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1 Tensor calculus

1.1 Tensor algebra
1.1.1 Vector algebra
1.1.1.1 Notation
e Einstein’s summation convention
U = E?:1 Ajjxj+b; = Ajjx;+ b (1.1.1)
summation over indices that appear twice in a term or sym-
bol, with silent (dummy) index j and free index 7, and thus
Uy = Anxi + Apxy + Aixs + by
Uy = Aopix1 + Axpxy + Axpxz + b (1.1.2)
us = Az1x1 + Appxo + Apzxz + b

e Kronecker symbol §;;

5 — 1 for i=j 11
ij = 0 (1.1.3)
0 for i#]

multiplication with Kronecker symbol corresponds to ex-
change of silent index with free index of Kronecker symbol

u; = 51']' T/t]' (1.1.4)



1 Tensor calculus

. 3
e permutation symbol e; i

)
1 for {i,j k} ...evenpermutation

3
ejk=4q —1 for {i,j,k} ...odd permutation (1.1.5)

0 for ... else

1.1.1.2 Euclidian vector space

e consider linear vector space V? characterized through ad-
dition of its elements u#, v and multiplication with real scalars

«, 3

a3 €R R ... real numbers

u,0 € V? V? ... linear vector space

definition of linear vector space V? through the following

axioms
x(u+v) = au+av
(x+B)u = au+pu (1.1.6)

(aB)u = a(Bu)
zero element and identity
Ou=20 lu=u (1.1.7)

linear independence of elements ey, €2, e3 € V3 if a1 = ap =
oz = 0 is the only (trivial) solution to

x e; =0 (1.1.8)



1.1 Tensor algebra

e consider linear vector space V° equipped with a norm n(u)
mapping elements of the linear vector space V? to the space
of real numbers R

n: V2= R norm (1.1.9)

definition of norm through the following axioms

()

(v u) = |06| (u)
(u+0) < n(u)+n(v)

v) + n*(u —v) =2 [n*(u) + n*(v)]

nu)=0u=0

2
| \/

=

(1.1.10)
n(u+
2( _|_

S

e consider Euclidian vector space £° equipped with the Eu-
clidian norm

n(u) = ||lul| = vVu-u = [1?+ u + u3)'/? (1.1.11)

mapping elements of the Euclidian vector space £° to the
space of real numbers R

n: £ —- R  Euclidian norm (1.1.12)
representation of three—dimensional vector a € £°
a—=a,e =a1e,+ae+azes (1.1.13)

with a4, a5, a3 coordinates (components) of a relative to the
basis e, e>, e3

a = [611,612, a3]t (1114)



1 Tensor calculus

1.1.1.3 Scalar product

Euclidian norm enables the definition of scalar (inner) prod-
uct between two vectors u#, v and introduces a scalar « € R

u-v=u (1.1.15)

geometric interpretation with
0 < ¥ < 7r being the angle u
enclosed by the vectors u and v, 9
then ||u|| cos® can be inter-
preted as the projection of u
onto the direction of v and

u-v=||u||||v]| cosd

corresponds to the grey area in
the picture

with the above interpretation with 0 < ¢ < 71, obviously
o] < |u||[2]] (1.1.16)
properties of scalar product
u-v=7v-u
(au+Bo)- w=a(u-w)+p(v-w) (1.1.17)
w-(au+pov)=a(w-u)+ B (w-v)
positive definiteness of scalar product
u-u>0 u-u=0&u=0 (1.1.18)
orthogonal vectors u# and v

u-v=0 < wulwvo (1.1.19)



1.1 Tensor algebra

1.1.1.4 Vector product

vector product of two vectors u, v defines a new vectorw € £°

UXV=w (1.1.20)
A
geometric interpretation w v ||7]| sind
with 0 <9 < 7 being the 9
angle enclosed by the vec- u

tors # and v, then ||v|| sind
can be interpreted as the height of the grey polygon and

uxo=|lull||lv|| sindn

introduces the vector w orthogonal to u and v whereby its
length corresponds to the grey area

with the above interpretation, obviously u parallel to v if

uxov=0 & ullv (1.1.21)
index representation of w = u X v
w1 Up U3 — U3T
wy | = | u3v1 — U103 (1.1.22)
w3 U0y — U0

properties of vector product

UXO0=—0XU

(du+pov)xw=oa(uxw)+p(vxw) (1.1.23)

u-(uxov)=0

(uxv)-(uxv)=(u-u)(v-0)— (u-v)?



