0 for a finite partition 4. Then H(A| A7) = 0,
hence I(AJ A7) =0 a.s. (see Sec.8), hence A < A~. Hence

§7 T-*(A) = (7 T-*(A) and (7 T-*(A) = (7 T=4(A)
k=0 k=1 k=m k=n

for every m,n > 0. So Aoy Ve, T %(A) = Viey T *(A). The latter parti-

tion is Tail A, so it is equal to v by (b). But it is finer than A4, hence A = v. So

each finite partition different from v, the trivial one, has positive entropy.
(b)=>(d) (in case there exists a finite two-sided generator B, i.e. \/ - ™ (B) =

n=—oo

g) £E=\T2,T™(B) is exhausting. &
Let us finish the Section with the following useful:

Definition 1.10.2. A measure preserving endomorphism is said to be ezact if
o0
AT =,
n=0

(Remind that ¢ is the partition into points and v is the trivial partition {X}.)

Exercise. Prove that exactness is equivalent to the property: p.(T™(A4)) —
1 for every A of positive measure (. is outer measure), or to the property:
w(T™(A)) — 1 provided p(A) > 0 and the sets T™(A) are measurable.

The property ezact implies the natural extension is a K-automorphism (in
Theorem 1.10.1(d) set for « the lift of €). The converse is of course false. Non-
one atom space automorphisms are not exact. Observe however that if T" is an
automorphism and « is a measurable partition satisfying (d), then the factor
map T'/a on X/a is exact.

Exercise. Prove that T is the natural extension of T'/«.
Remind finally (Section 1.9) that even for exact endomorphisms, h(e|T~1(¢))
can be strictly less than h(7").

1.11  Probability laws and Bernoulli property

Let (X, F, 1) be a probability space, or whenever it is needed: a Lebesgue space.
Let f and g be real square-integrable functions on X. For every positive integer
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n the n-th correlation of the pair f, g, is the number

Cn(f.9) 5:/f'(gOT")du—/fdu/gdu.

provided the above integrals exist. Notice that due to the T-invariance of p we
can also write

Culf,g) = / (f — Ef)((g - Eg)o T") dp,

where we write Ef = [ fdp and Eg = [ gdp
Let g : X — R be a square-integrable function. The limit

n—1
1 4 2
2 .
= lim - ( Tﬂ—E)d 1.11.1
o =i [ (S aer —nEs) o (RIR}

is called asymptotic variance or dispersion, provided it exists.
Write go = g — Eg. Then we can rewrite the above as

N2
o2 = limy,_ oo % f(Z?:_()l go © TJ) du.
Another useful expression for the asymptotic variance is the following

@) = [dn+23 [0 (0o dn (1.11.2)

The convergence of the series of correlations C,, (g, ¢) in (1.11.2) easily implies
that o2(g) from this formula is equal to o2 defined in (1.11.1), compare the
computation in the proof of Theorem 1.11.3 later on.

We say that the law of iterated logarithm, LIL, is satisfied for g if 0%(g) exists
(i.e. the above series converges) and

-1 .
lim sup 2j=0 90T/ —nkyg
n—o0 vnloglogn

(1 almost surely, a.s., means p almost everywhere, a.e. This is the probability
theory language.)
We say that the central limit theorem, CLT, holds, if

n—1 1
2 goTV —nkE 1 r
u <{x e x . =0 g\/ﬁ < r}> - _\/2_/ e /2% qr. (1.11.4)
g T J—00

For o # 0 the convergence is for all 7, for 2 = 0 the convergence holds for r # 0
and on the right hand side one sets 0 for » < 0 and 1 for > 0.

The LIL and CLT for 02 # 0 are often, and this is the case in Theorem 1.11.1
below, a consequence of the almost sure invariance principle, ASIP, which says
that the sequence of random variables g, goT, goT?, centered at the expectation
value i.e. provided Eg = 0, is ”approximated with the rate n*/2=¢” for an € > 0,
depending on § in Theorem 1.11.1 below, by a martingale difference sequence
and a respective Brownian motion.

=V202 p— almost surely . (1.11.3)
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Theorem 1.11.1. Let (X, F, u) be a probability space and T an endomorphism
preserving . Let G C F be a o-algebra. Write G := \/?:m T=3(G) (notation
from 1.6) for m < n < oo and suppose that the following property called ¢-
mizing holds:

There ezists a sequence ¢p(n),n = 0,1, .. of positive numbers satisfying

o0

> 6'2(n) <o (1.11.5)

n=1

such that for every A € GI* and B € G;°, 0 <m < n we have
(AN B) = p(A)u(B)| < ¢(n — m)u(A). (1.11.6)
Finally consider a G§° measurable function g : X — R such that

/|g|2+5 dp < oo for some § > 0,

and that for all n > 1

(f - B@gs P
(A concrete formula for s can be given, depending on §.)

Then g satisfies CLT and LIL.

LIL for 02 # 0 is a special case, for ¥»(n) = v/2loglogn, of the following: for
every real positive non-decreasing function ¢ one has, provided [ gdu =0,

—(249)
) < Kn™* K >0,s>0 large enough. (1.11.7)

uf{re X: Zg(Tj(a:)) > (n)Vo?n for infinitely many n} =0 or 1
§=0
according as floo @ exp(—%zﬁz (t)) dt converges or diverges.

As we already remarked, this Theorem, for 02 # 0, is a consequence of ASIP
and the similar conclusions for the standard Brownian motion. We do not give
the proofs here. For ASIP and further references see [Philipp, Stout(1975),
Ch. 4 and 7]. Let us discuss only the existence of 0. It follows from the
following consequence of (1.11.6): For «, 8 square integrable real functions on
X, a measurable in G§* and 3 measurable in G5° we have

} [asdn- pa Eﬂ} < 2(p(n — m) Y2 all2 18]l (1118)

The proof of this inequality is not difficult, but tricky, with the use of Holder
inequality, see [Ibragimov(1962)] or [Billingsley(1968)]. It is sufficient to work
with the functions o = 7, a;1a;,3 = >, a;14; for finite partitions (4;) and
(Bj), as with mixing in Sec. 10. Note that if instead of (1.11.6) we have stronger:

(AN B) — p(A)u(B)| < ¢(n —m)u(A)u(B), (1.11.9)
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as will happen in Chapter 3, then we very easily obtain in (1.11.7) the estimate
by ¢(n — m)||a|1]|8]|1, by the computation the same as for mixing in Section
1.10.

We may assume that g is centered at the expectation value. Write g =

i + 10 = B(g|G5""") + (9 — B(g]G5""). We have

‘/g(goT")du‘ <

[kt bt [t )| f o7y

2(¢(n — [n/2]) 2 knll3 + 2llknllzl7allz + Iral3 <
2(¢(n — [n/2))) "2 [lknll3 + 2K /2] |[Knll2 + K[n/2) 72,

the first summand estimated according to (1.11.8). For s > 1 we obtain conver-
gence of the series of correlations.

Let us go back to the discussion of the ¢-mixing. If G is associated to a
finite partition that is a generator, ¢-mixing with ¢(n) — 0 as n — oo implies
K-mixing (see Sec.10). Indeed B is the same in both definitions, whereas A in
K-mixing can be approximated by sets belonging to Gg*. We leave details to
the reader.

Intuitively both notions mean that any event B in remote future weakly
depends on the present state A, i.e. |u(B) — u(B|A)| is small.

In applications G will be usually associated to a finite or countable partition.

In Theorems 1.11.1, the case 02 = 0 is easy. It relies on Theorem 1.11.3
below. Let us first introduce the following fundamental

Definition 1.11.2. Two functions f,g: X — R (or C) are said to be cohomol-
ogous in a space KC of real (or complex) -valued functions on X (or f is called
cohomologous to g), if there exists h € K such that

f—g=hoT —h. (1.11.10)

If f, g are defined mod 0, then (1.11.10) is understood a.s. This formula is called
a cohomology equation.

Theorem 1.11.3. Let f be a square integrable function on a probability space
(X, F,p), centered at the expectation value. Assume that > - n| [ f-(fo
T™) du| < co. Then the following three conditions are equivalent:

(a) o*(f)=0;

(b) All the sums S, = S f = Z;’:_()l foT7I have the norm in L* (the space
square integrable functions) bounded by the same constant;

(c) f is cohomologous to 0 in the space H = L>.
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Proof. (c)=(a) follows immediately from (1.11.1) after substituting f = hoT—h.
Let us prove (a)=-(b): Write C; for the correlation [ f-(foT7)du,j =0,1,....

Then .
[ 18uf2 du =g + 23 (n - )5

=1

—n(CO—i—QZC)—Qn S 023 O =ne® 1, 11,

j=n+1 j=1

Since I, — 0 and IT,, stays bounded as n — oo and 02 = 0, we deduce that all
the sums S,, are uniformly bounded in L2.

(b)=(c ) f=hoT — h for any h a limit in weak*-topology of the bounded
sequence —S We leave the easy computation to the reader. (This compu-
tation Wlll be provided in detail in the similar situation of Bogolyubov-Krylov
Theorem, in 2.1.14.). &

Now Theorem 1.11.1 for 62 = 0 follow from (c), which gives Z -0 L foTi =
hoT™ — h, with the use of Borel-Cantelli lemma.

Remark. Th. 1.11.1 in the two-sided case: where g depens on G; = T7(G) for
j=...,—1,0,1,... for an automorphism 7T, also holds. In 1.11.8 one should
replace Gg by G” ..

Given two finite partitions A and B of a probability space and ¢ > 0 we
say that B is e-independent of A if there is a subfamily A’ C A such that
u(UA) >1—c and for every A € A’

D

BeB

n(AN B)

A —u(B)| <e. (1.11.11)

Given an ergodic measure preserving endomorphism 7" : X — X of a
Lebesgue space, a finite partition A is called weakly Bernoulli (abbr. WB)
if for every € > 0 there is an N = N(¢) such that the partition \/5_, T7I(A) is
e-independent of the partition \/;ﬁ:o T=I(A) for every 0 < m < n < s such that
n—m>N.

Of course in the definition of e-independence we can consider any measur-
able (maybe uncountable) partition A and write conditional measures p(B)
n (1.11.11). Then for T" an automorphism we can replace in the definition of
WB \/3_, T=3(A) by /30 T=(A) and V7" T=3(A) by \/7"", T~7(A4) and
set n = oco,n—m > N. WB in this formulation becomes one more version of
weak dependence of present (and future) from remote past.

If ¢ = 0 and N = 1 then all partitions 777(A) are mutually independent
(recall that A,B are called independent if u(A N B) = p(A)u(B) for every
A€ A, B e B.). We say then that A is Bernoulli. If A is a generator (two-sided
generator), then clearly T on (X, F, u) is isomorphic to one-sided (two-sided)
Bernoulli shift of .4 symbols, see Chapter 7?7, Examples 0.9. The following
famous theorem of Friedman and Ornstein holds:
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Theorem 1.11.4. If A is a weakly Bernoulli finite two-sided generating parti-

tion of X for an automorphism T, then T is isomorphic to a two-sided Bernoulli
shift.

Of course the standard Bernoulli partition (in particular the number of its
states) in the above Bernoulli shift can be different from the image under the
isomorphism of the WB partition.

Bernoulli shift above is unique in the sense that each two two-sided Bernoulli
shifts of the same entropy are isomorphic [Ornstein (1970)].

Note that ¢-mixing in the sense (1.11.9), with ¢(n) — 0, for G associated to
a finite partition 4, implies weak Bernoulli.

Central Limit Theorem is a much weaker property than LIL. We want to
end this Section with a useful abstract theorem that allows us to deduce CLT
for g without specifying G. This Theorem similarly as Theorem 1.11.1 can be
proved with the use of an approximation by a martingale difference sequence.

Theorem 1.11.5. Let (X, F,u) be a probability space and T : X — X an
automorphism preserving u. Let Fo C F be a o-algebra such that T~(Fo) C Fp.
Denote F,, = T~"(Fop) for all integern =...,—1,0,1,... Let g be a real square
integrable function. If

D IEGIF) 2 + 1l = E(glF-n)ll2 < oo,
n>0

then g satisfies CLT.

Exercises

Ergodic theorems, ergodicity

1.1. Prove that for any two o-algebras F > F’ and ¢ an F-measurable function,
the conditional expectation value operator LP(X,F,u) o ¢ — E(¢|F') has
norm 1 in LP, for every 1 < p < oco. (Hint: Prove that E((¢9 o |¢])|F) >
Yo E((|¢])|F") for convex ¥, in particular for ¢ — tP.)

1.2. Prove that if S : X — X’ is a measure preserving surjective map for
measure spaces (X, F, p) and (X', F’, 1’) and there are measure preserving en-
domorphisms T : X — X and 7" : X' — X’ satisfying SoT =T" 0 S, then T
ergodic implies T’ ergodic, but not vice versa. Prove that if (X, F, 1) is Rohlin’s
natural extension of (X', F', ), then (X', 7', u’) implies (X, F, u) ergodic.

1.3. (a) Prove Maximal Ergodic Theorem: Let f € L'(u) for T a measure
preserving endomorphism of a probability space (X, F, u). Then for A := {z:
SUp,, >0 Yo f(T*(2)) > 0} it holds [, f > 0.
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(b) Note that this implies Maximal Inequality for the so-called maximal function
[ i=sup,>; % Z;:ol f(T(z)):

1
pw{f*>a} < —/ fdu, for every real a.
@ J{fr>a)

(¢) Deduce Birkhof Ergodic Theorem.

Hint: proceed directly or using Banach Principle below, proving first con-
vergence a.e. on the set of functions dense in L' being sums hq + ho in L?, for
h1 =hyoT,hg =goT — g for g € L*>.

1.4. Prove Banach Principle: Let 1 < p < oo and let {T,,} be a sequence of
bounded linear operators on LP. If sup,, |1, f| < oo a.e. for each f € LP then
the set of f for which T}, f converges a.e. is closed in LP.

1.5. Let (X,F,u) be a probability space, let F; C Fo C --- C F be an
increasing to F sequence of o-algebras and ¢ € LP, 1 < p < oco. Prove
Martingale Convergence Theorem in the version of Theorem 1.1.4, saying that
On = E(¢|Fn) — E(¢|F) a.e. and in LP.

Steps:

1) Prove: p{max;<, ¢; > a} < éf{maxmn bi>a) ¢n dp. (Hint: decompose
X = UZ:1 Ay where Ay, := {max;<j ¢; < a < ¢} and use Tchebyshev inequal-
ity on each Ay. Compare Lemma 1.5.1).

2) Use Banach Principle checking first the convergence a.e. on the set of
indicator functions on each F,.

1.6. For a Lebesgue integrable function f : R — R the Hardy-Littlewod maxi-

mal function is .

Mf(t):supi |f(t+ s)|ds.
>0 2€ —e

(a) Prove the maximal inequality of F. Riesz m{z € R : M f(z) > o} < 2|/ f|1,
for every o > 0, where m is Lebsgue measure.
(b) Prove Lebesgue Differentiation Theorem: For a.e. t lim.—o o= [*_[f(t +
$)lds = f(b).

Hint: Use Banach Principle (Exercise 1.4) using the fact that the above
equality holds on the set of diferentiable functions, which is dense in L'.
(c) Generalize this theory to f : R? — R, d > 1; the constant 2 replaces then
by another constant resulting from Besicovitch Covering Theorem, see Chapter
7.

Lebesgue spaces, measurable partitions

1.7. Let T be an ergodic automorphism of a probability non-atomic measure
space and A its partition into orbits {T"(x),n =...,—1,0,1...}. Prove that
A is not measurable.

Suppose we do not assume ergodicity of T. What is the largest measurable
partition, smaller than the partition into orbits? (Hint: Th. 1.8.11.)
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1.8. Prove that the following partitions of measure spaces are not measurable:

(a) Let T : S* — S! be a mapping of the unit circle with Haar (length)
measure defined by T'(z) = e2™®2 for an irrational a. P is the partition into
orbits;

(b) T is the automorphism of the 2-dimensional torus R?/Z2, given by a
hyperbolic integer matrix of determinant 1. Let P be the partition into stable,
or unstable, lines (i.e. straight lines parallel to an eigenvector of the matrix);

(c) Let T : S' — S be defined by T(z) = 22. Let P be the partition into
grand orbits, i.e. equivalence classes of the relation x ~ y iff Im,n > 0 such
that T™(z) = T™(y).

1.9. Prove that every Lebesgue space is isomorphic to the unit interval equipped
with the Lebesgue measure together with countably many atoms.

1.10. Prove that every separable complete metrisable (Polish) space with a
measure on the o-algebra containing all open sets, minimal among complete
measures, is Lebesgue space.

Hint: [Rohlin(1949), 2.7].

1.11. Let (X, F,u) be a Lebesgue space. Then Y C X, u.(Y) > 0 is measur-
able iff (Y, Fy, uy) is Lebesgue, where p. is the outer measure, Fy = {ANY :
A€ F}and py(A) = %.

Hint: If B=(B,,) is a basis for (X,F, p), then (B]) = (B, NY) is a basis for
(Y, Fy,pny). Add to Y one point for each sequence (B/“") whose intersection
is missing in Y and in the space Y obtained in such a way generate complete
measure space (Y, F, ji) from the extension B of the basis (BY,). Borel sets with
respect to B in X correspond to Borel sets with respect to B and sets of I
measure 0 correspond to sets of i measure 0. So measurability of Y implies
aY\Y)=0.

1.12. Prove Th. 1.6.6.

Hint: In the case both spaces are unit intervals with standard Lebesgue
measure, consider all intervals J’ with rational ends. J = T~1(J’) is contained
in a Borel set By with u(By \ J) = 0. Remove from X a Borel set of measure
0 containing |J;(By \ J). Then T becomes a Borel map, hence it is a Baire
function, hence due to the injectivity it maps Borel sets to Borel sets.

1.13. (a) Consider the unit square [0, 1]x[0, 1] equipped with Lebesgue measure.
For each x € [0, 1] let A, be the partition into points (2,y) for 2’ # x and the
interval {z} x [0,1]. What is A, A, ? Let B, be the partition into the intervals
{2’} x [0,1] for &’ # x and the points {(z,y) : y € [0,1]}. What is A\ B, ?

(b) Find two measurable partitions A, A’ of a Lebesgue space such that their
set-theoretic intersection (i.e. the largest partition such that A, A’ are finer than
it) is not measurable.

1.14. Find an example of T : X — X an endomorphism of a probability space

(X, F, i), injective and onto, such that for the system - - - LxZL X, natural
extension does not exist.
Hint: Set X the unit circle and T irrational rotation. Let A be a set con-

sisting of exactly one point in each T-orbit. Set B = (J;5,77(A4). Notice that
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B is not Lebesgue measurable and that the outer measure of B is 1 (use unique
ergodicity of T i.e. that (1.2.1a) holds for every x)

Let F be the g-algebra consisting of all the sets C'= BN D for D Lebesgue
measurable, set ;(C) = Leb(D), and of C C X \ B, set then p(C) = 0. Note
that ),~o7™(B) = 0 and in the set-theoretic inverse limit the set 7_,(B) =

7y H(T™(B)) would be of measure 1 for every n > 0.

Entropy, generators, mixing

1.15. (a) Prove that in a Lebesgue space d(A,B) := H(A|B) + H(B|A) is a
metric in the space Z of countable partitions (mod 0) of finite entropy. Prove
that the metric space (Z,d) is separable and complete.

(b) Prove that if T is an endomorphism of the Lebesgue space, then the
function A — h(T,.A) is continuous for A € Z with respect to the above metric
d.

Hint: |h(T,A) — h(T,B)| < max{H(A|B),H(BJA)}. Compare Proof of

Th. 1.4.5.
1.16. (a) Let do(A, B) := >, u(A; + B;) for partitions of a probability space
into 7 measurable sets A = {4;,i=1,...,r} and B={B;,i =1,...,r}. Prove
that for every r and every d > 0 there exists dg > 0 such that if A, B are
partitions into r sets and do(A, B) < dp, then d(A,B) < d

(b) Using (a) give a simple proof of Corollary 1.8.10. (Hint: Given an
arbitrary finite A construct B < B,, so that dy(.A, B) be small for m large. Next
use (a) and Theorem 1.4.4(d)).

1.17. Prove that there exists a finite generator for every 7', a continuous posi-
tively expansive map of a compact metric space (see the definition of positively
expansive in Ch.2, Sec.5).

1.18. Compute the entropy h(T") for Markov chains, see Chapter 0.

1.19. Prove that the entropy h(7T") defined either as supremum of H(T', A) over
finite partitions, or over countable partitions of finite entropy, or as sup H(£|£7)
over all measurable partitions ¢ that are forward invariant (i.e. T71(€) < €) is
the same.

1.20. Let T be an endomorphism of the 2-dimensional torus R?/Z?, given by
an integer matrix of determinant larger than 1 and with eigenvalues A1, Ay such
that [A;| < 1 and |A2| > 1. Let S be the endomorphism of R?/Z? being the
cartesian product of S;(z) = 2z (mod 1) on the circle R/Z and of S3(y) = y+«
(mod 1), the rotation by an irrational angle &. Which of the maps T, S is exact?
Which has a countable generator of finite entropy?

(Answer: T does not have the generator, but it is exact. The latter holds
because for each small parallelepiped P spanned by the eigendirections there ex-
ists n such that 7" (P) covers the torus with multiplicity bounded by a constant
not depending on P. This follows from the fact that A; are algebraic numbers
and from Roth’s theorem about Diophantine approximation. S is not exact,
but it is ergodic and has a generator.)
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1.21. (a) Prove that ergodicity of an endomorphism 7' : X — X for a proba-
bility space (X, F, u) is equivalent to the non-existence of a non-constant mea-
surable function ¢ such that Ur(¢) = ¢, where Ur is Koopman operator, see
1.2.1.

(b) Prove that for an automorphism 7', weak mixing is equivalent to the
non-existence of a non-constant eigenfunction for Ur in L?(X,F, ).

(c) Prove that if T' is a K-mixing automorphism then L?©constant functions
decomposes in a countable product of pairwise orthogonal Ur-invariant sub-
spaces H; each of which contains h; such that for each i all UJ.(h;),j € Z are
pairwise orthogonal and span H;. (This property is called: countable Lebesgue
spectrum.)

Hint: use condition (d) in 1.10.1

1.22. Prove that if the definition of partition A e-independent of partition B
is replaced by >_ 4c 4 pep (AN B) — pu(A)u(B)|, then the definition of weakly
Bernoulli is equivalent to the old one. (Note that now the expression is sym-
metric with respect to A, B.)
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Chapter 2

Ergodic theory on compact
metric spaces

In the previous Chapter a measure preserved by a measurable map T' was given
a priori. Here a continuous mapping 7' of a topological compact space is given
and we look for various measures preserved by 7. Given a real continuous
function ¢ on X we try to maximize the functional measure theoretical entropy
+integral, i.e. h,(T)+ [ ¢du. Supremum over all probability measures on the
Borel o-algebra happens to be topological pressure, similar to P in the proto-
type lemma on the finite space or P(«) for ¢, on the Cantor set discussed in
Introduction. We discuss equilibria, namely measures on which supremum is
attained. This Chapter provides an introduction to the theory called thermody-
namical formalism, which will be the main technical tool in this book. We shall
continue to introduce thermodynamical formalism in more specific situations in
Chapter 4.

2.1 Invariant measures for continuous mappings

We recall in this Section basic facts from functional analysis to study the space
of measures and invariant measures. We recall Riesz representation theorem,
weak™ topology, Schauder fixed point theorem. We recall also Krein-Milman
theorem on extremal points and its stronger form: Choquet representation the-
orem. This gives a variant of Ergodic Decomposition Theorem from Chapter 1.

Let X be a topological space. The Borel o-algebra B in subsets of X is
defined as generated by open subsets of X. We call every probability measure
on Borel g-algebra for X, a Borel probability measure on X. We denote the set
of all such measures by M (X).

Denote by C(X) the Banach space of real continuous functions on X with
the supremum norm: |¢| := sup,¢ x |¢(x)|. Sometimes we shall use the notation
[|¢]|0, introduced in Ch.1.1 in L°(u), though it is compatible only if u is
positive on open sets.

67
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Note that each Borel probability measure @ on X induces a bounded linear
functional F, on C(X) defined by the formula

Fu(0) = [ odu (2.1.1)

One can extend the notion of measure and consider o-additive set function,
another name : signed measure. Just in definition of measure in Ch.1.1 consider
pw: F — [-o0,00) or u: F — (—o0,00] and keep the notation (X,F,u)
from Ch.1. The set of signed measures is a linear space. On the set of finite
signed measures, namely with the range R, one can introduce the following total
variation norm:

v(p) i=sup 3 [n(A;)]

supremum taken over all finite sequences of disjoint sets in F.
It is easy to prove that every finite signed measure is bounded and that it
has finite total variation. It is also not difficult to prove the following

Theorem 2.1.1 (Hahn-Jordan decomposition). For every signed measure on
a o-algebra F there exists A, € F and two measures ut and p~ such that
p= put —pu,u" is zero on all measurable subsets of A,, p~ is zero on all
measurable subsets of X \ A,,.

Notice that v(p) = p*(X) + p~ (X).

A measure (or signed measure) is called regular, if for every A € F and
e > 0 there exist E1,FEy € F such that clE; C A C intEs and for every
C e F,C C E>\ Ey we have |u(C)| < e.

If X is a topological space, denote the space of all regular finite signed
measures as above with the total variation norm by rca(X). The abbreviation
rca replaces regular countably additive.

If 7 = B Borel g-algebra and X is metrizable, regularity holds for every finite
signed measure. It can be proved by Carathéodory’s outer measure argument,
compare Proof of Corollary 1.8.10.

Denote by C(X)* the space of all bounded linear functionals on C'(X). This
is called the dual space. Bounded means here bounded on the unit ball in C(X),
which is equivalent to continuous. The space C(X)* is equipped with the norm
[|F|| = sup{F(¢): ¢ € C(X),|¢| < 1}, in which it is a Banach space.

There is a natural order in rca(X): v1 < wo iff o — 11 is a measure.

Also in the space C(X)* one can distinguish positive functionals, similarly
to measures in signed measures, as those which are non-negative on the set of
functions CT(X) := {¢ € C(X) : ¢(x) > 0 for every z € X}. This gives the
order: F < G for F,G € C(X)* iff G — F is positive.

Remark that F' € C(X)* is positive iff ||F'|| = F(11), where 1 is the function
on X identically equal to 1. Also for every bounded linear operator F : C(X) —
C(X) which is positive, namely F(Ct(X)) C CT(X), we have ||F|| = |F(1)|.

Remark that (2.1.1) transforms measures to positive linear functionals.
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The following fundamental theorem of F. Riesz says more about the trans-
formation p — F), in (2.1.1) (see [Dunford & Schwartz(1958), pp. 373,380] for
the history of this theorem):

Theorem 2.1.2 (Riesz representation theorem). If X is a compact Hausdorff
space, the transformation p — F), defined by (2.1.1) is an isometric isomor-
phism between the Banach space C(X)* and rca(X). Furthermore this isomor-
phism preserves order.

In the sequel we shall often write p instead of F), and wice versa and p(o)
or u¢ instead of F,(¢) or [ ¢dpu.

Notice that in Theorem 2.1.2 the hard part is the existence, i.e. that for
every F' € C(X)* there exists pu € rca(X) such that F' = F,. The uniqueness is
just the following:

Lemma 2.1.3. If p and v are finite regular Borel signed measures on a compact
Hausdorff space X, such that [ ¢du = [ ¢dv for each ¢ € C(X), then p=v.

Proof. This is an exercise on the use the regularity of ;4 and v. Let n :=
i —v =nt — 75~ in Hahn-Jordan decomposition. Suppose that that u # v.
Then nt (or n7) is non-zero, say n*(X) = n*(A,) = € > 0, where 4, is
the set defined in Th.2.1.1. Let E; be a closed set and Es an open set, such
that By C A, C Es and 77 (E2 \ Ay) < ¢/3,n1 (A, \ E1) < ¢/3. There exists
¢ € C(X) with values in [0, 1] identically 1 on E7 and 0 on X\ E>. Then [ ¢dn =
fEl ¢d7] + fEQ\A,, ¢d77+ fAn\El ¢d7] 2 77+(E1) - 5/3 2 n+(ATI) - 26/3 >0. &

The space C(X)* can be equipped with weak* topology. In the case X is
metrizable, i.e. if there exists a metric on X such that the topology induced by
this metric is the original topology on X, weak* topology is characterized by the
property that a sequence {F, : n =1,2,...} of functionals in C(X)* converges
to a functional F' € C(X)* if and only if

lim F,(¢) = F(¢) (2.1.2)

n—oo

for every function ¢ € C(X).

If we do not assume X is metrizable, weak* topology is defined as the smallest
one in which all elements of C'(X) are continuous on C(X)* (recall that ¢ €
C(X)actson F' € C(X)* by F'(f)). One says weak* to distinguish this topology
from the weak topology where one considers all continuous functionals on C'(X)*,
not only those represented by f € C'(X). This discussion of topologies concerns
of course every Banach space B and its dual B*.

Using the bijection established by Riesz representation theorem we can move
the weak™ topology from C(X)* to rca(X) and restrict it to M (X). The topol-
ogy on M (X) obtained in this way is usually called weak* topology on the space
of probability measures (sometimes one omits * to simplify the language and
notation but one still has in mind weak*, unless stated otherwise). In view of
(2.1.2) if X is metrizable this topology is characterized by the property that
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a sequence {u, : n = 1,2,...} of measures in M(X) converges to a measure
w € M(X) if and only if
lim 4u,(9) = p(e) (2.1.3)

n—oo

for every function ¢ € C(X). Such convergence of measures will be called weak*
convergence or weak convergence and can be also characterized as follows.

Theorem 2.1.4. Suppose that X is metrizable (we do not assume compactness
here). A sequence {u, : n = 1,2,...}, of Borel probability measures on X
converges weakly to a measure p if and only if lim,_ o pn(A) = pu(A) for every
Borel set A such that u(0A) = 0.

Proof. Suppose that p, — p and p(0A) = 0. Then there exist sets F; C
intA, Fs D clA such that p(Es\ E1) = ¢ is arbitrarily small. Indeed metrizability
of X implies that every open set, in particular intA, is union of a sequence of
closed sets and every closed set is an intersection of a sequence of open sets. For
example intA = (J7 {z € X : inf ginea p(x, 2) > 1/n} for a metric p.

Next, there exist f,g € C(X) with range in the unit interval [0, 1] such that
f is identically 1 on E7, 0 on X \ intA, g identically 1 on clA and 0 on X \ Es.
Then pun(f) — p(f) and pn(g) — p(g). As p(Er) < p(f) < plg) < p(E2) and
pin(f) < pin(A) < pin(g) we obtain

u(EL) < plf) = T pn(f) < liminf g, (4)

< limsup pn(A) < lmpn(g) = plg) < p(Es).

As also u(Eq) < p(A) < p(E2) we obtain, letting € — 0, limy, o0 pin (A) = p(A4).

Proof in the opposite direction follows from the definition of integral: ap-
proximate uniformly an arbitrary continuous function f by simple functions
Zle g lp, where E; = {z € X : ¢; < f(x) < €41}, for an increasing sequence
gi,i=1,...,k such that &; — ;-1 < ¢ and pu(f~*({&:})) = 0, with ¢ — 0. This
is possible to find such numbers ¢; because only countably many sets f~*(a) for
a € R can have non-zero measure. &

Example 2.1.5. The assumption pu(0A) = 0 is substantial. Let X be the
interval [0,1]. Denote by J, the Dirac measure concentrated at the point z,
which is defined by the following formula:

5u(A) = 1, ifzeA
00, ifzg A

for all sets A€ B .
Consider non-atomic probability measures pu,, supported respectively on the
ball B(z, %) The sequence pu,, converges weakly to d, but does not converge on

{x}.
Of particular importance is the following

Theorem 2.1.6. The space M(X) is compact in weak™ topology.
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This theorem follows immediately from compactness in weak™ topology of
any subset of C'(X)* closed in weak* topology, which is bounded in the standard
norm of the dual space C(X)* (compare for example [Dunford & Schwartz(1958),
V.4.3], where this result is proved for all spaces dual to Banach spaces). M (X)
is weak*-closed since it is closed in the dual space norm and convex, by Hahn-
Banach theorem. (Caution: convexity is a substantial assumption. Indeed,
the unit sphere in an infinite dimensional Banach space for example, is never
weak*-closed, as 0 is in its closure.

It turns out (see [Dunford & Schwartz(1958), V.5.1]) that if X is compact
metrizable, then every weak*-compact subset of the space C(X)* with weak*
topology is metrizable, hence in particular M(X) is metrizable. (Caution:
C(X)* itself is not metrizable for infinite X. A reason is for example that
it does not have a countable basis of topology at 0.)

Let now T : X — X be a continuous transformation of X. The mapping
T is measurable with respect to the Borel g-algebra. At the very begining
of Section 1.2 we have defined T-invariant meaures p to satisfy the condition
p = poT~t It means that Borel probability T-invariant meaures are exactly
fixed points of the transformation T} : M (X) — M (X) defined by the formula
T.() =po T~ It easily follows from the definitions that T, is continuous in
the weak*-topology.

We denote the set of all T-invariant measures in M(X) by M (X,T). This
notation is consistent with the notation from Section 1.2. We omit here o-
algebra F because it is always Borel 5.

Noting that [ ¢d(poT 1) = [ ¢poT du for any p € M (X) and any integrable
function ¢ (Prop. 1.2.1), it follows from Lemma 2.1.3 that a Borel probability
measure f is T-invariant if and only if for every continuous function ¢ : X — R

/qsdu: /qSonu. (2.1.4)

In order to look for fixed points for T}, one can apply the following very gen-
eral result whose proof (and the definition of locally convex topological vector
spaces, abbreviation: LCTVS) can be found for example in [Dunford & Schwartz(1958)]
or [Edwards(1995)].

Theorem 2.1.7 (Schauder-Tychonoff theorem [Dunford & Schwartz(1958), V.10.5]).
If K is a non-empty compact convex subset of an LCTVS then any continuous
transformation H : K — K has a fixed point.

Assume from now on that X is compact, metrizable. To apply
Schauder-Tychonoff theorem consider the LCTVS C(X)* with weak* topology
and K C C(X)*, being the image of M (X) under the identification between
measures and functionals, given by Riesz representation theorem. Move also
T, to K with the use of this identification. Note that the resulting continuous
linear operator, denote it also by T, conjugate to ¢ — ¢ o T, restricted to K,
is continuous also in the weak™ topology. This is an easy fact about conjugate
operators. We obtain
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Theorem 2.1.8 (Bogolyubov—Krylov theorem [Walters(1982), 6.9.1]). There
exists a Borel probability measure p tnvariant under T'.

Thus, our M (X, T) is non-empty. It is also weak® compact, since it is closed
as the set of fixed points for a continuous transformation.

As an immediate consequence of this theorem and Theorem 1.8.11 (Ergodic
Decomposition Theorem), we get the following:

Corollary 2.1.9. There exists a Borel ergodic probability measure p invariant
under T.

We shall use the notation M.(X,T) for the set of all ergodic measures in
M(X,T). Write also £(M (X, T)) for the set of extreme points in M (X, T).

Thus, in view of Theorem 1.2.8 and Corollary 2.1.9, we know that M.(X,T) =
EM(X,T)) #0.

In fact Corollary 2.1.9 can be obtained in a more elementery way without
using Theorem 1.8.11. Namely it now immediately follows from Theorem 1.2.8
and the following

Theorem 2.1.10 (Krein—Milman theorem on extremal points [Dunford & Schwartz(1958),
V.8.4]). If K is a non-empty compact convez subset of an LCTVS then the set

E(K) of extreme points of K is nonempty and moreover K is the closure of the
convex hull of E(K).

Below we state Choquet representation theorem which is stronger than
Krein-Milman theorem. It corresponds to the Ergodic Decomposition The-
orem (Th. 1.8.11). We formulate it in C(X)* with weak® topology as in
[Walters(1982), p. 153]. The reader can find a general LCTVS version for ex-
ample in [Edwards(1995)]. We rely here also on [Ruelle(1978), Appendix A.5],
where the reader can find further references.

Theorem 2.1.11 (Choquet representation theorem). Let K be a nonempty
compact convex set in M(X) with weak* topology. Then for every p € K there
exists a “mass distribution” i.e. measure o, € M(E(K)) such that

p= /mdau(m)-

This integral converges in weak™ topology which means that for every f € C(X)

u(f) = / m(f) doy,(m). (2.1.5)

Notice that we have had already the formula analogous to (2.1.5) in Remark
1.6.10.

Notice that Krein-Milman theorem follows from Choquet representation the-
orem because one can weakly approximate o, by measures on £(K) with finite
support (finite linear combinations of Dirac measures).
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Example 2.1.12. For K = M(X) we have £(K) = {Dirac measures on X }.
Then a,{d; : © € A} = u(A) for every A € B defines a Choquet representation
for every p € M(X). (Exercise)

Choquet theorem asserts the existence of o, satisfying (2.1.5) but not unique-
ness, which is usually not true. A compact closed set K with the uniqueness of
oy, satisfying (2.1.5), for every p € M(K) is called simplex (or Choquet simplez).

Theorem 2.1.13. K = M(X) or K = M(X,T) for every continuous T : X —
X is a simplez.

Proof in the case of K = M(X) is very easy, see Example 2.1.12. A proof
for K = M(X,T) is also not hard. The reader can look in [?, A.5.5]. Proof
relies on the fact that two different measures py, us € E(M(X,T)) are singular
(see Theorem 1.2.6). Observe that ||u1 — pel|| = 2.

One proves in fact that for every pi, po € M(X,T), ||ou, —au, || = |1 —pe2ll.

Let us go back to Schauder-Tychonoff theorem (Th 2.1.7). We shall use it
in this book later, in Section 4.2, for maps different from T,. Just Bogolyubov-
Krylov theorem proved above with the help of Theorem 2.1.7, has a different
more elementary proof due to the fact that T is affine. A general theorem on
the existence of a fixed point for a family of commuting continuous affine maps
on K is called Markov-Kakutani theorem , [Dunford & Schwartz(1958), V.10.6],
[Walters(1982), 6.9]).

2.1.14. 2.1.14. An alternative proof of Theorem 2.1.8. Take an arbitrary
v € M(X) and consider the sequence

i = pin (V) = TI ()

n
1
n <
Jj=0

In view of Theorem 2.1.4 it has a weakly convergent subsequence, say {iun, :
k=1,2,...}. Denote its limit by p. We shall show that p is T-invariant.
We have

ﬂwmﬁiﬂ&%sgzﬂﬂ)=<%;§5ﬂ“@0

Jj=0

So for every ¢ € C'(X) we have

() = To(u(@)] = | lim (s, (6) = T (1 )(9)]) <

. 1 " . 2
lim —[v(¢) =T, (v)(¢)| < lim —[¢] = 0.
c—00 N
This in view of Lemma 2.1.3 finishes the proof. &

Remark. If in the above proof we consider v = 6., a Dirac measure, then
T (64) = 674 (z) and pin(¢) = = Zzlz_ol (T (x)). If we have a priorip € M(X,T)
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then

n—1
1
pn(0z) = — Y ri(a)
i=0

is weakly convergent for u-a.e.x € X by Birkhoff ergodic theorem.

Remark. Recall that in Birkhof ergodic theorem (Chapter 1), for p € M (X, T)
for every integrable ¢ one considers lim,, . < Z;ZOI ¢(TI(z)) for a.e. x. This
"almost every” depends on ¢. If X is compact, as in this Chapter, one can
reverse the order of quantificators for continuous functions.

Namely there exists A € B such that u(A) =1 and for every ¢ € C(X) and
z € A the limit limy, oo £ Z;‘:ol #(T7(x)) exists.

Remark. We could take in 2.1.14 an arbitrary sequence v, € M(X) and
take pn = pn(vy). This gives a general method of constructing measures in
M(X,T), see for example Proof of Variational principle in Section 2.5. (This
point of view is taken from [Walters(1982)]).

We end this Section with the following Lemma useful in the sequel.

Lemma 2.1.15. For every finite partition P of the space (X, B, ) where X as
above is a metrizable compact space, B is Borel o-algebra and p € M(X,T),
if > acpi(0A) = 0, then the entropy H,(P) is a continuous function of v €
M(X,T) at u. The entropy h,(T, P) is upper semicontinuous at p.

Proof. The continuity of H, (P) follows immediately from Theorem 2.1.4. This
applied to the partitions \/?:_11 T~P gives the upper semicontinuity of h, (T, P)
as the limit of the decreasing sequence of continuous functions %Hl,(\/?:_l1 T=P).
See Lemma 1.4.3.

2.2 Topological pressure and topological entropy

This section is of topological character and no measure is involved. We introduce
and examine here some basic topological invariants coming from thermodynamic
formalism of statistical physics.

Let U = {A;}icr and V = {Bj};cs be two covers of the compact metric
space X considered in the previous section. We define the new cover U V V
putting

Uvy={A;nNB;:iel, jeJ} (2.2.1)

and we write
U<V <= VjeJEquBj C A; (2.2.2)

Let, as in the previous section, T' : X — X be a continuous transformation of
X. Let ¢ : X — R be a continuous function, frequently called it potential and
let U be a finite, open cover of X. For every integer n > 1 we set

U =UNT*U)v...vT-" D),
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for every set Y C X

Spd(Y) = sup{ri:1 poTr():ze Y}

k=0
and for every n > 1
Zu(0,U) = inf{ 3 exp ,6(0) } (2.2.3)
Uey

where V ranges over all covers of X contained (in the sense of inclusion) in U™.
The quantity Z,(¢,U) is sometimes called the partition function.

Lemma 2.2.1. The limit P(¢,U) = limy, oo L log Z,,(¢,U) exists and moreover
it is finite. In fact P(¢,U) > —||¢||oo-

Proof. Fix m,n > 1 and consider arbitrary covers V C U™, G C U™ of X. If
UeV and V €§G then

and thus
exp(Smind(UNT™(V))) < exp Spmp(U) exp Sne(V)

Since UNT~™(V) € VV T ™(G) C U™V T~ ™U"™) = U™, we therefore
obtain

Zimtn ¢7 <ZZQXP m+nfUmT ( )))

Uey Veg

< Z Z exp Sm¢(U) exp Sn¢(v)
Uey Veg

= Zexpqub ZexpS o(V (2.2.4)
Uey

Ranging now over all V and G as specified in definition (2.2.3) we get Z,,, 4, (0, U) <
Zm(p,U) - Zp(é,U) which implies that

10g Zin (9, U) < log Zin (¢, U) + log Zy (¢, U).

Moreover, Zy,(¢,U) > exp(—n||@||x). So, log Z,(¢,U) > —n||¢|| and applying
now Lemma 1.4.3 finishes the proof. &

Notice that, although in the notation P(¢,U), the transformation T' does
not directly appear, however this quantity depends obviously also on T'. If we
want to indicate this dependence we write P(T, ¢,U) and similarly Z,, (T, ¢,U)
for Z,(¢,U). Given an open cover V of X let

osc(¢, V) = sup (sup{|o(x) — ¢(y)| : z,y € V}).
vey
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Lemma 2.2.2. IfU and V are finite open covers of X such that U =V, then
P(o,U) = P(¢,V) — 0sc(¢, V).

Proof. Take U € U™. Then there exists V = i(U) € V™ such that U C V. For
every z,y € V we have |S,¢(z) — S,¢(y)| < osc(¢, V)n and therefore

Snd(U) > Spod(V) — osc(o, V)n

Let now G C U™ be a cover of X and let G ={i(U):U eU™}. The family G is
also an open finite cover of X and G C V". In view of (2.2) and (2.2.3) we get

D expSup(U) = ) exp (V) @@ > emoeloVn g, (V)
Ueg veg

Therefore applying (2.2.3) again, we get Z,(¢,U) > exp(—osc(p, V)n)Z,(p, V).
Hence P(¢,U) > P(¢, V) — osc(p, V). &

Definition 2.2.3. Consider now the family of all sequences {V,,: n=1,2,...}
of open finite covers of X such that

lim diam(V,) =0

n—oo

and define the topological pressure P(T, ¢) as the supremum of upper limits

lim sup P(¢, V)

taken over all such sequences. Notice that by Lemma 2.2.1, P(T, ¢) > —||®||oc-

The following lemma gives us a simpler way to calculate topological pressure
showing that in fact in its definition we do not have to take the supremum.

Lemma 2.2.4. If {U, : n = 1,2,...} is a sequence of open finite covers of
X such that lim,— . diam(U,,) = 0, then the limit lim,,_ o, P(¢,U,,) exists and
equals P(T, ).

Proof. Assume first that P(T, ¢) is finite and fix ¢ > 0. By the definition of
pressure and uniform continuity of ¢ there exists W, an open cover of X, such
that . .

osc(o, W) < 3 and P(¢, W) > P(T, ¢) — 3

Fix now ¢ > 1 so large that for all n > ¢, diam(U,,) does not exceed a Lebesgue
number of the cover W. Take n > ¢q. Then U,, = W and applying (2.2) and
Lemma 2.2.2 we get

> P(T,6) -5 — 5 = P(T,0) —=.

2 2
Hence, letting ¢ — 0, liminf, . P(¢,U,) > P(T,$). This finishes the proof
in the case of finite pressure P(T, ¢). Notice also that actually the same proof
goes through in the infinite case. &

Do ™
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Since in the definition of numbers P(¢,U) no metric is involved, they do
not depend on a compatible metric under consideration. And since also the
convergence to zero of diameters of a sequence of subsets of X does not depend
on a compatible metric, we come to the conclusion that the topological pressure
P(T, ¢) is independent of any compatible metric (depends of course on topology).

The reader familiar with directed sets will notice easily that the family of
all finite open covers U of X equipped with the relation ”<” is a directed set
and topological pressure P(T, ¢) is the limit of the generalized sequence P(¢,U).
However we can assure him/her that this remark will not be used anywhere in
this book.

If the funcion ¢ is identically zero, the pressure P(T),¢) is usually called
topological entropy of the map T and is denoted by hyop (7).

In the rest of this section we establish basic elementary properties of pressure
and provide its more effective characterizations. Applying Lemma 2.2.2 we
obtain

Corollary 2.2.5. If U is a finite, open cover of X, then P(T,¢) > P(¢,U) —
osc(p,U).

Lemma 2.2.6. P(T", S,,¢) = nP(T, ¢) for everyn > 1. In particular hiop(T™) =
nhmp(T)

Proof. Put g = S, ¢. Takel, a finite open cover of X. Let U = UVT " U)V...V
T-(=D(Y). Since now we actually deal with two separate transformations 7'
and T, we do not use the symbol U™ just to avoid possible misunderstandings.
For any m > 1 consider an open set U € UV T U) Vv ...vT-=D(1) =
UNVT UV ...V T~ =), Then for every z € U we have

mn—1

m—1
Z¢0Tk ZgoTnk
k=0

and therefore Sy, ¢(U) = S,,g(U), where the symbol S,, is considered with re-
spect to the map T". Hence Z,,n (T, ¢,U) = Z,,(T™, g,U) and this implies that
P(T™, g,U) = nP(T, $,U). Since given a sequence Uy, of open covers of X whose
diameters converge to zero, the diameters of the sequence of its refinements Uy,
also converge to zero, applying now Lemma 2.2.4 finishes the proof. &

Lemma 2.2.7. If T : X — X and S : Y — Y are continuous mappings of
compact metric spaces and w : X — Y is a continuous surjection such that
Som=moT, then for every continuous function ¢ : Y — R we have P(S, ¢) <

P(T,¢pom).

Proof. For every finite, open cover U of Y we get
P(S,¢,U) =P(T,pom, ' (UU)).

In view of Corollary 2.2.5 we have

P(T, ¢or) > P(T, dom, 7~ (U))—ose(gom, 7~ (U)) = P(T, o, 7~ (U)) —osc(e, U)
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Let {U, : n =1,2,...}, be a sequence of open finite covers of ¥ whose diam-
eters converge to 0. Then also lim,,_ o, 0sc(¢,U,)) = 0 and therefore, using
Lemma 2.2.4, (2.2) and (2.2) we obtain

P(S,6) = lim P(S,6,Uy) = lim P(T,dom, 7 (Uy)) < P(T,dom)

The proof is finished. &
In the sequel we will need the following technical result.

Lemma 2.2.8. If U is a finite open cover of X then P(¢,U*) = P(p,U) for
every k > 1.

Proof. Fix k > 1 and let v = sup{|Sg—1¢(x)| : * € X}. Since Skin-_16(x) =
Snp(x) + Sp—19(T™(x)) for every n > 1 and z € X we get

and therefore for every n > 1 and every U € Y*+n—1
Snd(U) =7 < Skan-10(U) < Sno(U) +7
Since (U*)™ = UFT"=1 these inequalities imply that
e " Zn(6,UF) < Zpiia(9,U) < €7 Z (0, UF).

Letting now n — oo, we get the result required. )

2.3 Pressure on compact metric spaces

Let p is a metric on X. For every n > 1 we define on X the new metric p,, by
putting
pn(x,y) = max{p(T7(z),T7(y)) : j =0,1,...,n — 1}

Given r > 0 and = € X by B, (z,r) we denote the open ball in the metric p,
centered at x and of radius . Let £ > 0 and let n > 1 be an integer. A set F' C X
is said to be (n, )-spanning if and only if the family of balls { B, (x,¢) : € F'}
covers the space X. A set S C X is said to be (n,e)-separated if and only if
pn(z,y) > € for any pair z,y of different points in S. The following fact is
obvious.

Lemma 2.3.1. Every maximal in the sense of inclusion (n,e)-separated set
forms an (n,e)-spanning set.

We would like to emphasize here that the world maximal refering to sep-
arated sets will be in this book always understood in the sense of inclusion
and not in the sense of cardinality. We finish this section with the following
characterization of pressure.
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Theorem 2.3.2. For every € > 0 and every n > 1 let F,(¢) be a mazimal
(n,e)-separated set in X. Then

P(T,¢) = hm limsup — 1og Z exp Sp¢(x) = lim hmmf—log Z exp Spo(x)

e—0 n—oo N
x€F, () zeF, (e)

n—oo

Proof. Fix e > 0 and let U(e) be a finite cover of X by open balls of radii £/2.
For any n > 1 consider U, a subcover of U ()™ such that

£) =3 exp S,6(U)
veu

where Z,(¢,U(e)) was defined by formula (2.2.3). For every « € F,(¢) let U(x)
be an element of Y containing z. Since F,(¢) is an (n,e)-separated set, we
deduce that the function x +— U(z) is injective. Therefore

€)=Y expSud(U) > Y expSup(Ux) > Y expSno(x).
ved z€F,(¢) z€F, ()
Thus by Lemma 2.2.1
P(¢,U(g)) > limsup — log Z exp Spd(x).
n—oo wEF(e)
Hence, letting ¢ — 0 and applying Corollary 7?7 we get
1
P(T, ¢) > lim sup lim sup — log Z exp Spo(x).
e—0 n— o0
z€F, ()

Let now V be an arbitrary finite open cover of X and let § > 0 be a Lebesgue
number of V. Take € < §/2. Since for any k = 0,1,...,n — 1 and for every
x € F,(e)

diam(T*(B,(z,¢))) < 2¢ <,

we conclude that for some Ug(x) € V
T*(By(2,¢)) C Uk(x)

Since the family {B,(z,¢) :
that the famlly {U(x ) x €
T Uy(z))n...nT~(=1)

Zn(6,V) < Z exp S, d(U(z)) < exp(osc(p, V)n) Z exp Spd(x)

z€F,(g) z€F,(¢)

x € F,(e)} covers X (by Lemma 2.3.1), it implies
F, ()} € V™ also covers X, where U(x) = Up(z) N
(Up=1(z)). Therefore

Hence

P(¢,V) < osc(¢,V) + lim inf 1 log Z exp Spd(x)

n—oo N
zeF, (e)
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and consequently

1
P(¢,V) —osc(9,V) < 11m 161f lim inf — log Z exp Spd(x).

—00 N
-TEFIL(E)

Letting diam(V) — 0 and applying Corollary ?? we get

P(T,¢) < hm mf lim mf —log Z exp Spd(x).

n—oo N
z€F, (¢)
Combining this and (2.3) finishes the proof. )

Frequently the limits

lim sup — - 1og Z exp S, ¢(x)

n—ee zEF, ()

and

hmmf log Z exp S, ¢(x)

n—oo
z€F,(g)

will be denoted respectively by P(T, ¢, <) and P(T, ¢, ). Actually these depend
also on the sequence {F,(¢) : n = 1,2,...} of maximal (n,e)-separated sets
under consideration. However it will be always clear from the context which
such sequence is meant.

2.4  Variational principle

In this section we shall prove the following theorem, called variational princi-
ple, which has a long history and which establishes an interesting relationship
between measure-theoretic dynamics and topological dynamics.

Theorem 2.4.1 (Variational principle). If T : X — X is a continuous trans-
formation of a compact metric space X and ¢ : X — R is a continuous function
then

P(T, ¢) = sup {h,,,(T) + /(bdu L€ M(T)} ,
where M (T) denotes the set of all Borel probability T-invariant measures on X .

The proof of this theorem consists of two parts. In the Part I we show that
T)+ [ ¢du <P(T, ¢) for every measure 4 € M(T) and the Part IT is devoted
to provmg inequality sup{h,, )+ [odp:pe M(T)} > P(T, ¢).

Proof of Part I. Let p € M(T). Fix ¢ > 0 and consider a finite partition
U ={A,...,As} of X into Borel sets. One can find compact sets B; C A;,
i=1,2,...,s, such that for the partition V = {B1,...,B;, X \ (B1U...UBs)}
we have

H,UY) <e,
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where the conditional entropy H,,({/|V) has been defined in (1.3.3).
Therefore, as in the proof of Theorem 1.4.4(d) we get for every n > 1

H,(U™) < H, (V") + ne. (2.4.1)

Our first aim is to estimate from above the number H, (V") + [ S,¢dpu.
Putting b, = ) 5cyn exp Sn¢(B), keeping notation k(z) = —rlogx and using
concavity of the function logarithm we obtain by Jensen inequality

W)+ [ Si6du < S u(B)(S,0(8) - logu(B))
Beyn
= Y w(B)log(e*®)/u(B))
Beyn
< log( 3 e5n¢<3>) (2.4.2)
Beyn

(compare the Lemma in Introduction).
Take now 0 < § < %inf{p(Bi,Bj) :1<i#j<s}>0sosmall that

lp(z) — d(y)| <e (2.4.3)

if p(z,y) < 4. Consider an arbitrary maximal (n,d)-separated set E,(5). Fix
B € V™. Then, by Lemma 2.3.1, for every € B there exists y € E,(d) such
that © € B, (y,0), whence |S,¢(x) — Spd(y)| < en by (2.4.3). Therefore, using
finiteness of the set E,, (), we see that there exists y(B) € E,,(J) such that

Snd(B) < Sno(y(B)) +en

and

BN Bn(y(B),6) # 0.
The definitions of § and partition V imply that for every z € X
#{B€V:BNB(z,0)£0} <2

Thus
#{BeV": BN By(z,0) #0} <2"
Therefore the function V* 5 B +— y(B) € E,(J) is at most 2" to 1. Hence,
using (2.4),
2" Z exp Spo(y) > Z exp(Sn¢(B) —en) = e =" Z exp Sp¢(B)

yEEL(5) Bevn Beyn

Taking now the logarithms of both sides of this inequality, dividing them by n
and applying (2.4.2), we get

log2 + — log( Z exp Sn¢(y)) > —c+ % log( Z exp Sn¢(B))

yeE,(6) Beyn

Z H,(V") + /S(bd,u—s
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So, by (2.4.1),

%10g< Z exp Sn¢(y)) > %HH(Z/{") + /quM — (26 +10g2).

yGEn((S)
In view of the definition of entropy h,, (T,U) presented just after Lemma 1.4.2,

by letting n — oo, we get

R(T.6.8) 2 b,(T.10) + [ odu— (22 + log2)

Applying now Theorem 2.3.2 with § — 0 and next letting ¢ — 0 and taking
supremum over all Borel partitions U lead us to the following

P(T,¢) > h,(T) + /¢du —log2.

And applying with every n > 1 this estimate to the transformation 7™ and the
function S,,¢ we obtain

P(T",5,6) 2 by(T") + [ S,0dn ~log?
or equivalently, by Lemma 2.2.6 and Theorem 1.4.6(a)

nP(T, ¢) > nh,(T) + n/(bd,u —log 2

Dividing both sides of this inequality by n and letting then n — oo, the proof
of Part I follows. &

In the proof of part II we will need the following two lemmas.

Lemma 2.4.2. If u is a Borel probability measure on X, then for every e > 0
there exists a finite partition A such that diam(A) < e and u(0A) = 0 for every
Aec A

Proof. Let E = {x1,...,x5} be an £/4-spanning set (that is with respect to the
metric p = pg) of X. Since for every i € {1,...,s} the sets {z : p(z,z;) = r},
e/4 < r < g/2, are closed and mutually disjoint, only countably many of them
can have positive measure p. Hence, there exists €/4 < ¢ < ¢/2 such that for
every i € {1,...,s}
ul{a s pla,as) = 1)) =0

Define inductively the sets Ay, As, ..., As putting 41 = {x : p(x,21) < ¢} and
for every i = 2,3,...,s

A ={x:pla,x;) <t} \ (AL UA2U...UA; 1)

The family U = {4;,..., A} is a partition of X with diameter not exceeding
e. Using (2.4) and noting that generally 9(A \ B) C A U 0B, we conclude by
induction that p(0A4;) =0 for every i =1,2,...,s. &
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Proof of Part II. Fixe > 0andlet E,,(g),n = 1,2, ..., be a sequence of maximal
(n,e)-separated set in X. For every n > 1 define measures

ZIEEn(E) 57" exXp Sn¢(x) — l S i © T,k
ZIEEn(E) exp Sn¢(x) ? n n = mn

Pn =

where 0, denotes the Dirac measure concentrated at the point x (see (2.1.2)).
Let {n;,i = 1,2,...} be an increasing sequence such that m,,, converges weakly,
say to m and

1 1
lim —1 n = limsup — I n
im — log Z exp Sp¢(z) = limsup —log Z exp Sno(x)

1—00 M;
¢ zE€EEn,(g) oo z€E, ()

Clearly m € M(T). In view of Lemma 2.4.2 there exists a finite partition ~
such that diam(y) < e and p(0G) = 0 for every G € . For any n > 1 put
In =D re, (c) €XP Sn@(z). Since #(GNEy(e)) < 1 for every G € 4", we obtain

H,, (") [ Suddin = 3 (~1ogsn(o) + S,0(a))in(z)

z€E, ()
_ Z exp S, ¢(x) (S,ﬂﬁ(:r) . 1Og(exp Sné(z) ))
TzEE, () gn In
=g." > expSug(x)(Snd(x) — Snd(x) +log gn)
z€E,(e)
= log g, (2.4.4)

Fix now M € N and n > 2M. For j = 0,1,...,M — 1 let s(j) = BE(%) — 1,
where E(z) denotes the integer part of . Note that
\/ T_(kM"'J)fyM =T Iyv.. .\/T—(S(J)Mﬂ)—(M—l),y =T Iyv.. .\/T—((S(J)+1)M+]—1)fy
k=0
and
)+ DM+j—1<n—j+j—1l=n—1
Therefore, setting R; = {0,1,...,j—1,(s(j)+1)M+j,...,n—1}, we can write
s(7) ‘ ‘
,yn — \/ T*(kM‘i’j),yM \/ \/ T*l,y'
k=0 i€ER;
Hence
s(5)

H.u'n (’yn) é Z H,“n (Tﬁ(kM{Fj)’yM) + HHn ( \/ Tﬁi’y)
k=0 i€ER;

< E(Jj) H,, o (M) +log (#( 1\ T77)).

k=0 i€ER;
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Summing now over all j =0,1,..., M — 1 we then get
M—1s(j) Mt
'un Z ZHM ol — (kM-H) M) + Z 10g(#,y#Rg)
Jj=0 k=0 =
< Z Hyor—(v") + 2M? log #

<nH12l 0 pnoT— I( M)+2M210g#’y

And applying (2.4.4) we obtain
Miog( Y expS,0(x) < nbln, (1Y) + M [ S,6dun -+ 20 log
z€E, ()
Dividing both sides of this inequality by Mn, we get
l10g( Z exp Spé(z)) < iH (vM) —|—/¢dm —|—2%10g#7
n ol n =M My n n .

Since 9T~ 1(A) C T~1(0A) for every set A| C X, the measure m of the bound-
aries of the partition 7™ is equal to 0. Letting therefore n — oo along the
subsequence {n;} we conclude from this inequality, (??) and Lemma 2.1.15 that

B(I.6.6) < -Ha(r™) + / o dm.

Now letting M — oo we get

P(6.2) <o)+ [odm <sup {0+ [odusne v},

Applying finally Theorem 2.3.2 and letting € \, 0, we get the desired inequality.
)

Corollary 2.4.3. Under assumptions of Theorem 2.4.1

PT.6) =sup{lu(T) + [ 6 o€ M(T)),
where M.(T) denotes the set of all Borel ergodic probability T -invariant mea-
sures on X.

Proof. Let p € M(T) and let {u, : © € X} be the ergodic decomposition of u.
Then h, = [hy,, du(z) and [ ¢du = [([ ¢ du,) du(x). Therefore

h,t+/¢duz / (hﬂm +/¢dum) du(x)

and consequently there exists € X such that h,, + [¢du, > h, + [¢dp

which finishes the proof. &



2.5. EQUILIBRIUM STATES AND EXPANSIVE MAPS 85

Corollary 2.4.4. If T : X — X is a continuous transformation of a compact
metric space X, ¢ : X — R is a continuous function and Y is a forward
invariant subset of X (i.e. T(Y) CY), then P(T|y,¢ly) < P(T, ).

Proof. The proof follows immediatly from Theorem 2.4.1 by the remark that
each T'|y-invariant measure on Y can be treated as a measure on X and is
T-invariant. &

2.5 Equilibrium states and expansive maps

We keep in this section the notation of the previous one. A measure y € M(T') is
called an equilibrium state for the transformation 7' and function ¢ if P(T', ¢) =
h,(T) + [ ¢dp. The set of all those measures will be denoted by E(¢). In the
case ¢ = 0 the equilibrium states are also called as mazimal measures. Similarly
(in fact even easier) as Corollary 2.4.4 one can prove the following.

Proposition 2.5.1. If E(¢) # 0 then E($) contains ergodic measures.

As the following example shows there exist transformations and functions
which admit no equilibrium states.

Example 2.5.2. Let {Tn X, — Xn}nZl be a sequence of continuous map-
pings of compact metric spaces X,, such that for every n > 1

htop (Tn) < htop (Tn—i-l) and sup htop (Tn) < o0

The disjoint union @22, X, of the spaces X,, is a locally compact space and let
X = {w}Udy, X, be its one-point (Alexandroff) compactification. Define the
map T : X — X by T|x, =T, and T(w) = w. The reader will check easily that
T is continuous. Suppose that p is an ergodic maximal measure for 7. Then
u(X,) =1 for some n > 1 and therefore hiop(T) = h,(Th) < heop(T) which
contradicts formula (2.5.2) and Corollary 2.4.4. In view of Proposition 2.5.1 this
shows that 7" has no maximal measure.

A more difficult problem is to find a transitive and smooth example (see for
instance [Misiurewicz(1973)]).

The remaining part of this section is devoted to provide sufficient conditions
for the existence of equilibrium states and we start with the following simple
general criterion which will be the base to obtain all others.

Proposition 2.5.3. If the function M(T) > p — h,(T') is upper semi-continuous
then each continuous function ¢ : X — R has an equilibrium state.

Proof. By the definition of weak topology the function M (T) 3 u — [ ¢dp is
continuous. Therefore the lemma follows from the assumption, the sequential
compactness of the space M (T') and Theorem 2.4.1 (variational principle). &

As an immediate consequence of this lemma and Theorem 2.4.1 we obtain
the following.
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Corollary 2.5.4. If hy,(T) = 0 then each continuous function on X has an
equilibrium state.

A continuous transformation 7' : X — X of a compact metric space X
equipped with a metric p is said to be (positively) expansive if and only if

35> 0 [Vn > 0 p(T™(2), T"(4)) < 8] — & =y

and the number § which has appeared in this definition is called an ezxpansive
constant.

Although at the end of this section we will introduce a related but different
notion of expansiveness of homeomorphisms we will frequently omit the word
”positively”. Note that the property of being expansive does not depend on the
choice of a metric compatible with the topology. From now on in this chapter
the transformation T will be assumed to be positively expansive, unless stated
otherwise. The following lemma is an immediate consequence of expansiveness.

Lemma 2.5.5. If A is a finite Borel partition of X with diameter not ex-
ceeding an expansive constant then A is a generator for every Borel probability
T-measure i on X.

The main result concerning expansive maps is the following.

Theorem 2.5.6. If T : X — X 1is positively expansive then the function
M(T) > u— hy(T) is upper semi-continuous and consequently (by Lemma ?77?)
each continuous function on X has an equilibrium state.

Proof. Let § > 0 be an expansive constant of 7" and let p € M(T). By

Lemma 2.4.2 there exists a finite partition A of X such that diam(A) < §

and p(0A) = 0 for every A € A. Thus in view of Lemma 2.5.5 and Theo-

rem 1.8.7(b) h,(T') = h, (T, A) whence by the definition of the entropy h, (T, A)

(cf. Lemma 1.4.2) there exists m > 1 such that
1

m—HHu(Am) < h,(T) +

DN ™

Consider now a sequence {f, : n = 1,2,...} of invariant measures converging
weakly to pu. By the definition of the entropy of partition, by Theorem ?? and
by the choice of partition A, lim, . H,, (A™) = H,(A™). Therefore there
exists ng > 1 such that for every n > ng

1

o [Hy, (A™) — H, (A™)] <

N ™

Combining this and 2.4.2, and using Lemma 1.4.3 we get for every n > ng

1 1
Hy, (A™) < Hy (A™) +

hllfn (T) = h,“n (Tﬂ A) < i, + 1

<h,(T

DN ™

The proof is finished. &
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Below we prove three additional interesting results about expansive maps.

Lemma 2.5.7. IfU is a finite open cover of X with diameter not exceeding an
expansive constant of an expansive map T : X — X, then lim,,_,o diam(U"™) =
0.

Proof. Let U = {U1,Us,...,Us}. By expansiveness for every sequence {a, :
n=0,1,2,...} of elements of the set {1,2,...,s}

#(O1mn) <1
n=0
and hence .
klil& diabm(nrj0 T*"(m)) =0

Therefore, given a fixed ¢ > 0 there exists a minimal finite ¥ = k({a,}) such
that

k
dlam( QO T*"(Uan)) <e

Note now that the function {1,2,..., s} 3 {a,} — k({a,}) is continuous, even
more, it is locally constant. Thus, by compactness of the space {1,2,...,s}",
it is bounded, say by ¢, and therefore

diam(U") < e
for every n > t. The proof is finished. &

Combining now Lemma 2.2.4, Lemma 2.5.7 and Lemma 2.2.8 we get the
following.

Proposition 2.5.8. IfU is a finite open cover of X with diameter not exceeding
an expansive constant then P(T,¢) = P(T, ¢,U).

As the last result of this section we shall prove the following.

Proposition 2.5.9. There exists a constantn > 0 such thatV0 < e < nan(e) >
1

p(x,y) > € = pnee)(z,y) >n

Proof. Let U = {U1,Us,...,Us} be a finite open cover of X with diameter not
exceeding an expansive constant  and let n be a Lebesgue number of U/. Fix
e > 0. In view of Lemma 2.5.7 there exists an n(¢) > 1 such that

diam(U™®)) < e.
Let p(z,y) > € and suppose that p,)(z,y) < 1. Then

V(0 <j<n(e) = 1)3(Us; €U)T(x), T’ (y) € Uy,

]
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and therefore
n(e)—1

x,y € ﬂ T(U;,) € U
5=0

Hence diam(U™)) > p(z,y) > & which contradicts (2.5). The proof is finished.
&

As we mentioned at the begining of this section there is a notion related to
positive expansiveness which makes sense only for homeomorphisms. Namely
we say that a homeomorphism T : X — X is expansive if and only if

36> 0 [Vn € Z p(T™(2), T"(y)) < 8] = z = y

We will not explore this notion in our book — we only want to emphasize that for
expansive homeomorphisms analogous results (with obvious modifications) can
be proved (in the same way) as for positively expansive mappings. Of course
each positively expansive homeomorphism is expansive.

2.6 Topological pressure as a function on the
Banach space of continuous functions. The
issue of uniqueness of equilibrium states

Let T : X — X be a continuous mapping of a compact topological space
X. We shall discuss here the topological pressure function P : C(X) — R,
P(¢) = P(T,¢). Assume that the topological entropy is finite, hyop(T") < o0.
Hence the pressure P is also finite, for example

P(¢) S htop(T) + ||¢H|DO

This estimate follows directly from the definitions, see Section 2. It is also an
immediate consequence of Theorem 2.4.1 (Variational Principle) in case X is
metrizable.

Let us start with the following easy

Theorem 2.6.1. The pressure function P is Lipschitz continuous with the Lip-
schitz constant 1.

Proof. Let ¢ € C(X). Recall from Section 2.2 that in the definition of pressure
we have considered the following partition function

Za(o.U) = it {3 exp S, (0) |
vey

where V ranges over all covers of X contained in U™. Now if also ¢ € C(X),
then we obtain for every open cover U and positive integer n

Za(,U)e 10 V1m < 7, (6,U) < Z, (9, U)oV lln

Taking limits if n 0o we get P(¥)) — ||¢ — ¥||oc < P(¢) < P(¥) + || — |0,
hence [P(1) — P()| < [[¢ — ¢l]. )
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Theorem 2.6.2. If X is metrizable, then the topological pressure function P :
C(X) — R is convex.

We provide two different proofs of this important theorem. One elementary,
the second relying on the variational principle (Theorem 2.4.1).

Proof 1. By Holder inequality applied with the exponents a = 1/a,b=1/(1 —
a), sothat 1/a+1/b= a+1—a =1 we obtain for an arbitrary finite set £ C X

1 1
- 1ng eSn(@d)+Sn(1-a)y) _ = logz 00 (9) p(1=a)Sn (¥)
n B n B
L log (Zesnw)“(zesnw)““
" B B
1 1
< a log (%:es”'(¢)) +(1- a)ﬁ log (%:es"(w)).

To conclude the proof use the definition of pressure via E = F,(c) that is
(n, e)-separated sets, Theorem 2.3.2. &

IN

Proof 2. Tt is sufficient to prove that the function

P:= sup L,¢=h,(T)+pd
HEM(X,T)

is convex, because by variational principle ]5(¢) = P(¢).
We need to prove that the set

A= {(¢y) € C(X) xR}y > P(9))

is convex. Observe however that that by its definition A = (,cpx.7) L},

where by L:[ we denote the upper half space {(f,y) : v > L,¢}. All the
halfspaces L/‘f are convex, hence A is convex as their intersection. &

Remark 2.6.3. We can write L,¢ = u¢ — (=h,(T)). The function P(¢) =
sup,en(r) Lu¢ defined on the space C(X) is called the Legendre-Fenchel trans-
form of the convex function p — —h,(T") on the convex set M (T'). We shall ab-
breviate the name Legendre-Fenchel transform to LF-transform. Observe that
this transform generalizes the standard Legendre transformation of a strictly
convex function h on a finite dimensional linear space, say R", y — sup,cpn <
x,y > —h(x), where < x,y > is the scalar (inner) product of x and y.

Note that —h,(T) is not strictly convex (unless M (X,T) is a one element
space) because it is affine, see Th.1.4.7.

Proof 2 just repeats the standard proof that Legendre transform is convex.

In the sequel we will need so called geometric form of the Hahn-Banach
theorem (see [Bourbaki(1981), Th.1, Ch.2.5], or Ch. 1.7 of [Edwards(1995)).
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Theorem 2.6.4 (Hahn-Banach). Let A be an open conver non-empty subset of
a real topological vector space V' and let M be a non-empty affine subset of V.
(linear subspace moved by a vector) which does not meet A. Then there exists a
codimension 1 closed affine subset H which contains M and does not meet A.

Suppose now that P : V — R is an arbitrary convex continuous function
on a real topological vector space V. We call a continuous linear functional
F:V — R tangent to P at x € V' if

F(y) < P(z+y) — P(x)

for every y € V. We denote the set of all such functionals by V' . Sometimes
the term supporting functional is being used in the literature.

