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Introduction

This is a summary of topics covered during lectures at FAU in the summer semesters 2018 and
2019. A first goal of the class is to introduce the student to the physics of fundamental processes in
light-matter interactions such as:

o stimulated emission/absorption, spontaneous emission

e motional effects of light onto atoms, ions and mechanical resonators (optomechanics)

e clectron-vibrations-light coupling in molecules
The main purpose of the class is to build a toolbox of methods useful for tackling real applications
such as cooling, lasing, etc. Some of the general models and methods introduced here and used
throughout the notes are:

e quantum master equations
the Jaynes (Tavis)-Cummings Hamiltonian
the Holstein Hamiltonian
the radiation pressure Hamiltonian
quantum Langevin equations
the polaron transformation
Among others, some of the applications presented either within the main course or as exercises
cover aspects of:

e laser theory

e Doppler cooling, ion trap cooling, cavity optomechanics with mechanical resonators

e clectromagnetically induced transparency

e optical bistability

e applications of subradiant and superradiant collective states of quantum emitters
Here is a short list of relevant textbooks.

e Milburn

e Gardiner and Zoller

e Zubairy
Other references to books and articles are listed in the bibliography section at the end of the course
notes.
As some numerical methods are always useful here is a list of useful programs and platforms for
numerics in quantum optics:

e Mathematica

e QuantumOptics.jl - A Julia Framework for Open Quantum Dynamics

e QuTiP - Quantum Toolbox in Python
The exam will consist of a 90 mins written part and 15 mins oral examination.

Max Planck Institute for the Science of Light, Erlangen, April-July 2019


https://qojulia.org/
http://qutip.org/
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1.1

(l. Quantum light and the two level system

The purpose of this chapter to introduce the simplest model that can describe light-matter in-
teractions at the quantum level and specifically explain phenomena such as stimulated emis-
sion/absorption and spontaneous emission. On the light side, we proceed by quantizing the
electromagnetic field in a big box by introducing photon creation and annihilation operators. The
action of a creation operator is to produce an excitation of a given plane wave mode while the
annihilation operator does the opposite. We analyze the states of light in the number (Fock) basis
and show how to construct coherent, thermal and squeezed states. We then describe the matter
system as an atom with two relevant levels between which a transition dipole moment exists and can
be driven by a light mode. A minimal coupling Hamiltonian in the dipole approximation between
the two level system and the quantum light in the box then describes emission and absorption
processes.

Light in a box

Let us consider a finite box of dimensions L x L X L consisting of our whole system. Later we will
eventually take the limit of L — co. The box is empty (no charges or currents). We can write then
the following Maxwell equations:

V-E=0 VXE=—-9B, (1.1)

1
V-B=0 VxB=-9E, (1.2)
c

where the speed of light emerges as ¢ = 1/,/€My. We can also connect both the electric and
magnetic field amplitudes to a vector potential

E=-0A B=VxA, (1.3)
which fulfills the Coulomb gauge condition

V-A=0. (1.4)
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We immediately obtain a wave equation for the vector potential (of course we could have already

1 9?A(r,1)
V2A(r,r) = 1.5
(r0) = 555 (1.9
with solutions that can be separated into positive and negative components.
H(r r)= ichuk(r)e’ia’k’, (1.6)
Kk

and A (r,7) = [AC)(r,1)]*. Notice that V2A =V(V-A) —V x V x A. We have separated c-
numbers, spatial dependence and time dependence. Moreover, the index k generally can include
two specifications: i) the direction and amplitude of the wavevector k and ii) the associated
polarization of the light mode contained in the unit vector é‘l’} where A = 1,2 denotes the two
possible transverse polarizations (one can choose as basis either linear of circular polarizations).
For simplicity we will stick to the linear polarization choice such & is real. As we are in free space
the dispersion relation is simply wy = ck, relating the frequency of the mode only to the absolute
value of the wavevector. Plugging these type of solutions into the wave equation we find that the
set of vector mode functions have to satisfy

2
[VZ + iﬂ g (r) = 0. (1.7)

Remember that the Coulomb gauge condition requires that the divergence of individual spatial
mode functions is vanishing

V.uk(r) =0. (1.8)

Since these are eigenvectors of the differential operator above they form a complete orthonormal
set:

/Vdrul’;(r)uk/(r) = Ok’ (1.9)

Imposing periodic boundary conditions, the proper solutions for the above equation are traveling
waves:

|
ug(r) = L3/2e“ek. (1.10)
We could have as well chosen different boundary conditions which would have given standing
waves for the mode functions. The allowed wave-vectors have components (7, ny,n;)27 /L where
the indexes are positive integers. Finally we can write

ikr —ioyt * —ikr ot a
e —cre e § 1.11
Z 2£0ka k 8 (1.11)

and derive the expression for the electric field as

hwk zkr —iayt * —iker iyt
2. 1.12
Z 28()V ¢ +C ¢ ] ‘ ( )

The quantization is straightforward and consists in replacing the c-number amplitudes with operators
satisfying the following relations: [ax,a,,] = 8. Let’s write the expression for the quantized
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electric field (which we will extensively use in this class) as a sum of negative and positive
frequency components:

A

E(r)=Y & [akeikr+a£€_ikr} =B +EO), (1.13)
K

where & = /iy /(2&V) is the zero-point amplitude of the electric field. Notice that the electric
field is written now in the Schrddinger picture where the time dependence is not explicit. Instead,
when writing equations of motion for the field operators we will recover time dependence in the
time evolution of the creation and annihilation operators as we will shortly see in the next section.
Starting now from the Hamiltonian of the electromagnetic field as an integral over the energy
density over the volume of the box, we obtain a diagonal representation as a sum over an infinite
number of quantum harmonic oscillator free Hamiltonians:

1 . 1
H:f/dr gk (r) + — B2 ) ho (a ax+ = > 1.14
5 )y ( (r) 0, Z k| a3 (1.14)
There is a first observation that the sum over the 1/2 term might diverge: this is the starting point
for the derivation of effects such as the vacuum-induced Casimir force. We will not deal with it in
this course but instead remove the term in the following as it does not play any role in our intended
derivations. The second observation is that free evolution of operators in the Heisenberg picture

) .
“alr) = 1 [Ho,an(0)] = —iona(t), (1.15)

directly gives us the expected time evolution of the expectation value of the electric field operator

<E> Zéok |: Clk lkI‘ —la)kl‘+ <al'f;> e—ikl‘eia)kl‘ , (116)

Quantum states of light

Until now we dealt with operators. We found that the electric field operator and total free Hamilto-
nian for a quantum electromagnetic field inside the box can be expressed as an expansion in plane
waves and with coefficients which are creation and annihilation operators. Now we will focus a
bit on the possible states of light. We will especially describe fundamental differences between
properties of coherent and thermal states. For this we use the properties of a the single mode
harmonic oscillator detailed in Appendix. 1.6.1. For a given mode k we will then use the Fock basis
|nk) where the index goes from 0 to eo. The collective basis is then expressed as [ |nk) where all
indexes go from 0 to o and a tensor product over all allowed wave-vectors and polarizations is
performed.

Thermal light

Let us assume that the box is in contact and thermalizes with a heat bath at constant temperature 7.
This means each of the modes of the box is in thermal equilibrium and this described by a diagonal
density operator at some initial time ¢ = 0 given by:

o~ Hr /(ksT)
pr(0) = Trple Hr/ )] HPF ;;P(”k)|nk><”k|a (1.17)

where the occupancy probability is given by

e~ "whox/(ksT)

T (1.18)

P(ng) =
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Each mode defined by a given wavevector is in a thermal state with some average occupancy set by
the temperature 7. To evaluate the electric field at some position r at a later time ¢ we use Eq. 1.16.
From the single mode calculations in Appendix. 1.6.1 we know that for each mode the thermal
distribution predicts zero average for the creation and annihilation operators. This means that the
elctric field amplitude is on average actually zero in a thermal state. On the other hand, one can
compute the variance of the field which is equal to the expectation value of the photon number.

Coherent light

Let us now imagine that the box has a very little hole where an antenna emits coherent light. This
means that a specific mode with wave-vector kg (and frequency wy = ckp) is constantly externally
driven into a coherent state of amplitude ay,. With all other modes in the vacuum state we can
write the initial density operator as:

Pr(0) = |ou) (o | 2[0)(0]. (1.19)
We can now again evaluate the electric field expectation value at some time ¢ (and r = 0)

(B) (r,1) = Zéak[<ak)e_iw"t + (a])e' )& = &, [oe " 4 o 1. (1.20)
k

As opposed to thermal light, the coherent state as a non-zero average electric field amplitude &, 04, .

The Mollow transformation

Let us again consider the case described above where an antenna continuously drives a given mode
in the coherent state |k, ). This mode evolves in time at its natural frequency so the state can be
written as: |0y, (7)) = |ak e ®o"). We would like to remove the coherent state from the vacuum
which we can do by performing an inverse displacement transformation:

Pr = Dl |0t,) (0| Day, 10) (0] =10) (0] (1.21)

This transformation simply displaces the coherent state back into the vacuum. Let’s see what
happens to the Hamiltonian:

1
Y o <a§ak ' )
k 2

Hp = Djxko

I *
Dako = Zhwk (a:{ak + 2> + |(Xk0‘2 +h <(Xkoak0 + Otkoalt0>
k
(1.22)

The first constant term is a simple constant energy shift of the Hamiltonian which can be ignored.
The next term shows how a Hamiltonian for driving the vacuum into the coherent state should be
written. Let us also notice that the electric field operator has now a different term:

ﬁ(r) = Dl;ko [E(r)] Dy = ch’k [akeikr + alte_ikr} + &k, [akoe_iwko’eikr + aﬁoeiwko’e_ikr}
k
(1.23)
The last part is what we will refer to in the future as a classical field in a coherent state (as produced

by a laser).

Light-matter interactions: the dipole approximation

Let us consider an atom (nucleus static positioned at the origin and an electron with a position r)
in the presence of external electromagnetic fields described by scalar potential ®(r,7) and vector
potential A(r,7) . From classical electrodynamics (see Jackson) we know that the Hamiltonian of a
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charged particle in the presence of external fields is modified (the conjugate variable of the position
is no-longer the momentum but the generalized momentum)

H(r,t) = ﬁ(p%—eA(r,t))z—eCID(r,t)+V(r). (1.24)
The term V() is the spherically symmetric Coulomb potential. In the absence of an external field
the solutions to the above Hamiltonian are therefore simply the Hydrogen atom wavefunctions.
We impose the Coulomb gauge ®(r,7) = 0 under the observation that even if this gauge is not
relativistically invariant, most of quantum optics phenomena is non-relativistic anyway. Next we
make an observation which will be pretty important and therefore we list it in a special box.

Important 1.3.1 — The dipolar approximation. As the size of the electronic orbital (on a
Bohr radius length scale of 101 m) is much smaller than a typical optical wavelength (around

microns - 107 m) we can estimate that the vector potential is practically position independent
A(r,1) = A7)

This allows us to write a simplified Hamiltonian:

He =2 Ca@pt A0V (1.25)
1‘7)—71 " (t)-p m (t) (r). :

We now perform a gauge transformation to a length gauge via the following function:
x(r,t) =—A(t) - r. (1.26)

which results in the new scalar and vector fields:

@ (r,1) = —8"8(:’” :—&zt(t)r:r-E(t). (1.27)

and
Al(r,t) =A(t)+Vy(r,t) =A(t) - V(A(t) -r) = 0. (1.28)

so we end up with a transformed Hamiltonian

2
p
H =_—+V(r)—d-E(r), 1.29
P V() -d-E@) (1.29)
where the dipole moment is defined as d = —er. From here on one can proceed with a semiclassical
picture where only the dipole is quantized so that the interaction is time dependent —d - E(f)ora
fully quantum picture where also the electromagnetic modes are quantized with time-independent

interaction Hamiltonian —d - E.

The two level system

We consider now a two level system with ground state |g) and some excited state |e) which can
be reached from the ground state as a dipole-allowed transition. In the Appendix. 1.6.2 we show
in detail what we mean by ground and excited on the easy to understand particular case of the
Hydrogen atom. Excluding possibilities that the electron can go anywhere else except these
two levels the basis is then complete meaning that |g) (g| + |e) (¢| = L (I is the identity in the
2-dimensional Hilbert space). The two terms can be though of as projectors or either the ground or
excited state. We then define ladder operators that take the system up and down

c=|g)(e] and o'=le)(g|. (1.30)
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According to the Appendix. 1.6.2, the dipole moment operator does not have matrix elements on the
individual orbitals such that (g|d|g) = 0 and (e|d|e) = 0 We then can write the basis decomposition
of the dipole moment operator as

d=g)dg (e[ +|e)dy, (| where  dgo = (gldle). (1.31)
Finally we can now write the total Hamiltonian in terms of ladder operators as:
H=10,6"0+h0,(1—070)+ [0dey - E(t) + 0 dge - E(t)] (1.32)

As we are free to substract a constant energy from the system, we will substract the term 7@,/>
and denote the energy diference @, — @, = wy. Moreover, in some cases (see Appendix. 1.6.2) the
*

transition dipole moment element can be real: we will therefore, for simplicity, set d., = d,, = d.
We can now write the final form of the free Hamiltonian plus the interaction with the field as

H=hwo'c—d-E(t)[c+0] (1.33)

Next we will introduce another crucial approximation. To this end first we consider the case of
a classically driven TLS (as we mentioned before as a semiclassical picture). For an atom in the
origin a classical drive at frequency @y is

A S1, it
E(t) = & cos(wyt)é = Ef(e*’“’“ +el®)g, (1.34)
The semiclassical interaction then can be expressed as a sum of four terms:
d-g)é ; v g . .
Hiypy = h(zh)f (Geza)ﬂ + Glefla)[t +oe ot 4 G.ezwﬂ) ) (1.35)

First, we will denote the frequency (d - €)&;/2h as the Rabi frequency. Most importantly, we
will perform a transformation into the Heisenberg picture (with the free Hamiltonian as shown in
Appendix. 1.6.3):

d-e)&
H;th _ h( )&
2h
Notice that some terms are very quickly oscillating in time which means that their effect
averages to zero over any small interval much larger than 1/@y. This allows us to make the
following statement:

(Gei(wﬁwo)f + o e il@—am) + e i(@tm)t + GTei(wHa)o)t) ) (1.36)

Important 1.4.1 — Rotating wave approximation (RWA). One can neglect the quickly os-
cillating terms in the dipole Hamiltonian and only keep terms showing detunings (frequency
differences). The interaction Hamiltonian in the RWA then becomes

(d-&)é

Hpy =1Q (0" +0'e™") . where Q= T (1.37)

The same arguments apply to the fully quantum light-matter Hamiltonian. We can directly
write it as

Hin = hano' o + Y hanaja+ Y hex (axo’ +oal ) (1.38)
k k

where the coupling is

ha, d- ék @@kd . ék
= = . 1.39
S\ 26V h 7 (1.39)
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Here the rotating wave approximation has a more direct interpretation. Terms like axo' should be
read as photon destroyed accompanied by an excitation of the TLS while its hermitian conjugate
Galz shows the creation of a photon accompanying the de-excitation of the TLS. These are terms
conserving energy. The terms which are equivalent with the counter-rotating terms discussed above
are alt o' with its hermitian conjugate. These terms are energy-non-conserving (creating photons

while exciting the TLS).

Spontaneous and stimulated emission, stimulated absorption

Let us now analyze the fundamental processes through which a TLS inside the big quantization
box can make transitions between the ground and excited states. First, let us assume an atom in the
excited state while the whole box is in the vacuum state except for a given specific mode which is
already occupied by a photon (with a given direction and polarization specified by a kj), i.e. we
start with the state |e) ® |0...1x,...0). The interaction Hamiltonian will then produce a sum of two
states

Hle) ®10...1k,...0) = hgko\/i\e) ®10...2k,...0) + Z figk le) ®10...1k,....1k..0) . (1.40)
k#ko

The first one is a stimulated emission process where the first photon stimulates the emission of a
second photon in exactly the same direction and with the same polarization as the first one. The
second term is a spontaneous emission event where a photon is emitted in a random direction
with any polarization. which means that the atom gets de-excited while a photon is emitted into a
random direction with any polarization.

Let us now start with an initially ground state TLS and a given specific one photon state, i.e. in the
state |g) ® |0...1x,...0). The action of the Hamiltonian is then:

H|g) ®]0...1x,...0) = figk, |e) ©10...0...0) . (1.41)

The only possible process now is a stimulated absorption of the laser photon and subsequent
excitation of the atom.

Notice that there are factors multiplying the transition probabilities for the stimulated processes, i.e.
if we start with an arbitrary Fock state |0...ny,...0) the action of creation and annihilation operators
will lead to an extra | /n, or \/nk, + 1 factor. More generally, let us assume that the filled mode is
in a coherent state oy, which will see that both the stimulated absorption and emission will have
collectively enhanced rates gi, O,
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Appendix
Appendix A: The quantum harmonic oscillator

The one dimensional quantum harmonic oscillator is described by the following Hamiltonian
1 oA
H= 5hw(P2 +0%), (1.42)

where o is the oscillation frequency while the two canonically conjugated operators fulfill the
following commutation relation [Q,IS] = ih. For the electromagnetic field the dimensionless Q, P
operators have the meaning of quadratures associated with the electric and magnetic fields. For
a finite mass system, they are dimensionless position and momentum operators obtained via the
following transformations from the real momentum and position:

) ) ~ h ~
p=PvVmho = p,pn P and X=04/ P = XzpmQ (1.43)

From here one can go further to define (non-hermitian) creation and annihilation operators:
1
V2

where [a,a’] = 1 and the Hamiltonian becomes H = hiw(a’a + %) Of course the inverse transfor-
mations are

a_12(Q+i13) and  a (Q—iP), (1.44)

0= \}i(a—kcfr) and pP= é(cﬁ—a) (1.45)

Number (Fock) basis. Displacement operator. Coherent states.

The ground state is defined as the empty state |0) such that a|0) = 0. Fock (number states) are
created by the continuous application of the creation operator onto the vacuum:

In) = \/ZaT”|O>, aln) =/nln—1) and  a'|n)=vVn+1|n+1). (1.46)

A special category of states, coherent states, are obtained by displacing the vacuum |ot) = D |0)
via the following operator
Dy = %~ % — gmlof g e (1.47)
We have applied above the Baker-Hausdorff-Campbell formula
AB = ABem 1B/ when [A,[A,B]]=0  and [B,[A,B]] = 0. (1.48)

One can then generally express the coherent state as a sum over the number states with Poissonian
coefficients

o) =e 1" Y \“F|n>. (1.49)

Notice a couple of useful properties such as

aa)=ala), (ald"=a*(a|, DiaDy=a+a,  D)a'Dy=d +a*. (1.50)
Assuming that one wants to characterize the signal-to-noise ratio in a coherent state, the following
two expressions come in handy:

i=(ald'ala)=|af> and An=\/n?—2=Vi=|al (1.51)
For large amplitudes the average is much larger then the variance which means the signal-to-noise

ratio 7i/An = 1/+/i = 1/|a| is extremely high. For quadratures notice that

Q:L(OC—FO!*), 0= (" —a), AQ=AP=1/2. (1.52)

V2
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Thermal states

A system in a pure state can be represented by a single ket and satisfies the Schrodinger equation
ihd;|w) = H|y). One can as well rewrite the equation for the following quantity, the density
operator or density matrix p = |y)(y| with the following von Neumann equation of motion:
ihd,p = [H,p]. More generally however, the system is in a mixed state where the density matrix is
expressed as p = Y., py | W) (w| which also satisfy the von-Neumann equation of motion.