1 Tensor calculus

1.1.1.5 Scalar triple vector product

scalar triple vector product of three vectors u, v, w intro-
duces a scalar x € R

w,o,wl=u-(vxw) =« (1.1.24)

geometric interpretation

with vector product
vXw

v xw=||v]|||w|| sindn w

defining aera of ground surface o

[u,v,w] =u- (v x w) \19

defines volume of parallelepiped

obviously

x =u-(vxw)=v-(wxu)=w-(uxo) (1.1.25)
—ax = u-(wxv)=v-(uxw)=w-(vXu)

index representation of o« = [u, v, w|

o = Uy (Vw3 — v3w;) + Uz (V3w — v1ws) + uz(vVriw, — V3w )

(1.1.26)
properties of scalar triple product
(u, v, w| = [v,w,u| = [w, u,v|
=—uw,v=—[v,u,w =—[w,v,u (1.127)

lou+ Bo,w,d| = o [u,w,d| + 3 [v,w,d]
three vectors u, v, w are linearly independent if

(u,v,w] #0 (1.1.28)



1.1 Tensor algebra

1.1.2 Tensor algebra

1.1.2.1 Notation
Second order tensors

tensor (dyadic) product 4 ® v of two vectors u and v intro-
duces a second order tensor A

A=u®u (1.1.29)
introducing u = u; e; and v = v; ¢; yields index representa-
tion of three-dimensional second order tensor A

A = Ai]' e; & e (1.1.30)

with A;; = u;v; coordinates (components) of A relative to
the tensor basis e; ® e, matrix representation of coordinates

A A A
[Aij] = | Ay Ap Ax (1.1.31)
Az Az A3z

transpose of second order tensor A"

A'=(u®v)=vQu (1.1.32)
introducing u = u; e; and v = v;e; yields index representa-
tion of transpose of second order tensor A'

Al = A]'l' ej X e (1.1.33)
with Aj; = v;u; coordinates (components) of A relative to
the tensor basis e; ® e;, matrix representation of coordinates

An Ay Az
[A]z] — A12 A22 A32 (1134)
Az Axz Aszz




1 Tensor calculus

second order unit tensor I in terms of Kronecker symbol é;;
I = 51']' e; X e; (1.1.35)

matrix representation of coordinates o; j

1 0 0
6i]=10 1 0 (1.1.36)
0 0 1

Third order tensors

tensor (dyadic) product A ® v of second order tensor A and

. . 3
vectors u introduces a third order tensor a
3
a=ARv (1.1.37)

introducing A = A;je; ® ej and u = uy e, yields index repre-

. ) . . 3
sentation of three-dimensional third order tensor a

3 3
a=aijx ;e ey (1.1.38)

.3 , 3 .
with a;3= A;ju; coordinates (components) of a relative to
the tensor basis e; ® e; ® ey

. . 3 . .
third order permutation tensor e in terms of permutation
3
symbol ;i

(322(331']'k e e e (1.1.39)



1.1 Tensor algebra

Fourth order tensors

tensor (dyadic) product A ® B of two second order tensors
A and B introduces a fourth order tensor /A

/A=A®B (1.1.40)

introducing A = Ajje; ® ej and B = By e, ® ¢; yields index
representation of three-dimensional fourth order tensor /A