Applying Theorem 2.6.4 we easily prove that for every x the set V* , is non-
empty. Indeed, we can consider the open convex set A = {(¢,y) € V X R}:y >
P(z)} in the vector space V' x R with the product topology and the one-point
set M = {z, P(x)}, and define a supporting functional we look for, as having
the graph H — {z, P(z)} in V x R.

We would also like to bring reader’s attention to the following another general
fact from functional analysis.

Theorem 2.6.5. Let V be a Banach space and P : V — R be a convex con-
tinuous function. Then for every x € V' the function P is differentiable at x in
every direction (Gateaux differentiable), or in a dense in the weak topology set
of directions, if and only if V' p 1s a singleton.

Proof. Suppose first that P is not differentiable at some point = and direction
y. Choose an arbitrary F' € V. Non-differentiability in the direction y € V'
implies that there exist ¢ > 0 and a sequence {ty, },>1 converging to 0 such that

P(z + tpy) — P(x) > t, F(y) + €ltnl.

In fact we can assume that all t,, n > 1, are positive by passing to a subse-
quence and replacing y by —y if necessary. We shall prove that (2.6) implies
the existence of F' € Veip \{F'}. Indeed, take I}, € V*,, . p. Then, by (2.6),
we have

P(:K) - P(:E + tny) > Fn(_tny)
The inequalities (2.6) and (2.6) give

to F(y) + ety < t,F(y).

Hence
(Fn — F)(y) >

In the case when P is Lipschitz continuous, and this is the case of topological
pressure see (Theorem 2.6.1) which we are mostly interested in, all F},’s, n > 1,
are uniformly bounded. Indeed, let L be a Lipschitz constant of P. Then for
every z € V and every n > 1

Fo(2) < Pz +1lny +2) = P(z + tpy) < L[z
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So, ||Fn|| < L for every n > 1. Thus, there exists F = limp_oo F,, a weak*-
limit of a sequence {F,},>1 (subsequence of the previous sequence). By (2.6)
(F — F)(y) > e. Hence F # F. Since

Pz +tpy +v) — Pz + tpy) > Fy(v) for allnandv € V

passing with n to co and using continuity of P, we conclude that Fe Vip

If we do not assume that P is Lipschitz continuous, we restrict F,, to the
1-dimensional space spanned by y i.e. we consider Fy|ry. In view of (2.6) for
every n > 1 there exists 0 < s, < 1 such that F,(spy) — F(spy) = €. Passing to
a subsequence, we may assume that lim,_, s, = s for some s € [0,1]. Define

fn - SnFnhRy + (1 - Sn)FhRy

Then f,(y) = F(y) = ¢ hence ||f,|| = ||F|| = myy for every n > 1. Thus the
sequence { fy, }rn>1 is uniformly bounded and, consequently, it has a weak-* limit
f: Ry — R. Now we use Theorem 2.6.4 (Hahn-Banach) for the affine set M
being the graph of f translated by (z, P(z)) in V x R. for every a € R and
every n > 1. We extend M to H and find the linear functional F' € V; p whose
graph is H. Since F(y) — F(y) = f(y) — F(y) = ¢, F # F.

Suppose now that Proposition ??, V', contains at least two distinct linear
functionals, say F and F. So, F(y)— F(y) > 0 for some y € V. Suppose on the
contrary that P is differentiable in every direction at the point x. In particular
P is differentiable in the direction y. Hence

P _
o Platty) — Pa) _
t—0 t t—0 —t

and consequently

P P(z — ty) — 2P
lim (z +ty) + (ZJ ty) ()

=0.

On the other hand, for every ¢ > 0, we have P(z +ty) — P(z) > F(t) = tF(y)
and P(z —ty) — P(xz) > F(—ty) = —tF(y), hence

P(x + ty) + P(x — ty) — 2P(x)
t

> F(y) — F(y) > 0.

lim inf
t—0

, a contradiction.

In fact F(y) — F(y) = e > 0 implies F(y') — F(y') > /2 > 0 for all y' in the
neighbourhood of ¥ in the weak topology defined just by {3 : (F — F)(y —¢/) <
e/2}. Hence P is not differentiable in a weak*-open set of directions.

Let us go back now to our special situation:

Proposition 2.6.6. If u € M(T) is an equilibrium state for ¢ € C(X), then
the linear functional represented by u is tangent to P at ¢.
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Proof. We have
#(@) + by = P(9)
and for every ¢ € C(X)

(@ + ) + by < P(¢ + ).

Subtracting the sides of the equality from the respective sides of the latter
inequality we obtain u(v) < P(¢ + ¢) — P(¢) which is just the inequality
defining tangent functionals. '

As an immediate consequence of Proposition 2.6.6 and Theorem 2.6.5 we get
the following.

Corollary 2.6.7. If the pressure function P is differentiable at ¢ in every
direction, or at least in a dense in the weak topology set of directions, then there
s at most one equilibrium state for ¢.

Due to this Corollary, in future (see Chapter 4) to prove uniqueness it will
be sufficient to prove differentiability of the pressure function in a weak*-dense
set of directions.

The next part of this section will be devoted to kind of reversing Proposi-
tion 2.6.6 and Corollary 2.6.7. and better understanding of the mutual Legendre-
Fenchel transforms —h and P. This is a beautiful topic but will not have ap-
plications in the rest of this book. Let us start with a characterization of T'
invariant measures in the space of all signed measures C(X)* provided by the
pressure function P.

Theorem 2.6.8. For every F € C(X)* the following three conditions are equiv-
alent:

(i) For every ¢ € C(X) it holds F(¢p) < P(¢).
(ii) There exists C' € R such that for every ¢ € C(X) it holds F(¢) < P(¢)+C.
(iii) F is represented by a probability invariant measure p € M (X, T).
Proof. (iii) = (i) follows immediately from the variational principle:
F(¢) < F(¢) + hu(T) < P(¢) for every ¢ € C(X).

(i) = (ii) is obvious. Let us prove that (ii) = (iii). Take an arbitrary positive
¢ € C(X), i.e. such that for every x € X, ¢(x) > 0. For every real t < 0 we

have

F(tg) <P(t¢) +C
Since t¢ < 0 it immediately follows from (2.6) that P(t¢) < P(0). Hence
F(t¢) < P(0)+ C. So

—(C+P(0)

[t|F(¢) > —(C + P(0)) hence F(¢) > m
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Letting ¢ — —oo we obtain F(¢) > 0. We estimate the value of F' on constant

functions ¢. For every t > 0 we have F(t) < P(t) + C < P(0) + ¢+ C. Hence
F1) <1+ w. Similarly F'(—t) < P(—t) + C = P(0) — t + C and therefore

F(1)>1- M. Letting ¢ — oo we thus obtain F(1) = 1. Therefore by
Theorem 2.1.1 (Riesz Representation Theorem) the functional F' is represented
by a probability measure p € M(X). Let us finally prove that p is T-invariant.

For every ¢ € C(X) and every ¢t € R we have by (i)
F(t(¢poT —¢)) <P(t(¢poT —9))+C

It immediately follows from Theorem 2.4.1 (Variational principle) that P(¢(¢ o
T — ¢)) = P(0). Hence

PO)+C

PooT) - Pl < | POEE|

Thus, letting || — oo, we obtain F(¢ oT) = F(¢), i.e T-invariance of p. &
We shall prove the following.

Corollary 2.6.9. Every functional F' tangent to P at ¢ € C(X), i.e. F €
C(X)%P , is represented by a probability T-invariant measure p € M(X,T).

Proof. Using Theorem 2.6.1, we get for every ¢» € C'(X) that

F(¥) < P(¢+¢)=P(¢) < P(¢)+]P(¢+9) =P ()| =P(¢) < P(¢)+|[¢[lcc—P(9)-

So condition (ii) of Theorem 2.6.8 holds hence (iii) holds, F' is represented by
pe MX,T). &

We can now almost reverse Proposition 2.6.6. Namely being a functional
tangent to P at ¢ implies being an ”almost” equilibrium state for ¢.

Theorem 2.6.10. F € C(X);,P if and only if F', in other words the measure
pw=pur € M(X,T) representing F', is a weak*-limit of measures p, € M(X,T)
such that

Mn¢ + h,ufn (T) - P(¢)'

Proof. In one way the proof is simple. Assume that g = lim,,_ o pt,, in the weak*
topology and pn¢ +h,, (') — P(¢). We proceed as in Proof of Theorem ?7.
In view of Theorem 2.4.1 (Variational principle) pn (¥ + ¢) + by, (T) < P(o+1)
which means that p,(¢) < P(¢p + ¢) — (un¢ + hy,, (T)). Thus, letting n — oo,
we get pu(¥) < P(¢ + 1) — P(¢). This means that p € C(X)7 p.

Now, let us prove our Theorem in the other direction. Recall again that
the function p +— h,(T) on M(T) is affine, hence concave. Denote h, =
limsup,_,, h,(T'), with v — p in weak*-topology. It is also concave and upper
semicontinuous on M (T) := M (X, T). In the sequel we shall prefer to consider
the function y — —h,(T) which is lower semicontinuous and convex.
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Step 1. For every ¢ € C(X) we have

= sup (9 — (1)) < pd — () — B,(T)) = B, (7).
veM(T)

We obtained here —h, (7)) rather than merely —h,, (7)) by taking every sequence
fn — p writing the right hand side of the above inequality : pd — (up¥ —
—h,,,¥(T)) and letting n — oco. So

sup (/-“9 — sup (Vﬂ - _hl/(T))) S _HIL(T)'
YeC(X) veM(T)

This says that the LF-transform of the LF-transform of —h,,(T') is less or equal
to —h, (7).

Let us prove now the opposite inequality. We refer to the following corollary
of the geometric form of Hahn-Banach Theorem [Bourbaki(1981), Ch. II§5.
Prop. 5]:

Let M be a closed convex set in a locally convex vector space V. Then every
lower semi-continuous convex function f defined in M is supremum of a family
of functions bounded from above by f, which are restrictions to M of continuous
affine functions in V.

We shall apply this theorem to C*(X) endowed with weak*-topology and use
the fact that every linear functional continuous in this topology is represented
by an element belonging to C(X). (This is a general fact concerning pairs of
vector spaces in duality, [Bourbaki(1981), Ch. I1.§6. Prop. 3]). Thus, for every
e > 0 there exists 1 € C(X) such that for every v € M(T)

(v — ) (%) < -0y (T) — —hy +e¢
So
wb— sup (v — —hy(T)) > Bu(T) — e.
veM(T)

Letting € — 0 we obtain

sup (/u? — sup (w9 — —hl,(T))) > —h,(T).
9eC(X) veM(T)

Thus we proved the standard fact that the LF-transform of the LF-transform
of —h,(T) is back —h,(T). Remind now that by variational principle the LF-
transform of —h,(7’), i.e. the supremum sup, ¢ () (v9 — —h,(T')) is pressure
P(¥). We conclude that

Wu(T) = inf {P(9) - pu?}

Step 2. Fix p € C(X)} p. From puyp < P(¢ + 1)) — P(¢) we obtain

P(¢+ 1) — w(d+ ) = P(¢) — pg for all ¢ € C(X)
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or

inf {P — > P(o) — 2.6.1
nt {P() = ) = P(9) — o (26.1)
(This expresses the fact that the supremum ( — infimum above) in the definition
of the LF-transform of P at F' is attained at ¢ at which F' is tangent to P.) By
(2.6) and (2.6.1) we obtain

hy, > P(¢) — p (2.6.2)

so by the definition of h,, there exists a sequence of measures p,, € M(T) such
that lim,, o0 pt, = p and lim,, . by, > P(¢) — u¢. The proof is finished. &

Remark. In Step 1 of the above proof it did not matter whether we considered
u tangent to P or an arbitrary p € M(T). In Step 2, where we started with
all p € M(T), considering € > 0 in (2.5.6) is necessary; without € > 0 this
formula may happen to be false, see Example 2.6.13. For pu € C(X);P we
obtain from (2.5.9) and inequality h, (T) < P(¢) — v¢ for every v € M(T) that
ho(T) — h,(T) < (u — v)¢ which is just (2.6) with e = 0. So a posteriori we
know that € in (2.6) can be omitted.

The meaning of this, is that if u is tangent to P at ¢ then ¢ is tangent to
—h, the LF-transform of P, at .

Conversely, if ¢ satisfies (2.6) with ¢ = 0 i.e. ¢ is tangent to —~h at u € M (T)
then in the same way as in Step 2. we can prove the inequality analogous to
(2.6.1), namely that

sup vy — —h,(T) = P(¢p) < pp — hy,(T).
veEM(T)

Hence p is tangent to P at ¢ (by the ”if” part of Theorem 2.6.10).
Assume now the upper semicontinuity of the entropy h, (T') as a function of
. Then we obtain.

Corollary 2.6.11. If the entropy is upper semicontinuous, then a functional
F € C(X)* is tangent to P at ¢ € C(X) if and only if it is represented by a
measure which is an equilibrium state for ¢.

Proof. This is just the previous Theorem with the observation that lim, . h,,, (T') <
b, (T). (Remark that this uses only the upper semicontinuity of the entropy
at the measure p.) &

Recall that already the upper semicontinuity above implies the existence of
at least one equilibrium state (Lemma ?7?)
Now we can complete Corollary 2.6.7.

Corollary 2.6.12. If the entropy is upper semicontinuous then the pressure
function P is differentiable at ¢ € C(X) in every direction, or in a set of direc-
tions dense in the weak topology, if and only if there is at most one equilibrium
state for ¢.
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Proof. This Corollary follows directly from Corollary 2.6.11 and Theorem 2.6.5.
)

After discussing functionals tangent to P and proving that they coincide
with the set of equilibrium states for maps for which the entropy is upper semi-
continuous as the function on M (T') the question arises of whether all measures
in M (T) are equilibrium states of some continuous functions. The answer given
below is no.

Example 2.6.13. We shall construct a measure m € M(T) which is not an
equilibrium state for any ¢ € C(X). Here X is the one sided shift space %2
with the left side shift map o. Since this map is obviously expansive, it follows
from Theorem 2.5.6 that the entropy function is upper semicontinues. Let m,, €
M (o) be the measure equidistributed on the set Per,, of points of period n, i.e.

1
Mn = Z CardPern(Sm

x€Per,,

where 0, is the Dirac measure supported by z. m,, converge weak* to jimayx, the
measure of maximal entropy: log2. (Check that this follows for example from
the proof of variational principle, part II.) Let ¢,,n = 0,1,2,... be a sequence
of positive real numbers such that Y~ ¢, = 1. Finally define

o0
m = E LMy
n=0

Let us prove that there is no ¢ € C(X) tangent to h at m. Let p, = Ry fimax +
Z;ZOI tjm;, where R, =~ t;. We have of course h,, (0) =0,n=1,2,....

Also hy,(0) = 0 . This follows from the fact that h is affine on M (o), the
function h is bounded by the topological entropy hiep(c) = log 2 and

n—1 [e%s) b
— o It ey
m = jzz:ot]mj —|—Rn; anj.

Thus
h“'n (0) - hm (J) = Rnhﬂn)ax (J) = R’ﬂ 1Og 2

and for an arbitrary ¢ € C(¥?)

(:un - m)¢ = (Rn,umax - Zt]m])¢ < Rpe

j=n

where € — 0 as n — 0o because m; — [imax. The inequality h,, (0) —h,,(0) >
R, log 2 and the latter inequality prove that ¢ is not tangent to h at m. Indeed
h,, (6) —hm (o) > (4 — m)¢ for n large, contrary to (2.5.5) with e = 0.
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By Remark after Theorem 2.6.10 we know that m is not tangent to any ¢
for the pressure function P. In fact it is easy to see it directly: For an arbitrary
¢ € C(¥?) we have fimax® < P(¢) because by, () > 0, s0 m,¢ < P(¢) for all
n large enough as m,, — fmax. Also m, ¢ < P(¢) for all n’s. So for the average
of my,’s namely m we have m¢ < P(¢). So ¢ is not an equilibrium state. &

The measure m in this example is very non-ergodic, this is necessary as will
follow from Exercise 5.

Exercises

Topological entropy
21. Let T: X - X and S: Y — Y be two continuous maps of compact metric
spaces respectively. Show that hiop (T X S) = hiop(T) + hiep(S).
2.2. Prove that T : X — X is an isometry of a compact metric space X, then
htop (T) = O
2.3. Show that if T': X — X is a local homeomorphism of a compact connected
metric space and d = #71(x) (note that it is independent of z € X), then
hiop(T') > logd.

2.4. Provethatif f : M — M is a C' endomorphism of a compact differentiable
manifold M, then hiop(f) > logdeg(f), where deg(f) means degree of f.

Hint: Look for (n, €)-separated points in f~"(z) for "good” x. See [Misiurewicz & Przytycki (1977)]
or [Katok & Hasselblatt (1995)]).
2.5. Let S' = {2z € C: |2| = 1} be the unit circle and let f; : S — S* be the
map defined by the formula f;(z) = z%. Show that hiop (fa) = logd.
2.6. Let 04 : ¥4 — X4 be the shift map generated by the incidence matrix A.
Prove that hiop(0a) is equal to the logarithm of the spectral radius of A.
2.7. Show that for every continuous potential ¢, P(¢) < hiop(T') + sup(¢).
2.8. Provide an example of a transitive diffeomorphism without measures of
maximal entropy.
2.9. Provide an example of a transitive diffeomorphism with at least measures
of maximal entropy.

2.10. Find a sequnce of continuous maps T, : X;,, — X, such that hyop (Th+1) >
hiop(Th) and limy, o0 hiop(Th,) < 00.

Topological pressure: functional analysis approach

2.11. Prove that for an arbitrary convex continuous function P : V' — R on a
real Banach space V' the set of tangent functionals: |J,cy V' p is dense in the
norm topology in

{F € V* : there existsC' € Rsuch that for everyz € V, F(z) < P(z) + C}
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(such functionals are called P-bounded)

Remark. The conclusion is that for P the pressure function on C'(X) tangent
measures are dense in M (X, T) , see Theorem 2.5.6. Hint: This follows from
Bishop — Phelps Theorem, see [?] or Israel’s book [?, pp. 112-115], which can be
stated as follows: For every P-bounded Fyxg € V and € > 0 there exists z € V'
and F' € V* tangent to P at X such that

1
|F = Foll < ellz — o] < - (P(ao) — Fo(wo) + s(ao)

where s(Fp) = sup,/cy For' — P(z’) (the LF-transform of P. The idea of the
proof of this theorem is as follows: If we replace P by Q(20 := P(z) — Fo(x) +
s(zo) the theorem reduces to the case Fy = 0,s(Fp) = 0. For each z € V
consider the cone

Clz) ={(="y) : y — Qx) < —¢ll2’ — =[|}.

There is z € V such that C(x) N graph@ = {z} Now F can be defined as a
functional which graph translated by a constant separates C(z) from {y > Q(x).

2.12. Prove that in the situation from Exercise ?? for every z € V Vp is
convex and weak*-compact.

2.13. Let Ey4 denote the set of all equilibrium states for ¢ € C(X).

(i) Prove that E, is convex.

(ii) Find an example that E, is not weak*-compact.

(ili) Prove that extremal points of E, are extremal points of M (X, T).

(iv) Prove that almost all measures in the ergodic decomposition of an ar-
bitrary p € Ey belong also to Eg. (One says that every equilibrium state has a
unique decomposition into pure, i.e. ergodic, equilibrium states .)

Hints: In (ii) consider a sequence of Smale horseshoes of topological entropies
log 2 converging to a point fixed for T. To prove (iii) and (iv) use the fact that
entropy is an affine function of measure.

2.14. Find an example showing that the point (iii) of Exercise 2.13 is false if
we consider C'(X)j p rather than Fj.

Hint: An idea is to have two fixed points p, ¢ and two trajectories (zy,), (yn)
such that =, — p,y, — ¢ for n — oo and x, — ¢,y, — p for n — —o0.
Now take a sequence of periodic orbits v approaching {p,q} U {z,} U {yn}
with periods tending to co. Take their Cartesian products with corresponding
invariant subsets Ay’s of small horseshoes of topological entropies less than log 2
but tending to log 2, diameters of the horseshoes shrinking to 0 as k — co. Then
for ¢ =0 C(X)} p consists only of measure £(6p + 04). One cannot repeat the
proof in Exercise 2.3(iii) with the function h,, instead of the entropy function
h,,, because E,t is no more affine !

This is Peter Walters’ example, for details see the preprint [?].

2.15. Suppose that the entropy function h,, is upper semicontinuous (then for
each ¢ € C(z) C(X)} p = Eg, see Corollary 2.6.11). Prove that
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(i) every p € M(T) which is a finite combination of ergodic masures y =
> tym;, m; € M(T), is tangent to P more precisely there exists ¢ € C(X) such
that p,m; € C(X)(’;’p and moreover they are equilibrium states for ¢.

(ii) if p = fMC(T) mdx(m) where M.(X,T) consists of ergodic measures in
M(X,T) and « is a probability non-atomic measure on M.(X,T), then there
exists ¢ € C(X) which has uncountably many ergodic equilibria in the support
of a.

(iii) the set of elements of C(X) with uncountably many ergodic equilibria
is dense in C(X).

Hint: By Bishop — Phelps Theorem (Remark in Exercise 2.11) there exists
v € Ey4 arbitrarily close to p. Then in its ergodic decomposition there are all
the measures p; because all ergodic measures are far apart from each other (in
the norm in C'(X)*). These measures by Exercise 2.13 belong to the same Eg
what proves (i). For more details and proofs of (ii) and (iii) see [?, Theorem
V.2.2] or [Ruelle(1978), 3.17, 6.15].

Remark. In statistical physics the occurence of more then one equilibrium for
¢ € C(X) is called ”phase transition”. (iii) says that the set of functions with
”very rich” phase transition is dense. For the further discussion see also [?, V.2].

2.16. Prove the following. Let P : V — R be a continuous convex function on
a real Banach space V' with norm || -||y. Suppose P is differentiable at € V' in
every direction. Let W C V' be an arbitrary linear subspace with norm || - ||w
such that the embedding W C V is continuous and the unit ball in (W, || - ||w ) is
compact in (V.|| - ||v). Then P|w is differentiable in the sense that there exists
a functional F' € V* such that for y € W it holds

[P(z +y) = Plx) = Fy)| = o([lyllw)-

Remark. In Chapter 3 we shall discuss W being the space of Holder continuous
functions with an arbitrary exponent @ < 1 and the entropy function will be
upper semicontinuous. So the conclusion will be that uniqueness of the equilib-
rium state at an arbitrary ¢ € C(X) is equivalent to the differentiability in the
direction of this spaece of H6 .lder functions.

2.17. (Walters) Prove that the pressure function P is Frechet differentiable at
¢ € C(X) if and only if P affine in a neighbourhood of ¢. Prove also the
conclusion: P is Frechet differentiable at every ¢ € C(X) if and only if T is
uniquely ergodic, namely if M (X,T) consists of one element.

2.18. Prove S. Mazur’s Theorem: If P : V — R is a continuous convex function
on a real separable Banach space V' then the set of points at which there exists
a unique functional tangent to P is dense Gj.

Remark. In the case of the pressure function on C(X) this says that for a
dense Gy set of functions there exists at most one equilibrium state. Mazur’s
Theorem contrasts with the theorem from Exercise 16 (iii).
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Chapter 3

Distance expanding maps

We devote this Chapter to a closer topological study of distance expanding
maps. Often however weaker assumptions will be sufficient. We always assume
the maps are continuous on a compact metric space X and usually assume
the maps are open, which means that open sets have open images. This is
equivalent to saying that if f(x) = y and y,, — y then there exist z,, — x such
that f(x,) = yn for n large enough.

In theorems with assertions of topological character, the assumption that a
map is only expansive leads to the same conclusions as if we assumed that the
map is expanding, in view of Section 3.6. We shall prove in Section 3.6 that for
every expansive map there always exists a metric compatible with the topology
on X given by an original metric, so that the map is distance expanding in it.

Recall that for (X, p), a compact metric space, a continuous mapping 7" :
X — X is said to be distance expanding (with respect to the metric p) if there
exist constants A > 1 and > 0, and n > 0, such that for all z,y € X

p(z,y) <2n = p(T"(x), T"(y)) = Ap(z,y) (3.0.1)

We say that T is distance expanding at a set Y C X if the above holds for
every x,y € B(z,n) for z € Y.
In future we shall usually be able to assume that n =1 i.e. that

p(z,y) <2n = p(T(2),T(y)) > Ap(z,y) (3.0.2)

One can achieve this in two ways:

(1) If T is Lipschitz continuous (say with constant L > 1) replace the metric
p(x,y) by E;:()l p(T7(z), TI(y)). Of course then A and i change. As an exercise
you can check that the number 1+(A—1)(£=%) can play the role of A in (3.0.2).

(2) Consider T™ instead of T'.

Sometimes we shall write for short expanding, instead of distance expanding.

101
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3.1 Distance expanding open maps, basic prop-
erties

Let us first make a simple observation relating expanding to expansive.

Theorem 3.1.1. Distance expanding property implies forward exrpansive prop-
erty.

Proof. By the definition of “expanding” above, if 0 < p(z,y) < 27, then
p(T(x), T(y)) > Ip(z,y) ... p(T™(x), T™(y)) > A"p(x,y), until for the first
time n it happens p(T"(x), T"(y)) > 2n. Such n exists since A > 1. Therefor T
is forward expansive with the expansivness constant § = 21. '

Let us start now with a lemma where we assume T : X — X is a continuous
open map of a compact metric space X. We do not need to assume in this
lemma that T is distance expanding.

Lemma 3.1.2. If T : X — X is a continuous open map, then for every n > 0
there exists € > 0 such that T(B(x,n)) D B(T(x),&) for every x € X.

Proof. For every x € X let
&(z) =sup{r > 0:T(B(x,n)) D B(T(z),r)}.

Since T is open, £(x) > 0. Since T(B(z,n)) D B(T(x),£&(x)), it suffices to show
that £ = inf{&(z) : * € X} > 0. Suppose conversely that { = 0. Then there
exists a sequence of points x,, € X such that

&(zp) —0 as n— o0 (3.1.1)

and, as X is compact, we can assume that z,, — y for some y € X. Hence
B(zn,n) D B(y, 4n) for all n large enough. Therefore

T8 1) 7 (B 51) ) 5 BT0).2) > B (TG, )

for some € > 0 and again for every n large enough. The existence of ¢ such
that the second inclusion holds follows from the openness of T'. Consequently
&(zp) > e for these n, which contradicts (3.1.1). &

If T: X — X is an open, expanding map, then by (3.0.1), for all z € X
the restriction T'|p(y,y) is injective and therefore it has an inverse map. The
same holds for expanding at Y for all x € Y. In view of Lemma 3.1.2 we can
introduce the following definition.

Observation 3.1.3. If T : X — X is expanding then for each x € X there
exists the inverse of the map T'| () restricted to the ball B(T'(x),§). It will
be denoted by T, 1.
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Observe that for every y € X

T By = J T.'(By.9) (3.1.2)

z€T~1(y)

Indeed, suppose that y' = T(2') € B(y,¢). Then y € B(y/,€). Let 2 = T.,' (y).
As T, ! and T, ! coincide on y, they coincide on 3’ because they map 3’ into
B(x,m) and T is injective on B(z,n). Thus 2’ = T, *(y').

Similarly we prove, or deduce from 3.1.2, that B(y, &) can be replaced by
any A C B(y, &) (it is needed to conclude (3.1.5) ).

A map T with the property that there exists £ such that for each B(z,&)
(3.1.2) holds with the sets in the union disjoint from each other and T restricted
to each of them being a homeomorphism, is called a cover. So we proved in fact
a general proposition that a continuous open locally injective map of a compact
metric space is a cover.

Immediately from Observation 3.1.3 we have
T, Y (B(T(z),£)) C B(z,n) (3.1.3)

x

From now on throughout this Section, wherever the notation 7~! appears, we
assume also the expanding property, i.e. (3.0.2). We then get the following.

Lemma 3.1.4. Ifz € X and y,z € B(T(x),£) then
p(TyH (y) Ty () < X' ply, 2)
In particular T; Y (B(T(x),€)) € Bz, \™'€) € B(x,£) and
T(B(z,A71€)) D B(T'(x),&) (3.1.4)
for all € > 0 small enough (what improves 3.1.2).

Definition 3.1.5. For every z € X, every n > 1 and every j =0,1,...,n—1
write 2; = T7(x). In view of Lemma 3.1.4 the composition T 0T, to.. .oT 1
B(T™(x),&) — X is well-defined and will be denoted by T, ™.

Below we collect the basic elementary properties of maps 7" following
immediately from the above. For every y € X

T"By. )= U To"(Bw9); (3.1.5)

z€T~"(y)
p(T, " (y), T, "(2)) < X "p(y, 2) for all y,z € B(T"(x),); (3.1.6)
T "(B(T"(x),r)) C B(x,min{n, \""r}) for every r < &. (3.1.7)

Remark. All these properties hold, and notation makes sense, also for open
maps T : X — X expanding at Y C X, provided z,T(x),...,T"(z) € Y.
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3.2 Shadowing of pseudoorbits

We keep the notation of Section 3.1. We consider an open distance expanding
map T : X — X with the constants 7, A, .

Let n be a non-negative integer or co. Given a > 0 a sequence (z; : i =
0,...,n) is said to be an a-pseudo-orbit (other names: «-orbit, a-trajectory,
a-T-trajectory for T : X — X, of length n + 1 if for every i =0,...,n — 1

p(T (i), zi41) < @ (3.2.1)

Of course every (genuine) orbit (z,T(x),...,T"(z)), € X, is an a-pseudo-
orbit for every ae > 0. We shall prove a kind of a converse fact, that in the case
of open, distance expanding maps, each “sufficiently good” pseudo-orbit can
be approximated (shadowed) by an orbit. To make this precise we proceed as
follows. Let 8 > 0. We say that an orbit of x € X, 8-shadows the pseudo-orbit
(x; :1=0,...,n) if and only if for every i =0,...,n

p(T"(x),2:) < B (32.2)

Definition 3.2.1. We say that a continuous map 7' : X — X has shadowing
property if for every 5 > 0 there exists a > 0 such that every a-pseudo-orbit of
finite or infinite length can be B-shadowed by an orbit.

Note that due to the compactness of X this property implies the same with
n = oo included.

Below is a simple observation on the uniqueness of the shadowing. Assume
only that T is expansive (cf. Section 2.2.).

Proposition 3.2.2. If 203 is less than an expansiveness constant of T (we do
not need to assume here that T is expanding with respect to the metric p) and
n = oo then there exists at most one point x whose orbit 3-shadows the pseudo-
orbit (x;)52.-

Proof. Suppose the forward orbits of  and y shadow (z;). Then for every n > 0
we have p(T"(x),T"(y)) < 28. Then by the definition of the expansiveness
T =1y. &

We shall now prove some less trivial results, concerning the existence of
[B-shadowing orbits.

Lemma 3.2.3. Let T : X — X be an open distance expanding map. Let
0<fB<¢,0<a<mn{A=1)5,&}. If (x;:i=0,1,...,n), 0 <n < oo, is
an a-pseudo-orbit and x; = T, ' (xi11), then

(a) For alli=0,1,2,...,n—1
qul(B(x%'rla ﬁ)) - B(J?“ ﬁ)
and consequently for all i =0,1,... n the compositions

Ti:T;IOTQIO...OT;I :B(x;,8) = X
0 1 i—1

are well-defined.
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(b) The sequence of closed sets T;(B(x;,3)), i =0,1,...,n, is decreasing in the
sense of inclusion.

(¢) The intersection
n

ﬂTv:(B(ﬂfz',ﬁ)

=0

is non-empty and the forward orbits (for times 0,1,...,n) of all the points of
this intersection B-shadow the pseudo-orbit (x; :i=0,1,...,n).

Proof. In order to prove (a) observe that by (3.1.7) and (3.1.7) we have

T;l(B(T(le),ﬂ)) C B(zi,A718) C Bz, A8+ A7 ta)
and A7!8 + A7la < 8. The statement (b) follows immediately from (a). The
first part of (c) follows immediately from (b) and the compactness of the space
X. To prove the second part call the intersection which appears in (¢) by
A. By the definition of A we have T(A) C B(w;,3) for all i = 0,1,...,n.
Thus the forward orbit for the times 0,1,...,n of every point in A, § shadows

(x; :i=0,1,...,n). The proof is finished. &
As an immediate consequence of Lemma 3.2.3 we get the following.

Corollary 3.2.4 (Shadowing lemma). Every open, distance expanding map
satisfies the shadowing property. More precisely, for all 3 >0 and o > 0 as in
Lemma 3.2.3 every a-pseudo-orbit (x; : i =0,...,n) can be B-shadowed by an
orbit in X.

As a consequence of Corollary 3.2.4 we shall prove the following.

Corollary 3.2.5 (Closing lemma). Let T' : X — X be an expansive map,
satisfying the shadowing property. Then for every 8 > O there exists o > 0 such
that if € X and p(z,T'(z)) < a for some | > 1, then there exists a periodic
point of period | whose orbit (3-shadows the pseudo-orbit (z,T(x),..., T (x)).
The choices of a to B are the same as in the definition of shadowing, for 23 not
exceeding the expansivness constant.

In particular the above holds for T': X — X open, expanding.

Proof. Since p(z,T'(x)) < «, the sequence made up as the infinite concate-
nation of the sequence (z,T(x),...,T'"1(x)) is an a-pseudo-orbit. Hence, by
shadowing with n = oo, there is a point y € X whose orbit G-shadows this
pseudo-orbit. But note that then the orbit of the point T%(y) also does it and
therefore, by Proposition 3.2.2, T'(yy) = y. The proof is finished. &

Note that the assumption T is expansive is substantial. The adding ma-
chine map, see Example 77, satisfies the shadowing property, whereas it has
no periodic orbits at all. In fact the same proof yields the following periodic
shadowing.
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Definition 3.2.6. We say that a continuous map 7 : X — X satisfies periodic
shadowing property if for every 5 > 0 there exists & > 0 such that for every
finite n and every periodic a-pseudo-orbit zg,...,xr,—1, that is a sequence of
points o, ..., 2,1 such that p(T(z;), T(i4+1)(modn)) < @, there exists a point
y € X of period n such that for all 0 <i <n p(T"(y),x;) < B.

Note that shadowing and periodic shadowing can hold for the maps that
are not expansive. One can just add artificially the missing periodic orbits, of
periods 2™ to the adding machine space. This example appears in fact as the
nonwandering set for any Feigenbaum-like map of the interval, see Section 6.6.

3.3 Spectral decomposition. Mixing properties

Let us start with general observations concerning iterations of continuous map-
pings

Definition 3.3.1. We call a continuous mapping 7' : X — X for a compact
metric space X topologically transitive if for all non-empty open sets U,V C X
there exists n > 0 such that 7"(U)NV # (. By the compactness of X topological
transitivity implies that 7" maps X onto X.

Example 3.3.2. Consider a topological Markov chain 3 4, or Y4 in a one-sided
or two-sided shift space of d states, see Example 0.4. Observe that the left shift
map s on the topological Markov chain is topologically transitive iff the matrix
A is irreducible that is for each 4, j there exists an n > 0 such that the 4, j-th
entry A7, of the n-th composition matrix A™ is non-zero.

One can consider a directed graph consisting of d vertices such that there is
an edge from a vertex v; to v; iff A; ; # 0; then one can identify elements of the
topological Markov chain with infinite paths in the graph ( that is sequences of
edges indexed by all integers or nonnegative integers depending as we consider
the two-sided or one-sided case, such that each edge begins at the vertex where
the preceding edge ends). Then it is easy to see that A is irreducible iff for every
two vertices vy, vy there exists a finite path from v; to v;.

A notion stronger than the topological transitivity, which makes a non-trivial
sense only for f non-invertible, is the following

Definition 3.3.3. A continuous mapping 7' : X — X for a compact metric
space X is called topologically exact (or locally eventually onto) if for every open
set U C X there exists n > 0 such that 7" (U) = X.

In Example 3.3.2 in the one-sided shift space case topological exactness is
equivalent to the property that there exists n > 0 such that the matrix A™ has
all entries positive. Such a matrix is called aperiodic.

In the two-sided case aperiodicity of the matrix is equivalent to topological
mixing of the shift map. We say a continuous map is topologically mizing if for
every non-empty open sets U,V C X there exists N > 0 such that for every
n > N we have T"(U)NV # 0.
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Proposition 3.3.4. The following 3 conditions are equivalent:
(1) T : X — X is topologically transitive.

(2) For every non-empty open sets U,V C X and every N > 0 there exists
n > N such that T*(U) NV # 0.

(8) There exists a T-trajectory (z,,n = 0,1,...), such that every x € X is its
w-limit point, that is for every N > 0 the set {x, :n > N} is dense in X.

Proof. Let us prove first the implication (1)=-(3). So, suppose T : X — X is
topologically transitive. Then for every open non-empty set V' C X, the set

K (V) :={x € X : there exists n > 0 such that T"(z) € V} = U T™(V)
n>0

is open and dense in X. Let {Vi}xr>1 be a countable basis of topology of X. By
Baire’s category theorem, the intersection

K:=) ) ET V)

k>1 N>0

is a dense G subset of X. In particular K is non-empty and by its definition
the trajectory {T™(x) : n > N} is dense in X for every z € K. Thus (1) implies
(3).

Let us now prove that (3)=(2). Indeed, if z,, is a trajectory satisfying the
condition (3), then for all non-empty open sets U,V C X and N > 0, there exist
n>m > 0,n—m > N such that z,, € U and z,, € V. Hence T"~™(U)NV # (.
Thus (3) implies (2). Since (2) implies (1) trivially the proof is complete. &

Definition 3.3.5. A point x € X is called wandering if there exists an open
neighhbourhood V' of = such that V N T"(V) = ( for all n > 1. Otherwise x is
called non-wandering. We denote the set of all non-wandering points for T by

Q or Q7).

Proposition 3.3.6. ForT : X — X satisfying the periodic shadowing property,
the set of periodic points is dense in the set Q) of non-wandering points.

Proof. Take any x € Q(T') and given 8 > 0 its neighborhood V in X of diameter
< « chosen for (§ in the definition of periodic shadowing. Then by the definition
of Q(T) there exists y € V and n > 0 such that T"(y) € V. So p(y, T"(y)) <
diamV. Therefore (y,T(y),...,T™(y)) can be -shadowed by a periodic orbit.
Since we can take 3 arbitrarily small, we obtain the density of periodic points

in Q(T). &

Remark 3.3.7. It is not true that for every open, distance expanding map
T : X — X we have clPer = X. Here is an example: Let X = {(1/2)" : n =
0,1,2,...}U{0}. Let T((1/2)") = (1/2)*=Y for n > 0, T(0) = 0,7(1) = 1.
Let the metric be the restriction to X of the standard metric on the real line.
Then T : X — X is distance expanding but Q(T") = Per(T) = {0} U {1}. See
also Exercise ?77.
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Here is the main theorem of this section. Its assertion holds under the
assumption that T': X — X is open, distance expanding and even under weaker
assumptions below.

Theorem 3.3.8 (on the existence of Spectral Decomposition). Suppose that
T : X — X is an open map which satisfies also the periodic shadowing property
and is expanding at the set Per(T), the closure of the set of periodic points.

Then Per(T') is the union of finitely many disjoint compact sets Q;,j =
1,...,J with

(T|clPer(T))71(Qj) = Qj

and T'|q, topologically transitive.
Each §; is the union of k(j) disjoint compact sets Qé“ which are cyclically

permuted by T and such that T*9) |k is topologically exact.
J

Proof of Theorem 3.3.8. Let us start with defining an equivalence relation ~ on
Per(T). For z,y € Per(T) we write x ~_, y if for every £ > 0 there exist 2’ € X
and positive integer m such that p(z,2’) < e and T™(2') = T™(y). We write
x~yif x~yandy~ x. Of course for every x € Per(T), x ~ x. Suppose that
x~yandy~ z Letky, k., denote periods of y, z respectively.

Let 2’ be close to z and T™(z') = T"(y) = y; an integer n satisfiying the
latter equality exists since we can take an integer so that the first equality holds
and then take any larger integer divisible by k,. Choose n divisible by kyk..
Next, since T is open, for 3’ close enough to y, with T™(y’) = T™(z) = z for
m divisible by k., there exists " close to z’ such that T"(z"”) = y’. Hence
Tnrm (") = T™(y') =y =TT (y'), since both m and n are divisible by k..
Thus « ~ z. This proof is illustrated at Fig 3.1.a.

Fig.3.1.a Fig.3.1.b

Fig.3.1.b illustrates the transitivity for hyperbolic sets clPer(T") (see Exer-
cises or [Katok & Hasselblatt (1995)]), where  ~ y if the unstable manifold of
x intersects transversally the stable manifold of y. In our expanding case the
role of transversality is played by the openness of T'.

Till this point we did not use the expanding assumption.

Observe now that for every z,y € Per(T), p(z,y) < £ implies z ~ y. In-
deed, we can take z/ = T, """ (y) for n arbitrarily large. Then 2’ is arbitrarily
close to x and T =kv(2') = ¢ = T™*=ky (). Hence the number of equivalence
classes of ~ , denote them P, ..., Py, is finite. Moreover the sets clPy,...,clPy
are pairwise disjoint and the distances between them are at least £&. We have
T (Per(T)) = Per(T') , and if x ~ y then T'(x) ~ T'(y). The latter follows straight
from the definition of ~. So T permutes the sets P;. This permutation decom-
poses into cyclic permutations we were looking for. More precisely: consider
the partition of clPer(T") into the sets of the form

o0
U7 @p), i=1,...,N.

n=0
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The unions are in fact over finite families. It does not matter in which place the
closure is placed because X is compact so for every A C X we have T'(clA) =
clT(A). We consider this partition as a partition into £2;’s we were looking for.
Qé?’s are the summands 7™ (clP;) in the unions.

Observe now that 7" is topologically transitive on each ;.

Indeed, if x, y belong to the same Q; there exist 2’ € B(z, &) and 3y’ € B(y, &)
such that T"(z’) = T™(y) and T™(y’) = T™°(z) for some natural numbers
n,m and ng < ky,mo < kg. For an arbitrary 8 > 0 choose o > 0 from
the definition of periodic shadowing and consider z”,y” such that p(z”,z) <
a, p(y",y) < aand T™(z") = o/, T™ (y") = ¢ for some natural numbers
ni,m, existing by the expanding property at clPer(7T). Then the sequence of
points T'(z"), ..., Tratntke=no (/") T (y"), ... Tmtmtkz—mo(y") i5 a periodic
a-pseudo-orbit, of period ny +n + ky — ng + my + m + kz — my, so it can
be [-shadowed by a periodic orbit. Thus, there exists z € Per(T) such that
p(z,2) < B and p(TN(z),y) < B for an integer N > 0. Now take arbitrary
neighbourhoods U > x and V 3> y and take 8 such that B(z,8) C U and
B(y,8) C V. We find a periodic point z as above. Note that, provided 8 <
& z~axand TN(2) ~y . We obtain TV (2) € TN(U N Q;) N (V NQ;) so this
set is nonempty. This proves the topological transitivity.

Note that by the way we proved that the orbits 2", ..., T™ (z") =/, ..., T™(2')
with ny, n arbitrarily large, can be arbitrarily well shadowed by parts of periodic
orbits. This corresponds to the approximation of transversal cycles of hetero-
clinic orbits by periodic ones, in the hyperbolic theory (see also Exercise 3.3.3).

This analogy justifies the name heteroclinic cycle points for the points 2’ and
y', or heteroclinic cycle orbits for their orbits discussed above. Thus we proved

Lemma 3.3.9. Under the assumptions of Theorem 3.3.8 every heteroclinic cy-
cle point is a limit of periodic points.

Now we can prove another fact interesting in itself:

Lemma 3.3.10. T|CZPET(T) 1S an open map.

Proof. Fix x,y € clPer(T) and p(T(z),y) < e < &/3. Since T is open, by
Lemma 3.1.2, and due to the expanding property at clPer(T') there exists § =
T, Y(y) € B(z,\"1£/3) We want to prove that § € clPer(T).

There exist z1, z2 € Per(T') such that p(z1,2) < A71/3 and p(z22,y) < £/3.
Hence p(T'(21), 22) < &, hence T'(21) ~ zo. Then T, 1(22) is a heteroclinic cycle
point, so by Lemma 3.3.9 it is a limit of periodic points. &

‘We go back to Proof of Theorem 3.3.8. We can prove now the topological
exactness of Tk(j)|Q;;. So fix Qf = P, with T*0)(P,) = P;. Let {z,},s=1,...S
be a ¢’ /2-spanning set in P;, where &’ is a constant having the properties of &
for the map T'|ciper, existing by the openness of T'|¢iper(r) (Lemma 3.1.2). Write
k(P;) = Hle ks,. Take an arbitrary open set U C clP;. It contains a periodic
point x.
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Note that for every ball B = B(y, r) in clPer(T") with the origin at y € Per(T)
and radius 7 less than n and A=*v¢’, we have T+ (B) D B(y, \¥»r). Repeating
this step by step we obtain T™*®)(B) > B(y, '), (see (3.1.7).

Let us go back to U and consider B, = B(z,r) C U with r < A\=*k(F)¢’,
Then T™*(7)(B,) is an increasing family of sets for n = 0,1,2,....

By the definition of ~, the set | J,,~, 7" (B,) contains {z, :,s = 1,...5},
because the points x, are in the relation ~ with x. This uses the fact proved
above, see Lemma 3.3.9, that z’ in the definition of ~, such that T™(z') =
T™(zs), belongs to clPer(T'). It belongs even to P;, since for z € Per(T') close
to 2’ we have z ~ x,, with the use of the same 2’ as one of a heteroclinic cycle
points. Hence, by the observation above (J, TP (B,) contains the ball
B(x,,¢') for each s. So it contains clP;. Since T7*(P)(B,) is an increasing
family of open sets in clPer(7T') that is compact, just one of these sets covers
clPer(T'). The topological exactness is proved. )

Remark. It is easy to see that if T'is a covering map than the assumption of
periodic shadowing can be skipped. We used it only to approximate heteroclinic
cycle points by periodic ones. See also Exercise 3.3.2.

As a corollary we obtain the following two theorems.

Theorem 3.3.11. Let T : X — X be an open distance expanding map, or
expanding at the set clPer(T) satisfying the periodic shadowing property. Then,
if T is topologically transitive, or is surjective and its spectral decomposition
consists of just one set 1 = Ul,zg QF, the following properties hold:

1. The set of periodic points is dense in X, which is thus equal to .

2. For every open U C X there exists N = N(U) such that U;V:() TI(U) = X.

3. (vr>0)(AN)(vx € X) U, T9(B(z,7)) = X.

4. The following specification property holds: For every 3 > 0 there exists
a positive integer N such that for every n and every T-orbit (xo,...x,) there
exists a periodic point y of period not larger than n + N whose orbit for the
times 0,...,n B-shadows (xo,...Ty).

Proof. By the topological transitivity for all open U there exist n > 1 such that
T™(U)NU # 0, (use the condition (2) in Proposition 3.3.4 for N = 1). Hence for
the set 2 of the non-wandering points we have {2 = X. This gives the density
of Per(T) by Proposition 3.3.6.

If we assume only that there is one Q;(= Q = clPer(T)) in the Spectral De-
composition, then for an arbitrary z € X we find by the surjectivity a backward
orbit z_,, of z and notice that z_,, — Q and T"(z) — €, that follows easily from
the definition of Q. So for every a > 0 there exist wy, ws € Per(T) and natural
numbers k,n such that 7%(ws) ~ wy, pwi, z2_n) < a and p(ws, T7(2)) < a.
This allows to find a periodic point in B(z,3), where 3 > 0 is arbitrarily small
and « chosen for 8 from the periodic shadowing property.

We conclude that X = U}]:1 ), each Q; is T-invariant, closed, and also
open since {);’s are at least ¢-distant from each other. So J = 1. Otherwise, by
the topological transitivity, for j # ¢ there existed n such that 77(Q;) NQ; # 0,
what would contradict the T-invariance of €2;.
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Thus X = UZ(:? (%) and the assertion 2. follows immediately from the
exactness of TF(M) on each QF, k=1,... k(1).

The property 3. follows from 2. where given r we choose N = max{N(U)}
where we consider a finite covering of X by sets U of diameter not exceeding
r/2. Indeed, then for every B(x,r) the set U containing x is a subset of B(x, ).

Now let us prove the specification property. By the property 3. for every
a > 0 there exists N = N(«) such that for every v, w € X there exists m < N
and z € B(v,a) such that T™(z) € B(w, «). Consider any T-orbit g, ...2Zy.

Then consider an a-pseudo-orbit zg,...2,_1,2,...,T™ (2) with m < N and
z € B(xp,a,T™(z) € B(xp,a). By Corollary 3.2.5 we can 3-shadow it by a
periodic orbit of period n +m <n+ N. &

The same proof yields

Theorem 3.3.12. Let T satisfy the assumptions of Theorem 3.3.11, and be
also topologically mizing, i.e. k(1) = 1. Then

1. T is topologically exact, i.e. for every open U C X there exists N = N(U)
such that TN (U) = X.

2. (Vr > 0)3N) (Ve € X) TN (B(z,7)) = X.

3.4 Holder continuous functions

For distance expanding maps, Holder continuous functions play a special role.
Recall that a function ¢ : X — C (or R) is said to be Hélder continuous with
an exponent 0 < a < 1 if and only if there exists C' > 0 such that

lp(y) — o(z)| < Cp(y, )"

for all z,y € X. All Holder continuous functions are continuous, if & = 1 they
are usually called Lipschitz continuous.

Let C'(X) denote as in the previous chapters the space of all continuous, real
or complex-valued functions defined on a compact space X and for ¢ : X — C
we write [|[¢]|co := sup{|¢(z)| : € X} for its supremum norm. For any a > 0
let Hqa(X) denote the space of all Holder continuous functions with exponent
a>0.If ¢ € Ho(X) let

Vae() = sup{% rx,y € X, x# yp(a,y) < 5}
and
19(1(1/J):811p{M :x,yeX,x;éy}.
Py, z)”
Note that
2||9]loo

da(w) < max {28 g, ) |

fa
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The reader will check easily that H,(X) becomes a Banach space when
equipped with the norm

9170 = Va(®) + [¢]lco-
|¥]|,, it is enough to estimate ¥4 () and

Thus, to estimate in future

9] oo -

The following result is a straightforward consequence of Arzela-Ascoli theo-
rem.

Theorem 3.4.1. Any bounded subset of the Banach space Ho(X) with the
norm || - ||#,, s relatively compact as a subset of the Banach space C(X) with
the supremum norm || - ||eo. Moreover if {¢, : n = 1,2,...} is a sequence of
continuous functions in Ho(X) such that ||z,||xn, < C for alln > 1 and some
constant C and if limy,— o ||tn — ¥ ||cc = 0 for some ¢ € C(X), then ¢ € Ho(X)
and |||, < C.

Now let us formulate a simple but very basic lemma in which you will see a
coherence of the expanding property of T" and the Holder continuity property
of a function.

Lemma 3.4.2 (pre-Bounded Distortion Lemma for Iteration). Let T : X — X
be a distance expanding map and ¢ : X — C be a Holder continuous function
with the exponent . Then for every positive integer n and x,y € X such that

p(T?(2), T’ (y)) < 21 for every j=0,1,....,n—1 (34.1)

we have for C(T, ¢) := (%)

1Sno(x) = Sno(y)| < p(T"(x), T" (y))", (34.2)

where SpP(z) = Z;ZOI ¢oTi(x), for 2 =x,y.
If T is open we can assume x,y € T ™(B(T"(z2),§) for a point z € X,
instead of (3.4.1). Then in (3.4.2) we can replace Vo by Vac.

The sense of (3.4.2) is that the coefficient C(T, ¢) = 119—QT(?2¥ does not depend
on xT,yY, M.
Proof. By (3.0.2) we have p(T7(z),T?(y)) < A== p(T"(y), T"(2)) for every
0 < j <n. Hence

(T (y)) = (T (2))] < Ia(A™ "D p(T (y), T7(2))"

Thus
[506(0) — $10(:)| < Ba(O)p(T" (), T ()" A~
j=0
< D@0, T () YA = o) )
j=0

The proof is finished. &
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For an open distance expanding topologically transitive map we can replace
topological pressure defined in Chapter 2 by a corresponding notion related with
a "tree” of pre-images of an arbitrary point (compare this with Exercise 4 777
in Chapter 2).

Proposition 3.4.3. If T : X — X is a topologically transitive distance expand-
ing map, then for every Hoélder continuous potential ¢ : X — R and for every
x € X there exists the limit

P.(T,$) := lim l1og Z exp S, ¢o(T)

n—oo n
zET—"(z)

and it is equal to the topological pressure P(T,¢). In addition, there exists a
constant C' such that for all z,y € X and every positive integer n

2 zeT—n(z) €XP Snd(T) <
ZyeT—n(y) €xXp Sn¢(y)

Proof. If p(z,y) < & then (3.4.3) follows immediately from Lemma 3.4.2 with
the constant, C' = C; := exp(C(T, $)&%), since this is the bound for the ratio of
corresponding summands for each backward trajectory, by Lemma 3.4.2. Now
observe that by the topological transitivity of T there exists N (depending on
&) such that for all z,y € X there exists 0 < m < N such that T™(B(z,£)) N
B(y, &) # 0. Indeed, for example by the condition (3) in Proposition 3.3.4 we can
find two blocks of a trajectory of z with dense w-limit set, say T%(z),..., T (z)
and T'(z),...,T" (z) with [ > K, each é-dense in X. Then we set N = I’ — k.
We can find ¢ between k and k’ and s between [ and I’ so that T%(z) € B(z,€)
and T%(z) € B(y,¢{). We have m :=s —t < N.

Now fix arbitrary z,y € X. So, there exists a point y' € T~™(B(y,£)) N
B(z,€). We then have

Y expSup@ <O Y expSud(y)

(3.4.3)

TET " (x) y'eT—(y")
= Crexp(=Snd(T"(Y)) Y, expSutmd(y/)
y'eT—"(y")
< Ch exp(—minf @) Z exp Snymd(y')
Z767'*7(7%#777,) (TnL(yl))
< Cyexp(—minf ¢) > exp S (T (y)) exp Smd(y')
y' €T~ (ntm)(Tm(y'))
< Cy exp(msup ¢ — minf ¢) Z exp Snd(T™ (y'))

y'eT—(nrm)(Tm (y'))
< Crexp@2N[9]l) DY D expSad(y)
y'erT—"(T™(y"))

< C%exp(2N||¢||) DY Z exp Sy é(7),
yeT " (y)
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where D = sup{#(T1(z)) : z € X} < co. This proves (3.4.3).
Observe that each set T‘"(x) is (n, 2n)-separated, whence

lim sup — log Z exp S, o(T) < P(T, ¢),
e TET—(2)

by the characterization of pressure given in Theorem 2.3.2.
In order to prove the opposite inequality fix € < 2§ and for every n > 1, an

(n, €)-separated set F,,. Cover X by finitely many balls B(z1,¢/2), B(22,¢/2),. ..,

Then F,, = F,, N (U?:l T (B(z;, 8/2))) and therefore

Z exp(Spd(z)) < Z Z exp(Sn9(2))-

2€F, J=1 FaNT="(B(z2;,6/2))

Consider an arbitrary j and y €€ F,, N T~ "(B(zj,¢/2)). Let Z; ; € T~ "(z;)
be defined by y € T—(B(z;,/2). We shall show that the function y — Zj,
is injective. Indeed, suppose that zZ; = Zj, = % for some a,b € F, N
T-"(B(zj,¢/2)). Then

p(T'(a), T' (1) < p(T'(a), T'(z)) + p(T" (%)), T' (b)) <

for every 0 <1 <mn. So, a = b since F, is (n,e)-separated.
Hence, using Lemma 3.4.2 (compare (3.4.3)), we obtain

k
> exp(Snd(z ZcZexp (Sn(7)) <kC® Y exp(Sno(T))

Z€Fy, TET—"(z)

Letting n /" oo, next € — 0, and then applying Theorem 2.3.2, we therefore get

P(T, ¢) < liminf 1 log Z exp Spo(T).

n—oo N

TET—"(2)
Thus
1
lim inf — T T).
minf ~log Y expSpp(T) > P(T,9) > 1131_501? ~log ), expSug(T)
FET " (x) FET " (x)
So liminf=limsup above, the limit exists and is equal to P(T, ¢). '

Remark 3.4.4. It follows from Proposition 3.4.3, the proof of the Variational
Principle Part II (see Section 2.3) and the expansiveness of T' that for every
x € X every weak limit of the measures % EZ;& pin © T where

ZzeTfn(m) 0z exp Sn¢(T)
Hn = -
" ZEET—"(x) €xXp Sn¢(x)
and J, denotes the Dirac measure concentrated at the point z, is an equilibrium

state. In fact our very special situation allows to say a lot more about the
measures involved. Chapter 3 will be devoted to this end.

B(z,e/2).
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Let us finish this section with one more very useful fact (compare Theorem
1.11.3.)

Proposition 3.4.5. Let T : X — X be an open, distance expanding, topo-
logically transitive map. If ¢, € Ho(X), then the following conditions are
equivalent.

(1) If x € X is a periodic point of T and if n denotes its period, then S,¢(x) —
Spip(x) = 0.

(2) There exists a constant C > 0 such that for every x € X and integer n > 0,
we have |Spé(x) — Spyp(x)| < C.

(3) There exists a function u € H, such that ¢ — 1 =uoT — u.

Proof. The implications (3) = (2) == (1) are very easy. The first one is
obtained by summing up the equation in (3) along the orbit x, T'(x), ..., T" ()
which gives C' = 2sup |u|. The second one holds because otherwise, if S, ¢(z) —
Spp(x) = K # 0 for  of period n, then we have Sj,¢(x) —Sjn¥(xr) = jK which
contradicts (2) for j large enough. Now let us prove (1) = (3). Let x € X be
a point such that for every N > 0 the orbit (z, : n =N, N +1,...) is dense in
X. Such z exists by topological transitivity of T', see Proposition 3.3.4. Write
17 = ¢ — 1. Define u on the forward orbit of z, the set A = {z, :n=0,1,...}
by u(x,) = Spn(x). If z is periodic then X is just the orbit of x and the
function u is well defined due to the equality in (1). So, suppose that x is not
periodic. Then z,, # x,, for m # n hence u is well defined on A. We will show
that it extends in a Holder continuous manner to A = X. Indeed, if we take
points ,, x, € A such that m < n and p(z,, z,) < € for £ small enough, then
T, -, Tn_1 can be B-shadowed by a periodic orbit y, ..., T"~™"1(y) of period
n —m by Corollary 3.2.5, where ¢ is related to 8 in the same way as « related
to B in that Corollary. Then by the Lemma 3.4.2

[u(xn) — w(@m)| = [Sun(z) — Smn()| = [Sn—mn(Tm)]
= |Sn—m(Tm) = Sn—mn(y)] < Hd)asc®™.

In particular we proved that w is uniformly continuous on A which allows to
extend u continuously to clA. By taking limits we see that this extension satisfies
the same Holder estimate on clA as on A. Also the equality in (3) true on A,
extends to clA by the definition of u and by the continuity of n and w . The
proof is finished. &

Remark 3.4.6. The equality in (3) is called cohomology equation, u is a solution
of the equation, see Section 1.11. Here the cohomology equation is solvable in
the space K = H,. Note that proving 3) = 2) we used only the assumption
that u is bounded. So, going through 2) = 1) = 3) we prove that if the
cohomology equation is solvable with u bounded, then automatically v € H,.
Later on the reader will see that an assumption that w is finite measurable, for
some probability T-invariant measure with support X, is sufficient, even under
assumptions on 7" weaker than expanding. Often u is forced to be as good as ¢
and 1. This type of theorem is called Livsic type theorem.
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3.5 Markov partitions and symbolic represen-
tation

We shall prove in this section that the topological Markov chains (Ch.0.3) de-
scribe quite precisely dynamics of general open expanding maps.

This can be done through so called Markov partitions of X. The sets of a
partition will play the role of "cylinders” {ip = Const } in ¥ 4.

Definition 3.5.1. A finite cover ® = {R1,..., R, } of X is said to be a Markov
partition of the space X for the mapping T if diam(R) < min{n,{} and the
following conditions are satisfied.

(a) R; =clintR; foralli=1,2,...,d

(b) IntR, NIntR; =0 for all i # j

() IntR; NT(IntR;) # 0 = R; CT(R;) foralli,j=1,2,...,d

Theorem 3.5.2. For the open, distance expanding mapping T there exist Markov
partitions of arbitrarily small diameters.

Proof. Fix 3 < min{n/4,&} and let a be the number associated to § as in
Lemma 3.2.3. Choose 0 < v < min{3/2, a/2} so small that

p(x,y) <v = p(T(2),T(y)) < a/2 (3.5.1)

and let F = {z1,..., 2} be a y-spanning set of X. Define the space  putting
Q={q=(q:) € EX : p(T(q:),qi41) < o for all i > 0}

By definition all elements of the space € are a-pseudo-orbits and therefore in
view of Corollary 3.2.4 and Lemma ?? for every sequence ¢ € 2 there exists a
unique point whose orbit S-shadows ¢. Denote this point by ©(g). In this way
we have defined a map © : Q2 — X. We will need some of its properties.

Let us show first that © is surjective. Indeed, since F is a « spanning set,
for every x € X and every i > 0 there exists ¢; € E such that

p(T"(x),4i) <
and therefore, using also (3.5.1),
p(T(a:); gi+1) < p(T(q:), T(T" (@) +p(T" (2), gi1) < a/2+7 < a/24a/2=a

foralli > 0. Thus ¢ = (¢; : i =0,1,...) € Q and (as v < ) x = ©(q). The
surjectivity of © is proved.

Now we shall show that © is continuous. For this aim we will need the
following notation. If ¢ € Q then we put

qin)={peQ:p,=gq; foreveryi=0,1,...,n} (3.5.2)

To prove continuity suppose now that p,q € Q, p(n) = g(n) with some n > 0
and denote z = O(q), y = O(p). Then for all : =0,1,...,n

p(TH(x), T (y)) < p(T*(2), q5) + p(ps, T'(y)) < B+ B =26



3.5. MARKOV PARTITIONS AND SYMBOLIC REPRESENTATION 117

As 3 < 1, we therefore obtain by (3.0.2) that p(T*(z), T (y)) > M\p(T%(z), T*(y))
fori=0,1,...,n—1, (see (3.1.6)), and consequently p(z,y) < A™"243. The con-
tinuity of © is proved.

Now for every k =1,...,r define the sets

P.=06({qgeQ:q=2})

Since © is continuous, € is a compact space, and the sets {g € Q : go = 21} are
closed in 2, all sets Py, are closed in X.
Denote
Wk) = {1 p(T(z4), 2) < a}

The following basic property is satisfied:

TP = |J P (3.5.3)

1eW (k)

Indeed, if © € Py then x = ©(q) for ¢ € Q with g9 = 2. By the definition of Q
we have ¢; = z; for some | € W (k). We obtain T'(x) € P,.

Conversely, let © € P, for | € W (k). It means that z = ©(q) for some g € Q
with go = z;. By the definition of W (k) the concatenation zxq belongs to © and
therefore the point T(0(z1q)) B-shadows q. Thus T(0(zkq)) = ©(q) = z hence
x e T(Pk)

Let now

Z=X\ G T‘"(O aP;)

n=0

and for any x € Z denote

Px)={ke{l,...,r} a2 € Py},

Q@)={l¢ Px): An( |J Pu)#0},
keP(x)
and
S@) = Inth\( U Pk>= N Inth\( U Pk))

keP(x) keQ(x) keP(x) k¢P(x)

We shall show that the family {S(z) : € Z} is in fact finite and moreover, that
the family {clS(z) : € Z} is a Markov partition of diameter not exceeding 2.3.
Indeed, since diam(Py) < 20 for every k =1,...,r we have

diam(S(x)) <28 (3.5.4)
As the sets S(z) are open, we have

clInt clS(x) = clS(z) (3.5.5)
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for all x € Z. This proves the property (a) in Definition 3.5.1.
We shall now show that for every x € Z

T(S(x)) > S(Tx) (3.5.6)

Note first that for K (z) := Uyep(z) Pr U Ujeq(e) It we have diam(K (z)) < 88
and therefore by the assumption 8 < n/4, the map T restricted to K(x) is
injective.

Consider k € P(z). Then there exists | € W(k) such that T'(z) € P,
cf. (3.5.3), and using the definition of Z we get T'(z) € Int(P;). Using the
assumption that T' is open and next (3.5.3) we obtain

T(IntPy) = Int(T(Pg)) D IntP, D S(T'(x))

and therefore
T( N Inth) S S(T(x)). (3.5.7)
keP(x)
Now consider k € Q(z). Observe that by the injectivity of T'|x(,) the as-
sumption z ¢ Py, implies T'(x) ¢ P, | € W (k).
Thus, using (3.5.3), we obtain

) |J P
I¢ P(T (x))

Hence
T( | P)NST@) =0.
leQ(x)
Combining this and (3.5.7) gives

T( N Inth\( U Pk))DS(T(x))

keP(x) keQ(x)
which exactly means that formula (3.5.6) is satisfied and therefore

T(clS(x)) D clS(Tx) (3.5.8)

We shall now prove the following claim.

Claim. If 2,y € Z then either S(z) = S(y) or S(z) N S(y) = 0.

Indeed, if P(x) = P(y) then also Q(z) = Q(y) and consequently S(z) =
S(y). If P(x) # P(y) then there exists k € P(z) + P(y), say k € P(z) \ P(y).
Hence S(z) C IntP; and S(y) C X \ Py. Therefore S(z) N S(y) = @ and the
Claim is proved.

(One can write the family S(z) as \/,_; ,{IntPy, X\ Py}, compare notation
in Ch.1. Then the assertion of the Claim is immediate.)

Since the family {P(x) : € Z} is finite so is the family {S(z) : z € Z}. Note
that S(z)NS(y) = 0 implies IntclS(z)NIntclS(y) = @. This is a general property
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of pairs of open sets, U NV = () implies clU NV = @ implies IntclU NV = )
implies IntclU NclV = @ implies IntclU N IntclV = 0.

Since the sets 0Py are nowhere dense, so are T~ "(0F). So, in view of
Baire’s theorem the set Z is dense in X. Since |J,., S(z) D Z, we thus have
U,ezclS(z) = X. That the family {clS(z) : z € Z} is a Markov partition for
T of diameter not exceeding 23 follows now from (3.5.5), (3.5.6), (3.5.4) and
from the claim. The proof is finished. &

Remark 3.5.3. If in Theorem 3.5.2 we omit the assumption that 7" is an open
map, but assume that X C Y and T extends to an open map in Y, then the
assertion about the existence of the Markov partition holds for X, an arbitrarily
small T" invariant extension of X.

The proof is the same. One finds X := ©(92) D X; it need not be equal to
X.

Example 3.5.4. It is not true that one can extend X to a T-invariant set X,
in an arbitrarily small neighbourhood of X, on which T is open (i.e. (X,T) is
a repeller, see 5.1).

Indeed, consider in the plane the set X being the union of a circle together
with its diameter interval. It is easy to find a mapping 7" defined on a neigh-
bourhood of X, preserving X, smooth and expanding, such that preimages of
none of the two triple points A, B (end points of the diameter) is a triple point.
T restricted to X is not open at the preimages of A and B. Moreover if at one
of the preimages, denoted A’, we add a short arc v disjoint from X (except A'),
a preimage of an arc in X, and add its preimages under iteration of 7', then T
is not open at the second end of ~.

Each Markov partition allows to introduce a coding (symbolic representa-
tion) of T : X — X as follows.

Theorem 3.5.5. Let T : X — X be an open, distance expanding map. Let
{R1,...,Rq} be a Markov partition. Let A = (a;;) be a d x d matric with
a;,; =0 orl, a;; =1 iff T(IntR;) N IntR; # 0. Then consider the one-sided
topological Markov chain 34 with the left shift o, see Ch.0.3. Define a mapping
m:Xa— X by

w((ioyin,...)) = [ T7"(Ri,).
n=0

Then 7 is a well defined Hélder continuous mapping onto X and T owm =mwoo.
Moreover 7T|W‘1(X\UZ°=0 T-n(U, OR:)) 1S injective.

Proof. For an arbitrary sequence (io,41,...) € 34, a;; = 1 implies T(R;,) D
R;, .. Since diamR;, < 27, T is injective on R;,, hence there exists an inverse
branch T}gil on R The subscript R;, indicates that we take the branch
leading to R;, , compare notation from Section ??. Thus, Tgil (Ri,..) C Ry,.
Hence !

Tn41

TalTpl  Tp! (Ri,)) CTR TRl TR (Ri,).

iQ in—1
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So Np>o T ™(Ri,) # 0, as the intersection of the above decreasing family of
compact sets. We have used here

1 -1 . _ -1 -1 —1 . X
TRl Tl (Ri) =Tyl ...Tp' (T7\(Ri,)NRi, )
=Tp, .. Tp, (TR, )NT'Ri, , MRy, ) =" = ]DOT%(R%)
following from Tg{t‘ (A)=T"YA)NR;, for every ACR;,,,, k=0,...,n—1.

Our infinite intersection consists of only one point, since diamR; are less
than the expansivness constant.

Let us prove now that 7 is Holder continuous. Indeed, dist((in), (i),)) <
/\IN implies i, = 4, for all n = 0,...,N — 1, where we consider distance
in a metric p’ in Example 0.4, with the factor A = A(p’) > 1. Then, for
x = m((in)), y = 7((i})) and every n : 0 < n < N we have T"(x),T"(y) €
R;,, hence dist(T™(z), T"(y)) < diamR;, < &, hence dist(z,y) < A\~(V-1e¢,
Therefore 7 is Holder with exponent min{1,log A/ log A(p’)}.

Let us deal now with the injectivity. If x = 7((i,)) and T"(x) € IntR;,, for
alln =0,1,..., then T"(z) ¢ R; for all j # i,. So, if x € (), T™"(R; ), then
all if, = iy.

Finally 7 maps X 4 onto X, since by definition 7(X4) contains
X\ U2 o T7™(U; OR;) which is dense in X, and m(24) is compact. &

Remark. One should not think that 7 is always injective on the whole ¥ 4. Con-
sider for example the mapping of the unit interval T'(z) = 2z(mod 1), compare
Example 0.4. Then dyadic expansion of x is not unique for z € [ J7 o T "({3}).
Dyadic expansion is the inverse, 7—!, of the coding obtained from the Markov
partition [0, 1] = {[0, 3], [3, 1]}.

Remind finally that o : ¥4 — X4 is an open, distance expanding map. The
partition into the cylinders C; := {(iy) : ip = i} for i = 1,...,d, is a Markov
partition into closed-open sets. The corresponding coding  is just the identity.

Another fact concerning a similarity between (X 4,0) and (X, T) is the fol-
lowing

Theorem 3.5.6. For every Hélder continuous function ¢ : X — R the function
¢om is Hélder continuous on X4 and the pressures coincide, P(T, ) = P(o,¢o
).

Proof. The function 7 o ® is Holder as a composition of Hoélder continuous
functions. Consider next an arbitrary € X \ U, , 7 "(J; OR;). Then, using
Proposition 3.4.3 for T" and ¢ we obtain

P(T,¢) =Py(T,¢) = Pr-1(zy(0, 4o m) =P(o, pom).
The middle equality follows directly from the definitions. &

Finally we shall prove that 7 is injective in the measure-theoretic sense.



3.6. EXPANSIVE MAPS ARE EXPANDING IN SOME METRIC 121

Theorem 3.5.7. For every ergodic Borel probability measure p on X 4, invari-
ant under the shift o, positive on open sets, the mapping ™ yields an isomor-
phism between the probability spaces Y a, Fs ,, i and the (X, Fx,uon t, for
F respective (completed) Borel o-algebras, conjugating the shift o to T (i.e.
moo=Tom).