An example of a mixed state is the thermal state, where the density operator can be written as

o—H/ksT 1

— —hwa'a/kpT
TreH/ksT) - 1_€—hco/k3Te cam. (1.53)

Pt =

As a reminder, the trace is obtained by summing all the diagonal terms of the density matrix in the
Fock basis Tr[O] = Y~ (n|O|n). Let’s compute the average occupancy in such a state (we will
make the notation 8 = hiw/(kgT):

i=Tr(pma'a) = (1— eiﬁ)Tr[efﬁ“TaaTa] =(1—eP) Z ne P, (1.54)
n=0

We have used the property that the exponential of the Hamiltonian is diagonal in the number basis.
In the above equation we can immediately see that the term (1 — e B) Y, ne B plays the role
of a probability distribution p(n). We will evaluate it after finding the expression for the average.
Notice that the sum above is the derivative of the following sum.

- d s d 1 efﬁ
M- =—5 = : 1.55
n;)ne dp ,Eoe dB1—e B~ (1—eB)2 (1.55)

This readily gives us the expected result of a Planck distribution average number and distribution

7 ! 1 e Pr 1 i \"
n_eﬁ—l_ehw/(kBT)_l and p”_l_e—[i_lﬁ(lJrﬁ) (1.56)

We can also compute (exercise) the variance in a thermal state

[An]g = V7l + 72 (1.57)

and remark that for large 7 this is at the level [An]y, ~ 7 which is much larger than the variance of
the coherent state of [An]con = /7. Let us also remark 7/kgT is around 10~ !!s at T = 1K, which
means that the exponent can very well be approximated (8 < 1 — ¢# ~ 1+ B and the average
number is given by

ho
i~y —. 1.
il kT (1.58)

This is valid especially for small frequencies such as vibrations of membranes/mirrors, of ions in a
trap, or acoustic phonons in a bulk solid. For high frequencies (optical frequencies of a mode in an
optical cavity, molecular vibrations etc) we have B < 1 and the average occupancy is estimated by

ji = e 10/ (ksT) (1.59)

Notice that we can also re-express the density operator as

1 oo — n
pu=17 L <1in) n) ] (1.60)

n=0
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Appendix B: The hydrogen atom. Dipole allowed transitions.

In general operator notations the problem of an electron (momentum and position operators p and
t)orbiting around a (fixed - in a first, simplifying approximation) nucleus can be solved by solving
the following Schrodinger equation

»

iho; |y) = H |y), with H= oM

+V(E). (1.61)
Generally one separates time dependence from spatial dependence and then solves a time indepen-
dent Schrodinger equation H |y) = E |y) to get the solutions for the eigenvectors |nlm) indexed by
(n,1,m). The indexes satisfy the following inequalities 1 <n <o, 0 </ <n—1and —¢ <m </).

Denoting the eigenvalues of the Hamiltonian by E,;,, the diagonal representation is Hamiltonian
is then

H =Y Eyym|nlm)(nim|. (1.62)

The standard procedure is to turn the Schrodinger equation into a second order differential equation.
This is done by writing it in the position representation where the position operator is replaced
by the position parameter while the momentum is replaced by —i#V. One then has to solve the
following differential equation:
72 (r,1) " VZLv(nt) | w(rt) (1.63)
ih— =|—-— r, . .
o1 ylr, 2u y
Notice that the potential is assumed spherically symetric as is the case for the Coulomb interaction.
Without further details we now state the well known results obtained for the Hydrogen atom
(reducing the nucleus to a single proton). The eigenvalue and eigenvectors are

4
ue 1
En = - [327[283h2] ﬁ and Ilfnlml(ra 97¢) = <r\nlm> :Rnl(r)Yl,m(eaq))' (164)

The energies only depend on the principal quantum number n (which will not be the case anylonger
when one considers spin-orbit interactions, relativistic corrections etc). The radial part of the
wavefunction for the Hydrogen atom (in reduced coordinate p = 2r/(na) is

_ i (n—1-1)! Iy21+1 —p/2
Ru(r) = <m> 7271[(” P L (P)e (1.65)

where the Bohr radius is a = 4meyh? /(ue?) (uis the reduced mass roughly equal to the electron
mass) and is around 0.529 x 1010

The average orbital radius can be computed to give the result:

Far = n2ag [H- ! (1— l(l+1)>] (1.66)

2 n?

An atom is normally found in the electronic ground state in the absence of light-induced excitations.
For the Hydrogen atom the ground state is the 1s state. We will denote it by the ket |g). The states
closest in energy are lying at energy differences close to 7 x 10'> Hz. This means that for resonant
excitation we will need electromagnetic modes at optical frequencies around 10'> Hz. Now the
atom is embedded in the vacuum which might be thermal. The vacuum is made by a collection of



1.6 Appendix 17

harmonic oscillators in thermal states and therefore with average occupancy ii = e "@/*sT Let’s
remember the constants i = 1.0545 x 1073*m?kg/s and kg = 1.3806 x 10~ m?kgs 2K~'. We
can compute a useful quantity in kg/h = 1.309 x 10'"'K~!s~!. Now we see that even at room
temperature with 7 = 300K the value of 7 is pretty small as (10°Hz/(kgT /1) ~ 10+ 100. In
conclusion, thermal effects at such high frequencies do not play any role.

Now we assume that we can somehow couple to state 2p in either of the degenerate sublevels
indexed by m = —1,0, 1. Let’s select a single possible excited state and denote it by the ket |¢). We
can evaluate now the matrix elements of the dipole moment operator d = —ef* as follows

/dr/dr (g|r)(r|E|r)(r|e) /drl;/g ry,(r). (1.67)

Explicitly writing the integral in spherical coordinates for an unspecified m we get any of the
sublevels of 2p

: - N 5 IS 1 2 —r/2a
///drd9d¢(r2s1n9) [2%/2 ’/ZGM] (xg+y9 +22) [8\[ 3/22r 221 (6,0)] =
(1.68)

1
— [ ar(* e*’/“//ded sin0)(sin 6 cos ¢£+sin B sin@$ + cos 62)Y; ,,(0, ).
Nyl Kl 6 (sin®)(sin B cos g 09 +c0562)Y1,,(6.9)
The m=0 case: For m = 0 the last integral over angles becomes

[3
in / / d0d¢(sin® 6 cos ¢+ sin” O sin ¢+ sin 6 cos H2) cos 6. (1.69)

We immediately see that the ¢ integration kills the contributions on x and y. The result is

/3 ) 2n /32 4w
21 E/desmecose 7=2m 73 - V3 (1.70)

Putting it together

. 1 . 1 R
(Ls|E]2p;) = @./dr(r‘* el = o (2461 )2 =2a3. (1.71)
The m= - 1 case: For m = —1 the last integral over angles becomes
3 .
\/g / / d0d¢ (sin® 6 cos ¢ + sin® O sin @ + sin O cos OZ) sin Oe* . (1.72)

We immediately see that the ¢ integration kills the contribution on z. We then use [ d¢ cos®> ¢ =
Jdo sin® ¢ = 7 and Jd¢sing cos ¢ = 0. The integral above becomes\pi

’ n ‘ 1 ‘ m ‘ Orbital ‘ R.(p) ‘ Yi.m(6,0) ‘
0[0 ] Is 2gme P iz

2100 25 [ 502—p)e?? 7=
1|-1] 2p mmpe*”/z \/gsmee i
1o 2p ﬁ#pf”/z \/ECOSG
111 2p ﬁa}%pe—r)ﬂ — 837_CSII19€I¢

Table 1.1: Energy levels and orbitals for the Hydrogen atom.
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Putting it together
(Ls|F]2p_1) = 2a(% —iy). (1.74)

The m= +1 case:
For m = 1, similarly we get

(1s|#|2p11) = 2a(+iF). (1.75)

Appendix C: Changing of picture (Interaction picture).
Let us see how a change of picture is performed. Suppose we start with the Schrodinger equation:

ihd, |ly)=H|y), with H=hwyo' o+hQ (ce® +c'e ") (1.76)

and aim at removing the time dependence in the driving part of the Hamiltonian. To this end we
transform into a different picture by a time dependent operator unitary U (¢) such that |y),, =
U(t)|y). Doing the proper transformations we end up with

ihd, W) = [UHU (1) — ihU (1),U" ()] | W) p- (1.77)

So we simply rewrote the Schrédinger equation in a different picture where the Hamiltonian is
properly modified as indicated above. Let us try our luck with the following choice for U(t) =
¢~i®19'9 The last term leads to a modification of the free Hamiltonian from oy’ o to 7i(wy —
@y)o' 6. The transformation of operators is a bit more complicated:

oip=U(1)oU' (1) (1.78)
—iapt —iogt)? . oyt iopt)? .
= [1+ i GTCH—(IW)GICH—...] o [l—l—WG‘LcH— (lwz) GIG-i-..} =
1! 2! 1! 2!
(1.79)

oyt iyt )? it (icopt)? ,

(1.80)

We have used the properties 66 =0 and 666 = 6. Check them out! In the end, the transformation
to the IP removes the fast time dependence in the driving Hamiltonian and one can write the
following Schrédinger equation: the Schrodinger equation for the transformed |y),, = U(?) |y)
(with U (t) = e~ Hot /Ty

ihd, |W),p=Hip|¥);p  with  Hpp=h(wy—w)c o +hQ (c+0") (1.81)
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en, decaying two level system

In the last chapter we discussed the quantization of light inside a box containing an infinite number
of modes (which we treated as plane waves) with wave vectors pointing in any direction. We then
added a TLS and derived the light-matter interaction Hamiltonian. The dynamics of the system then
is unitary as excitations can flow from the field to the TLS and back. However, in reality we would
like to take the limit of an infinite box where a photon emitted by the TLS will practically never
return to it. To this end we perform an elimination of the box modes and derive the dynamics only
in the 2-dimensional Hilbert space of the TLS. All other information about the electromagnetic
modes is then uninteresting and the TLS dynamics becomes irreversible.

The quantum master equation for spontaneous emission

We start with an initial state density operator in the full Hilbert space of the TLS plus the infinitely
many electromagnetic modes. We assume that the initial state at some time # is separable and write

p(t) = pa(t) @ pr(t). 2.1)

This could be the case for example by starting with the atom in state |e) and field in vacuum state at
zero temperature such that pg(¢) = |0) (0| (the thermal bath case will be discussed later on). Also,
the case where a coherent driving is present can be reduced to the vacuum case plus a classical term
according to the Mollow transformation introduced in the previous chapter. More on this detail will
be presented later when we describe the Bloch equations.

At some time ¢ the total density operator fulfills the following equation of motion

dp(t) i
p7 Ol (2.2)

where the Hamiltonian is the one derived in the previous chapter

H =hayo' o+ Zha)kaliak + Zhgk (akO'T =+ Galt) , (2.3)
Kk k
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which one can break down into a sum of free evolution Hamiltonians H4 and Hy and the interaction
part. Remember the scaling of the coupling coefficients of each mode k with the two level system
incorporating the zero point electric field amplitude, the dipole transition element and the angle
with respect to the polarization of the respective electromagnetic mode:

hwk d~£‘k éakd'ék
= — . 24
S\ 26V 7 24)

Let us now remove the free evolution part by moving into an interaction picture with a unitary
operator U (t) = e~ {HA+HE) /T (gee Appendix 1.6.3) which transforms p; = U'pU and

Hy =Y hax [ache““’U—wk)’ n oa,ﬁe—“%—“’kﬁ] = 1P (1)o + hE (1)o". 2.5)
k

Notice that we have compactly written time dependent operators acting only on the photon states
and with the following properties

() =Y gxaxe ™ ' F(1)|0)=0 and  (0|F7(r)=0. (2.6)
k

We can now write the von Neumann equation in the IP which looks exactly as before except that
the Hamiltonian is the one above written in the IP. For simplicity of notation we will not write the
index 7 but still remember that until the end of the derivation we stay in the IP. Let us then proceed
by formally integrating the equation of motion for the density operator in a small interval Ar (we
will clarify towards the end of the derivation how small the interval actually is - compared to other
timescales involved in the problem):

dp (t) B i i [itAr

P =m0 p0) > piran=p—1 [ dnlHn).p@0), @7)

For any moment in time such that t < ¢ < ¢+ Ar we can again write the formal solution as
p(t1) = p(t) — " dt[Hi(12), p(t2)] and plug it back in the above expression to get

1

pleran) =pe)— 4 [ anlen().p) - [ an [ elrin). (), )
(2.8)

This is still exact. We can now continue dividing the interval even further in the following ordered
sequence t < ...13 < tp < t] < t+ At and obtain more and more terms in the expansion above.
However, assuming that the field-TLS couplings are small compared to the energies of the TLS or
the field modes, a truncation at the second order level suffices as a perturbative approach. This is
equivalent to replacing p(;) with p(¢) in the above formula and obtain the following equation

i t+At i 1 t+At 1
plu+a)=p()—3 [ dnglHiln) o)== [ dn [ dulHi(n), [Hi(r).p 1)

hJi
2.9)

Since we are only interested in the state of the TLS and not of the bath we would like to re-write
the above equation into an effective equation for ps = Trr[p]. This means we will have to perform

traces like Trp[H; (1), pa(t) ® pr(t)] and Trg [Hi (1)), [Hi(12), pa(t) @ pr(2)].

First order traces

Remember that pr () = |0) (0] which means that in the following trace Trp[H (1), pa(t) ® pr(t)]
only the vacuum state survives. This is easily seen by explicitly writing the trace: Trg [H; (1), pa(t) ®
pr(t)) =X, (n| [Hi(t1),pa(t) ® pr(t)] |n). Using (n|0) = &, we end up with

Trr[Hi(11), pa(r) @ pr(1)] = (O[H;(11)[0) pa(t) — pa() (O[H; (11)[0) = 0. (2.10)



2.1 The quantum master equation for spontaneous emission 21

Second order traces
Let’s explicitly separate the second order terms coming from the double commutator [H; (11 ), [H;(t2),p ()]
into 4 distinct parts:

Trr [Hi(t1)H; (1) pa(t) @ pr(t)], (2.11)

= —Trp [Hi(t1)pa(t) @ pr(t)Hi(12)] (2.12)

= —Trr [H(t2)pa(t) ® pr(t)H; (t1)], (2.13)
Ty = Trr [pa(t) ® pr () H () Hy (1) (2.14)

Before evaluating the terms above we can observe a few simplifying rules. With the results
F(¢)]0) = 0 and (0| F'(t) = 0 it means that we can reduce some terms like H;pr = Ao F and
prH; = hoF. Moreover the field operators do not act on p4 so we can commute them. Let’s then
work out the first term 7 according to these rules

Ty = W*Trp[(F(t1)o + F(t))o") oF () pa(t) @ pr (1)) (2.15)
=16 opaTrr [F(1)F ' (t2)pr(1)] - (2.16)

Similarly we can find:

T = —1*opac Trp [F (1) ET (1) pr (1)), (2.17a)
Ty = 2 opac Trp[F () F ¥ (1) pr (1)), (2.17b)
4:h2pAG S Trr[F () F (1) pr(1)). (2.17¢)

We see that in the end we are left with the task of evaluating bath correlations at different times and
then integrate over them. For example, the term coming from 77 will be

t+At
B — / dn, / disTee [F (1) ET (1) pr (1)) (2.18)

Also notice that inversing the time ordering has the effect of a complex conjugate: Trr[F (6)FT (1) pr(t)] =
Trr[F (1) FT (1) pr(1)]*. Adding everything up we can find a compact expression connecting the
reduced density operator at two different times:

pa(t +A1) —pa(t) = (B+ B )opa(t)o' — T ops(t) B —palt)o'cB". (2.19)

A closer inspection of the terms inside the % coefficient show that they are not too hard to evaluate
and understand. Writing in detail

Ter [F (1) (02)pr(1)] = (0] Y Y grgivaxag,e (@@ e=ilen=oin o) (2.20)
k K

=Y gk Pel @ @imn), 2.21)
k

We have used the fact that akalt, |0) = ki |0) to reduce to a single sum. Putting it all together we
again see that the task is to evaluate the following quantity

t+At 1 .
% =Y |sxl* / dty / dipe/( P~ (=0) (2.22)
k t t

This we can do in two steps: first summing over all k-vectors and polarizations and then performing
the time integral.
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Summing over k-vectors and polarizations
To evaluate the sum we will write it as an integral. The general rule for turning a sum into an
integral is

Y gkl :Z/dk|gk|2D(k)..., (2.23)
k A

where D(K) is a function also called density of states, which should verify that we count everything
correctly. It is obvious that for the sum to integral transformation to be valid it should satisfy the
following condition within a given volume in k-space

zk:1 = ; / dkD(Kk), (2.24)

Let us notice that as we quantized the field in a box of dimensions L x L x L the allowed k-vector
components on a given axis are separated by 27 /L. Therefore we will only find one k-vector with a
given polarization within a volume (27/L)(27/L)(27/L) x 8 * &3 /V. Writing the above condition
then results in 2 = D(K)8 * 7> /V which readily gives

v
DKk)=—. 2.25
The term stemming from the coupling is expressed as
2 (0%
. 2.2
ok = gy (48 (2.26)

For any given direction defined the unit vector k, the three unit vectors élgl) , é‘l({z)and k are orthonor-

mal and thus constitute a basis. Therefore we can write d = (d - éﬁl))élgl) +(d- élgz))élgz) +(d-k)k
and consequently the amplitude squared |d|?> = (d - 8( )) +(d- é,ﬁ”)z + (d-k)?. We can then express

Zlgkl2 2h€0V [l —(d-k)*]. (2.27)

Assuming the d points out in the z direction, we effectively have |d|> — (d-k)? = |d|>(1 — cos® ).
Now we can write the integral

Z/dk\ 2D(K) —V/znd(p/”desine(l—cosze)/ a2 2l (2.28)

- 8k =B A A eV .
_ P /qub/ndesine(l—cosze)/wdkkza) (2.29)
= 87[3h80 A A A e- e .

and already perform the angle integral f02 Td¢ [FdOsinO(1—cos’0) =2m(4/3) = 81/3 leading
to

Z/dk|gk|2D(k) _ P sz /dkk2 _ P /dwka) (2.30)
> " 8mdhey 3 T 3n2chey k ‘
Performing the time integral