/A = Aijkl eiQei e e (1.1.41)

with A;jx = Ajj By coordinates (components) of /A relative
to the tensor basis e; @ e; ® e; Q ¢;

fourth order unit tensor Il

I=94xdeReQerQe (1.1.42)
transpose fourth order unit tensor II*

I' =6y dprei Qe Qe e (1.1.43)
symmetric fourth order unit tensor I*Y™

Iv™ = 1[5 6j1+ budji] e R ej R ex ® e (1.1.44)
skew-symmetric fourth order unit tensor I*<¥

I = 3 [8ix 651 — S Sjpl e ® e ® ex ® ey (1.1.45)
volumetric fourth order unit tensor I'°!

' =16idueiQe; ® e Qe (1.1.46)
deviatoric fourth order unit tensor I4¢"

19 = [3 81 6u + 5 60 851 + 300 Sl e @ ej @ ex @ e (1.1.47)



1 Tensor calculus

1.1.2.2 Scalar products

e scalar product A - u between second order tensor A and
vector u defines a new vector v € £3

A-u = (Aijei®ej) y (Mkek)

= Ai]' Uy 5]~kei — Ai]' uje; =06, =10

(1.1.48)

second order zero tensor 0, second order identity tensor I
0-a=20 I-a=a (1.1.49)
positive semi-definiteness of second order tensor A
a-A-a>0 (1.1.50)
positive definiteness of second order tensor A
a-A-a>0 (1.1.51)
properties of scalar product
A-(aa+pBb)=a(A-a)+B(A-b)
(A+B)-a=A-a+B-a (1.1.52)
(xA)-a=a(A-a)

e scalar product A - B between two second order tensors A
and B defines a second order tensor C

A-B = (Ajjei®ej) : (Buer®e)
= Ajj By die; ® e (1.1.53)
= AjjBjei®e =Cjei®e =C
second order zero tensor 0, second order identity tensor I

00A=0 I-A=A (1.1.54)

10



1.1 Tensor algebra

properties of scalar product

x(A-B)=(xA)-B=A-(axB)
A (B+C)=A-B+A-C (1.1.55)
(A+B)-C=A-C+B-C

properties in terms of transpose A" of a tensor A

a-(A*-b)=0b-(A-a)
(xA+fBB) =aqA+ BB (1.1.56)
(A-B)'=B'- A

e scalar product A : B between two second order tensors A
and B defines a scalar « € R

A:B = (Ai]'ei X e]') : (Bkl e X el)
= AijBudixdjy = AjjBij =«

(1.1.57)

e scalar product /A : B between fourth order tensor /A and
second order tensor B defines a new second order tensor C

/A:B = (Aijkl eiReQerer): (Bunen ® ey)
= Ajjki Biun Oxm O1n i ® € (1.1.58)
= AjjuBuei®e;j = Ajjei@ej = A

11



1 Tensor calculus

1.1.2.3 Dyadic product

e tensor (dyadic) product # & v of two vectors # and v intro-
duces a second order tensor A

A=uQQov = uiei®vjej = uivjei@)ej = Ai]-ei®ej (1.1.59)
properties of dyadic product

(u®v) - w=(v-w)u
(xu+pr)Qw=a(ulw)+ B (v® w)
u (av+pw)=a(u®v)+p(uQw)
(u®v) - (wx)=(v-w) (4 x)
A-(u®v)=(A-u)®u
(MRv) - A=u® (A" v)

(1.1.60)

or in index notation
(ui Z)]') Wi = (U]' ZU]') Ui
(au; + Boi)w; = a (u;w;) + B (viwj)
ui(avj+ Bw;) = a (u;vj) + B (uiw;) (1.1.61)
(uivj)(wjxx) = (vjw;) (uixe)
Aij(ujor) = (Aijui)ok
(Lti Uj)A]'k = ui(Akj U]')

12



1.1 Tensor algebra

1.1.2.4 Scalar triple vector product

consider the set of Cartesian base vectors {e;}i=123 and an
arbitrary second set of base vectors {u, v, w } with scalar triple
product [u, v, w|, with arbitrary second order tensor A, eval-
uate