Proof. The set 0 = Ule O(R;), and hence 7~1(9), have non-empty open com-
plements in ¥ 4. Since T'(9) C 9, we have o(7~1(9)) C 7=1(9) hence 7=1(9)) C
oY (w~1(9)) . Since u is o-invariant, we get we conclude by the ergodicity that
pu(m=1(9)) is equal to 0 or 1. But the complement of 771(9), as a non-empty
open set, has positive measure p. Hence pu(7~1(d)) = 0. Hence u(E) = 0 for
E =, 0 (7" !(9)) and by Theorem 3.5.5 7 is injective on ¥4 \ E. This
proves that 7 is the required isomorphism. &

3.6 Expansive maps are expanding in some met-
ric

Theorem 3.1.1 says that distance expanding maps are expansive. In this sec-
tion we prove the following much more difficult result which can be considered
as a sort of the converse statement and which provides an additional strong
justification to explore expanding maps.

Theorem 3.6.1. If a continuous map T : X — X of a compact metric space
X is (positively) expansive then there exists a metric on X, compatible with
the topology, such that the mapping T is distance expanding with respect to this
metric.

The proof of Theorem 3.6.1 given here relies heavily on the old topological
result of Frink (see [?], comp. [?, p. 185]) which we state below without proof.

Lemma 3.6.2 (The Metrization Lemma of Frink). Let {U, : n > 0} be a
sequence of open neighborhoods of the diagonal A C X x X such that Uy =
X x X,

() Un =4, (3.6.1)
n=1
and for everyn > 1
U,oU,oU, CU,_1 (3.6.2)

Then there exists a metric p, compatible with the topology on X, such that for
everyn > 1
Un C{(z,y) : plz,y) <27"} CUp_1. (3.6.3)

We will also need the following almost obvious result.

Lemma 3.6.3. If T : X — X is a continuous map of a compact metric space
X and T™ is distance expanding for some n > 1, then T is distance expanding
with respect to some metric compatible with the topology on X.
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Proof. Let p be a compatible metric with respect to which 7" is distance ex-
panding and let A > 1 and 1 > 0 be constants such that

p(T"™ (), T"(y)) = Ap(z,y)

whenever p(z,y) < 2. Put € = Aw and define the new metric p’ setting

§(@,y) = pla,y) + épmx), Tw) + ...+ 5,},1,0@"-1(@, T (y)

Then p’ is a metric on X compatible with the topology and p'(T'(x),T(y)) >
£’ (x,y) whenever p'(z,y) < 2. »

Now we can pass to the proof of Theorem 3.6.1.

Proof of Theorem 3.6.1. Let d be a metric on X compatible with the topology,
and let 30 > 0 be an expansive constant associated to T which does not exceed
the constant 7 claimed in Proposition 2.5.9. For any n > 1 and 7 > 0 let

Vi (y) = {(z,y) € (X x X) : d(T?(z), T’ (y)) <~ forevery j =0,...,n}.
Then in view of Proposition 2.5.9 there exists M > 1 such that
Vi (30) C {(=x,y) : d(z,y) < 0}. (3.6.4)

Define Uy = X x X and U,, = Vs, (0) for every n > 1. We will check that the
sequence {U,, : n > 0} satisfies the assumptions of Lemma 3.6.2. Indeed, (3.6.1)
follows immediately from expansiveness of T. Now we shall prove condition
(3.6.2). We shall proceed by induction. For n = 1 nothing has to be proved.
Suppose that (3.6.2) holds for some n > 1. Let (x,u), (u,v), (v,y) € Upt1.
Then by the triangle inequality

d(T7 (y), T’ (x)) < 360 for every j=0,...,(n+1)M.
Therefore, using (3.6.4), we conclude that
d(T?(y), T (x)) < 0 for every j =0,...,Mn

Equivalently (z,y) € Van(0) = Uy, which finishes the proof of (3.6.2).

So, we have shown that the assumptions of Lemma 3.6.2 are satisfied, and
therefore we obtain a compatible metric p on X satisfying (3.6.3). In view of
Lemma 3.6.3 it sufficies to show that T3M is expanding with respect to the
metric p. So suppose that 0 < p(z,y) < %. Then by (3.6.1) there exists an
n > 0 such that

(z,y) € Up \ Unya. (3.6.5)
As 0 < p(z,y) < £, this and (3.6.3) imply that n > 3. It follows from
(3.6.5) and the definitions of U,, and Vi, (), that there exists Mn < j <
(n + 1)M such that d(T7(y),T?(z)) > 6. Since 3 < n we conclude that
d(THT3*M (), TH(T*M (y))) > 6 for some 0 < i < (n — 2)M and therefore
(T3M (), T3M (y)) ¢ U,,_2. Consequently, by (3.6.3) and (3.6.5) we obtain that

p(T3M (), T3M (y)) > 27D =2.27" > 2p(x, ).
The proof is finished. &
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Exercises

3.1. Prove the following Shadowing Theorem generalizing Corollary 3.2.4 (Shad-
owing lemma) and Corollary 3.2.5 (Closing lemma):

Let T : X — X be an open map, expanding at a compact ¥ C X. Then,
for every 3 > 0 there exists o > 0 such that for every map I' : Z — Z for a
set Z and a map @ : Z — B(Y,«) satisfying p(T®(z), PI'(z)) < « for every
z € Z, there exists a map ¥ : Z — X satisfying T® = ®T", hence T(Y’) C Y’
for Y’ = ¥(Z), and such that for every z € Z, p(¥(2),P(z)) < (8. If Z is a
metric space and I', ® are continuous, then W is continuous. If 7(Y) C Y and
the map Ty : Y — Y be open, then Y’ C Y.

(Hint: see 5.1)

3.2. Prove the following structural stability theorem.

Let T': X — X be an open map with a compact ¥ C X such that T(Y) C Y.
Then for every A > 1 and § > 0 there exists a > 0 such that if S : X — X
is distance expanding at Y with the expansion factor A and for all y € Y
p(S(y), T(y)) < a then there exists a continuous mapping b : Y — X such that
Shly = hT|y, in particular S(Y") C Y’ for Y/ = h(Y'), and p(h(z),z) < S.

(Hint: apply the previous exercise for Z =Y, I' =T|y,® =id, T = S and
Y =Y. Compare also 5.1)

3.3. Prove that every T': X — X open, distance expanding, for X compact
connected, is topologically exact.

3.4. Prove Lemma 3.3.9 and hence Theorem 3.3.8 (Spectral Decomposition)
without the assumption of periodic shadowing, assuming that 7" is a branched
covering of the Riemann sphere.

3.5. Prove the existence of stable and unstable manifolds for hyperbolic sets
and Smale’s Spectral Decomposition Theorem for Axziom A diffeomorphisms.

An invariant set A for a diffeomorphism T is called hyperbolic if there exist
constants A > 1 and C' > 0 such that the tangent bundle on X restricted to
tangent spaces over points in A, Tx X decomposes into DT -invariant subbundles
TaX = TYX @ TRX such that || DT™(v)|| > CA" for all v € T¢X and n > 0
and ||[DT"(v)|| > CA™ for all v € T3 X and n < 0.

Prove that for every z € A the sets W¥%(z) = {y € X : p(T"(z), T"(y)) —
0 asn — —oo}, and Wo(z) = {y € X : p(T™(2),T"(y)) — 0 asn — oo} are
immersed manifolds. (They are called unstable and stable manifolds.)

Assume next that a diffeomorphism 7' : X — X satisfies Smale’s Aziom A
condition, that is the set of non-wandering points €2 is hyperbolic and 2 = clPer.

Then the relation between periodic points is as follows. = ~ y if there are
points z € W¥(z) N W*(y) and z’ € W*(y) NW*(x) where W*(x)a and W*(y),
and W*(y)a and W#(x) respectively, intersect transversally, that is the tangent
spaces to these manifolds at z and z’ span the whole tangent spaces. Prove
that this relation yields Spectral Decomposition, as in Theorem 3.3.8, with
topological transitivity assertion rather than topological exactness of course.

As one of the steps prove a lemma corresponding to Lemma 3.3.9 about
approximation of a transversal heteroclinic cycle points by periodic ones. That
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is assume that x1, 29, ..., x, are hyperbolic periodic points (i.e. their orbits are
hyperbolic sets) for a diffeomorphism, and W} has a point p; of transversal
intersection with W3 for each ¢ = 1,...,n. Then p; € clPer.

Z(i4+1)modn
(For the theory of hyperbolic sets for diffeomorphisms see for example [Katok & Hasselblatt (1995)].)
3.6. Prove directly that 1) = 2) in Proposition 3.4.5, using the specification
property, Theorem 3.3.11.

3.7. Suppose T : X — X is a distance expanding map on a closed surface.
Prove that there exist a Markov partition for an iterate TV compatible with
a cell complex structure. That is elements R; of the partitions are topological
discs, the 1-dimensional ”skeleton” | J, OR; is a graph consisting of a finite num-
ber of continuous curves "edges” intersecting one another only at end points,
called ”vertices”. Intersection of each two R; is empty or one vertex or one edge,
each vertex is contained in 2 or 3 edges.

(Hint: Start with any cellular partition, with R; being nice topological discs
and correct it by adding or subtracting components of TN (R;), T—2N (R;), etc.
See [Farrell & Jones(1979)] for details. )

3.8. Prove that if T is an expanding map of the 2-dimensional torus R?/Z2, a
factor map of a linear map of R? given by an integer matrix with two irrational
eigenvalues of different moduli (for example (_011;) but not (g g)), then OR;
cannot be differentiable.

(Hint: Smooth curves T™(9R;) become more and more dense in R?/Z? as
n — oo, stretching in the direction of the eigenspace corresponding to the
eigenvalue with a larger modulus. So they cannot omit IntR;.

The same argument, looking backward, says that the components of T~"(IntR;)
are dense and very distorted, since the eigenvalues have different moduli. The
curve O R; must manouver between them, so it is " fractal”. See [Przytycki & Urbanski()]
for more details.)

Historical and Bibliographical Notes

For Shadowing Lemma in the hyperbolic setting see [Anosov(1970)], [?] and
[Kushnirenko(1972)] or [Katok & Hasselblatt (1995)] (for the variant as in Ex-
ercise 3.2.1. For the expanding case see [Shub(1969)], where structural stability
was proved for X a differentiable manifold, 7" being C!. D. Sullivan intro-
duced in [?] the notion telescope for the sequence T.,'(B(zis+1,3)) C B(x;,3)
to capture a shadowing orbit, hence to prove stabili‘gy of expanding repellers,
compare Ch.5.1. This stability was also proved in [Przytycki(1977)]. Recently a
comprehensive monography on shadowing by S. Yu. Pilyugin [Pilyugin(1999)]
appeared.

The existence of Spectral Decomposition in the sense of Theorem 3.3.8 (see
Exercise 3.3.3.) was first proved by S. Smale [?] for diffeomorphisms which
he called Axiom A, that is the set of non-wandering points 2 is hyperbolic
and Q = clPer, see also [Katok & Hasselblatt (1995)] and further historical
informations therein. In a topological setting this was considered by Bowen
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[Bowen(1970)], called Aziom A* and for Aziom A endomorphisms, covering
the diffeomorphisms and expanding (smooth) cases, in [Przytycki(1977)]. For
open, distance expanding maps 2 = clPer (Proposition 3.3.6) corresponds to the
analogous fact for Anosov diffeomorphisms. Q = X is not known for Anosov
diffeomorphisms. It is not true for some distance expanding endomorphisms
(Remark 3.3.c), but true for X connected (Exercise 3.3.1), see [Shub(1969)] in
the smooth case.

The construction of Markov partition in Sec. 5 is similar to the construction
for basic sets of Axiom A diffeomorphisms in [Bowen(1975)]. For a general the-
ory of cellular Markov partitions, including Exercise 3.5.1, see [Farrell & Jones(1993)].
The fact that Hausdorff dimension of the boundaries of 2-dimensional cells is
greater than 1, in particular their non-differentiability, Exercise 3.5.2, follows
from [Przytycki & Urbaniski()].
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Chapter 4

Thermodynamical
formalism

In Chapter 2 (Th. 2.5.6) we proved that for every positively expansive map of
a compact space T': X — X and an arbitrary continuous function ¢ : X — R
there exists an equilibrium state. In Remark ?? we provided a specific con-
struction for T open distance expanding topologically transitive and ¢ Holder.
Here we shall construct this equilibrium measure with a greater care and study
its miraculous regularity with respect to the “potential” function ¢, its “mix-
ing” properties and uniqueness. So, for the whole chapter T': X — X we fix
an open, distance expanding, topologically transitive map of a compact metric
space (X, p), with constants 7, A, £ introduced in Ch. 3.

4.1 Gibbs measures: introductory remarks
A probability measure g on X and Borel o-algebra of sets is said to be a Gibbs

state (measure) for the potential ¢ if there exist P € R and C' > 1 such that for
alz € X andalln>1

(T B ), 6)
< exp(Sno(e) —Pn) = C (1)

If additionally y is T-invariant, we call 1 invariant Gibbs state (or measure).
We denote the set of all Gibbs states of ¢ by G4. It is obvious that if u
is a Gibbs state of ¢ and v is equivalent to p with Radon-Nikodym derivatives
uniformly bounded from above and below, then v is also a Gibbs state. The
following proposition shows that the converse is also true and it identifies the
constant P appearing in the definition of Gibbs states as the topological pressure

of ¢.

Proposition 4.1.1. If u and v are Gibbs states associated to the map T and
a Hélder continuous function ¢ and the corresponding constants are denoted

127
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respectively by P,C and Q, D then P = Q = P(T, $) and the measures u and v
are equivalent with mutual Radon-Nikodym derivatives uniformly bounded.

Proof. Since X is a compact space, there exist finitely many points z1,...,x; €
X such that B(z1,£)U...UB(z,£) = X. We claim that for every compact set
A C X, every 6 > 0 and for all n > 1 large enough

u(A) < CDlexp((Q — P)n)(v(A4) + ¢) (4.1.2)

By the compactness of A and by the regularity of the measure v there exists
e > 0 such that v(B(4,¢)) < v(A) + . Fix an integer n > 1 so large that
EAT" < 5 and for every 1 < i <1 let

X)) ={z e T () : ANT,;"(B(;,§)) # 0}.
Then
ACU U To"(B@i,€) c B(Ae)

1=1geX (i)

and since for any fixed 1 < 4 < [ the sets T, "(B(z;,€)) for x € T~"(x;) are

x

mutually disjoint, it follows from (4.1.1) that

! !
<o(U U T @Baee)) <30 3wl (B:,€)
i=1zeX (i) i=1 z€X(7)
1
< CZ Z exp(S,d(x) — Pn)

i=1 zeX (i)

=Cexp((Q — P)n Z Z exp(Spo(x) — Qn)

i= 1TEX()

< CDexp((Q — P)n Z Z ﬂfuf)))

i=1 zeX(4)
< CDexp((Q — P)n)lv(B(4,¢))
< CDlexp((Q — P)n)(v(A) +9)

Exchanging the roles of y and v we also obtain
v(A) < CDlexp((P — Q)n)(u(4) + 9) (4.1.3)

for all n > 1 large enough. So, if P # @, say P < @, then it follows from (4.1.3)
applied to the compact set X that v(X) = 0. Hence P = @, and as by regularity
of p and v, (4.1.2) and (4.1.3) continue to be true for all Borel subsets of X, we
conclude that p and v are equivalent with the Radon-Nikodym derivative dy/dv
bounded from above by C'Dl and from below by (CDI)~! (letting 6 — 0).
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It is left to show that P = P(T, ¢). Looking at the expression after the third
inequality sign in our estimates of u(A) with A = X we get

!
0=logu(X) <logC + log(z Z exp(5n¢(x))) — Pn.

=1 z€X (1)

Since for every i, X (i) is an (1, n)-separated set, taking into account division by
n in the definition of pressure, we can replace here ) . by a largest summand
for each n. We get P < P(T, ¢).

On the other hand for an arbitrary x € X

> exp(Suplx) —Pn)<C Y p(T,M(B(x,€)) < Cu(X)=C

yeT~"(z) yeT—"(x)

gives P(T, ¢) = P, (T, ¢) < P. The proof is finished. &

Remark 4.1.2. To prove Proposition 4.1.1 except the part identifying P as
P(T, ¢) we used only the inequalities

p(T (BT (@), ) expPr _
(T " (BT (2),6) exp@n

cl<

We used the function ¢ in (4.1.1) and its Holder continuity only to prove that
P =Q = P(T,¢). Holder continuity allows us also to replace = in S,¢(x) by
an arbitrary point contained in T, "(B(T"(x),&)).

Remark 4.1.3. For R = {Ry,..., Rs}, a Markov partition of diameter smaller
than &, (4.1.1) produces a constant C' depending on R (see Exercise 1) such
that

—1 M(Rj[)wu:jnfl)
< Sp(Suo(r) —pm) = C 414

for every admissible sequence jo, ji,...jn—1 and every z € R, ;._,. In par-
ticular (4.1.4) holds for the shift map of a one-sided topological Markov chain.

The following completes Proposition 4.1.1.

Proposition 4.1.4. If ¢ and ¢ are two arbitrary Holder continuous functions
on X, then the following conditions are equivalent:

(1) ¢p—1 is cohomologous to a constant in the space of bounded functions (see
Def. 1.11.2).

(2) Gy = Gy

(3) Gg NGy # 0.
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Proof. Of course (2) implies (3). That (1) implies (2) is also obvious. If (3) is
satisfied, that is if there exists u € G4 N Gy, then it follows from (4.1.1) that

D™ < exp(Sn(9)(x) = Sn(¥)(z) — nP(¢) + nP(v)) < D

for some constant D, all z € X and n € N. Applying logarithms we see that the
condition (2) in Proposition 3.4.5 is satisfied with ¢ and v replaced by ¢ — P(¢)
and ¥ — P(¢) respectively. Hence, by this Proposition ¢ — P(¢) and 1 — P(v))
are cohomologous which finishes the proof. &

We shall prove later that the class of Gibbs states associated to T and ¢
is not empty (Sec.3) and contains exactly one Gibbs state which is T-invariant
(Corollary 4.2.11). Actually we shall prove a stronger uniqueness theorem. We
shall prove that any invariant Gibbs state is an equilibrium state for T' and ¢
and prove (Sec.6) uniqueness of the equilibrium state for open expanding T' and
Holder continuous ¢.

Proposition 4.1.5. A probability T-invariant Gibbs state p is an equilibrium
state for T and ¢.

Proof. Consider an arbitrary finite partition P into Borel sets of diameter less
than min(n, £). Then for every z € X we have T, "(B(T™(z),&)) D P"(x),
where P™(z) is the element of the partition P" = \/;7':073 that contains x.
Hence pu(T,;™(B(T™(2),€))) > u(P"(x)). Therefore by the Shannon-McMillan-
Breiman Theorem and (4.1.1) one obtains

) 1
h,,(T) > b, (T, P) > /(hm sup —(n P(T, 6)) — Su6(x) ) dys = P(T, 6) - /¢du.
or in other words, h,(T) + [¢du > P(T,$) which just means that p is an
equilibrium state. &

4.2 Transfer operator and its conjugate. Mea-
sure with prescribed jacobia.

Suppose first that we are in the situation of Chapter 1, i.e. T is a measurable
map. Suppose that m is backward quasi-invariant with respect to 7', i.e.

T.(m)=moT ! <m. (4.2.1)

Then by the Radon-Nikodym Theorem there exists an m-integrable function ®
such that for every measurable set A C X we have m(T~'(A)) = [, ®dm. One
writes d(m oT~1)/dm = ®. In the situation of this Chapter, where T is a local
homeomorphism (one does not need expanding yet) if 7~! has d branches on a
ball B(z,£) mapping the ball onto Uy, ..., Uy respectively, then & = ijl o
where ®; := d(mo(T|y,)~*)/dm. If we consider measures absolutely continuous
with respect to a backward quasi-invariant “reference measure” m then the
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transformation p — T (u) can be rewritten in the language of densities with
respect to m as

d

dp/dm v d(Tp)/dm =Y ((dp/dm) o (T|y,) ") ®;. (4.2.2)
j=1
It i f _d(mo(T|u;) ™) . o5
is comfortable to define ¥(z) = ———2—(T(z)), i.e. ¥ = ®; 0T for
z € U;. Notice that U is defined on a set whose T-image has full measure (a set
maybe larger than a set of full measure), see Sec.6 for further discussion.

The transformation in (4.2.2) can be considered as a linear operator L, :
LY(m) — L' (m),

zeT 1 ()

This makes sense, because if we change u on a set A of measure 0, then even if
m(T'(A)) > 0, we have @;|p(4)nB(z,¢) = 0 m-a.e., hence L,,(u) does not depend
on u on T'(A).

We have the convention that if u is not defined (on a set of measure 0) and
¥ =0, then u¥ = 0.

Thus we obtain the following characterization of probability T-invariant mea-
sures absolutely continuous with respect to m.

Proposition 4.2.1. A probability measure p = hm, h > 0, is T-invariant if
and only if
L (h) = h.

After this introduction, the appearence of the following linear operator,
called the Perron-Frobenius-Ruelle or Ruelle or Araki or also transfer opera-
tor, is not surprising:

Low)(x)= Y ul@) exp((@)),

TET—1(x)

If the function ¢ is fixed we omit sometimes the subscript ¢ at £. The function
¢ is often called a potential function.

The transfer’s conjugate operator will be our tool to find a quasi-invariant
measure m such that ¥ will be a scalar multiple of exp ¢, hence L,, will be a
scalar multiple of £4. Then in turn we will look for fixed points of £, to find
invariant measures. Restricting our attention to exp ¢, we restrict considerations
to U strictly positive defined everywhere. One sometimes allows ¢ to have the
value —oo, but we do not consider this case in our book.

Let us be now more precise. Consider L4 acting on the Banach space of
continuous functions L4 : C(X) — C(X). It is a continuous linear operator
and its norm is equal to sup, Y cq-1(,) exp(¢(T)) = supLy(1l) as this is a
positive operator i.e. it maps real non-negative functions to real non-negative
functions (see Sec. 2.1). Consider the conjugate operator £ : C*(X) — C*(X).
Note that as conjugate to a positive operator it is also positive, i.e. transforms
measures into measures.
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Lemma 4.2.2. For every u € C*(X) and every Borel set A C X on which T
18 injective

L) = [ oo (Tl (42.3)

Proof. Tt is sufficient to prove (4.2.3) for A C B(x,r) with any x € X and r
such that T is injective on B(x,2r) (say r = n). Approximate in pointwise con-
vergence the indicator function x4 by uniformly bounded continuous functions
with support in B = B(x,2r). We have for any such function f

C5()(f) = ulLo()) = / (f exp(6)) o (T]5) " d.

T(B)

We used here the fact that the only branch of 7! mapping T'(B) to the support
of f is that one leading T'(B) to B. Passing with f to the limit x4 on both
sides (Lebesgue convergence theorem) gives (4.2.3). &

Observe that whereas L, transports measure from the past, £ pulls it back
from the future with Jacobian exp ¢. This is the right operator to use, to look
for the missing “reference measure” m.

Definition 4.2.3. Recall from Chapter 1 (Def. 1.9.4) that a measurable func-
tion J : X — [0,00) is called the Jacobian or thestrong Jacobian of a map
T : X — X with respect to a measure p if for every Borel set A C X on which
T is injective u(T(A)) = [, Jdp. In particular 4 is forward quasi-invariant

J is called the weak Jacobian if J : X — [0,00) and there exists a Borel
set F C X such that u(E) = 0 and for every Borel set A C X on which T is
injective, u(T(A\ E)) = [, Jdp.

Notice that if p is backward quasi-invariant then the condition that J is the
: . . — 1
weak Jacobian translates to u(A) = fT(A) Torr=T A

Corollary 4.2.4. If a probability measure yu satisfies L3(n) = cp (i.e. p is an
eigenmeasure of Ly corresponding to a positive eigenvalue ¢), then cexp(—¢) is
the Jacobian of T with respect to p.

Proof. Substitute cu in place of £*(u) in (4.2.3). It then follows that p is
backward quasi-invariant and cexp(—¢) is the weak Jacobian of T' with respect
to . Since m = exp ¢, it is positive everywhere, hence cexp(—¢) is the
strong Jacobian of T. &

Theorem 4.2.5. Let T : X — X be a local homeomorphism of a compact
metric space X and let ¢ : X — R be continuous. Then there exists a probability
measure m = mg and a constant ¢ > 0, such that E(”;(m) = cm. The function
cexp(—¢) is the strong Jacobian for T with respect to the measure m.

)

Proof. Consider the map I(u) := % on the convex set of probability mea-

sures on X, i.e. on M(X), endowed with the weak* topology (Sec. 2.1). The
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transformation [ is continuous in this topology since p, — p weak™ implies
for every u € C(X) that L*(un)(u) = pn(L(w)) — p(L(w)) = L*(u)(u). As
M(X) is weak* compact (see Th. 2.1.6) we can use Theorem 2.1.7 (Schauder-
Tychonoff fixed point theorem) to find m € M (X) such that [(m) = m. Hence
L*(m) = em for ¢ = L*(m)(1L). Thus T has the Jacobian equal to cexp(—¢),
by Corollary 4.2.4. &

Note again that we write exp ¢ in order to guarantee it never vanishes, so
that there exists the Jacobian for T with respect to m. To find an eigen-measure
m for £* (i.e. with a weak Jacobian being a multiple of exp(—¢) ) we could
perfectly allow exp ¢ = 0.

We have the following complementary fact in case Jacobian J exists.

Proposition 4.2.6. If T : X — X is a local homeomorphism of a compact
metric space X and a Jacobian J with respect to a probability measure m exists,
then for every Borel set A

1

—/ Jdm < m(T(A)) < / Jdm.

dJa A
where d is the degree of T (d := sup ¢ x $7 - ({z})). In particular if m(A) =0,
then m(T'(A)) = 0.

Proof. Let us partition A into finitely many Borel sets, say A, Ao, ..., A,, of
diameters so small that T restricted to each of them is injective. Then, on one
hand,

m(T(A)) = m( Lnj T(Ai)) < En:m(T(Ai)) = i/A Jdm = /AJdm.
i=1 =1 =1 i

and on the other hand, since the multiplicity of the family {T'(4;) : 1 <1i <n}
does not exceed d,

m(T(A)) :m(OT(Ai)) > %Zn:m(T(Ai)) = ézn:/A‘Jdm: é/AJdm.

The proof is finished. &

Let us go back to T, an open distance expanding topologically transitive
map.

Proposition 4.2.7. The measure m is positive on non-empty open sets. More-
over for every r > 0 there exists a = a(r) > 0 such that for every x € X,
m(B(x,r)) > a.

Proof. For every open U C X there exists n > 0 such that U?:o TIU) = X
(Theorem 3.3.11). So, by Proposition 4.2.6, m(U) = 0 would imply that
1=m(X) <37 m(T?(U)) = 0, a contradiction.

Finally let 1, ...,z beanr/2-net in X and o := min; <j<,, {m(B(z;,7/2))}.
Since for every z € X there exists j such that p(z, z;) < r/2, hence m(B(z,r)) D
B(z;,7/2). Thus it is enough to set a(r) := a. &
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Proposition 4.2.8. The measure m is a Gibbs state of ¢ and loge = P(T, ¢).

Proof. We have for every x € X and every integer n > 0,

m(B(x,§)) = / " exp(—Spo) dm.

Ty " (B(T™(2),£))

Since, by Lemma 3.4.2, the ratio of the supremum and infimum of the integrand
of the above integral is bounded from above by a constant C' > 0 and from below
by C~1, we obtain

1> m(B(,£)) > C™ " exp(=Spo(x))m(T, " (B(T"(2),€)))
and

a(§) <m(B(z,£)) < Oc" exp(—Sno(x))m(T; " (B(T"(2),£))).
Hence
m(T, "(B(T"(z),§)))
exp(Spd(x) — nlogc)
and therefore m is a Gibbs state. That logc = P(T, ¢) follows now from Propo-
sition 4.1.1. &

a()Ct < <C

We now also give a simple direct proof of equality log ¢ = P(T, ¢). First note
that by the definition of £4 and a simple inductive argument, for every integer
n>0

Lyw)(x)= > u(@) exp(S.6(F)). (4.2.4)

zeT—"(x)

The estimate (3.4.3) translates to
ct<cr)(z)/LM (1) (y) < C for every z,y € X. (4.2.5)

Now ¢ = ¢"m(1) = (L*)™(m)(1) = m(L"(1)) and hence

loge = lim 1 logm(L" (1)) = P(T, ¢).
n—oo N,
The latter equality follows from (4.2.5) and Proposition 3.4.3.

Note that in the latter equality we used the property that m is a measure
(positive). For m a signed eigen-measure and ¢ a complex eigenvalue for £* we
would obtain only log |¢| < P(T, ¢) (one should consider a function u such that
sup |u| = 1 and m(u) = 1 rather than the function 1) and indeed usually the
point spectrum of £* is big(ref 777777).

We are in the position to prove already some ergodic properties of Gibbs
states:

Theorem 4.2.9. If T is topologically exact, then the system (T,m) is ex-
act in the measure theoretic sense, namely for every A of positive measure
m(T"(A)) — 1 as n — oo, see 1.10.3.
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The topological counterpart of this Theorem is the fact that topological
mixing implies topological exactness, Th. 3.3.12.

Proof. Let FE be an arbitrary Borel set with m(E) > 0. By the regularity of
m we can find a compact set A C E such that m(A) > 0. Fix an arbitrary
€ > 0. As in the proof of Proposition 4.1.1, we find for every n large enough, a
covering of A by sets D, of the form T, ™(B(z;,§)),z € X(i),i =1,...,1 such
that m({J, D.) < m(A) +e¢. Hence m(J, (D, \ A)) < €. Since the multiplicity
of this covering is at most [, we have

> m(Dy\ A) < le.

Hence
le

aczu: m(DV\A)XV: m(D,) < A

Therefore for all n large enough there exists D = D
B = B(z;,£)), 1 <i <, such that

= T, ™(B), for some

x

le
m(A)

acm(D \ A)m(D) <
Hence

acm(B\T"(A))m(B) < ac/ " exp(—anb)dm/D c" exp(—Spp)dm

D\A
m(D\ A) le
SOy S Ya@

with C as in Proof of Proposition 4.2.8. By the topological exactness of T', there
exists N > 0 such that for every j we have TV (B(z;,£)) = X. In particular
TN (B) = X. So, using Proposition 4.2.6, we get

m(X \ TN(T™(A))) < m(TN(B\ T"(A))) < (inf exp ¢) "N acClem(A).

Letting ¢ — 0 we obtain m(X\T™N(T™(A))) — 0asn — oco. Hence m(TN*"(A))
— 1. L)

We have considered here a special Gibbs measure m = my. Notice however
that by Proposition 4.1.1 the assertion of Theorem 4.2.9 holds for every Gibbs
measure associated to 1" and ¢.

Corollary 4.2.10. If T is a topologically transitive, open, distance expanding
map, then for every Hélder potential ¢, each corresponding Gibbs measure is
ergodic.

Proof. By Th. 3.3.8 and Th. 3.3.11 there exists a positive integer IV such that
TV is topologically mixing on a TN-invariant closed-open set Y C X, where
szo v T7(Y) = X. So our TV|y, being also an open expanding map,
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is exact in the measure-theoretic sense by Theorem ??. So if m(E) > 0
then for every j = 0,...,N — 1 we have m(TV"T7(E)) — m(T7(Y)), hence
m(U,,»oT"(F)) — 1. For E being T-invariant this yields m(E) = 1. This
implies ergodicity. &

With the use of Proposition 1.2.7 we get the following fact promised in
Section 4.1.

Corollary 4.2.11. If T is a topologically transitive, open, distance expanding
map, then for every Hélder potential ¢, there is at most one corresponding
invariant Gibbs measure.

4.3 Iteration of transfer operator. Existence of
Gibbs states

It is comfortable to consider the operator L3 for ¢ = ¢ — P(T,¢). That is
Ly = e P9 L. (Recall that P(T, ¢) = logc.) Then for the reference measure

m = myg satisfying Lj(m) = eP@)m we have L%(m) =m ie.

/udmz /Eg(u)dm for every u € C(X). (4.3.1)

For fixed ¢ we often denote L3 by Lo. By (4.2.5) for every z,y € X, and
non-negative integer n

Lo (W) (x)/ L5 (M) (y) < C. (4.3.2)
Multiplying this inequality by L£{(1)(y) and then integrating with respect to
the variable = and y we get respectively the first and the third of the following
inequalities below

C~! <inf £5(1) < sup Ly (1) < C. (4.3.3)

By (3.4.2) for every z,y € X such that z € B(y, &) we have an inequality more
refined than (3.4.3). Namely

acLy(1)(z)LE(M)(y) =ac > expSpd(@) > expSnd(y)
TeT—"(z) geT " (y)
exp Sné(T)

< _ P envr)
© @eT-n(x) €XP Snd(yn(T))

<exp(Cip(z,y)*), (4.3.4)

where €y = 222 and Yn(T) := T "(y). By this estimate and by (4.3.3) we

get for all n 21_1)\;;1d all z,y € X such that = € B(y, &)
n n _ Lo (1)(x) n
£HME) — L) = |2y~ S

< Clexp(Cip(z,y)*) — 1] < Cop(z,y)* (4.3.5)
with Cy depending on C,Cy and &.
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Proposition 4.3.1. There exists a positive function vy € Ho(X) such that
Lo(ug) = ug and [ugdm = 1.

Proof. By (4.3.5) and (4.3.3) the functions L£j (1) have uniformly bounded
norms in Holder space Ho(X), see Sec. 3.4. Hence by Arzela-Ascoli theo-
rem there exists a limit uy € C(X) for a subsequence of u,, = %Z;:ol L)1),

n=1,.... Of course uy € Ho(X), C7! < up < C, and using (4.3.3), a
straightforward computation shows that Lo(ug) = ue (compare 2.1.14). Also
Jugdm =lim, .o [un,dm = [ 1L dm = 1. The proof is finished. &

Combining this proposition, Proposition 4.2.1, Proposition 4.2.8 and Corol-
lary 4.2.11 we get the following.

Theorem 4.3.2. For every Hélder continuous function ¢ : X — R there exists
a unique invariant Gibbs state associated to T' and ¢, namely (g = ugpmyg.

In the rest of this Section we provide a detailed study of iteration of £y on
the real or complex Banach spaces C(X) and H,,.

Definition 4.3.3. We call a continuous linear operator ) : B — B on a Banach
space B almost periodic if for every b € B the sequence Q"(b),n = 0,1,... is
relatively compact, i.e. its closure in B is compact (in the norm topology).

Proposition 4.3.4. The operators L{ on C(X) have uniformly bounded norms
foralln=1,2,....

Proof. By the definition of £ and by (4.3.3) for every v € C(X):
sup | £§ (u)| < sup |u|sup £§ (1) < Csup |u| (4.3.6)

&

Remark that instead of referring to the form of £ one can only refer to the
fact that £ is a positive operator, hence its norm is attained on 1.

Theorem 4.3.5. The operator Lo is almost periodic on C(X). Moreover, all
the functions Lf(u) are equicontinuous and have uniformly bounded absolute
values, provided Lo’s are associated to ¢ belonging to a bounded set in Hy and
u taken from a family of equicontinuous functions, of uniformly bounded absolute
values.

Proof. For every € X and n > 0 denote exp(S,é(x)) by E,(z). Consider

—n

arbitrary points z € X,y € B(z,£). Use the notation y,(T) := (y), the

T
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same as in (4.3.4). We have for every u € C(X)

1L (u)(2) — Lo (u)(y)] = ’ Y. u@Eu(@) — u(ya(@)En(ya(T)

FeT—" ()

<| X u@EE - Baln@)

zeT " (x)

Y B @)@ - ua@)|
TeT—"(x)

< (sup [u])Cap(z,y)* + C_E;gg( ) u(@) —u(ya(T))]  (43.7)

by (4.3.5) and (4.3.3). Denote a modulus of uniform continuity of u by h, i.e.
consider an increasing function h : Rt — R* such that lim.\ o k() = 0 and for
every 21,20 € X |u(z1) — u(22)| < h(p(z1,22)). (4.3.7) gives:

1£6 (u)(x) = L (u)(y)| < (sup [u])Cop(z, y)* + Chip(z,y)) := g(p(z,y)) (4.3.8)

We conclude that all functions L£f(u) have the same modulus of continuity
g, depending on h, sup|¢| and [|¢||n,. They are also uniformly bounded
by Proposition 4.3.4. Hence by Arzela-Ascoli theorem the sequence L (u) is
relatively compact.

If we consider a family of functions u rather than one function, we set h a
modulus of continuity of the family. &

For u € H, we obtain the fundamental estimate (4.3.9):

Theorem 4.3.6. There exist constants Cs,Cy > 0 such that for every u € Hy
alln=1,2,...and A > 1 from the expanding property of t

P (LE(w)) < CsA™" Iy (u) + Cyl|u]sos (4.3.9)
Proof. Continuing the third line of (4.3.7) we obtain
L6 (u)(2) = Lo (w) ()] < [[ullocCap(a, y)* + Chae (WA pla, y)*

We have applied here the inequality p(Z, yn(T)) < A™"p(T,7)

This proves (4.3.9), provisionally with 9, ¢ rather than 9, with C5 = C
from (3.4.3) and (4.3.3) and with C4y = C> (recall that the latter constant is
of order CC; where Cy appeared in (4.3.4)). Passing to ¥, changes Cy to
max{Cy,2C/£*}, see (3.3.8) and Sec. 3.4. &

Corollary 4.3.7. There ezist an integer N > 0,7 < 1,C5 > 0 such that for
every u € He
I1£5" (W)l < Tllllr, + Csllulloe (4.3.10)

Proof. This Corollary immediately follows from (4.3.9) and Proposition 4.3.4.
)
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In fact (4.3.10) together with (4.3.6) imply a similar fact for iterates of £V,
which resembles back (??). Namely the following holds

Proposition 4.3.8.

306 >0Vn=1,2,... Lo (u)|lx, <7 (w)||ln, + Collullee  (4.3.11)

Proof. Substitute in (4.3.10) LY (u) in place of u etc. n times using || £}(u)]|s0 <
Cl|u]|so- You obtain (??) with Cs = CC5/(1 — 7).

In Appendix we prove a general theorem by Ionescu-Tulcea and Marinescu
(abbr.: ITM), which under assumptions (4.3.6), (4.3.10) gives an information
about the spectrum of L. Sec. 3.5 is devoted to this. This occurs useful in
other than expanding and Holder cases. Here, in the next Section, assuming
topological mixing of T', we shall proceed directly, not referring to I'TM Theorem.

Analogously to Lf considered on C(X) the convergence theorem below is a
special case of a general theory of almost periodic operators, see Sec.5.

4.4  Convergence of L£". Mixing properties of
Gibbs measures

Recall that by Proposition 4.3.1 there exists a positive function ug € Hq(X)
such that Lo(ug) = ug.

It is convienient to replace the operator £y by £(u) = ﬁﬁo (uug).

If we denote the operator of multiplication by a function w by the same

symbol w then we can write £(u) = u;l o Lyoug. Since £ and Ly = L are
conjugate by the operator ug, their spectra are the same. In addition, as this
operator is positive, non-negative functions go to non-negative functions. Hence
measures are mapped to measures by the conjugate operator.

Proposition 4.4.1. £ = Ly where 1 = ¢ +logug —loguyoT = ¢ — P(T, ¢) +
logug —logugoT.

Proof. £(u)(@) = 5 Yy 1T (3) exp (7) = T, () exp(6(3)
+log uy(T) — logug(x)). &

Note that the eigenfunction ug for £ has changed to the eigenfunction 1
for £. In other words we have the following.

Proposition 4.4.2. ﬁ(]l) =1, i.e. for everyx € X

> expy(@) =1 (4.4.1)

TET—1(z)
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Note that Jacobian of T' with respect to the Gibbs measure p = ugm (see
Th. 4.3.2) is (ug o T) (exp(—a))u(;l = exp(—1). So for ¢ the reference measure
(with Jacobian exp(—1)) and the invariant Gibbs measure coincide.

Note that passing from L4, through Cg, to Ly we have been replacing ¢ by
cohomological (up to a constant) functions. By Proposition ??. this does not
change the set of Gibbs states.

One can think of the transformation u — u/uy as new coordinates on C'(X)
or Ho(X) (real or complex-valued functions). £y changes in these coordinates
to Ly and the functional m(u) to m(ugu). The latter, denote it by my, is the
eigenmeasure for C:}; with the eigenvalue 1. It is positive because the operator
ug is positive (see the comment above). So exp(—1) is the Jacobian for m, by
Corollary 4.2.4. Hence by (4.4.1) my, is T-invariant. This is our invariant Gibbs
measure .

Proposition 4.3.4 applied to L takes the form.

Proposition 4.4.3. ||£]. = 1.

Proof. sup|£(u)| < sup |u| because £ is an operator of “taking an average” of u
from the past (by Proposition 4.4.2). The equality follows from £(1) = 1. &

The topological exactness of T gives a stronger result:

Lemma 4.4.4. If T is topologically exact, then given any increasing function g :
RT — R* such that lime o g(€) = 0, (V61 > 0 and K > 0) (302 = d2(g, 01, K) >
0 and a positive integer n = n(g,61,K) > 0) such that for all ¢ € H, with
161, < K and u € C(X,R) with modulus of continuity g) (i.e. for every
21,22 € X |u(z1) —u(z2)| < g(p(21,22)), and such that [udp =0 and sup |u| >
01, we have

sup | £ (w)] < sup lul — 6.

Proof. Fix € > 0 so small that g(¢) < §1/2. Let n be ascribed to € according
to Proposition ??, namely (Vz)T™(B(z,¢)) = X) . Since [udu = 0, there exist
y1,y2 € X such that u(y;) < 0 and u(yz) > 0. For an arbitrary « € X choose
x' € B(y1,e) NT~"(x) (it exists by the definition of n). We have u(z') < §;/2.
So

L7 (u)(2) = u(a’) exp Sp(a’) + Y. u@expSui(@)

FeT " (@)\{='}

< (sup [u] — 61/2) exp Suth(a') +suplul Y exp ()
zeT—"(z)\{z'}
<suplul( Y expSat(@)) — (81/2) exp Suib(a')

zeT " (x)
= sup |u| — (61/2) exp S,y (a’).

Similarly for ' € B(y2,e) N T "(x)

L™ (u)(x) > —sup |u] + (61/2) exp Spip(a).
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Thus we proved our Lemma, with d2 := (§1/2) inf e x exp Sp9(x).

Note that we used here the existence of a uniform bound, sup |¢| < sup |¢|+
2sup |log(ue)| and sup |log(ug)| < log C, where C' depends on K, see (4.2.5),
(3.4.2), (3.4.3). *

We shall prove now a theorem which completes Proposition 4.3.4 and The-
orem 4.3.5.

Theorem 4.4.5. For every u € C(X,C) and T, topologically exact open ex-
panding map, we have

c"Ly(u) —my(u)uy — 0 (coverges uniformly) as n — oo (4.4.2)
In particular if [udp =0 then
L (u) — 0 (4.4.3)

Moreover the convergences in (4.4.2) and (4.4.3) are uniform in every set

of equicontinuous functions u of uniformly bounded absolute values, and ¢ in a
bounded set in Hq(X).

Proof. For real-valued u, with [udu = 0, the sequence a,(u) := sup |£"(u)| is
decreasing by Proposition 4.4.3. Suppose that lim,,_, a, = a > 0. By Theorem
4.3.5 all the iterates £ (u) have a common modulus of continuity g. So applying
Lemma 4.4.4 with this g and 6, = a we find ng, 5 such that sup [£™ (ﬁ”(u))| <
sup | £ (u)| — 8, for every n. So for n such that sup |[£™(u)| < a + 63 we obtain
sup [£7T™0 (u)| < a, a contradiction with the definition of a.

This proves (4.4.3). For an arbitrary v € C(X,R) we obtain from (4.4.3)
due to £(1) =1

L£M(w) = plu)l = L™ (u — p(u)1) — 0.

Change now coordinates on C(X) to go back to £y and next replace it by ¢~ L.
One obtains (4.4.2). Given a complex-valued u decompose it into sum of real
and imaginary part.

If we allow uw and ¢ to vary we modify the proof. The point is that by
Lemma 4.4.4, for every 01 > 0, for every m > sup |u|n(g, 61, K)/d2(g, 61, K), we
get in sup |u|/d2(g, 01, K) steps, sup |£™(u)| < 61, where g is the modulus of
continuity for the family {ﬁ”(u)} provided by Theorem 4.3.5, and K bounds
the norm in H, of the functions ¢. Letting §; — 0 proves the Theorem. &

Note that (4.4.2) means weak*-convergence of measures

lim Z 0z X exp(Sp¢(T))/c™ — ug(x)mey
lﬂooTET—"(m)

for every x € X. Using (4.4.2) also for v = 1 we obtain

lim_ > b x exp(Sno(T))/L(1)(z) — my (4.4.4)

zeT—"(x)
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In the sequel one can consider either C'(X,R) or C(X,C). Let us decide for
C(X,C).
Note that by L(’;(m¢) = cmg we have the L-invariant decomposition

C(X) = span(ue) ® ker(my).

For u € span(ug) we have Ly(u) = cu. On ker(my), by Th. 4.4.5, c™"L} — 0
in strong topology. Denote (£¢)|ker(m¢) by Lier,¢- For Lier,¢ restricted to He
we can say more on the above convergence:

Theorem 4.4.6. There exists an integer n > 0 such that

™ Liter pllra < 1.
Proof. Again it is sufficient to consider real u with p(u) = 0 and the operator
L. Set § = min{1/8Cy,1/4}, with Cy from (4.3.9). By Th. 4.3.6 for u such that
|||, <1 all functions £ (u) have the same modulus of continuity g(¢) = Cre®
for C7 = C3 4+ C4 > 0. Hence from Theorem 4.4.5 we conclude that (Iny)(Vn >
n)(Vu s flulln, < 1) .
12 @)l < 6. (4.4.5)

Next, for ny satisfying CsA~"2*C7+Cy0 < 1/4, again by Th. 4.3.6 we obtain
Do (L2 (L™ (1)) < 1/4.
Hence [|[£"1772 (u)]|3, < 1/2. Theorem has been proved with n =n; +ny. &

Note that Theorem 4.4.5 could be deduced from Theorem 4.4.6 by approxi-
mation of continuous functions uniformly by Holder ones, and using Proposition
4.3.4.

Corollary 4.4.7. The convergences in Theorem 4.4.5 for uw € H, are expo-
nential. Namely there exist 0 < 7 < 1 and C > 0 such that for every function
u € Hy

e LG (u) —me(u)uglleo < ¢ LG (1) —me(w)ugllr, < Cllu—me(u)uellr, .
(4.4.6)
In particular if [udp =0 then

I£" (Wlloo < 1£™ ()31, < Cllullpe, 7. (4.4.7)

Now we can study “mixing” properties of the system (T, u) for our invariant
Gibbs measure . Roughly speaking the speed of mixing is related to the speed
of convergence of L, ; to 0.

The first dynamical (mixing) consequence of Theorem ?7? is the following
result known as the exponential decay of correlations, see the definition in
Sec. 1.11.

Theorem 4.4.8. There exists C > 1 and p < 1 such that for all f € Hq, g €
L'(n)
Cu(f,9) = Cp"|f = Efln.llg — Egl1-
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Proof. Write F = f — Ef,G = g — Eg. We obtain
Cn(f.9) = ‘/F (GOT")dM’ = ‘/ﬁ"(F' (GoT™))dp

< |IGlLCT ([ Fll#a-

/G - L™(F)dp

We have used here a very important identity true for arbitrary F, G (EF, EG =0
did not matter), that

LM(F-(GoT") =G-L"(F), (4.4.8)

which follows immediately from the definition of £ with an arbitrary potential
¢. Namely

LM(F-(GoT)@) = Y. G@)F(@)exp S, (@) = Gla)Ly(F)(x)

zeT—"(x)
&

Exercise. Prove that for every p square integrable functions f,g one has
[f-(goT™)dp — Ef - Eg. (Hint: approximate f and g by Holder functions.
Of course the information on the speed of convergence would become lost.)

The convergence in the exercise is one of equivalent definitions of the mix-
ing property, see Sec. 1.10. We proved however earlier the stronger property:
measure-theoretical exactness, Th. 4.2.9.

We can however make a better use of the exponential convergence in Theo-
rem 4.4.8.

Theorem 4.4.9. Let (X,T) be a topologically mizing topological one-sided
Markov chain with T the shift to the left and d > 2 symbols, see Ch. 0. Let
F be the o-algebra generated by the partition A into sets with fized 0-th coor-
dinate, namely by A = {X1,..., Xq} where X; = {(ag,a1,...) € X : ap = j}.
For every 0 < k < [ write F}, for the a-algebra generated by Al = {\/ézk T (A)
i.e. by the sets with fixed k, k+1,...,1’th coordinates. Let ¢ : X — R be Hélder
continuous.

Then there exist 0 < p < 1,C > 0 such that for every k > 0,f : X — R
measurable in FY and g being jus-integrable

[ £t duo BT ol < ConHIT - Bfllg - Ealr. (449
Proof. Assume Ef = Eg = 0. By Theorem 4.4.8

[ £rtaormyan] = | [ £ HEH O] < G HIL D . (4010

Decompose f into real and imaginary parts and represent each one by the dif-

ference of nowhere negative functions. This allows in the estimates which follow
to assume that f > 0.
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Notice that for every cylinder A € A and = € A, in the expression
LX) @) = D fly)expSkd(y)
T*(y)==

there is no dependence of f(y) on x € A because f is constant on cylinders of

Ak, So
acsup £4(Pinf £4(F < sup sup_exp(Si(y) — Si(y))) < C
A

Be Ak y,y'eB

a constant C resulting from Sec. 3.4. So

C

R C A /
sup £5(4) < = [ £07) de = acCp( A1 < () Il = C'1 1

where the latter equality defines C”.

It is left yet to estimate the ¥4 ¢ and 9, pseudonorms of ﬁk(f), cf. Sec. 3.4.
We assume that £ is less than the minimal distance between the cylinders in A.
We have similarly to (4.3.5), for z,y belonging to the same cylinder A € A,

Ak ) — [k _ ﬁk(f)(af) _ Ak
4 () (@) — () w)] = \(—ﬁk(f)(y) e
< (exp Cuplar,)® — DICIf I < Col.)° £

for a constant C"”.
Hence, Jo.¢(L5(f)) < || f1C” and, passing to U, as in Sec. 3.4,

Ja(L(f)) < | flh max{C",20"¢~}).
Thus, continuing (4.4.10), we obtain for a constant C

Cu(f,9) < IflullglliCp™*.
L]

An immediate corollary from Theorem 4.4.9 is that for every By € .7-"6“ and
Borel By (i.e. By € Fg°)

[1(By VT ™"(B2)) — u(B1)u(By)| < Co"*u(Br)u(Bo), (4.4.11)

compare (1.11.9). Therefore, for every non-negative integer ¢ and every A € F§
for the conditional measures with respect to A

Y (T T(B)A) — u(B)| < Cp" .
Be A}

This means that A satisfies the weak Bernoulli property, hence the natural
extension (X, T, i) is measure-theoretically isomorphic to a two-sided Bernoulli
shift, see Sec. 1.11.
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Corollary 4.4.10. FEvery topologically exact, open, distance expanding map T,
with invariant Gibbs measure u = pg for a Holder continuous function ¢, has
the natural extension (X,T, 1) measure-theoretically isomorphic to a two-sided
Bernoulli shift.

Proof. Let m: %4 — X be the coding map from a one-sided topological Markov
chain, due to a Markov partition, see Sec. 3.5. Since 7 is Holder, the function
¢om is also Holder continuous, hence we can discuss the invariant Gibbs measure
Lgor- For this measure we can apply Theorem 4.4.9 and its consequences. Recall
also that by Theorem 3.5.7 7 yields a measure-theoretical isomorphism between
pgor and fgor o 1, Therefore to end the proof it is enough to prove the
following.

1

Lemma 4.4.11. The measures ig and pgor © ™ coincide.

Proof. The function exp(—¢ o m + P — h) for h := logugor + log Ugor 0 0), is
the strong Jacobian for the shift map o and the measure pgor, where P is
the pressure for both (o,¢ o w) and (T, ¢), see Theorem 3.5.6. Since 7 yields
a measure-theoretical isomorphism between fipor and pgor o 771, the measure
pgor © ™1 is forward quasi-invariant under 7' and has the strong Jacobian
exp(—¢ + P — h o~ !). The same up to a bounded function factor is the
Jacobian of j14. Therefore both measures are equivalent, hence as ergodic they
coincide. &

4.5 More on almost periodic operators

In this Section we show how to deduce Theorem 4.4.5 (on convergence) and
Theorem 4.4.6 and Corollary 4.4.7 (exponential convergence) from general func-
tional analysis theorems. We do not need this later on in this book, but the
theorems are useful in other important situations ... ..

Recall (Def. 4.3.3) that @ : F' — F' a continuous linear operator of a Banach
space is called almost periodic if for every b € F' the sequence Q™ (b) is relatively
compact. By Banach-Steinhaus theorem there is a constant C' > 0 such that
Q™| < C for every n > 0.

Theorem 4.5.1. If Q : F' — F is an almost periodic operator on a complex
Banach space F', then
F=F&F,, (4.5.1)

where Fy = {x € F : lim,,_,oc A"(z) = 0} and F is the closure of the subspace
of F' generated by eigenfunctions of eigenvalues of modulus 1. Adding additional
assumptions one gains additional information on this decomposition.

Definition 4.5.2. Let F' = C(X) and suppose @ : F — F is positive, namely
f > 0 implies Q(f) > 0. Then Q is called primitive if for every f € C(X), f >
0, f # 0 there exists n > 0 such that for every x € X it holds Q"(f)(z) > 0. If
we change the order of the quantificators to: ...for every x there exists n ...,
then we call Q nondecomposable.
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Theorem 4.5.3. For Q : C(X) — C(X) (real or complex) linear positive
primitive operator of spectral radius equal to 1 we have dim span(C(X), =1 in
the decomposition (4.5.1), the eigenvalue corresponding to C(X), is equal to 1
and the eigenfunction is positive (everywhere > 0). More precisely there exists
a probability measure m¢g on X and a positive function ug such that for every
u € C(X) we have strong convergence

Q" (u) — uQ/udm.

Proof. This is just a repetition of considerations of Sections 2-4. First find a
probability measure m such that Q*(m) = m as in Th. 4.2.5 (we leave a proof
that the eigenvalue is equal to 1, to the reader). Next find for @ an eigenfunction
ug > 0 as limn_,DQ%Z;:Ol Q7(1). We have ug = Q(ug) > 0 because Q
is nondecomposable. Finally for Q(u) := Q(uuQ)ué1 we have Q1) = 1 (a
positive operator with this property is called stochastic) and we repeat Proof of
Th. 4.4.5, replacing the property of topological exactness by primitivity. &

Notice that this yields Theorem 4.4.5 because of

Proposition 4.5.4. If an open expanding map T is topologically exact then for
every continuous function ¢ the transfer operator Q = Eg is primitive.

The proof is easy, it is in fact contained in Proof of Lemma 4.4.4.

Assume now only that 7T is topologically transitive. Let QF denote the sets
from spectral decomposition X = Q = (J;_, QF as in Th. 3.3.8. Write ug €
C(X) for an eigenfunction of the operator @) as before. Notice now (exercise!)
that the space F for the operator Q@ = Ly is spanned by n eigenfunctions
v =Y p_y Xar A Hug, t=1,...,n, where Y means indicator functions, with
\ = 27/ Each v, corresponds to the eigenvalue A*. Thus the set of these
eigenvalues is a cyclic group.

It is also an easy exercise to describe Fy, if X = Q = U}'le Uﬁ(j{ Qf The set
of eigenvalues is the union of J cyclic groups. It is harder to understand F,, and
the corresponding set of eigenvalues for T open expanding, without assuming
Q=X.

References to the above theory are:

[LL] M. Yu. Lyubich, Yu. I. Lyubich: Perron-Frobenius theory for almost
periodic operators and semigroups representations. Teoria Funkcii 46 (1986),
54-72.

[L] M. Yu. Lyubich: Entropy properties of rational endomorphisms of the
Riemann sphere. ETDS (1983), 351-385.

A general theorem related to Theorem 4.4.6 and Corollary 4.4.7 is the fol-
lowing.

Theorem 4.5.5 (Ionescu—Tulcea and Marinescu). Let (F,|-|) be a Banach
space equipped with a norm | - | and let E C F be its linear subspace. Moreover
the linear space E is assumed to be equipped with a norm || - || which satisfies
the following two conditions.
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(1) Any bounded subset of the Banach space E with the norm || -|| is relatively
compact as a subset of the Banach space F with the norm | -|.

(2) If {zn, : n = 1,2,...} is a sequence of points in E such that ||z,| < K
for alln > 1 and some constant K1, and if lim, o |z, — x| = 0 for some
x€F, thenz € E and ||z| < K;.

Let Q : FF — F be a bounded linear operator which preserves E, whose
restriction to E is also bounded with respect to the norm || - || and which satisfies
the following two conditions.

(3) There exists a constant K such that |Q"| < K for alln=1,2,... .
(4) IN>1 3r<1l 3K2>0 [|QN(2)| < 72| + Ka|z| for all z € E.
Then
(5) There exists at most finitely many eigenvalues of Q : F — F of modulus
1, say y1,.--p-
(6) Let F; ={x € F: Q(z) =va},i=1,...,p. Then F; C E and dim(F;) <
00.

(7) The operator Q : F — F can be represented as

p
Q=) uQi+s

=1

where Q; and S are bounded, Q;(F') = F;, sup,,>; |S"| < oo and

QI =Qi, QiQ;=0(i#j), QiS=5Qi=0
Moreover

(8) S(E) C E and S|g considered as a linear operator on (E, ||-||), is bounded
and there exist constants K3 > 0 and 0 < 7 < 1 such that

15"l < Ks7"
for allm > 1.

The proof of this theorem can be found in [...] in the case N = 1 (see
assumpion 4). Its validity for any N > 1 is mentiond in Section 9, p.145 of this
paper. In Appendix ...we give a complete proof.

Now, in view of Theorem 3.4.1 and Corollary 4.3.7, Theorem 4.5.5 applies
to the operator @ = L3 : C(X) — C(X) if one substitutes F' = C(X), E =
Ho(X). If T is topologically exact and in concequence @ is primitive on C'(X),
then dim(@®F;) = 1 and the corresponding eigenvalue is equal to 1, as in Theorem
4.5.3.

Example of application Lasota-Yorke, Rychlik: functions of bounded vari-
ation ...l
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4.6  Uniqueness of equilibrium states

We proved already the existence (Th. 4.3.2) and uniqueness (Cor. 4.2.11) of
invariant Gibbs states and proved that invariant Gibbs states are equilibrium
states (Prop. 4.1.5). Here we shall give 3 different proofs of the uniqueness of
equilibrium states.

Let v be a T-invariant measure and let a finite real function .J, be the cor-
responding Jacobian in the weak sense, J, is defined v-a.e. . By the invariance
of v we have v(E) = 0 = v(T"Y(E)) = v(E) = 0, i.e. v is backward quasi-
invariant. At the beginning of Sec.2 we defined in this situation ¥ = &, o T'
with @, = % defined for v-a.e. point in the domain of a branch 7, !. (In
Sec.2 we used notation ®; for ®,.) @, is strong Jacobian for T}, !.

Notice that for v-a.e. z

1, if o, 0;
(oo Tty () = 4 b 1 227 (46.1)
0, if ®,(z)=0.
Indeed, after removal of {z : ®,(2) = 0} the measures v and v o T~! are

equivalent, hence Jacobians of 7' and T, ! are mutual inverses. We can fix J,
arbitrary, bounded, on T~ ({z : ®,(z) = 0}).

Recall that we have defined £, : L'(v) — L(v), the transfer operator
associated with the measure v as follows

yeT 1 (z)

Remind that if 7" maps a set A of measure 0 to a set of positive measure,
then U is specified, equal to 0, on a subset of A that is mapped by T to a set of
full measure v in T'(A).

Then since v is T-invariant, £, (1) = 1 and for every v-integrable g we have

[ Lu(g)dv = [gdv.

Lemma 4.6.1. Let ¢ : X — R be a continuous function such that L,(1) = 1,
i.e. for every x, ZUET—l(w) exp¥(y) = 1, and let v be an ergodic equilibrium
state for 1. Then J, is strong Jacobian and J, = exp(—) v-almost every-
where.

Proof. The proof is based on the following computation using the inequality
1+ log(x) < z, with the equality only for z = 1.

1:/lldyz/Lu(JyeXplb)dV:/JueXplbdu
> /(1—|—log(Jl,exp¢))dV:1—|—/wd1/+/10g,]ud1/

=1+/wdu+hl,(T)21.
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To obtain the first inequality, write £, (Jy exp¥)(z) = 32, cp-1(5) Jv(¥) (exp ¥ (y)) ¥ (y)
which is equal to 1 if (Vy € T71(2))¥(y) > 0 or < 1 otherwise, by (4.6.1) and

by > yer-1(zy exp¥(y) = 1.
The last inequality follows from

/de + h,(T) = P(y) > limsup 1 log Z exp Sy (y) =0,

n— oo yeT—m(z)

true, see Th. 2.3.2, since all points in T~"(x) are (n,n)-separated, n defined in
Ch. 3.

Therefore all the inequalities in this proof must become equalities. Therefore
the Jacobian ®, # 0 for each branch 7! and J, = exp(—1), v- a.e. &

Notice that we have not assumed v is Holder above. Now we shall assume
Holder.

Theorem 4.6.2. There exists exactly one equilibrium state for each Hdlder
continuous potential ¢.

Proof. Let v be an equilibrium state for ¢. As in Sec.4 set ¢ = ¢ — P(T,¢) +
logug o T —logug and v is also equilibrium state for . Then by Lemma 4.6.1

AT BEEO) = [ e (S ) dvie)

/ ug(z)
B(T(2),¢) Us(T™(2))

So, by pre-bounded distortion lemma (Lemma 3.4.2),

exp(Sn¢ — nP(T, ¢)) (T, " (z)) dv(z).

inf |ug| -1 _ sup |ug|
——B < "™(B(T" n® —nP(T, < —C
TSB! < acw (T (BT (2).€))exp(S,0 — nP(T.)(2) < LA
where B = inf{v(B(y, £)}. It is positive by Proposition 4.2.7.
Therefore v is an invariant Gibbs state for ¢; unique by Corollary 4.2.11. &

Remark 4.6.3. In fact already the knowledge that exp(—1) is weak Jacobian
implies automatically that it is a strong Jacobian. Indeed by the invariance of

v we have
Yo ey =1= > expi(y)

yET () y€T ()
and each non-zero summand on the left is equal to a corresponding summand
on the right. So there are no summands equal to 0.

Uniqueness: Proof II. We shall provide a new proof of Lemma 4.6.1. It is
not so elementary as the previous one, but it exhibits a relation with the finite
case, the prototype lemma in Introduction.

For every y € X denote A(y) :== T~} (T({y})) Let {v4} denote the canoni-

cal system of conditional measures for the partition of X into the sets A = A(y),
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see Sec. 1.6.Since there exists a finite one-sided generator, see Lemma 2.5.5, with
the use of Theorem 1.9.7 we obtain

0= P(T, ¢)=hV(T)+/¢du:HV(5|T*1(5)) +/wd1/:
= [( 3 a1 (ra (=) + v(2)) ).

2€A(y)

The latter expression is always negative except for the case vy, (z) =
exp ¥(z) v-a.e. by the prototype lemma. So for a set ¥ = T’l(T(Y)) of full
measure v, for every y € Y we have

vau)({y}) = expip(y), in particular va,({y}) # 0. (4.6.2)

So for every Borel set B C Y such that T is 1-to-1 on it, since B intersects
each A(y) C T~Y(T(B)) at precisely one point, we obtain

v(T(B)) = v(T71(T(B))) =

- /TI(T<B>) </A(y) L) /vaw (1) d”A<y>(Z)> dv(y) =

= [ e (D) = [ 1fag({)) dvty)
7-1(7(B)) B

Notice that we have proved in this computation a general useful fact that
1/vaw)({y})) is weak Jacobian for T" and v. In absence of the property (4.6.2)
that v4(,)({y}) # 0 we should have subtracted the set E' = {y : v4(,)(y) = 0}
of measure 0 under the integrals.

Let us go back to our situation. By (4.6.2) this Jacobian is equal to exp —.
Observe also that v(T(X \'Y)) = 0 because X \ Y =T H(T(X \Y)) and v is
T-invariant. So exp — is strong Jacobian.

Uniqueness. Proof III. Due to Corollary 2.6.7 it is sufficient to prove the
differentiability of the pressure P(T, ¢) as a function of continuous function ¢
at Holder ¢ in a set of directions dense in the weak topology on C(X).

Lemma 4.6.4. Let ¢ : X — R be a Holder continuous function and pg denote
the invariant Gibbs measure. Let F' : X — R be continuous. Then, for an
arbitrary x € X,

oy SpFexp(S,
- 12 yer—n(a) xp(Sn®)(y) :/Fd%. (4.63)

n—oo N ZyET_"(w) eXp(Sn(b)(y)

The convergence is uniform for an equicontinuous family of F'’s and ¢’s in a
bounded set in the Banach space of Hélder functions Hy(X).
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Proof. The above left hand side expression can be written in the form:

f B0 LFFTH(@) T3 £7I(F LI(1)) (@)

(4.6.4)

where £ = Ly = e’P(T’¢)£¢, compare the beginning of Sec.3.
Since F - £I(1) is an equicontinuous family of functions we obtain

LIE L) (a) — ugle) [ F L) dm,

as n — j — 00, see Remark 77.
Therefore continuing (4.6.4) we obtain

1 n—1 j n—1
25 g ug(x) [ F-LI(1)dm .
fi 12200 (@) ] (L) dmo _ 1ile/F-LJ(]1)dm¢:/qu¢
n—>oonj70

Nn— 00 Ugp (x)

since £7(1) uniformly converges to ug and iy = upme. &

Now we shall calculate the derivative dP(T, ¢ + tv)/dt for every Holder ¢
and v at every t. In particular, this will give differentiability at ¢ = 0. Thus our
dense set of directions is spanned by Holder functions ~.

Theorem 4.6.5. We have
d
EP(T, ¢+ty) = [ vdugiiy

for allt € R.

Proof. Write

Palt) = Tlog 3 exp(Su(6+ 1))

yeT—"(x)
% ZyET—"(m) Snf)/(y) eXp(Sn(qﬁ + tf)/))(y)

Qn(t) == (dP,/dt)(t) = = et —n(a) EXP(Sn (6 + 17)(y)

(4.6.5)

By Lemma 4.6.4 limy, oo @, (t) = [~ dpe+iy and the convergence is uniform
with respect to ¢. Since, in addition, lim,_,. P,(t) = P(¢), we conclude that
P(T, ¢+ ty) = lim, o P, (t) is differentiable and the derivative is equal to the
limit of derivatives: lim, .o Qn(t) = [ 7 dptpstys &

Notice that the differential (Gateaux) operator v — [~ dpue is indeed that
one from Proposition 2.6.6. Notice also that a posteriori, by Cor. 2.6.7, we
proved that for ¢ Holder continuous, P(T,¢) is differentiable in direction of
every continuous function. This is by the way obvious in general: two different
supporting functionals are different restricted to any dense subspace.
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4.7  Probability laws and o%(u, v)

Exponential convergences in §4.4 allow to prove the probability laws.

Theorem 4.7.1. Let T : X — X be an open distance expanding topologically
exact map and p the invariant Gibbs measure for a Hélder function ¢ : X — R.
Then if g : X — R satisfies

> L™ g = m(9))]2 < o0, (4.7.1)
n=0

in particular if g is Holder continuous, it satisfies CLT. If g is Holder continuous
it satisfies LIL.

Proof. First show how CLT can be deduced from Theorem 1.11.5. We can
assume p(g) = 0. Let (XF, i) be the natural extension (see Sec. 1.7). Recall
that X can be viewed as the set of all T-trajectories (zn)nez (or backward
trajectories), T'((2n)) = (Zpy1) and 7, ((x,)) = 2p. It is sufficient now to check
(1.11.12) for the automorphism 7' the function § = g o my and Fy = 7~ 1(B) for
the completed Borel o-algebra B. Since g is measurable with respect to Fo it is
also measurable with respect to all F,, = T~"(F) for n < 0 hence § = E(j|Fy).
So we need only to prove 302 | E(§|F)||2 < oo.

Let us start with a general fact concerning an arbitrary probability space
(X, F,un) and a p-preserving endomorphism 7T'.

Lemma 4.7.2. Let U denote the unitary operator on L*(X,F,u) associated
to T, namely U(f) = foT. Then for every k > 0 the operator UFU** is the
orthogonal projection of Hy = L*(X,F,p) to Hy, = L*(X, T~ *(F), ).

Proof. U* is the operator in the space conjugate to Hy which is Hy itself (a
Hilbert space). U*(u) = u o T* is measurable with respect to 7%(F), so the
range of UFU** is indeed in Hy, = L*(X, T~ *(F), u).

For any u,v € Hy write [u-vdp =< u,v >, the scalar product of u and v.
For arbitrary f,g € Hy we calculate

<URU™*(f),go T >=< UU**(f),U*(g) >

=< U™(f),g >=< f,U"g) >=< f,goTF > .
It is clear that all functions in Hy = L?(X,T~*(F), 1) are represented by goT*
for g € L?(X, F,u). Therefore by the above equality for all h € Hj, we obtain
< f=U*U*(f),h >=< f,h > — < f,h >=0. (4.7.2)

In particular for f € Hy we conclude from (4.7.3) for h = f — UFU**(f), that
< f=U*U**(f), f — UFU**(f) >= 0 hence UFU**(f) = f. Therefore UFU**
is a projection to Hy, which is orthogonal by (4.7.3). &
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Since the conditional expectation value f — E(f|T~*(F)) is the orthogonal
projection to Hj, we conclude that E(f|T~%(F)) = UFU**(f). Now, let us pass
to our special situation of Theorem 4.7.1.

Lemma 4.7.3. For every f € L2(X,F, u) we have U*(f) = L(f).

Proof. <U*f.g>=<fUg>=[f-(goT)du= [L(f (g0T))du=
JUE)) - gdn =< L(f),9 > )

Proof of Theorem 4.7.1. Conclusion. We can assume that p(g) = 0. We have

DOIE@F) 2 =Y 1T U™ (@)l = D IL"(9)ll2 < oo,

n>0 n>0 n>0

the latter has been assumed in (4.7.1). Thus CLT has been proved by applying
Theorem 1.11.5. If g is Holder continuous it satisfies (4.7.1). Indeed £ (g)
converges to 0 in the sup norm exponentially fast as k — oo by Corollary 4.4.7
(see (?7)). This implies the same convergence in L? hence the convergence of
the above series. &

Now let us prove CLT and LIL with the use of Theorem 1.11.1 for Hélder
continuous g. As in Proof of Corollary 4.4.10, let 7 : ¥4 — X be a coding map
from a 1-sided topological Markov chain of d symbols due to a Markov partition,
see Sec. 3.5. Since 7 is Holder continuous, if g and ¢ are Holder continuous, then
the compositions gom, ¢om are Holder continuous. 7 is an isomorphism between
the measures figor 0N X4 and pg on X, see Sec. 3.5 and Lemma 4.4.11. The
function g o 7 satisfies the assumptions of Theorem 1.11.1 with respect to the
o-algebra F associated to the partition of ¥ 4 into 0-th cylinders, see Theorem
4.4.9. ¢-mixing follows from (4.4.10) and the estimate in (1.11.7) is exponential
with an arbitrary § due to the Holder property of g o m. Hence, by Theorem
1.11.1, g o and therefore g satisfy CLT and LIL.

In Section 4.6 we computed the first derivative of the pressure function. Here
using the same method we compute the second derivative and see that it is a
respective dispersion (asymptotic variance) o2, see Sec. 1.11.

Theorem 4.7.4. For every ¢,u,v : X — R Hdolder continuous functions there
exists the second derivative

82

1
MP(T7 ¢+ suU~+tv)|s=t=0 = nllrréo — /Sn(u — po)Sn(v — pgv) dpg, (4.7.3)

n

where 1y is the invariant Gibbs measure for ¢. In particular

82

ﬁP(T, @+ 10)|t=0 = 0’34) (u)

(where the latter is the asymptotic variance discussed in CLT, Ch1.11). In
addition, the function (s,t) — P(T, ¢ + su+ tv) is C*-smooth.
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Proof. By Sec. 4.6, see (4.6.3), (4.6.5),

2
0s0t

= 9 lim acl Z Snu(y) exp Sp (¢ + su)(y) Z exp Sp (¢ + su)(y).