We finally get to the time dependant part as we can state

t+At H

‘d|2 7 —i(— - 3

= day [ dty [ e (@ @)(h—n)g3 (2.31)
323N / / / k
T“c’hé&y 5 / /
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Let us rewrite it for clarity with the transformation @, — @y = x (and noticing that as @y is a very
high frequency we can extend the integration over to —co)

oo

1

ap ! ap
=———|[d /dt 7“”/[ ixtz = 7 (Ar), 2.32
3n2c e / ) ane 2 ) = 2 ey ) =9
— 0 0

We also removed the lower bound ¢ to zero as the initial time is irrelevant in the integral. Notice
that the exponential oscillates and averages the polynomial to zero unless x is around the origin.
proceed with the first integral, where caution has to be taken as a singularity appears at x = 0. We
will deal with this by the following trick:

n

. 1 . 3 )
/tgem2 (x+ap)® =1lim [ e & (x+ ay)® = limw (e’x“*“l — 1) = (2.33)
e—0.Jo e—=0 IXxX—€&
0

Plugging it back into the integral

oo

At
. 3
I (Ar) = / dx [ ditim GO (e _ iy (2.34)

e—=0 IX—E&
— oo 0

If At is very large (can be taken to infinity), the last contribution is averaged to zero (the one from
e~ ") The first contribution can be rewritten:

(i 3 (i 3
lim (ix+&)(x+ )’ lim (ix+€)(x+ @)’ (2.35)
£—0 x2 + g2 £—0 x2 + e2
= lim o (@)} —ilim s (x + o)’ (2.36)
 es0x2+ €2 @ e—0x2 4 €2 @) '
The limits make sense as distributions. The real part becomes a delta function
while the imaginary part becomes the principal value distribution
. X 1
M P (238)
defined (in the sense of a distribution thus acting on test functions) as
® 1 S = S
/ dxP(Hf(x) = hm[/ dx+/ dx]|—=. (2.39)
—oo X =0 ) e X

The principal part (as one can for example check numerically for safety) makes very little contribu-
tion. Keeping the delta function only one obtains:

I (Ar) = T Ar. (2.40)

Finally we can put everything together and find that the coefficient % in the density operator
evolution is proportional to the small time increment

> @5
B = At. 2.41
|:37'L'C3h£() ! (241)
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Final result

Finally, as the terms in the right side of the master equation are real and proportional to Af, we
can write we can express the master equation as ps(t + At) — pa(t) = d:pa(t)At. Moreover, we
will now transform back from the interaction picture and write a very simple form for the master
equation (written below in the Schrodinger picture)

Important 2.1.1 — The master equation for spontaneous emission.

d i
7PA —_

— =Ha,pal +7{20pac” —pscTo—cTops}. (2.42)

A few words on this. Without the box, the atom simply evolves in a coherent, deterministic way
governed by the free Hamiltonian Hy. The interaction with the box brings along an infinity of terms
describing the coupling of the TLS with any of the electromagnetic modes supported by the box.
The trace over the bath modes leads to an irreversible dynamics contained in the super-operator
Linbdlad term that describes the non-trivial action of the collapse operator ¢ at rate ¥ on the
density operator. The action is non-trivial as it cannot be represented as a matrix multiplication. In
simplified notation we can also write

d i

JPa=—lHapal+72[0,pa]  with  P[o,pa] =20psc’ —{pa,cT0}, . (243)
where the brackets indexed by a plus sign show the anticommutator.
The quantity in the brackets is the spontaneous emission rate of a two-level system into the

electromagnetic vacuum modes:

_ ldPa;

= 2.44
37'66‘37180 ( )

Let’s check out the value of the decay rate for the Hydrogen 1s to 2p transition. The constants are:
hi=1.055x 10*m?s kg, c =3 x 108m/s, &y = 8.85 x 107 12A%5*kg~'m 3. The 1s energy is
—13.6eV while the 2p energy is roughly —13.6/4 eV. We can equate iy = 3/4 x 13.6 x 1.602 x
1071°J to obtain wy = 1.139 x 10'> Hz. Remembering from the first lecture that for the z-polarized
transition, the dipole matrix element is 2age where the Bohr radius is ag = 0.53 x 1019 m, we can
compute ¥ = 1.79 x 10% Hz, so on the order of MHz.

Master equation in a thermal bath

The calculation performed on an initial vacuum state of the bath can be easily extended to a
thermally occupied bath at temperature 7' and with an average photon number occupancy 7i(@y).
For such a bath we can write the initial density operator

e Hr/(kgT) e~ whox/(ksT)

Pr(t) = g ey — LT 1w

ng|. (2.45)
Without going into the details of the derivation notice that the only step where a difference occurs
is the calculation of the correlations of the bath. These correlations will give rise to a modified
emission rate and an extra term showing the possibility that the bath can induce absorption. In short

one obtains:
J .
oo =~ [Ha.pa] +7(i(@n) + 1) 70, pa] + (@) 7], pa. (2:46)

The Linblad term with collapse operator ¢ contains the expected spontaneous emission term to
which a thermally activated stimulated emission is added. The second Linblad term has a collapse
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operator ¢ showing inverse decay from the ground to the excited state, i.e. stimulated absorption
from the thermal bath. As we mentioned before, typically we will deal with optical transition
where even at room temperature 77( @) < 1 such that we will not make too much use of the above
expression.

Alternative derivation of the decay rate

One can use a variety of methods to derive the spontaneous emission rate. For example, some
textbook are using the so-called Wigner-Weisskopf derivation. We can sketch another simple
intuitive derivation by making use of the Fermi’s golden rule for the computation of the transition
probability between states |e,0) and |g, 1k) for any possible direction and polarization of the emitted
photon. We use

27
Wesg = ;ZK@O\Hmzlg, 1) |*8 (@ — o) = (2.47)
k
— 21 Y YY" (e, 0Hing, 1) (g, 1k Hinee,0) 5 (@ — o) =
k kK K

=27 (e,0lgwan " |g, 1) (g, Ik|gwray, ole,0) 8 (@ — ay) =
k

27|d|?
=2 S(on—an) = 555 [ doxa)s(ax— o) =
”zk‘,|gk| (ex — o) 32che, 0, 0 8 (@) — )
_ 2/dPay _
- 3mc3hey

Notice that the rate obtained at which the system emits spontaneously is exactly twice the rate we
computed before via the master equation derivation.

Bloch equations (in the Schrédinger picture)

We now know how the effect of the interaction with the vacuum on a TLS can be mathematically
described. The resulting dynamics in the reduced Hilbert space of dimension 2 is irreversible and
characterized by the action of a super-operator onto the density operator. Let us now add a coherent
drive and check out the resulting driven-dissipative dynamics. This can be done as described in the
first chapter by assuming one of the field modes to be in a coherent state characterized by a given
direction ko including a given polarization &,. After performing the Mollow transformation one
ends up with the effect of the drive as a semiclassical Hamiltonian (H) added to the free evolution
Hamiltonian (Hp):

H =hayo' o +hQ (o™ +o'e ™). (2.48)

The Rabi frequency depends on the amplitude of the coherent states as well as on the transition
dipole moment and its overlap with the light mode polarization vector:

1 A
Q= ££)k0 OCkOd - &, (2.49)

We now can follow the evolution of the system in the Schrodinger picture by solving the complete
equation of motion for the density operator (we drop in the following the A subscript but remember
we are always working in the 2-dimensional Hilbert space of the TLS):

p .
—p= —%[H,p]+y{26pGT—pGTG—GTGp}. (2.50)
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Derivation starting from the density operator

Notice that in the Hilbert space spanned by the two basis states |g) and |e) the density operator has
four matrix elements. The elements are computed the usual way as sandwiches between bras and
ket, for example: p., = (e|p|g). Let us as an example compute the evolution of p.,. To this end
we sandwich the master equation above between (e| and |g):

d

S pes = (ellH.p]l8) +7{2(c| opaT ) — (el oo lg) (el Toplg)}. (25D

We now remember the action of operators on the ladder operators on states & |¢) = |g), o|g) =0,
o'e) =0, 67 |g) = |e) and s0 on. Let’s break the terms down in 3 parts. Free evolution gives

—% (e| [Ho, p]|g) = —iax (¢| (6'op — po'o) |g) = —imnpe. (2.52)

The drive terms leads to the following contribution:

- % (el [He pllg) = —iQ(e| (0" + 6Te ™" )p —p(0e™™ + 07 |g) (2.53)
= —iQ(ge""p |g) +iQ(e|e ™ pe) = iQ(pec — pgg)e "

Finally, the spontaneous emission gives rise to

y{2(e|opc’|s) —(e|pc’alg) — (e[copg)} = —VPer- (2.54)

Putting it all together we obtain an equation of motion for the ’coherence’ p,, showing free evolution
at frequency @y, driving with strength Q and frequency w, and decay at amplitude decay rate y

%peg = —YPeg — I Peg + IQ(Pec — Pgg)e . (2.55)
Notice that the drive depends on the population difference between excited state p,. and ground
state Pge. One can continue in deriving the equations for the other elements. Notice that since
the trace of the density operator is conserved then p,. + pge = 1. This basically means that the
population can only be in one of the two states of the system. Also notice that pg. = p;,. In effect
we only have to compute the excited state population evolution equation which we list below:

d . i —i
T Pee = —2YPee +iQ(Pege' ™ — pgee™ ). (2.56)

Derivation on the level of the density matrix

A more direct way to obtain all the equations is to make use of the matrix representation of the
density operator, i.e. the density matrix formalism. We start by representing the states as vectors
and properly writing the density operator as a matrix in this basis:

0 1 | Pee  Pe
lg) — M le) — [O] and p= [Pge p;] : (2.57)

It is the straightforward to write the ladder operators as well as the projectors into the excited and
ground state as matrices as well:

100 + 101 s (10 + 100
6[1 0} (o} [O 0] GG[O 0} oo {0 1], (2.58)



2.3

2.4

2.3 Bloch equations (in the Heisenberg picture) 27

and check that they perform the required tasks by multiplying them with the state vectors. The free
and driving Hamiltonians are then written as

hiay O 0 Qe ot
from which one can derive the Hamiltonian part of the master equation from matrix multiplications.
_E[H | = iQ(pegeiwﬂ - pgee_iwﬂ) —100Peg + ige_iwﬂ(pee B Pgg)) (2.60)
e —inpge — +iQe'e! (pee - ng)) —iQ(pege""” — pgeeilwét) ’

Notice that the Lindblad part gives rise to the following matrix on the rhs of the master equation:

_Zypee _ypeg:|
9o,p] = 2.61
vZ[0,p] {_ypge 2ypee (2.61)

Important 2.2.1 — Bloch equations. Putting it all together we get a set of equations describing
the free evolution, effect of driving and spontaneous emission of a single TLS:

OiPee = —2YPec + iQ(t) (Pege™ ™" — pgee™ ), (2.62a)
0iPeg = —VPeg — i®0Peg +iQ(t) (Pee — Pgg)e . (2.62b)

Remember that the other two matrix elements are derived from pee + pge = 1 and pge = pg,-

We can easily remove the time dependence by moving into a rotating frame, procedure which is
equivalent of saying that we write equations only for the slowly varying envelopes Pog = Pege™ '.
Notice that d;Peg = 0;Pege™ "' — i@yPeg. We end up with rewriting equations of motion in a rotating
frame and with defined detuning: A = @wg — @y. I'll drop the tilde since it takes forever to type it in
latex :)

0Pee = —2YPee + Q1) [Peg — Pgel , (2.63a)
O1Peg = —VPeg — iAPeg + Q1) (Pgg — Pee) - (2.63b)

Bloch equations (in the Heisenberg picture)

An equivalent procedure is to solve not for the density operator time evolution but instead to derive
equations of motion for single or more operator averages. For example let us compute the evolution
for (o) (1) = Tr[op(t)]. We notice that 9, (c) (t) = 9, Tr[c(¢t)p(0)] = 9, Tr[op(t)] = Tr[cd;p(7)]
which means we can now use the master equation to write

9, (o(1)) =Tr 6(—%[1‘1,[)] +v{20pac’ —po'o—ociop}) (2.64)

=—iay(c(t)) —y(c(t)) +iQe " (c'6c—c0’).

As one can observe that (o) (1) = Tr[|g) (e| p(r)] = (e| p()|g) = pe(t) the equation above is no
surprise.

Time dynamics of the driven-dissipative TLS

We will now analyze the time dynamics imposed by the above equations under different conditions.
We will mainly distinguish between resonant versus off-resonant driving, coherent versus incoherent
evolution, transient versus steady state dynamics and linear versus non-linear regimes.
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Figure 2.1: Response of a TLS under driving and decay.

Rabi oscillations
We now focus on the purely coherent dynamics of a drive system (no dissipation included). We
start with the equations of motion after the removal of the fast optical oscillations such that

OrPec = Q1) [Peg — Pge] (2.652)
Or1Peg = —iAPeg +iQ(t) (Pgg — Pec) » (2.65b)
0 Pge = iAPge — IQU1) (Pgg — Pee) - (2.65¢)

We can simplify things a bit by the following notations: X = pee + Pge, ¥ = i(Peg — Pge) and
Z = Pee — Pgg- In terms of these three (real) values one can write

0,Z =2Q(1)Y, (2.662)

X = —AY (2.66b)

Y =AX+Q(t)Z. (2.66¢)

d Y : .

Epge = _Epge +iApge — iQ(t) (pgg —Pee) ; (2.67)
allows us to derive the real and imaginary parts evolving as

d Y .

7 Pse+Peg) = =5 (Pge + Peg) +iA(Pge — Peg) (2.68)

d Y . .

77 Pse = Peg) = =5 (Pge = Peg) +iA(Pge + Peg) — 2i(1) (1 = 2pee) (2.69)

For a simple solution we now focus on resonance where only two equations are consequently
coupled.

d .
Epee = —YPee — (1) [Pge — Peg] » (2.70)
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d

E(Pge — Peg) = _g(l)ge — Peg) — 2iQ() (1 —2pee) - (2.71)

In vector form one can write:

g P P A R B
dt |:pge_peg:| [4iQ(I) _’}//2 pge_peg + _ZiQpee ’ ( )

The solutions from above are pretty complicated. The physics is pretty straighfoward though.
We will first set 7 to zero, set the Rabi driving time independent and check the existense of Rabi
oscillations and their period. Consider again:

d .

ar (Pgg = Pee) = 2iQ [Pge — Peg] (2.73)
d .

E (pge - peg) = —2iQ (pgg - pee) . (2.74)

Taking the double derivative of the first expression we get

d? . .
ﬁ(l)gg — Pee) = 2iQ [~2iQ (Pgg — Pee)] , (2.75)

which turns into a driven harmonic oscillator problem:

d2

ﬁ (pgg - pee) + 407 (pgg - pee) =0, (2.76)

with solutions (pge — Pee)(f) = Acos2Qt 4+ Bsin2Qr. Let’s consider an initial ground state atom
such that (pg — Pee)(0) = —1. Also the coherences are vanishing at zero time meaning that the B
term is zero. The following evolution will be

(Pgg — Pee)(t) = —cos2Qxt. (2.77)

A so-called pi pulsecan be achieved when 2Qf = 7 such that (pge — pe)(t = 7/(2Q) = —1) and
the population has been completely transferred in the excited state. For 2Q¢ = 7 /2 a pi/2 pulse is
realized where t (pg — Pee) (t = 7/(4Q) = 0) but the coherence between the levels is maximal.

7 and 7 /2 pulses

Rate equations and steady state solutions

We now include spontaneous emission and look at the dynamics on a timescale larger than y~!
where we can in a first step we can eliminate the dynamics of the coherence p., by setting its
derivative to zero. We then obtain(for simplicity we assume constant driving)

atpee = _zypee —iQ [pge - peg] 5 (2-783-)
iQ
Peg = m (Pgg — Pee) (2.78b)

After a few steps one can check that the population equation becomes

d 202 yQ?
= yl1+r = 4+ 2.
dtpee ’}/|: '}/2 52:| pee '}/2 527 ( 79)
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p(-B(C

detuning

Figure 2.2: Power broadening effect shown as a modification of the Lorentzian lineshape for
increasing Rabi frequencies. Black is the y-limited linear response (£2; < ) while red and orange
are for Qy =3yand Q;, = 10y

where we have replaced pge = 1 — p,.. For longer times the system will then settle in a steady state
with a final excited state occupancy

QZ
55 _ ) 2.80
Pee 7>+ A% +2Q2 (2-80)
One can then compute the corresponding steady state value of the coherence
YQ , AQ
- _ _ 2.81
Pes = " A 202(1) P A2 (2-81)

Linear response

Under the assumption of weak driving such that 2 < y one gets a linear response of the TLS where
its coherence is proportional to the applied field (by ignoring the 2Q? term in the denominator):

Y—iA
Peg = —m (2.82)
Nonlinear response. Power broadening.
In the strong pump regime one can reexpress the Lorentzian profile as:
—iA
Pog = ——— Q, (2.83)

/PO 4 A2

which describes a Lorentzian with modified linewidth y — /72 + Q2. The effect is dubbed power
broadening as it shows that a given transition line can be modified under strong driving conditions.
The excited state population is similarly broadened

QZ
[P QT 4N

A Taylor expansion up to third order in  shows the next order nonlinearity called Kerr nonlinearity:

(2.84)

Pee =

Y—iA

NCEREY

Q, (2.85)

Peg = —
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Application: population inversion in three level systems

The previous section has already shown that a population inversion cannot be established in a two
level system under steady state conditions. However we can consider a more complicated situation
where driving is performed indirectly via an intermediate level |i) aimed to provide inversion
between the main |g) and |e) states (see Fig). We now make use of the formalism developed for
TLS to apply it for each pair of levels. The Hamiltonian of the system is:

H = haxle) {e| +h(wo+ V) |i) (i| + hQ [|g) (i] ™" + |i) (g] e '] . (2.86)

To this we add all the damping processes as usual Lindblad terms with the proper rate and collapse
operator specifications

a0 =1 4.1+ 1[lg) i1 + 77 [lg) el ] + T2 e} (i ] (2.87)

One can proceed with deriving the following set of Bloch equations by using the rules we have
derived for the closed two level system case:

91Pee = —2YPee + L' i, (2.88)
atpeg = ispeg - %Peg + iQpel , (2.89)
0iPgg = YePee + Y1P11 i [Pg1 — P1g] (2.90)
P11 = —Y1P11 — YarP11 — iQ[Pg1 — P1g] (2.91)
0 _ Yar + 11 .

P1g =~ P1g — €2 (Pge —pi1), (2.92)

. —"_ e + nr .