[[A-u, 0, w] + [u, Ao, w] + [u,0, A-w]] / [u,0,w] (1.1.62)
with index representation of each term according to
[A’I/l, o, ZU] = [A- (ui ei), (U]' e]-), (wk ek)] =U; U]' Wi [A-ei, e]-, ek]
expression (1.1.62) can be rewritten as (1.1.63)
uvjwi|[A-e1, ex, e3]+e1, A-ey, e3]+e1, ez, A-e3]]/[u, v, w]
(1.1.64)

term in brackets remains unchanged upon cyclic permuta-
tion of {e;}i=173, its sign reverses upon non—cyclic permu-
tations, thus

3
uivwieijk [|A-e1, ez, e3)+le1, A-ey, e3]+[er, er, A-es]]/[u, v, w]

= T[[A-e1, e, e5]+[e1, A-er, e3]+][e1, €2, A-e3]]
(1.1.65)

the above expression according to (1.1.62) is thus invariant
under the choice of base system, it yields the same scalar
value I for arbitrary base systems

I,=[[A-u,0,w] + [u,A-0v,w] + [u,v,A-w| |/ [u,v, w]

=[[A-e1, ez, e3]4]e1, A-ez, e3]+[e1, e2, A-e3]]/|e1, e2, €3]
(1.1.66)

14 is called the first invariant of the second order tensor A

13



1 Tensor calculus

1.1.2.5 Invariants of second order tensors
the following property of the scalar triple product
(u,v,w| =u-(vxw) (1.1.67)

introduces three scalar-valued quantities 14, I14, II114 asso-
ciated with the second order tensor A

[Au,v,w| + [u,Av,w] + [u,v,Aw] = Ixlu v w
u, A-v,A-w|+ [Au,v, A-w| + [A-u, A-v,w|= Ilxu,v,w

[A-u,A-v,A- w =I114[u,v, w)
(1.1.68)

the proof of 114, I114 being invariant for different base sys-
tems {u, v, w} is similar to the one for I4

Ia, 114, 1114 are called the three principal invariants of A
which can be expressed as

IA:tI'(A) aA IA =1
[y =3 [tr*(A) —tr (A?)]  9ally =1,1—-A (1.1.69)
114 = det(A) oo I14 = 1114 At

alternatively, we could work with the three basic invariants
[4, I[14, 1114 of A which are more common in the context of

anisotropy
I_A = 141 . |
[y =A:1 (1.1.70)

114, = A3 : 1

14



1.1 Tensor algebra

1.1.2.6 Trace of second order tensors

trace tr (A) of a second order tensor A = u ® v introduces a
scalartr (A) € R

tr(u®ov)=u-v (1.1.71)
such that tr (A) is the sum of the diagonal entries A;; of A
tr(A) = tr(Ajj e ®e;)
= Ajjtr(e;®e;) = Ajjei-e; (1.1.72)
= Ajjdij = Aji = A1 + A + Azz
with
In=I4 = tr(A) (1.1.73)

properties of the trace of second order tensors

(
(
( . .
(1.1.74)
(
(
(

15



1 Tensor calculus

1.1.2.7 Determinant of second order tensors

determinant det(A) of second order tensor A introduces a
scalar det(A) € R

det(A) = det(Aij) = ¢ eijk anc Aia Ajp Ak
= AnAnAs+ AnAnAiz+ AznlApAx; (1.1.75)
— ApAxAzp — AnAsz Az — Az3ApAn
with
I11; = det(A) (1.1.76)
determinant defining vector product u X v
— U v e - _ UpU3 — U302 -
uxv=det|u v, e U30] — U103 (1.1.77)
Uz U3 es U102 — U0

determinant defining scalar triple vector product [u, v, w]