§n—oo N
yeT " (x) yeT~"(x)

P(T, ¢+ su+ tv)|i=o

(4.7.4)

Now we change the order of 9/9s and lim. This will be justified if we prove the
uniform convergence of the resulting derivative functions.

Fixed € X and n we abbreviate in the further notation }- -, to 32
and compute

0 (2, Snv(y) exp Su(¢ + su)(y)
Fn(s) T s ( Zy exp Sn((b + Su,)(y) )

=ac)  Syu(y)Snv(y) exp Sn(¢+ su)(y)D _ exp Sn(¢+ su)(y)

Y

—ac( Y Suuly) exp (6 + sw)y) ) (D Suvy) exp S, (6 + 5u) (1))

* (S ep 86+ su)w)

L7 (Snu)(x) £(Snv)(x)
Lr()(x)  Lr()(x)

—P(T,p+su

= acl” ((Snu) (Snv)) ()L™ (1) (z) —

As in Section 6 we write here L= Ly =¢ )£¢+Su. It is useful to write

the later expression for F),(s) in the form

Fu(s) = [(8,0)(Su0) e — [(Su0) e [(Su)dien (475

or

Fn(s) = i: /(u oT" — Msm,(u © Ti))(v 0TI — Nsm(v o Tj)) dﬂsmv (4-7-6)
i,j=0

where s, is the probability measure distributed on 7" (z) according to the
weights exp(Sn (¢ + su))(y)/ X_, exp Su(d + su)(y).

Note that 1F,(s) with F,(s) as in the formula (4.7.6) resembles already
(4.7.3) because (5., — Mytsu in the weak*-topology, see (4.4.4). However we
still need to work a little bit.

For each 7, j denote the respective summand in (4.7.6) by K, ;. To simplify
notation denote u o T by u; and v o TV by v;. We have

Ln((uv - ,Us,nui)(vj - Ms,nvj)) (Z‘)

= (1))
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and for 0 < i < j < n, using (4.4.8) twice,

£ (74 = o) £1(1) (v = prony) ) (@)
£ (1) (x) '

By Corollary 4.4.7 for 7 < 1 and Holder norm || - ||, for an exponent o > 0,
transforming the integral as in Proof of Theorem 4.4.8, we get

1 — ot (L)) — ( [ i - us,nui)) e, < O~

where C' depends only on Holder norms of v and ¢ + su. The difference in the
large parentheses, denote it by D; ,, is bounded by C7"~% in the Hélder norm,
again by Corollary 4.4.7.

We conclude that for all j the functions

L= L7 ((u— psnui) £'(1))

i<j

Ki; = (4.7.7)

are uniformly bounded in the Holder norm || - ||, by a constant C' depending
again only on ||u||y, and [|¢+ su||s,. Hence summing over i < j in (4.7.7) and
applying £"77 we obtain

J J
H Z Kz‘,j - Z /(uz - Ns,nui)(vj - Ms,nvj) dmdﬂrsu
=0 =0

Here C depends also on ||v||#, . We can replace the first sum by the second sum
without changing the limit in (4.7.4) since after summing over j = 0,1,...,n—1,
dividing by n and passing with n to co, they lead to the same result. Let us show
now that p ,, can be replaced by mg4s, in the above estimate without changing
the limit in (4.7.4). Indeed, using the formula ab — a'b’ = (a — a’)V’ + a(b — V'),
we obtain

<Cr,

oo

‘ /(uz‘ = Mgt sutli) (Vj — Motsu¥) AMigpsu — /(uz‘ = Hs,nti)(Vj — fs,nj) dMgtsy
< (Hsnti — Mg psuts) - (Mo suVj — Hs nvj)

+

/(ui - m¢+suui) : (Ns,nvj - m¢+suvj) dm¢+su

Since D;,, < Cr™ % and Djn < C7™77, the first summand is bounded above
by 7"~ir"~J. Note that the second summand is equal to 0. Thus, our replace-
memnt is justified.

The last step is to replace m = mgys, by the invariant Gibbs measure

H = Hotsu-
Similarly as above we can replace m by p in mu;, mv;. Indeed,

/u.[,i(ll) dm—/uu¢+sudm‘

= ’/u (LH(1) — u¢+su)dm} < Cm(u)7". (4.7.8)

|mu; — pu;| =
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Thus the resulting difference is bounded by Cm(u)m(v)7i77. Finally we justify
the replacement of m by p at the second integral in the previous formula. To
simplify notation write F' = u — pu, G = v — pv. Since j > i, using (4.7.8), we
can write

'/(FoTi)(GoTJ’)dm - /(FoTi)(G oTj)dN' =
=| [ oot - [ (Gor o
<Cr' / |F - (GoT?™")|dm < Cm(F)m(G)r' /=" = Cm(F)m(G)r’

by Theorem 4.4.8 (exponential decay of correlations), the latter C' depending
again on the Holder norms of u, v, ¢ + su. Summing over all 0 <1i < j < n gives
the bound Cm(F)m(G) E;ZOI j77 and our replacement is justified. For i > j
we do the same replacements changing the roles of  and v. The C?-smoothness
follows from the uniformity of the convergence of the sequence of the functions
F,(s), for ¢+ tv in place of ¢, with respect to the variables (s, t), resulting from
the proof. &

4.8 Exercises

Exercise 1. Prove that (4.1.1) with an arbitrary 0 < £ < £ in place of £ implies
(4.1.1) for every 0 < & < & (with C depending on ).



Chapter 5

Expanding repellers in
manifolds and Riemann
sphere, preliminaries

In this chapter we shall consider a compact metric space X with an open, dis-
tance expanding map 7T on it, embedded isometrically into a smooth Rieman-
nian manifold M. We shall assume that T extends to a neighbourhood U of X
to a mapping f of class C1*7¢ for some 0 < ¢ < 1 or smoother, including real-
analytic. C1*¢ and more general C™*¢ for r = 1,2, ... means the r-th derivative
is Holder continuous with the exponent € for ¢ < 1 and Lipschitz continuous
for e = 1. We shall assume also that there exists a constant A > 1 such that
for every x € U and for every non-zero vector v tangent to M at x, it holds
[|IDf(v)|| > Al|v||, where || - || is the norm induced by the Riemannian metric.
The pair (X, f) will be called an ezpanding repeller and f an expanding map. If
f is of some class A, e.g. C* or analytic, we will say the expanding repeller is of
that class or that this is an A-expanding repeller. In particular, if f is conformal
we call (X, f) a conformal expanding repeller, abbr. CER. Finally if we
skip the assumption T' = f|x is open on X, we will call (X, f) an ezpanding
set. Sometimes to distinguish the domain of f we shall write (X, f,U).

In Sections 5.2 and 7?7 we provide some introduction to conformal expanding
repellers, studying transfer operator, postponing the main study to Chapters 8
and 9, where we shall use tools of geometric measure theory.

In Section 7?7 we discuss analytic dependence of transfer operator on param-
eters.

5.1 Basic properties

For any expanding set there exist constants playing the analogous role as con-
stants for (open) distance expanding maps:

157
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Lemma 5.1.1. For any expanding set (X, f) with A\, U as in the definition and f
differentiable, for everyn > 0 small enough, there exist U' C U a neighbourhood
of X such that B(X,n) C U’, B(U',n) C U and for every x € U’ the map
f is injective on B(x,n). Moreover f(B(xz,n)) D B(f(x),n) and f increases
distances on B(x,n) at least by the factor \.

Proof. We leave the proof to the reader as an easy exercise; compare Proof of
Lemma 5.1.2. &

In the sequel we shall consider expanding sets together with the constants
7, A from Lemma 5.1.1. Write also £ := An. For the expanding repeller (X, f)
these constants satisfy the properties of the constants 7, £, A for the distance ex-
panding map T = f|x on X, provided 7 is small enough, compare Lemmas 3.1.2
and 3.1.4. For every z € X we can consider the branch f, ! on B(f(z),£), map-
ping f(z) to z, extending the branch T, ! defined on B(f(x),£) N X. Similarly
we can consider such branches of f~! for 2 € U’

Let now X be a compact subset of M forward invariant, namely f(X) C X,
for a continuous mapping f defined on a neighbourhood U of X. We say X
is a repeller if there exists a neighbourhood U’ of X in U such that for every
y € U'\ X there exists n > 0 such that f"(y) ¢ U’. In other words

X=)fmw). (5.1.1)

n>0

In the lemma below we shall see that the extrinsic property of being repeller is
equivalent to the intrinsic property of being open for f on X. It is a topological
lemma, no differentiability is invoked.

Lemma 5.1.2. Let X be a compact subset of M forward invariant for a con-
tinuous mapping [ defined on its neighbourhood U. Suppose that f is an open
map on U. Then if X is a repeller then f|x is an open map in X. Conversely,
if f is distance expanding on a neighbourhood of X and f|x is an open map,
then X is a repeller, i.e. satisfies (5.1.1).

Proof. If f|x were not open there would exist a sequence of points =, € X
converging to x € X a point y € X such that f(y) = z and an open set V in
M containing y so that no x, is in f(V N X) . But as f is open there exists
a sequence y, € V, y, — y and f(yn) = z, for all n large enough. Thus the
forward trajectory of each y, stays in every U’ even in X except y, itself which
is arbitrarily close to X with n respectively large. This contradicts the repelling
property.

Conversely, suppose that X is not a repeller. Then for U” = B(X,r) C U’
(U’ from Lemma 5.1.1) with an arbitrary r < £ there exists € U” \ X such
that its forward trajectory is also in U”. Then there exists n > 0 such that
dist(f"(z), X) < Mdist(f"~(z), X). Let y be a point in X closest to f"(z).
Then by Lemma 5.1.1 there exists ' € B(f"!(z),n) such that f(y’') = y and
by the construction y’ ¢ X. Thus, letting r — 0, we obtain a sequence of
points x,, not in X but converging to xyp € X with images in X. So f(z,) ¢
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flx (B(zo,n) N X) because they are f-images of x,, € B(zg,n) \ X for n large
enough and f is injective on B(zg,n). But f(z,) — f(x0). So f(x¢) does not
belong to the interior of f|x(B(xo,n) N X), so f|x is not open. &

To complete the description we provide one more fact:

Proposition 5.1.3. If (X, f) is an expanding set in a manifold M, then it is
a repeller iff there exists U"” a neighbourhood of X in M such that for every
sequence of points v, € U”’, n = 0,—1,—-2,...,—N, where N is any positive
number or oo, such that f(r,) = XTpt1 for n < 0, i.e. for every backward
trajectory in U", there exists a backward trajectory y, € X such that x, €
B(yn,n).

Additionally, if (X, f) is an expanding repeller and f maps X onto X, then
for every xo € U” there exist x,, and y, as above.

Proof. 1If U” is small enough then by the openess of f|x if f(y) = z € X and
y € U” then y € X, compare Proof of Lemma 5.1.2. So, given z,,, defining
Yn = [ (yn+1), starting with yo € X such that p(zo,yo) < & we prove that
yn € X.

Conversely, if f*(z) € U” for all n =0,1,..., then for each n we consider
f™(x), fr1(x),...,z as a backward trajectory and find a backward trajectory
y(n)o,y(n)—1,...,y(n)—, in X such that f*~i(z) € B(y(n)_;n) for all i =
0,...,n. In particular we deduce that p(x,y(n)_n) < nA~". We conclude that
the distance of z from X is arbitrarily small, i.e. x € X.

To prove the last assertion, given only xy we find yg € X close to zg, next
take any backward trajectory y, € X existing by the “onto” assumption and
find x,, = f;nl(ynH) by induction, analogously to finding y, for =, above. &

Remark 5.1.4. The condition after “iff” in this proposition (for N = o0) can
be considered in the “inverse limit”, saying that every backward trajectory in
U” is in the “unstable manifold” of a backward trajectory in X.

Now we shall prove a lemma corresponding to the Shadowing Lemma ?77.
For any two mappings F, G on the common domain A, to a metric space with a
metric p, we write dist(F, G) := sup,c4 p(f(2),g(x)). Recall that we say that
a sequence of points (y;) [-shadows (x;) if p(z;,y;) < B.

Lemma 5.1.5. Let (X, f,U) be an expanding set in a manifold M. Then for
every §: 0 < 8 < n there existe, a0 > 0 (it is sufficient that a+e < (A=1)3) such
that if a continuous mapping g : U — M is a-C®-close to f, i.e. dist(f,g) < a,
then every € — f-trajectory x = o, 1, ..., Tn in U’ can be B-shadowed by at least
one g-trajectory. In particular there exists Xy a compact forward g-invariant
set, i.e. such that g(Xg) C X4, and a continuous mapping hgy : Xg — M such
that dist(hgy,id|x,) < B and hgy(X,) = X.
If g is Lipschitz continuous, then hys is Holder continuous.
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Proof. 1t is similar to that of Shadowing Lemma but needs some more care. If
we treat x;,7 = 0,...,n as an «a + e-trajectory for g we cannot refer to Proof of
Shadowing Lemma because we have not assumed g is expanding.

Let us make however similar choices as there, for 5 < nlet a+e = g(A—1).
Then by Lemma 5.1.1

f(cB(z;,8)) D cB(f(x;),A8), i=0,1,...,n. (5.1.2)

We left it in Proof of Lemma 5.1.1 as an exercise. One proof could use an
integration.

We shall give however a standard topological argument, proving (5.1.2) with
M < X arbitrarily close to A for 3 small enough, using the local aproximation of
f by Df, which will be of use later on also for g. This argument corresponds to
Rouché’s theorem in 1 complex variable (preservance of index of a curve under
small perturbation).

In the closed ball By = clB(x;, 3) for 3 small enough, f is 3(A—\)-C’-close
to Df, (locally it makes sense to compare f with Df using local charts on the
manifold M). To get 3 independent of i we use f being C*.

Hence f and Df are homotopic as maps of the sphere S = 9By to M \ z
for any z € B(f(x;), N (), just along the intervals joining the corresponding
image points. If z were missing in f(B7) then we could project f(Bp) to Sy =
OB(f(z;), N'3) along the radii from z. Denote such a projection from any w by
Py.

P, o fls, : S1 — So is not homotopic to a constant map, because it is
homotopic to P, o D f|s, which is homotopic to P,y o DF|s, by using P, t €
[z, f(z4)], and finally Pj(,,) o Df|s, is not homotopic to a constant because D f
is an isomorphism (otherwise, composing with D f~! we would get the identity
on S homotopic to a constant map).

On the other hand P, o f|g, is homotopic to a constant since it extends to
the continuous map P, o f|p,.

Precisely the same topological argument shows that, setting z,+1 = f(z,),

g(ClB(Z‘“ ﬂ)) o ClB(f(xz)a /\Iﬂ - Oé) )

CIB(Z‘H_l, /\/ﬂ - — 6) D ClB(Q?H_l,ﬁ) 1= 0, 1, ceey N (513)

So the intersection A(x) := ﬂ;":() g7 (clB(z;,3)) is non-empty and the for-
ward g-trajectory of any point in A(x) S-shadows z;,i=0,...,n — 1.
The sequence B(o, ) — f(B(ao, 8)) O Blw1,8) — f(Blx1, ) > Blas, ) —
. is called a “telescope”. The essence of the proof was the existence and the
stability of telescopes.

To prove the last assertion, let ¢ = 0, x; € X and n = co. For the above
sets A(z) = A(x, g, 8) set

X(g.8) = |J Al2.9.8) X, =clX(g, ).

zeX
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Suppose 3 < 7. Then for z,y € X x # y we have A(z) N A(y) = 0 because
the constant of expansiveness of f on X is 2n. This allows to define hys(y) =«
for every y € A(x).

If y € clA(x) then by the definition for every n > 0 f"(y) € clA(f™(x)). This
proves the g-invariance of X, and hyrog = fohgs. The continuity of hys holds
because for an arbitrary n if y,y’ € X(g, ) and dist(y, y’) is small enough, say
less than e(n), then dist(¢?(y), ¢? (v')) < n—p forevery j = 0,1,...,n. e(n) does
not depend on y, ¥’ since g is uniformly continuous on a compact neighbourhood
of X in M. Then dist(f’(z), f/(2')) < 2n, where z = hyt(y), 2’ = hgs(y).
Hence dist(z,z’) < A™"2n. We obtain hgy uniformly continuous on X(g, ),
hence it extends continuously to the closure Xj. &

If g is Lipschitz continuous with dist(y(y) —g(y’)) < Ldist(y,y’), then we set
e(n) := (n — B)L~™. Then, for dist(y,y’) < e(n), we get dist(z,2') < A7"2n =
Me(n)los M 1og L for M = (ﬁ)log AMlogLop In consequence hys is Holder with
exponent log A/ log L.

The existence of hg¢ does not depend on the construction of X,. Namely

the following holds.

Proposition 5.1.6. Let Y be a forward g-invariant subset of U' D X defined in
Lemma 5.1.1, for continuous g : U — M «-close to f. Then, for every 5 :0 <
B < n and for every a: 0 < a < B(\ — 1) there exists a unique transformation
hgr : Y — U such that hgy o g = f o hgr and p(hgs,idly) < 8. (We call such
a transformation hgy a semiconjugacy to the image.) This transformation is
continuous, and p(hgs,idly) < x%5. If gly is positively expansive and 23 is less
than the constant of expansiveness then hyy is injective (called then a conjugacy
to the image Xy). If X is a repeller then Xy C X. If g is Lipschitz, then hgy
is Héolder continuous.

Proof. Each g-trajectory y, in Y is an a- f-trajectory and we can refer to Lemma
5.1.5 for a playing the role of € and ¢ = f. We find an f-trajectory z, such
that p(zn,yn) < /(A — 1) and define hg¢(yn) = x,. The uniqueness follows
from the positive expansivness of f with constant 2n > 23. The continuity can
be proved as in Lemma 5.1.5. &

Proposition 5.1.7. Let (X, f,U) be an expanding set. Then there exists U a
neighbourhood of f in C' topology, i.e. U = {g:U — M : g € C* p(f,g) <
o, ||Df(xz) — Dg(2)|| < a Yz € U}, for a number o > 0, such that for every
g € U there exists an expanding repeller X, for g and a homeomorphism hgy :
Xg — X such that hgg o g = f o hgr on X4 Moreover for each x € X the
function U — M defined by g — x4 := hg_f1 () is Lipschitz continuous, where
U is considered with the metric p(gi,g2) (in C° topology). All hys and their
inverses are Holder continuous with the same exponent and common upper bound
of their Hélder norms.

Proof. For U small enough all g € U are also expanding, with the constant A
maybe replaced by a smaller constant but also bigger then 1 and n, U’ the same.
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Then X, and hgy exist by Lemma 5.1.5. Since g is expanding, hence expansive
on Xg4, hgy is injective by Proposition 5.1.6.
To prove Lipschitz continuity of =4, consider g1, g2 € U. Then

h = hg;lf ° hglf : Xgl - ng

is a homeomorphism, such that p(g1,92) < 2a/(A — 1) < g for appropriate «,
where A is taken to be common for all g € U.

On the other hand by Proposition 5.1.6 aplied to g5 in place of f and g; in
place of g, for the forward invariat set Y = X, there exists a homeomorphism
hg g, 1 Y — Xg, conjugating g1 to go. We have p(hg,4,,1d|x, ) < p(g1,92)/(A—
1). By the uniqueness in Lemma 5.1.5, we have h = hy, 4, hence p(h,id|x, ) <
p(g1,92)/ (A — 1), which yields the desired Lipschitz continuity of zg.

Holder continuity of kg and h;]} follows from Lemma 5.1.5. Uniform Hoélder
exponent results from the existence of a common Lipschitz constant and expand-
ing exponent for g C'-close to f. The uniformity of the Holder norm follow sfrom
the formula ending Proof of Lemma 5.1.5.

Examples

Example 5.1.8. Let f : M — M be an expanding mapping on a compact man-
ifold M, that is the repeller X is the whole manifold. Then f is C'-structurally
stable. This means that there exists U, a neighbourhood of f in C' topol-
ogy, such that for every g : M — M in U there exists a homeomorphism
hgr : M — M conjugating g and f.

This follows from Proposition 5.1.7. Note that X, = M, since being home-
omorphic to M it is a boundaryless manifold of the same dimension as M and
it is compact, hence if I is small enough, it is equal to M (note that we have
not assumed connectedness of M).

A standard example of an expanding mapping on a compact manifold is
an expanding endomorphism of a torus f : T¢ = R?/Z% — T?, that is a liner
mapping of R? given by an integer matrix A, mod Z¢.

Example 5.1.9. Let f: C¢ — C? be the cartesian product of z?’s, that is
f(z1,...,24) = (22,...,22). Then the torus T¢ = {|z| = 1,i = 1,...,d} is
an expanding repeller. By Proposition 5.1.7 it is stable under small C*, in
particular complex analytic, perturbations g. This means in particular that
there exists a topological d-dimensional torus invariant under g close to T<.

Example 5.1.10. Let f.: C — C be defined by f.(z) = 2% + ¢, ¢ =~ 0, compare
Introduction and Chapter 0. As in example v5.1.9., there exists a Jordan curve
Xy, close to the unit circle which is an f.-invariant repeller and a homeomorphic
conjugacy hy, ..

The equation of a fixed point for f. is 22 + ¢ = 2. and if we want a fixed
point z. to be attracting (note that there are 2 fixed points, except ¢ = 1/4) we
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want |f.(z.)| = |2z.] < 1. This means c is in the domain M, bounded by the
cardioid ¢ = —(\/2)? 4+ A/2 for X in the unit circle.

It is not hard to prove that Mg is precisely the domain of ¢ where the
homeomorphisms hy, z, and in particular their domains Xy, exist. Fach Xy _ is
a Jordan curve (Xjy,, f.) is an expanding repeller and the “motion” ¢ — z. :=
h/?ulo(z) is continuous for each z in the unit circle Xy,. In fact Xy is equal to
Julia set J(f.) for f.. At cin the cardioid, a self-pinching of Xy, at infinitely
many points happens. In fact the motion is holomorphic, see Section ?7.

My is a part of Mandelbrot set M where J(f.) is connected. When ¢ leaves
M, Julia set crumbles into a Cantor set.

5.2 Complex dimension 1. Bounded distortion
and other techniques

The basic property is so called Bounded Distortion for Iteration. We have had
already that kind of lemma, Lemma 3.4.2 (Pre- Bounded Distortion Lemma for
Iteration), used extensively in Chapter 4. Here it will get finally its geometric
sense.

Definition 5.2.1. We say that V' an open subset of C or R has distortion with
respect to z € V bounded by C' if there exist R > r > 0 such that R/r < C and
B(z,r) CV C B(z,R).

Lemma 5.2.2 (Bounded Distortion for Iteration). Let (X, f) be a C**¢-ezpanding
set in R or a conformal expanding set in C. Then there exists a constant C' > 0
such that

1. For every x € X and n > 0, for every r < & the distortion of the set
f2M(B(f™(x),r)) with respect to x is less than exp Cr in the conformal case and
less than exp Cr® in the real case.

2.The same bound holds for the distortion of f™(B(z,r")) for any v’ > 0 un-
der the assumption f7(B(z,r")) C B(f’(z),r) for every j =1,...,n. Moreover

3. If y1,y2 € B(x,7") then ﬁgﬁgz;gﬁgfgg : f}gz;‘:; < expCr or exp Cre.

Finally, in terms of derivatives,

4. exp Cr and exp Cr¢ bound the fractions

(7Y @) e
r/diamfg " (B(f™(x),)) diamf™(B(x, ")) /7’

from above and the inverses bound these fractions from below.
vo. Foryi,yz € f;"(B(f"(x),7))

(f") (y1)
= -1/ <Cr or Cre.
)
Proof. Cr and Cr® bound the additive distortions of the functions log |(f™)’| and
Arg(f™) (in the complex holomorphic case) on the sets f™(B(f™(z),r)) and
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B(x,r"). Indeed, these functions are of the form S, for Holder ¢» = log|f’|
or Argf’, see Chapter 3. We use Pre-Bounded Distortion Lemma 3.4.2. To
conclude the assertions involving diameters integrate |(f™)’| or the inverse along
curves. &

In the conformal situation, in C, instead of refering to Lemma ??, one can
often refer to Koebe Distortion Lemma, putting g = f™ or inverse.

Lemma 5.2.3 (Koebe Distortion Lemma in the Riemann sphere). Given € > 0
there exists a constant C = C(g) such that for every A : 0 < A < 1 for every

conformal (holomorphic univalent) map on the unit disc in C to the Riemann
sphere C, g : D — C, such that diam(C\ g(D))gee, for all y1,y2 € \D,

l9'(y1) /9 (y2)] < C(1 = A)*.
diameter and derivatives in the Riemann sphere metric.

One can replace D by any disc B(z,r) C C with diamC \ B(z,r) < ¢ and
Y1, Y2 € B(w, Ar).
This Lemma follows easily from the classical lemma in the complex plane.

Lemma 5.2.4 (Koebe Distortion Lemma). For every holomorphic univalent
function g : D — C for every z € D

1|z _lg'(x) _ 1+

L+ 22 = g'(0) = 1—z)*

Of fundamental importance is the so-called holomorphic motion approach:

Definition 5.2.5. Let (X, px) and (Y, py ) be metric spaces. We call a mapping
f+ X — Y quasisymmetric, if there exists a constant M > 0 such that for all
T,Y,2 € X if px(x, y) = PX(iU, Z)v then pY(f(x)a f(y)) < MpY(f(x)’ f(Z))

In case X is an open subset of a Euclidean space of dimension at least 2, the
name quasiconformal is usually used. In this case several equivalent definitions
are being used.

Definition 5.2.6. Let A be a subset of C. A mapping i)(z) for A € D the unit
disc, and z € A is called holomorphic motion of A if

(i) for every A € D the mapping i, is an injection;

(ii) for every z € A the mapping A — ix(z) is holomorphic;

(iii) 4 is identity (i.e. inclusion of A in C).

Lemma 5.2.7 (Mané, Sad, Sullivan’s A—lemma, see [Mafié, Sad & Sullivan (1983)]).
Let ix(z) be a holomorphic motion of A C C. Then every iy has a quasisym-
metric extension iy : A — C which is an injection, for every z € A the mapping

A\ — ix(2) is holomorphic, and the map D x A > (X, 2) — ix(z) is continuous.
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Note that the assumption that the domain of lambdas is complex is sub-
stantial. If for example the motion is only for A € R, then the lemma is false.
Consider for example the motion of C such that the lower halfplane moves in
one direction, ix(z) = z + A, and the upper (closed) halfplane moves in the
opposite direction, iy(z) = z — A. Then i) is even not continuous. However this
motion cannot be extended to complex lambdas, to injections.

Proof. The proof is based in the following: any holomorphic map of D to the
triply punctured sphere C\ {0, 1, 0o} is distance non-increasing for the hyperbolic
metrics on D and C\ {0, 1,00} (Schwarz lemma). Choose three points of A and
renormalize i (i.e. for each i) compose it with a respective homography) so
that the images by iy of these three points are constantly 0,1 and co. (We can
assume A is infinite, otherwise the Lemma is trivial.)

For any three other point x,y, 2 € A, consider the functions z(\) = ix(z), y(A) =
irx(y), z(A) = ir(z),w(N) = (y(A) — z(X))/y(N\). These functions avoid 0,1,00.
Fix any 0 < m < M < oo. Let y(0) € A and y(0) be in the ring P(m, M) =
{m < |y| < M}. Then |z(0) — y(0)| small implies w(0) small, hence for any
A < R for an arbitrary constant R : 0 < R < 1, the hyperbolic distance between
w(0) and w(A) in C\ {0,1,00} is less than R, hence w(}\) is small. Therefore
x(A) — y(N) is small.

Thus each ¢y is uniformly continuous on AN P(m, M). Moreover the family
ix is equicontinuous for |A| < R

The annulus P(m, M) for m < 1 < M contains 1, so permuting the roles of
0,1,00 we see that the annuli cover the sphere. So iy has a continuous extension
to A. The extensions for |A\| < R are equicontinuous.

Similarly we prove that if |z(0) — y(0)| is large, then xz(\) — y(A) is large.
Therefore these extensions are injections.

To prove i) is quasi-symmetric consider g(\) = % This function also
omits 0,1,00. Assume |g(0)] = 1. Then for |A\] < R < 1 the hyperbolic distance
of g(A) from the unit circle is not larger than R. Therefore |g(A)| is uniformly
bounded for |A| < R.

Note finally that for each z € A the map A + iy(z) is holomorphic as
the limit of holomorphic functions iy(z), z — z,z € A. In particular it is
continuous. So, due to the equicontinuity of the family iy, ¢ is continuous on
D x A. &

Remark 5.2.8. For X C C a topologically mixing expanding repeller for f
holomorphic A-lemma gives a new proof of stability under holomorphic per-
turbations of f to g, see Lemma 5.1.5 and Proposition 5.1.6. One can choose
a periodic orbit P C X and consider A = [J;" ,(f|x)™"(P). Since (X, f) is
topologically exact, see ....., A is dense in X. By Implicit Function Theorem
P moves holomorphically under small holomorphic perturbations g = g of f.
So A moves holomorphically, staying close to X (by the repelling property of
(X, f)). So hsg’s can be defined as iy : X — X,. Due to A\-lemma we conclude
they are quasi-symmetric.
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Remark 5.2.9. The maps i) of the holomorphic motion in Lemma 5.2.7 are
Holder continuous. Moreover, for A € A any compact subset of D, they have a
common Hoélder exponent 3 = 34 and a common norm in Hg.

This follows from Slodkowski’s theorem [Slodkowski(1991)] saying that the
motion iy(z) extends to whole Riemann sphere. Then we refer to the fact
that each quasisymmetric (K-quasiconformal) homeomorphism is Hélder, with
exponent 1/K and uniformly bounded Holder norm, see [Ahlfors(1966)).

5.3 Transfer operator for conformal expanding
repeller with harmonic potential

We consider a conformal expanding repeller, that is an expanding repeller (X, f)
for X € C and f conformal on a neighbourhood of X. This is a preparation to
a study in Chapters 8 and 9.

We consider potentials of the form ¢ = —tlog|f’| for all ¢ real and related
transfer operators L4 on (continuous) real functions on X, see Section 4.2. We
proved in Chapter 4 that £ has unique positive eigenfunction w4 and there exist
mg on X the eigenmeasure of £*, and j14 the invariant Gibbs measure equivalent

to it and wug is the Radon-Nikodym derivative m—i. Our aim is to prove that
ue has a real-analytic extension to a neighbourhood of X.

We begin with the following.

Definition 5.3.1. A conformal expanding repeller f : X — X is said to be
real-analytic if X is contained in a finite union of pairwise disjoint real-analytic
curves.

These curves will be denoted by I" = I'y. Frequently in such a context we
will alternatively speak about real analyticity of the set X.

Theorem 5.3.2. If f : X — X is an orientation preserving conformal expand-
ing repeller, X C C, then the Radon-Nikodym derivative u = ugy = dpy/dmyg
has a real-analytic real-valued extension on a neighbourhood of X in C. If f is
real-analytic, then u has a real-analytic extension on a neighbourhood of X in
I' and complex-valued complex analytic extension on a neighbourhood in C.

Proof. Since f is conformal and orientation preserving, f is holomorphic on a
neighbourhood of X in C. Take r > 0 so small that for every x € X, every
n > 1 and every y € f~"(z) the holomorphic inverse branch f, " : B(x,2r) — C
sending x to y is well-defined.

Suppose first that (X, f) is real-analytic. (We could deduce this case from
the general case but we separate it as simpler.) Take an atlas of real analytic
maps (charts) ¢; : I'; — R for I'; the components of I'; they extend complex-
analytically to a neighbourhood of I' in C. (if T; is a closed curve we can use
Arg)

For z € T; N J(f) we write I'j(;) and ¢;(;). Forall k > 1 and all y € f~%(x)
consider for all z € T'j(z) N B(x, r) for r small enough, the positive real-analytic
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function on @) (B(z,r), for

) (65 ()]

Consider the following sequence of complex analytic functions on z € ¢;(,) (B(x, 7))

()= 3 (U 65(=) exp(-nP(1),

yef—(x)

where P(t) = P(f|x,—tlog|f’|) denotes the pressure.

There is no problem here with raising to the ¢-th power since B(x,r), the
domain of all [(f,™)'| is simply connected. Since the latter functions are positive
in R, we can choose the branches of the t-th powers to be also positive in R. By
Koebe Distortion Lemma (or Bounded Distortion for Iteration Lemma 5.2.2)
for r small enough and every w = B’ := gb;(;)(z) € B(z,r), every n > 1
and every y € f7"(z) we have |(f, ") (w)| < K|(f,; ") (z)|. Hence |gn(2)] <
Kg,(x). Since, by (4.4.2) ¢ = P(t), the sequence g, (x) converges, we see that
the functions {gn|p’ }n>1 are uniformly bounded. So they form a normal family
in the sense of Montel, hence we can choose a convergent subsequence g,,;. Since
gn(z) converges to the uoquf(i) () for all z € XNB', it follows that the g, 0¢;(4)
converges to a complex-analytic function on B(x,r) extending u.

Let us pass now to the proof of the first part of this proposition. That is,
we relax the X-th real analyticity assumption and we want to construct a real-
analytic real-valued extension of u to a neighbourhood of X in C. Our strategy
is to work in C2, to use an appropriate version of Montel’s theorem and, in
general, to proceed similarly as in the first part of the proof. So, fix v € X.
Identify now C, where our f acts, to R? with coordinates z,y, the real and
complex part of z. Embed this into C? with z,y complex. Denote the above
C = R? by Cy. We may assume that v = 0 in Cy. Given k > 0 and v, € f~*(v)
define the function p,, : Bc,(0,2r) — C (the ball in Cy) by setting

= )
N0
Since Bg,(0,2r) C Cy is simply connected and p,, nowhere vanishes, all the
branches of logarithm log p,,, are well defined on Bg, (0, 2r). Choose this branch
that maps 0 to 0 and denote it also by log p,,,. By Koebe’s Distortion Theo-
rem |p,, | and |Argp,, | are bounded on B(0,r) by universal constants Ki, K
respectively. Hence |log py,, | < K = (log K1) + K3. We write

oo
log py,, = Z amz™
m=0

and note that by Cauchy’s inequalities

lam| < K/r™. (5.3.1)
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We can write for z = x + iy in Cy

oo o0
Relog p,, = Re Z am(z+iy)™ = Z Re (aerq <p N q) iq) 2Pyt = Z Cp,qxPyl.
q
m=0 P,q=0

In view of (5.3.1), we can estimate |c, 4| < |aptq|2PT? < Kr~(P+2)2r+4. Hence
Relog py, extends, by the same power series expansion ) ¢p 2Py?, to the poly-
disc D¢2(0,7/2) and its absolute value is bounded there from above by K. Now
for every k > 0 consider a real-analytic function by on Bg,(0,2r) by setting

e(z) = D (") (@) exp(=kP(t)).

v €f7F(0)

By (4.4.2) the sequence by (0) is bounded from above by a constant L. Each
function by extends to the function

Be(z) = > |(f5)(0)['e'Re' o) exp(—kP(1)).
v €EFTR(0)

whose domain, similarly as the domains of the functions Relog p,, , contains the
polydisc D¢2(0,7/2). Finally we get for all £ > 0 and all z € D¢2(0,r/2)

Br(z)l = > (1) (0)]feReURetosrn (D) exp(—kP(t))
v €fk(0)

< D D) efRers o Ol exp(—kP(t))
v €f~F(0)

< T |(£,5) (0)Fexp(—kP(t) < XL
v €f~F(0)

Now by Cauchy’s integral formula (in D¢z(0,7/2)) for the second derivatives we
prove that the family B,, is equicontinuous on, say, D¢2(0,7/3). Hence we can
choose a uniformly convergent subsequence and the limit function G is complex
analytic and extends v on X N B(0,r/3), by (4.4.2). Thus we have proved that
u extends to a complex analytic function in a neighbourhood of every v € X in
C?, i.e. real analytic in Cg. These extensions coincide on the intersections of the
neighbourhoods, otherwise X is real analytic and we are in the case considered
at the beginning of the proof. see Chapter 9, Lemma 7?7 for more details &

In Theorem ?? we wanted to be concrete and considered the potential func-
tion —tlog|f’| (normalized). In fact we proved the following more general the-
orem

Theorem 5.3.3. If f : X — X is an orientation preserving conformal expand-
ing repeller, X C C and ¢ is a real-valued function on X which extends to a
harmonic function on a neighbourhood of X in C, then uy = due/dmy has a
real-analytic real-valued extension on a neighbourhood of X in C.
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Proof. We can assume that pressure P(f,¢) = 0. As in the previous proof
choose 0 € X Assume that 7 is small enough that all v, € f7%(0) and all
k=1,2,... all the branches f~* on B(0,r) and the compositions ¢ o f~* exist
and are bounded by a constant K > 0. They are harmonic as the compositions
of holomorphic functions with harmonic ¢. We have

()= > eSHOE) < 2K N S00) < 2K

vp €f7F(0) vr€f7(0)
where L = sup;, £4"(11)(0)
functions u,, = Sk(¢)(z)
define Si(¢)(2) = 1 S(f*(f,4(2).

This version of (5.3.1) follows from Poisson formula for harmonic functions
Uy,,, which are uniformly bounded on B (0,7) due to the uniform exponential
convergence to 0 of |f~%(0) — f~*(2)| as i — oco. See for example Harnack
inequalities in [Hayman & Kennedy (1976), Section 1.5.6 Example 2]. &

k We have used the estimate (5.3.1) for harmonic

— Sk(6)(0) = S2°°_ amz™, where for each vy we

m=0

Remark 5.3.4. Proofs of Theorem 5.3.2 and Theorem 5.3.3 are the same. In
Theorem 5.3.2 we explicitly write complex analytic power series extension in
C? of log|(f~*)'|, whereas in Theorem 5.3.3 we observe that a general har-
monic function is real-analytic and discuss in particular its domain in complex
extention. For a more precise description of domains of complex extensions of
harmonic functions (in any dimension) see [Hayman & Kennedy (1976), Section
1.5.3]; more references are provided there.

Remark 5.3.5. A version of Theorem 5.3.3 holds in the real case (say if X
is in a finite union of pairwise disjoint circles and straight lines), with finite
smoothness.

Namely, if we assume the potential ¢ is O™ for r > 1,0 < ¢ < 1 and
r 4+ ¢ > 1, then for m the density uy of the invariant Gibbs measure p, with
respect to the eigenmeasure my of £, see the beginning of this Section, is C"*¢.

For a sketch of theproof see Chapter 6, Section 6.4 and Exercise ?7. See also
[Boyarsky & Goéra (1997)].

5.4  Analytic dependence of transfer operator
on potential function

In this section we prove a fundamental theorem about analytic dependence of
transfer operators on real Holder potentials and then we derive some conse-
quences concerning analytic dependence of pressure with respect to potential
and conformal expanding map (repeller) depending analytically on a parame-
ter. We will apply Mané, Sad, Sullivan’s A—lemma, see Section 5.2. In Chapter
8 we will deduce analytic dependence of Hausdorff dimension of a conformal
expanding repeller, on parameter.
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Let T be a continuous open topologically mixing distance expanding map
on a compact metric space (X,p), cf. Chapters 3 and 4. For every point
x € X define Hg,; to be the Banach space of complex valued Hélder continuous
functions with exponent 3, whose domain is the ball B(z, ) with 6 > 0 so small
that all the inverse branches of T" are well defined on B(z, ), for example § < &
in Chapter ??. The Holder variation 93 and the Hélder norm || - ||z = || - ||n,
are defined in the standard way, see Ch. 3.1.

Let L(F) and L(Fi, F>) denote the spaces of continuous linear operators
from F to itself or from F} to Fy respectively, for F, F, F» Banach spaces.

For every function ® : G — L(Hg) and every x € X define the function
F,:G — L(Hg, Hp,x) by the formula

Q. (N)(¥) = 2(N)(¥)|B(2,5) -

Sometimes we write ®(A).
We start with the following.

Lemma 5.4.1. Let G be an open subset of a complex plane C and fix a function
® : G — L(Hg). If for every x € X the function ®, : G — L(Hg, Hpx) is
complex analytic and sup{||®,(\)||g : z € X : A € G} < 400, then the function
& : G — L(Hg) is complex analytic.

Proof. Fix A\’ € G and take > 0 so small that the disc centered at \° of radius
r, D(A\%,r), is contained in G. Then for each z € X

() =D azn(A=A0)" A€ D,r).
n=0

with some a,,, € L(Hg, Hp;z), convergence in the operators norm.
Put M = sup{||®,(N)||g: z € X : A € G} < +o0. It follows from Cauchy’s
inequalities that
llaz,nllg < Mr™". (5.4.1)

Now for every n > 0 define the operator a,, by
an(9)(2) = azm((b)(z)a $» € Hg, z€X.
Then
lan (@)oo < llaznllcolllloo < [laznllsllolls- (5.4.2)
Now, if |z — z| < §, then for every ¢ € Hg and every w € D(x,d) N D(z,9),

D awn(@) W)X = X0)" = (B (N)(9))(w) = (BA)($)(w) = (2(V)(9))(w)
n=0

=3 aen(@)(@)(h - X0
n=0
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for all A € D(A% 7). The uniqueness of coefficients of Taylor series expansion
implies that for all n > 0,

Ay n (¢) (’LU) = Qzn (¢) (’LU) .

Since z, z € D(x,0) N D(z,4), we thus get, using (5.4.1),

04(0)(2) — an(@)(@)] = a20(B)(2) — an (@) (@)] = [a.0(0)(2) — .n (&) (@)
< llazn(@)llsle - 21° < llaz.allsllgllsle - =1
< Mr="|gl|gle — =I°.

Consequently, 9g(an(¢)) < Mr~"||¢||g. Combining this with (v5.4a.2), we
obtain ||an(¢)|lg < 2Mr~"||¢||g. Thus a, € L(Hp) and ||an|lg < 2Mr~".

Thus the series -
> an(A=A0)"
n=0

converges absolutely uniformly on D(A%,7/2) and || Y07 j an(A—A%)"||3 < 2M
for all A € D(X\°, r/2). Finally, for every ¢ € Hp and every z € X,

(D anh =AY (0)(2) = D an(@)()A = A" = 3 aca(@)(2)A = X"
n=0 n=0 n=0

= (X aad =2)")(6)(2) = 2N (9)(2)
n=0
= (@()9)(2).

So, ®(A) (@) = (DXonrgan(X— A%)™) (¢) for all ¢ € Hg, and consequently, ®(X) =
S o an(A =A%, X € D(A%,r/2). We are done. &

The main technical result of this section concerns the analytic dependence
of transfer operator L4, , on parameter A, is the following

Theorem 5.4.2. Suppose that G is an open subset of the complex space C?
with some d > 1. If for every A € G, ¢ : X — C is a B-Hélder complex valued
potential, H = sup{||¢x|lg : A € G} < oo, and for every z € X the function
A= ¢r(2), A € G, is holomorphic, then the map X\ — Ly, € L(Hg), X € G, is
holomorphic.

Proof. We have for all A € G and all v € X that
[lexp(da 0 Ty H)lloe < €', (5.4.3)

where T is the branch of T~! on B(T(v),d) mapping T(v) to v, compare
notation in Chapter ?7?7. In virtue of Hartogs Theorem in order to prove our
theorem, we may assume without loss of generality that d = 1, i.e. G C C.
Now fix A\ € G and take a radius r > 0 so small that B(\°,7) C G. By
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our assumptions the function A — exp(¢x o T, (2)) is holomorphic for every
z € B(T(v),9). Consider its Taylor series expansion

exp(¢x o T, 1(2)) = Z aon(2) A=A Xe B(\%,r).
n=0

In view of Cauchy’s iequalities and (5.4.3) we get
|avn(2)] < er7, (5.4.4)
and, for w, z € B(T'(v),d), using also Cauchy’s inequalities,
v (w) = avn(2)] <777 sup [exp(¢a o Ty (w)) — exp(pr 0 T, (2))]
<érMw — 2|P, (5.4.5)

where ¢ is a constant depending only on 7" and H. Take an arbitrary ¢ € Hg
and consider the product a, ,(z) - (T, (z)). In view of (5.4.4) and (5.4.5), we
obtain

|avn ()T (W) = aun(2)B(T; 1 (2))] <
< Javn(w) = av,n(2)] - l0lloo + lavn(2)] - [|8]15 L% lw — 2|7
<r e+ e LO)|¢llplw — 21
= e "|gl]slw — 217,

where ¢; = ¢(14 L?) and L is a common Lipschitz constant for all branches 7!
coming from the expanding property. Combining this and (5.4.4) we conclude
that the formula N, ,¢(2) = ay(2)¢(T, 1 (2)) defines a bounded linear operator

v

Nyt Hg — Hg.y, where z = T'(v), and
INoalls < (e +é)r

Consequently the function A — N, ,(A — X°)", X\ € B(A\%,r/2), is analytic and
[|[Non(A = A0)7||5 < 27"(ef + é1). Thus the series

oo

Aro = Nyn(A=2)", A€ D(X,r/2),

3

n=0

converges absolutely uniformly in the Banach space L(Hg, Hgz), ||[Arollp <
2(eff +¢;) and the function A — Ay, € L(Hg, Hg.z), A € B(A,r/2), is analytic.
Hence, Lyz =3 cp1(x) Arw € L(Hp, Hpia),

152l < 2N(T)(e" + 1),
where N(T') is the number of preimages of a point in X, and the function

A= Lz, A€ DA% 7/2), is analytic. Since £y, = (Lg, )z, invoking Lemma
5.4.1 concludes the proof. &
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Now consider an expanding conformal repeller (X, f,U), in C, f : U — C
conformal, preserving X, T = f|x, and holomorphic perturbations fy : U — C,
A € A, where A is an open subset of C%, fro = [ for some Ao € A. Let
in : X — X, be the corresponding holomorphic motion coming from Lemma
5.2.7 and Remark 5.2.8 (d > 1 does not cause problems).

Our goal is to prove that the pressure function (A, t) — P(X,t) = P(fx, —tlog|fi]) €
R for t € R, is real-analytic. The idea is to consider potentials ¢y = —tlog|f}|o
ix: X >R, (\t) € A xR, to embed them into a holomorphic family to satisfy
the assumptions of Theorem 5.4.2 and then to use Kato’s theorem for perturba-
tions of linear operators. Indeed, by Lemma 5.2.7, for every z € X, the function
A= W (A) =log|fi(ir(2))| —log|f'(2)| is harmonic on A and ¥, ()\g) = 0. Fix
r > 0 so small that B(Ag,2r) C A. Then

M =sup{|¥,|: (2,A) € X x B(A\o,7)} < +00.

So, each function ¥, extends holomorphically to A € Bgza(Ag, 7/2), we will use
the same symbol ¥, for this extension, and

My =sup{|¥.(N)] : (z2,\) € X X Bgza(Ao,7/2)} < +00.

Since all the functions iy, A € B()\g,r), are Holder continuous with a common
Holder exponent, say 3, and common Hoélder norm for the exponent 3, see
Proposition 5.1.7 or Remark 5.2.9, an easy application of Cauchy inequalities
gives that for all A € Bg2a(Ag,7/2) the function z — W, () is Hélder contin-
uous with the exponent 8 and the corresponding Holder norms are uniformly
bounded, say by Ms. Thus the potentials

dxe(z) = —tU,(\) + tlog|f' ()], (A t) € Beaa(Xo,7/2) X U,

for any bounded U C C, satisfy the assumptions of Theorem 5.4.2 and for
all (\,t) € B(X\o,7/2) x R, we have ¢y, = —tlog|f] oix|. As an immediate
application of this theorem, we get the following.

Lemma 5.4.3. The function
(A t) = Ly, , € L(Hp), (A\t) € Beza(Ao,7/2) x C,
is holomorphic.

Since for all (A, t) € B(Xo,7/2) xR, exp(P (A, t) is a simple isolated eigenvalue
of Ly, , € L(Hp) depending continuously on (A, ), it follows from Lemma 5.4.3
and Kato’s perturbation theorem for linear operators that there exists a holo-
morphic function v : Beza(Ag, R) x C — C (R € (0,r/2] sufficiently small) such
that (A, ) is an eigenvalue of the operator Ly, , for all (A,t) € Be2a(Ag, R) x C
and y(\,t) = exp(P(A,t)) for all (\,t) € B(Ag, R) x R. Consequently, the
function (A, t) — P(A\ ), (A1) € B(Ao, R) x R, is real-analytic, and as real
analyticity is a local property, we finally get the following.

Theorem 5.4.4. The pressure function (A, t) — P(fr,—tlog|fi]), t € R, is
real-analytic.
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Lemma 5.1.2 and Proposition 5.1.3 establishing the equivalence of various prop-
erties of being a repeller for an expanding set, corresponds to the equivalence
for hyperbolic subsets of properties “local product structure”, being “isolated”
and “unstable set” being union of unstable manifolds of “individual trajecto-
ries”, see [Katok & Hasselblatt (1995), Section 18.4]. For the theory of hy-
perbolic endomorphisms, in particular in the inverse limit (backward trajecto-
ries) language, as in Remark 5.1.4, see [?] and [?]. In [?] some examples of
Axiom A endomorphisms, whose basic sets are expanding repellers, are dis-
cussed. The example 5.1.9 was studied by M. Denker and S.-M. Heinemann in
[Denker & Heinemann (1998)].



Chapter 6

Cantor repellers in the line,
Sullivan’s scaling function,
application in Feigenbaum
universality

The aim of this Chapter is to study thoroughly Cantor sets in the line with
expanding maps on them. After very general previous chapters we want for a
while to concentrate on the real one-dimensional situation, i.e. fractals in the
line. Starting from Chapter 8 we shall mainly work with the one-dimensional
complex case (conformal fractals) the main aim of this book. Some consideration
from this Section will be continued, including the complex case, in Chapter 9.

In Section 6.1 we supply a 1-sided shift space ¥¢ (see Ch. 3.2 or 4.2) with
ambient real one-dimensional differentiable structures, basically C**¢, (Holder
continuous differentials). In Subsection 6.2 we ask when the shift map extends
C'*¢ to a neighbourhood of the Cantor set—an embedding of % into a real
line. In case it does, we have a C'*¢ expanding repeller, see the definition
at the beginning of Chapter 5. There a scaling function appears, which is a
complete geometric invariant for the C*¢-equivalence (conjugacy). It happens
that scaling functions classify also C"T¢ equivalence classes for C"+t¢ Cantor
expanding repellers, for all r = 1,2,...,00, 0 < e < 1,74+ ¢ > 1 and for the
real-analytic case. Section 6.3 is devoted to that (for € > 0, for € = 0 see Section
6.4). However scaling functions “see” the smoothness of the Cantor repeller,
namely the smoother the differentiable structure the less scaling functions can
occur, see examples at the end of Section 6.2 and Section 6.4.

In Section 6.5 we define so-called generating families of expanding maps. It
is a bridge towards Section 6.6, where Feigenbaum’s universality, concerning the
geometry of the Cantor set being the closure of the forward trajectory of the
critical point of the quadratic-like map of the interval will be discussed.

175
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While the proofs in Sections 6.1-6.5 are written very detaily, Section 6.6
has a sketchy character. We do not involve much in the theory of iterations
of maps of the interval. We refer the reader to [Collet & Eckmann (1980)] and
[de Melo & van Strien (1993)].

For the universality see [Sullivan (1991)] and [McMullen(1996)], where the
key theorem towards this, namely the exponential convergence of renormaliza-
tions has been proved, with the use of complex methods. (For more references
see Notes at the end of this Chapter.)

In section 6.6 we just show how the exponential convergence yields the C1+¢
equivalence of Cantor sets being closures of postcritical sets.

Most of this Chapter is written on the basis of Dennis Sullivan’s paper
[Sullivan (1988)], completed by the paper by F. Przytycki and V. Tangerman
[Przytycki & Tangerman (1996)] .

6.1 (C'*-equivalence

For simplicity we shall consider here only the class H of homeomorphic embed-
dings of X7 into unit interval [0, 1] C R such that the order is preserved, i.e. for
h:3 - Rifa=(a,0,...),8=(5,51,...) € X% a; =G forall j <n
and @, < B, then h(a) < h(8). In Section 6.5 we need to consider more general
situations but the basic facts stay precisely the same.

Consider an arbitrary h € H. For every jo,j1,...,jn € {1,...,d},n >
0 denote by Ij,, ... ;. the closed interval with ends h((jo,j1,...,4n,1,1,1,...))
and h((jo,Jj1,---,Jn,d,d,d,...)). The interval [h((1,1,...)),h((d,d,...))] will
be denoted by I. For j, < d denote by Gj,, . ;. the open interval with the
ends h((jo, J1,- -+ Jn,d,d,d,...)) and h((Jo, j1,- - -, jntl, 1,1,1,...)) , the letters
G stand for gaps here because of the disjointness with h(X?). Denote E, =
Uto,....jn) Lioserrin- We see that h(X4) is a Cantor set (o, En.

Definition 6.1.1. Given h € H and w = (jo,Jj1,...,Jn) where each j; €

I, i+1l
{1,...,d} we call the sequence of numbers A;(h,w) = "Iﬁl for j odd,
G, il

Aj(h,w) = ﬁ for j even, j = 1,...,2d — 1, the ratio geometry of w, (] - |
denote lengths here). The ratio geometry is the function w — (A;(h,w),j =
1,...2d - 1).

Definition 6.1.2. We say h € H has bounded geometry if the ratios A;(h,w)
are uniformly, for all w,j, bounded away from zero. We denote the space of
h’s from H with the bounded geometry by Hb. We say h € H has exponential
geometry if |1, ;.| converge to 0 uniformly exponentially fast in n and not
faster. We denote the space of h’s from H with the exponential geometry by
‘He. Observe that He D Hb.

Definition 6.1.3. Given hy, hy € H we say they have equivalent geometries if
Aj(hi,w)

Ay w) COTVErge to 1 uniformly in length of w. We say h1, ho have exponentially



6.1. C'"e-EQUIVALENCE 177

equivalent geometries if the convergence is exponentially fast with the length
of w.

One can easily check that the exponential geometry is the property of the
geometric equivalence classes and that the bounded geometry property is the
property of the exponentially equivalent geometry classes.

Definition 6.1.4. We say that hi,hy € H are C'T5-equivalent if there exists
an increasing C''*¢-diffeomorphism ¢ of a neighbourhood of h;(X%) to a neigh-
bourhood of hy(X4) such that Blpy(nay 0 h1 = ha. We call ¢|p,, (say the canonical
conjugacy, as it is uniquely determined by h; and hs. So C"T¢ means that the
canonical conjugacy extends C™¢.

Each class of equivalence will be called a C'*+e-structure for ¢. These defi-
nitions are valid also for C1*¢ replaced by C"*¢ for every r = 0,1, ...,00,w,0 <
e < 1. For ¢ = 0 this means the continuity of the r-th derivative (however,
we shall usually assume € > 0), for 0 < e < 1 its Holder continuity, for ¢ = 1
Lipschitz continuity. w means real-analytic.

Proposition 6.1.5. Let hi,hy € H. Then if they are C'-equivalent, they have
equivalent geometries.

We leave a simple proof to the reader. Also the following holds

Theorem 6.1.6. Let hy,hy € He. Then hy, hy are C'te-equivalent for some
e > 0 if and only if h1 and he have exponentially equivalent geometries.

Proof. We shall use the fact that a real function ¢ is C'T*-smooth if and only
if there exists a constant C' > 0 such that for every x <y < z

oy) —o(z)  o(2) — 9(y)
y—x Z—y

< C(z -2 (6.1.1)

(this is an easy calculus exercise).
Suppose there exists a diffeomorphism ¢ as in the definition of the equiva-
lence. As ¢ is a diffeomorphism we can write (6.1.1) for it in a multiplicative

form and obtain for each w = (j1,52,...,jn) and j = 1,...,d and intervals
for hy
Iw' I)
[ J|/|¢( vl — 1| < Const |I,,|° (6.1.2)
Hwjl = [l

and the analogous inequalities for the gaps. Changing order in this bifraction

we obtain % converging to 1 exponentially fast with n, the length of w.

We have used here the assumption hy € He to get |I,| < exp —dn for some
6 > 0. Thus we proved the Theorem to one side. Using Sullivan’s words we
proved that the ratio geometry is determined exponentially fast in length of w
by the C1*é-structure.

Now we shall prove Theorem to the other side. Let us fix first some notation.

For every m > 0 denote by G the set of all intervals I, ;... ;.. and Gj, ... jm -
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We must extend the mapping hg o hy ' : hy (%) — ha(X? to a mapping ¢ on
all the gaps G, for hy. (We could use Whitney Extension Theorem, see Remark
6.1.7, but we will give a direct proof)). The extension will be denoted by ¢.
For each two points v < v on which ¢ is already defined we denote w by
R(u,v). We shall use also the notation R(J) if u,v are ends of an interval J.

Given G, ji,,....j» With the ends a < b we want to have the derivatives

n

¢'(a) = lim R(Jm(a)),  ¢'(b) = lim R(Jm (b)) (6.1.3)
where Jp,(a), Jn(b) € G™,m > n, all J,(a) have the right end a and all J,,,(b)
have the left end b.

It is easy to see that the limits exist are uniformly bounded and uniformly
bounded away from 0 for all G’s. This follows from the following distortion
estimate (compare Section ?7):

For every jo,...,jm if J C 1. 4, =1 and J € G*, k > m then

‘% - 1‘ < Const exp —md (6.1.4)
Here 6 is the exponent of the assumed convergence in the notion of the exponen-
tial equivalence of geometries. This property can be called bounded distortion
property, compare Section 77.

To prove (6.1.4) observe that there is a sequence I, ;. = Jm D Jmt1 D
-++ D Jy = J of intervals such that .J; € G/ and by the assumptions of Theorem

R(1;)
R(Ij-1)

1— Const exp—(j —1)§ < ‘ <1+ Const exp—(j —1)6

We obtain (6.1.4) by multiplying these inequalities over j =m +1,... k.
If x € Ij,,....j,, =1 is the end point of any gap, then

‘ ¢'(z)
R(I)

1‘ < Const exp —md (6.1.5)

(In fact o can be any point of h1(3X%) in I but there is no need to define here ¢’
there except ends of gaps. Compare Remark ?7.)

To get (6.1.5) one should consider an infinite sequence of intervals containing
x and consider the infinite product over j =m +1,...

Later on we shall use also a constant € > 0 such that for every s > 0

—sd < Const inf |J|°. 6.1.6
exp —sd < Cons Jlgg3| | ( )

Such an € exists because by the exponential geometry assumption inf jegs |J|

cannot converge to 0 faster than exponentially.

We can go back to our interval (a,b). We extend ¢’ linearly to the interval

[a, ¢+2] and linearly to [%E,b], continuously to [a,b]. Moreover we care about
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choosing ¢'(%£2) = t such that f[a,b] @' (x)dz = ¢(b)—¢p(a). But our gap Gy,

is in the interval I, . ;. , so by (6.1.5)
R(a,b) ‘
— 1| < Const exp—(n—1)d
Ein Pl
and the same for ¢'(b). This and the computation
Sy &' (@)dz 1 ‘(@) +t  ¢'(b)+1t 1
R(ab) = 228 T L ) POE TOIEL 0y = L@@y o )20
—a 2 2 2 4
show that
t t
—1|,|—== — 1| < Const exp —nd. 6.1.7
EoRRiroR (o4

In particular ¢ > 0, hence ¢ is increasing.

Now we need to prove the property (6.1.1). It is sufficient to consider points
x,y, 2z in gaps because hi(X¢) is nowhere dense.

We shall construct a finite family A(z,y) of intervals in (J;_, G™ “joining”
the gaps in which « and y lie. Suppose = < y and let n be the largest integer
such that z,y belong to the same element of G™. If z,y belong to different
elements of G° we take n = —1.

If z,y belong to a gap Gj,.. ;, then A(z,y) is empty. If they belong to
I;,...j. then they belong to different intervals J(z,n + 1), J(y,n + 1) of G"*1.
We account to A(z,y) all the intervals in G"*! lying between J(x,n + 1) and
J(y,n+1) excluding J(x,n+ 1) and J(y,n + 1) themselves. We shall continue
with J(x,n + 1), the procedure for J(y,n + 1) is analogous.

If J(z,n+ 1) is a gap we end the process, nothing new will be accounted to
A(x,y) from this side. In the opposite case we account to A(x, y) all the intervals
of G"*2 in J(x,n + 1) to the right of x not containing x and denote this one
which contains x by J(z,n + 2). We continue this procedure by induction until
J(x,m) is for the first time a gap.

Thus the “joining” set A(z,y) has been constructed.

Consider first the case A(z,y) = 0. It is easy to see that then both z,y
belong to Gj,.... ;.. Suppose z,y € (a, “T'H’] where a,b are ends of the gap and
t will be the value of ¢’ in the middle, as in the notation before. For u € [z, y]
by the linearity of ¢’ and using (5.4.6) we obtain

MH —¢'(a)] < Const (u=2)

/ p—
— b_a¢(a)exp no.

|6/ () — ¢/ ()] <

Next using the fact that ¢’(a) is uniformly bounded and by (6.1.6) we get

R(z,y) = - ¢ (u)du/(y —x) < ¢'(x)(1 + Const i_ z(b —a)?)

< ¢(x) (1 + Const (y — x)€> (6.1.8)




180CHAPTER 6. CANTOR REPELLERS IN THE LINE, SULLIVAN’S SCALING FUNCTION, APPL

and the analogous bound from below. The case z,y are to the right of a£%

can be dealt with similarly. We can also write in (6.1.8) ¢'(y) instead of ¢’ (x).
Finally if # < % < y we obtain (6.1.8) by summing up the estimates for
(z, %4] and [442, y).

Consider the case A(z,y) # 0. Let m > n be the smallest integer such that
there exists Jj,,... 5., € A(z,y) N G™, (J can be I or G what means it can be a
gap or non-gap).

Denote the right end of the gap containing x by z’ and the left end of the
gap containing y by y’.

We obtain with the use of (6.1.4)

o) 19
R(x',y) = E{:iA;;y) |) |f]|)| < R(Ij,,...jm_1)(1+ Const exp—(m — 1)J).

cA(z,y

(6.1.9)

We used the fact that all J € A(x,y) arein I, . . ,. By (5.4.6) we obtain

¢'(a') < R(Ij,....j, )(1 + Const exp —md).
From these and the analogous inequalities to the other side we obtain finally

! /
‘Lq(;(’?) — 1‘ < Const exp—md < Const (y' — ). (6.1.10)
x

The similar inequality holds for ¢/’ (y).
We will conclude now. By (6.1.8) and (6.1.10) each two consecutive terms
in the sequence

¢'(x), R(z,2"),¢'(2"), R(z",y/), ¢'(v), R(y', ). &' (y)

have the ratio within the distance from 1 bounded by Const (y — z)°. So

’R(x, y)
¢ (y)

Recall now that to prove (6.1.1) we picked also a third point: z > y. If y, z
play the role of previous x,y we obtain

- 1} < Const (y — x)° (6.1.11)

Rly.2) onst (z —y)°
‘ ¢'(y) 1‘< Const (& =)™
So Rz.y)
Yy €
R(y.2) —1} < Const (z —x)°.

Using the uniform boundness of R’s we obtain this in the additive form i.e.
(5.4.1). Theorem is proved.

Remark 6.1.7. One can shorten the above proof by refering to Whitney Ex-
tension Theorem (see for example Section 7.2).
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Indeed, one can define ¢/(z) for every x € h(X4), z = _, by the
formula (as (6.1.3)) ¢'(z) = im R(Lj,,... j..)-
Then the estimate (6.1.8) for all z,y € hy(X?), rewritten as

Ijo

seesJm?

$(y) = ¢(z) + ¢'(2)(y — 2) + O(ly — |+

which, together with Holder continuity of ¢’ with exponent ¢ (see (6.1.5) and
(6.1.6)) are precisely the assumptions for the Whitney Theorem, that asserts
that ¢ has a C'*¢ extention.

Remark 6.1.8. It is substantial to assume in Theorem 5.4.3 that the conver-
Aj(hi,w) 1i al i h . all .
gence z gy — 1S exponential 1.e. the geometries are exponentially equiva-

lent. Otherwise ¢'(a) in (6.1.3) may not exist.
To prove the existence of ¢/ on hy(X?), the uniform convergence of the

finite (in case they end with expressions involving gaps) or infinite products

A7n+1(h17(j07---7jn)) : .
' : —<- 1s sufficient.
I & OaGor oy 18 sufficient

Remark 6.1.9. For each hy, hy € H the order preserving mapping ¢ : hy (%) —
ha(29) is quasisymmetric (see Definition ??). The equivalence of the geometries
is equivalent to the 1-quasisymmetric equivalence, cf. Exercise ?77.

Example 6.1.10. It can happen that above ¢ : hy(%¢) — ha(X?) is Lipschitz
continuous but all extensions are non-differentiable at every point in hy(X%).

Let h; : X3 — R be defined by h1((jo,...)) = a =: .a1az ... in the develop-
ment of @ in base 6, where

as=0if js=1,a,=2if js =2 and as =5 if j, =3 for hy

and

as=0if js=1,a,=3if js =2 and as =5 if j, =3 for hs

insert Figure

In the case ¢ conjugates expanding maps on the circle this cannot happen.
For example Lipshitz conjugacy has points of differentiability hence by expand-
ing property of, say analytic, maps involved, it is analytic (see Chapter 8). For
Cantor sets, as above, if they are non-linear (see Chapter 9 for definition), then
¢ Lipschitz implies ¢ analytic. However for linear sets, as in this example, an
additional invariant is needed to describe classes of C1T¢-equivalence, so-called
scaling function, see the next Subsection 6.2.

6.2 Scaling function. C'**-extension of the shift
map

Until now we have not discussed dynamics . Recall however that we have on
%4 the left side shift map s(jo,j1,...) = (j1,...). We ask for a condition about
the ratio geometry for h € H under which s, more precisely hosoh™!, extends
C'*¢ to a neighbourhood of h(X%).
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Definition 6.2.1. For the ratio geometry of h € H we consider the sequence
of functions to R24~1

S"(j*”""vjfl) = (Sn(j,n,...,j,l)j,j =1,...,2d — 1) =
(Aj(h7 (jfna-uyj—l)),j = ].,. ..,2d— ]_)

We call this a scaling sequence of functions. The limit
S( . 7].*27]'71) = lim Sn(jfnv cee 7].71)
n—oo

if it exists, is called scaling function. By the definition

2d—1 2d—1

POEACTEDBEOTESE

Let us discuss now the domain of S;,, S. These functions are defined on one-
sided sequences of symbols from {1,...,d} so formally on £¢. We want to be
more precise however.

Consider the natural extension of ¢ i.e. 2-sided shift space ¢ = {(.. -
,4-1,J0,J1,---)}. Then S can be considered as a function on 4 but for each
(...,j-1,70,71,---) depending only on the past (...,j_2,7-1). The functions
S, depend only on finite past.

Definition 6.2.2. The domain of S and .5, is the factor of 24 where we forget
about the present and future, i.e. we forget about the coordinates jo, ji,....
We call this factor dual Cantor set and denote by X%, The range of S and S,, is
the 2d — 2-dimensional simplex Simp,,;_, being the convex hull of the d points
(0,...,1,...,0), with 1 at the position j = 1,2,...,d.

Thus S is not a function on h(X%) but if we consider h(3¢) with the shift
map hosoh~! then we can see the dual Cantor set, i.e. the domain of S and
S, , as the set of all infinite choices of consecutive branches of (hosoh™1)~!
on h(%9).

Remark that if instead of (h(X4), hosoh™1) we considered an arbitrary, say
distance expanding, repeller we could define backward branches only locally, i.e.
there would be no natural identification of fibres of the past over two different
distant points of the repeller.

Proposition 6.1.5 yields

Proposition 6.2.3. If hi,hy € H are C'-equivalent and there exists a scaling
function S for hi, then hy has also a scaling function, equal to the same S.

In particular this says that C'-equivalence preserves scaling function. Note
that this is not the case for Lipschitz equivalence, see Example 6.1.10.
From Theorem 6.1.6 we easily deduce the following



6.2. SCALING FUNCTION. C'*¢-EXTENSION OF THE SHIFT MAP 183

Theorem 6.2.4. If h € He and hosoh™! extends to a C'T¢-mapping s, on
a neighbourhood of h(X?%) then
Sn

— 1
SnJrl

,  the convergence is uniformly exponentially fast. (6.2.1)

Conversely, if h € H and (6.2.1) is satisfied then h € He and hosoh™!.

Proof. Consider the sets ¢ = {a € X% : ag = i} for i = 1,...,d. Each
¢ can be identified with %¢ by L;((cg,1,...)) = (i,a0,1,...). Of course
hi:=hoL; € H. Denote hosoh™!: h(X¢) — h(X9) by s;. We have s;0h; = h.

So by Theorem 6.1.6 all s; extend C*¢ iff %

exponentially fast in length of w These ratios are equal to

converge to 1 uniformly
A'(hrw) 3 Sn
A;(h,iw) 1.€. Sniy1’
being the length of w. So we obtain precisely the assertion of our Theorem.
To apply Theorem 6.1.6 we used the observation that (6.2.1) easily implies
h € Hb (by a sort of bounded distortion for iterates of h o so h~! property), in

particular h € He, see Proposition 6.2.9. &

n

Example 6.2.5. Note that s, of class C17¢ (even C*) does not imply h € He.
Indeed, consider h such that s, has a parabolic point, for example sp(x) =
z+6x2 for 0 <z <1/3and sp(z) =1-3(1—=z) for 2/3 <z < 1.

Remark 6.2.6. The assertions of Theorems 6.1.6 and 6.2.4 stay true if each
Cantor set is constructed with the help of the intervals I, ... ;. as before but we
do not assume that the left end of I, .. ;. 1 coincides with the left end of I, ... ;.
and that the right end of I, .. j, 4 coincides with the right end of I, .. ;-

So there might be some “false” gaps in I}, ... ;, to the left of I;, . ;. 1 and to
the right of I, ... j,.,4- In the definitions of bounded and exponential geometry we
do not assume anything about these gaps, they may shrink faster than exponen-
tially as n — oo. But whereever ratios are involved, i.e. in A;(h1,w), A;(ho, w)
in Theorem 6.1.6 or S, .S;, in Theorem 6.2.4 we take these gaps into account, so
j=0,1,...,2d.

The condition sufficient in Theorem 6.1.6 to C1**-equivalence is that A;(hy,w)—
Aj(h2, w) — 0 exponentially fast.

The condition sufficient in Theorem 6.2.4 to the C'*¢-extentiability of h o
soh~!is that S, — S exponentially fast.

To prove these assertions observe that if we extend gaps of the n + 1-th
generation (between I;, ;. ;and I ;. i+1,J=1,...,d—1) by false gaps of
higher generations to get real gaps of the resulting Cantor set, then they and
the remaining intervals satisfy the assumptions of Theorems 6.1.6 and ?7.

This remark will be used in the subsection 6.4.

Definition 6.2.7. We say that h € H satisfying (6.2.1) has an exponentially
determined geometry. The set of such h’s will be denoted by Hed.
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Definition 6.2.8. Let j = (jn)n=...—2.-1,7" = (j})n=-..—2,—1 € X%*. Denote by
jNj" the sequence (j_n,...,j-1) with N = N(j,5’) the largest integer (or co)
such that j_, = 7., for all n < N. For an arbitrary § > 0 define the metric ps
on 2% by

pé(jvjl) = €xXp _5N(]a.]/)

Let us make the following simple observation

Proposition 6.2.9. a) He D Hb D Hed.

b) If h € Hed then the scaling function S exists is Holder continuous with
respect to any metric ps, see Definition 6.2.8, and S(-); are bounded away from
0 and 1.

(Observe however that the converse is false. One can take each S, constant
hence S constant, but S—S“ converging to 1 slower than exponentially so h ¢ Hed.)

c) If h € Hed then (h(X%), sp,) is a C1+2) expanding repeller. (We shall use
also the words C1*+2)-Cantor repeller in the line.)

Proof. We leave a) and b) to the reader (the second inclusion in a) was already
commented in Proof of Theorem 6.2.4) and prove c¢). Similarly as in Proof of
Theorem 6.1.6. the property (6.1.5), we obtain the existence of a constant C' > 0
such that for z = h((jo,j1,...)) € 24 and n >0

o <y @l <

o, .rjin|

As h € He, in particular |Ij, . ;.| — 0 uniformly we obtain |(s})’(z)| > 1
for all n large enough and all z.