OiPe1 = i0p,1 — %pel +iQPeg. (2.93)

We want to close the equations for the e-g system under the condition that ¥, > Q. %1, e. Notice
that we can transform both p,, and p,; with oand eliminate

200
Y1+ Ye+ Yar

In a rotating frame we get

Pel peg . (294)

d Ye 202
762.66778776- 2.95
P P e e 299
Now we eliminate
2iQ
=— — ) 2.96
Pig YT (Pgg — P11) (2.96)
leading to
, 402
iQ[pg1 — Pig) = Tt (Pgg — P11) 5 (2.97)
and subsequently
402
P11 = ——— (Pgg — P11), (2.98)
(an + ’}/1 )2 5
which results in
40?2
P11 = Pgg- (2.99)
402+ (et n)>
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The effective two-level model
Plugging all this back into the equations we get:

d 407 Yy,

—Pee = —YegPee + Peg, (2100)
di A0 ()

d Ye 202

=+ —2 ) p,., 2.101
arPe <2+Yl+'}’e+}’nr>pg 2.101)
d 402 Yo

—-Pgg = YegPee — Pgg- (2.102)
arhss g 492+(%r+%g)2 g8

Under typical conditions, ¥y >> %, 7% and Q < %, , we can simplify to a common pump rate

2
'~ 4;2 ) (2.103)
nr

and write the following equations: Plugging all this back into the equations we get:

d
apee = _Z%gpee + zrpggv (2.104)
d
Epeg = —(Y%e+TI)Pe- (2.105)
d
Epgg = YegPee — I'Pgg. (2.106)

This is exactly a model for incoherent pumping (or inverse decay). We can rewrite it as:

i

& [Ho, p] +%.Dl|g){e|, p] +TDle)(s], p]. (2.107)

p=
Let’s check out if this is true:

Peg = (e|T[[2¢) (glpg) (el — [g)(glp — pl2) (gl]I8) = —TPeg- (2.108)
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Appendix: The Bloch sphere

Anticipating the discussion in Chapter 7 on qubit operations in ion traps let us encode the 0 and 1
qubits in the internal levels |0) = |g) and |1) = |e) of a two level system. We will in the following
follow a matrix approach where we denote:

|0) = [(1)] and |1) = [(1)} (2.109)
For any pure state we can form the most general superposition as:

|w>:cos§\l>+ei¢sing|0>. (2.110)
This can be vizualized on a unit sphere surface as a point described by a Bloch vector:

a= (sinfOcos@,sinOsing,cosb) = (X,Y,Z). (2.111)

More generally, states can be mixed and then they are described by density operators. A density
operator in a 2 X 2 space can be written uniquely as a combination of the identity matrix and three
independent Pauli matrices (as they form a complete basis in this Hilbert space)

1 1/14+4Z X-—-iY P11 P1o
— 2 (L+ta.o) =~ _ 2.112
p 2(2+a G) 2|:X+IY 1—Z:| |:p()] Poo ’ ( )

where by definition

oy = (1) (1)} =040, (2.113a)
o, = ? 0’] —i(c—o"), (2.113b)
o, = (1) _Ol]zc*c—oo*. (2.113¢c)

Now we have 3 independent parameters translatable to two angles and a radius: the corresponding
Bloch vector can now be anywhere inside the Bloch sphere. For pure states this reduces to the state
vector representation shown above. Let us define rotations around the axes as:

Ryy (§) = e i¢/20ms, 2.114)

For all Pauli matrices, as they satisfy ze.y,z = I, one can show that (as usual we expand the

exponential and use the property listed above):

Ry .= Icos g — [0y y;Sin g (2.115)

Let’s write them in matrix form:

[ & _jsiné

Ry(¢) = C.Os.zg lsmgz (2.116a)
—zsmj COSj
[cosé —siné

R(O) =72 A, (2.116b)
_sm§ COSE
[,—i(/2 0
e

R(O) =1 e_ig/z]- (2.116¢)
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Notice a few properties:

Rx(n)—[f)l. ﬂ, Rx(n/2)—\2{_1i _1’}, Rx<2n)—[_01 _OJ——IZ,
(2.117)
and
Ry(n):[(l) _01], Ry(n/z):\}i[} _11] Ry(zx):[_ol _01]:12,
(2.118)

Single qubit gate: Hadamard gate
To perform a rotation from an initially zero state qubit into superpositions we apply the following
transformation:

Hloy=—= 1] [} = rGro =5 [ = 5 00y, 2.119)

Also one can check:

I |—1 1|1 T 1 |-1 1
H|l)=— =R,(=)|[1) = — =—(|0)—11)). 2.120
m=—s 3 1] o] =R =5[] = S0 -m 2.120)
Single qubit gate: Pauli-X gate (NOT gate)

To negate a qubit is equivalent to turn it from O to 1 and the other way around. For this one can
check that:

in(n):i[i)i ﬂ,:[(l) (1)} 2.121)
0 1] (0 1]1[0] [1]
x[y=1] oll=1] ol [\l =[] =1 (2.122)

o]
=

—

—

1) = 0 HEE =10), (2.123)
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quantum electrodynamics

An arrangement of two highly reflective mirrors (either dielectric or metallic) placed parallel to
each other at a small distance ¢ can provide a high density of electromagnetic modes in the space
in between. Such an arrangement defines an optical cavity and is widely used as a platform that
can amplify the typically small light-matter interaction in free space. While in free space a single
photon sent onto a TLS would interact once and then depart, in an optical cavity the photon bounces
back and forth many time therefore increasing the chance to interact with the TLS. We will first
proceed in providing a classical description of the optical cavity properties such as longitudinal
modes, loss rate, finesse etc. We then introduce the quantum model for a single cavity mode
and derive two equivalent formalisms: the quantum master equation and the Langevin equations.
Then we describe the quantum model for a single cavity mode interacting with a TLS known as
the Jaynes-Cummings model and introduce the strong coupling regime where hybrid light-matter
states known as polaritons occur. Finally we list a few applications of cavity QED such as optical
bistability, the Purcell effect (modification of the decay rate of an atom) and photon blockade.

Optical cavity - classical treatment

We assume a quasi 1D geometry where light can only propagate in the z direction and two highly
reflective boundaries are placed at z = 0 and z = £. From the 1D Helmoltz equation we derive
longitudinal modes of light inside the cavity and show that they have a Lorentzian profile owing to
the tunneling of light through the mirrors. To obtain these characteristics we solve the Helmoltz
equation in a very straightforward transfer matrix formalism.

Longitudinal modes

We assume that the boundaries are perfectly reflective such that the tangential electric field com-
ponent will vanish at z =0 and z = ¢. We make the simplification that the electric field has an %
polarization direction. The configuration assumed will be referred to in the following by the term
optical cavity or optical resonator. We then have to solve a 1D wave equation

0-:E(z,t)+ ¢ 294E(z,t) =0, 3.1)
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in the region between 0 and ¢ with boundary conditions E(0,7) = E(¢,t) = 0. Writing the solutions
E(z,t) = &(z)f(t) we have

g_l(z)azzéo(z) = —c_zf(t)_l(t)anf(t) = _kza (3.2)

where we have applied the usual technique of separation of variables to derive two equations:
f() + (k) f (1) = 0, (3.3a)
0.8 (z) +K2E(z) = 0, (3.3b)

with E(0) = E(¢) = 0. The second equation with the imposed boundary conditions & (0) = &'(¢) =0
leads to solutions:

&(z) = Nsinkz, (3.4)

where the allowed values of k are

m7
=" (3.5)

which expressed in terms of wavelengths is

.

m

A (3.6)

Notice that the fundamental mode for m = 1 implies that the cavity is a half wavelength £ = A4 /2.
The orthonormality requires

¢ 14
N2/0 dzsinkzsink'z = N26kk/§. 3.7)

so that the normalization constant is: N = /2 //. In the following we will assume that there is a
transverse area where light is confined and denote S¢ as a quantization volume.

Lossy cavities: a transfer matrix approach

However, mirrors are not perfect so that some tunneling between the cavity mode and the continuum
of modes outside the cavity is always present. We will first take a classical approach based on
multiplications of transfer matrices to derive the transmission properties of an optical cavity as well
as the shape of the cavity modes.

Assuming a scatterer (mirror, membrane, atom etc) in a fix position, we denote the waves on
its left by Ae~** (left propagating) and Be'** (right propagating) and on the right of it as Ce™**
(left propagating) and De™* (right propagating). The scatterer is assumed to have a reflectivity
(complex) r and transmissivity ¢. The two are actually connected as

f=1+4r (3.8)

Figure 3.1: Transfer matrix of a single scatterer.
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and notice that in the absence of absorption we have
Ir+t>=1. (3.9)
One can relate the outgoing fields to the incoming fields as

D=1tB+rC, (3.10a)
A=rB+1D, (3.10b)

and rewrite the conditions connecting the amplitudes on the right side with the ones on the left side
of the beamsplitter:

cl 1|1 —r ||[A] [1-i —i|]|A
[D} T [r z2—r2} [3} - [ i€ l—i—iC] [B]' @11
An important aspect is that the parametrization is done with a real polarizability { based on the
following transformation:
ir ir
- = . 3.12
6 t 1—r ( )

We can inverse this to obtain

—¢
= . 3.13
T (3.13)
Notice that the intensity reflectivity is then given by
2
2§
= . 3.14
which further allows to express
2
2 7]
— ) 3.15
ST (3.15)
For large polarizabilities one gets a close to unity reflectivity. Rewriting we get
¢ .1 :
r=|r| —i = |r]e’, (3.16)
/1+ CZ /1+ €2
with
. 1 4
sing = ————— and cos ¢ = (3.17)

We can also inverse this transformation:

1 2 .2
410 )

The free space accumulation of phase is easily written as

/ —ikl
41 200
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A two mirror arrangement
Let’s now assume an arrangement of two identical mirrors at z = 0 and z = £ and no input from the
right side (C = 0) while the left side has a unit propagating field amplitude (B = 1). We can then

write

rel 1 22— rlfe® 071 [2=r r] [0

[1]‘;[ —r 1“ 0 | —r 1) 2]’ (3-20)
where now the D and A components become the transmission and reflection of the compound object
i.e. the optical cavity. With a bit of math one finds

1[2—r2 Flfe® 01[2=r r
2 ikl = 3.21)
t —r 1 0 e —r 1
1 2_2 e—ikZ(tz _ ,,2) re—ikt B
=2 - 1 ikt okt | =
1 efikf(tz _ ’,2)2 + ,,Zeiké (tz _ rz)re*ikf + reiké
= ﬁ _(tl o I,Z)re—ikﬂ o reik( _rZe—iké 4 eikZ .

Denoting the whole transfer matrix by M one can easily notice that

1 2 B 12kt ”
fe = My ekl — p2o—ikl — p2ikl 42" 3.22)
Let’s analyze the intensity transmission
— ‘l 2 _ MZ — |t‘2 — ’”2 (3 23)
¢ ¢ ‘eZiké _ rz‘z |62i(k€—¢) _ \r]2|2 ’eZi(ké—(p) 14+ Mz‘z' ’

A maximum is possible at unity. Resonances are reached around the values we expected minus a
small contribution:

Vil = 27m + 29 — kyp = ”7’"—% (3.24)
For large polarizability
1 _
o~ ————— ~ (3.25)

VI+E
Cavity linewidth, cavity decay rate and finesse.

Expanding around the resonance condition:e 2*¢ = 1 —2i(8k)¢ = 1 — 2i(k — k,,), we obtain a
Lorentzian shape of the transmission function around some resonance k,,

1
12082k — k)|

1" (k)

c

(3.26)

Notice that 7 = —i/{ so that The linewidth of this Lorentzian is given by the condition of T (k,, +
0k) = 1/2 which leads to

1

Ok =—. 3.27
1< (3.27)
Expressed as a cavity decay rate (for units of frequency) one can define
¢
K =cOk= (3.28)

2020
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Figure 3.2: Exchange interaction of cavity modes with outside modes for a single-ended cavity.
The left mirror allows for both inside (mode a) and outside modes (denoted by by) to penetrate
through.

Reexpressing in terms of wavelengths:

Sk T T A2
Sh =2 = i = e~ IR (3.29)

An important quantity is the finesse of a cavity defined as:

AL
2607
where AA is the free spectral range expressed in wavelengths. This is easy to compute: AL =

A = Amy1 = gl — 20~ A2 /(20). Finally

F = (3.30)

_alrf
e

F =nl? (3.31)
Roughly speaking, the finesses represents the number of round trips before the field intensity inside
the cavity decays considerably (to e~2) of the initial value. One can also define the cavity decay
rate as:

Tc

K= (3.32)

and a quality factor:

W, 2%/
Q:—:—_

” o (3.33)

Optical cavity: quantum Langevin equations

Even the simplest example of an optical cavity that we employ based on two parallel highly
reflective mirrors can support many (longitudinal) modes. Real cavities are designed with curved
mirrors and add to these modes additional, transverse ones (eventually degenerate). As in the first
chapter we can proceed with quantizing all these modes and introducing a total Hamiltonian as a
sum over many quantum harmonic oscillators, with creation/annihilation operators for each mode.
However, there are good arguments for simplifying the treatment to only one optical mode. Notice
that a typical free spectral range is about THz. This is much larger than the decay rate of an atom
which is of the level of 10 MHz or so. In consequence, for a given TLS transition only one cavity
mode can considerably interact with it. So, let us reduce the field dynamics to a single mode with
operator a (referring to a standing wave with frequency ®.) and express the field as:

hw]l/z

— 3.34
S (3.34)

E(z) = & (a+a')sinkz, where & = [
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We have introduced the mode area S and grouped terms inside the zero point electric field amplitude
such that the integration of the Hamiltonian volume density over the whole volume leads to

1
H = ho, [aTa + 2] ) (3.35)

As before we will disregard the constant energy shift. As the cavity mirrors are not perfect the
intra-cavity field can permeate through the dielectric material and tunnel to the outside. At the
same time the outside field can also tunnel inside the cavity. If this were not the case than the cavity
would be useless as no driving would be possible. Having learned what the classical treatment
predicts for a cavity resonance transmission linewidth, we are in the position of writing a quantum
model for the coupling of a quantized cavity mode to the continuum of modes outside. To this
end we consider the Hamiltonian for the cavity mode plus the infinity of outside modes and their
interaction (modelled a an excitation exchange term)

H = how'a+ Y hobb+ Y g [bla+a'b]. (3.36)
k k

From here we can derive a set of equations of motion Let’s write the equations of motion:

i

h

a=—[H,a = —io.a—i) gbx, (3.37a)
k

by = % [H, by = —ionby — igea. (3.37b)

The plan is to formally integrate the equation of motion for the outside modes and plug the solutions

back into the cavity mode evolution equation. This will result in a differential-integro equation. In
a first step we have

t
br(t) = b (0)e ' — g, / dt'a(f)e 1=, (3.38)
0
Replacing this expression into the cavity mode equation of motion we obtain:

t
a=—iw.a— Zg%/dt’a(t’)e*"wk(’*t,) — ingbk(O)e*"wk’. (3.39)
koo 3

The decay rate

The first term, similarly to the summation performed in the case of the spontaneous emission master
equation for atoms, gives a delta function selecting only the coupling terms at the cavity frequency.
The terms turns into a decay term

t
—Zg,%/dt’a(t’)eiimk(’ﬁ/) = —xa(t), (3.40)
k
0

at a rate which one can prove is the classically derived term in the previous section.

The input noise
The second term is an infinite sum over the input modes which we will denote by

F(t)=—i) gibi(0)e ™. (3.41)
k
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Going back in the original picture we can write a Langevin equation:
a=—im.a(t)—xa(t)+F(t). (3.42)
Notice that in the vacuum

(0[F (1)0) = =i )" gk (0]bx(0)|0)e ™" = 0. (3.43)
k

Looking at the correlations of the input term assuming the modes outside in the vacuum, all but one
term vanish:

O[F (1)FT(1")|0) = ¥ gte ) = 25 (t —1'). (3.44)
k
Finally we can write a standard Langevin equation for the cavity mode under the following form:
a=—im.a(t) — ka(t) + V2KAj, (3.45a)
V2KAin(t) = N+ V2Kain(1), (3.45b)

For vacuum states the input noise is delta normalized such that <Ain(t)AiTn (")) =8(t—1").

The driving term
Let’s now assume that one of the incoming modes at frequency ck;is populated by a coherent state
oy while all the other modes are in the vacuum. We can then evaluate

<O£L‘F(l)‘OZL> = —ing<aL\bk(0)]aL>ei“’k’ = —iaLe_ith. (3.46)
k
We then separate the input noise into a classical part and a zero-average quantum part:

F(1) = V2KAj = —ioge " +V2xkai,. (3.47)

Generally, in terms of zero-average noise and classical drive, in a rotating frame at the laser
frequency one can write the following Langevin equation:

a=—xa—i(op— o )a+n+V2Kai, |, (3.48)

where we made the notation N = —igy.

Input-output relations
Similarly with the procedure above we can integrate the equation for the outside modes from
t to infinity.

bi(t) = by(oo) +i / dr' gea(i'e (@~ (3.49)
t

A similar calculation leads to

a=—im.a(t)+ka(t) — V2Kaou |, (3.50)

where aq,stems from the new noise term

F(t) =iy gbi(oo)e @), (3.51)
P

This is a convoluted way of assuming that for an interaction that lasts for a limited time, the initial
conditions are obtained by evaluating the fields outside at time O (or equivalently —eo) while the
final state is obtained by evaluating the fields after the interaction at t = oo. Finally we get the input
output relations:

Aout +Ain = V2kKa | (3.52)
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Two sided cavities. Transmission and reflection.

The input-output relations are valid at each interface. Let us assume a two-sided cavity with equal
reflectivities and thus equal decay rates on each mirror /2. Driving occurs from the left and is
included in the Aj;, term such that (Aj,) =1/ V/k. The input field (in zero average state) from the
right is denoted by b;,. We then have:

Ain + Bouw = Vka, (3.53a)
bin +Aout = V'Ka. (3.53b)

We can define transmission and reflection coefficients as: . = (Aou)/(Ain)and r. = (Bout) /(Ain)-
Taking an average over the equations above we have

14+r.— %@, (3.542)
fe = %(a}, (3.54b)

which gives the usual relation as we used in the transfer matrix ¢, = r. + 1.The Langevin equations
with both input noises are:

a=—Ka—i(0p — w.)a+n+vKan + VKb, (3.55)

and a classical average in steady state (assuming times longer than k') gives:

_ n
(a) = P P—— (3.56)

Consequently the transmission of intensity is given by:

KZ

T =t 2:—.
¢ ‘C‘ K2+((DL—(DC)2

(3.57)
Optical cavity: master equation

Following the lines of the derivation carried out for spontaneous emission, we can show that the
following master equation for a driven cavity undergoing decay can be obtained:

i

1
a F_ gt t
TP h[H,p] + K{apa 5 [{a'ap + pa'a] }, (3.58)

with

H = hoa'a+iim (ae'®™ —a'e™ ") . (3.59)

The Jaynes-Cummings Hamiltonian.