_ Uy 01 wq _
u,v,w| = (uxv) - w=det| u, v, w, (1.1.78)
Uz v3 W3
properties of determinant of a sec-ond order ténsors

det(I) =1

det (A") = det (A)

det (x A) = a® det(A) (1.1.79)

(

a.
¢)
H-
N

=
|
Q.
¢o)

B=3

=
Q.
¢)

B-3

=

16



1.1 Tensor algebra

1.1.2.8 Inverse of second order tensors

if det (A) # 0
existence of inverse A~! of second order tensor A

A-A1T=A1. A=1 (1.1.80)
in particular
v=A-u Al v=u (1.1.81)
properties of inverse of two second order tensors
(A H)t = A
(aA™H1 =alA (1.1.82)
A-B)"! = B1.A41
determinant det(A~!) of inverse of A
det(A™1) = 1/det(A) (1.1.83)
adjoint A*Y of a second order tensor A
A = det(A) A~ (1.1.84)
cofactor A of a second order tensor A
A" = det(A) A7t = (A*)! (1.1.85)
with

dadet(A) = det(A) A ' =II[4 A" = A (1.1.86)

17



1 Tensor calculus

1.1.3 Spectral decomposition

eigenvalue problem of arbitrary second order tensor A
A-ngp=2Asny [A—AsI]-ny=0 (1.1.87)

solution introduces eigenvector(s) n 4; and eigenvalue(s) A 4;
det(A—As1) =0 (1.1.88)

alternative representation in terms of scalar triple product
[A-u—Aqu, A-v— A0, A-w—Aw] =0 (1.1.89)

removal of arbitrary factor [u, v, w| yields characteristic equa-
tion

Ay — ANy +TIgAq — 1114 =0 (1.1.90)
roots of characteristic equations are principal invariants of A
IA = {r (A)
[In = 3 [tr* (A) — tr (A?)] (1.1.91)
[114 = det(A)

spectral decomposition of A
3
A= E Aping Q Ny (1.1.92)
=1

Cayleigh-Hamilton theorem:
a tensor A satisfies its own characteristic equation

AP — I, A2+ 11, A— 11,1 =0 (1.1.93)

18



1.1 Tensor algebra

1.1.4 Symmetric — skew-symmetric decomposition

symmetric — skew-symmetric decomposition of second or-
der tensor A

1 1
A= E[A + A" + E[A — A'] = AY™ 4 A%V (1.1.94)

with symmetric and skew-symmetric second order tensor
ASY™ and Askw

ASY™ — (Asym)t Askw — _(Askw)t (1195)
e symmetric second order tensor A*™
1
ASY™M — E[A + At] — ™ - A (1196)

upon double contraction symmetric fourth order unit tensor
I*Y™ extracts symmetric part of second order tensor

Isym —

1
2 (1.1.97)
[sym %

e skew—symmetric second order tensor A<

1
AW = E[A —~A)=I"": A (1.1.98)

upon double contraction skew-symmetric fourth order unit
tensor IV extracts skew-symmetric part of second order

tensor
][skw — 1 I— ]It
) i | | (1.1.99)
I = 5 [dudji — dudjklei ® ej ® ex D ey
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1 Tensor calculus

1.1.4.1 Symmetric tensors

symmetric part A¥Y™ of a second order tensor A
1

AT = E[A + A'] AN = (AY™)! (1.1.100)
alternative representation
A" =1"": A (1.1.101)

whereby symmetric fourth order tensor I*™ extracts sym-
metric part A*Y™ of second order tensor A

a symmetric second order tensor S = A®Y™ processes three
real eigenvalues { As; }i=1 2 3 and three corresponding orthog-
onal eigenvectors {ng;}i—123, such that the spectral repre-
sentation of S takes the following form

3
S =Y Asi(ns; @ ns;) (1.1.102)
=1
three invariants Ig, IIs, IIIs of symmetric tensor § = A>™

Is = As1 4+ Asp + As3
IIs = AspAsz + Asz As1 + As1 Aso (1.1.103)
IIIs = As1As2As3

square root v/S, inverse !, exponent exp(S) and logarithm
In(S), of positive semi-definite symmetric tensor S for which