It follows from Theorem 6.1.6 that classes of C1t¢-equivalence in Hed are
parametrized by Holder continuous functions on $%* (as scaling functions). To
have the one-to-one correspondence we need only to prove the existence theorem:

Theorem 6.2.10. For every Hélder continuous function S : L% — ]Ridil such

that
2d—1

> S =1 (6.2.2)
j=1
there exists h € Hed such that S is the scaling function of h.

First let us state the existence lemma:

Lemma 6.2.11. Given numbers A, ; > 0 for every w = (jo,...,jn),n =
0,1,... , 7=1,...2d — 1, such that Zjizl Ay j =1, there exists h € H such
that Ay ; = Aj(h,w) i.e. h has the prescribed ratio geometry.

Proof of Lemma 6.2.11. One builds a Cantor set by removing gaps of consecutive
generations , from each I,, gaps of lengths A, ;|I,,], j even, so that the intervals
not removed have lengths A, j, j odd, j =1,...,2d — 1.
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Proof of Theorem 6.2.10. Let A,, ; := S((...,1,1,w));. By (6.2.2) Z?i}l Ay =
1 so we can apply Lemma 6.2.11. The property (5.4.11), the exponential con-
vergence, follows immediately from the Holder continuity of S and the fact that
S is bounded away from 0 as positive continuous on the compact space $¢*.

Summary: C'*é-structures in Hed are in a one-to-one correspondence with
the Holder continuous scaling functions on the dual Cantor set.

Untill now we were not interested in ¢ in C'*¢. It occurs however that
scaling functions “see” . First we introduce a metric ps on X% depending only
on a scaling function S, so that for a constant K > 0, for every 7, j':

1 \Lin |

— < 221 _ <K (6.3.1)

K = ps(d; 5')
Definition 6.2.12.

n=N(jnj’)
ps(G, i) =swp  [[  Swini-ni1-d-i-1);.

w =1

supremum over all w left infinite sequences of symbols in {1,...,d}.

The estimate (6.3.1) follows easily from the exponential determination of
geometry, we leave details to the reader.

Theorem 6.2.13. Fiz 0 < ¢ < 1. The following are equivalent:

1. There exists h € Hed, a C'T¢ embedding , i.e. hosoh™' extends to s,
being C1*¢, with scaling function S.

2. The scaling S is C¢ on (X%, ps). (Here C* means Lipschitz).

Proof. Substituting ¢ = sp,, we can write (6.1.2), for all n > N and all i =
1,2,...,2d — 1, in the form

|Sn(J=ns--rd=1)i = Sn-1(fons---,J-1)i| < Const [I;_, ;I

Summing up this geometric series for an arbitrary j € %% over n = N, N +
1,... for N = N(j,j'), doing the same for another j/ € ¥4, and noting that
|SN(]’7N7 cee ajfl) = |SN(jI_Na e ajfl)a ylelds

1S(4)i = S(j")i] < Const |Ljny|°.

Applying (6.3.1) to the right hand side we see that S is Holder continuous with
respect to pgs.

For the proof to the other side see Proof of Theorem 6.2.10. The construction
gives the property (5.4.1a) for ¢ = sy, the extension as in Proof of Theorem

?7. &

Example 6.2.14. For every 0 < £ < g2 < 1 there exists S admitting a C1+&1
embedding h € Hed, but not C**2, We find S as follows. For an arbitrary
(small) v : 0 < v < (1 —¢&2)/2 we can easily find a function S : ¥%* — Simpy,_,
which is C**™¥ but is not C*27¥, in the metric ps, § > logd (Definition 6.2.8).
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We can find in fact S so that for every j € % and i = 1,3,...,2d — 1
we have | —log S(j):;/d — 1] < v/3. (If d > 3 we can even have S(j); = logd
constant for i = 1,3,...,2d — 1, changing only gaps, ¢ even.) Then, for all 7, j/
and N = N(j,7'), and a constant K > 0

K~ Yexp —N6&)' /2 < |Ijrn| < K (exp—N§) /3,

Since ps(j,7') = exp —N§ we conclude that S is at best (14+e2—v)/(1—v/3) <
£o-Holder with respect to pg. Hence s;, cannot be C'*¢2, by Theorem 6.2.13.
Meanwhile a construction as in Proof of Theorem 6.2.10 gives S being £1-Holder,
hence sp, is C1te1

6.3 Higher smoothness

Definition 6.3.1. For every r =1,2,...,00,w and 0 < € < 1 we can consider
in He the subset C™+H of such h’s that hosoh™! extends to a neighbourhood
of h(24) to a function of class C"+¢.

By Theorem 6.2.4, for r +¢ > 1,
C™¢H C Hed.

Theorem 6.3.2. If hy,ho € C""*H, 0 < e < 1,7 +¢ > 1, have equivalent ge-
ometries then h1, ha are C" ¢ -equivalent i.e. there exists a C" ¢ -diffeomorphism
¢ of a neighbourhood of hi(X?) to a neighbourhood of ho(X?) such that

Blpy (may © h1 = ha, (6.3.1)

i.e. the canonical conjugacy extends C"T

We will prove here this Theorem for € > 0. A different proof in Section 6.4
will contain also the case of € = 0.

Comment 6.3.3. For hy, he in the class in H of functions having a scaling
function, the condition hy, ha have equivalent geometries means the scaling func-
tions are the same. In the more narrow class Hed it means the canonical conju-
gacy ¢ extends C1° for some 6 > 0, see Theorem 6.1.6. The virtue of Theorem,
6.3.2 is that the more narrow the class the better ¢ is forced to be. this is again
a Livshic type theorem, compare ...........

Before proving Theorem 6.3.2 let us make a general calculation.

For any sequence of C" real maps Fj,j =1,...,m consider the r-th deriva-
tive of the composition (F,, o---o Fl)(T), supposed that the maps can be com-
posed, i.e. that the range of each F} is in the domain of Fj;. We start with

(Fro---0o ) (2) = [ Fj(z-1)
j=1

where 2o = z and z; = Fj(z;—1).
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Differentiating again we see that
m j—1 ) m

(Fro---oF)"(2) =Y (TT(F (z-0) " ( [T Fizi-0) (Ff (z5-1)).
=1 i=1

j=1 1 i=j+1

By induction we obtain
(Fno-oF)D@) = 3 Wi (),
1<j1,...r—1<m

where
Wi ) =25 5 (2) P, g (2),

where for j1,...,j._; denoting a permutation of ji,...,j.—1 so that j1 <--- <
Jji._; we denote

’

j1_1 j2_1

O g (2) = (] (F o) (] (F/(zim))) . ( I[I F (i)
i=1 i=j!+1 i=j_ 41
(6.3.2)
and ,
Pj g (2) = H Pj,(2),
i=1

where each Pj, is the sum of at most (r — 1)! terms of the form
st —rmaxt.>2 Fj(fs)(zji_l). We replaced above r by ' < r, since if some j
repeats, we consider it in the product above only ones.

This can be seen by considering for each ji, ..., j-_1 tree graphs with vertices
at m levels, 0,...,m—1, i.e. derivatives at zo, ..., zm—1, each vertex (except for
level 0) joined to the previous level vertices by the number of edges equal to the
order of derivative. ® gathers levels with only first derivatives, P the remaining
ones.

By induction, when we consider first derivative of the product related to
the tree 7 corresponding to r-th derivative, we obtain a sum of expressions
corresponding to trees, each received from the 7 by adding a branch from a
vertex in 7 of a level j,. — 1, composed of new vertices v; at levels 0 < i < j,. —1
and edges e; joining v; to v;11. Since the number of the vertices in T" at each
level, in particular level j,. — 1 is at most r, we have at most r graphs which
arise from T by differentiating at the level j, — 1.

Proof of Theorem 6.5.2. Choose an arbitrary sequence of branches of s;, " on a
neighbourhood of h;(X?) and denote them by g,, n=1,2,... .

We have 1) a diffeomorphism assuring the C'*9-equivalence, see the Com-
ment above. (In fact we shall use only C'.) We define on a neighbourhod of
hi(29)

$n = sp, 0V 0 gn
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Of course ¢,, = 1 on hy(X?). However sy, ,sp, are defined only on neigh-
bourhoods U, = B(h,(%%),¢) of h,(X9), for some ¢ > 0, v = 1,2. As s, are
expanding we can assume s,:j(Ul,) C U, so all the maps g,, are well defined. We
shall explain now why all the ¢,, above are well defined:

Observe first that due to the assumption that ¢ is a C! diffeomorphism,
(6.3.1) and that h;(X?) has no isolated points, there exists a constant C' > 0
such that for every = € hy(2%9), j > 0:

O™ < (s3,) (@)/1(sh,) ((@)| < © (6.3.3)

So by the bounded distortion property for iterates of sp, (following from
the expanding property and the C’%‘Fa—srnoothness7 see Ch.5.2), for every j =
0,1,...,n, if we know already that s}_otog,, is defined on B := B(h1(X%),n/(2C? sup '),
we obtain ‘
s7 1gn(B) C B(ha(29),n). (6.3.4)

So sgl otpogy, is defined on B, and so on, up to j = n. (2 in the denominator
of the radius of B is a bound taking care about the distortions, suficient for n
small enough. Pay attention to the possibility that U; is not connected, but this
has no influence to the proof.)

We shall find a conjugacy ¢ from the assertion of Theorem being the limit of
a uniformly convergent subsequence of ¢,, so it will also be ¥ on hi(X?) hence
(6.2.2) will hold.

Choose a sequence ¥, € g,(h1(2%)). Instead of ¢,, consider

¢n=522°Ln09n

where L, (w) = ¥(x,) + ¢ (z,)(w — )
Observe first that

distco(¢n, dn) — 0 for n — oo (6.3.5)
Indeed,
On(2) = dn(2) = spt, (W(gn(2))) — sh, (Ln(gn(2))).
As |gn(2) — 25| — 0 for n — oo, we have by the Cl-smoothnes of 1

Y(gn(2)) = Ln(gn(2)) N
gn(2) — 2n

So due to the bounded distortion property for the iterates of sp,, using also
the property ¢’ (zg) # 0 we get
Sh, (V(gn(2)) = sp, (Ln(gn(2)))
S 0(9(2)) — 5p, (P(@n)

hence (6.3.5). We have proved by the way that all (;Sn are well defined on a
neighbourhood of hy(X9), similarly as we have got (6.3.4).
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Thus we can consider (;Sn’s all of which are C"*¢. We need to prove that their
r-th derivatives are uniformly bounded in C*. Then by Arzela-Ascolli theorem
we can choose a subsequence q§£f,3 uniformly convergent to a C*¢ function. (Here
we use € > 0.) By the Calculus theorem that the limit of derivatives is the
derivative of the limit we will obtain the assertion that a uniformly convergent
subsequence of ¢,, has the limit C"**smooth.

We shall use our calculations of (Fy, 0- - -0 Fy)(") preceding Proof of Theorem
6.3.2. We can assume that » > 2, as for r = 1 the Theorem has been already
proven (see Theorem 6.1.6). For m = 2n + 1 we set as F1,..., F;, the branches
of s,;l which composition gives g,. We set F,, 11 = L,,. Finally for j = n +
2,...,2n+1 we set I = syp,.

For every sequence ji,...,Jjr-—1 wWe assign the number

T(,- -y dr-1) :Z{ji:ji Sn}+2{m—ji 1Ji 2n+ 1}

For any z,z in a neighbourhood of h;(%?) sufficiently close to each other
and a = (j1,...,Jr—1) we have

Do (2)

(Walz) = Welz)| = I(@Z(Z)

= DPa(2) + (Pua(2) = Pa(2)))®a(2)].  (6.3.6)

By (6.3.2), organizing the products there in Hfi}l fi}l T, (after mul-

tiplying by missing terms F j(, ), using bounded distortion of iterates of sy, ., v =

1,2, we obtain

?,

(z) _ 1)| < Const r|z — 2|
Pa(2)

Observe also that, using |z; — z;| < Const |z — z|,

|Po(z) — Po(z)] < Const |z — z|°.

and P,(z) is bounded by a constant independent of n (depending only on r).
Finally we have

|®q(2)] < Const AT(@ (6.3.7)

where X is an arbitrary constant such that 1 < A™' < inf|sj |,inf|s}|
We have used here (6.3.2). The crucial observation leading from (6.3.2) to
(6.3.7) was the existence of a constant C' > 0 such that for every 0 < i < j<mn

C™H < (Fio---0F)(z-1) - (Fn-io--0 Fnj) (2m—j-1) < C

folowing from (6.3.3). We need to refer also again to the bounded distortion
property for the iterates of s, as 2’s do not need to belong to h,(%¢) unlike
x’s in (6.3.3).

Thus by (6.3.6) and the estimates following it we obtain
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|(822 o Ln o gn(x) — 822 o Ln o gn(z))("‘)|
< Z Const |z — Z|€)\T(j1!"'7.jr71)

Jl:“'v.j'rfl

oo
< Const |z — 2z|° Z 27" \T < Const |z — 2|

T=0
because Card{(j1,...,5r=1) : T(J1,-- -, Jr—1) < T} <277,
The proof of Theorem 6.3.2 in the C"¢ case for every » = 1,2,...,00 has

been finished. We need to consider separately the C“ case. The maps sy,
extend holomorphically to neighbourhoods of h,(X?) in C, the complex plane
in which the interval I is embedded. Similarly as in the C™¢, r = 1,..., 00,
case we see that there are neighbourhoods U, of hV(Ed) in C such that én are
well defined on U; and ggn(Ul) C Uz. By the definition they are holomorphic.
Now we can use Montel’s Theorem. So there exists a subsequence ¢y, n; — oo
as j — oo, uniformly convergent on compact subsets of U; to a holomorphic
map. The proof is done, it happened simpler for » = w than for n # w. For
similar considerations see also Section 8.5. &

Summary. We have the following situation: Just in H the equivalence of
geometries and even the exponential equivalence of geometries do not induce any
reasonable smoothness. In He the exponential equivalence of geometries already
work, it implies C'**-equivalence. In Hb even the equivalence of geometries
starts to work—it implies the canonical conjugacy to be 1-quasisymmetric—
this we have not discussed, see Exercise 2. In Hed the equivalence of geome-
tries which means then the same as the exponential equivalence yields C*+e-
equivalence. Then the higher smoothness of H forces the same smoothness of
the conjugacy.

We will show in Chapter 9 that in C* in a subclass of non-linear Cantor sets
even a weaker equivalence of geometries, not taking gaps into account, forces
C“-equivalence (we mentioned this already at the end of Section 6.1).

6.4 Scaling function and smoothness. Cantor
set valued scaling function

The question arises which scaling functions appear in which classes C™*¢ (com-
pare Example 6.2.14). We will give some answer below.
For simplification we assume I = [0, 1].

Definition 6.4.1. Scaling with values in Cantor sets. Given a scaling function
S on ©% we define a scaling function S with values in H rather than Simpy, .
For each j = (...,j_2,j_1) € 2% we define S(j) € H by induction as follows.
Suppose for every j € Y% and 1o, ..., i, the interval I(5)ig,....i, is already
defined. (For empty string we set [0,1].) Then for every i,+1 = 1,2,...,d we
define I(5)i,,.. as the 24,41 — 1’th interval of the partition of I(j)i,.... i,

Sln,in41
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determined by the proportions S(j, o, . . .,%n)i,i = 1,2,...,2d—1. We conclude
with S(5) (0,1, ) = Nnzo Lo sin-

Denote the Cantor set 5(7)(2%) by Can(j).

Theorem 6.4.2. For a scaling function S andr = 1,2,...,00,e : 0 <e <1
with r+¢€ > 1, or r = w, the following conditions are equivalent

1. There exists a C™ ¢, or C¥ (real-analytic) embedding h € Hed with scaling
function S (we assume here that in the definition of C"¢, see Definition 6.3.1,
sp, maps each component of its domain diffeomorphically onto [0,1]) .

2. For every j,j' € X% there exists a C"t¢, or C¥ respectively, diffeomor-
phism Fj; : [0,1] — [0, 1] mapping Can(j) to Can(j’).

Proof. Let us prove 1. = 2. For any j € X% and n > 1 denote j(n) =
(jfnw-o,j—l). Write

ity = ((0)" 11 s0) © Ay

where Aj(,) is the affine rescaling of I;_, . ;_, to [0,1]. Given j,j’ € Y4 and
n,n’ > 1 define

o1
Ey i) = Fji oy © Fjn)-
Finally define

Fyjji= m_ Fyjn)-
The convergence, even exponential, easily follows from s, € C1T¢. The fact
that F}/|; maps Can(j) to Can(j’), follows from definitions.

In the case of C* there is a neighbourhood U of [0, 1] in the complex plane
so that all (sh)"|1_717 s extend holomorphically, injectively, to U. This is

so, since (h(X9), 3;,), where 8, is a holomorpic extension of sy, is a conformal
expanding repeller. With the use of Koebe Distortion Lemma, Ch. 5, one con-
cludes that all Fj/(,,1)|j(n) have a common domain in C, containing [0, 1], on
which they are uniformly bounded. So, for given j, 5 a subsequence is conver-
gent to a holomorphic function, hence Fj/|; is analytic.

Consider now the C"*¢ case.

Let us prove first the following

13

Claim 6.4.3. Let Fy, Fy,... be C"™"! maps of the unit interval [0, 1] for r >
1,0 < e < 1,r+¢e > 1. Assume all F,, are uniform contractions, i.e there
exist 0 < A1 < Ay < 1 such that for every m and every z € [0,1] it holds
A < |F} (z)] < A2. then there exists C' > 0 such that for all m

||Fmo---OF1||Cr+e SCHFmO"'OFlHCl'

(We set the convention that we omit supremum of the modulus of the functions
in the norms in C"*¢, we consider only derivatives.)
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Proof of the Claim. Consider first ¢ > 0. We use (6.3.6) and the estimates
which follow it. (6.3.7) is replaced by

|Pao(2)] < Const |(Fp, O"'0F1)/(z)|>\§(°‘),

where for a = (j1,...,jr—1) we define T(a) =j1+ ..+ jr—1. We conclude for
r > 2 with

|(Fpo- - -oF1) ") (2)=(Fpo- - -0F1) ) (2)] < Const |z—z|¢|(Fpo- - -0F) |Z/\
< Const |z—z|%|(Fy0---0Fy) Z T"AT < Const |(Fpo---0Fy) (2)||Jz—2|°.
T=0

For » = 1 there is no summation over o and the assertion is immediate.
For e = 0 we get

|(Fno---0F) (T z)| < Z|<I> 2)] < Const Z| —oF) (2 )|)\§(0¢) <

Const |(Fy, 0---0 Fy)'(2)].
The Claim is proved. &

We apply the Claim to Fi, Fb,... being inverse branches of sp, on [0, 1]. Let
A be supremum of the contraction rate |s)|~. Given j € X% and integers
n,m >0 we get for z € I;_ ;i

J[CHIF ) lere < CH(sil, )T @I

J—(n4m) J—(n4m)>

If we rescale the domain and range to [0, 1] we obtain, using bounded distortion
of s},

| mns 3 |T+€ —_
1Ej(ntmyiny llor+e < CAK( wlr_ )T @)
| J— (n+1n)----7]—1| (ntm)>
Const |I; . ,|"t % (6.4.1)

The right hand side expression in this estimate does not depend on m and tends
(exponentially fast) to 0 as n — oo, for r > 1.
Note that

1 _
FJ(ner) = Fj(ner)\j( ) © F; (n); (6.4.2)

therefore for the sequence F';, (n) we verified a condition that reminds Cauchy’s

condition. However to conclude convergence in C"7 ¢, we still need to do some
job.

-1
For r = 1 we have uniform exponential convergence of |(F}

|(Fj(ntm)|j(n))'| — 1 uniformly exponentially fast as n — oo. This holds since

)'(z)| since
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F;)([0,1]) = [0,1], by integration of the second derivative, or, in the case of
merely C'*¢, since distortion of Fj(ngm)|j(n) tends exponentially to 1 as n —.

For r > 1,e = 0 the derivatives of FJ}}Z) of orders 2, ...,r tend uniformly to
0 since Fj(,4m)|j(n) tend uniformly to identity in C" as n — oco. One can see
this using our formula for composition of two maps, as in (6.4.2), or, simpler,
by substituting Taylor expansion series up to order r of one map in the other.
For € > 0 the sequence FJ}}Z) has been proved in (6.4.1) to be uniformly
bounded in C""¢ and every convergent subsequence has the same limit, being
the limit in C". Therefore this is a limit in C™*¢,

If we denote the limit by G; we conclude that

Fjj=GyoG;! (6.4.3)

defined above is C" ¢,

The proof of 2. = 1. The embedding h in Proof of Theorem 6.2.10 is the
right one. Indeed, S’( .., 1,1) coincides with h by construction and s, = sg =
Fi. 1,01, © Ai, where A; is rescaling to [0,1] of I;,i = 1,...,d in the ratio

geometry of S(...,1,1). &

Remark 6.4.4. Theorem 6.4.2 (more precisely smoothness of G; in (6.4.3)),
yields a new proof of Theorem 6.3.2, in full generality, that is including the case
e = 0. Indeed one can define ¢ = G;(h2)~! o G;(hy) for an arbitrary j € %%,
where G;(h;),i = 1,2 means G, for h;.

In the case the ranges of sy, , sp, are not the whole [0, 1], we define G; as limit
of Fj(nino)|j(no) SO ¢ is defined only on some I; , . ; ,, for ng large enough
that this F' makes sense. Then we define ¢ on a neighbourhood of hy(X%) as
SZS ogo (sh1|1j_n0 ,,,,, 3_1)7710'

Theorem 6.4.5. For everyr=1,2,... ande:0<e <1 withr+e > 1 there
is a scaling function S such that there is h € Hed, a C""¢ embedding with the
scaling function S, but there is no C™¢ embedding with ¢ > . There is also
S admitting a C*° embedding but not real-analytic.

This Theorem adresses in particular Example 6.2.14, giving a different ap-
proach.

Proof. Consider d > 1 disjoint closed intervals I; in [0,1], with I; having 0 as
an end point, and f mapping each I; onto [0, 1], so that f|, is affine for each
j=2,...,d and C"*¢ on I; but not C"¢', say at 0 (or C™ but not analytic
at 0). This produces h € C"T*H. Choose any sequence j € ¥%* not containing
1’s,say j = (...,2,2,2). Then, for the arising scaling function S, we have

S()=h and S(j1) = Ao (f]z,) " oh,

where A is the affine rescaling of I to [0, 1].
So f|r, o A7 :]0,1] — [0,1] maps the Cantor set Can(j, 1) to Can(j). Its
restriction to Can(j, 1) cannot extend C™¢ since its derivatives up to order r
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are computable already on C' and f(") is not ¢’-Hélder, by construction. So S
cannot admit C"*¢ embedding by Theorem 5.4.23. The case of C* but not
analytic is dealt with similarly. &

6.5 Cantor sets generating families

We shall discuss here a general construction of a C'*¢ Cantor repeller in R
which will be used in the next section.

Definition 6.5.1. We call a family of maps F' = {f,,;, : n = 0,1,..., j =
1,..,d} of a closed interval I C R into itself a Cantor set generating family if
the following conditions are satisfied:

All f, ; are C'**-smooth and uniformly bounded in the C'*¢-norm, they
preserve an orientation in R. There exist numbers 0 < A\; < Ay < 1 such that

for every n,j A < |(fn,;)'| and W < Az (a natural stronger assumption
would be |fr ;)| < A2 but we need the weaker one for a later use).

For every n all the intervals f,, ;(I) are pairwise disjoint and ordered accord-
ing to j’s and the gaps between them are bounded away from 0.

Given a Cantor set generating family F' = {f,; :n=0,1,..., j =1,..,d}
we write

Ljg,...ju () == (fo,jo 0+ © fn3,)(I)

Then we obtain the announced Cantor set as

C(F):= () En(F), where E,(F)= ] Ij,. ;.(F)
n=0 (.j07~~~7.j'rz)

and the corresponding coding h(F') defined by
WE) (o 1) = [ Tjoreoin (F).

It is easy to see that h(F') has bounded geometry (we leave it as an exercise
to the reader).

Theorem 6.5.2. Let F, = {f,,,;:n=0,1,..., j=1,..,d} be two Cantor set
generating families, for v =1 and v = 2. Suppose that for each j =1,...,d

lim distc,(fi,n,5, fo,n,5) = 0.
n—oo

and the convergence is exponential.
Then h(F1) and h(Fy) are C'*¢-equivalent.

Proof. Observe that the notation is consistent with that at the beginning of

Subsection 6.1, except the situation is more general, it is like that in Remark
29
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For every s < t,v = 1,2, we denote (f,,(s,7,)0 = 0 fu,(t,5.)) (1) BY L (s,5.),....(¢.50)
For every such I, we denote the left end by [[,, and the right end by r1,. Ob-
serve that although we have not assumed |f}, ,, ;| < A2 we can deduce from our
weaker assumptions (using the bounded distortion property for the iterates)
that there exists &k > 1 so that for every [ > 0 and j;,4 = 0,...,k — 1 we have
[(foitk—14x 1 © 0 foitige © -0 fuijo) | < A2 < 1. In future to simplify our
notation we assume however that k¥ = 1. The general case can be dealt with
for example by considering the new family of k£ compositions of the maps of the
original family.

For every w = ((s, js), (s +1, js+1), -+, (£, e)), w' = ((s+1, jst1), - - - (£, t))
we have

L0 = o] < [f1,s,5. () = f1s,5. (H2,0))|
+ |f1,s,j5 (lIQ,w’) - ,f2,s,js (lIQ,w’) < |l11,w’ - ZIQ,U)’| + Const €xp —ds
(6.5.1)
for some & > 0 lower bound of the exponential convergence in the assumptions
of Theorem.

Thus for every w = ((m, jm), - - -, (n,jn)) we obtain for ¢ = n, by induction
fors=n—-1,n—-2,...,m

111 ) — U2,w| < Const exp —dm (6.5.2)

For every j = 1,...,d we obtain the similar estimate with w replaced by

w, (n+ 1), 7). We obtain also the similar inequalities for the right ends.
As a result of all that we obtain

I, ; I, ; (-
w1l 27“7(n+173)||’ < ConstA7 ™™™ exp —om
|Il7w| |Il,w
Now iterating by fu m—1, fv,m—2,--., fv,0 for v = 1,2 almost does not change

proportions as we are already in a small scale, more precisely we get

Ly, g i(F1) Ly g, 5(F2)

< Const (Af(nfm) exp —om) + AlrmmEy,
I.jO:“'v.jn (Fl) IjO:“'v.jn (F2) ( ! 2 )

(6.5.3)
The same holds for gaps in numerators including “false” gaps i.e. for j =
0,...,d.
Now we pick m = (1 — k)n where & is a constant such that 0 < k < 1 and

klog ATt — (1 — k) :=9 <0

Then the bound in (6.5.3) replaces by (expv¥n) + )\gm)" which converges to
0 exponentially fast for n — co.

So our Theorem follows from Theorem 6.1.6, more precisely from its variant
described in Remark ?77.

We have also the folowing
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Theorem 6.5.3. Let F = {f,; :n=0,1,..., j =1,..,d} be a Cantor set
generating family such that for every j

frng = foo, uniformly as n — oo.
Then the shift map on the Cantor set C(F) extends C17¢.

Proof. For any Cantor set generating family ®, every w = (jo,...,jn),J €
{0,...,2d} we use the notation A;(®,w) similarly as in Definition 6.1.1, i.e.
for j odd A;(®,w) = I;z'(g) where j’ = 1%
even with gaps in the numerators. Again we are in the situation of Remark 77
including j = 0,d.

Consider together with F' the family F’ = {f,’” :n=01,..., j=1,.,d}
where f), ; = fnt1,;. For every w = (jo,...,jn),J € {0,...,2d} say j odd and

. The similar definition is for j’s

i€ {1,...,d} we rewrite for clarity the definitions:
A, iw) = iy (F)| _ [fo.i© f1o © -0 fnt1,4, © Fria, (D)
’ L (F)| [foi0 frgo 00 frt1y, ()]

A'(F/ w) = |f1,joO"'ofnJrLjnOfn+27j(I)|
T 1500+ 0 frtrg (D))

We have A, (Fiw)
5 , 1w
’m — 1‘ S COHSt exp —on

for some constant § > 0 related to the distortion of fy; on the interval fq j, o
©t 0 fn+17j'rz (I)|'

So

|A;(F,iw) — A;(F',w)| < Const exp—dn
But

|A4;(F',w) — Aj(F,w)| < Const exp—dn

for some ¢ > 0 because the pair of the families F, F’ satisfies the assumptions
of Theorem 77.

Thus |A;(F,iw) — A;(F,w)| converge to 0 uniformly exponentially fast in
length of w. So we can apply Theorem 7?7, more precisely the variant from
Remark ??7. Proof of Theorem 6.2.13 is over.

6.6 Quadratic-like maps of the interval, an ap-
plication to Feigenbaum’s universality

We show here how to apply the material of the previous Section 6.5 to study
“attracting” Cantor sets, being closures of forward orbits of critical points, ap-
pearing for Feigenbaum-like and more general so-called infinitely renormalizable
unimodal maps of the interval. The original map on such a Cantor set is not
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expanding at all, but one can view these sets almost as expanding repellers by
constructing for them so-called generating families of expanding maps

We finish this Chapter with a beautiful application: First Feigenbaum’s uni-
versality. It was numerically discovered by M.J. Feigenbaum and independently
by P. Coullet and Ch. Tresser).

Rigorously this universality has been explained “locally” by O. Lanford,
who proved the existence of the renormalization operator fixed point, later on
for large classes of maps by D.Sullivan who applied quasi-conformal maps tech-
niques, and next, more completely, by several other mathematicians, in partic-
ular in fundamental contribution by C. McMullen, [McMullen(1996)] We refer
the reader to the Sullivan’s breakthrough paper [Sullivan (1991)]: “Bounds,
Quadratic Differentials and Renormalization Conjectures”. Fortunately a small
piece of this can be easily explained with the use of elementary Theorems 6.5.2
and 6.5.3; we shall explain it below.

Let us start with a standard example: the one-parameter family of maps
of the interval I = [0,1] into itself fy(z) = Az(1 —z). For 1 < A < 3 there
are two fixed points in [0,1] a source at 0 ie. [f{(0)] > 1 and a sink x,
[fi(zx)| < 1, attracting all the points except 0,1 under iterations of fy. For
A = 3 this sink changes to a neutral fixed point, namely |f{(zx)| = 1, more
precisely fi(zx) = —1. For X growing beyond 3 this point changes to a source
and nearby an attracting periodic orbit of period 2 gets born. f2 maps the
interval Iy = [, z,] into itself (2 denotes the point symmetric to x) with
respect to the critical point 1/2).

Insert “growing parabola” figure

If X continues to grow the left point of this period 2 orbit crosses 1/2, the
derivative of f? at this point changes from positive to negative until it reaches
the value —1. The periodic orbit starts to repel and an attracting periodic orbit
of period 4 gets born. For f2 on Iy this means the same bifurcation as before:
a periodic orbit of period 2 gets born. The respective interval containing 1/2
invariant for f* will be denoted by I. Etc. Denote the values of A\ where
the consecutive orbits of periods 2™ get born by A,. For the limit parameter
Ao = lim, .0 Ap, there are periodic orbits of all periods 2™ all of them sources,
see the figure below

insert the tree-like figure and the bifurcation figure

In effect, for Ao we obtain a Cantor set C(fa.) = oy Uiigl fE (1)
This Cantor set attracts all points except the abovementioned sources. It con-
tains the critical point 1/2 and is precisely the closure of its forward orbit.

Instead of the quadratic polynomials one can consider quite an arbitrary one-
parameter family gy of C? maps of the unit interval with one critical point where
the second derivative does not vanish and such that g(0) = ¢gx(1) = 0 so that,
roughly, the parameter raises the graph. Again one obtains period doubling
bifurcations and for the limit parameter A\, (g) one obtains the same topological
picture as above. We say the map is Feigenbaum-like. The Feigenbaum’s and
Coullet, Tresser’s numerical discovery was that the deeper ratios in the Cantor
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set the weaker dependence of the ratios on the family and that the ratios at
the critical point stabilize with the growing magnifications. Moreover the limit
quantities do not depend on g.

Another numerical discovery, not to be discussed here, see for example
[Avila et al.(2003)] for a rigorous explanation, was that A,/A,4+1 has a limit
as n — o0o. Moreover this limit does not depend on g. We call it second
Feigenbaum’s universality.

Let us pass to the description of a general situation:

Definition 6.6.1. For any closed interval [a, b] we call a mapping f : [a,b] —
[a,b] smooth quadratic-like if f(a) = f(b) = a and f can be decomposed into
f = Qoh where @ is a quadratic polynomial and h is a smooth diffeomorphism
of I. The word smooth will be applied below for C2. Here we allow a > b, in
such a case the interval [b, a] is under the consideration of course and its right
end rather than the left is a fixed point and the map has minimum at the critical
point. If a = 0,b =1 we say that f is normalized.

We call f infinitely renormalizable if there exists a decreasing sequence of
intervals I,,,n = 0,1,2,... all containing the critical point ¢y and a sequence of
integers d,, > 2 such that for every n all f7(I,,) have pairwise disjoint interiors
for j = 0,1,...,D, — 1 where D,, := Hi:(),...,n d; and fP~(I,) maps I, into
itself.

We call the numbers d,, and the order in which the intervals f7(I,,) are placed
in I a combinatorics of f. Finally we say that an infinitely renormalizable f
has bounded combinatorics if all d,, are uniformly bounded. We write C(f) =

0o Dyp—1 pk
Mo Ul £ (L),

It may happen that the maps f”» on I, are not quadratic-like because the
assumption f(a) = f(b) = a is not satisfied.

Consider however an arbitrary f : [a,b] — [a,b] which is smooth quadratic-
like and renormalizable what means that there exists Iy C [a,b] containing cy
and an integer d > 1 such that all f7(Iy) have pairwise disjoint interiors for
j=0,1,....,d—1. Then Iy can be extended to an interval I} for which still
all f7(I}) have pairwise disjoint interiors f¢ maps I}, into itself and f¢ on I} is
quadratic-like. The proof is not hard, the reader can do it as an exercise or look
into [Collet & Eckmann (1980)]. The periodic end of I} is called a restrictive
central point.

We define the rescaling map Ry as such an affine map which transforms I,
onto I and

fri=Ryof'o R} (6.6.1)

is normalized. We call the operator f +— f; the renormalization operator and
denote it by R. (Caution: d, I and so R have not been uniquely defined but
this will not hurt the correctness of the considerations which follow, in particular
in the infinitely renormalizable case C(f) does not depend on these objects as
the closure of the forward orbit of the critical point, see the remark ending Proof
of Theorem 6.6.3.)
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Now for an arbitrary smooth quadratic-like map f of I = [0,1] infinitely
renormalizable with a bounded combinatorics, we consider a sequence of maps
fn defined by induction: fo = f, fn = R(fn—1). The domain I for the renor-
malization of f;, is denoted by I" and we have the affine rescaling map R,, := Ry,
from I™ onto I and f,.1 = R(fn) = Rno fi o R L.

Now we can formulate the fundamental Sullivan-McMullen’s theorem:

Theorem 6.6.2. Suppose f and g are two C?-quadratic-like maps of I =
[0, 1] both infinitely renormalizable with the same bounded combinatorics. Then
dist(Ry, , Rg,) — 0 as n — oo. Moreover both sequences f, and g, stay uni-
formly bounded as C'*¢-quadratic-like maps (i.e. h’s and h='’s in the Q o h
decomposition stay uniformly bounded in C**¢) and

distco (fny gn) — 0.

In the case f, g are real-analytic the convergence is exponentially fast, even
in the C%topology in complex functions on a neighbourhood of I in C.

The intuitive meaning of the above is that the larger magnification of a
neighbourhood of 0 the more the same the respective iterates of f and g look
like. The same geometry of the depths of the Cantor sets would mean that the
similar looks close to zero propagate to the Cantor sets.

Now we can fulfill our promise and relying on the results of this section prove
this propagation property, i.e. relying on Theorem 6.6.2 prove rigorously the
Feigenbaum universality:

Theorem 6.6.3. Suppose f and g are two C*-quadratic-like maps of I = [0,1]
both infinitely renormalizable with the same bounded combinatorics. Suppose
also that the convergences in the assertion of Theorem 6.6.2 are exponential.
Then C(f) and C(g) are C'*e-equivalent Cantor sets.

Proof. Related to f we define a generating family (Definition 6.5.1) F = { f,, ;,n =
0,1,...,5=1,...,d,}. Namely we define

frj =Tt o R (6.6.2)

where each fn_(d"_Hl)

).

The C'*¢ uniform boundness of f, ;’s follows immediately from the bound-
ness asserted in Theorem 6.6.2 if we know (see the next paragraph) that all I™’s
have lengths bounded away from 0. Indeed if we denote f,, = @ o h,, we have

means the branch leading to an interval containing

fn’j:h;lonlo---ohglonloRﬁl

with all A, 1 uniformly bounded in C1*¢ and Q! as well because their domains
are far from the critical value f(cy,). Also |(R,)’|’s are uniformly bounded.
Now fdn(I™) C I™ with I™ arbitrarily small and d,,’s uniformly bounded
together with the asserted in Theorem 6.6.2 uniform boundness of f,,’s would
result in the existence of a periodic sink attracting cy. Indeed, |(f,)'| would be
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small on 1™ so as |(f9~1)'| is bounded on f,(I™) by a constant not depending
on n. So |(f%)'| on I"™ would be small hence its graph has a unique intersection
with the diagonal which the sink attracting I™.

This is almost the end of the proof because we construct the analogous
generating family G for g and refer to Theorem ??7. The convergence assumed
there, can be proved similarly as we proved the uniform C'*¢-boundness above.
This concerns also the assumptions involving Ay and As in the definition of the
generating families. Still however some points should be explained:

1. For each n the intervals f, ;(I) in Definition 6.5.1 were ordered in R
according the order < in the integers j. Here it is not so. Moreover f, ; here
do not all preserve the orientation in R. Finally d,’s do not be all equal to the
same integer d. Fortunately all done before is correct also in this situation.

2. The intervals f, ;j(/) may have common ends here, in particular the
assumption about gaps in the definition of the generating family may happen
not to be satisfied. In that instant we replace I by a slightly smaller interval
and restrict all f,, ;’s to it. We can do it because for each J = f,, ;(I) we have
dist(C(f),ends of J) > Const > 0. This is so because for every normalized
renormalizable f if f(cy) is close to 1 then a very large d is needed in order to
have f¢(cg) € Iy unless sup || is very large. But all d,, are uniformly bounded
in our infinitely renormalizable case and the derivatives |(f,)’| are uniformly
bounded. So for every n, f,(cy,) is not very close to 1 and f2(cy, ) is not very
close to 0 and C(f,) C [fn(cys,) f2(ct)]-

We managed to present C(f) and C(g) as subsets of Cantor sets C(F), C(G)
for generating families. But by the construction every interval I;, ;. (F) in the
definition of C(F) contains an interval of the form f7(I,), 0 < j < D,, hence
every component of C'(F') contains a component of C(f). So C(f) = C(F)
and similarly C(g) = C(G). Hence C(f) and C(g) are Cantor sets indeed and
everything concerning C(F'), C(G) we proved concerns them as well. Observe by
the way that by the definition every f7(I,) contains f7(cs) hence C(f) can be
defined in the intrinsic way, independently of the choice of I,,’s, as cl U?io fi(cy).

The following specification of Theorems 6.6.2 and 6.6.3 holds:

Theorem 6.6.4. Let f be a C? quadratic-like map of [0, 1] infinitely renormal-
izable with a bounded combinatorics. Suppose it is periodic i.e. that for some
ne >mny1 > 0 f,, and f,, have the same combinatorics. Then there exists g a
real-analytic quadratic-like map of [0,1] such that for t := ny —ny, Ri(g) = g
and distco(fr, gn—n,) — 0 as n — oo.

If the convergence is exponential then the shift map on C(f}, ) extends C I+e,

On the proof. The existence of g is another fundamental result in this the-
ory, which we shall not prove in this book. (The first, computer assisted, proof
was provided by O. Lanford [Lanford(1982)] for d = 2, i.e. for the Feigenbaum-
like class.) Then the convergence follows from Theorem 5.4.29. Indeed, from
R'(g) = g we obtain the convergence of (ff ), ; to g. If the convergences are
exponential (which is the case if f is real-analytic) then the shift map extends
C'*¢ due to Theorem 6.5.3. Notice that instead of C(f) we consider C(ff ).
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This is so because

dpq+t—1 dn,+2t—1
II &= I d==d
j:dnl j:dnl +t

and it makes sense to speak about the shift map on ¥¢. For f itself if we denote
Hjio{l, ...,d;} by X(do,d1,...) we can speak only about the left side shift
map from X(do,ds,...) to X(dy,...).

Observe again that the embedding of ¥ into I does not need to preserve
the order but it does not hurt the validity of Theorem 6.5.3.

The set C(f) is presented as the union of D = H;igl d; Cantor sets which
are embeddings of £%, of the form f7(C(f! )),j = 0,...,n1—1, each of which has
an exponentially determined geometry and Holder continuous scaling function.

Remarks 6.6.5. 1. Observe for f being any smooth quadratic-like infinitely
renormalizable map of I and the corresponding generating family F', that as
some f, ; may change the orientation, the corresponding intervals I, . ;. i(F)
have the order in I;, .. ;. (F) the same or opposite to that of I;(F)’s in I de-
pending as there is even or odd number of j;,% = 0,...,n such that f; ;, changes
the orientation.

2. Remind that C(f) has a 1-to-1 coding h : X(do,ds,...) — C(f) defined
by h(jo, ji,--) = o oo Lios.jn (F). Let us write here j =0,...,d, — 1 rather
than j = 1,...,d,. Then f yields on 3(dp,d1,...) the map ®(f)(jo,j1,-.-) =
(0,0,...,5: + 1,4it1,...), where ¢ is the first integer such that j; # d; — 1, or
&(f) (o, j1,---) = (0,0,0...) if for all ¢ we have j; = d; — 1. ® is sometimes
called the adding machine. If all d,, = p the map ® is just the adding of the unity
in the group of p-adic numbers. For d,, different we have the group structure on
Y (do,dy,...) of the inverse limit of the system -+ — Zg,a,dy — Zdydy — Zd
and ®(f) is also adding the unity.

If we denote the shift map from X(dp,ds,...) to X(d1,...) by s we obtain
the equality
®(f1)os=s0d(f)%

(the indexing in (6.6.2) has been adjusted to assure this). On I° this corresponds
to (77).

3. The combinatorics of an infinitely renormalizable f is determined by the
so-called kneading sequence K(f) defined as a sequence of letters L and R,
where n = 1,2,... such that at the n’th place we have L or R depending as
f™(cy) is left or right of ¢y in R (we leave it as an exercise to the reader). So
in Theorems ?7-?7 we can write: the same kneading sequences, instead of: the
same combinatorics.

Also the property: renormalizable (and hence: infinitely renormalizable) can
be guessed from the look of the kneading sequence. A renormalization with Iy
and f(Iy) C Ip implies of course that the kneading sequence is of the form
AB1ABsABs. .., where each B; is L or R and A is a block built from L’s and
R’s of the length d—1. The converse is also true, the proof is related to the proof



202CHAPTER 6. CANTOR REPELLERS IN THE LINE, SULLIVAN’S SCALING FUNCTION, APPL

of the existence of the restrictive central point. One can do it as an exercise or
to look into [Collet & Eckmann (1980)].

4. Let us go back now to the example fy__, or more general g __(,) mentioned
at the beginning of this Section. We have d,, = 2 for all n, (R,, change orienta-
tion). So we can apply Theorems 6.6.3 and ?? which explain Feigenbaum’s and
Coullet-Tresser’s discoveries.

Observe that gy_(4) is exceptional among smooth quadratic-like infinitely
renormalizable maps. Namely except a sequence of periodic sources every point
is being attracted to C(f). Topological entropy is equal to 0. For every infinitely
renormalizable map with a different kneading sequence there is an invariant
repelling Cantor set (in fact some of its points can be blown up to intervals).
Topological entropy is positive on it. One says that such a map is already
chaotic, while gy__(4) is on the boundary of chaos.

Notes

As we already mentioned, this Chapter bases mainly on [Sullivan (1988)], [Sullivan (1991)]
and xcitPT. A weak version of Theorem 6.5.2 was independently proved by W.
Paluba in [Paluba(1989)].

A version of most of the theory presented in this Chapter was published also
by A. Pinto and D. Rand in [Pinto & Rand (1988)], [Pinto & Rand (1992)].
They proved moreover that the canonical conjugacy between two real-analytic
quadratic-like maps as in Theorem 6.6.2 is C?7911 using numerical results on
the speed of contraction (leading eigenvalues) of the renormalization operator
at the Feigenbaum fixed point.

In Proof of Theorem 6.6.3 we were proving for the families ' and G that the
assumptions of Theorem 5.4.26 were satisfied i.e. that F' and G were Cantor set
generating families. This implied that the Cantor sets C(F), C(G), more pre-
cisely h(F), h(G) have bounded geometries. In fact this can be proved directly
(though it is by no mean easy) without referring to the difficult Theorem 6.6.2,
see for example [de Melo & van Strien (1993)].

Moreover this bounded geometry phenomenon is in fact the first step (real
part) in the proof of the fundamental Theorem 6.6.2 (which includes also a
complex part), see [Sullivan (1991)]. Instead of C? one can assume weaker
C1*2 7 for Zygmund, see [Sullivan (1991)] or [de Melo & van Strien (1993)].

The exponential convergence in Theorem 6.6.2 for analytic f,g was proved
by C. McMullen in [McMullen(1996)]. Recently the exponential convergence for
f, g € C? was proved, by W. de Melo and A. Pinto, see [de Melo & Pinto (1999)].

The first proof of the existence of g as in Theorem 6.6.4 and the exponential
convergence of R™(f) to g was provided by O. Lanford [Lanford(1982)] for f
very close to g, in the case of Feigenbaum-like maps. His prove did not use the
bounded geometry of the Cantor set.

For each k > 3 the convergence in C* in Theorem 6.6.2 for all f,g € C*,
(symmetric) was proved in [Avila et al.(2001)].
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For deep studies concerning the hyperbolicity of the renormalization operator
at periodic points and laminations explaining the second Feigenbaum univer-
sality, see recent papers [Lyubich(1999)], [Avila et al.(2003)], [Smania(2005)],
[de Faria et al.(2006)].

Exercises

1. For maps as in Definition 6.6.1, prove the existence of the restrictive central
point.
Hint: Consider the so-called Guckenheimer set,

Gg ={x : dist;(f%(x),cs) < dist(z,cs) and
dist s (f7 (), cp) > disty(z,cp) forj=1,...,d—1}

where distf(x,y) = |h(z) — h(y)| in the decomposition f = Q o h.

2. Suppose f and g are smooth quadratic-like maps of I = [0,1] both in-
finitely renormalizable with the same bounded combinatorics as in Theorem
6.6.2. Using the fact that distco(fy, gn) — 0 asserted there, but not assuming
the convergence is exponential prove that the standard conjugacy ¢ between
C(f) and C(g) is 1-quasisymmetric, more precisely that for every z,y,z €

C(f),z>y >z |x—y|/|ly— 2] < Const we have ‘4)('%)_'1)9’;";"553’2'_]0(2)' — 1 as

x — z — 0. In particular if the scaling function S(f) exists for f then it exists
for g and S(f) = S(g).

Hint: One can modify Proof of Theorem 6.5.2. Instead of exp —ds in (6.5.1)
one has some a,, converging to 0 as n — oco. Then in (6.5.2) we estimate by
>, as and then consider m = m(n) so that n —m — oo but > as — 0
as n — 0o.

3. Let f and g be unimodal maps of the interval [0,1] (f unimodal means
continuous, having unique critical point ¢, being strictly increasing left to it
and strictly decreasing right to it, f(c¢) = 1), having no interval J on which all
iterates are monotone. Prove that f and g are topologically conjugate iff they
have the same kneadings sequences (see Remark 6.6.5, item 3.)

4. Prove that for f € C? a unimodal map of the interval with no attracting
(from both or one side) periodic orbit, if Schwarzian derivative S(f) is nega-
tive, then there are no homtervals, i.e. intervals on which all iterates of f are
monotone.

Hint: First prove that there is no homterval whose forward orbit is disjoint
with a neighbourhood of the critical point ¢y (A. Schwartz’s Lemma; one does
not use S(f) < 0 here, C**! is enough).

Next use the property implied by S(f) < 0, that for all n and every interval
J on which (f™)’ is non-zero, (f™)’ is monotone on J.

For details see for example [Collet-Eckmann]

5. Prove the C™"¢ version of the so-called Folklore Theorem, saying that
if0=a9g < a1 < -+ <ay_1 <a, =1and foreachi =0,....n—1, f; :
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[a;,ai+1] — [0,1] onto, each f; is C"¢ for r > 2,0 < e < 1,r+¢ > 2 and
|f/] > Const > 1, then for f defined as f; on each (a;,a;11), there exists
an f invariant probability p equivalent to Lebesgue measure, with the density
bounded away from 0, of class C"~1+¢,

Formulate and prove an analogous version for Cantor sets h(39) with “shifts”
hosoh™!, asin Section ?7?.

Hint: The existence of p follows from Holder property of the potential func-
tion ¢ = —log|f'|, see Chapter 4. p is the invariant Gibbs measure. Its den-
sity is limp oo L£3(1)(2) = 3, c-n(w [(f")' ()|~ Each summand considered
along an infinite backward branch, after rescaling, converges in C"~1T¢ see
Theorem 5.4.23, smoothness of G;.

A slightly different proof can be found for example in [Boyarsky & Géra (1997)].



Chapter 7

Fractal dimensions

In the first section of this chapter we provide a more complete treatment of outer
measure begun in Chapter 1. The rest of this chapter is devoted to present basic
definitions related to Hausdorff and packing measures, Hausdorff and packing
dimensions of sets and measures and ball (or box) -counting dimensions.

7.1 Outer measures

In Section 1.1 we have introduced the abstract notion of measure. In the be-
ginning of this section we want to show how to construct measures starting
with functions of sets called outer measures which are required to satisfy much
weaker conditions. Our exposition of this material is brief and the reader should
find its complete treatment in all handbooks of geometric measure theory (see
for ex. [?], [?] or [?]).

Definition 7.1.1. An outer measure on a set X is a function p defined on all
subsets of X taking values in [0, co] such that

u(0) =
n(A) < M(B)lfACB

—~
=N =
=
[N
S~—

and
o0

u( [j An) <> pu(An) (7.1.3)

for any countable family {4, : n =1,2,...} of subsets of X.
A subset A of X is called pu-measurable or simply measurable with respect to
the outer measure p if and only if

u(B) > u(B N A)+ (B \ A) (7.1.4)

for all sets B C X. Check that the opposite inequality follows immediately from
(7.1.3). Check also that if (A) = 0 then A is y-measurable.

205
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Theorem 7.1.2. If u is an outer measure on X, then the family F of all
w-measurable sets is a o-algebra and the restriction of p to F is a measure.

Proof. Obviously X € F. By symmetry of (7.1.4), A € F if and only if A° € F.
So, the conditions (1.1.1) and (1.1.2) of the definition of o-algebra are satisfied.
To check condition (1.2.3) that F is closed under countable union, suppose that
A1, Ay, ... € Fandlet B C X be any set. Applying (7.1.4) in turn to Ay, Ao, . ..
we get for all £ > 1

p(A) > p(BN A +p(B\ Ar)

w(BN A+ p((B\ A1) N Az) + (B \ A1\ As)

AVARAVARLY,

M-

M((B\JUlAi) ﬁAj) +p(B\ 0 4;)

1 i=1 j=1

<.
I

Jj—1 [e’e)

M((B\ U Az’) ﬂAj) +u(B\ J 4))

1 i=1 =1

M=

>

<.
Il

and therefore

oo j—1

((A) > Zu((B\ UA7;> mAj) +p(B\ GAj) (7.1.5)

j=1 i=1 j=1

Since

oo

Bn|]JA;= D (B\JU1A7;>mAj

j=1 i=1
using (7.1.3) we thus get

u(A) > M( D (B\JulAi) ﬁAJ) +p(B\ G 4A;)
j=1 i J=1

i—1

Hence condition (1.1.3) is also satisfied and F is a o-algebra. To see that p is a
measure on F i.e. that condition (1.1.4) is satisfied, consider mutually disjoint
sets A1, Ag, ... € F and apply (7.1.5) with B =[], A; to get

M( G Aj) 2 iu(Aj)
j=1 j=1

Combining this with (7.1.3) we conclude that p is a measure on F. &

Now, let (X, p) be a metric space. An outer measure p on X is said to be a
metric outer measure if and only if

#(AU B) = u(A) + u(B) (7.1.6)
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for all positively separated sets A, B C X that is satisfying the following condi-
tion

p(A,B) =inf{p(z,y):x € A,y € B} >0
Recall that the Borel o-algebra on X is that generated by open, or equivalently
closed, sets. We want to show that if p is a metric outer measure then the
family of all g-measurable sets contains this o-algebra. The proof is based on
the following version of Carathéodory’s lemma.

Lemma 7.1.3. Let p be a metric outer measure on (X, p). Let {A, : n =
1,2,...} be an increasing sequence of subsets of X and denote A=J,_, A,. If
p(Ap, A\ Any1) >0 for alln > 1, then p(A) = limy, o0 1(Ar).

Proof. By (7.1.3) it is enough to show that
w(A) < lim p(A4,) (7.1.7)

n—oo

If lim,, o p(Ay) = 0o, there is nothing to prove. So, suppose that

lim pu(Ay) =sup p(4,) < o (7.1.8)

n—oo

Let By = Ay and B,, = A, \ A1 for n > 2. If n > m + 2, then B,, C 4,, and
B, C A\ A,_1 C A\ Ay,+1. Thus B,, and B,, are positively separated and
applying (7.1.6) we get for every j > 1
J J J J
M( U B2i71) = ZM(Bzz;l) and M( U BQi) = ZM(B%) (7.1.9)
i=1 i=1 i=1 i=1

We have also for every n > 1

u(A)=u(©Ak) :u(AnU G Bk)

k=n+1
< p(An)+ D0 p(Be) < lim p(A)+ Y p(By)  (7.1.10)
k=n-+1 k=n+1

Since the sets UZ:1 By;_1 and UZ:1 Bs; appearing in (6.1.9) are both contained
in Ay, it follows from (7.1.8) and (7.1.9) that the series >~ u(By) converges.
Therefore (7.1.7) follows immediately from (7.1.11). The proof is finished. &

Theorem 7.1.4. If u is a metric outer measure on (X, p) then all Borel subsets
of X are p-measurable.

Proof. Since the Borel sets form the least o-algebra containing all closed subsets
of X, it follows from Theorem 7.1.2 that it is enough to check (7.1.4) for every
closed set A C X and every B C X. Foralln > 11let B, = {z € B\ A:
p(x, A) > 1/n}. Then p(BN A, By,) > 1/n and by (7.1.6)

(B A) + p(By) = p((BNA)UB,) < u(B) (7.1.11)
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The sequence {B,}52, is increasing and, since A is closed, B\ A = J,, B
In order to apply Lemma 7.1.3 we shall show that

p(Bn, (B\ A)\ Bny1) >0

for all n > 1. And indeed, if x € (B\ A) \ Bpn+1, then there exists z € A with
p(x,z) <1/(n+1). Thus, if y € B, then

1

pla.y) 2 ply2) = pla,2) > 1n=1/(n +1) = Zo=—=s

and consequently p(B,, (B \ A) \ Bnt+1) > 1/n(n+ 1) > 0. Applying now
Lemma 7.1.3 with A,, = B, shows that u(B \ A) = lim,_o p(By). Thus
(7.1.4) follows from (7.1.11). The proof is finished. )

7.2 Hausdorff measures

Let ¢ : [0,00) — [0,00) be a non-decreasing function continuous at 0, positive
on (0, 00) and such that ¢(0) = 0. Let (X, p) be a metric space. For every § > 0
define

AL (A) = inf{z gb(diam(Ui))} (7.2.1)

where the infimum is taken over all countable covers {U; : i =1,2,...} of A of
diameter not exceeding 0. Conditions (7.1.1) and (7.1.2) are obviously satisfied
with p = A‘;. To check (7.1.3) let {A, : n =1,2,...} be a countable family of
subsets of X. Given € > 0 for every n > 1 we can find a countable cover {U}* :
i=1,2,...} of A, of diameter not exceeding § such that Y ;- ¢(diam(U}*)) <
A‘;(An) +&/2™. Then the family {U} : n > 1,i > 1} covers |J,~; A, and

A‘E(GA) ii(ﬁdmmU"

14i=1

\/\
gt
=

Thus, letting ¢ — 0, (7.1.3) follows proving that A‘qi is an outer measure. Define

Ay(A) = lim A% (A) = sup A (A) (7.2.2)
6—0 6>0
The limit exists, but may be infinite, since Ag(A) increases as § decreases. Since
all A‘qi are outer measures, the same argument also shows that Ay is an outer
measure. Moreover A, turns out to be a metric outer measure, since if A and B
are two positively separated sets in X, then no set of diameter less than p(A, B)
can intersect both A and B. Consequently

AS(AUB) = Aj(A) + AS(B)

for all § < p(A, B) and letting 6 — 0 we get the same formula for Ay which is
just (7.1.6) with p = Ag. The metric outer measure Ay is called the Hausdorff
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outer measure associated to the function ¢. Its restriction to the o-algebra of
Ag-measurable sets, which by Theorem 7.1.4 includes all the Borel sets, is called
the Hausdorff measure associated to the function ¢.

As an immediate consequence of the definition of Hausdorff measure and the
properties of the function ¢ we get the following.

Proposition 7.2.1. The Hausdorff measure Ay is non-atomic.

Remark 7.2.2. A particular role is played by functions ¢ of the form ¢t — t<,
t,a > 0 and in this case the corresponding outer measures are denoted by A‘;
and A,.

Remark 7.2.3. Note that if ¢; is another function but such that ¢; and ¢
restrected to an interval [0,¢), € > 0, are equal, then the outer measures Ay,
and Ay are also equal. So, in fact, it is enough to define the function ¢ only on
an arbitrarily small interval [0, ).

Remark 7.2.4. Notice that we get the same values for Ag(A), and consequently
also for Ag(A), if the infimum in (7.2.1) is taken only over covers consisting of
sets contained in A. This means that the Hausdorff outer measure Agz(A) of
A is its intrinsic property, i.e. does not depend on in which space the set A
is contained. If we treated A as the metric space (A, p|4) with the metric p|
induced from p, we would get the same value for the Hausdorff outer measure.

If we however took the infimum in (7.2.1) only over covers consisting of
balls, we could get different ”Hausdorfl measure” which (dependently on ¢)
would need not be even equivalent with the Hausdorff measure just defined.
To assure this last property ¢ is from now on assumed to satisy the following
condition.

There exists a function C : (0,00) — [1,00) such that for every a € (0, c0)
and every t > 0 sufficiently small (dependently on a)

Cla)™'¢(t) < ¢at) < Cla)g(t) (7.2.3)

Since (ar)t = alr!, all functions ¢ of the form r — r?, considered in Re-

mark 6.2.2, satisfy (7.2.3) with C(a) = a’. Check that all functions r —
rt exp(cy/log 1/rlogloglog1/7, ¢ > 0 also satisfy (7.2.3) with a suitable func-
tion C.

Definition 7.2.5. A countable collection {(x;,r;) : ¢ = 1,2,...} of pairs
(z5,7;) € X x (0,00) is said to cover a subset A of X if A C |J;2, B(zs,14),
and is said to be centered at the set A if x; € A for alli=1,2,.... The radius
of this collection is defined as sup,r; and its diameter as the diameter of the
family {B(z;,7;) :i=1,2,...}.

For every A C X and every r > 0 let

o0

ABT(4) = inf{z ¢(ri)} (7.2.4)

i=1
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where the infimum is taken over all collections {(z;,r;) : i = 1,2,...} centered
at the set A, covering A and of radii not exceeding r. Let

B : Br Br
Ay (A) = }E% Ay (A) = it;g A" (A) (7.2.5)

The limit exists by the same argument as used for the limit in (7.2.2). We shall
prove the following.

Lemma 7.2.6. For every set A C X

Ag(A)
Iy

<C(2)

Proof. Since the diameter of any ball does not exceed its double radius, since
the diameter of any collection {(z;,7;) : i = 1,2,...} also does not exceed its
double radius and since the function ¢ is non- decreasing and satisfies (7.2.3),
we see that for every r > 0 small enough

> d(diam(B(zi, 1)) < Y d(2ri) < C(2) Y (i)
i=1 =1 i=1

and therefore AiT(A) < C(Q)AfT(A). Thus, letting r — 0,
Ay(A) < C(2)AF(4) (7.2.6)

On the other hand, let {U; : i = 1,2,...} be a countable cover of A consisting
of subsets of A. For every ¢ > 1 choose z; € U; and put r; = diam(U;). Then
the collection {(z;,7;) : i =1,2,...} covers A, is centered at A and

Zwm=2ammw>

which implies that Af‘s(A) < A‘;(A) for every 6 > 0. Thus Af(A) < Ay(4)
which combined with (7.2.6) finishes the proof. )

Remark 7.2.7. The function of sets Af need not to be an outer measure since
condition (7.1.2) need not to be satisfied. Since we will be never interested in
exact computation of Hausdorff measure, only in establishing its positiveness
or finiteness or in comparing the ratio of its value with some other quantities
up to bounded constants, we will be mostly dealing with Af‘s and Af using

nevertheless always the symbols Ag)(A) and Ag(A).

7.3 Packing measures

Let, as in the previous section, ¢ : [0,00) — [0, 00) be a non-decreasing function
such that ¢(0) = 0 and let (X, p) be a metric space. A collection {(x;,7;) : i =
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1,2,...} centered at a set A C X is said to be a packing of A if and only if for
any pair i # j

p(xi, x5) 2 i + 1
This property is not generally equivalent to requirement that all the balls
B(z;,r;) are mutually disjoint. It is obviously so if X is a Euclidean space.
For every A C X and every r > 0 let

157 (A) = Sup{i ¢>(m)} (7.3.1)

where the supremum is taken over all packings {(x;,7;) : ¢ = 1,2,...} of A of
radius not exceeding r. Let

I3 (A) = }13(1) g (A) = ir;f(’) 13" (A) (7.3.2)
The limit exists since H(’;T(A) decreases as r decreases. In opposite to Af the
function IT} satisfies condition (7.1.2), however it also need not to be an outer

measure since this time condition (7.1.3) need not to be satisfied. To obtain an
outer measure we put

I1,(A) = inf { 3 H;(Ai)}, (7.3.3)

where the supremum is taken over all covers {4;} of A. The reader will check
easily, with similar arguments as in the case of Hausdorff measures, that Il is
already an outer measure and even more, a metric outer measure on X. It will
be called the outer packing measure associated to the function ¢. Its restriction
to the o-algebra of I1s-measurable sets, which by Theorem 7.1.4 includes all the
Borel sets, will be called packing measure associated to the function ¢.

Proposition 7.3.1. For every set A C X it holds Ay(A) < C(2)II,(A).
Proof. First we shall show that for every set A C X and every r > 0
AL (A) < C@II(A) (7.3.4)

Indeed, if there is no finite maximal (in the sense of inclusion) packing of the set
A of the form {(z;,7)}, then for every k > 1 there exists a packing {(z;,7) : i =
1,...,k} of A and therefore II’"(A) > Zle ¢(r) = ko(r). Since ¢(r) > 0, this
implies that IT}"(A) = oo and (7.3.4) holds. Otherwise, let {(z;,7) :d=1,...,1}
be a maximal packing of A. Then the collection {(z;,2r) : 4 =1,...,1} covers
A and therefore

!
AZ(4) £ 3" 6(2r) < CR)6() < CR)I (4)

that is (7.3.4) is satisfied. Thus letting r — 0 we get
Ay(A) < C(2)TT5(A) (7.3.5)
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So, if {A,}n>1 is a countable cover of A then,
Ag(A) <D T Ag(A) < C(2) Y TI5(A))
n=1 n=1

Hence, applying (7.3.3), the lemma follows. &

7.4 Dimensions

Let, similarly as in the two previous sections, (X, p) be a metric space. Recall
(comp. Remark 6.2.2) that A¢, ¢t > 0, is the Hausdorff outer measures on X
associated to the function r — 7¢ and all A? are of corresponding meaning. Fix
A C X. Since for every 0 < 6§ < 1 the function ¢t — A¢(A) is non-increasing, so
is the function ¢t — A;(A). Furthermore, if s < ¢, then for every 0 < §

AB(A) > 5 EAD(A)

which implies that if A;(A) is positive, then A (A) is infinite. Thus there is a
unique value, HD(A), called the Hausdorff dimension of A such that

oo if0<t<HD(A)

7.4.1
0 ifHD(A)<t<ox ( )

At(A) = {

Note that similarly as Hausdorff measures (comp. Remark 6.2.4), Hausdorff
dimension is consequently also an intrinsic property of sets and does not de-
pend on their complements. The following is an immediate consequence of the
definitions of Hausdorff dimension and outer Hausdorff measures.

Theorem 7.4.1. The Hausdorff dimension is a monotonic function of sets,
that is if A C B then HD(A) < HD(B).

We shall prove the following.
Theorem 7.4.2. If {A,}n>1 is a countable family of subsets of X then

HD(U,A,,) = sup{ HD(A,)}.

Proof. Inequality HD(U,, 4,) > sup, {HD(A4,)} is an immediate consequence of
Theorem 7.4.1. Thus, if sup,,{HD(A,,)} = oo there is nothing to prove. So,
suppose that s = sup, {HD(A,)} is finite and consider an arbitrary ¢t > s. In
view of (7.4.1), A:(A,,) = 0 for every n > 1 and therefore, since A; is an outer
measure, A;(U, A,) = 0. Hence, by (7.4.1) again, HD(U, A,,) < t. The proof is
finished. &

As an immediate consequence of this theorem, Proposition 7.2.1 and formula
(7.4.1) we get the following.

Proposition 7.4.3. The Hausdorff dimension of any countable set is equal to 0.
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In exactly the same way as Hausdorff dimension HD one can define packing*
dimension PD* and packing dimension PD using respectively II; (A) and II;(A)
instead of A;(A). The reader can check easily that results analogous to Theo-
rem 7.4.1, Theorem 7.4.2 and Proposition 7.4.3 are also true in these cases. As
an immediate consequence of these definitions and Proposition 7.3.1 we get the
following.

Lemma 7.4.4. HD(A) < PD(A) < PD*(A) for every set A C X.

Now we shall define the third basic dimension — ball-counting dimension
frequently also called box-counting dimension, Minkowski dimension or capacity.
Let A be an arbitrary subset of the metric space (X,p). We first need the
following.

Definition 7.4.5. For every r > 0 consider the family of all collections {(z;,7;)}
(see Definition 6.2.5) of radius not exceeding r which cover A and are centered
at A. Put N(A,r) = oo if this family is empty. Otherwise define N(A4,r) to be
the minimum of all cardinalities of elements of this family. Note that one gets
the same number if one considers the subfamily of collections of radius exactly
r and even only its subfamily of collections of the form {(z;,r)}.

Now the lower ball-counting dimensions and upper ball-counting dimension
of A are defined respectively by

log N (A, ) —— log (A
r—0 —logr 0 —logr

(7.4.2)
If BD(A) = BD(A), the common value is called simply ball-counting dimension
and is denoted by BD(A). The reader will easily prove the next theorem which
explains the reason of the name box-counting dimension. The other names will
not be discussed here.

Proposition 7.4.6. Fiz n > 1. For every r > 0 let L(r) be any partition (up
to boundaries) of R™ into closed cubes of sides of length r. For any set A C R™
let L(A,r) denotes the number of cubes in L(r) which intersect A. Then

BD(A) = timinf “EEAT 504 iy g 108 LA
r—0 —logr r—o  —logr

Remark 7.4.7. Ball-counting dimension has properties which distinguish it
qualitatively from Hausdorff and packing dimensions. For instance BD(A) =
BD(A) and BD(A) = BD(A) =. So, in particular there exist countable sets of
positive ball-counting dimension, for example the set of rational numbers in the
interval [0, 1]. Even more, there exist compact countable sets with this property
like the set {1,1/2,1/3,...,0} C R. On the other hand in many cases (see

Theorem 7.6.7) all these dimensions coincide.
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Now we shall provide other characterizations of ball-counting dimension,
which in particular will be used to prove Lemma 7.4.9 and consequently The-
orem 7.4.10 which establishes most general relations between the dimensions
considered in this section.

Let A C X. For every r > 0 define P(A,r) to be the supremum of cardinal-
ities of all packings of the set A of the form {(x;,r)}. First we shall prove the
following.

Lemma 7.4.8. For every set A C R™ and every r > 0
N(A,2r) < P(A,r)P(A,r) < N(A,r).

Proof. Let us start with the proof of the first inequality. If P(A,r) = oo, there
is nothing to prove. Otherwise, let {(z;,7) : 4 =1,...,k} be a packing of A with
k = P(A,r). Then this packing is maximal in the sense of inclusion and therefore
the collection {(z;,2r) : i = 1,...,1} covers A. Thus N(A4,2r) <1 = P(A,r).
The first part of Lemma 7.4.8 is proved.

If N(A,r) = oo, the second part is obvious. Otherwise consider a finite
packing {(z;,7) : ¢ =1,...,k} of A and a finite cover {(y;,r) : j =1,...,1} of
A centered at A. Then for every 1 < i < k there exists 1 < j = j(i) <[ such
that ; € B(y;(¢),r) and every ball B(y;,r) can contain at most one element of
the set {xz; : i = 1,...,k}. So, the function ¢ — j() is injective and therefore
k < 1. The proof is finished. &

As an immediate consequence of Lemma 7.4.8 we get the following.

BD(A) = liminf log P4, 7) BD(A) = limsup w,

7.4.3
r—0 — log r r—0 - log r ( )

Now we are in a position to prove the following.

Lemma 7.4.9. For every set A C X we have PD*(A) = BD(A).

Proof. Take t < BD(A). In view of (7.4.3) there exists a sequence {7, : n =
1,2,...} of positive reals converging to zero and such that P(A,r,) > r,* for
every n > 1. Then II;""(A) > r*P(A,r,) > 1 and consequently IT} (A4) > 1.
Hence t < PD*(A) and therefore BD(A) < PD*(A).

In order to prove the converse inequality consider s < ¢t < PD*(A). Then
IT3 (A) = oo and therefore for every n > 1 there exists a finite packing { (@4, 7n4)
i=1,...,k(n)} of A of radius not exceeding 2~ and such that

S orhi>1 (7.4.4)
=1

Now for every m > n let

bogn = #{i € {1, k(n)} - 270D <oy <27
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Then by (7.4.4)
> lpm2 > 1 (7.4.5)

Suppose that I, ,, < 27(1 — 2(79) for every m > n. Then

o0

m=n m:o

what contradicts (7.4.5). Thus for every n > 1 there exists m = m(n) > n such
that
ln,m Z 2m9(1 _ 2(S—t))

Hence P(A,2-(m+1)) > 9ms(1 — 2(5=1) 0o

smlog2 + log(1 — 2571)

log P(A,2~(m+1) 1)log?2 >
aclog P(4, J(m +1)log2 > (m +1)log2

Thus, letting n — oo (then also m = m(n) — co) we obtain BD(A) > s. &

Combining now Lemma 7.4.4 and Lemma 7.4.9 and checking easily that
HD(A) < BD(A) we obtain the following main general relation connecting all
the dimensions under consideration.

Theorem 7.4.10. For every set A C X
HD(A) < min{PD(A), BD(A)} < max{PD(A), BD(A)} < BD(A) = PD"(A)

We finish this section with the following definition.
Definition 7.4.11. Let u be a Borel measure on (X, p). We write

HD, () = inf{HD(Y) : p(Y) > 0} and HD*(u) = inf{HD(Y) : u(X\Y) = 0}.

In case HD, (1) = HD*(u), we call it Hausdorff dimension of the measure u and
write HD(p).

An analogous definition can be formulated for packing dimension, with nota-
tion PD, (1), PD* (1), PD(p) and the name packing dimension of the measure p.