Let’s now place an atom within the cavity. We assume that the atom is closely resonant with a
given cavity resonance and far away from any other resonances. The dipole-electric field coupling
Hamiltonian will now be written as:

Hjc=hgla'o+ac']. (3.60)
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The coupling strength is the usual:

1 ® 1/2
g= ﬁgodeg = {M} eg. (3.61)

Let us inspect the properties of a coupled atom-cavity field system without any incoherent
processes. The full Hamiltonian is:

H=hoad a+he,6'0+hgla o +ac']. (3.62)

Let’s consider the complete basis in the full Hilbert space spanned by |g,n) and |e,n). All the
possible matrix elements are:

(g,n|H|g,m) = handun, (3.63a)
(e,n|H|e,m) = hn8ym ~+ "0a Oy, (3.63b)
(g,n|H]e,m> = hg v+ 1Snm—‘rly (3.63¢)
(e,n|H|g,m) = Tg/nGun—1. (3.63d)
Let’s write it in matrix form agreeing that we start with vectors ordered as: |g,0), |g, 1), |e,0), |g,2),
le,1) ...
w, + 0, gﬁ 0O 0 O
gv2 2w0. 0 0 0
2 ) 0 w g 0. (3.64)
0 0 g @ O
0 0 0 0 O

Notice that for a given n only states |g,n+ 1)and |e,n)are coupled. One can then block diagonalize
the whole Hamiltonian in excitation subspaces spanned by a constant number of excitations.

We see that the Hamiltonian matrix contains blocks which are not coupled. Let’s first focus in
the single excitation block with state vectors |g, 1), |e,0). To bring this block into diagonal form we
have to diagonalize the following matrix:

0, 8
[g COC]' (3.65)

Eigenvalues are given by the equation: (@, —A)(@. — A) = g*. Let’s rewrite this as: (A — @, +
@ — @,)(A — @.) = g* and make notations @, — @, = A.Then we have to solve: x> +Ax — g> =0
leading to

A A\ o, + O W, — 2
A=w. ——+ - 2= 4 SR 2, 3.66
@ =~ <2> +g 3 > +g (3.66)

For zero detuning @, = @, = ® the two eigenstates are located at
EV=n(w+g), (3.67)
in energy and are combinations

_ le,0)£, g, 1)
|p+) = — A

In higher excitation subspaces, the result is (by diagonalizing the blocks with n photons):

EW =n(w+gyvn). (3.69)

(3.68)



44 Chapter 3. Cavity quantum electrodynamics

The polariton transformation
For the resonant case, we will perform a transformation from the bare atom and cavity operators to
polariton operators:

U= \E(a—i—o), (3.70a)

d=1\]=(a—0). (3.70b)

The inverse transformations:

a= \/g(u—l—d), (3.71a)

o= %(u—d). (3.71b)

Notice that the application of the polariton operators to the vacuum creates the previously derived
states:

. 1 0 1
u'g,0) = @auowg,m _ ”\2“ (3.72)

The Hamiltonian contains terms as:

1 s + .

aWa—E(uu—d*)(u—i-d):E( 'u—i—dld—i-ufd-i-dju)a (3.73a)
1 1, .

oo = E(MT —d*)(u—d) = 5 (u'u—i—de—u*d—dTu) , (3.73b)
1 1, .

ola= E(uT —d")(u+d) = 3 (u'u—d'd+u'd—d'u), (3.73¢)
1 1, .

a'o = (u' +d")(u-d) = (wu—d'd-u'd+d'u). (3.73d)

Adding everything we immediately find what we expected which is that the Hamiltonian can be
diagonalized via this transformation:

H="h(w—_g)d d+h(w+g)u'u. (3.74)

The strong coupling regime
Introducing decay we see that the polariton transformation already diagonalizes the Lindblad term.
Let’s apply the transformation above to the Lindblad terms:

Zy=y[20pc’—(c'op—po'o)], (3.75)
Le=K [Zapcfr — (a%ap — paTa)] , (3.76)

Working it out:

20p6" = (u—d)pu' —d") =upu’ +dpd" —upd’ —dpu’, (3.77a)
olop = %( "—dYu—-d)p=u'up+didp—udp—dup, (3.77b)
polo= lp( "—dYu—d)=pu'u+pd'd—pu'd—pdiu, (3.77¢)

[\e]
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Also
2apa’ = (u+d)p(u" +d") = upu' +dpd" +upd' +dpu’, (3.78a)
alap = %(uT +dYu+d)p =u'up+didp+u'dp+diup, (3.78b)
pa‘a= %p(uT +d)u+d)=pu'u+pdid+pu’d+pdiu (3.78¢)

Adding everything we find a simple result:

Zp] = Ly 2ld, Pl + Liyix) 21, P, (3.79)

which states that the two polariton operators make up two equally decaying channels at rates
(Yy+xK)/2.

The Purcell effect

Let’s first investigate such interactions in the regime where the cavity field is very quickly decaying
K > 7. We also assume the atom being resonant to the cavity mode both at @. We can go into a
rotating frame where both a and crotate at the @ frequency. Thus, we have to solve the dynamics
of a system with the following complete dynamics:

d

P =g la'o +ac”,p] +kP[a,p] +v2[0,p). (3.80)

Let’s look at the evolution of the field operator:

d
Ea: —Ka—1igo + V2Kai,. (3.81)

We can go into a rotating frame where both a and orotate at the @ frequency. Formal integration
will lead to

a(t) =a(0)e” lg/dt o(t')e ¥ —xa— ng—l—\/ZK/dt ain(t')e <), (3.82)

The first term decays fast and will vanish for 7 > x~!. The second term we will integrate by parts:

t t
1 ! 1 / 1 /
X / a'o(r) [*] = o)y / ' s (1) . (3.83)
0 0

Putting it together we get:
—zg/dtc K1) = B (5(t) — 5(0)e ™) /dt ¢ K1), (3.84)

The transient term will vanish again in the same long time limit. The second term can be again
integrated by parts and slowly we get smaller and smaller terms containing k2, K 3etc. We then
conclude that:

alt) ~ —Egc(z) + . (3.85)
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Now let’s replace the first term in the expression in the Lindblad term for the cavity field:

2
K{apaT - % [{aap + pa'a] } = % {GpoT —% [{c'op+poio] } . (3.86)

We see that the cavity contributes to the decay of the atom with a rate g?/xk. The total decay rate of
the atom will therefore be:

g2
v+ = n1+0), (3.87)

where we will denote the cooperativity parameter by
Cc=2°_ (3.88)

Let us remember what all these parameters are:

w
g = [hsofS] dz, (3.89a)
dz,w’
_ €8
Y= e (3.89b)
Tc
K=o (3.89¢)

Putting it all together:

o ,3n3hey2Fl 6.7 c?

C= = . 3.90
heglS 8 dezgco3 c Sw? (3.90)
Also, replacing @/c = k = 27 /A we have 6¢/w* = 6A?/(47?) so that
2
C= 3»‘% (3.91)

One can then only improve this quantity by designing better mirrors and focusing down the cavity
mode area to small values.

Optical bistability

We will now add decay into the problem at ratesy for the atom and x for the cavity field. We also
assume a weak pump coming through the left mirror and analyze the transmission properties of the
system. We can derive the equations of motion for the field and atomic operators:

%(@ — _x(a) +iMa) —ig(c) -1, (3.92a)
%(o) = —y(o) +iA(o) +igla(cTo —o0T)). (3.92b)

We assumed atoms resonant to the cavity mode and the detuning is A = @y — @,. The equations are
non-linear as the last term contains correlations between the field and the atom dipole. However,
under the weak pumping condition: 1) < k, the cavity field in steady state will have much less
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than one photon and the atom will pretty much stay close to the ground state. We therefore replace
o0 — oo with —1 and analyze the set of linearized equations

d

E(a} = —«{a) +iA{a) —ig{o) +n, (3.93a)
< () = (o) +ialo) ~igla) (3.930)

Looking at steady state we have:

ig

= — 3.94
(o) y—i (a), (3.94)
such that
_ 2
—IiA =1. 3.95
@ [e-ine £ ] = (3.95)
Rewriting the last equation:
r 2 2
8 . 8
Remember from last lecture that the transmission of the cavity is:
2 2
v AN £ . (3.97)
n/vx

2y A1 g 2
K+ 7iar ! ( - 72+A2>
One observation is that we see that A = 0 gives the maximum so the minimum of the transmission
at

2
K 1
T.(A=0)= = , (3.98)
c ‘K_|_ % 2 (1 +C)2

where the cooperativity C = g%/(ky) (just as before in the limit of bad-cavity we defined it
proportional to the Purcell factor) plays a major role. One can also see the effect in the next order
approximation for the equation of motion when more significant population in the excited state is
taken into account. Let’s rewrite

d

E(a) = —x(a) +iA{a) —ig(o)+n, (3.99)
%(cﬂ = —y(o) +iA(o) +igla(c'oc —o0")). (3.100)
i( "6 —o0’)=-2y(c’'0c—00") +igla'c —ac’) —2y. (3.101)

dt

We perform two factorizations(a (676 — 667)) = (6'6 —667)(a) and (a'6 —ac™) = (a') (0) —
(a){cT) and evaluate in steady state:

(6) (y—iA) = igla)(c'oc — o0, (3.102)
(6)* (y+iA) = —igla)*(c'c —607). (3.103)

This immediatily leads to
ig(a)* (o) (y—iA) = —g’[{a)[*(cT6 — 65"), (3.104)
—igla)(0)* (y+iA) = —¢*|(@)]*(cTo — a07), (3.105)
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so that
ot ¥ 2v¢ 2/t '
igla'oc —ac >:—m|<a>| (c'oc—oc0o') (3.106)
The equation for the population difference then gives
(c'oc—o0’) = 2fA2|< V(o6 —060") = (6’6 —00") = _1 .
(3.107)
Now we directly have
(o) = — i) (3.108)
Y=ib 1 2 ()
which leads to the cavity field amplitude in steady state:
o2
(@) (K —iA) = gA <a> +1, (3.109)
y ! 1 + A2 |< >|
or
(@) | (k—id)+ 1 & n (3.110)
a —i —| =n. .
1 + }/2+A2 |<a> ’2 ')/_ IA

The expression above shows that the cavity resonances are shifted for larger input fields as the
intracavity field intensity depends nonlinearly on the input field. Taking the absolute value squared
for the above expression leads to

1 g

22
1+Y+A21 Y-

I |(k —iA) +

=1, (3.111)

which is an equation with more than one solution (three) for give ranges of the input For example,
at A=0,

C2
I.x° It [ =1 (3.112)
<1+2Yi21c>
leading to
26> \* 26> \*
ICK2<(1+;IC) +C2> ~1, <1+;’21¢) . (3.113)

Photon blockade

One notices that in the first and second excitation manifolds nonlinearities appear due to the
progressive g+/n shifts of levels. Looking at the resonance condition for single cavity input photon
one notices two resonances at the lower (at @ — g ) and at the upper (® + g) polaritons. Assuming
the driving frequency at the lower polariton, one can also notice that the 2 photon resonance
condition is not fulfilled as a detuning (2@ — v/2g) — 2(® — g) = (2 — /2)g appears. In the limit
that this detuning is very large, the presence of the atom strongly coupled to the cavity effectively
suppresses the entering of a second photon, thus providing a photon blockade mechanism.
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Appendix: Langevin equations in the Fourier domain.

A Fourier transformation can simplify our task of finding operator averages and correlations (at
equal or different times) as it transforms the set of coupled differential equations into an ordinary
set of equations. Notice however that this is only valid around steady state. When one needs to take
the initial conditions into account, the Laplace transform can be used instead.

Let us introduce the Fourier transform of the time dependent operators:

a _ 1 a e+iwt

a(w) = Fla(t)] = \/ﬁ/dt (1) , (3.114)
1 —iot

a(t) = Wir /d(oa(w)e ) (3.115)

Notice two properties. First the Fourier transform of a derivative is:
Fla(t)] = —iva(), (3.116)

Second, we use:

. 1 ,
d(w)=Fd' (1)) = —/me et 3.117
(0) = Fla'(1)] VT (r) (3.117)
which leads to:
1 ‘
T T —iot _
a(w)|' = — [ dta'(t)e =a'(—w). 3.118
()] = = [ dra' 1) (~o) G.118)
For delta-correlated input noise (of zero average) then we have:
1 : . .
(@)’ (@) = 5 / di / dr' (a(t)a (1'))e i O — (3.119)
1 . s ol 1 i /
_ —/dt/d[l5(t—t/)eﬂwteﬂwt — —/dteﬂ(wﬂo " _— 5((1)4—0)/). (3.120)
2 2

We consider a driven cavity
a = —xa+iAa+n+ Vi (ain + bin), (3.121)
and first linearize around steady state:

da=—k8a+iAda+V2kdy,, (3.122)

while the average is as above. We also wrote di, = (@i, + bin)/ /2 with the combined input noise
being delta correlated in time. Taking the Fourier transform:

Sa(w) [k — i(A+ 0)] = V2kdi, (), (3.123)
together with its couterpart

8a (0) [k +i(A— 0)] = V2kd) (). (3.124)
One can express these in terms of the susceptibilities:

Sa(w) = e()V2kdy (o), (3.125)
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§a' (o) = e (—w)V2xd) (»), (3.126)

The intracavity correlations are:

(8a(®)da’(0')) = e(0)e* (— )2k (diy(0)d; (@) = (3.127)
= 2k|e(0)* §(w+ w’):’mé’:w)ZB(erw’). (3.128)

The linearized input-output relations (for zero-average operators) transform straighforwardly into
the Fourier space:

Aou (@) = VK8a(®) — b (@), (3.129)

bou (@) = VK8a(®) — aj,(®), (3.130)
and

e (©) = VK8a' () - b (), (3.131)

biu(®) = Vx8d (0) —a) (o). (3.132)

One can connect output noise to input noise directly:

Ao (®) = €(®)Kaj (@) —biy()[1 —e(0)K], (3.133)

@b (0) = e*(—w)xal (0) —b] (0)[1 - &*(—0)K], (3.134)

Now we can express for example:

(tou(@)afy (@) = e(@)e" (—0") K (ain(@)aj, (@) + [1 — e(@)x] [1 - &* (=@ )k] (bin(w)b

(3.135)

= [1+2K*|e(w)|* — 2kRe[e()]] (0 + &) = (3.136)
22 K , )

= |1+ o(w+ao)=0(0+a) (3.137)

-2k
K2+ (A4 w)? K2+ (A4 w)?

"
in

(@)
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ntals of laser theory

We will now make use of the techniques developed in the previous chapters to describe a few
characteristics of a lasing cavity filled with a gain medium. Our goals are modest as we only
aim at providing a simplistic treatment to reveal two main characteristic of lasing action: i) the
existence of a threshold for lasing connected to the achieved population inversion, and ii) the
statistics of photons exiting a laser cavity (ideally close to a Poisson distribution characteristic of a
coherent state). We will employ two slightly different models to derive these crucial aspects. First,
we assume a collection of effective two level systems incoherently pumped such that population
inversion can be achieved. We show that in the macroscopic limit of large number of gain medium
atoms the cavity can sustain the build-up of a non-zero amplitude field past a certain pumping
threshold. We then follow a standard approach (Milburn, Scully) of four-level systems passing
through a cavity to arrive at a simplified form for the photon number distribution and prove that
past the threhold a laser exhibits Poissonian statistics. Finally, we analyze the laser linewidth by
well above threshold and connect it to the diffusion process that the cavity field undergoes during
spontaneous emission events.

Laser threshold
We assume N identical two level systems equally coupled to a cavity mode. The Hamiltonian of the

system is comprised of

Hy = hod'a+Y hoo, (4.12)
J

Hye =Y g [a*o,- +a6ﬂ . (4.1b)
J

The Lindblad terms contain the natural spontaneous emission at rate 7, cavity decay at rate K as well
as the engineered pump rate (described as an artificial inverse decay terms as derived in Chapter 2)
atrate I’

L =Y 9(0;,p)+TY. Z[0].pl+ K Pla,p). (4.2)
J J J
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Of course we can immediately get rid of the free evolution by moving into the interaction picture
with respect to Hy. We can write equations of motion for the averages:

d

& ) = —xla) ~ig Y (), 3
J
d r j
“0) = —— Lo +2iglact), (4.3b)

-y

> (4.3¢)

d i j .
To) = (T +y)(at”) +igla’0; —ac]) +
Let’s quickly check that this is correct. In the absence of coupling to the cavity starting with the
ground state we get a steady state with

-y

)y _ _
(07) = 3T+ 7) =dp. (4.4)

This is the expected population inversion when pumping the system. If I' > y, we get dy close to
1/2 meaning most of the population is in the excited state. The above equations are coupled and
nonlinear and thus not easy to solve. First we notice that we can perform sums such that:

d .

S {a) = —xla) ~ ig(S), (4.52)
d r

L5y = —— Y15y +2ig(aSy). (4.5b)
dt 2

d . r—

(8 = —(T+ 7S +igla's—ash) +N-—T Y (4.5¢)

where the collective operators are:
s=Yo, and s.=YoV. (4.6)
J J

In steady state without cavity we will now have (S;) = Ndy = Dy.In the large system expansion
when N > 1, one can analyze the classical equations for this system by factorizing (we split each
operator into an average and a zero average fluctuation):

(aS;) = ((ot+8a) (s;+ 6S;)) = as; + (8adS;) ~ as,, (4.7a)
(@'S) = ((a* +8a") (s+8S)) = a*s+ (8a'8S) ~ as, (4.7b)
(aS"y = ((o+ 8a) (s + 8S)) = as* + (5a8ST) ~ as™. 4.7¢)

This should be valid as long as the averages of fluctuation products are small compared to the
averages.

Classical equations. Threshold.
Let’s proceed with the system to be solved:

d

d—(: = —KO —igs, (4.82)
ds  T'+y .

i s+ 2igas;, (4.8b)
d I—

% = 7(F+y)sz+ig(a*sfas*)+NT. (4.8¢c)
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We set steady state conditions and notice that
4ig
S =
'+y

os.. 4.9)

Replacing in equation 3 we get:

8g* 2 I'—y
r — | =N——". 4.10
9+ o faf| 5= N (410
In simplified notation:
D
5, = lsg—fz (4.11)
Tl

Notice that as the cavity field is turned on the population inversion starts going down. We can now
compute:

4i D
5= rfy ng -, 4.12)
L+ el

which leads to an effective equation of motion for the cavity field amplitude:

d 457 D
7‘2‘ _ _K‘Hri O (4.13)
71—|—m|0€|

With more notations:

C+y)°  _ 4Dy _28°(T-7) 2

= = = ~ = 4.14
"0 8g2 k(C+y) «([+7vy)?* T (4.14)
we can rewrite:
do C
k|-l ———— 4.15
dt K[ +1+]oc]2/no} * (4.15)

It is easy to see that the steady state is zero unless the gain surpasses the cavity loss. We then find a
thresold at C = 1 and compute the cavity field intensity as:

c

l=—————,  leading to al> =ny(C—1). 4.16
¥/ g ot]” =no ( ) (4.16)

Well above threshold
Consider C > 1 and look again at the population inversion

Dy kI I x
_ — ) 4.17
“TC 4¢2,  8g¢*T @.17)

Notice that as the cavity field is turned on the population inversion starts going down. We can now
compute:
4ig Dy

§= a (4.18)
'+ 8¢? 2
T wople
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Photon statistics of a laser

We now move to a more standard model for deriving equations for the reduced density operator of
the cavity field alone. The goal is to find the photon number distribution of cavity photons below
and above threshold and see the transition from thermal light to coherent light in the cavity output.
The model is used extensively in Quantum Optics textbooks (Milburn, Scully, etc). It consists of
a collection of four level atoms where the important ones are levels |2) (excited) and |1)(ground)
both of them decaying to some other levels with 9 (from |2)to |4)) and with y;(from |1)to |3)).
There is no spontaneous emission (or negligible) between the lasing levels, and the transition is
coupled resonantly to a cavity field.