Asi 2 0

(1.1.104)
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1.1 Tensor algebra

1.1.4.2 Skew-symmetric tensors

skew-symmetric part A" of a second order tensor A

1
AN =Z[A-AT AT = (A (1.1.105)

alternative representation
AT =T : A (1.1.106)

whereby skew-symmetric fourth order tensor I**V extracts
skew-symmetric part A" of second order tensor A

a skew-symmetric second order tensor W = A" posses
three independent entries, three entries vanish identically,
three are equal to the negative of the independent entries,
these define the axial vector w

1
w=—> e W  w=—e-w (1.1.107)

associated with each skew-symmetric tensor W = AW
W-p=wxp (1.1.108)
three invariants Iy, I Iw, I1Iy of skew-symmetric tensor W
Iw = tr(W) =0
I[Iy = w-w (1.1.109)
[y = det(W) = 0
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1 Tensor calculus

1.1.5 Volumetric — deviatoric decomposition

volumetric — deviatoric decomposition of second order ten-
sor A

A= A 4 A9 (1.1.110)

with volumetric and deviatoric second order tensor AV and
Adev

tr(AY) = tr(A)  tr(A%Y) =0 (1.1.111)
e volumetric second order tensor A"
1
AV = 5[A I I=T"":A (1.1.112)

upon double contraction volumetric fourth order unit tensor
V! extracts volumetric part of second order tensor

I = 1I®I
3 (1.1.113)
ol = % 5ij5kl e X ej X er X e
e deviatoric second order tensor A%ev
1
Al = A — 5[A I I=T1"":A=0 (1.1.114)

upon double contraction deviatoric fourth order unit tensor
I4¢v extracts deviatoric part of second order tensor

[[dev — Jsym _ [[vol — Jsym _ %I QI

I = [501dji+ 5 6ubk — 5 0ij0u] e e er Qe
(1.1.115)
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1.1 Tensor algebra

1.1.6 Orthogonal tensors

a second order tensor Q is called orthogonal if its inverse
Q~!is identical to its transpose Q!

Q!'=qQ EN Q'-Q=0Q-Q'=1 (1.1.116)

a second order tensor A can be decomposed multiplicatively
into a positive definite symmetric tensor U' = U or V! =V
witha-U-a > 0and a-V -a > 0and an orthogonal tensor

Q'=Q'as

A=Q-U=V-Q (1.1.117)
with S0(3) being the special orthogonal group, Q € S0(3) if
det(Q) = +1, then Q is called proper orthogonal

a proper orthogonal tensor Q € S0(3) has an eigenvalue
equal to one Ag = 1 introducing an eigenvector ng such
that

Q "ng = ng (1.1.118)

let {ng;}i=1,23 be a Cartesian basis containing the vector ng,
then matrix representation of coordinates Q;;

1 0 0
Qi]] = | 0 +cosp +sing (1.1.119)
0 —sing@ +cosg

geometric interpretation: Q characterizes a finite rotation
around the axis ng with Q - ng = ng, i.e. associated with

Ao=1
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1 Tensor calculus

1.2 Tensor analysis

1.2.1 Derivatives

consider smooth, differentiable scalar field @ with

e scalar argument @ : R =R,
e vectorial argument @ : R3 = R;
e tensorial argument @ : R3x R3—> R;

1.2.1.1 Frechet derivative

0D

e scalar DO (x) = agcx) = 9,D (x)
0D

e vectorial DO (x) = axx) = 9,D (x)
0D (X

e tensorial D@ (X) = e ) = dx @ (X)

1.2.1.2 Gateaux derivative

D(x)=uo
D (x) =«
O(X)=«

(1.2.1)

Gateaux derivative as particular Frechet derivative with re-

spect to directions u, u and U

escalar D® (x) u

de

torial D@ (x) -
e vectoria (x)-u T2

e tensorial D@ (X):U

de

i(D(x—|—eu) e=0 VU €eER
i(D(JH—eu) e—0 YVu eR?
iqs(XJreu) e=0 VUE R’QR?