7.5 Besicovitch covering theorem

In this section we prove only one result, the Besicovitch covering theorem. Al-
though this theorem seems to be almost always omitted in the classical geomet-
ric measure theory, we however consider it as one of most powerful geometric
tools when dealing with some aspects of fractal sets. We refer the reader to
Section 7.6 to verify our opinion.

Theorem 7.5.1 (Besicovitch covering theorem). Let n > 1 be an integer. Then
there exists a constant b(n) > 0 such that the following claim is true.



216 CHAPTER 7. FRACTAL DIMENSIONS

If A is a bounded subset of R™ then for any function r : A — (0, 00) there
exists {xy : kK = 1,2,...} a countable subset of A such that the collection
B(A,r) = {B(ag,r(zx)) : k > 1} covers A and can be decomposed into b(n)
packings of A.

In particular it follows from Theorem 7.5.1 that #{B € B : z € B} < b(n).
Exactly the same proof (world by world) goes if open balls in Theorem 7.5.1 are
replaced by closed ones.

For any x € R", any 0 < r < oo and any 0 < o < 7w by Con(z,a,r) we
will denote any solid central cone with vertex x, radius r and angle (Lebesgue
measure on the unit sphere S"~!) a. The proof of Theorem 7.5.1 is based on
the following obvious geometric observation.

Observation 7.5.2. Let n > 1 be an integer. Then there exists a(n) > 0 so
small that the following holds.

IfzeR", 0<r<oo,if z€ B(z,r)\ B(z,r/3) and = € Con(z,a(n), o)
then the set Con(z, a(n),c0) \ B(z,r/3) consists of two connected components
(one of z and one of "00”) and that containing z is contained in B(z, 7).

Proof of Theorem 7.5.1. We will construct the sequence {zp : k = 1,2,...}
inductively. Let
ap = sup{r(z) : x € A}

If agp = oo then one can find x € A with r(x) so large that B(z,r(x)) D A and
the proof is finished.

If ag < oo choose z1 € A so that r(z1) > a¢/2. Fix k > 1 and assume that
the points x1, z2, ...,z have been already chosen. If A C B(z1,r(z1))U... U
B(zy,r(zx)) then the selection process is finished. Otherwise put

ar, =sup{r(z) :x € A\ (B(z1,7(21)) U...UB(zk, r(zy)))}

and take
Tpp1 € A\ (B(ay,7(21)) U... UB(ag, r(zx))) (7.5.1)

such that
r(Try1) > ar/2 (7.5.2)

In order to shorten notation from now on throughout this proof we will write r
for r(zy). By (7.5.1) we have x; ¢ B(xy,ry) for all pairs k,1 with k < [. Hence

ox — 2l > r(zy) (7.5.3)
It follows from the construction of the sequence (xy) that
rE > ak,1/2 > 7"l/2 (7.5.4)

and therefore /3 + /3 < 1/3 + 2r/3 = 1. Joining this and (6.5.3) we
obtain
B(xk,rk/B)ﬁB(xl,rl/B) =0 (7.5.5)

for all pairs k, [ with k # [ since then either k <[ or I < k.
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Now we shall show that the balls {B(xg,ri) : k > 1} cover A. Indeed,
if the selection process stops after finitely many steps this claim is obvious.
Otherwise it follows from (7.5.5) that limy_.co rx, = 0 and if = ¢ U;—, B(zg, %)
for some = € A then by construction r, > ax—1/2 > r(z) for every k > 1. The
contradiction obtained proves that (J;—, B(zg, ) D A.

The main step of the proof is given by the following.

Claim. For every z € R™ and any cone Con(z, a(n),c0) («a(n) given by Obser-
vation 6.5.2)

#{k>1:z¢€ B(xg,r) \ Blag,re/3)zr € Con(z,a(n),c0)} <1+ 16"

Denote by () the set of integers whose cardinality is to be estimated. If Q = (),
there is nothing to prove. Otherwise let ¢ = min Q. If kK € Q and k # i then
k > i and therefore x; ¢ B(x;,7;). In view of this, Observation 6.5.2 applied
with & = z;, r = r;, and the definition of Q, we get ||z — x| > 2r;/3, whence

Tk > ||z — x| > 2r/3 (7.5.6)

On the other hand by (7.5.4) we have r, < 2r; and therefore B(zy,71/3) C
B(z,4r,/3) C B(z,8r;/3). Thus, using (7.5.5), (7.5.6) and the fact that the
n-dimensional volume of balls in R™ is proportional to the nt" power of radii we
obtain #Q < (8r;/3)"/(2r;/9)™ = 12™. The proof of the claim is finished.

Clearly there exists an integer ¢(n) > 1 such that for every z € R™ the space
R™ can be covered by at most ¢(n) cones of the form Con(z, a(n), c0). Therefore
it follows from the claim that for every z € R"

#{k>1:2¢€ B(zk,ri) \ B(zk,ri/3)} < c(n)l2”
Thus applying (7.5.5)
#{k>1:2¢€ B(axg, ) <1+c(n)l2" (7.5.7)

Since the ball B(0,3/2) is compact, it contains a finite subset P such that
U,ep B(z,1/2) D B(0,3/2). Now for every k > 1 consider the composition of
the map R" 3 ¢ — rpax € R™ and the translation determined by the vector from
0 to . Call by Py the image of P under this translation. Then # P, = #P,
P, C B(xy,3r,/2) and

U B(z,7/2) 5 B(0,3r/2) (7.5.8)
€ Py,

Consider now two integers 1 < k < [ such that
B(xg, ) N B(wi,m) # 0 (7.5.9)

Let y € R™ be the only point lying on the interval joining x; and zy at the
distance ry — r;/2 from z. As x; ¢ B(zk,7%), by (6.5.9) we have ||y — z;]| <
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ri+71/2 = 3r;/2 and therefore by (7.5.8) there exists z € P, such that ||z —y|| <
r1/2. Consequently z € B(xy,7/2 4+ r — 11/2) = B(zk, 7). Thus applying
(7.5.7) with z being the elements of P, we obtain the following

#{1 <k <l-1:B(zk,7mc) N Blay,r) # 0} < #P(1+c(n)12") (7.5.10)

for every [ > 1.

Putting b(n) = #P(1 + ¢(n)12™) + 1 this property allows us to decompose
the set N of positive integers into b(n) subsets N1, Ny, ..., Ny(,) in the following
inductive way. For every k = 1,2,...,b(n) set Ny (b(n)) = {k} and suppose that
for every k = 1,2,...,b(n) and some j > b(n) mutually disjoint families N(5)
have been already defined so that

Nl(]) UNb(n)(j) = {172a'~'7j}

Then by (7.5.10) there exists at least one 1 < k < b(n) such that B(z;+1,7j41)N
B(wi,7i) = 0 for every i € Ni(5). We set Np(j + 1) = Ng(5) U{j + 1} and
Ni(j+1) = Ny(y) for all [ € {1,2,...,b(n)} \ {k}. Putting now for every
k=1,2,...,b(n)

N = Nk(b(n)) @] Nk(b(n) + 1) U...

we see from the inductive construction that these sets are mutually disjoint,
that they cover N and that for every k = 1,2,...,b(n) the families of balls
{B(xi,7) : | € N} are also mutually disjoint. The of proof the Besicovitch
covering theorem is finished. &

We would like to emphasize here once more that the same statement remains
true if open balls are replaced by closed ones. Also if instead of balls one
considers n-dimensional cubes. Then although the proof is based on the same
idea, however technically is considerably easier.

7.6 Frostman type lemmas

In this section we shall explain how a knowledge about a measure of small
balls versus diameter yields an information about dimensions of support of the
measure.

Let a function ¢ : [0,00) — [0,00) satisfy the same conditions as in Sec-
tion 7.2 including (7.2.3) and moreover let ¢ be continuous. We start with the
following.

Theorem 7.6.1. Let n > 1 be an integer and let b(n) be the constant claimed
in Theorem 7.5.1 (Besicovitch covering theorem). Assume that p is a Borel
probability measure on R™ and A is a bounded Borel subset of R™. If there
exists C € (0,00], (1/00 =0), such that

(a) for all (but countably many maybe) v € A

g g 2 €
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then Ay(E) < @M(E) for every Borel set E C A. In particular Ay(A) < oo.
or
(b) for allx € A
lim sup M B )
r—0 (7")
then u(E) < CAy(E) for every Borel set E C A.

<C< oo

Proof. (a) In view of Proposition 7.2.1 we can assume that E does not intersect
the exceptional countable set. Fix € > 0 and r > 0. Since p is a regular measure,
there exists an open set G D E such that u(G) < u(E) + . By openness of
G and by assumption (a), for every x € E there exists 0 < r(x) < r such that
B(z,r(z)) C Gand (1/C+e)u(B(z,1)) > ¢(r). Let {(zk, r(zx)) : k > 1} be the
cover of E obtained by applying Theorem 7.5.1 (Besicovitch covering theorem)
to the set £. Then

A(B) < (C™! + e)u(B(ak, r(2x)))

8

<b(n)(C7H + €)M(U B(zk,r(z1))) < b(n)(C™" +€)(u(E) +¢)
k=1
Letting » — 0 we thus obtain A4(E) < b(n)(1/C + ¢)(u(E) + ¢) and therefore
letting € — 0 the part (a) follows (note that the proof is correct with C' = oo!).
(b) Fix an arbitry s > C'. Since for every r > 0 the function z — u(B(z,))/¢(r)
is measurable and since the supremum of a countable sequence of measurable
functions is also a measurable function, we conclude that for every k > 1 the
function v : A — R is measurable, where

p(B(z,7))
(r)

and @ denotes the set of rational numbers. For every k > 1 let Ay, = ;' ((0, s]).
In view of measurability of the functions ¥y all the sets Ay are measurable.
Take an arbitrary r € (0,1/k]. Then there exists a sequence 7 : j =1,2,...} of
rational numbers converging to r from above. Since the function ¢ is continuous
and the function t — p(B(x,t)) is non-decreasing, we have for every = € Ay

wk(x)=sup{ reQm(O,l/k]}

acu(B(z,r))é(r) < jlggo %r;;])) <s

So, if F C Ay is a Borel set and if {(z;,7;) : 4 =1,2,...} is a collection centered
at the set F', covering F' and of radius not exceeding 0 < r < 1/k, then

2 90ri) 2 s 12# (2i,73)) 2 s~ p(F)

Hence, A} (F) > s71p(F) and letting r — 0 we get
A(B) = Ag(F) = s~ u(F)
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By the assumption of (b), UpAr = A and therefore, putting By = Ag \ (41 U
As U ... UAk_1), k > 1, we see that the family {By : k& > 1} is a countable
partition of A into Borel sets. Therefore, if E C A then

Ao(B) = S Mp(ENA) > 570 u(EN Ay) = s~ u(E)
k=1 k=1
So, letting s ™\, C finishes the proof. &

In an analogous way, using Besicivitch covering theorem, the decomposition
into packings, one can prove the following.

Theorem 7.6.2. Let n > 1 be an integer and let b(n) be the constant claimed
in Theorem 7.5.1 (Besicovitch covering theorem). Assume that u is a Borel
probability measure on R™ and A is a bounded subset of R™. If there exists
C € (0,00], (1/oc =0), such that
(a) for allz € A
lim inf M <C
r=0 ¢(r)

then pu(E) < b(n)CI4(E) for every Borel set E C A.
or
(b) for all x € A

lim inf 7M(B(x’ )

O I

then 14 (E) < C~'u(E) for every Borel set E C A. In particular I15(A) < occ.

Note that each Borel measure i defined on a Borel subset B of R™ can be
in a canonical way considered as a measure on R™ by putting p(A) = u(AN B)
for every Borel set A C R™.

As a simple consequence of Theorem 7.6.1 we shall prove

Theorem 7.6.3 (Frostman Lemma). Suppose that u is a Borel probability mea-
sure on R™, n > 1, and A is a bounded Borel subset of R™.
(a) If u(A) > 0 and there exists 61 such that for every x € A

b o8 (B, 1)
r—0 logr

>0

then HD(A) > 6,.
(b) If there exists 0 such that for every x € A

then HD(A) < 605.
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Proof. (a) Take any 0 < 6 < 61. Then, by the assumption, limsup,._,, u(B(z,7))/r? <
1. Therefore applying Theorem 7.6.1(b) with ¢(t) = t?, we obtain Ag(A4) >
1(A) > 0. Hence HD(A) > 0 by definition (7.4.1) and consequently HD(A) > 6;.
(b) Take now an arbitrary 6 > 6. Then by the assumption lim sup,._,o u(B(z,7))/r? >
1. Therefore applying Theorem 7.6.1(a) with ¢(t) = t¥ we obtain Ay(A) < oo,
whence HD(A) < 0 and consequently HD(A) < #;. The proof is finished. &

Similarly one proves a consequence of Lemma ?77.

Theorem 7.6.4. Suppose that i is a Borel probability measure on R™, n > 1,
and A is a bounded Borel subset of R™.
(a) If u(A) > 0 and there exists 61 such that for every x € A

s OB (B )

> 6,
r—0 logr

then PD(A) > 6,.
(b) If there exists 0o such that for every x € A

1 B
sy OB (B 1)
r—0 logr

< 6y

then PD(A) < 0.

Let p be a Borel probability measure on a metric space X. For every z €
X we define the lower and upper pointwise dimension of u at x by putting
respectively

log (B - log u(B
C_lt(x) = hm lnf M a,nd d”(x) = hm sup M
+ r—0 log r 0 IOg r

Suppose now that X C R? with Euclidean metric. Then the following the-
orem on Hausdorff and packing dimensions of p, defined in Definition 6.4.10,
follows easily from Theorems 7.6.3 and 7.6.4.

Theorem 7.6.5.
HD,(p) = essinfd,, PD,(u) = essinf d, and
HD*(p) = esssupd,,(z), PD*(p) = esssupd,(z).

Recall that the p-essential infimum essinf of a measurable function ¢ and the
u-essential supremum esssup are defined by

essinf(¢) = sup inf x) and esssup(¢)= inf  sup x).
(¢) /L(N):OmeX\Nqb() (¢) ”(N):O%X\Nfb()

Proof. Note first that for any p-measurable ¢ : X — R by the definition of
0, := essinf ¢

p{z: d(x) <61} =0 textand (VO > 01)u{z: é(x) < 6} > 0.
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Indeed, if p{z : ¢(x) < 61} > 0 then there eists 6 < 6 with u{x : ¢p(z) <6} >0
hence for every N with p(NN) = 0 we have infx\y ¢ < 0 hence ess inf ¢ < 0,
a contradiction. If there exists 6 > 6; with u{z : ¢(x) < 0} = 0 then for
N = {z: ¢(x) < 0} we have inf x\n ¢ > 0 hence ess inf ¢ > 6, a contradiction.

This applied to ¢ = d, yields for every A with p(A) > 0 the existence of
A" C A with p(A") = p(A) > 0 such that for every z € A’ d,(x) > 61 hence
HD(A) > HD(A') > 61 by Theorem 7.6.3(a), hence HD, (u) > 6.

On the other hand for every 6 > 61 p{x : d,(z) < 0} > 0 and by Theo-
rem ??(b) HD({z : d,(z) < 0}) < 0, therefore HD, (1) < 6. Letting 0 — 61 we
get HD, (1) < 01. We conclude that HD, (u) = 6.

Similarly one proceeds to prove HD*(u) = esssupd,, (=) and to deal with
packing dimension, refering to Theorem 7.6.4. &

Then by definition of essinf there exists Y € X C R"™ be a Borel set such
that u(Y') = 1 and for every z € Y d,(z) > 0;. Hence for every A C X with
p(A) > 0, we have (ANY’) > 0 and for every z € ANY, d,(x) > 01. So using
Theorem 7.6.3(a) we get HD(A) > HD(ANY') > 0;. Hence by the definition of
HD, we get HD, > 6#;. Other parts of Theorem 7.6.5 follow from the definitions
and Theorems ?? and 7.6.3(a) similarly. &

Definition 7.6.6. Let X be a Borel bounded subset of R™, n > 1. A Borel
probability measure on X is said to be a geometric measure with an exponent
t > 0 if and only if there exists a constant C' > 1 such that

oo o BB
< = <
for every x € X and every 0 < r < 1.
We shall prove the following.

Theorem 7.6.7. If X is a Borel bounded subset of R™, n > 1, and p is a
geometric measure on X with an exponent t, then BD(X) exists and

HD(X) = PD(X) = BD(X) =t

Moreover the three measures p, Ay and Iy on X are equivalent with bounded
Radon-Nikodym derivatives.

Proof. The last part of the theorem follows immediately from Theorem 7.6.1
and Theorem 7.6.2 applied for A = X. Consequently also t = HD(X) = PD(X)
and therefore, in view of Theorem 7.4.10, we only need to show that BD(X) < ¢.
And indeed, let {(z;,7) :i=1,...,k} be a packing of X. Then

and therefore k < Cr~t. Thus P(X,r) < Cr~*, whence log P(X,r) < logC —
tlogr. Applying now formula (7.4.3) finishes the proof. &
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In particular it follows from this theorem that every geometric measure ad-
mits exactly one exponent. Lots of examples of geometric measures will be
provided in the next chapters.

Bibliographical notes
The history of notions and development of the geometric measure theory is very

long, rich and complicated and its outline exceeds the scope of this book. We
refer the interested reader to the books [?] and [?].
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Chapter 8

Conformal expanding
repellers

Conformal expanding repellers (abbreviation: CER’s) were defined already in
Chapter 5 and some basic properties of expanding sets and repellers in dimension
1 were discussed in Section ??. A more advanced geometric theory in the real
1-dimensional case was done in Section 7?7 ?77. But now we have a new tool:
Frostman Lemma and related facts from Chapter 7. Equipped with the theory
of Gibbs measures and with the pressure function we are able to develop a
geometric theory of CER’s with Hausdorff measures and dimension playing the
crucial role. We shall present this theory for C1*¢ conformal expanding repellers
in R?. Remind (Ch.5.2) that the assumed conformality forces for d = 2 that
f is holomorphic or antiholomorphic and for d > 3 that f is locally a Mdbius
map. Conformality for d = 1 is meaningless, so we assume C'*¢ in order to be
able to rely on the Bounded Distortion for Iteration lemma.

We shall outline a theory of Gibbs measures from the point of view of mul-
tifractal spectra of dimensions (Sec. ??) and pointwise fluctuations due to the
Law of Iterated Logarithm (Sec. ?77?) .

For d = 2 we shall apply this theory to study the boundary Fr() of a sim-
ply connected domain 2, in particular a simply connected immediate basin of
attraction to a sink for a rational mapping of the Riemann sphere.

To simplify our considerations we shall restrict usually to the cases where
the mapping on the boundary is expanding, and sometimes we asuume that the
boundary is a Jordan curve, for example for the mapping z — 22 + ¢ for |c|
small.

In Section 7?7 we study harmonic measure on Fr{). We adapt the results of
Sec. 7?7 to study its pointwise fluctuations and we prove that except special
cases these fluctuations take place. We shall derive from this an information
about the fluctuations of the radial growth of the derivative of the Riemann
mapping R from the unit disc D to Q. In Sec. 7?7 we discuss integral means
Jop |R/(r2)|" |dz] as  / 1. In Sec. ?? we provide other examples of Q, von
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Koch snowflake and Carleson’s (generalised) snowflakes.

8.1 Pressure function and dimension

Let f: X — X be a topologically mixing conformal expanding repeller in R?.
As before we abbreviate notation of the pressure P(f,¢), to P(¢). We start
with the following technical lemma.

Lemma 8.1.1. Let m be a Gibbs state (not necesserily invariant) on X and let
¢ : X — R be a Holder continuous function. Assume P(¢) = 0. Then there is
a constant E > 1 such that for all v small enough and all x € X there exists
n =n(z,r) such that

log E + S, ¢(x) < logm(B(x,r)) . = log E + S,¢(x)
—log E —log |(f™)'(x)] — logr ~ log E —log |(f™)(x)|"

Proof. Take an arbitrary z € X. Fix r € (0,C~%¢) and let n = n(z,r) > 0 be
the largest integer so that

(8.1.1)

(" (@)|rC <€, (8.1.2)

where C' = Cyp is the multiplicative distortion constant (corresponding to the
Holder continuous function log|f’|), as in the Distortion Lemma for Iteration
(Theorem ?7), see Notation 5.2.2.7?7? Then

fM(B(f"(2),€) > B(x,€|(f") (2)|7'C7) D Bz, 7). (8.1.3)

Now take ng such that \*~! > C2. We then obtain
(frme)rCh > € (8.1.4)

Hence, again by the Distortion Lemma for Iteration
forTB(f T (2),€)) € B, E|(f7T) ()] 71C) € B(x,r).  (8.15)

By the Gibbs property of the measure m, see (4.1.1), for a constant E > 1 (the
constant C' in (4.1.1)) we can write

-1 < €xXp Sn¢(x) an €Xp Sn+n0¢($)
Tl (BU@,0) T m(f (B (@), €))
Using this, (8.1.3), (8.1.5), the inequality Sp4n,d(x) > Sn¢(x) + ng inf ¢, and

finally increasing E so that the new log F is larger than the old log E — ng inf ¢,
we obtain

<FE.

log E + S,¢(x) > logm(B(x,r)) > —log E + Spé(x). (8.1.6)
Using now (8.1.2) and (8.1.4), denoting L = sup|f’|, and applying logarithms,
we obtain
log E + S, ¢(x) < logm(B(x,r) < = log B+ S, ¢(x)
log [(f")'(z)|" —nolog L +logg = logr = log|(f")(x)|~1¢"
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Increasing further F so that log E > nglog L — log&, we can rewrite it in the
“symmetric” form of (8.1.1). &

When we studied the pressure function ¢ +— P(¢) in Chapters 2 and 4 the
linear functional ¢ — [tdug appeared. This was the Gateaux differential of
P at ¢ (Theorem 2.6.5, Proposition 2.6.6 and (??)). Here the presence of an
ambient smooth structure (1-dimensional or conformal) distingushes v’s of the
form —tlog|f’|. We obtain a link between the ergodic theory and the geometry
of the embedding of X into R?.

Definition 8.1.2. Let p be an ergodic f-invariant probability measure on X.
Then by Birkhoff’s Ergodic Theorem, for p-almost every x € X, the limit
lim,, o0 = log |(f™)'(2)] exists and is equal to [ log|f’|du. We call this number
the Lyapunov characteristic exponent of the map f with respect to the measure
p and we denote it by x,(f). In our case of expanding maps considered in this
Chapter we obviously have x,(f) > 0.

This definition does not demand the expanding property. It makes sense for
an arbitrary invariant subset X of R? or the Riemann sphere C, for f conformal
(or differentiable in the real case) defined on a neighbourhood of X. There
is no problem with the integrability because log|f’| is upper bounded on X.
We do not exclude the possibility that x, = —oco. The notion of a Lyapunov
characteristic exponent will play a crucial role also in subsequent chapters where
non-expanding invariant sets will be studied.

Theorem 8.1.3 (Volume Lemma, expanding map, Gibbs measure case). Let m
be a Gibbs state for a topologically mixing conformal expanding repeller X € R?
and a Hoélder continuous potential ¢ : X — R . Then for m-almost every point
x € X there exists the limit

lim logm(B(z,1)) .
r—0 log r

Moreover, this limit is almost everywhere constant and is equal to h,(f)/xu(f),
where p denotes the only f-invariant probability measure equivalent to m.

Proof. We can assume that P(¢) = 0. We can achieve it by subtracting P(¢)
from ¢; the Gibbs measure class will stay the same (see Proposition 4.1.4). In
view of the Birkhoff Ergodic Theorem, for py-a.e x € X we have.

n—oo N

1 .1 n

lim 3 8,0(z) = [ odu and lim - log| (/") )] = xu(f)
Combining these equalities with (8.2.1), along with the observation that n =
n(z,r) — oo as r — 0, and using also the equality h,(f) + [ ¢du = P(¢) =0,

we conclude that
L logu(B(,r) _ hu(f)
im = .
r—0  logr Xu(f)
The proof is finished. &
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As an immediate consequence of this lemma and Corolaries 7?7 and ?7a we
get the following.

Theorem 8.1.4. If i is a Gibbs state for a conformal expanding repeller X €
R? and a Hélder continuous potential ¢ on X, then there exist Hausdorff and
packing dimensions of u and

HD(p) = PD(p) = hyu(£)/ X (f)-

Using the above technique we can find a formula for the Hausdorff dimension
and other dimensions of the whole set X . This is the solution of the non-linear
problem, corresponding to the formula for Hausdorff dimension of the linear
Cantor sets, discussed in the introduction.

As f is Lipschitz continuous (or as f is forward expanding), the function

P(t) := P(~tlog|f'])

is finite (see comments at the beginning of Section 2.6). As |f'| > X\ > 1, it
follows directly from the definition that P(¢) is strictly decreasing from +o0o to
—o0. In particular there exists exactly one parameter ¢y such that P(ty) = 0.
We prove first the following.

Theorem 8.1.5 (Existence of geometric measures). Let to be defined by P(tg) =
0. Write ¢ for —tolog|f’| restricted to X. Then each Gibbs state m correspond-
ing to the function ¢ is a geometric measure with the exponent ty. In particular

logm(B@m) _ ¢ for every v € X.

lim, o logr

Proof. We put in (8.1.1) ¢ = —tolog|f’|. Then using (8.1.2) (8.1.4) and
sup | f’| < L to replace |(f™)'(x)|~! by r we obtain

log E + tglogr < logm(B(z,r)) < —log E +tglogr
—logE +logr — log r ~  logE +logr

with a corrected constant £. Hence

log E + tglogr < logm(B(z,r)) < —log E +tglogr
logr - logr - logr

(8.1.7)

for further corected E. In consequence

_ log(m(B(z,1)/E)  log(Em(B(a,r)))

< th

logr logr -
hence
m(B(z,r))/E <7 and Em(B(z,r)) > r'.

(In the denominators we passed in Proof of Theorem ?? from r to |(f™)(z)|~*
and here we passed back, so at this point the proof could be shortened. Namely
we could deduce (8.1.7) directly from (8.1.6). However we needed to pass from
|(f™)(z)|~! to r also in numerators and this point could not be simplified). &
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As an immediate consequence of this theorem and Theorem 7?7 we get the
following.

Corollary 8.1.6. The Hausdorff dimension of X is equal to tq. Moreover it is
equal to the packing and Minkowski dimensions. All Gibbs states corresponding
to the potential p = —tglog|f’|, as well as to-dimensional Hausdorff and packing
measures are mutually equivalent with bounded Radon-Nikodym derivatives.

More on Volume Lemma. We end this section with a version of the Vol-
ume Lemma for a Borel probability invariant measure on the expanding repeller
(X, f). In Chapter 10 we shall prove this without the expanding assumption
assuming only positivity of Lyapunov exponent (though assuming also ergodic-
ity) and the proof will be difficult. So we prove first a simpler version, which
will be needed already in the next section. We start with a simple fact following
from Lebesgue Theorem on the differentiability a.e. ([?, Th.7.1.4]) We provide
a proof since it is very much in the spirit of Chapter 7.

Lemma 8.1.7. Every non-decreasing function k : I — R defined on a bounded
closed interval I C R is Lipschitz continuous at Lebesgue almost every point in
1. In other words, for every e > 0 there exist L > 0 and a set A C I such that
[T\ Al < e, where | -| is the Lebesque measure in R, and at each r € A the
function k is Lipschitz continuous with the Lipschitz constant L.

Proof. Suppose on the contrary, that

K@)~ k),
ey

B={zel:suplyel:z#y,
has positive Lebesgue measure. Write I = [a,b]. We can assume, by taking a
subset, that B is compact and contains neither a nor b. For every z € B choose
a2’ € 1,2’ # x such that

k(x) — k()| _ . k() — k(a)
w—o] o 1B

(8.1.8)

Replace each pair z, 2’ by y,y" with (y,y’) D [z,2'], and y,y’ so close to x,a’
that (8.1.8) still holds for y, 3’ instead of x,2’. In case when z or 2’ equals a or
b we do not make the replacement.) We shall use for y,y’ the old notation x, =’
assuming z < z’.

Now from the family of intervals (z,z’) choose a finite family Z covering our
compact set B. From this family it is possible to choose a subfamily of intervals
whose union still covers B and which consists of two subfamilies Z' and Z? of
pairwise disjoint intervals. Indeed. Start with I; = (x1,2}) € Z with minimal
possible x = z; and maximal in Z in the sense of inclusion. Having found
L = (x1,2)),...,I, = (xn,2)) we choose I,,11 as follows. Consider Z,; :=
{(x,2") € T2 €Uy L, >sup;—y _,xi}. If T,qy is non-empty, we
set (Tni1,2),41) SO that m’;H = max{z’ : (z,2') € Zpt1}. U Tpp1 = 0, we
set (Tn41,27,41) S0 that 2,41 is minimal possible to the right of max{z} : i =
1,...,n} or equal to it, and maximal in Z.
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In this construction the intervals (z,, z!,) with even n are pairwise disjoint,
since each (2n42,2;,,,) has not been a member of Z,, ;. The same is true for
odd n’s. We define Z* for i = 1,2 as the family of (z,, z},) for even, respectively
odd, n.

In view of the pairwise disjointness of the intervals of the families Z' and
7?2, monotonicity of k and (8.1.8), we get that

k) = bla) 2 Y )~ ko) > 22 HE S @) -

nelt nezll

and the similar inequality for n € Z2?. Hence, taking into account that 7' U Z2
covers B, we get

k(b) — k(a)
> (@) > 2TIBI = 2(k(b)—k(a)),

neZlUI?

k(b) — k(a)

which is a contradiction. &

Corollary 8.1.8. For every Borel probability measure v on a compact metric
space (X, p) and for every r > 0 there exists a finite partition P = {P,t =
1,...,M} of X into Borel sets of positive measure v and with diam(P;) < r for
all t, and there exists C' > 0 such that for every a > 0

V(0p.) < Ca, (8.1.9)

where Op o = (), (Us?ﬁ,5 B(Ps, a)).

Proof. Let {x1,...,zn} be a finite r/4-net in X. Fix € € (0,7/4N). For cach
function t — k;(t) := v(B(z;,t)), t € I = [r/4,7/2], apply Lemma 8.1.7 and find
appropriate L; and A;, for alli =1,...,N. Let L = max{L;,i=1,..., N} and
let A=(),_; nAi Theset A has positive Lebesgue measure by the choice
of €. So, we can choose its point 7y different from r/4 and r/2. Therefore,
for all @ < ag := min{rg —r/4,7/2 —ro} and for all ¢ € {1,2,...,n}, we have
v(B(x;,r0 + a) \ B(x;,r0 — a)) < 2La. Hence, putting

Ala) = U(B(xi,ro +a)\ B(z;,r0 — a)),

i

we get v(A(a)) < 2LNa. Define P = {ﬂf\;l B*0)(z;,70)} as a family over
all functions x : {1,...,N} — {+,—}, where Bt (z;,70) := B(w;,70) and
B~ (zi,7m0) := X \ B(z;,70), except k yielding sets of measure 0, in particu-
lar except empty intersections. After removing from X of a set of measure
0, the partition P covers X. Since ro > r/4, the balls B(x;,79) cover X.
Hence, for each non-empty P; € P at least one value of k is equal to +. Hence
diam(P;) < 2r¢ < r.

Note now that dp, C A(a). Indeed, let z € 9p,. Since P covers X
there exists to such that © € P, so ¢ ¢ P; for all t # to. However, since = €
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Ut#O B(P;,a), there exists t; # to such that dist(x, P, ) < a. Let B = B(x;,10)
be such that P,, C B* and P, C B, or vice versa. In the case when z € Py, C
BT, by the triangle inequality p(z,x;) > 79 — a and since p(z,x;) < 79, We get
x € A(a). In the case x € P, C B~ we have x € B(z;, ro+a)\B(x;,r0) C A(a).
We conclude that v(0p.q) < v(A(a)) < 2LNa for all a < ag. For a > ao it
suffices to take C' > 1/ag. So the corollary is proved, with C' = max{2LN, 1/ao}.
&

Remark. If X is embedded for example in a compact manifold Y, then we
can view v as a measure on Y, we find a partition P of ¥ and then 0p, =
B(Ut:LwM OP,,a), provided M > 2. This justifies the notation 9p 4.

Corollary 8.1.9. Let v be a Borel probability measure on a compact metric
space (X, p) and let f : X — X be an endomorphism measurable with respect to
the Borel o-algebra on X and preserving measure v. Then for every r > 0 there
exists a finite partition P = {P;,t =1,..., M} of X into Borel sets of positive
measure v and with diam(P;) < r such that for every 6 > 0 and v-a.e. x € X
there exists ng = no(x) such that for every n > ng

B(f"(x),exp(—n0d)) C P(f"(z)) (8.1.10)

Proof. Let P be the partition from Corollary 8.1.8. Fix an arbitrary § > 0.
Then by Corollary 8.1.8

> U(Op.exp(-ns)) < D Cexp(—né) < oo
n=0

n=0
Hence by the f-invariance of v, we obtain

o0

Z V(f_n(ap,exp(fné))) < 00.

n=0

Applying now the Borel-Cantelli lemma for the family {f~"(0p exp(—ns)) }ne1
we conclude that for v-a.e € X there exists ng = ng(z) such that for every
n > ng we have x ¢ f7"(0p exp(—ns)), 50 f"(x) ¢ Op exp(—ns)- Hence, by
the definition of 9p cxp(—nsy, if f"(z) € P; for some Py € P, then f"(x) ¢
US#B(PS,exp(—n(S)). Thus

B(f™(x),exp —nd) C P.
We are done. &

Theorem 8.1.10 (Volume Lemma, expanding map, any measure case). Let v
be an f-invariant Borel probability measure on a topologically exact conformal
expanding repeller (X, f), where X C R®. Then

hV(f) *
HD,(v) < NT; < HD*(v).

=
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If in addition v is ergodic, then

h(f)
X (f)

Proof. Fix the partition P coming from Lemma ?? with » = min{&, n}, where
n > was defined in (3.0.1). Then, as we saw in Chapter 4

P (@) £ (B(f"(2),€)). (8.1.11)

for every x € X and all n >. We shall work now to get a sort of opposite inclu-
sion. Consider an arbitrary § > 0 and z so that (8.1.10) from Corollary 8.1.91s
satisfied for all n > no(z). For every 0 < i < n define k() = [i log)\ + lloogi] +1,
A > 1 being the expanding constant for f : X — X (see (3.1.1)). Hence
exp(—id) > €A7F and therefore fj:i’(“m)(B(f”k(x),é)) C B(f(x),exp —id). So,

using (8.1.10) for ¢ in place of n, we get
fr OB (),€) € £ (P ()
for all ¢ > ng(z). From this estimate for all ng <i < n, we conclude that

F PO (B (), ) € Pt ),

HD(v) =

Notice that for v-a.e. x there is a > 0 such that B(z,a) C P"(x), by the
definition of dp . . Therefore for all n large enough

fo D (B (2),€)) € P (). (8.1.12)
It follows from (8.1.12) and (8.1.11) with n + k(n) in place of n, that

— v —(n+k(n)) n+k(n)
lim ——logV(P"( }) < limnf — 287/ B(f"*"(z),6)))

n—00 n—oo n
_ (k) 3¢ prebh(n)
< lim sup log v (fz (B(f (),€)))
n— o0 n
< lim ——logy(’P”( ))('PnJrk(n)Jrl)(x)

The limits on the most left and most right-hand sides of these inequalities exist
for v-a.e. = by the Shennon-McMillan-Breiman Theorem (Theorem 1.5.4), see
also (1.5.4), and their ratio is equal to lim,_, arhy = 1+ %. Letting 6 — 0
we obtain the existence of the limit and the equality

hl,(f,’P,a:) = nlg{.lo _% logy(P"(x)) = Lim —1ogy(f;n(B(fn(x)7f)))

n— o0 n

(8.1.13)
In view of Birkhoff’s Ergodic Theorem, the limit

Xo(f,2) 1= lim ~log (/") (2)] (8.1.14)
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exists for v-a.e. x € X. Dividing side by side (8.1.13) by (7.1.13) and using
(8.1.2)-(7.1.4), we get
logv(B(z,7)) _ h(f,P,z)

li - .
r= logr xv(f, )

Since by the Shennon-McMillan-Breiman Theorem (formula (1.5.4)) and Birkhoft’s
Ergodic Theorem,

Jh(f,P,x)dv(z)

_ h(fP) _ h(f
Ixo(f @) dv = 22057 = 205

The latter equality holds since f is expansive and diam(P) is less than the
expansivness constant of f, which exceeds 7.

—

There thus exists a positive measure set where by (f,P.2) < hy (f) and a
Xu(fvm) Xu(f)

positive measure set where the opposite inequality holds. Therefore

o logv(B(a.r) _ hu(f)
r—0 logr ~ x(f)

and the opposite inequality also holds on a positive measure set. In view of
definitions of HD, and HD* (Definition 7.4.11) and by Corollary ??, this finishes
the proof of the inequalities in our Theorem. In the ergodic case h, (f,P,z) =
h, (f) and x,(f,x) = xu(f) for v-a.e. z € X. So

g OBV W)

r—0  logr xv(f)

8.2 Multifractal analysis of Gibbs state

In the previous section we linked to a (Gibbs) measure only one dimension
number, HD(m). Here one of our aims is to introduce 1-parameter families
of dimensions, so-called spectra of dimensions. In these definitions we do not
need the mapping f. Let v be a Borel probability measure on a metric space
X. Recall from Section ??7 that given z € X we defined the lower and upper
pointwise dimension of v at x by putting respectively

d,(z) = liminf log v(B(w,r)) and d, (z) = limsup w.

r—0 logr r—0 logr

If d,(z) = d,(z), we call the common value the pointwise dimension of v at z
and we denote it by d,(x). The function d,, is called the dimension spectrum of
the measure v. For any a < 0 < oo write

Xo(a)={ze X :d,(z) =a}.
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The domain of d, namely the set J,, X, () is called a regular part of X and its
complement X a singular part. The decomposition of the set X as

xX= |J X(euXx.

0<a<oo

is called the multifractal decomposition with respect to the dimension spectrum.
Define the F, (a)-spectrum for dimensions function related to Hausdorff di-
mension by

F,(a) = HD(X, (),

where we define the domain of F, as {a: X, () # 0}.

Note that by Theorem 8.1.5 if (X, f) is a topologically exact expanding
conformal repeller and v = p_pp(x)log|s/| then all X, (o) are empty except
X,(HD(X)). In particular the domain of F, is in this case just one point
HD(X).

Let for every real g # 1

1 log "N u(B;)1
Ry(v) := lim 08 2izy V(B:)
q—1r—0 logr

)

where N = N(r) is the total number of boxes B; of the form B; = {(z1,...,2q) €
RY :rk; < a5 <r(kj+1), j =1,...,d} for integers k; = k;(i) such that
v(B;) > 0. This function is called Rényi spectrum for dimensions, provided the
limit exists. It is easy to check (exercise 7.2.1) that it is equal to the Hentschel-
Procaccia spectrum

1 loginfg, > 5. v(B(zi,7))
HPy(v) :== — lim 9r £4B(xi,r)€G, (B( ) 7
q 1r—0 10gr

where infimum is taken over all G, being finite or countable coverings of the
(topological) support of v by balls of radius r centered at z; € X, or

1 B a-1q
BP0 e Ly L (B )
q—1r—0 logr

provided the limits exist. For ¢ = 1 we define the information dimension I(v)

as follows. Set
H,(r) = inf(= 3" v(B)logu(B)),
" BEF,

where infimum is taken over all partitions F, of a set of full measure v into
Borel sets B of diameter at most r. We define

. Hy(r)
I(v) = PL% —logr

provided the limit exists. A complement to Corollary ?? is that

D, (v) < I(v) < PD*(»). (8.2.1)
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For the proof see Exercise 7.2.5.Note that for Rényi and HP dimensions it
does not make any difference whether we consider coverings of the topological
support (the smallest closed set of full measure) of a measure or any set of full
measure, since all balls have the same radius 7, so we can always choose locally
finite (number independent of r) subcovering. These are “box type” dimension
quantities.

A priori there is no reason for the function F, («) to behave nicely. If v is an
f-invariant ergodic measure for (X, f), a topologically exact conformal expand-
ing repeller, then at least we know that for ay = HD(v), we have d,(z) = «ap
for v-a.e. x (by the Volume Lemma: ?? and Theorem 8.1.4 for a Gibbs mea-
sure v of a Holder continuous function and by Theorem 8.1.10 in the general
case). So, in particular we know at least that the domain of F, (v) is nonempty.
However for a # ag we have then v(X,(a)) = 0 so X, (a) are not visible for
the measure v. Whereas the function HP,(v) can be determined by statistical
properties of v-typical (a.e.) trajectory, the function F,(«) seems intractable.
However if v = u4 is an invariant Gibbs measure for a Holder continuous func-
tion (potential) ¢, then miraculously the above spectra of dimensions happen
to be real-analytic functions and —F,, (—p) and HP,(js) are mutual Legen-
dre transforms. Compare this with the pair of Legendre-Fenchel transforms:
pressure and -entropy, Remark ??. Thus fix an invariant Gibbs measure p4 cor-
responding to a Holder continuous potential ¢. We can assume without loosing
generality that P(¢) = 0. Indeed, starting from an arbitrary ¢, we can achieve
this without changing u4 by subtracting from ¢ its topological pressure (as at
the beginning of the proof of Lemma ?7?). Having fixed ¢, in order to simplify
notation, we denote X, (o) by X, and F), B by F. We define a two-parameter
family of auxiliary functions ¢4 : X — R for ¢,t € R, by setting

¢g,r = —tlog L' + q¢.

Lemma 8.2.1. For every ¢ € R there exists a unique t = T(q) such that
P(¢q,t) = 0.

Proof. This lemma follows from the fact the function t — P(¢q ) is decreasing
from oo to —oo for every ¢ (see comments preceding Theorem 8.1.5 and at the
beginning of Section 2.6) and the Darboux theorem. &

We deal with invariant Gibbs measures p, ..., Which we denote for abbre-
viation by p, and with the measure p4 so we need to know a relation between
them. This is explained in the following.

Lemma 8.2.2. For every q € R there exists C > 0 such that for oll x € X and
r>0

1 pg(B(, 7))
cl < T iy Bz 1) <C. (8.2.2)
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Proof. Let n = n(x,r) be defined as in Lemma 8.1.1. Then, by (8.1.6), (8.1.2)
and (8.1.4), the ratios

po(B(z, 7)) pq(B(z, 1)) r
exp Spg(z) " |(f) (@) 77D expgSne(x)” (") ()]}

are bounded from below and above by positive constants independent of z,r.
This yields the estimates (8.2.2) )

Let us prove the following.

Lemma 8.2.3. For any f-invariant ergodic probability measure 7 on X and
for T-a.e. x € X we have

B [ pdr
-~ — [log|fldr

Proof. Using formula (8.1.1) in Lemma 8.1.1 and Birkhoff ’s Ergodic Theorem,
we get

dlhf) (IE)

dy () = lim Sno(x) _ limy, o0 £ Sp6() _ Jgar
e n—oco log [(f)/(x)|7!  limy o = log|(f") ()| — [log|f’|dr’

&

One can conclude from this, that the singular part X of X has zero measure
for every f-invariant 7. Yet the set X is usually big, see Exercise 7.2.4.

On the Legendre transform. Let &k = k(q) : I — R U {—00,00} be a
continuous convex function on I = [y (k), az(k)] where —oco < a3 (k) < as(k) <
00, excluded the case I is only —oo or only co. l.e. [ is either a point in R
or a closed interval or a closed semiline jointly with —oco or with oo, or else
RU{—00,0}). The Legendre transform of k is the function g of a new variable
p defined by
9(p) = sup{pg — k(q)}-
qel

Its domain is defined as the closure in R U {—o00, 00} of the set of points p in R,
where g(p) is finite, and ¢ is extended to the boundary by the continuity.

It can be easily proved (Exercise 7.2.2) that the domain of g is also either
a point, or a closed interval or a semiline or R (with +00). More precisely
the domain is [a1(g), az(g)], where a;(g) = —oo if @;(k) is finite or a;1(g) =
lim,_, —oo k'(x) (the derivative means here, say, the left hand side derivative)
if aq(k) = —oo. Similarly one describes as(g) replacing —oo by co. It is also
easy to show that ¢ is a continuous convex function (on its domain) and that
the Legendre transform is involutive. We then say that the functions k and g
form a Legendre transform pair.
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Proposition 8.2.4. If two convez functions k and g form a Legendre transform
pair then g(k'(q)) = ¢k'(q) — k(q), where k' (q) is any number between the left
and right hand side derivative of k at q, defined as —o0,00 at ¢ = a1(k), aa(k)
respectively, if ai(k),az(k) are finite. The formula holds also at a;(g) if the
arising 0 - co and co — 0o are defined appropriately.

Note that if k is C? with k” > 0, therefore strictly convex, then also g” > 0
at all points k'(q) for a1(k) < ¢ < as(k), therefore ¢ is strictly convex on
[k (a1 (k)), k' (a2(k))]. Outside this interval g is affine in its domain. If the
domain of k is one point then ¢ is affine on R and wice versa.

We are now in position to formulate our main theorem in this section gath-
ering in particular some facts already proven.

Theorem 8.2.5. (a) The pointwise dimension d,(x) exists for pg-almost
every x € X and

d,
oy (2) = % — HD(ns) = PD(juy).
(b) The function q — T(q) for g € R, is real analytic, T(0) = HD(X), T(1) =
0,
/ _ f¢dﬂq
PO = Tiog pldn, <

and T"(q) > 0.

(c) For all ¢ € R we have pg(X_1r(q)) = 1, where pgq is the invariant Gibbs
measure for the potential ¢q gy, and HD(ug) = HD(X_1/(q))-

(d) For every ¢ € R, F(-T'(¢q)) = T(q) — qT'(q), i.e. p — —F(—p) is
Legendre transform of T'(q). In particular F is continuous at —T"(£00)
the boundary points of its domain, as the Legendre transform is, and for
a ¢ [-T'(c0), =T"(—00)] the sets X,,,(a) are empty, so these a’s do not
lie in the domain of F (see the definition), as they do not belong to the
domain of the Legendre transform.

(This emptyness property is called completness of the F-spectrum.)

If the measures 1y and pi_gp(x)ieg || (the latter discussed in Theorem
8.1.5 and Corollary 8.1.6) do not coincide, then T"” > 0 and F" < 0,
i.e. the functions T and F are respectively strictly conver on R, and
strictly concave on [—T'(00), —T"'(—00)] which is a bounded interval in
Rt ={aeR:a>0} Ifus = H—HD(X)log |f/| then T is affine and the
domain of F is one point —T".

(e) For every q # 1 the HP and Rényi spectra exist (i.e. limits in the defi-
nitions exist) and {(qu) = HP,(pg) = Ry(pbg). For g =1 the information
dimension I(ug) exists and

T(q)

im =-T'(1) = HD = PD =1 .
im = (1) = HD(ng) = PD(py) = I(pg)
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Insert Figures: graph of T, graph of F' [Pesin(1997), p. 219, 220]

Proof. 1. Since P(¢) = 0, the part (a) is an immediate consequence of
Lemma 7?7 and its second and third equalities follow from Theorem 8.1.4. The
first equality is also a special case of Lemma 8.2.3 with 7 = 4.

2. We shall prove some statements of the part (b). The function ¢, =
—tlog|f'| +q¢, from R? to C?(X), where 6 is a Holder exponent of the function

function P : C? — R is real analytic, then the composition which we denote
P(q,t) is real analytic. Hence the real analyticity of T'(¢q) follows immediately
from the Implicit Function Theorem once we verify the non-degeneracy assump-
tion. In fact C2?-smoothness of P(q,t) is sufficient to proceed further (here only
C1), which has been proved in Theorem ?7.

Indeed, due to Theorem 4.6.5 for every (qo,to) € R?

9P(q,t))

T'(fmﬂ‘/o) = _/ log |f/|dﬂq0,to <0, (8'2'3)
X

where 14, ¢, is the invariant Gibbs state of the function ¢g, +,. Differentiating
with respect to ¢ the equality P(g,t) = 0 we obtain

_ 9P(g,1) 9P(g, 1))

0 o lar@n  T'@) + =5 —lar (8.2.4)
hence we obtain the standard formula

T'(q) =

“oq  @T@)/ 5 leT@)
Again using (4.6.5”) and P(¢q 1(q)) = 0, we obtain

_ Jodny b
Jlog|f'|duq = [log|f'|duq ~

the latter true since the entropy of any invariant Gibbs measure for Holder
function is positive, see for example Theorem 4.2.9.

The equality T'(0) = HD(X) is just Corollary ??. T'(1) = 0 follows from the
equality P(¢) = 0.

3. The inequality T"(q) > 0 follows from the convexity of P(q,t), see Theo-
rem 2.6.2. Indeed the assumption that the part of R® above the graph of P(q,t)
is convex implies that its intersection with the plane (g, t) is also convex. Since
%q{t)”(qo?to) < 0, this is the part of the plane above the graph of T'. Hence T’
is a convex function.

We avoided in the above consideration an explicit computation of 7", How-
ever to discuss strict convexity (a part of (d)) it is necessary to compute it.

Differentiating (8.2.4) with respect to ¢ we obtain the standard formula

T'(q) (8.2.5)

T/(q)gazp(q,t) +2T,(q)a2p(q,t) +32P(3’t)

" _ ot? dqot dq
T"(q) = e (8.2.6)
ot
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with the derivatives of P taken at (¢, T(q)). The numerator is equal to

0] 0
(T + 5;) Plat) =, (~T'@los ||+ )

by Theorem ??, since this is the second order derivative of P : C(X) — R in
the direction of the function —7"(q) log |f’| + ¢.

The inequality o2 > 0, true by definition, implies 7" > 0 since the denomi-
nator in (8.2.6) is positive by (8.2.3).

By Theorem 1.11.3 o, (=T"(g)log|f’| + ¢) = 0 if and only if the function
—T'(q)log |f'| + ¢ is cohomologous to a constant, say to a. It follows then from
the equality in (8.2.5) that a = [aduy = [(=T"(¢)log|f'| + ¢)dug = 0. There-
fore T'(q) log | f'| is cohomologous to ¢ and, as P(¢) = 0, also P(T"(q) log | f’|) =
0. Thus, by Theorem 8.1.5 and Corollary ??, T'(q) = —HD(X) and conse-
quently ¢ is cohomologous to the function —HD(X)log|f’|. This implies that
H¢ = [—HD(X)log|f’|> the latter being the equilibrium (invariant Gibbs) state
of the potential —HD(X)log |f’|. Therefore, in view of our formula for 7", if
Mo #+ H—HD(X)log|f’| then T"(q) > 0 for all ¢ € R.

4. We prove (c). By Lemma 8.2.3 applied to 7 = p,, there exists a set
Xq C X, of full measure pg, such that for every z € Xq there exists

4y (2) = lim 12810 B) [ odig

- - _T'(g).
r—0 log r — [log|f’|du, (a)

the latter proved in (b). Hence X, C X_11(q)- Therefore puq(X_pr(g)) = 1.
By Lemma 8.2.2 for every B = B(z, )

|log p1q(B) — T(g) logr — qlog py(B)| < C
for some constant C € R. Hence

1 B 1 B
logr logr

asr — 0.
Using (8.2.7), observe that for every x € X_g/(,), in particular for every
ze X,

log 114(B 1 B
o 108 Ha( ):T(quhm 0g g (B)

=T(q) — qT'(q).
o —oer i e (9) —aT"'(q)

Although Xq can be much smaller than X_7(,), miraculously their Hausdorff

dimensions coincide. Indeed the measure i, restricted to either X, or to X —T'(q)
satisfies the assumptions of Theorem 7.6.3 with 61 = 63 = T'(¢) —¢T"(q). There-
fore

HD(X,) = HD(X 7)) = T(q) — 47" (q) (8.2.8)

and consequently
F(=T"(q)) = T(q) — ¢T"(a)-
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Remarks. a) If we take a set larger than X_1/(q), namely replacing in the
definition of X, («) the dimension d, by the lower dimension d, we still obtain
the same Hausdorff dimension, again by Theorem 7.6.3.

b) Some authors replace in the definition of X, («) the value d,(z) by d,,(z).
Then there is no singular part. In view of a) the F,(«) spectrum is the same
for v = pg.

c) Notice that (8.2.8) means that HD(X _7(4)) is the value where the straight
line tangent to the graph of T" at (¢,7'(q)) intersects the range axis.

In the next steps of the proof the following will be useful.

Claim (Variational Principle fo T'). For any f-invariant ergodic probability
measure 7 on X, consider the following linear equation of variables ¢, t

/¢q7tdr Fho(f) =0

that is
h.(f) [ pdr

t=t.(q) = .
@ [ log|f'|dr ’ Tog|f7dr

(8.2.9)
Then for every ¢ € R

T(q) = Sgp{tr(Q)} = tu,(9),

where the supremum is taken over all f-invariant ergodic probability measures
Ton X.

Proof of the Claim. Since [ ¢gdT+h,(f) < P(¢,,¢) and since % < 0 (com-
pare the proof of convexity of T'), we obtain

tr(q) <T(q).

On the other hand by (8.2.9), and using P(¢, () = 0, we obtain

~hy, (f)+afedug  T(q) [log|f'|ldug
s (0) = [log|f'|dug — [log|f'lduq Tta)-

The Claim is proved. &

5. We continue Proof of Theorem 8.2.5. We shall prove the missing parts of
(d). We have already proved that

F(=T'(q)) = HD(X_7v(q)) = HD(uq) = T(q) — q¢T"(q)-

Note that [—7"(c0), —T"(—00)] C€ RT U {0, 00} since T"(q) < 0 for all q. Note
finally that

. — [ pdp sup(—¢)
_T'(— = 1 f¢ 9 <
(o) = I, Tiog TP, = wflog| 7]

< 0
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and
—T'(c0) = lim M.
a—oc [log|f|duq
The expressions under lim are positive, (see (8.2.5)). It is enough now to prove
that they are bounded away from 0 as ¢ — oo. To this end choose gy such that
T'(q0) < 0. By our Claim (Variational Principle for T') ¢, (q0) < T'(qo). Since
tu,(0) >0, we get

d,
ﬁé%%E=MA®—%@w>W@N
Hence % > |T(qo)]/q0 > 0 for all g.

6. To end the proof of (d) we need to prove the formula for F' at —T"(400)
(in case T is not affine) and to prove that for o ¢ [—T"(00), —T"(—00)] the sets
X,i,(a) are empty. First note the following.

6a. For any f-invariant ergodic probability measure 7 on X, there exists
q € RU {£o00} such that

—qo

Jlog|f'ldr  [log|f'|duq
(limg— +oo in the +oo case).

Indeed, by the Claim the graphs of the functions ¢,(¢) and 7T'(¢) do not
intersect transversally (they can be only tangent) and hence the first graph
which is a straight line, is parallel to a tangent to the graph of T at a point
(o, T(qo), or one of its asymptots, at —oco or +0o. Now (8.2.10) follows from
the same formula (8.2.9) for 7 = p,, since the graph of ¢, ~is tangent to the
graph of T just at (go,7T(qo)). (Note that the latter sentence proves the formula

T'(q) = % in a different way than in 2. |, namely wvia Variational
Principle for T'.).

6b. Proof that X, = 0 for a ¢ [-T"(00), —T"(—00)]. Suppose there exists
r € X with a := dy,(x) ¢ [-T"(c0), —=T"(—00)]. Consider any sequence of
integers ny — oo and real numbers by, by such that

lim S, () = bi, lim —— (= log (") (@) = be

k—oo N
and by /by = . Let 7 be any weak*-limit of the sequence of measures

nk—l

1
Tny = —— Z 5f7(a:)7
ng =0

where dy;(,) is the Dirac measure supported at f7(x), compare Remark ??a.
Then [ ¢dr = by and [(—log|f’|)dr = bo.

Due to Choquet Theorem (Section 2.1) (or due to the Decomposition into
Ergodic Components Theorem, Theorem 1.8.11) we can assume that 7 is er-
godic. Indeed, 7 is an “average” of ergodic measures. So among all ergodic
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measure v involved in the average, there is v; such that T J édvy < « and

—log | f'|dvy
d
vs such that %

7, if @ > —T'(—00) we consider v5. For the ergodic T found in this way,
the limit a can be different than for the original 7, but it will not belong to
[-T"(o0), —T'(—00)] and we shall use the same symbol « to denote it. By

Birkhoff’s Ergodic Theorem applied to the functions ¢ and log|f’|, for T-a.e. x
Sn(¢)(x)

> a. If @ < —T'(c0) we consider v; as an ergodic

we have lim,, o gl @] = @ Hence, applying Lemma 8.2.3, we get
[ ¢dr
= d =
@ o (@) — [log|f’|dr
Finally notice that by (8.2.10) there exists ¢ € R such that « = L

— Jlog[f'ldp,’
whence o € [-T"(c0), —=T"(—00)]. This contradiction finishes the proof.
Remark. We have proved in fact that for all x € X any limit number of the
quotients log pi(B(z,r)/logr as r — 0 lies in [=1"(c0), =T"(—00)], the fact
stronger than d,,, (v) € [-T"(cc0), =T"(—o0)] for all x in the regular part of X.

6c. On F(—T'(£o00)). Consider any 7 being a weak*-limit of a subsequence
of pq as ¢ tends to, say, co. We shall try to proceed with 7 similarly as we did
with ftq, though we shall meet some difficulties. We do not know whether 7 is
ergodic (and choosing an ergodic one from the ergodic decomposition we may
loose the convergence pty — 7). Nevertheless using Birkhoff Ergodic Theorem
and proceeding as in the proof of Lemma 8.2.3, we get
Jlimy e 15,6(2)dr(2) [odr [ odn,
- = = lim ————
— [limy—oo Llog|(f7)(x)|dr(x) — [log|f'ldr  a—occ — [log|f’|duq
= lim (=7"(q)) = —T"(c0)
q— 00

with the convergence over a subsequence of ¢’s. Since we know already that

dy,(r) =

= T Llog 7y @) = L)

we obtain for every x in a set X, of full measure 7 that the limit d,(z) =
—T'(c0). We conclude with X, C X 77 (s0)-

Now we use the Volume Lemma for the measure 7. There is no reason for
it to be Gibbs, neither ergodic, so we need to refer to the version of Volume
Lemma coming from Theorem 8.1.10. We obtain

* h, (f) SN hp’q (f)
HP(Xrea)) 2 HDUD 2 gy prar = RS, ()

= lim T'(q) — qT"(q) = F(~T"(c0)).

q— 00

We have used here the upper semicontinuity of the entropy function v — h, (f)
at 7 due to the expanding property (see Theorem 2.5.6).
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It is only left to estimate HD(X_7/(o)) from above. As for p,, we have for
every ¢ and € X_7/ (o) (see (8.2.7)) that

1 B
o 108 Hq(B) — T(g) + ¢ lim og i (B)

=T(q) — qT"(c0) < T(q) — qT"
= oer i et (9) = qT"(00) < T'(q) — 4T"(),

Hence HD(X _7v()) < T'(q)—qT"'(q). Letting ¢ — oo we obtain HD(X _ /() <
F(—T'(c0)).

7. HP and Rényi spectra. Recall that topological supports of ug and pg
are equal to X, since these measures as Gibbs states for Holder functions, do
not vanish on open subsets of X due to Proposition 4.2.7. For every G, a finite
or countable covering X by balls of radius r of multiplicity at most C' we have

1< > pg(B) < C.

Begr

Hence, by Lemma 8.2.2

C <T@ N (BT < C
Beg,

with an appropriate another constant C. Taking logarithms and, for ¢ # 1,
dividing by (1 — ¢) logr yields (e) for ¢ # 1.

8. Information dimension. For ¢ = 1 we have lim, 1 41 T(qu) =-T'(1)
by the definition of derivative. It is equal to HD(ug) = PD(ue) by (a) and (b)

and equal to I(pg) by Exercise 7.2.5.

Exercises
Exercise. 7.2.1. Prove the equalities of Rényi and Hentschel-Procaccia spectra.

Exercise. 7.2.2. Prove Proposition 8.2.4 about Legendre transform pairs and
remarks preceding and following it.

Exercise. 7.2.3. Prove for « = —7'(1) that F(a) = « and F'(a) = 1 (see
Fig.1.) and F'(=T'(+00)) = £o0.

Exercise. 7.2.4. Prove that if ¢ is not cohomologous to —HD(X) log|f’| then
the singular part X of X is nonempty. Moreover HD(X) = HD(X).

Hint. Using the Shadowing Lemma from Chapter 3, find trajectories that
have blocks close to blocks of trajectories typical for p_pp(x)iog|s| of length
N interchanging with blocks close to blocks typical for pg of length eV, for NV
arbitrarily large and € > 0 arbitrarily small.

Exercise. 7.2.5. Define the lower and upper information dimension I(v) and
I(v) replacing in the definition of I(v) the limit lim, by the lower and upper
limits respectively. Prove that HD,(v) < I(v) < I(v) < PD*(v), see (7.2.0).
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Sketch of the proof. For an arbitrary € > 0 there exist C' > 0 and A C X, with
v(X\A) < e such that for all  small enough there exists a partition F, of A, sat-
isfying H,(r)+e > = per v(B)logr(B) > 3 pcr v(B)HD,(v)log g >
HD, (v)(1 —¢) log &-..

On the other hand for the partition B, of X into intersections with boxes
(cubes) of sides of length 7 (compare Proposition 7.4.6 and the partition involved
in the definition of Rényi dimension, but consider here disjoint cubes, that is
open from one side), we have

1 - B)logv(B
T(w) = imsup 222 < T sup 2pes, V(B)logv(B)
r—0 —logr ™ o —logr
log v(Br(x))d log (B,
< tim s BN [ (i CEHELED ) 1) < o),
r—0 log r — Tog 1

where B,.(z) denotes the cube of side r containing x.
Prove that it has been eligible here to use cubes instead of balls standing
in the definition of d,(z). For this aim prove that for v-a.e. x € X, we have

lim % = 1. Use Borel-Cantelli lemma.

Prove that we could use Fatou’s lemma (changing the order of limsup and
integral) indeed, due to the existence of a v-integrable function which bounds
from above all the functions logv(B(z,r))/logr (or logv(B,(x))/logr). Use
again Borel-Cantelli lemma, for, say, r = 27*.

Exercise. 7.2.6. Let u = p14 be a measure of maximal entropy on a topologically
exact conformal expanding repeller X such that every point z € X has exactly

d preimages (so ¢ = —logd). Prove (deduce from Theorem 8.2.5) that F'(a) =

inficp (t + Of:g(fi)), more concretely F(a) =T + O‘lié? log d

Py

, where a =

Exercise. 7.2.7 Let ¢; : X — R be Holder continuous functions for i =
1,...,k and pg, their Gibbs measures. Define Xo,, o, = {z € X : d,,(z) =
a; for alli =1,... k}. Define ¢, . g, = —tlog|f'|+> ", qipi and T(qu, ..., qr)
as the only zero of the function ¢ — P(¢g, ... q.,t). Prove the same properties of
T as in Theorem 8.2.5, in particular that

HD(Xo,, . 0r) = inf)ewg:qim—|—T(q1,...,qk)

(q1,--5qx

wherever the infimum is finite.

Historical and bibliographical notes

The section on multifractal analysis relies mainly on the monographs by Y.
Pesin [?] and K. Falconer [?] (though details are modified, for example we do
not use Markov partition). The reader can find there comprehensive expositions
and further references. The development of this theory has been stimulated by
physicists, the paper often quoted is [?].



8.3. FLUCTUATIONS FOR GIBBS MEASURES 245

8.3 Fluctuations for Gibbs measures

In Section 77, given an invariant Gibbs measure yg we studied a fine structure
of X, a stratification into sets of zero measure (except the stratum of typical
points), treatable with the help of Gibbs measures of other functions. Here we
shall continue the study of typical (ug-a.e.) points. We shall replace Birkhoff’s
Ergodic Theorem by a more refined one: Law of Iterate Logarithm (Ch. 1.11),
Volume Lemma in a form more refined than Th. 8.1.10 and Frostman Lemma
in the form of Theorem 7.6.1 — Corollary ?7?a.

For any two measures p,v on a o-algebra (X, F), not necessarily finite,
we use the notation p < v for p absolutely continuous with respect to v,
the same as in Ch.1.1, and g L v for p is singular with respect to v, that
is if there exist measurable disjoint sets X1, Xo C X of full measure, that is
(X \ X1) = v(X \ X2) = 0, generalizing the notation for finite measures, see
Ch.1.2. We write p < v if the measures are equivalent, that is if 4 < v and
v e

The symbol log;, means the iteration of the log function k times. As in Ch.6
A, means the Hausdorff measure with the gauge function «, A, abbreviates Ax
and HD means Hausdorff dimension.

Theorem 8.3.1. Let f: X — X be a topologically exact conformal expanding
repeller. Let ¢ : X — R be a Hélder continuous function and let py be its
invariant Gibbs measure. Denote k = HD(p14).

Then either

(a) the following conditions, equivalent to each other, hold

(al) ¢ is cohomologous to —klog|f’| up to an additive constant, i.e. ¢+
klog|f’'| is cohomologous to a constant in Hoélder functions; then
this constant must be equal to the pressure P(f,®) so we can say that
v = ¢+ klog|f'| — P(f,®) is a coboundary (see Definition 1.11.2
and Remark 7?),

(a2) pg < Ay on X,
(a3) k = HD(X)

or

(b) ¥ = ¢+ rlog|f’'| is not cohomologous to a constant, uy L A, and more-
over, there exists co > 0, (co = /207 (¥)/xu,(f)), such that with the

gauge function a.(r) = r* exp(cy/log1/rlogs 1/r):

(b1) py L Ag, for all 0 < ¢ < cg, and
(b2) pe < Mg, for all ¢ > cq.

Remark. Also g L A, holds, see Exercise 7.3.1.
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Proof. Note first that by Theorem 8.1.4

[ dis = [ dus+ B, ~P6) = [ dus-+1,, (1)~ P(6) 0.
(8.3.1)
since pg is an equilibrium state. If ¢+ log|f’| is cohomologous to a constant a,
then for a Holder function u we have [(¢+rlog|f'|—a)dpy = [(uof—u)dugs =0
hence a = P(¢). Therefore indeed v is a coboundary.

By Proposition 4.1.4 the property (al) is equivalent to g = pi_.10g || (the
potentials cohomologous up to an additive constant have the same invariant
Gibbs measures, and vice versa). Finally, since two cohomologous continuous
functions have the same pressure (by definition), P(—klog|f’|) = P(¢—P(¢)) =
0, so, by Corollary 8.1.6, k = HD(X) and ¢ = pi_x 10 |s7| < Ax. We have proved
that (al) implies (a2) and (a3).

(a2) implies that A, is nonzero finite on X, hence HD(X) = & i.e. (a3). Fi-
nally (a3), i.e. & = HD(ug) = HD(X) implies h,,, (f)—#xu, (f) = 0 by Theorem
8.1.4 and P(—krlog|f']) = 0 by Corollary 8.1.6. Hence py is an invariant equi-
librium state for —x log |f’|. By the uniqueness of equilibrium measure (Chapter
4), ¢ = P—rlog ||, hence (al). (This implication can be called uniqueness of
the measure maximizing Hausdorff dimension.

Let us discuss now the part (b). Suppose that v is not cohomologous to a
constant. In this case 0,2% () > 0, see Theorem 1.11.3. We can assume that
P(¢) = 0 because subtracting the constant P(¢) from the original ¢ does not
change the Gibbs measure.

Let us invoke (8.1.6) and the conclusion from (8.1.2) and (8.1.4), namely

K Yexp Spo(x) < u(B(z,7)) < K exp Sy ¢(x) (8.3.2)

and
K™ (@)t <r < K|(f") ()" (8.3.3)

for a constant K > 1 not depending on = and r > 0 and for n = n(z,r) defined
by (8.1.2).

Note that for F'(t) := \/tlog, t, for every so > 0 there exists to such that for
all s : —sgp < s < 59,5 # 0 and t > to we have |(F(t +s) — F(t))/s| < 1. This
follows from Lagrange Theorem and dF/dt — 0 as t — oo, easy to calculate.

Substituting ¢ = log|(f")'(x)| and denoting \/log(|(f")' (x)]) logs(I(f")' (x)])
by gn(z), we get for r > 0 small enough

o (B(z, 1)) < K exp(Sno(x)
rexp(cy/log 1/rlogg 1/7) — (KI[(f™) (z)]) =" exp(cF (log (™)' (z)| — log K))
Q exp(Sno(x)

|(f7)" (@)~ exp(cgn(x))

for Q := K"t1*¢exp e, and similarly

o (B(z, 1)) S Q' exp(S,é(r)
& exp(ey/log1/rlogg 1/r) — [(f™) (x)|=% exp(cgn ()




8.3. FLUCTUATIONS FOR GIBBS MEASURES 247

We rewrite these inequalities in the form

Sno(x) + wlog|(f") (x)] C)
gn(x)

- rk eXp(C\/W)

< logQ + gn(z) (S"W) +;1(f)|(f el C) '

We have S, ¢ + klog|(f™)| = Sn, so we need to evaluate the following

upper limit.
lim sup Sn¥(z)
n—oo /log (") (x)[logs [(f") (2]

By the Law of Iterated Logarithm, see (1.11.3) and Theorems 4.7.1 and 1.11.1,

for pg-a.e. x € X, and writing o’ = JEW we have

lim sup G = V202 (8.3.5)

n—oo y/nlogy(n)

—log @ + gn(z) <

(8.3.4)

Applying Birkhoff Ergodic Theorem to the function log|f’|, for pg-a.e. z € X,
denoting ¢, = log|(f™) (z)| = Splog|f'|(x) we obtain

\/Cn, log2 Cn v/logs ¢y
lim =/Xp lim ——— =/ . 8.3.6
n—oo ,/nlogyn Frooo | /logs n Xiso ( )

. \/logs cn, .
Here lim,, o \/log%” =1, since
on

logyen  _ log(log(cn)/ log(n))

— 0
logy 1 logy 1

true, since the numerator is bounded, in fact it tends to 0. Indeed, the assump-
tion that ¢,/n — X, in particular that ¢, /n is bounded and bounded away
from 0, implies log(cy,)/log(n) — 1 hence its logarithm tends to 0.

Combining (8.3.5) with (8.3.6) we obtain for pg-a.e. = the following formula

2
lim sup Snt(z) _ % = ¢p. (8.3.7)

n—oo y/log[(f") (z)|logs [(f") ()] Xy

Therefore, due to g, — 0o as n — oo, for ¢ < ¢y, both, the left and the right
hand side expressions in (8.3.4) tend to co. Hence the middle expression in
(8.3.4) also tends to oco. Analogously for ¢ > ¢y these expressions tend to —oo.
Applying exp we get rid of log and obtain

202

o ife< /=2
lim Sup Ko (B(:E, 7")) o X g

r—0 r"‘exp(c\/logl/rlog31/r)_ 0 ife> ii

Ko

(8.3.8)
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Therefore, by Corollary 77a, g L Ay, for all ¢ <, />2<;L2 and pg < Ay, for all
)
c> /ii. The proof is finished. &
1o

Note that this proof is done without the use of Markov partitions, unlike in
[PUZ], though it is virtually the same.

The last display, (8.3.8), is known as a LIL Refined Volume Lemma, here in
the expanding map, Gibbs measure case, compare Theorem 8.1.3.

Above, (8.3.8) has been obtained from (8.3.7) via (8.3.4). Instead, using
(8.3.2), (8.3.3) one can obtain from (8.3.7) the following, equivalent to (8.3.8)

Lemma 8.3.2 (LIL Refined Volume Lemma). For pg-a.e. x

1 B & 202
Jimn sup og(pg(B(z,r))/r™) _ [20 .

r—0 +/logl/rlogs1/r  \| Xus

Exercises

Exercise. 7.3.1. Prove iy 1 A, in the case b) of Theorem 8.3.1.

Hint. Use a function more refined than 1/202nloglogn, see the Kol-
mogorov test after Theorem 1.11.1. Use LIL (upper bound) for S, (log |[¢'| = x ., )
(Birkhoff Ergodic theorem as used above is not suficient). for details see [PUZ].