Model assumptions

The atoms are prepared in the excited state and sent through the cavity spending a time 7 inside
which is much larger than the time it takes the atoms to reach steady state (roughly given by 7; . 21).
The rate of which atoms are pushed into the cavity is r (understood as number of atoms per unit
time). The probability of an atom entering the cavity during a small time interval At would then be
rAt while the opposite event has the probability (1 — rAt). We now assume that at time ¢ the cavity
field is in state p(¢). After the passing of an atom through the cavity the reduced cavity field density
operator becomes

Pr(t+Ar) = Z(A1)pr(1). (4.19)

Summing together probabilities that either an atom passed or not through the cavity we will have a
final density operator for the cavity:

Pr(t+At) =rAt 2 (At)pr(t) + (1 — rAt)pr(t). (4.20)
In the small Ar limit, we will have an effective reduced master equation:

dpr(t)
dt

after writing the difference as a derivative and adding the decay Lindblad term for the cavity field.

=r(Z —1)pr(t) + kZalprF], 4.21)

The action of a single atom on the cavity field
Let us now focus on deriving the action &?(Ar). We set the initial time to zero for simplicity and
consider an initial density matrix generally expressed as:

Pr =Y, Puu(0)|n){ml. (4.22)
n,m=0

Of course the atom initial density matrix is |2)(2|. We will show that

pr(Ar) = i 0551 (0) [Apm|1) (| + B |n+ 1) (m +1]]. (4.23)

n,m=0

The master equation to be solved during the Af time interval evolution is:

d’;it) = % [H,p|+7Y%s [Pl +7YZs 1P, (4.24)

where o; = [3)(1| and 02 = |[4)(2| and the Z superoperators acts as usual as Lindblad terms
describing decay. Notice that one can rewrite the master equation in the following form:
dp(t) i

C = = = | Hegp—pHy | +Rlp), (4.25)
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grouping recycling terms:
Rlp] =2y [ol po! +oxp0) ] : (4.26)

and adding the rest in an effective Hamiltonian (careful that this is an effective non-hermitian
evolution operator)

H.rr=H—iy (GITCH +6§62>. (4.27)

A zeroth order solution can be found by taking the derivatives of the following function:

po(r) = B(1)p(0)B' (1) = 5(1)[p (0)], (4.28)
satisfying the equation:
d ' N
p;t(t) = % Herppo(t) — Po(f)H!ff : (4.29)

Now we look for the next order solution of the form:

p(t) = po(t) + B(1) [p1 ()] BT(¢) = S()[p(0)] + S(1) 1 1) (4.30)
One can check that the master equation turns into:
dpo(t)
dt .
= = [Hespo— oy, | + 1 [HerrBO) o1 (0] B ()~ B() (o1 (0] B (0, | +
Rlpo + B(t) [R[p1 (¢)]] B (¢).

+B(1)[p1(1)] B (r) + B(1) [p1 (1)) B (1) + B(1) [p1 (1] B (1) = 4.31)

After simplifications one arrives at (ignoring the last term):

dpi(t)

T =B [Rlpo()]] B (1) = S() [RIS(1) [p (0)]], (4.32)

and integration gives:

At
pr(an) = [ drs()RIS() (O] 433)
0

Finally, one can put it all together:

At
p(Ar) = 5(Ar) [p(0)] +/dt5(f) [R[S@) [P (O)]]] + ... (4.34)
0

After painful calculations one can derive the next order terms and show that they are vanishing.
Let’s therefore focus on the zeroth and first order term. We are left with evaluating terms like:

B(Ar)|n)[2) = ¢, (Ar)|n, +) +c,, (A1) |n, =), (4.35)
where the states defined as
1

Iny) = 7 [|n,2) & |n,1)] (4.36)
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are the polariton states in the n + 1 excitation manifold. One can find a simple expression (based on
the assumptions y; = 7»):

ch(Ar) = z\—ﬁe*"g 1l YA (4.37a)
1 .
c, (Ar) = Z\—Eew"*“e%f. (4.37b)

We can find the first action:

S(0)[p(0)] = BOP(0)B' (1) = [ef ()ln) 4y ()] [ef () +c " () (] . (438)

When plugged in to replace the zeroth order solution the results is zero in the limit Ar > y~!. The
next term however will not vanish. Let’s first calculate one term to get an idea what the recycling
term does.

R{lny){ni|] =2y [Gl Iny)(ni|of +G2|”+><"+|G§} = (4.39)
Then we can work out all the other terms and trace over the atomic states to obtain:

(1) + e (0] [ () + ¢, ()] |n) (m] + (4.40)
(1) =y ()] [ (1) = " (0)] [n+ 1) (m+ 1]

Finally, performing the integral over the first order solution one obtaines:

Tra [S(6) [R[S(2) [P (O)]]]] = 7 [e

oo

pr(At) = Z‘iopfm(o) [Aum|n) (m| + By n+ 1) (m+1]], (4.41)
where
At
Apn = / dt [c)f (1) +c, ()] [eh (1) + ¢, (1)], (4.42a)
OAt
By = / dt [c (t) = ¢ (0)] [ (1) =" (1)] - (4.42b)
0

For the diagonal elements one can check that the result is:

2 1 2 2

Ay = SN2V (4.43)
2¢°(n+1)+7y

Bun =1—Aun. (4.43b)

The reduced master equation and photon statistics
Putting together the results of the last two subsections we get an effective master equations written
as:

dPum N \/7% (m+n—}—2)/2+(m_n)2/(8ns)
dt o |:1 —I—(Yl—i-m)/(zns)pn*l,mfl — 1+ (n+m+2)/(2ny) Prm | + (444)

& 2/ D)0+ Dpusimes = (1 m)pun
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The gain is derived as:

: 7

G= E, where Ny 5 (4.45)

oq

Focusing now on the photon number distribution, let’s consider the diagonal elements (p, = ppn):

dpn G n+1
dt |1+t )"

We will analyze some simplified cases.

n
1+n/nspn—l +2x[(n+1)ppi1 — Knpy] . (4.46)

Thermal statistics (below threshold)
The first one assumes 7n; > 1 such that the average photon number is much smaller than ng. This
allows the approximation leading to:

d
CZ” = —G[(n+1)py—npu_1]+2K[(n+1)pay1 — Knpy). (4.47)
In steady state one can show that the solution to this recursive equation is:
G n
= — ] . 4.48
Pn = Po <2K> ( )

Together with the normalization condition ) p, = 1, one can deduce

G —1 G n

This can be casted in terms of a black-body radiation distribution with the identification:

G _ho

ﬂ =e kT,
where one computes the effective temperature for values lower than the threshold. Notice that the
average number of photons in the cavity (in thermal state) is

G
2k—G’

As a remark, the amplitude of the field is zero; characteristically of the thermal state, the average
photon number instead is non-zero and equal to the fluctuations.

(4.50)

n=

4.51)

Poisson statistics (well-above threshold)

We now assume that we are well beyond threshold such that 77 > n; and only look at photon
numbers around the average (since we expect a Poisson distribution quite narrow far from the
threshold). We can approximate again:

d
P = —Gngpy = noput] +2K[(n+ 1)pass — Knp,). (4.52)
Setting steady state condition, the recursive equation leads to the following solution:
—n
Dy = e—ni’ (4.53)
n!

with an average photon number
Gng
2K
This is a Poisson distribution made up by the contribution of many coherent states with different
phases.

]/_l:

(4.54)
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Four-level system: Laser linewidth.

The phase of the output light is undergoing a continuous phase diffusion owing to the spontaneous
emission events accompanying the coherent exchanges between excited atoms and the cavity field.
While the Poisson nature indicates that the amplitude of the cavity field stays pretty much stable,
we can derive an equation for the damping of the phase. Let’s first write:

(a) = Trlapr] = Z (nlapr|n) = Z VPup—1- (4.55)
n=0 n=1
and its derivative
d > d
—{a) = — Pnn—1- 4,
AL n;\/ﬁdtp, | (4.56)

Using the general equation derived above for the laser, one can show (see Scully) that:

d G 1/(4ng)—1 G
' = "7 LT @t O P = T (47

n=1

We can also look at the laser field spectrum defined as (and using a quantum regression theorem):

S() = ;27[ [ aztal (@a(o)e ot = Flpe i) = —" . 4.58)

21 (G)?
®>+ (57)
The conclusion is that the laser spectrum is a Lorentzian with a linewidth of

G

rAw= 2.
® =30

(4.59)



5.1

of atoms

Up to here we examined fundamental processes between quantized light (photons) and static two
(or more than two) level systems. However, as a photon is emitted or absorbed by an atom a transfer
of momentum occurs modifying its initial motional state. In order to properly account for this we
will supplement the starting Hamiltonian of a TLS in a box containing quantized light with the free
particle Hamiltonian. This allows us then to derive the effect of stimulated absorption/emission
as well as that of spontaneous emission on the atom. The fact that light can have an impact on
the motion of atoms also means that manipulation of its state means of lasers is possible. In a
semiclassical approximation we then exemplify a simple derivation of the cooling force of a TLS
in plane and standing waves. This is known as Doppler cooling. We describe its particularities
including the final achievable temperature. We also shortly review dipole forces (arising from
motion in focused light beams used in optical tweezers) and describe the mechanism for polarization
gradient cooling.

Light-induced forces.

Let us consider an atom moving in one dimension only (axis y) and quantize its motion (that of
the nucleus) by imposing the commutation relations [§, ] = ifi. In the absence of any confining
potentials or interaction its evolution is described by the kinetic energy operator p>/2M. One
can go either in the position or momentum representation to describe the system’s evolution. We
choose (for a good reason) the momentum representation where the basis is given by |p) such that
plp) = p|p) and p|p) = ihd, |p). Notice that in this reciprocal space representation the action the
following action is simply a translation (the proof involves a Taylor expansion)

¢ |p) = |p+nk). (5.1)

Of course the atom, as it has an internal electronic structure will also have the following free
Hamiltonian #wc ' o. The basis for the Hilbert space just increased as it contains |g, p) or |e, p).
On top of this the atom is always in contact with the electromagnetic environment. We also assume
a laser drive, which after the Mollow transformation (presented in the first chapter) is included as a
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Figure 5.1: An atom is assumed to move in one (quantized) direction y and can be driven with
z-polarized fields. The laser drive is in the positive y direction with momentum kq. Photons can be
spontaneously emitted in all directions meaning that the recoil kicks suffered by the atom can be in
any direction. However, we only quantify the mechanical effect in the direction of interest.

semiclassical term. We fix the direction and magnitude of the laser drive as ko&,, Rabi frequency
Q, and its frequency @y. Let’s write the total Hamiltonian:
p? . - I
H =21 +hayo o+ Zha)kaltak +hQYy (Ge’w"e_’koy + GTe_’“’”e’koy) (5.2)
k

+Zhgk (O‘alte—ikyy\e_i(kxxﬁ‘kzz) _i_ako_'j‘eikyyei(kxx_,’_kzz))
k

Notice that as we only quantized the motion along the y-axis we write the other two coordinates
without a hat. Also we have assumed that the electronic transition can be excited only by a z-
polarized light field. The total Hilbert space now spans all the momentum states, the ground or
excited for internal electronic states and all the states of the photon field with occupancies from 0
to infinity. However the interesting states are limited to initial states of the form: |pg) ® |g) ® |0)
or |po) ®|e) ®10). We basically reproduce the derivation of fundamental light-matter scattering
processes described in the first chapter but considering now the change in the particle’s motion.
First we take the atom in the ground state and compute the final possible states:

2 .
H|po) @) ©10) = 2 |po) @ |g) ©0) + he ™" |po — ko) @ [e) @ [0) (53)

We have just deduced that the stimulated absorption process is actually accompanied by a change
of the state of the atom by the photon transferred momentum. Notice that, as expected, the vacuum
states do not play a role in this process. However, when starting in the excited state we will have a
different expression:

M
+Y hgre ®F e D) | by — hky) @ [g) ®10)
k

2 .
H |po) ® |e) ®10) = (& +th) |po) ®|g) @ |0) + AQe'™" |po + hiko) @ |g) @ 10)  (5.4)

The above expression includes terms associated with the stimulated emission showing a change in
the momentum by 7iky (opposite in sign to the change acquired with stimulated absorption) and
changes in momentum with the projection on the y-axis of the momentum of the spontaneously
emitted photon 7k,. Let us now proceed by deriving a fully quantum expression for the force acting
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onto the atom by making use of the Heisenberg equations of motion:
31 =i (e [, pl + 6T [T ) (5.5)

+ Zigk (Gaiz [e*ikvﬁ7ﬁ]e*i(kxx+kﬂ) + akGT[ lkvyjp] i(kyx—+k, Z)) .
k

We see that we need to evaluate commutators like [¢***, p]. This we can do by expanding the
exponential

g - ) (i)' (k)2 (k)P s
P FZO A = 0 (i) - - 2ih9 + S 3in = ke, (5.6)

Above we have used the general rule that [§/, p| = [$9/ 7", p] = $[3/ ', p| + [, p|3/ ' For the sign
change in the exponential we obtain a simple sign change in the momentum: [e~*, p] = ke’ .
Finally we can properly write the equation of motion.

0 p =ihkoQ (Ge"“’”efikoy — GTefiw”e"k(’yj (5.7)

I Z ifkygi ( c alf( ok gmilkexth) _ g 5 gk pilkrtke z))
Kk
‘We obtain two contributions, one from the laser drive and a second one from the vacuum field.

Doppler cooling

Any light emission or absorption event by an atom is associated with a transfer of momentum
Ap = hk = ho/c. If absorption is followed by stimulated emission then the momentum change at
absorption will cancel the momentum change at emission and no net momentum is transfered to
the atom. If absorption is followed by spontaneous emission, as the spontaneously emitted atom,
on average a net momentum change will be obtained. Assuming an atom initially at rest, the recoil
energy can be computed from the acquired kinetic energy (Ap)?/2m. One can then define a recoil
frequency:

Ap)r  (hk)?
hi@yee = (2’2 = (2,3 . (5.8)

For atoms, the value is typically in the range of kHz. To derive the effect of a light field onto
the motion of an atom we will first consider a semiclassical formulation where the atom position
and momentum are classical parameters undergoing some trajectory described by R(z) and P().
We will the write a Hamiltonian that has these variables as parameters (so it is a time dependent
Hamiltonian):

Hprp =Hs+Hy +Hpp+Hp v, (5.9)
separated into free atom Hamiltonian and free vacuum field Hamiltonian,

Hj + Hy Zh(l)egGTG—i-Zh(Oka;:ak. (5.10)
k

classical laser-atom interaction (already in the rotating wave approximation)

Hyip =h[Q(R)oe™ +Q*(R)o e '] (5.11)
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and quantum vacuum field-atom interaction (also already in the rotating wave approximation)

Hyy = hZ(gkazGe_ik‘R —|—g,’§ak6Teik'R). (5.12)
3

We can derive a semiclassical force operator:
F(R)=—(VH) = —(VHa_1) — (VHa_v), (5.13)

stemming from the effect of the laser onto the atom and of the vacuum onto the atom as well. The
vacuum force is a zero average force as one can derive from applying the gradient: Ve* X = ke*"Rand
summing over alll directions. Let us analyze the laser driving induced force which is

—(VHy 1) = —h[VQ(R)] (6)e'® —h[VQ*(R)] (c")e®" (5.14)

The averages that we have to compute are simply the density matrix elements p,,, pge (coherences)
in the fast rotating frame. We can reexpress

F(R) = —2AR [VQ(R)pege' '] . (5.15)

Let us assume that the atom is driven by a plane wave with k = kZ propagating from left to right.
The electric field assumed polarized in the £ direction is a sum of positive and negative frequency
terms: a plane wave with the electric field:

E(R,1) = EM(R,1)+ET)(R,1) = Ege ' R 4 Eyel® =R — (5.16)

= 2Epfcos(k-R— wpt) = 2Eycos(kz — mt). (5.17)

We aim at computing the semiclassical force expression from the expression above with Q(R)
replaced by Qe’**. We immediatily see that

F(2) = —27kQR [pegeikzei“’“} : (5.18)

Modified Bloch equations

We have previously derived a set of Bloch equations for static atoms. Now the driving Hamiltonian
has a position dependence on theR function:

Hyy1 = Q[ oe el 4 gt elemiont] (5.19)

It is easy to compute the modified Bloch equations in the original frame (making no transformations
yet)

d o . .

Epee = —YPee — iQ [eiletelkZpge - eleteilkzpeg} ’ (5-20)
d Y - -0 Jikz —iopt

JiPes = ~3Peg — 1 WegPeg +iQe e (Pgg — Pee) - (5.21)

We see that in order to eliminate the time dependence we will have to transform to a slow moving
frame by removing the laser frequency: pe; = Pege'®'. WithA = w,, — @y, we have

d . < . [Likex i
—Pee = —YPee — I£2 eknge*e ke

0 Pec] (5.22)
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d . Yoo nsx iy —ikiix &

Epeg = _Epe(g — iAPeg +iQe " (Pgg — Pee) - (5.23)
We will now assume that the atom is instanteneously performing a linear motion with constant ve-
locity such that z = vt. The terms e/** = ¢/ give time dependence which we again can eliminate via
the usual transformation Peg = Pege’™ s0 that poe = Pege™ K" e P! or inversely P = Pege’™ e/

d _ - o~ _

apee = —YPee — iQ [pge - peg] ; (524)
d _ Y- . = ‘O, kz (3 5

Epeg = —Epeg — i (A—kv) Peg +1Q2e™ "™ (Pgg — Pee) - (5.25)

If we look at the new detuning appearing above A — kv = @,, — @y, — kv we notice that this simply
shows a Doppler shifting effect. In other words, when the atom is moving away from the laser, it
looks as if the laser has a lower frequency by the quantity kv.