(1.2.2)

in what follows in particular vectorial arguments, i.e. point

position x or displacement u
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1.2 Tensor analysis

1.2.2 Gradient

consider scalar— and vector-valued field f (x) and f(x) on
domain B € R?

f:B—=-R f:x—f (x)
f:B—>R f:x—f(x)

1.2.2.1 Gradient of a scalar-valued function

gradient V f (x) of scalar—valued field f (x)
Vf(x)= o) _ fi(x) e; (1.2.3)

0X;
and thus L
fa
Vfx)=| fa (1.2.4)
f3 |

gradient of scalar-valued field renders a vector field

1.2.2.2 Gradient of a vector—valued function

gradient V f (x) of vector—valued field f (x)

Vf(x)= a{;}gx) = fii(x) ei®e; (1.2.5)
and thus ) ] _
fi1 fiz fi3

Vf(x)= fo1 f22 fos (1.2.6)
_f3,1 f32 f3,3_

gradient of vector-valued field renders a (second order) ten-
sor field
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1 Tensor calculus

1.2.3 Divergence

consider vector and second order tensor field f(x) and F(x)

on domain B € R3
f:B— R f:x— f (x)
F:B—-R°®Q®R° F:x— F (x)

1.2.3.1 Divergence of a vector field
divergence V f (x) of vector field f (x)
div(f (x)) =tr(Vf(x)) =Vf(x):1
with Vf (x) = f,i(x) e; @ e,
div(f (x)) = fii(x) = fir + fo2 + f33

divergence of a vector field renders a scalar field

1.2.3.2 Divergence of a tensor field
divergence VF (x) of tensor field F (x)

div(F (x)) =tr(VF (x)) = VF (x) : 1
with VF (x) = F ji(x) i Q e; ® ek

Fiii1+Foo+ Fsgs
div(F (x)) = Fjj(x) = | B+ Fap + P33

F311+F00+ F333

(1.2.7)

(1.2.8)

(1.2.9)

(1.2.10)

divergence of a second order tensor field renders a vector

field
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1.2 Tensor analysis

1.2.4 Laplace operator

consider scalar- and vector—valued field f (x) and f(x) on
domain B € R?

f:B=>R f:x—f (x)
f:B—>R f:x—f(x)

1.2.4.1 Laplace operator acting on scalar—valued function

Laplace operator Af (x) acting on scalar—valued field f (x)

Af (x) =div(V(f (x))) (1.2.11)
and thus
Af(x) = fii= fu+ foo+ f33 (1.2.12)

Laplace operator acting on on scalar—valued field renders a
scalar field

1.2.4.2 Laplace operator acting on vector—valued function

Laplace operator Af (x) acting on vector-valued field f (x)

Af (x) =div(V(f (x))) (1.2.13)
and thus

fi11+ fio2 + f133
Af(x) = fiji= | fa11 + fa22 + f233 (1.2.14)
f311+ fao2 + f333

Laplace operator acting on on vector-valued field renders a
vector field
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1 Tensor calculus

Useful transformation formulae

consider scalar, vector and second order tensor field a(x),

u(x),v(x) and A(x) on domain B € R?

a: B—-R a: x— a (x)
u: B— R? u: x—u (x)
v: B> TR v:x—>ov (x)
A:B>R°QR> A:x— A (x)

important transformation formulae

V (du) = u®Va + aVu
V(u-v)= u-Vo + v-Vu
div (e u) = adiv(u) + u-Va
div (@« A) = adiv(A) + A -Va
div (u-A) =u-div(A) + A: Vu
div(u®v) = udiv(v) + v-Vu'

or in index notation

(au;)j= uwjoj+ au;
(uivi )= uivij+ 0
(aui)i= oauy+ ua,
(x Aij)j= adAijj + Aja;
(ui Aij),j = ui Aijj + Aij i
(uivj )= ujvjj+ vju;
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1.2 Tensor analysis