Exercise. 7.3.2. Prove a Theorem analogous to Theorem 8.3.1, comparing
it¢ with packing measures. In particular prove that, for 3 not a cobound-

ary, for the gauge function a.(r) = r"exp(—cy/logl/rlogs1/r) and ¢y =
202 (¥)/Xpu, (f) it holds pg < Il,, for all 0 < ¢ < co, and py L Il,, for

122
all ¢ > ¢g.

8.4 Boundary behaviour of the Riemann map, I

In this and the next section we shall apply the results of Section 8.3 to the
conformal expanding repeller (X, f) for X at least two-points set, being the
boundary Fr{) of a connected simply-connected open domain €2 in the Riemann
sphere C. A model example is Q the immediate basin of attraction to an at-
tracting fixed point for a rational mapping, in particular basin of attraction to
oo for a polynomial with X = J(f), the Julia set. We will assume the expanding
property only for technical reasons (and the nature of Chapter 8); for a more
general case see [P] and [PUZ]. In this section we shall consider a large class of
invariant measures. In the next section we shall apply the results to harmonic
measure. We shall interpret the results in the terms of the radial growth of
|R'(¢t¢)] for R : D — Q a Riemann map, i.e. a holomorphic bijection from the
unit disc D to Q , for a.e. ( € 9D and t 7 1.
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We start with general useful facts. Let {2 be an arbitrary open connected
simply-connected domain in C. Denote by R : D — 2 a Riemann mapping, as
above,

Lemma 8.4.1. For any sequence z,, € D, x,, — 0D iff R(x,) — Frid.

Proof. If a subsequence of R(x,) does not converge to Fr{) then we find its con-
vergent subsequence R(z,,) — y € D. So z,,, — R™!(y) € D which contradicts
Zn, — OD. The converse implication can be proved similarly. &

Let now U be a neighbourhood of FrQ in C and f : QNU — Q be a
continuous map, which extends continuously on cl(2NU), mapping FrQ2 in FrQ.
Define g: R°}(QNU) —Dbyg=R o foR.

Lemma 8.4.2. For any sequence v, € R~Y(QNU), z, — oD iff g(x,) — OD.

Proof. The implication to the right follows from Lemma 8.4.1 and the continuity
of f at Fr). Conversely, if g(z,) — 0D, then by Lemma 8.4.1 R(g(x,)) =
f(R(zy)) — Frd. Hence R(z,) — Fr{}, otherwise a subsequence of R(x,)
converges to x € Q and f(x) € FrQ) which contradicts f(2NU) C Q. Hence,
again by Lemma 8.4.1, x,, — 0D. &

Proposition 8.4.3 (on desingularization). Suppose f as above extends holo-
morphically to U, a neighbourhood of Fr{). Then g = R~ l1ofoR on R~Y(QNU)
extends holomorphically to g1 on a neighbourhood of 0D, satisfying I o g1(z) =

g1 oI for the inversion I(z) = z=t. This g1 has no critical points in OD.

Proof. Let Wi = {z : r1 < |z| < 1} for r1 < 1 large enough that clW; C
R™Y(QNU) and W, contains no critical points for g. It is possible since f
has only a finite number of critical points in every compact subset of U hence
in a neighbourhood of Fr(2, hence g has a finite number of critical points in a
neighbourhood of 0D in D. Let Wa = {z : 12 < |z| < 1} for r2 < 1 large enough
that if 2 € Wy N g(x), then x € Wy. Consider V a component of g~1(W3). By
the above definitions ¢ is a covering map on V. V contains a neighbourhood
of OD since by Lemma 8.4.2 V' contains points arbitrarily close to 0D and if
x1 € Vand zy € g’l(Wg) with x1,x2 close enough to JD then an arc ¢ joining
x1 to x2 (an interval in polar coordinates) is also close enough to 0D that
g(6) C Wa. Hence 25 € V. Let d be the degree of g on V. Then there exists a
lift g: V — W3 :={z: T;/d < |z| < 1, namely a univalent holomorpic mapping
such that (§(z))? = g.

The mapping g extends continuously from V' to §; on VUID by Carathéodory’s
theorem (see for example [?, Chap. 3.2]). Formally this theorem says that a holo-
morphic bijection between two Jordan domains extends to a homeomorphism
between the closures. However the proof for annuli (W3 and V') is the same.
We use the fact that 0D are the corresponding components of the boundaries.
(One can also intersect V' with small discs B with origins in 9D, consider g|pny
on the topological discs B NV and get the continuity of the extensions to D
directly from Carathéodory’s theorem.) Finally define the extension of g to
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V UdD by gi(x) = (§1)%. It extends holomorphically to a neighbourhood of
0D by Schwarz reflexion principle. ¢7(z) # 0 for z € 9D since g1 (V) C D and
g1(V*) C C\ clD, where V* is the image of V' by the inversion I. &

Remark 8.4.4. We can consider g; on a neighbourhood of 0D as stretching the
possibly wild set FrQ) lifting (a part of) f and extending to g; not having critical
points. The lemma on desinularization applies to all periodic simply connected
Fatou domains for rational mappings, in particulat to Siegel discs and basins of
attraction to periodic orbits. In the latter case the following applies.

Proposition 8.4.5. Let f: U — C be a holomorphic mapping preserving FrQ)
and mapping U NQ in Q0 as before. Assume also that

() £ (U N Q) = F. (8.4.1)

n>0

Then the extension g of ¢ = R~ o f o R provided by Proposition 8.4.3 is
expanding on 0D, moreover (0D, g1) is a conformal expanding repeller.

Proof. By (8.4.1) for every x € U N Q there exists n > 0 such that f™(x) ¢ U.
Hence, due to Lemma 8.4.1, there exists r1 < 1 such that W7 = {z:r1 < |z| <
1} € R=YUNQ) and for every z € W there exists n > 0 for which ¢g"(z) ¢ W;.

Next observe that by Lemma 8.4.2 there exists ro : 11 < 79 < 1 such that if
|g(2)| > 72 then |z| > 1. Moreover there exists 3 < 1 such that if 3 < |z| < 1
then for all » > 0 |¢g7"(2)| < r2. By g "™(2) we understand here any point
in this set. Indeed, suppose there exist sequences r, /' 1 1, < |z,| < 1 and
my, > 0 such that r; < g7 (2p,)| < 72 and ro < [¢g7™(2y,)| for all 0 < m < my,.
Then for 2y a limit point of the sequence g~ (z,,) we have |g™(z)| > r1 for all
m > 0 which contradicts the first paragraph of the proof.

Moreover, for every 0 < r < 1 there exists n(r) > 0 such that if r3 <
|z] < 1 and n > n(r) then [¢g7"(z)] > r. Otherwise a limit point zp =
lim,,,, oo g~ ™" (2) for r3 < |z,| would satisfy g™ (z0) < ro for all m > 0 a
contradiction. By the symmetry given by I the same holds for 1 < |z| < r3 1
Hence ,50 9 "({z : 73 < |2] < r3'}) = 9D, i.e. ID is a repeller for g, see Ch.4
S.1.

Let z, be a gi-trajectory in OD, ¢g(z,) = zn—1,n = 0,—1,.... Then for all
n > 0 there exist univalent branches g; " on B(zo,r3) mapping zp to z_, and
such that g7 ™(B(z0,73)) C {z : 12 < |2] < r;'}. Moreover g; "(B(z0,73)) —
OD. Fixed zg consider all branches G, .., of g; " on B(z,r3) indexed by v and
n. This family is normal and limit functions have values in dD. Since JD has
empty interior, all the limit functions are constant. Hence there exists n(zg) such
that for all n > n(20) and G, for all z € B(zo,73/2) we have |G, ,,,(2)| < 1.
If we take a finite family of points z such that the discs B(zo,73/2) cover ID,
then for all G, . with n > max{n(z0)} and z € B(z0,73/2) |G, . (2)] < 1.
Hence for all z € 9D and n > max{n(z9)} [(¢")'(z)| > 1 which is the expanding
property. '
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Now we pass to the main topic of this Section, the boundary behaviour of
R. We shall denote g1, the extension of g, just by g.

Definition 8.4.6. We say that for z € 9D, x — z non-tangentially if x € D, x
converges to z and there exists 0 < o < 7/2 such that for = close enough to z,
x belongs to the so-called Stoltz angle

Sa(z)=2-(1+{z€C\{0}:7m—a < Arg(z) <7+ a}).

We say that x — z radially if © = tz for ¢ /1. For any ¢ a real or complex
valued function on D it is said that ¢ has a nontangential or radial limit at
z € ID if ¢(z) has a limit for  — 2z nontangentially or radially respectively.

Theorem 8.4.7. Assume that (X, f) is a conformal expanding repeller for X =
FrQY € C for a domain Q C C. Let R: D — Q be a Riemann mapping. Then

1 /
lim sup 28 @1
lz|—1 —logl— |z

(This is better than generally true non-sharp inequality, Ch.5.2.) In particular
R extends to a Holder continuous function on clD. Denote the extension by the
same symbol R. Let g be as before and let its extension (in Proposition 8.4.3)
be also denoted by g. Then the equality f o R = Ro g extends to clD.
If  is a g-invariant ergodic probability measure on 0D, then the non-tangential
limat
log | R'(x)]|
v—= —log(1 — |2)

exists for p-almost every point z € 0D and is constant almost everywhere. De-
note this constant by x,,(R). Then

. XpoR-1 (f)

(@) (84.2)

XIL(R) =1

where the measure o R = R.(u) is well defined (and Borel) due to the
continuity of R on 0.

Proof. Fix § > 0 such that for every z € 0D there exists a backward branch g; "
of g™ on B(¢™(z),d) mapping ¢"(z) to z. Such § exists since g is expanding,
by Proposition 8.4.5, compare the Proof of Proposition 8.4.3.

By the expanding property of g or by Koebe’s Distortion Theorem we can
assume that the distortion for all g™ is bounded on B(g"(z), ) by a constant K.

For z € So(%) and |z — z| < 6/2 denote by n = n(z, z,0) the least non-
negative integer such that [g" ™1 (x) — ¢"*1(2)| > /2. Such n exists if § is small
enough, again since g is expanding. We get for « as in Definition 77,

L@ e
FECETEC (3:45)
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Otherwise there exists w € 9D such that |w — ¢g"(z)| < [g"(2) — g"(z)|aK ! <
0/2. Then w € B(¢g™(2),0) so w is in the domain of g;™ and we obtain 1 —
|z] < ]g7™(w) — x| < |z — |, a contradiction. We used here the fact that
9-"(g"(z)) = z, true since |g/(2) — g/ (x)| < 6/2 for all j = 0,1,...,n and g is
expanding (two different preimages of a point are far from one another).

From the above bound of distortion it follows also that

1 g™ (@)
K < ) (2] <K, (8.4.4)
and, writing ||¢|| = SUP; 5 /2<|u|<1 lg’ ()],
(K|lg'|)76/2 < |z — | - |(¢")' (2)| < K§/2. (8.4.5)

By f"o R = Rog" we have R'(z) = ((f")(R(x))""R/(9"(2))(g")'(x). Due
to (8.4.3), 1 — |g"™(z)| > §/2||¢'|| K1, hence there exists a constant C' > 0
such that for all z € 9D and x,n as above

CT <R (¢"(x)) < C.

We conclude with
|R ()| < A;"Cllg'|[™,

where Ay is the expanding constant for f. Hence, with the use of (8.4.5) to the
denominator, we obtain

<1

1 / _ 1 1 n\/ 1
og |R'(z)| < limsup —" ogAs + o§l(9 ) (2)] <1- og/Af
ej1 —logl—lz| = we log [(g")'(2)] [g'll

If we consider x1, 2 € D close to each other and also close to D, we find y € D
and z1, zo € D such that |y| < min{|z1], |z2|}, |z: — y| < 2|z1 — 22| for i = 1,2
and the intervals joining x; to y are in the Stoltz angles S /4(z;). By integration
of |R'| along these intervals one obtains Holder continuity of R on D with an

: log A . .
arbitrary exponents smaller than a := 1 — % (a more careful consideration

yields the exponent a) and a definite Holder norm, thus Hélder extending to
clD.

Now we pass to x,(R). Since the Riemann map extends to R : cID' —
FrQ) uniformly continuous, R(g™(z)) lies close to R(¢"™(z)). Let fg(z) be a
holomorphic inverse branch of f" defined on some small neighbourhood of
R(g™(2)), containing R(g"(x)) and sending R(g™(z)) = f™(R(z)) to R(z). Then
fg(nz’)(R(g"(x)) = z and applying Koebe’s Distortion Theorem or bounded dis-
tortion for iterates, we obtain

YR _
K= ymey =5 (54

for some constant K independent of z, z and n.
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By Birkhoff’s Ergodic Theorem there exists a Borel set Y € 9D such that
w(Y) =1 and

Jim +10g](6") (2)] = xu(g) and Tim_ - og | (7Y (R(2) = X+ (1)

forall ze Y.
We conclude that for all z € Y and x € S (2),
_ / n\/ -1 ny/ _
o log R log (Y (RE)I Hlog (9 ()] | xuor ()
2 Tog(T—Jal) — 2ok log(1 — [a]) (o)
&
Notes

Proofs of Propositions 8.4.3 and 8.4.5 are slight modifications of proofs in [?,
Ch.7]. For Prop. 8.4.3 see also [?]. It is commonly used in the study of Siegel
discs (Herman) and hedgehogs for Cremer points (Perez-Marco). The assump-
tion that f is expanding, for the Riemann map R to be Holder, is not necessary.
A non-uniform hyperbolicity, namely Collet-Eckmann, or Topological Collet-
Eckmann is sufficient, see [Graczyk & Swiatek (1998)], [?] or [?, Proposition
5.2]. A condition intermediate between expanding and non-uniform hyperbolic-
ity (all critical points in FrQ2 eventually periodic) in case €2 is a basin of attraction
of a rational map is equivalent to John property of ), stronger than Holder, see

[7].

The formula for x,(R) in Theorem ?? holds for (0, f) repelling to the side
of Q, as in Proposition 8.4.5, provided p has positive entropy. The expanding
assumption for f is not needed. See [?, Theorem 1].

8.5 Harmonic measure

We continue to study Fr{) C C the boundary of a simply connected domain
Q C C and the boundary behaviour of a Riemann map R : D — Q, in presence
of amap f as in the previous section, with the use of harmonic measure. Though
most of the theory holds under the weak assumption that f is boundary repelling
to the side of ), as in Proposition 8.4.5. We call such domain an RB-domain.
We assume in most of this Section, for simplicity, a stronger property that f is
expanding on Fr{), and sometimes that ) is a Jordan domain, that is Fr() is a
Jordan curve.

Harmonic measure w(z, A) = wq(z,A) for z € Q and A C FrQ Borel
sets, is a harmonic function with respect to x and a Borel probability mea-
sure with respect to A, such that for every continuous ¢ : 922 — R the function
d(x) := [ ¢(2) dw(z, z) is a harmonic extension of ¢ to €2, continuous on clf. Its
existence is called solution of Dirichlet problem. For simply connected §2 with
non-one point boundary it always exists. If R(0) = xg then w(zo, ) = R.(l),
where [ is the normalized length measure on 0D . Of course R, (l) makes sense
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if R is continuous on clD. However it makes sense also in general, if we consider
the extension of R by the radial limit, which exists l-a.e. by Fatou Theorem,
[?].
Since all the Riemann maps differ by compositions with homographies (M6bius
maps) preserving the unit circle, all the harmonic measures w(z,-) for z € Q
are equivalent and corresponding Radon-Nikodym derivatives are bounded away
from zero and infinity. If we are interested only in this equivalence class we write
w without specifying the point =, and call it a harmonic measure, or harmonic
measure equivalence class on Fr() viewed from (.

Harmonic measure w(x,-) can be defined as the probability distribution of
the first hit of FrQ2 by the Brownian motion starting from x. This is a very
intuitive and inspiring point of view.

For more information about harmonic measures in C we refer the reader for
example to [Pommerenke] or [Tsuji|.

In the presence of f boundary repelling to the side of 2 the lift g defined in
Proposition 8.4.3, extended to 9D, is expanding by Proposition 8.4.5, hence by
Chapter 4 there exists a g-invariant measure p equivalent to [ which is a Gibbs
measure for the potential —log|g’| (with real-analytic density, see Ch.5.2). So
the equivalence class w contains an f-invariant measure, that is R, (u), allowing
to apply ergodic theory.

If © is a simply connected basin of attraction to oo for a polynomial f of
degree d > 2, then w = w(o0,) is a measure of maximal entropy, logd, see
[Brolin 1965]. This measure is often called balanced measure.

A major theorem is Makarov’s theorem [Ma] that HD(w) = 1. This is
a general result true for any simply connected domain €2 as above with no
dynamics involved. We shall provide here a simple proof in the dynamical
context, in presence of expanding f for Jordan Fr().

We start with a general simple observation

Lemma 8.5.1. If for l-a.e. z € ID there exists a radial limit x(R)(z) :=

lim,, .. e L then [ X(R)(2)dl = 0.

(In fact the assumption on the existence of the limit for l-a.e. z, equal to 0,
is always true by Makarov’s theory.)

Proof. We have

/X(R) dl = /;iﬂ%dug)

— 1 / —
_}Lr%—log(l—r) /log|R(rz)|dl(z) 0.

We could change above the order of integral and limit, due to the bounds —2 <
log |R/(rz)|
—log(1—r)
theorem, see Ch.5.2. The latter expression is equal to 0 since log|R'(rz)| is a

harmonic function so the integral is equal to log |R’(0)| which does not depend

of r. &

< 2 for all r sufficiently close to 1, following from Koebe distortion
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Corollary 8.5.2. Suppose that f is a holomorphic mapping preserving Fr{}
repelling to the side of Q). Then for p the g-invariant measure equivalent to the
length measure [

XR. () (f) = xulg) >0 (8.5.1)
hr. () (f) = hu(9) (8.5.2)

and HD(w) =1, for w, the harmonic measure on Fr{) viewed from €.

Proof. We prove this Corollary only in the case (Fr{2, f) is an expanding con-
formal repeller and €2 is Jordan domain. Then, as we already mentioned in the
introduction to this Section, R.(u) is a probability f-invariant measure in the
class of harmonic measure w.

In view of Theorem 8.4.7 x(R) exists and is constant [-a.e. equal to x,(R),
hence by Lemma 8.5.1 it is equal to 0. Hence by (8.4.2) we get (??). The
property (7.5.2) is immediate in the Jordan case since R is a homeomorphism
from 0D to FrQ) by Carathéodory’s theorem, conjugating g with f.

Hence
hr. () _ hu(g)
XR. (1) Xu(9)

Since HD(p) = 1, an immediate application of Lemma ?? for f and g (Volume
Lemma) finishes the proof. &

From now on we assume that Q is Jordan and f expanding. Then the f-
invariant measure R, (u), the R.-image of the Gibbs g-invariant measure pu, is
itself a Gibbs measure, see below, and we can apply the results of Section 77,
namely Theorem 8.3.1.

Theorem 8.5.3. The harmonic measure class w on Fr) contains an f-invariant
Gibbs measure for the map f : FrQl — Fr{) and the Holder continuous potential
—log|g’| o R™Y. The pressure satisfies P(f,—log|g’| o R™1) = 0.

Proof. Recall that Jacobian J;(g) of g : 0D — 9D with respect to the length
measure [ is equal to |g’|, hence [ is a Gibbs measure for ¢ = —log|g’| containing
in its class a g-invariant Gibbs measure p. The pressure satisfies P = P(g, ¢) =0
by direct checking of the condition (4.1.1) or since J;(g) = e?~F = |¢'|e~F.

Since R is a topological conjugacy between g : 0D — JD and f : FrQ2 — FrQ,
we automatically get the Gibbs property (4.1.1) for the measure R, () in the
class of harmonic measure w, for f and ¢ o R~1. We get also P(f,¢o R7!) =
P(g,¢$) = 0. We obtain Gibbs f-invariant measure R.(u) in the class of w for
the potential function ¢ o R~! which is Holder since R™! is Holder.

(Note that in Theorem 8.4.7 we proved that R is Holder, not knowing a priori
that R extends continuously to 0. Here we assume that FrQ) is Jordan, so R
extends to a homeomorphism by Carathéodory’s theorem, hence R~' makes
sense. Therefore the proof that R~! is Holder is straightforward: go from small
scale to large scale by f”, then back on the R~! image by ¢~", the appropriate
branch, and use bounded distortion for iterates, Ch.5.2.) &
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Theorem 8.5.4. Let f: Fr{) — Fr) be a conformal expanding repeller, where
Q is a Jordan domain. Then either

(a) w = Hy on 09, which is equivalent to the property that the functions log|g’|
and log |f' o R| are cohomologous, and else equivalent to HD(0Q) = 1, or

(b) w L Ay, which implies the existence of co > 0 such that with the gauge
function a.(t) = texp(cy/log(1/t) log4(1/1)),

wl Ay, forall 0<c<c

and
w K Ay, forall c> co.

Proof. The property that log|g’| and log|f’ o R| are cohomologous implies that
the functions —log|g’ o R™1| and —log|f’| are cohomologous (with respect to
the map f : 9Q — 09Q). By Theorem 8.5.3 w contains in its equivalence class
an invariant Gibbs state of the potential —log|g’ o R™!|. By Theorem ?? x =
HD(w) = 1. Since P(f, —log|f"]) = P(f,— loglg’ o B~'[) = P(g, — log g'|) = 0,
it follows from Theorem ?? that the cohomology is equivalent to HD(Fr{2) = 1,
and to the property that w is equivalent to the 1-dimensional Hausdorff measure
on FrQ. So, the part (a) of Theorem 8.5.4 is proved.

Suppose now that log|g’| and log|f’ o R| are not cohomologous. Then
—log|g’ o R7!| and —log|f’| are not cohomologous. Let u be the invariant
Gibbs state of —log|g’ o R™!| in the class of w. By x = 1 we get the part (b)
immediately from Theorem 8.3.1(b) for X = Fr{. )

Now we shall closer look at the case a), of rectifiable Jordan curve Fr{). In
particular we shall conclude that this curve must be real-analytic.

Theorem 8.5.5. If f : FrQ) — FrQ) is a conformal expanding repeller, Q) is a
Jordan domain and HD(FrQ}) = 1 (or any other condition in the case (a) in
Theorem 8.5.4, then Fi{) is a real-analytic curve.

If we assume additionally that f extends holomorphically onto C, i.e. f is a
rational function, and € is completely invariant, namely f~1(Q) = Q, then R
is a homography, Fr{) is a geometric circle and f is a finite Blaschke product in
appropriate holomorphic coordinates on C, i.e.

zZ— Qg

d
e =e1l==;
i=1 ¢

with d the degree of f, |0 =1 and |a;| < 1.
Finally, if f is a polynomial and Q2 completely invariant, then in appropriate
coordinates f(z) = z¢.

For a stronger version, where () is only assumed to be forward invariant
rather than completely invariant, and for a counterexample, see Exercise 3.
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Proof. The condition (a2) in Theorem 8.5.4 means that R : 0D — Fr{) trans-
ports the length measure on 0D to the measure equivalent to the Hausdorff
measure A; on FrQl.

The idea now is to look at FrQ) from outside. We denote D1, = D, R; =:
D — Q and denote S' = 9D. Consider a Riemann map R : Dy == {z : |2| >
1} — C\cl2 = Q*. By Carathéodory’s Theorem Ry (analogously to R;) extends
to a homeomorphism from clDs to cl2*. Denote the extensiond to clD; by the
same symbols R;.

The map g; extending Rfl o fo Ry (see Proposition 8.4.3), as being expand-
ing, is a local homeomorphism on a neighbourhood of S* in clD;. Since € is a
Jordan domain, R; is a homeomorphism between closures, clD; to cl€). So f is a
local homeomorphism an open neighborhood U of Fr{2 in clFr{). In conclusion,
since f has no critical points in FrQ), there exists an open neighborhood U of
FrQ) such that f is defined on U N Qx and maps it into Q*.

Indeed, if Q* 3 2z, — z € FrQ and cl2 > f(z,) — f(z), then, since f is
a local homeomorphism on a neighbourhood of Fr() in clf2, see the paragraph
above, there exists clQ2 > w,, — 2 such that f(w,) — f(z). This contradicts the
assumption that f has no critical points in Fr(2, i.e. f is a local homeomorphism
in a neighbourhood of Fr(} in C.

Therefore, analogously to g1, we can define go = R5 Lo f o Ry, the lift of f
via the Riemann map Ry on the set Dy intersected with a sufficiently thin open
annulus surrounding S', and consider the extensions of Ry and g5 to the closure
clDs,, see Figure ....

Figure. Broken Egg

Set

h=R;'oR|g : S — S

Composing, if necessary, Rp with a rotation we may assume that h(1) = 1. Our
first objective is to demonstrate that h is real-analytic.

Indeed, let p; = u;l be g;-invariant Gibbs measures for potentials — log |g}],
i.e. g;-invariant measures equivalent to length measure [, for ¢ = 1, 2 respectively.
In view of Section 77, the densities u; and us are both real-analytic.

Now we refer to F. and M. Riesz theorem (or Riesz-Privalov, see for example
[Pommerenke, Ch.6.3]), which says that FrQ rectifiable Jordan curve implies
that the map Ry : D — FrQ) transports the length measure on S! to the
measure equivalent to A; on FrQ). (Recall that we stated the similar fact on
Ry at the beginning of the proof, which followed directly from the assumptions,
without referring to Riesz theorem.) We conclude that h,(u1) is equivalent to
ta. Since h establishes conjugacy between g; and go the measure h,(p1) is
ge-invariant.

Now comes the main point. The measures ps and h(u1) are ergodic, hence
equal, by Theorem 1.2.6, i.e.

h(p1) = pa.
Therefore, writing a(t) = 5= log h(e?™), a : [0,1] — [0,1] , denoting by (t) =

fg uy (e2™) dt and bo(t) = f; ug(e?™) dt, noting that by h(1) = 1 we have
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a(0) =0, we get forallt:0<t<1

bi(t) = ba(a(t)).

The functions b; are real-analytic and invertible since u; are positive. Therefore
we can write inverse functions and conclude that a = by ' o b; is real-analytic.
Hence h is real analytic.

The function h extends to holomorphic function on a neighbourhood of S*
and we can replace Ry by Rz = Ry o h in a neighbourhood of S* in D,. By
definition R; considered on clD; and Rs outside D; coincide on S'. So by
Peinleve’s Lemma they glue together to a holomorphic mapping R on a neigh-
bourhood of S*. So R(S?') is a real-analytic curve and the proof of the first part
is finished.

Suppose now that f extends to a rational function on C and €2 is completely
invariant. Then also Q* is completely invariant and both domains are basins of
attraction to sinks, p; € Q and py € C\ ¢l respectively (use Brouwer theorem
and Schwarz lemma). Let R; defined above satisfy R1(0) = p1 and Ra(00) = pa.
The maps g; = R; Yo f o R; preserving D; and S must be Blaschke products.
Indeed. Let ay,...,aq be the zeros of g; in D; with counted multiplicities.
Their number is d since d is the degree of f and Rj(a;) are f-preimages of p.
Denote By (z) = Hle 1. Bach factor = is a homography preserving S 1
so their product also preserves S*.

For B; as above ¢;/Bj is holomorphic on Dj, has no zeros there, and its
continuous extension to S! (see Section 8.4) preserves S' Hence by Maximum
Principle applied to g1/By and Bi/g;1 the function ¢g1/Bj is a constant A\;. So
g1 = M B for |\ = 1. In fact, as one of the zeros of B is 0, as 0 = Ry ' (p1) is
a fixed point for g1, we can write

d z— a;

z)z)\le .
L1171 —a;z
=2

Similarly we prove that
z—a
= ez H T—a
for 1/a the poles of go in Ds.
Note that each Blaschke product B, for which 0 is a fixed point, preserves the

length measure [ on 9dD. Indeed, let ¢ be an arbitrary real continuous function
on JD and ¢ its harmonic extension to ID. Then

/quI = $(0) = ¢(B(0)) = /¢ode, (8.5.3)

since ¢~50 B is harmonic as a composition of a holomorphic mapping with a har-
monic function. We conclude that both g; and go preserve the length measure [.
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Hence h = id and Ry = R on S glue together to a homography R on C, g1 and
g2 extend each other holomorphically to g :== g1 = g on C, and f = RogoR™!.

Finally, if f is a polynomial, then oo is a pole of multiplicity d, hence g(z) =
24, &

Example 8.5.6. In Section 5.1, Example ??, we provided an example of an
expanding repeller, being an invariant Jordan curve for f.(z) = 2% +c for d = 2
and ¢ ~ 0. Similarly, for any d > 2 there exists an invariant Jordan curve .J,
being Julia set for f., cutting the Riemann sphere C into two components,
and Q* which are basins of attraction to a fixed point p. near 0 and to the fixed
point at co. The existence of the expanding repeller J.., follows from Proposition
??. The rest of the scenario is an easy exercise. We can conclude from Theorem
8.5.5 that ¢ # 0 implies HD(J;) > 1.

Now we present another proof of Theorem 2, avoiding Riesz Theorem, so
more applicable in other situations, see for example Exercise 7.5.5.

Proof of Theorem 8.5.5, a second method. It is comfortable to use now the half-
plane rather than disc, so we consider a univalent conformal map R : {z € C:
Sz > 0} — Q extending to a homeomorphism R : cl{Sz > 0} Uoo — clQ.

By our the assumptions R is absolutely continuous on the real axis R. Denote
the restriction of R to this axis by W. Then ¥(x) is differentiable a.e. and it is
equal to the integral of its derivative, see [Pommerenke, Ch.6.3].

Therefore ¥’ # 0 on a set of positive Lebesgue measure in R. By Egorov’s
theorem w — U'(z) — 0 uniformly for |h| — 0,k # 0 except for a set
of an arbitrarily small measure (for a finite measure equivalent to Lebesgue).
To be concrete: there exists ¢ > 0 and a sequence of numbers &,, \, 0 such that
the following set has positive Lebesgue measure

Q={zeR:c<|¥V(2)| <1/c, |V(z+h)—U(x)— V' (2)h| < |h|/nif|h| <e,}.

Let p denote, as before, the probability g-invariant measure on R equivalent
to Lebesgue (remember that we have replaced the unit disc by the upper half-
plane, we use however the same notation R, g and p). We will prove that R
extends to a holomorphic map on a neighbourhood in C of any point in R, i.e.
it is real-analytic on R, by using the formula

R= anROg_n.

The point is to choose the right backward branches g~” so that R in the mid-
dle in the above identity is almost affine. We shall use the natural exten-
sion (R, fi,§), see Section 1.7, where R can be understood as the space of g-
trajectories and m = 7y maps R to R and is defined by 7(z,, n =...,—1,0,1,...)
xo. (We shall use this method more extensively in Chapter 10.)

Since g is ergodic, ! is ergodic, see Section 1.2 and Exercise ??, and in
conclusion there exists 29 € R and a sequence G; of backward branches of g—"
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defined on an interval I with x¢ in the middle, such that z; := G,(x¢) € Q for
all j =1,2,.... Define affine maps

Aj(y) =T (x;)(y — x;) + U(;) (8.5.4)

from R to C.
First we show that we have uniform convergence on I as j — oo

\I/j = fnj o Aj o Gj — U, (855)

Fixed Gj and z € I denote y := g;(z¢) and y+h := G;(z). If A, diam,(I) < &,
for Ay the expanding constant for g, where diam, denotes the diameter in the
spherical metric, then by the definition of the set (Q we obtain, taking into
account that ¥(y) = A;(y),

U(y+h) - W() | (Un)lk] _ Ln,
‘Aj<y+h>—w<y> 1‘< W = e

Then by bounded distortion for iterates of f, see Section 7?7, Lemma 77, we
obtain for a constant C' > 1 depending on f

friv(y +h) - fTU(y)
friAj(y +h) — fri¥(y)

To use Lemma ?? we need to check its assumptions (we consider z = ¥U(y),y1 =
U(y+ h),y2 = Aj(y + h) in the notation of Lemma ?7?), namely to check that
forall k=0,1,...,n;

[fU(y +h) — fPU(y)] <rand [ffA;(y +h) — fEO(y)| <7 (8.5.8)

(8.5.6)

- 1’ < e /nje. (8.5.7)

The first estimate follows immediately from the expanding property of f, namely
the estimate |f*W(y + h) — fFU(y)| < A?'j_kdiam\I/(I) < 7, where Ay is the
expanding constant for f.

The second estimate can be proved by induction, jointly with (8.5.7) for
all f¥ k =0,1,...,n; in place of f™ in (8.5.7). For each ko, having assumed
(8.5.8) for all k < kg, we obtain (8.5.7) for f*o in place of f™, by Lemma ?7?.
In particular the bound is by 1 — )\]71 if n; is large enough.

Hence in the fraction, writing k = ko, we get in the denominator |f*A4;(y +
h)—fF¥(y)| < diamW¥(I), since the numerator is bounded by )\;(nj_k)diam\ll(]) <
/\;ldiam\II(I). Hence |f**1A;(y + h) — f*10(y)| < Kdiam¥ (1) = r

Note that in the course of induction we verify that the consecutive points
f¥A;(y + h) as being close to FrQ) belong to the domain of f.

Now we calculate using f™ o W o G; = ¥ for all j and (8.5.7) that

W) = W(2)| = [;(x) = Wj(zo) — (W(x) = W(xo))|

| EE AR ) | s o
< e nie) f Aj(y + h) — V(o).
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which tends to 0 for j — oc.

Now consider ¥; as defined on a complex neighbourhood of I. To this aim
consider A; as affine maps of C, given by the same formula (7.5.3a) as before. By
(8.5.8) considered for complex = and consequently complex h the maps ¥; are
well defined and uniformly bounded. Thus, we can apply Montel theorem and
choose a convergent subsequence from ¥; . The limit must be a holomorphic
extension of ¥ by uniqueness because it is equal to ¥ on I.

Finally ¥ extends holomorphically to a neighbourhood of every z € R U oo
since by the topological exactness of g there exists € I and an integer n > 0
such that ¢"(z) = z. So, on a neighbourhood of z we define the extension ¥ =
ffoWog, ™ where U in the middle has been already defined in a neighbourhood
of I. &

Now we shall prove the following corresponding fact on the radial behaviour
of Riemann mapping .

Theorem 8.5.7. Let f : Fir{d — Fr) be a conformal expanding repeller with
a Jordan domain. Depending on whether c¢(w) = 0 or c¢(w) # 0, either 09 is
real-analytic and the Riemann map R : D' — Q and its derivative R’ extend
holomorphically beyond OD' or for almost every z € D!

tim sup | R'(r=)| exp ev/Ioa(1/T — 1) logs (1/T — 1) = {g" ZZ i 28 (8.5.9)
and

oo ife<e(w)
0 if ¢ > c(w)
(8.5.10)

lirrnjlllp(IR'(TZ)l exp cy/log(1/1 — r)logs(1/1 — 1)) " = {

Moreover the radial limsup can be replaced by the nontangential one.

Proof. Let n > 0 be the least integer for which ¢"(rz) € B(0,rg) for some fixed
ro < 1. We have R'(rz) = ((f*) (R(rz)))~! - R'(g"(rz)) - (¢™)'(rz). Hence, for
some constant K > 0 independent of r» and z

- | R (rz)]
1< <
S (VD e AT P )
By the bounded distortion theorem the 7z in the denominator can be replaced
z and n depends on r as described by (8.1.2) with r replaced by 1 — r. Now
we proceed as in the proof of Theorem 8.3.1 replacing deviations of S, (¢) —
P(é)n + klog|(f™) (z)| by the deviations of log |(¢™)(z)| — log |(f™)'(z)|. The
proof is finished. &

Exercises

Exercise. 7.5.1. Prove (8.5.2), namely hg (,)(f) = hu(g) in the case f is
expanding but not assuming that € is Jordan. To this end prove that R is
finite-to-one on OD.
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Exercise. 7.5.2. Prove that if € is a Jordan domain and harmonic measures
wq and WE\ el O FrQ) (i.e harmonic measures on FrQ) viewed from inside and
outside) are equivalent, then they are equivalent to the Hausdorff measure A;.

(Hint: .o.oooiiiiii. This theorem has an important intuitive mean-
ing. Harmonic measure is supported on a set exposed to the side from which it
is defined, easily acessible by Brownian motion. These sets in FrQ2 viewed from
inside and outside are very different except Fr{) is rectifiable.)

Exercise. 7.5.3. Prove that if (FrQ), f) is an expanding conformal repeller
for a rational function f, FrQ) is an analytic Jordan curve and ) is a basin
of attraction to a sink, then FrQ} is a geometric circle. (The assumption Q is a
basin of attraction is weaker than the assumption that € is completely invariant
in Theorem 8.5.5.)

Hint: Due to the analiticity of Fr{) a Riemann map R : D —  extends
holomorphically to a neighbourhood U of clD.Consider g a Blaschke product
extending R~!fR defined on D. We can assume g has a sink at co. Extend
next R to C holomorphically by f™ o R o ¢g~", with branches ¢~™ and n large
enough that ¢g~"(z) € U. Check that the extension does not depend on the
choice of the branches g~™. If g is not of the form g(z) = Az? then the above
formula defines R on C. If g(z) = Az? prove separately that R does no have an
essential singularity at co. Finally prove that the extended R is invertible. For
details see [?, Lemma 9.1].

If we do not assume anything about f-invariance of 2 or 2* then Jordan Fr{2
need not be a geometric circle. Consider for example the mapping F(z,y) =
(42, 4y) on the 2-torus R?/Z? and its factor, so called Lattes map, f := PF P!
on the Riemann sphere, where P is Weierstrass elliptic function. Then P({y =
1/4+4 Z}) is an f-invariant expanding repelling Jordan curve, but it is not a
geometric circe (we owe this example to A. Eremenko).

Exercise. 7.5.4. Prove that if for two conformal expanding repellers (Jy, f1)
and (Ja, f2) in C being Jordan curves, the multipliers at all periodic orbits in
J corresponding by a conjugating homeomorphism h, coincide, i.e. for each
periodic point ¢ € J; of period n we have |(f1") (¢)| = |(f&) (h(q))|, then the
conjugacy extends to a conformal map to neighbourhoods.

Exercise. 7.5.5. Let A:R%/Z? — R?/Z be a hyperbolic toral automorphism
given by an integer matrix of determinant 1. Let ®(x1,...,x4) = (271, ... g2mia)
maps this torus to the torus 7¢ = {|z1| = -+ = |z4] = 1} C C% Tt extends
to C4/Z?. Define B = ®A®~!. Let f be a holomorphic perturbation of B on
a neighbourhood of T. Prove that close to T there is a topological torus S
invariant for f such that A on 7 and f on S are topologically conjugate by
a homeomorphism h close to identity. Prove that if for each A-periodic orbit
p, A(p), ..., A" L(p) of period n absolute values of eigenvalues of differentials
DA™(p) and of D f™(h(p)) coincide (one says that Lyapunov spectra of periodic
orbits coincide), then h extends to a holomorphic mapping on a neighbourhood
of T4.
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Notes

The proofs of Theorem ?? and 8.5.4 in full generality can be found in [?] and
[?]. The proof of Theorem 8.5.5 is virtually taken from [?], see also [?]. The idea
of the proof is similar as for quasi-Fuchsian groups (either Hausdorff dimension
of the limit quasicircle is biger than 1, or the group is Fuchsian) in [?]. Tt is a
simple example of the strategy used in a proof of Mostow Rigidity Theorem, see
for example [?] In the general polynomial f case, with the basin € of attraction
to oo simply connected the dichotomy that either HD(FrQ) > 1 or f(z) = 2¢
was proved by A. Zdunik in [?], [?]. A more carefull look proves that for any
Q with f defined on a neighbourhood of FrQ2 with bondary repelling to the side
Q as in Propositions 8.4.5 and Corollary 8.5.2 either HD(FrQ)) > 1, in fact even
hyperbolic dimension HyD(X);1, see [?], (for the definition see Section 11.2),
or Fr(Q) is a real analytic Jordan curve or interval, see [?]. In case f extends
to a rational mapping of C it is either a finite Blaschke product in appropriate
coordinates, as in Theorem 8.5.5, or its 2:1 factor (Tchebyshev polynomial in
case f is a polynomial).

8.6 Pressure versus integral means of the Rie-
mann map

In this section we establish a close relation between integral means of derivatives
of the Riemann map to a domain €2 and topological pressure of the function
—tlog|f’| for a mapping f on the boundary of Q. This links holomorphic
dynamics with analysis, as in the notion of 3 below f is not involved. Given

t € R define / t
l R/(rz)[tdl
B(t) = limsup 28 Jon [ (r2)/"di(z)

1 —log(l —r)
the integral with respect to the length measure. We shall prove the following.

(8.6.1)

Theorem 8.6.1. Assume that (Fr€l, f) is a conformal expanding repeller (as
in Th. 8.4.7). If the lifted (desingularized) map g : 0D — 0D is of the form
2+ 2% d > 2, then

(. ~tlog|'])

Pi
Bl =t -1+ =20 (8.6.2)

In particular in (8.6.1) limsup can be replaced by lim.

Proof. Fix0 < r < 1. Fix n = n(r) to be the first integer for which |¢"(rz)| < ro
for z € D, where rg < 1 is a constant such that f is defined on a neighbourhood
of clR({ro < |w| < 1}). Note that n is independent of z and that there exists a
constant A > 1 such that A=! < |R/(w)| < A for all w € B(0,70).

Then, for all z € JD

R (r2)|" = [R'(¢"(r2))|"
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Divide 0D into d™ arcs I;,j =0, ...,d" — 1 with the end points z; := e@mi)j/d"
and zj4+1. Note that {z; :=j=0,...,d" —1} = g7 "({1}).

By Holder continuity of the continuous extension of R to clD, see Th. 7.4.7,
f' o R is Holder continuous on clD. Hence there is a constant K > 0 such
that the ratio |(f™) (R(w1))/(f™) (R(w2))| is bounded by K for all n all j and
wi, w2 € 71, see Ch.3. Hence

/ (Y (Rrz) |t di(z) = (2mrd ™" (F7) (R(rz;)) ™,

where < means the equality up to a bounded factor.

By our definition of n, r¢ < r%" < ry; hence dlog(ro) < d"logr < log(ro).
Since there exists a constant B > 1 such that B~}(1 —r) < —logr < B(1 — 1)
for all r sufficiently close to 1, we get B~tlog1/rg < d"(1 —r) < Bdlog1/ro.
Therefore — log B+loglog 1/rg < nlogd+log(1—r) < log B+loglog1/ro+logd.
Hence nlogd — C < —log(1 —r) < nlogd+ C for some constant C. Thus, using
g7 (r2)] = "z 1 < d,

log [, |R (rz)|tdi(z) i B
i oD — 1 9 n ot s en ' '
ol —log(l — 1) = oo nlogd °8 ( Z mrd =" d (") (R(rz))] )
=-l+t+) lim — logZ|f” (rz;)| ™"
_ _ /
142 tloglfloR) _ ¢4 PUs—tlog]f)
logd logd

Above, to get pressures, we use the equalities |(f™)' (R(rz;))|~" = exp Sy, (— log | f'|o
R)(rz;), where S, (¢) = ZZ;& ¢og® with ¢ = —log|f’|o R, and apply the defini-
tion of pressure P, (T, ¢) provided in Proposition 3.4.3 To get P(g, —tlog|f'|oR)
we replace n-th preimages rz; of the point g"(rz;) (not depending on j) by
preimages of g"(z;) = 1, therefore computing P1(g, ¢). As ¢ is Holder continu-
ous we can apply Lemma 3.4.2. To get P(f, —tlog|f’|) we replace preimages of
R(g™(rz;)) by preimages of R(1), therefore dealing with P 1) (f, —log|f’]), and
refer to the Holder continuity of —tlog|f’|. Limsup can be replaced by lim in
B(t) since lim in P,(T, ¢) exists in Proposition 3.4.3. The proof is finished. &

Remark 8.6.2. The equality (8.2.7) holds even if we do not assume that f is
expanding on Fr{2; it is sufficient to assume boundary repelling to the side of €2,
as in Proposition 8.4.5. To this aim we need to define pressure appropriately.
The above proof works for P, (f, —tlog|f’| for an arbitrary x € Q close to Fr{2,
see also [?], Lemma 2.

This pressure does not depend on =z € Q by Koebe Distortion Lemma for
iteration of branches of f~! in Q, see Ch.5. This notion makes sense and is
independent of z also for z € FrQ) for “most” z, see [?, ?] for the case  is a
basin of infinity for polynomials.
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Remark 8.6.3. If f is of degree d on () simply connected and f expanding on
FrQ) then

. aP(t)
F(a) = %Ielﬂg (t + log d ) (8.6.3)
for P(t) := P(f,—tlog|f’|) is the spectrum of dimensions of measure with
maximal entropy F), . (o), see the beginning of Section 8.2 and Exercise 7.2.6.

If f is a polynomial and Q basin of co then measure with maximal entropy
is the harmonic measure w (from oo, see [?]) hence (8.6.3) is the formula for the
spectrum of dimensions of harmonic measure related to Hausdorff dimension.

One can ask under what conditions the same formula holds for a simply
connected € in absence of f, where in place of P(t)/logd one puts 3(t) —t + 1,
cf. (8.6.1).

Remark 8.6.4. The following conjecture is of interest For B(t) := sup 3(t), the
supremum being taken over all simply connected domains with non one point
boundary, and for Bpeiy(t) = supg 8(f) supremum taken over ) being simply
connected basins of attraction to oo for polynomials

Bt) = Bpol(t).

It is known, that By = Bgsnowfiake(t), where Bgpowfiake (t) is defined as the sup 3(t)
with supremum taken over ) being complements of Carleson’s snowflakes, see
next section, Section 77.

Remark 8.6.5. The following is called Brennan conjecture: Bpsc(—2) = 1
(BSC means supremum over bounded simply connected domains).

This has been verified for © simply connected basins of oo for quadratic
polynomials in [?], the variant saying that [ [ |R'|~%¢ [dz|* < cc.
A stronger conjecture is that

B(t)=[t|*/4 for [t{<2 [|t|-1 for |¢|>2.

Notes

The references to the Remarks ??-?? include [?, ?], [?, ?], [?, 7], [?, ?], where
further references are provided.

8.7 (Geometric examples. Snowflake and Car-
leson’s domains

This last section of this chapter is devoted to explore applications of previous
sections to geometric examples like the Koch’s snowflake and Carleson’s exam-
ple. Following the idea of the proof of Theorem ?? and coping with a bigger
number of technicalities one can prove the following.
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Theorem 8.7.1. Let 2 be a simply connected domain in C with 0Q a Jordan
curve. Let 05, j = 1,2...,k be a finite family of compact arcs in 0Q with
pairwise disjoint interriors. Denote |JO; by O (we do not assume that this
curve is connected. Assume that there exists a family of conformal maps f;,
j=1,...,k, (which may reverse the orientation on C) on neighbourhoods U; of
0;. For every j assume that f;(QNU —J) C Q, |f'| >1 on U, and

f;02nU;) C 09. (8.7.1)

Assume also the Markov partition property: for every j = 1,...k, f;(0;) =
Uselj 0s for some subset I; C {1,2,...,k}. Consider the k x k matriz A = Ajj,
where Aj, =1 ifk € I; and Aj, =0 if k ¢ I;. Then there exists a transition
parameter c¢(w,d) such that the claims of Theorem 77 and 7?7 hold.

Example 8.7.2 (the snowflake). To every side of an equilateral triangle, in
the middle we glue from outside as small as three times. To every side of the
resulting polygon we we glue again an equilateral triangle as small as three times
and so on infinitely many times. The triangles do not overlap in this construction
and the boundary of the resulting domain €2 is a Jordan curve.This €2 is called
the Koch’s snowflake. It was first describe by Helge Koch in 1904. Denote the
curve in 9§ joining a point x € 92 to y € I in the clockwise direction just by
xy. For every 0A; Ait1(mod12) C 09,1 =0,1,...,11, we consider its civering by
the curves 12, 23, 45, 56 in Q (see Fig.2). This covering together with the affine
maps

12, 34 — 12 ( preserving orientation on 9%2)

23 — 61 ( reversing orientation )

56 — 36 ( preserving orientation )

45 — 63 ( reversing orientation )

gives a Markov partition of 0; satisfying the assumptions of Theorem ??. Since
0N (and every its subcurve) is definitely not real-analytic (HD(99)) = log4/ log 3),
the assertion of Theorem ?7 is valid with ¢(w, d;) > 0. We may denote ¢(w, 9;)
by ¢(w) since it is independent of 9; by symmetry.

Example 8.7.3 (Carleson’s domain). We recall Carleson’s construction from
[?]. We fix a broken line v with the first and last segment lying in the same
straight line in R?, with no other segments intersecting the segment 1,d — 1 (see
Fig. 3). Then we take a regular polygon Q! with vertices Tp, T, . .., T, and glue
to every side of it, from outside, the rescaled, not mirror reflected, curve 7y so
that the ends of the glued curve coincide with the ends of the side. The resulting
curve bounds a second polygon 2. Denote its vertices by Ao, A1, ... (Fig. 4).
Then we glue again the rescaled v to all sides of Q22 and a third order polygon
03 with vertices By, B1,.... Then we bild Q% with vertices Cp, C1,...Q° with
Dy, D1, ... etc. Assume that there is no self-intersecting of the curves 9" in
this construction. Moreover assume that in the limit we obtain a Jordan curve
L = L(Q,v) = Q. The natural Markov partition of each curve T;T;1in £
into curves A;A; 1 with f(A;Aj41) = T;Ti41, considered by Carleson does not
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satisfy the property (6.7.1) so we cannot succeed with it. Instead we proceed
as follows: Define in an affine fashion

J(Bagj—1)+1Baj—1) = A1Aq1

for every j = 1,2...,d. Divide now every arc Bgj_1A; for j = 1,2...,d and
AjBgj+1, j = 1,2...,d into curves with ends in the vertices of the polygon
011 CJ € Byj, Aj, C7 € AjBgj11 respectively, the closest to A;(# A;). Let for
j=1,2,...,d—1,

f(C7A;) = Byj—14;, f(Bagj—1C?) = A1 Bgz_1,
f(A;C9) = A;Byjsr, f(CVByj1) = BiAr.

This gives a transitive aperiodic Markov partition of B; Bg2_;. We can consider
instead of the broken line 7 in the construction of ©, the line v, consisting of
d? segments, which arises by glueing to every side of 7 a rescaled . Consecutive
gluing of the rescaled v to the polygon Q) gives consecutively O3, Q5 ete.
The same construction as above gives a Markov partition of D1 Dg2_1 in T;T;41.
By continuing this procedure we approximate 7;7;1, so from Theorem 7?7 and
from symmetry we deduce that there exists a transition parameter c(w) such
that the assertion of Theorem ?7?(b) is satisfied. Observe that Carleson’s as-
sumption that the broken line 1,2,...,d — 1 has no self-intersections has not
been needed in these considerations. Also the assumption that Q1) is a regular
polygon can be omitted; one can prove that ¢(w) doesnot depend on T;T; 11 by
considering a transitive, aperiodic Markov partition which involves all the sides
of Q! simultaneously.
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Chapter 9

Sullivan’s classification of
conformal expanding
repellers

(This is a very preliminary version of one of chapters of a book by Przytycki
and Urbanski, in preparation, on conformal fractals. It relies on ideas of the
proof of the rigidity theorem drafted by D. Sullivan in Proceedings of Berkeley’s
ICM in 1986.)

In Section 4.6 we proved that the scaling function for an expanding repeller
in the line determines the C'*é-structure. In this chapter we will basically
concentrate on nonlinear conformal expanding repellers, called CER’s, proving
that the class of equivalence of the geometric measure determines the conformal
structure.

9.1 Equivalent notions of linearity

Definition 9.1.1. We call a CER (X, f) linear if one of the following conditions
holds:

a) The Jacobian of f with respect to the Gibbs measure px equivalent to a
geometric measure mx on X , Jf, is locally constant.

b) The function HD(X)log | /| is cohomologous to a locally constant function
on X.

c¢) The conformal structure on X admits a conformal affine refinement so
that f is affine (i.e., see Sec. 4.3, there exists an atlas {¢;} that is a family
of conformal injections ¢, : Uy — C where |J, Uy O X such that all the maps
b5t and ¢y fo; ! are affine).

Recall that as the conformal map f may change the orientation of C on some
components of its domain we can write |f’| but not f/ unless f is holomorphic.

269
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Proposition 9.1.2. The conditions a), b) and c) are equivalent.

Before we shall prove this proposition we distinguish among CER’s real-
analytic repellers:

Definition 9.1.3. We call (X, f) real- analytic if X is contained in the union
of a finite family of real analytic open arcs and closed curves.

Lemma 9.1.4. If there exists a connected open domain U in C intersecting
X for a CER (X, f) and if there exists a real analytic function k on it equal
identically 0 on U N X but not on U then (X, f) is real-analytic.

Proof. Pick an arbitrary z € U N X. Then in a neighbourhood V' of x the set
E = {k = 0} is a finite union of pairwise disjoint real- analytic curves and of
the point x. This follows from the existence of a finite decomposition of the
germ of E at z into irreducible germs and the form of each such germ, see
for example Proposition ?? in the Malgrange book [Malgrange]. As the sets
fM(XNV), n>0cover X, X is compact and f is open on X we conclude
that X is contained in a finite union of real-analytic curves 7; and a finite set
of points A such that the closures of 7; can intersect only in A.

Suppose that there exists a point x € X such that X is not contained in any
real-analytic curve in every neighbourhood of x. Then the same is true for every
point z € X N f~™{x}, n > 0, hence for an infinite number of points (because
pre-images of x are dense in X by the topological exactness of f, see Ch. 7).
But we proved above that the number of such points is finite so we arived at a
contradiction. We conclude that X is contained in a 1-dimensional real-analytic
submanifold of C. &

Proof of Proposition 9.1.2.

a)=b). Let u be the eigenfunction Lu = u for the transfer operator £ = L,
for the function ¢ = —klog|f’|, where k = HD(X), as in Sec. 3.3. Here the
eigenvalue A = exp P(f, ¢) is equal to 1, see Sec. 7.2.

For an arbitrary z € X we have in its neighbourhood in X

Const = log Jf = klog|f'(z)| + logu(f(x)) — logu(x) (9.1.1)

b)= c). The function u extends to a real-analytic function uc in a neigh-
bourhood of X, see Sec. 4.4, so the function logJf extends to a real-analytic
function log J fc by the right hand side equality in the formula (9.1.1), for uc
instead of u. We have two cases: either log J fc is not locally constant on every
neighbourhood of X and then by Lemma 9.1.4 (X, f) is real-analytic or log J fc
is locally constant. Let us consider first the latter case.

Fix z € X . Choose an arbitrary sequence of points z, € X, n > 0 such that
f(2n) = zp—1 and choose branches f, ™ mapping z to z,. Due to the expanding
property of f they are all well defined on a common domain around z. For every
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x close to z denote z, = f,™(z). We have dist(z,,2,) — 0 so by (9.1.1) for
log J fc

> wllog|f(@n)| —log|f(zn)])

n=1

1.2
=loguc(z) — loguc(z) + lim (loguc(z,) — loguc(xy,)) (9-1.2)

= log uc(z) — loguc(2)

We conclude that uc(z) is a harmonic function in a neighbourhood of z in
C as the limit of a convergent series of harmonic functions; we use the fact
that the compositions of harmonic functions with the conformal maps f, " are
harmonic. Close to z we take a so-called harmonic conjugate function h so that
logu(z) + ih(x) is holomorphic.

Write F, = exp(logu + ih) and denote by E. a primitive function for F, in
a neighbourhood of z. This is a chart because F.(z) # 0. The atlas given by
the charts F, is affine (conformal) by the construction. We have due to (9.1.1)
for the extended u

(Fyz 0 f o B 1) (Fa(2))] = uc(f(2))|f' ()] /uc(z) = Const

so the differential of f is locally constant in our atlas.

In the case (X, f) is real-analytic we consider just the charts ¢; being prim-
itive functions of w on real-analytic curves containing X into R with unique
complex extensions to neighbourhoods of these curves into a neighbourhood of
R in C. The equality log J fc = Const holds on these curves so the derivatives
of g1 fp5t are locally constant.

c)= a). Denote the maps ¢; f¢; ! by f;)s. In a neighbourhood (in X)) of an
arbitrary z € X we have

u(z) = lim £"(1)(2) = lim > (f") (y)|™"

n—o0 n—oo

yef~"(x)
= lim_ |¢'(@)|" Z|¢> I ) (9.1.3)
= Const hm |¢ Z y)| 7™ = ¢ (z)|" Const

y

To simplify the notation we omitted the indices at ¢ and f here, of course
they depend on z and y’s more precisely on the branches of f~" on our neigh-
bourhood of z mapping z to y’s . Const also depends on z. We could omit the
functions ¢'(y) in the last line of (9.1.3) because the diameters of the domains
of ¢'(y) which were involved converged to 0 when n — oo due to the expanding
property of f, so these functions were almost constant.

Hence due to (9.1.3) in a neighbourhood of every z € X we get

Jf(x) = Const u(f(x))|f (z)|"/u(x) = Const |f'(x)]* = Const &
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Remark 9.1.5. In the b)=-c) part of the proof of Proposition 9.1.2 as —x log | f'|
is harmonic we do not need to refer to Sec. 4.4 for the real-analyticity of u .
The formula (9.1.2) gives a harmonic extension of u to a neighbourhood of an
arbitrary z € X, depending on the choice of the sequence (z,). If two extensions
u1,uz do not coincide on a neighbourhood of z then in a neighbourhood of z,
XC{ul—UQZO}.

If the equation (9.1.1) does not extend to a neighbourhood of z then again
X C {v= Const } for a harmonic function v extending the right hand side of
(9.1.1).

In each of the both cases (X, f) happens to be real-analytic and to prove
it we do not need to refer to Malgrange’s book as in the proof of Lemma ?7.
Indeed, for any non-constant harmonic function k on a neighbourhood of x € X
such that X C {k = 0} we consider a holomorphic function F such that k = RF
and F(z) =0. Then E = {k =0} = {RF = 0}. If F has a d-multiple zero at x
then it is a standard fact that E is a union of d analytic curves intersecting at
x within the angle 7 .

We end this Section with giving one more condition implying the linearity.

Lemma 9.1.6. Suppose for a CER (X, f) that there exists a Holder continuous
line field in the tangent bundle on a neighbourhood of X invariant under the
differential of f. In other words there exists a complex valued nowhere zero
Hélder continuous function a such that for every x in a neighbourhood of X

Arga(x) + Argf'(x) = Arga(f(x)) + e(z)m (9.1.4)

where £(x) is a locally constant function equal O or 1. This is in the case f
preserves the orientation at x, if it reverses the orientation we replace in (9.2.1)

Argf’ by —Argf’.
Then (X, f) is linear.

Proof. As in Proof of Proposition 9.1.2, the calculation (9.1.2), if f is holomor-
phic we have for x in a neighbourhood of z € X in C

Arga(z) — Arga(z) = Y (Arg(f'(2n)) — Arg(f (z0))),

if we allow f to reverse the orientation then we replace Argf’ by —Argf’ in the
above formula for such n that f changes the orientation in a neighbourhood of
Zn. So Arga(x) is a harmonic function. Close to z we find a conjugate harmonic
function h so we get a family of holomorphic functions F, = exp(—h + iArga
which primitive functions give an atlas we have looked for.

Remark 9.1.7. The condition for (X, f) in Lemma 9.1.6 is stronger than the
linearity property. Indeed we can define f on the union of the discs D; = {|z] <
1} and Dy = {|z — 3| < 1} by f(2) = bexp2m¥i on Dy where ¢ is irrational,
and f(z) = 5(z — 3) on Dy. This is an example of an iterated function system
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from Sec. 4.5. We get a CER (X, f) where X = ("2, f~"({|z| < 5}). It is
linear because it satisfies the condition ¢). Meanwhile 0 € X, f(0) = 0 and
f(0) = 5exp 274, so the equation (9.1.4) has no solution at x = 0 even for any
iterate of f.

Remark 9.1.8. If we assume in place of (9.1.4) that Argf’(z) — Arga(f(x)) —
Arga(x) is locally constant, then we get the condition equivalent to the linearity.

9.2 Rigidity of nonlinear CER’s

In this section we shall prove the main theorem of Chapter 9:

Theorem 9.2.1. Let (X, f), ((Y,g) be two non-linear conformal expanding re-
pellers in C. Let h be an invertible mapping from X onto Y preserving Borel
o-algebras and conjugating f to g, ho f = goh. Suppose that one of the following
assumption is satisfied:

1. h and h=' are Lipschitz continuous.

2. h and h™! are continuous and preserve so-called Lyapunov spectra, namely
for every periodic x € X and integer n such that f™(x) = x we have |(f™) (x)| =
(g™) (A (x))].

3. h. maps a geometric measure mx on X to a measure equivalent to a
geometric measure my on Y.

Then h extends from X (or from a set of full measure mx in the case 3.)
to a conformal homeomorphism on a neighbourhood of X .

We start the proof with a discussion of the assumptions. The equivalence of
the conditions 1. and 2. has been proved in Sec. 4.3. The condition 1. implies
3. by the definition of geometric measures 5.6.5. One of the steps of the proof
of Theorem will assert that 3. implies 1. under the non-linearity assumption.
Without this assumption the assertion may happen false. A positive result is
that if h is continuous then for a constant C' > 0 and every x1,x2 € X

[A(1) — h(2)[ 1P
|21 — 25[AD(X)

C < <CL

(We leave the proof to the reader.)

It may happen that HD(X) # HD(Y) for example if X is a 1/3 — Cantor
set and for g we remove each time half of the interval from the middle.

A basic observation to prove Theorem 9.2.1 is that

Jgoh = Jf and moreover Jg’ o h = Jf7 (9.2.1)

for every integer j > 0. This follows from g/ o h = ho f7 and Jh = 1. We recall
that we consider Jacobians with respect to the Gibbs measures equivalent to
geometric measures.

Observe finally that (X,f) linear implies (Y,g) linear. Indeed, if (X, f) is
linear then J f hence Jg admit only a finite number of values in view of Jgoh =
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Jf. As Jg is continuous this implies that Jg is locally constant i.e. (Y, g) is
linear.

Lemma 9.2.2. If a CER (X, f) is non-linear then there exists x € X such that
grad J fc(z) # 0.

Proof. If gradJfc = 0 on X then as Jf¢ is real- analytic we have either
grad J fc = 0 ona neighbourhood of X in C or by Lemma 9.1.4 (X, f) is real-
analytic and grad J fc = 0 on real- analytic curves containing X. In both cases
by integration we obtain Jf locally constant on X what contradicts the non-
linearity assumption.

Now we can prove Theorem in the simplest case to show the reader the main
idea working later also in the general case.

Proposition 9.2.3. The assertion of Theorem 9.2.1 holds if we suppose addi-
tionally that (X, f) andY, g) are real-analytic and the conjugacy h is continuous.

Proof. Let M, N be real analytic manifolds containing X, Y respectively. By the
non-linearity of X and Lemma 9.2.2 there exists x € X and its neighbourhood U
in M such that F := Jfc|y : U — R has a real-analytic inverse F~!: F(U) —
U. Then in view of (9.2.1) h™! = F~1 o Jgc on h(UN X) so b= on h(U N X)
extends to a real analytic map on a neighbourhood of h(U N X) in N.

Now we use the assumption that A~ is continuous so h(U N X) contains an
open set v in Y. There exists a positive integer n such that g"(V) = Y hence
for every y € Y there exists a neighbourhood W of y in NV such that a branch
g, " of ¢7™ mapping y and even W NY into V is well defined. So we have
h=t = froh=log, ™ extended on W to a real-analytic map. This gives a real-
analytic extension of h~! on a neighbourhood of Y because two such extensions
must coincide on the intersections of their domains by the real-analyticity and
the fact that Y has no isolated points.

Similarly using the non-linearity of (Y,g) and the continuity of h we prove
that h extends analytically. By the analyticity and again lack of isolated points
in X and Y the extentions are inverse to each other, so h extends even to a
biholomorphic map.

Now we pass to the general case.

Lemma 9.2.4. Suppose that there exists x € X such that grad J fc(z) # 0
in the case X is real-analytic, or there exists an integer k > 1 such that
det(grad J fc, grad(J fc o f¥)) # 0 in the other case.

(In other words we suppose that Jfc, respect. (Jfc,Jfc o fF), give a
coordinate system on a real, respect. complex neighbourhood of x.)

Suppose the analogous property for (Y g).

Let h : X — Y satisfy the property 3. assumed in Theorem 9.2.1. Then h
extends from a set of full geometric measure in X to a bi-Lipschitz homeomor-
phism of X onto Y conjugating f with g.
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Proof. We can suppose that HD(X) > HD(Y'), recall that HD denotes Hausdorff
dimension . Pick x with the property assumed in the Lemma. Let U be its
neighbourhood in M ( as in Proof of Proposition 9.2.3) or in C if (X, f) is not
real-analytic, so that I := (Jfc,Jfc o f¥) is an embedding on U. Let y € Y
be a density point of the set A(U N X) with respect to the Gibbs measure py
equivalent to the geometric measure my. (Recall that we have proved that
almost every point is a density point for an arbitrary probability measure on a
euclidean space in Sec. ?? relying on Besicovitch’s Theorem.) . So if we denote
(Jgc, Jgc o g*) in a neighbourhood (real or complex) of y by G, we have for
every d > 0 such g9 = £¢(d) > 0 that for every 0 < & < g¢ :

py (B(y,e) N h(U N X))

wBue) o °

and
h'=F'oG on WUNX).

(Observe that the last equality may happen false outside A(U NX) even very
close to y because h~! may map such points to (Jfc,Jfc o f¥)7! o G with a
branch of (J fc, Jfc o f¥)~! different from F~1.)

Now for every € > 0 small enough there exists an integer n such that
diamg" B(y, ) is greater than a positive constant , ¢"|py.c) is injective and the
distortion of ¢" on B(y,¢) is bounded by a constant C, both constants depend-
ing only on (Y, g). Then if € < g¢(d) we obtain for Y5 := ¢g"(h(UNX)NB(y,¢)),

py (9" (B(y, ) \ Y5 _ v (Bly,e) \ h(U N X))

py (9"(B(y,€))) 1y (B(1,2) < C.

So

o)
py (9"(B(y,€))) >1-00 (9.2.2)

We have

|(F™) (h=1(y)"P) < Const J f(h—1(y))
= Const Jg(y) < Const |(f") (y)|"™.

As we assumed HD(X) > HD(Y) we obtain
() (h=1(y)| < Const |(f")'(y)[TPCV/ TP < Const |(f")'(y)]  (9.2.3)

Then due to the bounded distortion property for iteration of f and g we
obtain that h=! = f?h~'g~! is Lipschitz on Ys with Lipschitz constant inde-
pendent of §, more precisely bounded by Const sup || D(F~1oG||, where F~1oG
is considered on a real (complex) neighbourhood of y and Const is that from
(9.2.3).

There exists an integer K > 0 such that for every n, g% ¢"B(y,e(n)) covers
Y. Because .Jg is bounded, separated from 0, this gives h~! on g’ (Y5) Lipschitz
with a Lipschitz constant independent from § and u(g* (Ys)) > 1— Const 6 for
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d arbitrarily small. We conclude that h~! is Lipschitz on a set of full measure
wy so it has a Lipschitz extension to Y.

We conclude also that HD(X) = HD(Y). Otherwise diamh~!(Ys) — 0, so
because suppux = X we would get diamX = 0. So we can replace above the
roles of (X, f) and (Y, g) and prove that h is Lipschitz.

The next step will assert that for non-linear repellers the assumptions of
Lemma 9.2.4 about the existence of coordinate systems are satisfied.

Lemma 9.2.5. If (X,f) is a non-linear CER then there exists x € X such
that either grad J fc(z) # 0 in the case X is real-analytic, or there exists an
integer k > 1 such that det(grad J fc,grad(J fc o f*)) # 0 in the case (X,f) is
not real-analytic.

Proof. We know already from Lemma 9.2.2 that there exists £ € X such that
grad J fc(2) # 0 so we may restrict our considerations to the case (X, f) is not
real-analytic.

Suppose Lemma is false. Then for all £ > 0 the functions

@y, := det(grad J fc, grad(J fc o f*))

are identically equal to 0 on X. Let W be a neighbourhood of Z in C where
grad J fc # 0.

Let us consider on W the line field V orthogonal to grad J fc. Due to the
topological exactness of f on X for every x € X there exists y € W N X and
n > 0 such that f"(y) = x.

Thus define at x

Ve :=Df™(Vy) (9.2.4)

We shall prove now that if z = f¥(y) = f!(z) for some y, 2 € WNX, k,1 >0,
then
Df*(V,) = Df(V.). (9.2.5)

If (9.2.5) is false, then close to z there exist ' € X and m > 0 such that
fm(2") € W (we again refer to the topological exactness of f) and Df*(V,) #
Df'(V.)), where f*(y') = fY(z') = 2', ¥ € X is close to y and 2’ € X is close
to z. We obtain D f5+™(V,/) # D f"7™(V..) so either D f*™(Vy/) # Vjym (4 or
DfF™(V.1) # Vym(yr). Consider the first case (the second is of course similar).
We obtain that Jf and Jf o f¥*™ give a coordinate system in a neighbourhood
of y' i.e. Ppym(y') # 0 contrary to the supposition.

Thus the formula (9.2.4) defines a line field at all points of X which is
D f-invariant. Observe however that the same formula defines a real-analytic
extension of the line field to a neighbourhood of x in C because V is real-
analytic on a neighbourhood of y € W and f is analytic. Each two such germs
of extensions related to two different pre-images of = must coincide because they
coincide on X, otherwise (X, f) would be real-analytic. Now we can choose a
finite cover B; = B(x;, ;) of a neighbourhood of X with discs, z; € X so that
for the respective Fj-branches of f~"i leading z; into W, we have F;(3B;) C W
where 3B; := B(xj,30;). Hence the formula (9.2.4) defines ¥V on 3B;. So if
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B; N Bj # (), then we have 3B; C Bj or vice versa. So 3B;N3B; N X # 0 hence
the extensions of V on 3B; and on 3B;, in particular on B; and on B;, coincide
on the intersection. This is so because they coincide on the intersection with X
and (X, f is not real-analytic.

(We made the trick with 36 because it can happen that B; N B; # 0 but
B; N Bj NnNX = (Z))

Thus V extends real-analytically to a neighbourhood of X. This field is D f-
invariant on a neighbourhood of X because we can define it in a neighbourhood
of x € X and f(z) by (9.2.4) taking the same y € W N X where f*(y) =
z, f"Y(y) = f(x). So by Lemma ?? (X, f) is linear what contradicts the
assumption that (X, f) is non-linear.

Corollary 9.2.6. If for (X, f),(Y,g) the assumptions of Theorem 9.2.1 are
satisfied and if (y,g) is real-analytic then (X, f) is real-analytic too.

Proof. Due to Lemma 9.2.5 the assumptions of Lemma 9.2.4 are satisfied. So
h=! = F~! o G on a neighbourhood of y € Y by the continuity of h=1, (see
the notation in Proof of Lemma 9.2.4). Denote a real-analytic manifold Y is
contained in by N. Then Jgc # Const on any neighbourhood of y in N.
Otherwise h~! would be constant, but y is not isolated in ¥ so h~! would not
be injective.

Remind that we can consider F'~! o G as a real analytic extension of h~!
to a neighbourhood V of y in N. So the differential of F~!'G is 0 at most at
isolated points, so different from 0 at a point ' € V NY. We conclude due
to the continuity of A that in a neighbourhood of A=1(y’), X is contained in a
real-analytic curve. So (X, f) is a real-analytic repeller.

Now we shall collect together what we have done and make a decidive step
in proving Theorem 9.2.1, namely we shall prove that the conjugacy extends to
a real-analytic diffeomorphism.

Proof of Theorem 9.2.1. If both (X, f) and (Y, g) are real- analytic then the
conjugacy extends real-analytically to a real-analytic manifold so complex an-
alytically to its neighbourhood by Proposition 9.2.3. Its assumptions hold by
Lemmas 9.2.4 and 9.2.2. If both (X, f) and (Y, g) are not real-analytic (a mixed
situation is excluded by Corollary 9.2.6), then by Lemma 9.2.4 which assump-
tions hold due to Lemma 9.2.5 we can assume the conjugacy h is a homeo-
morphism of X onto Y. But A~! extends to a neighbourhood of y € Y in C
to a real-analytic map. We use here again the notation of Proposition 7?7 and
proceed precisely like in Proposition 9.2.3, Proposition 7?7 and Corollary 9.2.6
by writing h~! = F~! o G. This gives a real-analytic extension of h~! to a
neighbourhood of an arbitrary y € Y by the formula f® oh™1 o g ! precisely as
in Proof of Proposition 9.2.3.