Steady state

Let us look at the steady state of the system. We set the derivatives to zero and remember that
Peg + Pee = 1. We then get (see Lecture 3)

_ Q/2 ) AQ
Peg = — e/ . i S . (5.26)
V)44 (A—kv)"+2Q2 2 /4+ (A—kv)"+2Q2
We only need the real part of this expression and obtain the optically induced force as:
QZ
F(z) = hk " (5.27)

2.
Y24+ (A—kv)? + 202

Notice that for an atom at rest the force is positive and has a maximum value of 27k /7 (in the limit
of high pumping power). The origin of the force is in absorption-spontaneous emission cycles
where a momentum /ik can be imparted to the atom and not compensated by the stimulated emission
—hk imparted momentum. In the limit Q < y and kv < Awe can expand the force:

F(z)=h

7 . rQ? Y kA , R
k 2~ < hk + hk vZ=(Fp+pv)Z. (5.28)
')/2/4+(A—k\/)2 { »}/2/4+A2 [,}/2/4+A2]2 ( 0 ﬁ )

The first one is a constant force while the second gives rise to friction as it is proportional to the
velocity and it changes sign as the detuning is changed. Notice that changing the direction of the
laser propagation corresponds to a sign flip of & resulting in:

F(z) = (-F+pv)z (5.29)

Force experienced in standing waves

We now assume two counterpropagating waves making up a standing wave. We can then write at
the position of the atom (for a sum of waves coming from the left and from the right):

ERt)=E DR O+ES (R ) +E 7 (Rt) +EY ) (R1) = (5.30)
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= Ege 10U oF R 4 Bl o= RR 4 ool kR o Bpi®il o=k R — 2y cos(k - R)e " 4 2Eq cos(k - R)e'® =

(5.31)

= 4Ecos(k- R)sin(wyt). (5.32)

As above we restrict to the z direction and replace Q(R) replaced by Qcos(kz). We immediatily
see that

F(z) = —21kQR [pegsin(kz)e™'] 2. (5.33)

One has therefore to rederive the Bloch equations and their solution for the two waves. However, as
intuition also dictates, in the limit of low intensity the interference between the two waves vanishes
and the total force is simply the sum of the forces of two counterpropagating waves:

Fstanding<z) = (FO + ﬁv) Z+ <_F0 + ﬁv) = 2[;‘}2 (534)
The net effect is that an atom can be cooled with a damping rate

QZA
_pr 8 5.35
ey (53

The maximum cooling rate (for negative detunings so that the rate is negative) occurs at A =
—v/(2v/3) and equals:

61/3Q?
Bax = —hk> . (5.36)

We can write an equation of motion for the momentum:

2
p= ——ﬁ p. (5.37)
m
The solution is an exponential decay of the momentum to zero:
7%1
p(t) =p(0)e (5.38)
The cooling rate is:
2B hK> 4yQ2A 4yQ7A
e = Qe (5.39)
mo2m [y /44 A [ /4+ 4%

Remembering that we asked for the pump to be weak with respect to the decay rate, even at optimal
detuning, the cooling rate is limited by the recoil frequency, thus in the range of kHz.

5.3.1 Final temperature

To obtain the final temperature of the cooled atoms one has to model the random kicks obtained
from spontaneous emission. They lead to a diffusion process which limits the final achievable
temperature or in other words leaves the atom in a state with momentum uncertainty characterized
by (Ap)?/(2m) = kgT /2. For a simple justification of the origin of the diffusion process let us go
back to the starting point of our derivation and start again with the full Hamiltonian
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Hprrp =Hy+Hy+Hy+Hp vy, (5.40)

but this time we add the kinetic energy operator in the z direction
p\Z
Hy+Hy = 7+h0)egGTG+ZhO)kaZak. (5.41)
2m R

We have assumed a single direction of interest z with a quantized momentum p. Now we don’t take
the classical limit but directly derive Heisenberg equations of motion for the momentum operator:

' oL PO/ .
p=—[H,p]=—~[Har,p)+ —[Ha—v,P]. (5.42)
h h h
The first term will lead to commutators like

- L Ha 1) = 110(2), 5l 0¢™ +1[0°(2) pl o' (543)

Let us assume that the driving is with a plane wave. Then, using
[eiikLz’ ﬁ} — fhketz, (5.44)
the first component of the force will lead to:

i Lo . :

- [Hao_p,p] = —hk;Qoe *t2el® _pk; o't ethize—ion (5.45)
which is quantum version of the classically derived force in the first section. The last term and
quantum vacuum field-atom interaction (also already in the rotating wave approximation)

3 HA VoD zZ gkak { _ikzz,p} + giaro’ { ,p} th gkakde ki grapole).
(5.46)
The final equation is a Langevin type which can be written as:
p=—f(p)+L(), (5.47)
with
Din = — thz(gka,t ce ki 4 grarotelt), (5.48)
k

a zero-average stochastic operator with correlations:
()¢ = (Z hkz(gka,t ce i 4 grapotet) thg (gk/ali,o(t’)ef"kéz +giaro’ (t')e”‘éz)> =
k k
(5.49)
=Y Pk |al* (e’ (1)a (). (5.50)
k

One has to perform the sum over all directions of the emitted photon and then obtain a result:

(C(1)¢(r") =Ds(r—1"). (5.51)
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In general D depends on a few factors especially on the excited state population. However, the
expression can be greatly simplified in the optimal cooling regime:

h
p = "Crec¥ (5.52)
2

We will now use the previously derived result and write an effective equation for

(C(@)E(t") =Dt —1"). (5.53)
The equation of motion for the momentum has now damping and diffusion

2
p0) =~ iy v ¢, 5.54)

and we will consider in the following the scenario where the damping is optimal such that —% o~
;... The formal solution is

p(t) *wrect_i_/dt/ — Wy (t— t (/) (555)

We will only look in the long time limit # > @_,! where (p(¢)) = 0 and

rec

t t
= / dt' / dt" e @reet=1) = O t=1") (2 (1) £ (1)) = (5.56)
0 0
, 1 -2t D
=D [ di'e 20ecli™1) = [P~ 2! ~ 5.57
/ ¢ [ ¢ } 2a)rec 2()Orec ( )

In consequence the final variance of kinetic energy will be
(Ly= 2
2m’ 2 4

This can be expressed as an effective temperature by assuming that the equipartition theorem applies

(5.58)

and the system is in thermal equilibrium (£~ P ) = kpT,rs/2 such that

h
Toir =75 13; (5.59)

Semiclassical gradient forces (trapping in focused beams)

Let us consider now a focused light beam propagating into the z direction and with a strong variation
along the transverse (x,y) coordinates. We can compute the force in the transverse direction as:

F(x,y) = —20R [V 1 Q(x,y)pege’ ] . (5.60)
We can use the result computed above

Y(x,y)/2 _l. AQ(x,y)
P/A+(A—kv)? +2Q(x,y)>  72/4+ (A—kv)? +2Q(x,y)?

Peg = — (5.61)
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in the limit Q(x,y) < y and assuming small velocities, we can derive

2hA

TPJArA ViQ (x,y). (5.62)

F(x,y) =
Let’s see what happens for a Gaussian beam with a minimum at x =0,y =0:
Q(x,y) = Qe T/, (5.63)

The gradient gives:
-2 (242w s A R -2
Vi@ (xy) = 3 QeI (x4 ) = Q% (x,y) (5.64)

so that the force is

2N =2

2= 202 ~ ~
Fag iz Y ) ). (5.65)

F(X,y) =

By adjusting the sign of the detuning, the force can push the incoming atoms towards the center
of the focused beam thus providing a means for trapping them (assuming some loss of energy
allowing for trapping occurse at the same time).

5.5 Polarization gradient cooling

We have see above that the limit in Doppler cooling is the spontaneous emission rate. This is
typically in the MHz regime. One can however, go below that, to the recoil limit by assuming
that the two counterpropagating waves have oposite polarizations and that the atom is a three level
lambda-system where each transition can only be driven by a given polarization.

5.6 Other cooling techniques
5.7 Exercises






6.1

We start by deriving the relations between the noise spectrum and the damping rate and occupancy
number for a good macroscopic mechanical oscillator (large quality factor) in the presence of a
quantized thermal bath. We then describe the coupling of a cavity mode to the vibrations of a mirror
or membrane in a standard optomechanical scenario. Classical considerations based on the transfer
matrix approach are used to derive the modification of the cavity resonances in the presence of small
resonator displacements. The full quantum model is then analyzed in a quantum Langevin equations
picture and fundamental concepts such as optomechanical cooling in the resolved sideband limit
derived and discussed.

A macroscopic quantum oscillator in thermal equilibrium

Assume a macroscopic quantum oscillator of frequency @, in thermal equilibrium with the envi-
ronment at some temperature 7. We can write a set of Langevin equations to describe the dynamics
of the oscillator (in terms of dimensionless quadratures):

g=0np,  P=—YuP— Onq+{(1). (6.1)

Remember from exercise 1 that the dimensionless quadratures are defined by the following renor-
malizations py = pvVmh® = pp,pm and x = g4/ % = gXzpm. The zero point motion x,pm simply
gives the spatial extent of the wavepacket in the ground state (around 10~!3m for micro-to nanogram

oscillators), while the zero-point momentum is p,pm = 7 /xzpm. The model includes a noise terms
responsible for thermalization and damping at rate ¥,. The correlations (in the time domain) are:

how
2kpT

(&N = Z)—m / doe g [coth +1] = % / doe 1S, (),  (6.2)

where the thermal spectrum of the stochastic force has been denoted by Sy, (@). We will assume in
the following two things: 1) the oscillator is a very good one such that ¥,, < ®@,, and 2) 7@, < kgT
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such that x = h®,, / (2kpT) < 1. One can then make the following approximation:

ho  +e ™ e+1 242 1
th = = ~ =1+-. 6.3
€0 2kpT e —e™* e —1 2x + X ©.3)

Now notice that the average occupancy is

A=~ — (6.4)

such that we can approximate the thermal noise spectrum at +@,, as:

[0 ho, Wy 1 _ _
Stn(om) —}/mw—m [cohszT —|—1] Yin— o, [1+2)C+1] =2 (A+1), (6.52)
L~y —haw, B 1 B _
Stn(— @) = Y . [ooth esT + 1} = —Yn [ 1 7 + 1] = 2%nfl. (6.5b)

Notice that both the decay rate and the thermal occupancy can be derived from the the thermal
spectrum: First observation is that the spectrum difference at sideband frequencies indicates the
decay rate:
S D) — Sin(— 0 Sin(—o,
= th(+ m) th( m) and i — th( m). (66)
2 2%

Now let’s see what this means. We use the Fourier domain transformations we have introduced in
Lecture 6.

1 : 1 .
0)=Fqt :—/dt et t :—/dco w)e ', (6.7)
(@) = Zlqe) = = [ dratr) alt) = = [ dog(o)
First we will analyze the properties of the noise in the Fourier domain:
(C(0)¢(0 / ar [ ar / d@"e= " (=), ()t O 5, (0)8(0+ @),
(6.8)
We will use the property that the Fourier transform of a derivative is .% [§(7)] = —iwg(®) and

correspondingly transform the equations of motion:

—ing(®) = o,p(o), (6.9a)
—iop(®) = —Yup(®) — 0ng(0) + (). (6.9b)

We can the write an effective equation for the position quadrature in terms of the mechanical
susceptibility

O

Q(w) = 8((1))C(CO>, with 8((0) = 02 — 2 — Y@

(6.10)

One can now compute the variance of the quadrature in steady state:

2n/dw/dw @))e e = o /da)|£ (@)]*Si(). (6.11)
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Notice that the susceptibility function is sharply peaked at +w,,and also that [;°dw|e(®)|> =

7/ (2%y). This allows us to simply estimate the slowly varying function of the spectrum at the + @,
leading to

| 1
(@) = g (S(= ) + S (+0m)) =i+ 7. (6.12)
Similarly one has
(P(1) ﬁ+%, (6.13)

fulfilling the equipartition theorem. Of course this is what we would have guessed from the
beginning imposing that in steady state, under thermal equilibrium, the equipartitition theorem
holds and one would have (g) = (p) =0and 1/2 [(¢*(2)) + (p*(1))] =i+ 1/2.

Transfer matrix approach to optomechanics

A given resonance of a cavity of length £ is given by

_ 22;;; — %m (6.14)
and its variations with respect to small cavity changes would lead to
0(3r) = em= T (1—5;‘) 0’0(1—5;) 6.15)
A direct naive Hamiltonian for the optomechanical interaction can be directly derived as:
H = hay(1 — (S;)a a+ h%(q +p?). (6.16)
Writing 0x = x,pmq the effective optomechanical coupling is
gom =2 — (6.17)
The full radiation pressure optomechanical Hamiltonian becomes then:
H = hoga'a+ %(q2 + p?) +higoma'ag. (6.18)

Transfer matrix for end-mirror

The naive approach can be supplemented by a more rigourous approach based on cascaded transfer
matrix multiplications

Mo = | HE ] T s |58 1 5] (6.19)

Looking at the matrix element giving the amplitude transmission coefficient we get:

1
$2eik(+8x) 4 (1 — j{)2e—ik((+6%)°

t(k, 8x) = (6.20)
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Imposing the resonance condition for the static case with dx = 0 we find the system resonances
where the denominator is exactly unity. We can then write

g2l (1 —ig)2e—thl = 1. (6.21)
Neglecting terms involving the product of small variations 6kdx, we can expand

MITO0) = gihol Ok gihodx kol (1 4 j05k) (1 4 iko ) ~ ™! [1 4 i(£8k+ koSx)] . (6.22)
Lets rewrite the denominator using this expansion

7 (k, 8x) = §%e™' + (1 —i§)2e ™0 i [§2 — (1 —i8)?] (£8k+ koSx). (6.23)

The first terms gives unity and we ask for the second term to vanish in order to reach the modified
resonance. This gives a very simple result:
o0k ko
Sx U’
which one immediately sees to coincide with the prediction of the naive approach previously used.

(6.24)

Transfer matrix for membrane-in-the-middle approach

The naive approach however does not help us for deriving the proper optomechanical interaction
of a membrane-in-the-middle setup. We have to properly write the transfer matrices and compute
the resonance changes with respect to small variations of the membrane’s position around the
equilibrium. Let us write the whole matrix as:

M(k,x) = [1:_25 1£’C} [ez’l e%‘} [lj’éim 11%2”1} [ez)z 6%2} [lji? 1(5215)]'

We have assumed the membrane to have a susceptibility &, and the two phases accumulated during
the evolution of the field between the left mirror and the membrane and the membrane to the right
mirror are ¢y psuch that ¢y + ¢, = k¢ and @; — ¢ = 2kx. Multiplying we obtain:

1
(1+i8n) §2e* +28 8 (1 —i8) cos(2kx) + (1 — iGy) (1 — i§)2e—kE
The resonance depend on the positioning of the membrane inside the cavity. Let us assume a fixed

position and variations around it xp + dx leading to changes in the resonance kg + 6k. Rewriting
the denominator

(8K, %) = (1+iG) £ + 20 £ (11— iC) cos (ko) + (1= iGy) (1 — i)~
6.27)

t(k,x) = (6.26)

+ ™ (14iG) §(i8K) +28 G (1 — i) (2sinkoxo ) (x0 8k + ko Sx)
+e®t (1 —ig,) (1 —il)*(—itSk).

We now set the first part (the unperturbed resonance condition) to unity and ask for the second part
to vanish.

[(1 Fil,)C2e 0l — (1 —it,)(1—il)Pe | ieSk+ (6.28)
288n (1 —il)(2sinkoxo) (x00k + kodx) = 0. (6.29)
Working it out a bit we get

% i Zkao sin 2kox0 (6 30)
Sx  L(coskol — &y sinkgl) — 2x0&,, sin2koxg ’
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Quantum cavity optomechanics

Having derived a model for the optomechanical interaction, let us see the effect of a driven cavity
onto the mechanical resonator. We start with the Hamiltonian

_ 1) . . o
H =haya'a+ hTm(qz + p?) —higoma'ag — ik (ae'®! —a'e '), (6.31)

to which we add dissipation as a Lindblad term at rate k for the optical mode and via the correlations
described above for the mechanical resonator. We will work the dynamics in the Langevin equations
formalism. We get the following equations of motion including noise in the momentum and the
cavity field operator:

4 = Onp, (6.32a)
D= —"YmP — Ouq+goma a+{(t). (6.32b)
a=—(k+iAo)a+igomaq + 1N+ V2Kain, (6.32¢)

where Ag = @y — @y

Steady state solution

We can first solve the steady state problem by expanding a = & + da, ¢ = g5+ 6q and p = ps+ Sp.
From the steady state equations (of course we took an average that canceled all the zero-average
noises and fluctuation terms)

0= @mps, (6.33a)

0= —YuPs — Ongs + gom| |, (6.33b)

0= —(x+iAo)a+igomOgs +1, (6.33¢)

we derive
ps =0, (6.34a)
goMm 2
s=-——lalf, 6.34b
9= [ (6.34b)
g2
a [K+i(Ao—£M|a|2ﬂ =1. (6.34c)

The last equation can have more than one solution. It gives rise to bistability. Let us assume a
steady state solution exists with & and gsnon-zero and we compactly write the detuning

2
A:AO—%—MWF. (6.35)

Linearized Langevin equations (for fluctuation operators)

We can now write equations for the fluctuations

8q = w,dp, (6.362)
8p=—Ym0p— 0,8q+G(8a’ +8a)+{(t). (6.36b)
da = —(x+iA)Sa+iGSq+\2xap, (6.36¢)

Sat = —(x—iA)dd" —iGSq+V2ka . (6.36d)
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One way to proceed with solving the set of equations is to transform them into the Fourier domain:

—iwdq = ®,0p, (6.37a)
—i®8p = —YuSp — 0,8q+ G(8d" + 8a) + {(w), (6.37b)
—iwda = —(k+iA)Sa+iG8q+2Kai, (6.37¢)
—ioda" = —(k—iA)8a’ — iGSq+ V2Ka . (6.37d)

More compactly, we have a modified version of the Fourier domain response of the mechanical
position operator:

8q(®) = &u(0) [G(8a" + 8a) + ¢ ()], (6.38)
with the mechanical susceptibility
O
() = . 6.39
&n(©) 02 — 0> — iy, o (639)

One should understand the equation above as a competition between two noise terms: 1) from the
thermal environment and ii) via the cavity mode. Expressing the cavity operators:

[(Kk+iA) —iw]|da =iGoq+ V2Kain, (6.40a)
[(k—iA) —io) 8a’ = —iGSq+V2ka] , (6.40b)
and with notation:
1
- 41

er(w) TS ETS (6.41)

we can write in simplified fashion:
Sa(w) = &/(w) [iqu + \/zmn] : (6.42a)
Sa(0) = €}(—o) [—iGSq + \/2mjn] . (6.42b)

Plugging it back in the equation for the mechanical position:
{e," (0) —iG* [e/(w) — €f(—w)] } 8 = V2kG [sf(a))ain + 8*(—(1))61;} +{(w). (6.43)

We have an effective modified susceptibility and an effective input noise. Let us analyze the
susceptibility first:

£, =6, (0)—iG* [g/(w) — €} (—w)] (6.44)
PR 2 . .2 1 1
W _w’" O @~ G7 Dy |:i(ACO)+K‘ —i(A+ a))+1<”
= - —UimW — G m -
P e [(A—a))hﬂcz (A4 w)>+ K2
! -a)z 0° — i%,0 — iG*k® ! ! +
=— — 0 — iYW —i » —
Op | " Y A—0)?+x? (A+w)>+xK2
> (A—o) (A+ o)
+o “’"’[(A—w)2+1<2 Arorie]

The imaginary term gives a renormalization of the damping rate. Evaluating at the mechanical
frequency we get:

(A= 0,2+ (A+ @) +K>
The real term is a renormalization of the mechanical frequency (optical spring effect) and it’s
typically small unless the oscillator is slow.