For two different branches Fi, Fy of g7, g~ ™2 respectively, mapping y into
the domain of F~! o G germs of the extensions must coincide because they
coincide on the intersection with Y, see Lemma 9.1.4.

Now we build a real-analytic extension of h~! to a neighbourhood of Y
similarly as we extended V in Proof of Lemma 9.2.5, again using the assumption
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(Y, g) is not real-analytic.Similarly we extend h.

Denote the extensions by h, h=1. We have h-1 o h and hoh~! equal to the
identity on X, Y respectively. The these compositions extend to the identities to
neighbourhoods, otherwise (X, f) or (Y, g) would be real-analytic. We conclude
that h is a real-analytic diffeomorphism. Finally observe that g/~1 =h fon a
neighbourhood of X because this equality holds on X itself and our functions
are real-analytic, otherwise (X, f) would be real-analytic.

The only thing we should still prove is the following

Lemma 9.2.7. If (X, f) is a non-linear CER, not real-analytic , and there is
a real-analytic diffeomorphism h on a neighbourhood of X to a neighbourhood
of Y for another CER (Y, g) such that h(X) =Y and h conjugates f with g in
a neighbourhood of X then h is conformal.

Proof. Suppose for the simplification that f, g and h preserve the orientation of
C, we will comment the general case at the end.

For any orientation preserving diffeomorphism ® of a domain in C into C
denote the complex dilatation function by wg . We recall that we := % %.
(The reader not familiar with the complex dilatation and its properties is advised
to read the first 10 pages of the classical Ahlfors book [Ahlfors].) The geometric
meaning of the argument of wg(z) may be explained by the equality %Wq:. =«
where « corresponds to the the direction in which the differential D® at z
attains its maximum. In another words it is the direction of the smaller axis of
the ellipse in the tangent space at z which is mapped by D® to the unit circle.
Of course this makes sense if w(z) # 0. Observe finally that w(z) = 0 iff % =0.
Let go back now to our concrete maps.

If % = (0 on X then as % is a real-analytic function we have % =0ona
neighbourhood of X, otherwise (X, f) would be real-analytic. But this means
that h is holomorphic what proves our Lemma. It rests to prove that the case
% # 0 on X is impossible.

Observe that if %2(z) = 0 then 22(f(z)) = 0 because h = ghf, ! on a
neighbourhood of f(x) for the branch f, ! of f~! mapping f(z) to  and because
g and f; ! are conformal. So if there exists z € X such that %(m) # 0 then
this holds also for all x’s from a neighbourhood and as a consequence of the
topological exactness of f for all x in a neighbourhood of X. Thus we have a
complex-valued function wy nowhere zero on a neighbourhood of X.

Recall now that for any two orientation preserving diffeomorphisms ® and
W, if ¥ is holomorphic then

Wood = Wo
and if ® is conformal then
3 \?
wgodP=|—| w =w
b (|<I>’|> Vod @

Applying it to the equation h o f = g o h we obtain

s\ 2 /N 2 /N 2
et = (fgr) s = () s = (7)o
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Thus a(z) := jwn(x) satisfies the equation (9.1.4) and by Lemma 9.1.6
(X, f) happens linear what contradics our assumption that it is non- linear.

In the case a diffeomorphism reverses the orientation we write everywhere
above wg instead of we and if @ is conformal reversing orientation we write ®’
instead of ®’. Additionally some omegas should be conjugated in the formulas
above. We also arive at (9.1.4). (In this situation the complex notation is not
confortable. Everythig gets trivial if we act with differentials on line fields. We
leave writing this down to the reader.)
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Chapter 10

Conformal maps with
invariant probability
measures of positive
Lyapunov exponent

10.1 Ruelle’s inequality

Let X be a compact subset of the closed complex plane C and let .A(X) denote
the set of all continuous maps f : X — X that can be analytically extended to an
open neighbourhood U(f) of X. In this section we only work with the standard
spherical metric on C, normalized so that the area of C is 1. In particular all
the derivatives are computed with respect to this metric.

Let us recall and extend Definition 6.1.3. Let u be an f-invariant Borel
probability measure on X. Since |f’| is bounded, the integral [log|f’|du is
well-defined and moreover [log|f’|du < +o00. The number

Xp = Xu(f) = /1Og|fl| dp

is called the Lyapunov characteristic exponentof pand f. Note that [ log|f’|dp =
—o0 is not excluded. In fact it is possible, for example if X = {0} and f(z) = 2%

By Birkhoff Ergodic Theorem (Th. 1.2.5) the Lyapunov characteristic expo-
nent

.1 n
Xu(e) = T~ log |(7)'(x)
exists for a.e. x, compare Sec.6, and [ x,(z)du(xz) = x,. (In fact one allows
log | f’| with integral —oo here, so one need extend slightly Th. 1.2.2. This is

not difficult.)
The section is devoted to prove the following.

281
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Theorem 10.1.1 (Ruelle’s inequality). If f € A(X), then h,(f) < 2 [ max{0, x,.(z)} dp.
For ergodic p this yields h,(f) < 2max{0, x,}.

Proof. Consider a sequence of positive numbers ax \, 0, and Py, k = 1,2,...

an increasing sequence of partitions of the sphere C consisting of elements of

diameters < ay and of (spherical) areas > iai. Check that such partitions exist.
For every g € A(X), z € X and k > 1 let

N(g,2,k) = #{P € P : g(Pe(x) NU(g)) N P # 0}
Our first aim is to show that for every k > k(g) large enough
N(g,z, k) < 4n(|¢' ()] + 2)2 (10.1.1)

Indeed, fix z € X and consider k so large that Px(zr) C U(g) and a Lipschitz
constant of g|p, () does not exceed |g'(z)|+1. Thus the set g(Py(z)) is contained
in the ball B(g(z), (|¢'(z)| + 1)ax). Therefore if g(Py(z)) N P # O, then

P B(g(x), (I9'(2)| + Dak + ar) = B(g(@), (|¢'(x)| + 2)ax)

Hence N(g,z,k) < m(|g'(x)|+2)%a3/1ai = 47(|¢'(x)|+2)? and (9.1.1) is proved.
Let N(g,x) = supy~y(g) V(g 2, k). In view of (10.1.1) we get

N(g,z) < 4n(|lg'(x)| + 2)* (10.1.2)

Now note that for every finite partition A one has

h(g, A) = lim ——H(A")
= lim —— (H(g " (A" -+ Hlg ™ (A)]A) + H(A)
< tim - (Hg™" (g™ (A) + -+ H(g (A1)
=H(g ' (A)A). (10.1.3)

(Compare this computation with the one done in Theorem 1.4.5 or in Proof of
Theorem 1.5.4, which would result with h(g, A) < H(A|g~!(A)).) Going back
to our situation, since

Hyp o (97 (Pi)|Pr(@)) <log#{P € Py : g~ (P)NPx(2) # 0} = log N(g, 2, k)

and by Theorem 1.8.7a, we obtain

hu(g) < linsup (g~ (PO)IPs) = limsup [ B, (67! (PL)Pula) dulz)

k—oo k—oo

< lim sup / log N(g, 2, k) dyu(z) < / log N(g, ) du(x).

k—o0
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Applying this inequality to g = f™ (n > 1 an integer) and employing (9.1.2) we
get

hu(f) = (") < - [log N( ) dia) = [ L 1og N(f7 ) dia)
< [ S logdn((f") (@) + 2 du(z)
Since 0 < L log(|(f") (z)|+2)? < 2(log(supy |f’])+1) and lim, o < log(|(f™)'(z)|+

(f
2) = max{0, x, (x)} for p-a.e x € X, it follows from the Dominated Convergence
Theorem (Sec. 1.1) that

. 1
h(f) < lim [ —log(|(f")'(x)] +2)° /maX{U 2xu(2)} dp.
The proof is completed. &

Exercise. Prove the following general version of Theorem ?7: Let X be a
compact f-invariant subset of a smooth Riemannian manifold for a C! mapping
f:U — M, defined on a neighbourhood U of X. Let u be an f-invariant Borel
probability measure X. Then

ﬁSAmw&m@wa7

where x}(z) = lim, .o 2 log|[(Df")"|. Here Df™ is the differential and
(Df™)" is the exterior power, the linear operator between the exterior alge-
bras generated by the tangent spaces at x and f™(x). The norm is induced
by the Riemann metric. Saying directly ||(Df™)"| is supremum of the vol-
umes of D f™-images of unit cubes in k-dimensional subspaces of T, M with
k=0,1,...,dim M.

Note. Theorem 10.1.1 and Exercise rely on [?] D. Ruelle: An inequality of the
entropy of differentiable maps. Bol. Soc. Bras. Mat. 9 (1978), 83-87.

10.2 Pesin’s theory

In this section we work in the same setting and we follow the same notation as
in Section 9.1.

Lemma 10.2.1. If u is a Borel finite measure on R™, n > 1, a is an arbitrary
point of R™ and the function z — log |z —al| is p-integrable, then for every C > 0

and every 0 <t <1,
Zu (a,Ct")) < 0.
n>1
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Proof. Since p is finite and since given t < s < 1 there exists ¢ > 1 such that
Ct™ < s™ for all n > ¢, without loosing generality we may assume that C' = 1.
Recall that given b € R™, and two numbers 0 < r < R, R(b,r,R) = {z € C:
r < |z —b| < R}. Since —log(t") < —log|z — al for every z € B(a,t") we get
the following.

S nB(a ) = X (a7 67) = 5~ log(t")u(Rla, 7))
2 :i n>1

<— —log|z — al du(z) < 4o
57 /50 | | dp(z)

The proof is finished. &

Lemma 10.2.2. If pu is a Borel finite measure on C, n > 1, and log|f'| is p
integrable, then the function z — log |z—c| € L*(u) for every critical point ¢ of f.
If additionally p is f-invariant, then also the function z +— log |z— f(c)| € L*(u).

Proof. That log|z—c| € L' (u) follows from the fact that near ¢ we have C~1|z —
g7t < |f(2)] < Clz—¢|771, where ¢ > 2 is the order of the critical point ¢ and
C > 1 is a universal constant, and since out of any neighbourhood of the set of
critical points of f, |f’(z)| is uniformly bounded away from zero and infinity. In
order to prove the second part of the lemma, consider a ray R emanating from
f(c) such that u(R) = 0 and a disk B(f(c),r) such that f-! : B(f(c),r)\R — C,
an inverse branch of f sending f(c) to ¢, is well-defined. Let D = B(f(c),r)\ R.
We may additionally require r > 0 to be so small that |z — f(c)| < |f-1(2) —c|?
It suffices to show that the integral [, log|z — f(c)| du(z) is finite. And indeed,
by f-invariance of u we have

[ toglz = #(@lldu(e) = [ 1p()log : ~ £(e)]duz)
D X
= [ 1p(=)log £ () = el du(2)
X
:/(1Dof)(z)log|z—c|qdu(z)
X
:/ Ly-1(pylog|z — c|? du(z)
X

Notice here that the function 1p(2)log|f. ! (2) — c|? is well-defined on X indeed
and that unlike most of our comparability signs, the sign in the formula above
means an additive comparability. The finiteness of the last integral follows from
the first part of this lemma. &

Theorem 10.2.3. Let (Z,F,v) be a measure space with an ergodic measure
preserving automorphism T : Z — Z. Let f : X — X be a continuous map
from a compact set X C C onto itself having a holomorphic extention onto
a neighbourhood of X (f € A(X)). Suppose that p is an f-invariant ergodic
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measure on X with positive Lyapunov exponent. Suppose also that h : Z — X
is a measurable mapping such that voh ™ = y and hoT = foh v-a.e..
Then for v-a.e. z € Z there exists r(z) > 0 such that for every n > 1 there
evists f;" :+ B(z,7(z)) — C, an inverse branch of f" sending v = h(z) to
zn = h(T7"(2)). In addition, for an arbitrary x, —x.(f) < x < 0, (not
depending on z) and a constant K(z)

U @) _
[FZor0i

for all y,w € B(x,r(2)). K is here the Koebe constant corresponding to the
scale 1/2.

|(f20) ()] < K(2)eX" and

Proof. Suppose first that M(Un>1 f”(Crit(f))) > 0. Since p is ergodic this
implies that p must be concentrated on a periodic orbit of an element w €
U,.>; f™(Crit(f)). This means that w = f9(c) = f97%(c) for some ¢,k > 1 and
¢ € Crit(f), and

p({ ), S e), -, ) = 1

Since [log|f‘|du > 0, |(f*)‘(f9(c))] > 1. Thus the theorem is obviously true
for the set h=1({f4(c), f1*(c),. .., f7*=1(c)}) of v measure 1. B

So, suppose that ,u(Un21 f(Crit(f))) = 0. Set R = min{1,dist(X,C \
U(f))}and fix A € (eiX,1). Consider z € Z such that z = h(z) ¢ U1 [ (Crit(f)),

T~ log | (/") (AT ()] = (/).

and z, = h(T7"(2)) € B(f(Crit(f)), RA") only for finitely many n’s. We
shall first demonstrate that the set of points satisfying these properties is of full
measure v. Indeed, the first requirement is satisfied by our hyphothesis, the
second is due to Birkhoff’s ergodic theorem. In order to prove that the set of
points satisfying the third condition has v measure 1 notice that

> (T (RN (B(F(Crit(f)), RA™))) = Y v(h™ (B(f(Crit(f)), RA™)))

n>1 n>1

= > uB(f(Crit(f)), RA")) < o0,

n>1

where the last inequality we wrote due to Lemma 9.2.2 and Lemma 9.2.1. The
application of the Borel-Canteli lemma finishes now the demonstration. Fix
now an integer ny = ni(z) so large that x,, = h(T~"(2)) ¢ B(f(Crit(f)), R\"™)
for all n > ni. Notice that because of our choices there exists ny > nq such

that |(f™) (z,)|~*/* < A" for all n. > ny. Finally set S = D>t [(F™) ()|~ /4,
bn = 1571|(fn+1)l(xn+1)|%17 and

-2

=1, (1—b,)""!
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which converges since the series > ., b, converges. Choose now r = r(z) so
small that 16r(z)IIKS® < R, all the inverse branches ol B(xo,r(z)) —
C are well-defined for all n = 1,2,...,ny and diam(fg;n’;2 (B(z0, Tgzn, (1 —
bk)’l)) < A\"2R. We shall show by induction that for every n > no there exists
an analytic inverse branch f " : B(xo, rg>n (1 — bk)*l) — C, sending zg to
xn and such that

diam(f, " (B (x0, rk>pn (1 — b)) < A"R.

Indeed, for n = ng this immediately follows from our requirements imposed
on r(z). So, suppose that the claim is true for some n > ng. Since z, =
fol(xo) ¢ B(Crit(f), RA") and since A" R < R, there exists an inverse branch

;nlﬂ : B(xp, A""R) — C sending x,, to x,,11. Since diam(f;L"(B((a:O, > (1—

br)~1)) < A"R, the composition f; ! o fr"B(zo, rI>n(1—bg) ) — Cis well-

Tn4+1
defined and forms the inverse branch of f"*! that sends z¢ to x,;1. By the
Koebe distortion theorem we now estimate

diam (f,, "D (B (20, zng1 (1= bk) ™))
< 21 (1= b)) (" (@ngr)| KD

3

< 16rIE S®|(f™ Y (@) (Y ()2
= 16/ TIKS3 (") (1)~
< RN\,

where the last inequality sign we wrote due to our choice of r and the number n..
Putting 7(z) = r/2 the second part of this theorem follows now as a combined
application of the equality lim, .o +log|(f™) (zn)| = Xxu(f) and the Koebe
distortion theorem. &

As an immediate consequence of Theorem 10.2.3 we get the following.

Corollary 10.2.4. Assume the same notation and asumptions as in Theo-
rem 10.2.3. Fix ¢ > 0. Then there exist a set Z(e) C Z, the numbers
r(e) € (0,1) and K(e) > 1 such that u(Z(e)) > 1 —¢, r(z) > r(e) for all
z € Z(g) and with x, = h(T~"(2))

K(e) ™ exp(—(xu +)n) < |(£2.,7) ()]
< K(e)exp(—(xu —€)n) and w <K

|(F=") ()l —

for allm > 1, all z € Z(e) and all y,w € B(xg,r(e)). K is here the Koebe
constant corresponding to the scale 1/2.

Remark 10.2.5. In our future applications the system (Z, f,v) will be usually
given by the natural extension of the holomorphic system (f, u).
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10.3 Mané’s partition

In this section, basically following Mané’s book 77?7, we construct so called
Mané’s partition which will play an important role in the proof of a part of
the Volume Lemma given in the next section. We begin with the following
elementary fact.

Lemma 10.3.1. If z, € (0,1) for every n > 1 and > >~ nz, < oo, then
S —xp logx, < oo.

n=1

Proof. Let S = {n:—logx, > n}. Then

oo

Z —x,logx, = Z —x, logx, + Z —z, logx, < i nT, + Z —x, logz,

n=1 ngs nes n=1 nes

Since n € S means that z,, < e~ and since logt < 2/t for all t > 1, we have

Z:arnlogxi §2§2xn\/g§2ie—%" < o0

nes n n=1

The proof is finished. &

The next lemma is the main and simultaneously the last result of this section.

Lemma 10.3.2. If u is a Borel probability measure concentrated on a bounded
subset M of a Euclidean space and p: M — (0,1] is a measurable function such
that log p is integrable with respect to w, then there exists a countable measurable
partition, called Mané’s partition, P of M such that H,(P) < co and

diam(P(z)) < p(x)
for p-almost every x € M.

Proof. Let q be the dimension of the Euclidean space containing M. Since M
is bounded, there exists a constant C' > 0 such that for every 0 < r < 1 there
exists a partition P, of M of diameter < r and which consists of at most Cr—1?
elements. For every n > 0 put U, = {z € M : e~ ("1 < p(x) < e™™}. Since
log p is a non-positive integrable function, we have

oo

—npu(Uy,) > Z/ log pdp = /M log pdp > —o0
n=1 n

n=1
so that

in,u(Un) < 4o00. (10.3.1)
n=1
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Define now P as the partition whose atoms are of the form QNU,,, where n > 0
and Q € Py, , 7 = e~ (™D Then

o0

Hy(P)=> (= > wu(P)logu(P)).

n=0 U,DPeP
But for every n > 0

— Y wP)logu(P Z M :((Un ZM 7 log(u(Un)

Un>PEP 7 #Un)
)

< M(Un)(logC - qlogrn) — #(Un) log p(Un,
< pu(Un)log C + q(n + 1)u(Un) — p(Uy) log u(Un).

Thus, summing over all n > 0, we obtain

H(P)<1ogC+q+anu +Z n) log u(Uy,).

n=0

Therefore looking at (10.3.1) and Lemma 9.3.1 we conclude that H,(P) is finite.
Also, if € Uy, then the atom P(z) is contained in some atom of P, and
therefore

diam(P(z)) < 1, = e~ < p(x).
Now the remark that the union of all the sets U,, is of measure 1 completes the
proof. &

10.4 Volume lemma and the formula HD(u) =
h,(f)/x.(f)

In this section we keep the notation of Sections 9.1 and 9.2 and our main purpose
is to prove the following two results which generalize the respective results in
Chapter 7.

Theorem 10.4.1. If f € A(X) and p is an ergodic f-invariant measure with
positive Lyapunov exponent, then HD(u) = h,(f)/x.(f).

Theorem 10.4.2 (Volume Lemma). With the assumptions of Theorem 10.4.1
L log(u(B(r,1) ()

r—0 logr Xu(f)

for p-a.e. x € X.

In view of Corollary 7?7, Theorem 10.4.1 follows from Theorem 9.4.2 and we
only need to prove the latter one. Let us prove first

. log(p(B(z,r)))  hu(f)
lim inf log > ) (10.4.1)
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for p-a.e. x € X. By Corollary 8.1.9 there exists a finite partition P such that
for an arbitrary € > 0 and every x in a set X, of full measure p there exists
n(x) > 0 such that for all n > n(x).

B(f™(z),e™") C P(f"(x)). (10.4.2)

Let us work from now on in the natural extension (X, f,j1). Let X(¢) and
7(¢) be given by Corollary 10.2.4, i.e. X(e) = Z(g). In view of Birkhoff’s
Ergodic Theorem there exists a measurable set F'(¢) C X (¢) such that W(F(e)) =
fu(X(¢)) and

n—1

.1 Fnisy _ mf D
Jim = xg o (@) = A(X(e)
j=1

for every & € F(e). Let F(e) = 7(F(g)). Then u(F(e)) = a(r ' (F(e)) >

i(F(e)) = (X (e)) converges to 1 if € \, 0. Consider now x € F(e) N X, and
take & € F(¢) such that « = 7(#). Then by the above there exists an increasing
sequence {ng = ny(x) : k > 1} such that (&) € X(¢) and

Nky1 — Nk

< 4.
— <« (10.4.3)

for every k > 1. Moreover, we can assume that n; > n(xz). Consider now an
integer n > ny and the ball B(z,Cr(e) exp(—(x, + (2 + log || f’||)e)n)), where
0 < C < (Kr(e))~! is a constant (possibly depending on z) so small that

FU(B(@,Cr(e) exp —(xu + (2 +1og || f'IDe)n)) € P(f(x)) (10.4.4)

for every ¢ < ny and K(e) > 1 is the constant appearing in Corollary 10.2.4.
Take now any ¢, n1 < ¢ < n, and associate k such that ny < ¢ < ng41.
Since f™ (%) € X () and since m(f™ (%)) = f (x), Corollary 10.2.4 produces
a holomorphic inverse branch f; ™ : B(f"(x),7(¢)) — C of f™ such that

fome(f™(x)) = x and
Fom (U™ (),r(e) 2 Bl K (2)r(e)™ exp(— (i + )i,

Since B(z,Cr(e)exp —(xu + (2 4+ log||f'|)e)n) C B(m, K(e)7tr(e)exp —(xu +
e)nk)), it follows from Corollary 10.2.4 that

fm(B(w, Cr(e) exp — (xu + (2 + log || f']))e)n)) C
C B(f"(2), CKr(e)e ™"~ exp(e(ny — (2 + log | f'])n)))-

Since n > ny and since by (10.4.3) ¢ — ng < eny, we therefore obtain

fU(B(x,Cr(e) exp —(xu + (2 + log [ f'[De)n)) C
C B(f(x), CK (e)r(e)e ") exp(e(ny, — (2 + log | /][ )n)) exp((q — nx) log || /1))
C B(f(x), CK(e)r(e) exp(e(ru log | /]| + ni — 2n — nlog | f'[]))
C B(f(z),CK(e)r(e)e™™) C B(f(x),e™").
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Combining this, (10.4.2), and (10.4.4), we get
B(z,Cr(e) exp —(xu + (2 +log | f'[Ne)n)) < \/ 77 (P)(a).
3=0

Therefore, applying Theorem 1.5.5 (the Shanon-McMillan-Breiman Theorem),
we have

lim inf —% log j1(B(@, Cr(e) exp — (xu+(2+log | f'[De)n)) = hyu(f,P) = hy(f)—e

n—oo

It means that denoting the number Cr(e) exp —(x, + (2 + log || f'|)e)n) by ry,
we have

i PER BT )=

n—oc logry Xu(f) + (2 +log || f']))e

Now, since {r,} is a geometric sequence and since € > 0 can be taken arbitrarily
small, we conclude that for p-a.e. x € X

boing OB AB@ 1) bu(f)
e g xulf)

This completes the proof of (10.4.1). &

Remark. Since here X C C, we could have considered a partition P of a
neighbourhood of X in C where d0p , would have a more standard sense, see
Remark after Corollary 8.1.8.

Now let us prove that

log(u(B@:r) (1) 1xu(F) (10.4.5)

lim sup
r—0 IOg r

for p-a.e. x € X. }

In order to prove this formula we again work in the natural extension ()~( )
and we apply Pesin theory. In particular the sets X (), F(e) C X (&) and the
radius r(¢), produced in Corollary 10.2.4 have the same neaning as in the proof
of (10.4.1). To begin with notice that there exist two numbers R > 0 and
0 < @ < min{1,r(e)/2} such that the foloowing two conditions are satisfied.

If z ¢ B(Crit(f), R), then f|p(.,q) is injective. (10.4.6)
If z € B(Cl‘it(f), R), then f|B(z,Qdist(z,Crit(f))) is injective. (1047)

Observe also that if z is sufficiently close to a critical point ¢, then f/(z)
is of order (z — ¢)?7!, where ¢ > 2 is the order of critical point c¢. In partic-
ular the quotient of f’(z) and (z — ¢)9~! remains bounded away from 0 and
oo and therefore there exists a constant number B > 1 such that |f'(z)] <
Bdist(z, Crit(f)). So, in view of Theorem ??, the logarithm of the function
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p(z) = Qmin{1, dist(z, Crit(f)) is integrable and consequently Lemma 9.3.2 ap-
plies. Let P be the Mané’s partition produced by this lemma. Then B(z, p(z)) D
P(z) for p-a.e. x € X, say for a subset X, of X of measure 1. Consequently

n—1

By (x,p) = () 177 (B(f (@), p(f(2)))) D Pg(x) (10.4.8)

=0

for every n > 1 and every x € X,. By our choice of ) and the definition of p, the
function f is injective on all balls B(f7(x), p(f7(z))), 7 > 0, and therefore f* is
injective on the set B, (x,p) for every 0 < k <n —1. Now, let z € F(e) N X,
and let k be the greatest subscript such that ¢ = ng(x) < n — 1. Denote by
fz ¢ the unique holomorphic inverse branch of f? produced by Corollary 10.2.4
which sends f7(x) to x. Clearly By, (x,p) C f~UB(f%(x),p(f(x)))) and since
f? is injective on By (z, p) we even have

Bn(z,p) C £ U(B(f(x), p(f*(2))))-

By Corollary 10.2.4 diam (f;4(B(f4(z), p(f4(x))))) < K exp(—q(x,—¢)). Since
by (10.4.3), n < g(1 + ¢) we finally deduce that

Xp —€
By(x,p) C Bl x, K — .
(,p) (ﬂ? eXP( e ))

Thus, in view of (10.4.8)

X — € n
B <x,Kexp(—n 1”+€ >) O Py(x).

Therefore, denoting by 7, the radius of the ball above, it follows from Shanon-
McMillan-Breiman theorem that for py-a.e x € X

1
fim sup g 1B 7)< bu(£P) < by ().
So
ey EABE ) bu(f)
n—o00 IOg Tn X/L(f) —€

(1+¢).

Now, since {r,} is a geometric sequence and since £ can be taken arbitrarily
small, we conclude that for p-a.e. v € X

o logu(B(a ) hu(f)
T e )

This completes the proof of (10.4.5) and because of (10.4.1) also the proof of
Theorem 10.4.2. &
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10.5 Pressure-like definition of the functional h,+
J odu

In this section we prepare some general tools used in the next section to ap-
proximate topological pressure on hyperbolic sets. No smoothness is assumed
here, we work in purely metric setting only. Our exposition is similar to that
contained in Chapter 2.

Let T : X — X be a continuous map of a compact metric space (X, p) and
let 1 be a Borel probability measure on X. Given ¢ > 0 and 0 < § < 1 a set
E C X is said to be p — (n, €, d)-spanning if

u( U Bn(x,e)) >1-—9.
zEE
Let ¢ : X — R be a continuous function. We define
QulT, 6,n,2,0) = inf{ > exp Suo(x) }
zeE

where the infimum is taken over all ;1 — (n, ¢, d)-spanning sets E. The main
result of this section is the following.

Theorem 10.5.1. For every 0 < § < 1 and every ergodic measure p
1
h (T) + /¢dﬂ = liH(l) liminf —log Q. (T, ¢, n, ¢, 6)
e—0 n—oo N
1
= lin% limsup — log Q. (T, ¢, n, €, 9)
g n—oo N

Proof. Denote the the number following the first equality sign by P, (T, ¢,0) and

the number following the second equality sign by P, (T, ¢,d). First, following
essentially the proof of the Part I of Theorem 2.4.1, we shall show that

P, (T.,8) > h,(T) + /mm (10.5.1)

Indeed, similarly as in that proof consider a finite partition & = {A4;,..., As}
of X into Borel sets and compact sets B; C A;, i =1,2,..., A}, such that for
the partition V = {By,...,Bs, X \ (B1U...UBs)} we have H,(U|V) < 1. For
every 0 > 0 and ¢ > 1, set

1
X, = {x eX: —Elog,u(V"(x)) >h,(T,V)—6 foral n>gq

%Sn(b(a:) > /qﬁd,u — 6 for all n> q}

Fix now 0 < § < 1. It follows from Shannon-McMillan-Breiman theorem and
Birkhoff’s ergodic theorem that for ¢ large enough p(X,) > 6. Take 0 < € <
%min{p(Bi,Bj) :1<i<j<s}>0sosmall that

[¢(x) — o(y)| < 0
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if p(z,y) < e. Since for every x € X the set B, (z,e) N X, can be covered by at
most 2" elements of V",

(B (z,2) N X,) < exp(n(log2 — h,(T,V) +0)).

Now let E be a p — (n, e, d)-spanning set for n > ¢, and consider the set E' =
{x € E: By(xz,e) N X4 # 0}. Take any point y(x) € B, (z,e) N X,. Then by
the choice of €, Sp¢(x) — Spo(y) > —nb. Therefore we have

> exp Sne(z) exp (—n (hM(T, V) + / ¢ dp — 30 — log 2)) >

relR

> exp Spo(x)exp| —n| h, (T, V) + [ ¢dpu — 36 —log?2
Té p p( < / m g ))

= exp(Spp(x) —n | ¢du)exp| —n(h,(T,V) — 30 —log 2)
ng:’ p( / M) p( & )

= Z exp <Sn(b(a?) — Sno(y) + Sndly) — n/qbd,u) exp(—n(h,(T,V) — 30 — log 2))
rel’

> Z exp(—nb) exp(—nb) exp(2nd) exp(—n(h,(T,V) — § — log 2))
RIS

= Z exp(n(log2 —h,(T,V) +6))
IS

2 Z p(Bn(z,e) N Xq) =2 p(Xq) =6 >0
zc b/

which implies that
Qu(T, ¢,n,e,8) > h,(T,V)+ /quu — 30 —log 2.

Since 6 > 0 is an arbitrary number and since h, (T, U) < h,(T,V)+ H,(U|V) <
h, (T, V) + 1, letting e — 0, we get

B}L(T7¢75) Z h,u(T,u) - 1+/¢d,u—1og2

Therefore, by the definition of entropy of an automorphism, P, (7, ¢,5) >
h,(T)+ [ ¢ du—log2—1. Using now the standard trick, actually always applied
in the setting we are whose point is to replace T by its arbitrary iterates T and
¢ by S, we obtain kP (T, ¢,0) > kh,(T) + k [ ¢ du —log2 — 1. So, dividing
this inequality by k, and letting & — oo, we finally obtain

2,(7.6.0) 2 (1) + [ du

Now let us prove that

P,(T,¢,9) /mm (10.5.2)
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where P, (T, ¢, ) denotes limsup appearing in the statement of Theorm 10.5.1.
Indeed, fix 0 < § < 1, then € > 0 and # > 0. Let P be a finite partition of X of
diameter < e. By Shannon-McMillan-Breiman theorem and Birkhoff’s ergodic
theorem there exists a Borel set Z C X such that pu(Z) > 1— 6 and

%Sn(b(a:) < /mm ‘o - %logu(P”(Js)) < b, (T)+0 (10.5.3)

for every m large enough and all z € Z. From each element of P having non-
empty intersection with Z choose one point obtaining, say, a set {1, z2, ..., Zq}.
Then By, (xj,e) D P"(x;) forevery j = 1,2, ..., g and therefore the set {z1,z2,..., 24}
is p—(n, ¢, 6)-spanning. By the second part of (9.5.3) we have ¢ < exp(n(h,(T)+

0)). Using also the first part of (9.5.3), we get

> exp Sud(e;) < expln(h(T) + 0 + [ odu-+0)

Jj=1

Therefore Q. (T, ¢,n,e,8) < exp(n(h,(T) + 0 + [ ¢pdu+ 6)) and letting conse-
qutively n — oo and € — 0, we obtain P, (T, ¢,6) < h,(T) + [ ¢ du + 2. Since
0 is an arbitrary positive number, (10.5.2) is proved. This and (10.5.1) complete
the proof of Theorem 10.5.1. &

10.6 Katok’s theory—hyperbolic sets, periodic
points, and pressure

In this section we again come back to the setting of Section 9.1. So, let X
be a compact subset of the closed complex plane C and let f : X — X be a
continuous map that can be analytically extended to an open neighbourhood
U(f) of X.

Let u be an f-invariant ergodic measure on X with positive Lyapunov ex-
ponent. h,(f) and let ¢ : X — R be a real continuous function. Our first aim
is to show that the number h,(f) + [ ¢ du can be approximated by the topo-
logical pressures of ¢ on hyperbolic subsets of X and then as a straightforward
consequence we will obtain the same approximation for the topological pressure

P(f,9).

Theorem 10.6.1. If u is an f-invariant ergodic measure on X with positive
Lyapunov expenent x, and if ¢ : X — R is a real-valued continuous function,
then there exists a sequence Xy, k =1,2,..., of compact f- invariant subsets of
U such that for every k the restriction f|x, is a conformal expanding repeller,

timinf P(flx,. ) 2 hu(7) + [ 6

and if p is any ergodic f-invariant measure on Xy, then the sequence py,

k=1,2,..., converges to p in the weak-*-topology on a closed neighbourhood
of X.
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Proof. Since P(f|x,,¢ + ¢) = P(f|x,,®) + ¢ and since h,(f) + [(¢ + ¢) du =
h,(f)+ | ¢du+ ¢, adding a constant if necessary, we can assume that ¢ is pos-
itive, that is that inf ¢ > 0. As in Section 9.2 we work in the natural extension
(X, f,1). Given & > 0 let X(8) and () be produced by Corollary 10.2.4. The
set (X (8)) is assumed to be compact. This corollary implies the existence of
a constant ' > 0 (possibly with a smaller radius r(4)) such that

diam (f; " (B(x (%), 7(8))) < e X (10.6.1)

for all & € X(§) and n > 0. Fix a countable basis {j}52, of the Banach space
C(X) of all continuous real-valued functions C(X). Fix # > 0 and an integer
s > 1. In view of Theorem 10.5.1 and continuity of functions ¢ and ); there
exists € > 0 so small that

liminf 10g Q, (T, 6,1,2.0) — (b() + [ o) > 6 (10.6.2)
if |z — y| < ¢, then
lp(z) — o(y)| < 6 (10.6.3)
and |
[¥i(e) —ily)l < 50 (10.6.4)

foralli=1,2,...,s.

Set 8 = r(6)/2 and fix a finite §/2-spanning set of 7(X (8)), say {1, ..., 2}
That is B(z1,3/2)U...UB(z, 3/2) D (X (6/2)). Let U be a finite partion of
X with diameter < 8/2 and let ny be sufficiently large that

exp(—n1x’) < min{3/3, K~'}. (10.6.5)
Given n > 1 define

X = {7 € X(0): fU(2) € X(0) n(f(2)) eU()
for some g € [n+1,(1+ 0)n]

%Sk(¢7)(ﬂ(j)) - /wi dﬂ‘ < %9

for every k >n and all i=1,2,...,s}.

By Birkhoff’s ergodic theorem lim,, o p(Xy,s) = p(X(4)) > 1 — 4. Therefore
there exists n > nj so large that ,u(f(ms) >1-94. Let X, s = 7r(()~(n7s)). Then
w(X,s) > 1—06 and let E, C X, be a maximal (n,e)-separated subset of
Xn,s- Then E, is a spanning set of X, ; and therefore it follows from (8.6.2)

that for all n large enough

log Y- expSud(e) — (1) + [ 6d) > -0,

zeE,
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Equivalently

S exp(S,0(0)) > expln() + [ odu—0)

zel,
For every g € [n+ 1, (1 4+ 0)n] let
Vo={z € En: f9(x) cU(x)}

and let m = m(n) be a value of ¢ that maximizes }_ .y, exp(Sn¢(z)). Since
Uy — B, we thus obtain

g=n+1
(1+9)n
Z exp Spo(x) > (nd)~ Z Z exp Spo(x
TEVm g=n+1zcVj,
> (6) Y exp(S,6(e) = exp(nlu, (1) + [ 6d—20)
zel,

Consider now the sets V,,, N B(z;,(/2), 1 < j < t and choose the value i =
i(m) of j that maximizes 3 cy. p(s, 5/2) €XP(Sn@(x)). Thus, writing Dy, for

Vin N B(xi(n, 8/2) we have V,,, = U§:1 Vi N B(z;,4/2) and

> expS,0(a) 2 1 expn(() + [ odu—26)

€D,

Since ¢ is positive, this implies that

Z exp Sy d(x) > - exp /qﬁdu —20)) (10.6.6)

z€D,,

Now, if € Dy, then |f™(z) — z;| < |f™(x) — x|+ |z — x| < B/2+ 8/2 =75
and therefore

f"(x) € B(xi, 8) € B(f™(),20).
Thus, by (10.6.1) and as m > n > ny, we have diam(f,—m(B(f™(z),26)) <
exp(—mx’) < /3, where & € 7~ (x) N X,, ;. Therefore

[z (B(zi,8)) C B (ffz‘, g + g) =B ($i7 %5)
In particular

fa " (B(xi, ) € B(wi, B) (10.6.7)

Consider now two distinct points y1,y2 € Dy,. Then f "™ (B(z4, 3))0f,, " (B(xi, 3)) =
() and decreasing 3 a little bit, if necessary, we may assume that

fp " (B(xi, B)) 0 £, (B(i, 8)) = 0.
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Let
¢ = min { 8, min {dist(f,," (B(@:: B). £, (B@:. ) : 41,2 € Dot # 42} }

Define now inductively the sequence of sets {X (j)};‘;o contained in U(f) by
setting

X = (B(z;,8) XUV U fom (X))
€D,

By (10.6.7),{ XU )} 0, is a descending sequence of non-empty compact sets, and
therefore the intersection

X =X"(0,s) =) X

is also a non-empty compact set. Moreover, by the construction f™(X*) = X*,
f™|x+ is topologically conjugate to the full one-sided shift generated by an
alphabet consisting of #D,, elements and it immediately follows from Corol-
lary 10.2.4 that f™|x« is an expanding map. Since f™|x« is an open map, it is
straightforward to check that the triple (f™, X* U,,) is a conformal expanding
repeller with a sufficiently small neighborhood U,,, of X*. Thus (f, X (0, s), W),
is also a conformal expanding repeller, where

m—1 m—1
= J f(x7) and W= J f4(U.
=0 =0

Fix now an integer 7 > 1. For any j- tuple (20,21, --,2j-1), 21 € Dy, choose
exactly one point y from the set f Of " o...of "(X™) and denote the made

up set by A;. Since by (10.6.3) and (10.6.5) Simo(y) = Z{;& Smd(z1) — jmo
we see that

Z exp Sjmd(y) Z exp Smd(x exp( jm@)

YEA; TED,

and

%log Z exp Sjmd(y) > log Z exp Sm¢(r) —

YyEA; z€D,,
In view of the definition of &, the set A; is (j,{)-separated for f™ and £ is an

expansive constant for f™. Hence, letting j — oo we obtain

P(f™x+: Smé) > log Y expSpo(z) —

€D,

> n(h,(f) —|—/¢5d,u— 26) — logt — m#
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where the last inequality was written in view of (10.6.6). Since n +1 < m <
n(1+ 6) and since inf ¢ > 0 (and consequently h,(f) + [ ¢dp > 0), we get

P(flx(6.0:8) = =P |00, 6) > =P+, 50)

logt
A

Supposing now that n (and consequently also m) was choosen sufficiently large
we get

P(flx(6.5),6) = 15 (bl + [ o) — 16

If now v is any ergodic f-invariant measure on X (6, s), then it follows from the
definition of the set )N(ms, the construction of the set X (6, s) and the Birkhoff
ergodic theorem that | [¢; dv — [1;dp| < 0 for every i = 1,2,...,s. Therefore
putting for example X, = X (1/k, k), completes the proof of Theorem 10.6.1. &

Remark 10.6.2. If the set X is repelling, that is if (,,~, f~"(U) = X, then
the sets X} constucted in the proof of Theorem 10.6.1 are all contained in X.
In particular we get the following.

Corollary 10.6.3. If the set X is repelling and if P(f,¢) > sup ¢, then there
exists a sequence Xi, k = 1,2,..., of compact f-invariant subsets of X such
that for every k, f|x, is a conformal expanding repeller,

Jim P(flx,, ¢) = P(f,9)

and if py is any ergodic f-invariant measure on Xy, then the sequence py,
k=1,2,..., converges to u in the weak-*-topology on X.

Remark 10.6.4. Of course in Corollary 10.6.3 was sufficient to assume that

P(f,$) = sup{h,(f)+ [ ¢ du} where the supremum is taken over all ergodic in-
variant measures of positive entropy, which is assured for eaxample by inequality
P(f,¢) > sup ¢. Besides, if the function ¢ has an equilibrium state of positive
entropy, then the sequence py can be choosen to converge to this equilibrium
state.

Our last immediate conclusion concerns periodic points.

Corollary 10.6.5. If f : X — X is repelling and hiop(f) > 0, then f has
infinitely many periodic points. Moreover the number of periodic points of period
n grows exponentialy fast with n.



Chapter 11

Conformal measures

11.1 General notion of conformal measures

Let T : X — X be a continuous map of a compact metric space (X, p) and let
g : X — R be a non—negative measurable function. A Borel probability measure
m on X is said to be g—conformal for T': X — X if

m(T(A))z/gdm (11.1.1)

A

for any Borel set A C X such that T'|4 is injective and T'(A) is measurable.
Sets with this property will be called special. There is a close relation between
conformal measures and Perron-Frobenius type operators. In order to describe
it notice first that

/ ¢dm=/(¢oT)gdm (11.1.2)
T(A) A

for any Borel function ¢ and any special set A. Assume now (only till Proposi-
tion 11.1.1) additionally that 7" is bounded-to—one (iéthe numbers of preimages
of points are uniformly bounded) and that g takes values in R ;. Define then the
Perron-Frobenius operator L4, associated to 7" and g, putting for a measurable
function ¢ : X — R

o(y)
£g¢(x): Z N
Tlgs 9(y)

L, is a well defined measurable function. We shall prove the following.

Proposition 11.1.1. Assume that there exists a finite partition of X into spe-
cial sets X; (1 <i<s), such that all the maps T : X; — T(X;) are measurable
isomorphisms. Then m is g—conformal if and only if L, acts on L'(m) and
Lym = m, where L is the operator conjugate with L.

299
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Proof. Let m be g—conformal and let ¢ € L*(m). By (10.1.2)

10} 1
— o (T x, dm = d
/T(X,i) g (Tlx) " dm /Xﬁ "

for every i = 1,...,s. Thus, summing over all ¢ yields

/Xcgqsdmz/xwm

Conversely, assume that £, acts on L!(m) and that m is a fixed point of L3
Let A be a special set. Then, by the definition of the Perron—Frobenius operator

Jadn= [ aegm = [ £,0apdm= [ 57 1a@ymidn) = m(r(a)

T(y)==
Thus m is f—conformal. &

Now we shall provide a general method of constructing conformal measures.
The construction will make use of the following simple analytical fact. For a
sequence {a, : n > 1} of reals the number

czlimsupa—n (11.1.3)
n

n—oo

will be called the transition parameter of {a,, : n > 1}. It is uniquely determined
by the property that

Z exp(a, — ns)

n>1

converges for s > ¢ and diverges for s < ¢. For s = ¢ the sum may converge or
diverge. By a simple argument one obtains the following.

Lemma 11.1.2. There exits a sequence {b, : n > 1} of positive reals such that
= <00 s>c
E by, exp(a, — ns)
—_ =0 s<c

by
n+1

and lim, . 3 =1.

Proof. If > exp(an, — nc) = oo, put b, = 1 for every n > 1. If > exp(a, —
nc) < oo, choose a sequence {nj : k > 1} of positive integers such that
limg o0 nkn;il =0 and g := ankngl — ¢ — 0. Setting

Ne —n n—mnr—1
b, = exp(n(ifkq + 7@)) for ng_1 < n < ng,
g — Nk—1 Ng — Nk—1

it is easy to check that the lemma follows. &
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Getting back to dynamics let {E,}52; be a sequence of finite subsets of X
such that

TYE,) C B,y for every n >1 (11.1.4)

and let

an =1log( Y exp(Sng(x)))

zeE,

where Sp,9 = > (cpcn9© T*. Denote by ¢ the transition parameter of this
sequence. Choose a sequence {b, : n > 1} of positive reals as in lemma 10.1.2
for the sequence {a, : n > 1}. For s > ¢ define

M, = an exp(a, — ns) (11.1.5)
n=1

and the normalized measure

J\i > D baexp(Sug(w) —ns)da, (11.1.6)

° n=1lzekE,

msg =

where J, denotes the unit mass at the point x € X. Let A be a special set.
Using (11.1.4) and (11.1.6) it follows that

ms(T(A)) = Z by exp(Spg(x) — ns)

lzeE,NT(A)

S buexp(Sug(T(x)) - ns)

Tz€ANT1E,

> buexp[Sutig(x) — (n+1)s]exp(s — g(x))

Tc€EANE, 11

»

= =
]38

3
I

1 o0
:Mszl

n

1

S
n

gll
WK

Il
-

1
M;

K

Z b exp(Sng(T(x)) —ns).  (11.1.7)

n=1zcAN(E, 1 \T~1E,)
Set

M =Y 5 bl (e esp(sgl)- [ exple-g) dm.

n=1lzcANE,11 A
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and observe that

S S explSuiigla) — (n+ 1)s] exp(—g(@)) [bue” — busic”]

n=1zcANE,11

A(s) = racl Mg

reANE,
]- > b’ﬂ c—s
< 1Y 2 —e bnt1exp(s — g(x)) exp[Snt19(x) — (n+ 1)s]
S n=1 reANE +1 n+l
1
+ Ebl exp(c — s) (AN Ey)
I & bn, s
ST ¢ busn exp(s — g(@) xplSiarg(@) — (n+1)s]

n=1z€k,+1

+

1
VA by exp(c — s) HE].

By lemma 10.1.2 we have lim,,— oo byt1/b, = 1 and limg). M, = oo. Therefore

lim A 4(s) = 0 (11.1.8)

sle

uniformly for all special sets A.

Any weak accumulation point, when s | ¢, of the measures {ms : s > c}
defined by (11.1.6) will be called a limit measure (associated to the function g
and the sequence {E,, : n > 1}).

In order to find conformal measures among the limit measures, it is necessary
to examine (11.1.7) in greater detail. To beginn with, for a Borel set D C X,
consider the following condition

oo

1
lim i Z Z by, exp[Sng(T(x)) — ns] = 0. (11.1.9)
sle 5 n=12eDN (B \T-1Ey)

We will need the following definitions.

A point z € X is said to be singular for T if at least one of the following two
conditions is satisfied:

(10.1.10) There is no open neighbourhood U of x such that 7|y is injective.
(10.1.11) VesoJo<r<T(B(x,7)) is not an open subset of X.

The set of all singular points is denoted by Sing(7"), the set of all points
satisfying condition (?7?) is denoted by Crit(T") and the set of all points satisfying
condition (??) is denoted by Xo(T).

It is easy to give examples where Xy N Crit(T) # 0. If T: X — X is an
open map, no point satisfies condition (??) that is Xo(7T") = 0.

In spite of what was assumed in [?] and similarly as in [?] the set Sing(T') is
not required to be finite. Let us prove the following.
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Lemma 11.1.3. Let m be a Borel probability measure on X and let T’ be a
compact set containing Sing(T). If (11.1.1) holds for every special set A whose
closure is disjoint from T and such that m(0A) = m(9T(A)) =0, then (11.1.1)
continues to hold for every special set A disjoint from T'.

Proof. Let A be a special set disjoint from I'. Fix ¢ > 0. Since on the com-
plement of I' the map T is open, for each point z € A there exists an open
neighbourhood U(x) of  such that T'|y(,) is a homeomorphism, m(0U (x)) =
m(0T(U(z))) =0, U(z) NT = () and such that

/ gdm < ¢
U (z)\ A

Choose a countable family {Uy} from {U(x)} which covers A and define recur-
sively Ay = Uy and A, = Uy, \U,..,, Ux- By the assumption of the lemma, each
set Ay, satisfies (10.1.1) and hence

m(T(A)):m(D AﬂAk) Zm
k=1
:§/4kgdm:/4gdm+;/4k\Agdm

g/ gdm + ¢.
A

If e — 0, it follows that

m(T(B)) < /B gdm

for any special set B disjoint from I'. Using this fact, the lower bound for
m(T(A)) is obtained from the following estimate, if € — 0:

m(T(A)):m(G AﬂAk) Zm (AN Ap))
k=1
= S (T (A) — (A ) 2 3 [ gdm= [ gim
k=1 r=1" Ak

A\A
:/ gdm — gdmz/gdm—e.
Ur>1A4k Ur>14k\A A

This proves the lemma. &

Lemma 11.1.4. Let m be a limit measure and let I' be a compact set containing
Sing(T). Assume that every special set D C X with m(aD) = m(aT( ) =0
and D NT = 0 satisfies condition (11.1.9). Then m(T(A)) = [, exp(c — f)dm
for every special set A disjoint from T.
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Proof. Let D C X be a special set such that D N T = § and m(0D) =
m(9T (D)) = 0. It follows immediately from (11.1.7)—(11.1.9) that m(T (D)) =
Jpexp(c — f)dm. Applying now Lemma 11.1.3 completes the proof. &

Lemma 11.1.5. Let m be a limit measure. If condition (11.1.9) is satisfied for
D =X, then m(T(A)) > fA exp(c— f)dm for every special set A disjoint from
Crit(T).

Proof. Suppose first that A is compact and m(0A) = 0. From (10.1.7), (11.1.8)
and the assumption one obtains

lim |m4(T'(4)) — /Aexp(c— f)dms| =0

seJ

where J denotes the subsequence along which mg converges to m. Since T'(A)
is compact, this implies

m(T(A)) > liminf ms(T'(A)) = lim [ exp(c— f)dm, = / exp(c— f)dm
seJ s€J Ja A

Now, drop the assumption m(9A) = 0 but keep A compact and assume addition-

ally that for some € > 0 the ball B(A,¢) is also special. Choose a descending

sequence A, of compact subsets of B(A,e) whose intersection equals A and

m(0A,) = 0 for every n > 0. By what has been already proved

m(T(A4)) = lim m(T(Ay)) Z/A exp(c— f)dm = /Aexp(c—f) dml

n—oo

The next step is to prove the lemma for A, an arbitrary open special set disjoint
from Crit(T") by partitioning it by countably many compact sets. Then one
approximates from above special sets of sufficiently small diameters by special
open sets and the last step is to partition an arbitrary special set disjoint from
Crit(T) by sets of so small diameters that the lemma holds. &

Lemma 11.1.6. Let I" be a compact subset of X containing Sing(T'). Suppose
that for every integer n > 1 there are a continuous function g, : X — X and a
measure my, on X satisfying (11.1.1) for g = g, and for every special set A C X
with

ANT =0 (a)

and satisfying

mn(B) 2 [ gudm,
B
for any special set B C X such that BN Crit(T) = 0. Suppose, moreover, that

the sequence {gn}5°; converges uniformly to a continuous function g : X — R.
Then for any weak accumulation point m of the sequence {my}5%,; we have

m(T(4)) = / gdm (b)

A
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for all special sets A C X such that ANT = () and

m(T(B)) > / gdm (©

B

for all special sets B C X such that BN Crit(T) = 0.
Moreover, if (a) is replaced by

AN(T\ (Crit(T) \ Xo(T))) =0, (a)
then for any x € Crit(T) \ Xo(T)
m({T(2)}) < glx)m({z}) < q(z)m({T(x)}) (d)

where q(x) denotes the mazimal number of preimages of single points under the
transformation T restricted to a sufficiently small neighbourhood of x.

The proof of property (b) is a simplification of the proof of Lemma 11.1.4
and the proof of property (c) is a simplification of the proof of Lemma 11.1.5.
The proof of (d) uses the same technics and is left for the reader.

11.2 Sullivan’s conformal measures and dynam-
ical dimension, I

Let, as in Chapter 10, X denote a compact subset of the extended complex
plane C and let f € A(X) which means that f: X — X is a continuous map
that can be analytically extended to an open neighbourhood U(f) of X.

Let t > 0. Any |f’|'-conformal measure for f : X — X is called a t-
conformal Sullivan’s measure or even shorter a t—conformal measure. Rewritting
the defintion (11.1.1) it means that

m(f() = [ 171" dm (11.2.1)

for every special set A C X. An obvious but important property of conformal
measures is formulated in the following

Lemma 11.2.1. If f : X — X is locally eventually onto, then every Sullivan’s
conformal measure is positive on nonempty open sets of X.

In particular it follows from this lemma that if f is locally eventually onto,
then for every r > 0

M(r) = inf{m(B(z,r)): 2 € X} >0 (11.2.2)

Denote by §(f) the infinium over all exponents ¢ > 0 for which a t—conformal
measure for f: X — X exists.

Our aim in the two subsequent sections is to show the existence of conformal
measures and even more to establish more explicite dynamical characterization
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of the number §(f). As a matter of fact we are going to prove that under some
additional assumptions 0(f) concides with the dynamical dimension DD(X) of
X and the hyperbolic dimension HyD(X) of X which is defined as follows.

DD(X) = sup{HD(u) : 5 € M7 (£)}
HyD(X) = sup{HD(Y) : f]y is a conformal expanding repeller}

In this section we shall prove the following two results.

Lemma 11.2.2. If f : X — X is locally eventually onto, then DD(X) < §(f).

Proof. Our main idea “to get to a large scale” is the same as in [?]. However
to carry it out we use Pesin theory described in Sec. 9.2 instead of Mane’s
partition introduced in [?] and applied in [?]. So, let u € M (f) and let m be
a t—conformal measure. We again work in the natural extension (X' f @t). Fix
e > 0 and let X (¢) and r(¢) be given by Corollary 10.2.4. In view of the Birkhoff
ergodic theorem there exist a measurable set F(e) C X (¢) such that i(F(e)) =
(X (€)) and an increasing sequence {nj = ny(&) : k > 1} such that f™*(z) €
X (e) for every k > 1. Let F(¢) = n(F(g)). Then u(F(e)) = a(r—*(F(e)) >
/1(13‘(5)) > 1—2¢. Consider now x € F(¢) and take 7 € F(g) such that = 7 (Z).
Since f™(z) € X(e) and since w(f™ (z) = f™(x), Corollary 10.2.4 produces
a holomorphic inverse branch f ™ : B(f"(x),7(¢)) — C of f™ such that
[z f™(x) = x and

for (B (2),r(e))) € Bla, K|(f™) ()] "'r(e))
Set ri(x) = K|(f™) (x)|*r(¢). Then by Corollary 10.2.4 and ¢ conformality

of m
m(B(z,r(2))) = K|(f™) (@) "'m(B(f"* (x),7(e)))
> M(r(e) T K (e) " ri(x)*
Therefore, it follows from Theorem ?? (Besicovitch covering theorem) that

Hy(F(e)) < M(r(e)) K2 1()'b(2) < oo. Hence HD(F(¢)) < t. Since u(Uy—, F(1/n)) =
1, it implies that HD(u) < ¢. This finishes the proof. )

Theorem 11.2.3. If f : X — X is locally eventually onto and X is a repelling
set for f, then HyD(X) = DD(X).

Proof. In order to see that HyD(X) < DD(X) notice only that in view of
Theorem ?7 there exists pu € M (f|y) € M (f) such that HD(u) = HD(Y)
In order to prove that DD(X) < CD(X) we will use Katok’s theory from
Section 10.6 applied to p, an arbitrary ergodic invariant measure of positive
entropy. First, for every integer n > 0 define on X a new continuous function

¢n = max{—n,log|f'|}.

Then ¢, > log|f’| and ¢, \, log|f’| pointwise on X. Since in addition
on < logl|f’]|, it follows from the Lebesgue monotone convergence theorem
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that limy, oo [ ¢n dp = xu(f) = [log|f'|dp > 0. Fix e > 0. Then for all n
sufficiently large, say n > ng, [ ¢ndp < x,/(1 — €) which implies that

bu(f) = HD(u)x, = (1~ D () [ 6, . (11.23)
Fix such n > ng. Let Xy C X, k > 0, be the sequence of conformal expand-
ing repellers produced in Theorem 10.6.1 for the measure p and the function
—HD(u) ¢y, and let py be an equilibrium state of the map f|x, and the potential

—HD(u) ¢y, restricted to Xj. It follows from the second part of Theorem 10.6.1
that limg oo [ ¢n dig = [ ¢n dp > 0. Thus by Theorem ?7 and (11.2.3)

liminf (b, — HD(n) [ 6, dpe) = limint P(f]x,. ~HD (1))
> by (D) [ 60 di
> ~HD() [ 6 dn

Hence, for all k large enough
by = HD(0) [ 60 dis — 22HD () [ 61
> HD(u) [ 6 dps — 3D (1) [ 00
— (1= 39HD() [ éndyn > (1~ 3)HD() [ log|f dya.
Thus

HD(X) 2 1D(n) = 20 > (1= 3e)HD ().

So, letting ¢ — 0 finishes the proof. &

11.3 Sullivan’s conformal measures and dynam-
ical dimension, 11

In this section f : C — C is assumed to be a rational map of degree > 2 and
X is its Julia set J(f). Neverthless it is worth to mention that some results
proved here continue to hold under weaker assumption that f|x is open or X is
a perfect locally maximal set for f. By Crit(f) we denote the set of all critical
points contained in the Julia set J(f).

Lemma 11.3.1. If z € J(f) andmﬂ Crit(f) = 0, then the series
Yooy I(f™) (2)|3 diverges.
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Proof. By the assumption there exists € > 0 such that for every n > 0 the map
[ restricted to the ball B(f"(z),¢) is injective. Since f is uniformly continuous
there exists 0 < a < 1 such that for every x € C

f(B(z,ae)) C B(f(x),¢e). (11.3.1)
Suppose that the series > > |(f")(2)|5 converges. Then there exists ng > 1
such that supn2n0(2|(f")’(z)|)% < 1. Choose 0 < e1 =e3=... =¢g,, < ac SO
small that for every n =1,2,... ng
f" restricted to the ball B(z,¢e,) is injective. (11.3.2)
and
(B2 20)) € BU(2),¢) (11.3.3)
For every n > ng define €,,41 inductively by
n 1
env1 = (1= 2I(f") (2)])?)en. (11.3.4)

Then 0 < g, < ae for every n > 1. Assume that (11.3.2) and (11.3.3) are
satisfied for some n > ng. Then by the Koébe Distortion Theorem 777 and
(11.3.4) the set f™(B(z,en+1)) is contained in the ball centered at f™(z) and of
radius

2 2zl
0= enrifen® 20

Therefore, since f is injective on B(f"(2),¢), formula (11.3.2) is satisfied for
n + 1 and using also (11.3.1) we get

FrUB(z,en41)) = F(f"(B(z,6n11))) € f(B(f"(2),0¢)) C B(f""(2),e).

Thus (11.3.3) is satisfied for n + 1.

Let €, | €. Since the series > >~ |(f™)(2)|5 converges, it follows from
(10.3.4) that g9 > 0. Clearly (11.3.2) and (11.3.3) remain true with &, replaced
by 9. It follows that the family {f"|p(. 1, }nZ1 is normal and consequently
z ¢ J(f). This contradiction finishes the proof. )

ens1l(f") (2)]

=ept1 < QE.

As an immediate consequence of this lemma and of Birkhoff’s Ergodic The-
orem we get the following.

Corollary 11.3.2. If i be an ergodic f—invariant measure for which there exists
a compact set' Y C J(f) such that u(Y) =1 and Y NCrit(f) =0, then x, > 0.

Let now €2 be a finite subset of | J;—, f™(Crit(f)) such that

Qn{fre):n=1,2...3 #0 for every ¢ € Crit(f) (11.3.5)

and

QN Crit(f) = 0. (11.3.6)
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Sets satisfying these conditions exist since no critical point of f lying in J(f)
can be periodic. Now let V' C J(f) be an open neighbourhood of © and define
K (V) to be the set of those points of J(f) whose forward trajectory avoids V.
Equivalently this means that

K(WV)={z€ J(f): f*(z) ¢ V for every n > 0} = ﬂ T IHN\Y)

n=0

Hence K(V) is a compact subset of J(f) and f(K(V)) € K(V). Conse-
quently we can consider dynamical system f|g ) : K(V) — K(V). Note that
F(K(V)) = K(V) does not hold for all sets V and that usually f~1(K(V)) ¢
K (V). Simple considerations based on (10.3.5) and the definition of sets K (V)
give the following.

Lemma 11.3.3. Crit(f|x ) C Crit(f) N K(V) =0, K(V)o(f) = Sing(f) C
OV, and —tlog|f’| is a well-defined continuous function on K (V).

Fixnow z € K(V) and set By, = f|i /1, (2),n > 0. Then E 1y = f|;(1(v)(En)
and therefore the sequence {E, } satisfies (10.1.9) with D = K(V). Take t > 0
and let ¢(t,V) be the transition parameter associated to this sequence and the
function —tlog|f’|. Put P(t,V) = P(f|x(v), —tlog|f']). We shall prove the
following.

Lemma 11.3.4. ¢(t,V) < P(t,V).

Proof. Since K (V) is a compact set disjoint from Crit(f), the map f|x(vy is
locally !-to-1 which means that there exists § > 0 such that f|g () restricted
to any set with diameter < § is !to-1. Consequently, all the sets F,, are (n,¢)-
separated for ¢ < 4. Hence, the required inequality c(t, V) < P(t,V) follows
immediately from Theorem 2.3.2.

The standard straightforward arguments showing continuity of topological
pressure prove also the following.

Lemma 11.8.5. The function t — c(t, V) is continuous.

Set
s(V)=inf{t >0:¢(t,V) <0} < +o0

We shall prove the following.

Lemma 11.3.6. s(V) < DD(J(f)).

Proof. Suppose that DD(J(f)) < s(V) and take 0 < DD(J(f)) < t < s(V).
From this choice and by Lemma 11.3.4 we have 0 < c(t, V) < P(t,V) and
by Variational Principle 7?7 there exists u € Mc(fx(vy) C Me(f) such that
P, V) < hu(f) — txu(f) + c(t,V)/2. Therefore, by Corollary 11.3.2 and
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Lemma 11.3.3 we get h,(f) > ¢(¢,V)/2 > 0 and applying additionally The-
orem 10.1.1 (Ruelle’s inequality), x.(f) > 0. Hence, it follows from Theo-
rem 10.4.1 that

le(t,V
t<10() - 3 Y < DG < DDI))
w
This contradiction finishes the proof. &

Let m be a limit measure on K (V') associated to the sequence E,, and the
function —s(V)log|f’|. Since ¢(0,V) > 0 and s(V) < oo, it follows from
Lemma 11.3.5 that ¢(s(V),V) = 0. Therefore, applying Lemma 11.1.4 and
Lemma 11.1.5 with I' = 9V we see that m(f(A)) > [, |f/|*Y) dm for any spe-
cial set A C K(V) and m(f(A4)) = [, |f'1*V) dm for any special set A ¢ K(V)
such that AN 9V = (. Treating now m as a measure on J(7T') and using
straightforward measure—theoretic arguments we deduce from this that

m(f(A)) > /A 171V dim (11.3.7)

for any special set A C J(f) and

m(f(A)) = /A 1715V dm (11.3.8)

for any special set A C J(f) such that ANV = (). Now we are in position to
prove the following.

Lemma 11.3.7. For every Q there exist 0 < s(2) < DD(J(f)) and a Borel
probability measure m on J(f) such that

m(f(4)) > /A 1 dm

for any special set A C J(f) and

m(f(A)) = /A 1 dm

for any special set A C J(f) disjoint from €.

Proof. For every n > 1 let V;, = B(Q, %) and let m,, be the measure on J(f)
satisfying (11.3.7) and (11.3.8) for the neighbourhood V,,. Using Lemma 11.1.6
we shall show that any weak—* limit m of the sequence of measures {m,}°2
satisfies the requirements of Lemma 11.3.7. Indeed, first observe that the se-
quence {s(V,)}22; is nondecreasing and denote its limit by s(Q2). Therefore the
sequence of continuous functions g, = |f/[*\V*), n = 1,2,..., defined on J(f)
converges uniformly to the continuous function g = | f’|s(Q). Let A be a special
subset of J(f) such that

AN (Sing(f)uQ) =0. (11.3.9)
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Then one can find a compact set I' € J(f) disjoint from A and such that
Int(T") D Sing(f) U Q. So, using also Lemma 11.3.3, we see that for any n
sufficiently large, say n > ¢,

Vo.c  and  V,NCrit(f) =0. (11.3.10)

Therefore, by (11.3.7) and (11.3.8), we conclude that Lemma 11.1.6 applies
to the sequence of measures {mn}?f:q and the sequence of functions {gn};'f:q.
Hence, the first property required in our lemma is satisfied for any special subset
of J(f) disjoint from Crit(f) and since ANT = @, the second property is satisfied
for the set A. So, since any special subset of J(f) disjoint from Sing(f) U
Q can be expressed as a disjoint union of special sets satisfying (11.3.9), an
easy computation shows that the second property is satisfied for all special sets
disjoint from Sing(f) U . Therefore, in order to finish the proof, it is enough
to show that the second requirement of the lemma is satisfied for every point
of the set Sing(f). First note that by (11.3.10) and (11.3.8), formula (a’) in
Lemma 11.1.6 is satisfied for every n > ¢ and every x € Crit(f) \ J(f)o(f).
As f: J(f) — J(f) is an open map, the set J(f)o(f) is empty and Sing(f) =
Crit(f). Consequently formula (d) of Lemma 10.1.6 is satisfied for any critical
point ¢ € J(f) of f. Since g(c¢) = |f'(c)[*® = 0, this formula implies that
m(f()) <0. Thus m({f(c)}) = 0=|f'(c)]*“Pm({c}). The proofis finished. &

Lemma 11.3.8. Let m be a the me the measure constructed in Lemma 11.53.7. If
for some z € J(f) the series S(t,z) = > oo |(f™) (2)|" diverges then m({z}) =
0 or a positive iteration of z is a parabolic point of f. Moreover, if z itself is

periodic then m({f(2)}) = |f'(z)|[*m({z}).

Proof. Suppose that m({z}) > 0. Assume first that the point z is not eventually
periodic. fhen by the definition of a conformal measure on the complement of
some finite set we get 1 > m({f"(z) : n > 1}) > m({z}) Sor  [(f™) (2)|" = oo,
which is a contradiction. Hence z is eventually periodic and therefore there
exist positive integers k and ¢ such that f*(f9(z)) = f9(z). Since f9(z) € J(f)
and since the family of of all iterates of f on a sufficiently small neighbourhood
of an attractive periodic point is normal, this implies that |(f*)'(f7(z))| > 1.
If |(f*)'(f%(2))] = A > 1 then, again by the definition of a conformal measure
on the complement of some finite set, m({f9(z)}) > 0 and m({f*"(fi(2))}) >
N m({£9(2)}). Thus m({f*"(f4(z))}) converges to co, which is a contradiction.
Therefore |(f*)'(f9(z))| = 1 which finishes the proof of the first assertion of the
lemma. In order to prove the second assertion assume that ¢ = 1. Then, using
the definition of conformal measures on the complement of some finite set again,
we get m({f(z)}) > m({z})|f'(z)|" and on the other hand

m({z}) = m({f* (f)D) = m{F DI (FE =m{f()DIf ()]
Therefore m({f(z)}) = m({z})|f'(z)|*. The proof is finished. &

Corollary 11.3.9. If for every x € Crit(f) one can find y(x) € {f™(x) : n > 0}
such that the series S(t,y(x)) diverges for every 0 <t < DD(J(f)), then there
exists an s-conformal measure for f: J(f) — J(f) with 0 < s < DD(J(f)).
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Proof. Let m be a the me the measure constructed in Lemma 11.3.7. Since
S(t,y(x)) diverges for every 0 < t < DD(J(f)), we see that y(x) ¢ Crit(f).
If for some = € Crit(f), y(x) is a non-periodic point eventually falling into a
parabolic point, then let z(z) be this parabolic point; otherwise put z(z) = y(x).
The set Q = {z(z) : © € Crit(f)} meets the conditions (11.3.5), (11.3.6) and
is contained in |J;2, f*(Crit(f)). Since for every t > 0 and z € J(f) the
divergence of the series S(t, z) implies the divergence of the series S(t, f(z)), it
follows immediately from Lemma 11.3.7 and Lemma 11.3.8 that the measure m
is s-conformal. &

Now we are in position to prove the following main result of this section.

Theorem 11.3.10. HyD(J(f)) = DD(J(f)) = d(f) and there exists a 6(f)-
conformal measure for f: J(f) — J(f).

Proof. For every x € Crit(f) the set {f™(z):n >0} is closed and forward
invariant under f. Therefore, in view of Theorem 2.1.8 (Bogolubov-Krylov
theorem) there exists u € M.(f) supported on {f"(z):n >0}. By Corol-
lary A of [?, ?] there exists at least one point y(z) € {f™(z) : n > 0} such that
limsup,,_ o |(f™) (y(z))] > 1 and consequently the series S(¢,y(z)) diverges
for every t > 0. So, in view of Corollary 11.3.9 there exists an s-conformal
measure for f : J(f) — J(f) with 0 < s < DD(J(f)). Combining this with
Lemma 11.2.2 and Theorem 11.2.3 complete the proof. &

11.4 Pesin’s formula
In this section our aim is to prove two main theorems. The first one is as follows.

Theorem 11.4.1 (Pesin’s formula). Assume that X is a compact subset of the
closed complex plane C and that f € A(X). If m is a t- conformal measure for
[ and p € MJ(f) is absolutely continuous with respect to m, then HD(u) = t.

Proof. In view of Lemma 11.2.2 we only need to prove that ¢ < HD(u) and
in order to do this we essentially combine the arguments from the proof of
Lemma 11.2.2 and from the proof of formula (10.4.1). So, we work in the
natural extension (X, f,i). Fix 0 < & < x,/3 and let X(¢) and r(¢) be given
by Corollary 10.2.4. In view of the Birkhoff ergodic theorem there exists a
measurable set F(¢) C X (¢) such that i(F(g)) > 1 — 2¢ and

m 23 g0 @) = X))
for every & € F(e). Let F(e) = m(F(¢)). Then u(F(e))

= fi(r~(F(e) =
f(F(e)) > 1 —2¢. Consider now =z € F(e) N X, and take & € F

T
(¢) such that
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x = 7(Z). Then by the above there exists an increasing sequence {nj = ny(z) :
k > 1} such that f™(Z) € X(¢) and

Nkgy1 — Nk
Nk

<e (11.4.1)

for every k > 1. Moreover Corollary 10.2.4 produces holomorphic inverse
branches f; ™ : B(f™ (x),r(¢)) — C of f™ such that f;"* f™(x) = x and

fom (B (2),7(€))) € Bz, K|(f™)' ()] r(e))

Set ri = r(z) = K~|(f™)'(z)|'r(e). By Corollary 10.2.4 1), < K2 exp(—(xu—
e)nk)r(e). So, using Corollary 10.2.4 again and (11.4.1) we can estimate

e = Tt [(f ) (5 (2)] < rer K exp (X + €) (g1 — 1))
< rp1 K exp(xu + €)nis1€) < Krpgr exp(xu — €)2n541€)
< e K(K2r(e)ry )™ = KM %r(e)*n iy
Take now any 0 < r < r; and find £ > 1 such that ryy1 < r < ri. Then using
this estimate, t-conformality of m, and invoking Corollary 10.2.4 once more we

get
m(B(z,r)) < m(B(z,)) < K'|(f"™) (2)|"'m(B(z,7(c)))

< K?r(e)7trt
< K(374€)tr(€)26tr(1726)t

So, by Theorem ?? (Besicovitch covering theorem) H; _o)¢(X) > Hi1—90y¢ (F(g)) >
0, whence HD(X) > (1 — 2¢)t. Letting € — 0 completes the proof.
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