1 1
Lopt = G*K [ ] : (6.45)
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Perturbative approach
Taking the approach sketched in the first section, we can simply find all the properties of the
oscillator in steady state by analyzing the correlations of the noise. Let us denote by

in

Fopt (@) = V2KG | &7(®)ain +e*(—w)a%} , (6.46)

the optical zero average Langevin force stemming from the optical field action onto the resonator.
The correlations are straightforward to compute

(Fopt (@) Fopr (")) = 26Gef (@) e (~ @) {ain (0)a;, () = 2KG? |gs(0)]*8 (0 + o).

in

(6.47)

We then simply have to compute the spectrum at the sidebands:

Sopt(£0m) = 2KG?|er (L @)[%, (6.48)
and we can write the optical damping term as:

Lo = 2o (O] =S =) _ e . e (6.49)

K2+ (0, —A)? K2+ (0, +A)?

The final temperature can then be written as:

negr = Sort (=) + Sin =) (6.50)

2(Topt + Yin)-

The resolved sideband regime
Let us assume @,, > k. We can estimate that the largest damping rate occurs at A = @,, such that

G? KG> G?
Copp= — — ———~ —, 6.51
Pk K440k K (651)

In the limit that T'gp >> ¥, the final occupancy is given by

Yo I
eff = =—) (6.52)
¢ l—‘opt COM
where we can define an optomechanical cooperativity
GZ 2
Com= — = 50M g2, (6.53)
K¥%n KV
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7.1

frapped ions

We describe dynamics of ions in linear Paul traps. The interaction of internal levels with the
center-of-mass motion allows for indirect cooling of the motion to the vibrational quantum ground
state via a properly detuned laser driving. We extend the treatment to two ions where two normal
modes (center of mass versus relative motion) occur in the trap owing to the intrinsic coupling via
the Coulomb force.

Radio frequency traps (short summary)

Let us assume a combination of electrodes that gives rise to an effective quadratic potential (in all
directions) of the form:

P(e32) = o (0 + By + 7). a.1)
Imposing the Laplace equation AP = 0 requires a constraint & + 8 + ¥ = 0 which cannot be
fulfilled. This cannot with only positive coefficients &, 8,7 > 0 (which is the condition for having
harmonic trapping in all three directions). Therefore one should consider an additional time-
dependent potential. Typically one assumes a rf driving (frequencies @;s of the order of MHz) of
the following form:

v

Dri(x,y,2) = (@/x* + B'y* +72%) cos(@nt). (7.2)
Let us consider the motion in the x direction (along the trap axis):
P -
X = _%g = _1\2/1 (U + a'U cos(axgt)) x. (7.3)

We make the following notations:

¢ Ot 40U 200

5 ax—M—wrf, qx =

) 7.4
Va2 (7.4)
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with which we can express the equation of motion as a Mathieu differential equation:

d*x(§)
g

+ [ax — 2gxcos(mt )] x(§) = 0. (7.5)

This is an equation with periodic coefficients that allows the following general solution:

x(0) =AePE Y Crpe® +Be LY o =0, (7.6)
n=—oo n—=—oo
For a linear Paul trap one sets g, = 0 and g, = —¢, such that the rf potential is hyperbolic:
U
Prr(x,3,2) = 5 (¥ =) cos(@nt). (1.7)

In the lowest order approximation one assumes |a,|,¢> < 1 and finds an approximate solution:

x(1) ~ 2ACy cos (ﬁx%"t> [1 _ %cos(wnct) . (7.8)

This is periodic motion at a slow frequency:

4 O

R (7.9)

wx:ﬁx7: a,+

with a amplitude modulated by the rf frequency.

Laser cooling

Let us assume that we have perfect harmonic motion in the x direction and we quantize this motion
via the usual procedure. On top of this we add the internal degrees of freedom for the ion consisting
of two levels resonant to the laser frequency. The laser direction is assumed in the x axis with
wavevector k£ and polarization in the z direction (assuming the dipole is also along z polarized. We
can write the usual coupling by stating the complete Hamiltonian in the Schrodinger picture:

2
1 . . . . .
. &—i—fM(O)%xQ—i-thO"O'—i—hQ [e—lkxdelel‘_'_elkaTe—l(ULt . (710)

H =
2M 2

Let us already write the Hamiltonian of the motion in terms of center-of-mass vibrations operators
for creation and destruction of quanta: b and b'and express

mho b—bT

= 1 —_ T —_— = —_— 11
Px l(b b ) ) Pzpml \ﬁ ) (7.11)
and
X = (b—bT) L = Yzpm. (b-l—bJr) . (7.12)
2mw 2

The Lamb-Dicke limit
Moreover, we will asumme that the motional state is not too highly excited meaning that

kx < 1. (7.13)
This would basically mean that we ask for the Lamb-Dicke parameter

N = kxopm/V2 = V2Txpm /A < 1 (7.14)
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and 1 (h'b) < 1. In such a case we can expand the exponent
R 1t kx=14n(b+0b"). (7.15)

The total Hamiltonian (now written in a frame rotating at the laser frequency such that A = @ — @y)
is now:

H=hob'b+hmo'c+hrQ[c+0'| —imQ[c—o'] [b+b]. (7.16)

We’ll denote wy — @y = A. Let us go back to our previous lecture formulation in terms of
position and momentum and derive an equation with Langevin forces:

q = xp, (7.17a)
p=-wq+inQfo—o'], (7.17b)
6 = —(y+iA)o +iQo. + oy, (7.17¢)
6" =—(y—iA)c' —iQo, + ;.. (7.17d)

We will make a simplification of low driving and replace o, with —1 while considering the noise
terms to be delta correlated: (o, (¢)0; (') = 8(t —1'). In steady state we will have

m

0 = wps, (7.18a)
0=—w.q, +inQ[B — B, (7.18b)
0=—(y+iA)B —iQ, (7.18¢)
0=—(y—iA)B +iQ. (7.18d)

One can now compute

—iQ iQ 270
_B* — _ — 7.19
P=F = A y—ia~ i (7.19)
This leads to
2
_ 2mQ (7.20)

b= o P+ a?)

Now we can again compute the spectrum of the force Fop = nQ [5 o—90 0'""] by first going into the
Fourier domain:

8q(0* — o7) =inQ[§o - 8o'], (7.21a)
0o(o)[y+i(A— )] = O, (7.21b)
8o’ (w)[y—i(A— o) =0, (7.21c)

As in the previous lecture we compute

(Fopt(0) Fopi (@) = N*Qgion(0) €™ (— ') (Gin (@) 0 () (7.22)
=2y Q’|€ion(0)*8 (0 + @), (7.23)

so that we can state that the spectrum of the Langevin force is:

2 2Q2
Sopt(®) = 277202 gion (@) [2 = —— 11 (7.24)

P+ (A-w0)?
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Evaluating the sidebands we find:

1

Copt = YN*Q2 - : 7.25
R P e e 0 7
The final temperature is given by:
— Sopt(_wx)
=" 7.26
SER) (7.26)

In the resolved sideband limit, where y < @y, we can assume that Sep(@y) > Sopi(— @) and

292
Topt = 1 - (1.27)

The final temperature is then

) 2
ﬁ:2y2<}/> . (7.28)

Collective ion frap modes

Let’s consider more than one ion inside a trap. On top of the external trapping potential, the ions
also experience a mutual Coulomb force depending on the distance. In the absence of driving (and
for the moment we don’t consider the internal structure) we can therefore write a Hamiltonian (at
the moment classical) for the two ions in the trap:

QZ

47'[80 \xl —XZ’ '

2 2
1
Hip=21 4 P2y “p2(:d 4+ 23) +

2
2M  2M 2 (7.29)

Equilibrium

The average distance we will denote by ¢ = xgo) — x§0) where the two positions are written with

respect to the origin fixed at the center of the trap. We set the condition for equilibrium by canceling
the force on each ions:

1 20°
— oMo - — = :
0 WX, dneg 2 (7.30a)
1 207
0=2M*x\"  — < 7.30b
;X +47r£o 72 ( )

We find as a solution:

O__©o_. 1 ¢

— 0 . 7.31
o 2 4ey 4M 2 73D
Typically this is of the order of a few microns, providing enough separation that ions can be excited
and imaged independently from each other. Notice an useful expression:

0’ [

— = = . 7.32
4megl3 2 Ox (7.32)
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Normal modes of oscillation
Now we assume small variations of the equilibrium position with x; = —¢/2 + éx; and x, =
£/2+ 8x;. The harmonic term leads to:

1 1 1 1
EMco (I +x3) = gMa)ZEZJr ~Mo?(8x} —|—5x2)—|—2Ma)2€(5x2—5x1) (7.33)

The Coulomb term can be expanded in terms of the small parameter ((dx; — dx2)//)

N 2 1 e [1_5x2—5x1+<5x2—5x1)2]

amey [x1 —xa|  Amegl 14 (8xy — 6x1) /4 4meol ! !
(7.34)
Notice that the linear term can be reexpressed:
0> Sx,—8x; 1 231 0x2—0x; 1 )
=M l’-———— = -Mw;l(x — & 7.35
amegl  { 2 (0 FM@:H(0% = 0x), (7.3)

cancelling the term previously obtained from the purely harmonic trap. Apart from the trivial
energy shifts one gets:

1
Hip= 2”—]\14 + ﬁ + S M@; (833 + 853+ (8x— 31 (7.36)
5—]‘1/[ + 21772/[ —|—wa [5x% + 5x§ — 5x25x1] .

Writing equations of motion

P1

X = e (7.37a)
B = % ’ (7.37b)
p1=—Mo?(28x; — 8x,), (7.37¢)
P2 = —Mo?(28x; — 8x1). (7.37d)
We can simplify to two coupled second order differential equations:
Ox1 = —?(28x; — 8x2), (7.38a)
Oxy = —2(28x; — 8x1). (7.38b)
Assuming solutions of the form A ,¢'®" we are left with the following diagonalization:
20 — 0*)A; — 0?A; =0, (7.39a)
—w?A; + 20? — 0*)A; =0. (7.39b)

The system has nontrivial solutions only if the multiplying matrix has a zero determinant. In other
words, we have to find the eigenvalues of a simple matrix [{2,—1},{—1,2}] which are 1 and 3.
Finally, we have the two modes of vibration (center-of-mass versus relative motion)

® = O, and o = V30, (7.40)

and
1

OxcMm = 7 (5)62 + 5)61) and OXpM = — (5)62 — 6)61) (7.41)

3
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‘We could’ve realized from the start, of course, that one can write:

1
8x3 4 8x3 + (8x2 — 8x1)* = 5 [(8x2+ 8x1)* +3(8x2 — 8x1)?] (7.42)
which would have given the diagonalized Hamiltonian in terms of CM and RM:
harm P%:M Prm |, | 262 1 2¢.2
HY = 20 + 2y T M@ dxem + 5M(\/§wx) SxEn- (7.43)

lon trap logic

Red and blue sideband addressing
Let’s look again on a single ion addressing but now in an interation picture:

H=h1Q[ce ™ +o'e™] —innQ [oe ™ — o™ [be'™ +bTe ] (7.44)

We can set the resonance of some processes by playing with the laser frequency. For example, the
blue sideband addressing where A = @, will lead to the following process being resonant

Hyeq = —iinQ[ob — h.c]. (7.45)
while for A = —w, we would have
Hypye = —iinQ [ob" — h.c]. (7.46)

Let us assume we are in a state |g,n) (see Figure above). From here we either cycle up to |e,n)
and back down to |g,n) via the driving which is uncoupled to motion or up to |e,n — 1) via Hpye or
up to |e,n+ 1) via H,,4. The uncoupled driving could be followed by decay back into |g,n) which
means nothing happened except some recoil kick. The driving to |e,n — 1) followed by decay into
|g,n — 1)mean effective cooling of the motion. This is the process which we try to optimize via
detuning of the laser below the atomic frequency.

Two qubit gate: Controlled NOT gate (CNOT gate)

This is a gate acting on 2 qubits placing one in control of the state of the other one. If the first qubit
is in 0 nothing happens to the other one. If the first qubit is in state 1 then a negation of the second
one occurs. In matrix form one writes it as:

(7.47)

Let’s first write the two qubit state as:

0

o O

|00) = and |01) = and |10) = and [11) = (7.48)

0
0
1

O =
(el )

and check the action of the gate:

0

S O

CNOT|00) = = |00), (7.49)

S O =
oo O =
O =

oS o O O
- o O O
- o O O
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CNOTI01) =

CNOT]10) =

CNOT|11) =

7.4.2 Two qubit gate with trapped ions

The conditional operation is allowed by the common interaction of the two qubits with the phonon
bus. One prepares the phonon is the ground state |0)and applies three steps:

(1) map the internal state of one ion to the motion of an ion string,

(2) to flip the state of the target ion conditioned on the motion of the ion string,

(3) to map the motion of the ion string back onto the original ion.

T T T
CNOT = R(§7O)Rblue (TC, E)Rblue (7[/\@7 O)Rblue (71'7 E)Rblue (75/\[2, O)Rblue (75/27 TL')
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9.1

ion of light with molecules

The Holstein Hamiltonian for vibronic coupling

Let us justify the form of the Holstein Hamiltonian by following a first-principle derivation for a
single nuclear coordinate R of effective mass pt. We assume that, along the nuclear coordinate, the
equilibria for ground (coordinate Ry, state vector |g)) and excited (coordinate R. and state vector
|e)) electronic orbitals are different. Notice that, for the simplest case of a homonuclear diatomic
molecule made of nuclei each with mass m, a single vibrational mode exists corresponding to the
relative motion mode with effective mass u = m/2; the equilibria coordinates R, and R, correspond
to the bond length in ground/excited states. Assuming that both the ground and the excited state
have the same parabolic shape around the minima (with second derivative leading to a vibrational
frequency V) one can write the total Hamiltonian:

2 2
p [ 2| % p 15 2 +
H=|o, —+ UV (R—R,)"|0'O+ |z—+-uv (R—R co'. 9.1
Notice that the Hamiltonian is written in a Hilbert space spanning both electronic dynamics (via
the Pauli operators) and mechanical dynamics. Introducing small oscillations around the equilibria

0O = R —R; and subsequently R — R, = O+ R; — R. =: O — Ry we obtain

2
H= g—u + %uszz + @,8a,6'0 — PV’ QR0 0 + %,LlV2RéeO'TO'. 9.2)
The last term is a renormalization of the bare electronic transition frequency energy (absent in
some theoretical treatments) which will naturally go away when diagonalizing the Hamiltonian
via the polaron transformation resulting in @.ga,. as the natural electronic transition. We can now
rewrite the momentum and position operators in terms of bosonic operators Q = rzpm(bT +0),
P = ip,pm(b" — b) by introducing the zero-point-motion rypm = 1/v/2V and ppm = \/1V/2.
Reexpressing the terms above via the Huang-Rhys factor A = {lVRgc7,pm yields the Holstein-
Hamiltonian

H=vb'b+ (w0, +A*v)c'c —Av(b' +b)c' 0. 9.3)
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One can bring this Hamiltonian into diagonal form vb'b + w,6" o via the polaron transformation
UT = 2°' where the displacement is defined as 2 = exp(—iv2Ap) = exp[A (b’ — b)] with
the dimensionless momentum quadrature p = i(b" — b)/\/2 as generator (we also define the
dimensionless position quadrature g = (b” +b)/+/2). Notice that the polaron transformation also
removes the vibronic shift of the excited state.

The polaron transformation

This Hamiltonian is not diagonal. Let’s compute it’s matrix elements:

<e,m|H0|g7n> = 07 (94)
but

(g.m|Ho|g,n) = hvndy, (9.5)
and

(e,m|Hple,n) = hvnS, + h®egaeOpn +RAV |/ N8yn—1 + Vi + 1811 | - (9.6)

So it can mix vibrational levels in the electronic excited orbital. We will perform a polaron
transformation with

S=A(b"—b)c'c 9.7)

such that S = —S and the operation €3 is unitary. Notice that this is simply a coherent state

displacement operator with the particularity that it only displaces vibrational states in the excited
electronic manifold. Of course, the displacement is also an operator instead of a c-number. First
notice that it comutes with the population operator so that it leaves the following term unchanged:

ha)egaeeSGTGe*S = ha)egaeGTG. (9.8)

Using the displacement rules that we have listed in Exercises 1 when looking at the coherent states,
we have

SbleS=b"—AoToand Sbe S =b—Ao'o. 9.9)
Then we can work out

hveSb'be™ = hv(b' —Ao'o)(b—Ao'o) = hvb'b 4+ A*hve'c — Anv(b+b')o' o
(9.10)

veS(b+b" o oe™ =hAv(b+b" —200670)c’oc = Anv(b+b")oTo —2A%hve'o
.11

Putting it all together we get the Hamiltonian
H = SHye S = hi(woga. — A*v)o 6 +1ivb'b, 9.12)

in diagonal form in the new picture.
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Transition strengths

We would like to know how the absorption and emission spectra of such a simple diatomic molecule
look like. To this end we add a driving term:

Hy = hn(ce'®8i 4 gTemi®esail), (9.13)

and see how it looks like in the new picture (let’s assume already an interaction picture where the
new energy levels are w.ga, — w.ga;, — ;sz)

Hy =mm(eSoe S +eScte’) = ottt L pote A0, (9.14)

We can now ask a few questions. For example, assuming a molecule in the ground state |g,0)driven
by a laser what transitions are possible. For this let’s write:

(n,e|H|g,0) = hm (n|e >0} = 1 (n||A) o = hne”lz/zl—. (9.15)

vn!
We used the following relation: e Ab=b") — pAb g=2bp=2%/2  A50 notice that the operator we used

for the transformation is simply a displacement operator creating a coherent state from the vacuum.
The conclusion is straightforward i.e. the efficiency of the laser excitation depends very much on
the Frank-Condon overlap of the wavefunctions in the ground and excited states. For example, the
zero-phonon line is weakened by a factor ¢~**/2. The maximum of the absorption spectrum is then
obtained by finding the Fock state with most probability in the Poissonian distribution. For the
emission spectrum let’s analyze

_ . —2)"
(n, 8| le,0) = 7 (n]e*®=)0) = i (] — A}con = hne—“ﬂ(ﬁ?. 9.16)

The branching of the radiative decay rates.

We now transform the Lindblad term

Po,p] = opo"’—%(po*oJrG*crp) 9.17)
with the polaron transformation. This leads to

S9(o,pleS = ottt poTeAb-b) % (poto+o'op) (9.18)
Now let us assume non-radiative transitions coming from a Lindblad term:

P[b,p] = bpb' —% (pb'b+b'bp) 9.19)

The transformation leads to:

SIb,ple S =(b—2Ac'o)p(b’ —Ac'o) - % (p(b"—2Ac'o)(b—AcTo)+(b'—Ac'o)(b—AcTo)p) =

(9.20)

1
= bpb' — 5 [pb'h+bbp] + (9.21)
A% |oTopolo — % [pofo+o'op] |+ (9.22)

—A[bpo’o+o'oph’] +% p(b*+b)o"o+ (b +b)cTop]. (9.23)
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