1.2.5 Integral transformations

integral theorems define relations h

between surface integral / ..dA B oB
B

:
and volume integral / ..dV eXecB
B

consider scalar, vector and second order tensor field a(x),
u(x) and A(x) on domain B € R?

a: B—>R a: x— a (x)
u: B—-R° u: x > u (x)
A:B—-R’QR> A:x— A (x)

1.2.5.1 Integral theorem for scalar—valued fields (Green theorem)

/ an dA = Va dV

B (1.2.17)
j x n; dA = X dVv

0B B

1.2.5.2 Integral theorem for vector-valued fields (Gauss theorem)

/ u-n dA:/ div(u) dV
9B (1.2.18)
Uu; n; dA = Uj i dVv

B

1.2.5.3 Integral theorem for tensor—valued fields (Gauss theorem)

/ A-n dA:/div(A) dv
9B (1.2.19)
Ai]' n]- dA = Ai]',]' dVv

B

B

B
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2 Kinematics

restriction to geometrically linear theory, valid if local strains
remain small

2.1 Motion

consider a material body B as a simply connected subset of
the Euclidian space R® as B C R?®, with the boundary being
denoted as 4B, a material point is defined as a point of the

body x € B

B

{ei}i=1,2,3

motion of a body B C R? characterized through time de-
pendent vector field of displacements u € R> parameterized
in terms of position x € B and time t € R

u:BxR— R u(x, t) = ui(x,t) e (2.1.1)
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2 Kinematics

2.2 Rates of kinematic quantities

2.2.1 Velocity

vector field of velocities v € R? parameterized in terms of
position x € B and timet € R

v:BXxR =R vxt)=u0i(xt)e (2.2.1)

velocity field v defined through rate of change of displace-
ment field u

ou(x,t
v(x,t) = Diu(x, t) = u(x, t) (2.2.2)
ot xfixed
velocity vector
0 = [01, 0o, U3]t = Dt[u1, Uuo, Ll3]t (223)

common notation in the literature v = u

2.2.2 Acceleration

vector field of accelerations a € R® parameterized in terms
of position x € Band timet € R

a:BxR—R> a(xt)=axt)e (2.2.4)
acceleration field a defined through rate of change of veloc-
ity field v

dv(x,t)
ot

0%u(x, t)
012

a(x,t) = Dyo(x,t) = (2.2.5)

xfixed xfixed

acceleration vector
a = [611, az, ﬂs]t = Dt[Ul, U2, Us]t = D?[uh Uy, ”3]t (2.2.6)

common notation in the literature a = v = ii
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2.3 Gradients of kinematic quantities

2.3 Gradients of kinematic quantities

2.3.1 Displacement gradient

second order tensor field of displacement gradient H € R>®
R parameterized in terms of position x € Band timet € R

H:BxR—R°®R> H(x,t)=H;(xt)e;®e; (2.3.1)

displacement gradient H defined through gradient of dis-
placement field u

ou(x,t
H(x,t) = Vu(x,t) = (x ) (2.3.2)
ox tfixed
index representation
ou;
Hi]-ei Rej=_—e e =1Uuje;Qe; (2.3.3)
0X;
matrix representation of coordinates H;;
Hy1 Hip Hipz Ui Uip U3
[Hijl = | Hyy Hap Hoz | = | uay1 oo un3 (2.3.4)
H31 Hj» Hzs Uz Usp Us3

e displacement gradient H = Vu is non—-symmetric, H # H"

e displacement gradient H = Vu does not vanish for point-
wise rigid body motion
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2 Kinematics

Symmetric-skew-symmetric decomposition of displacement gradient

symmetric—skew-symmetric decomposition of displacement
gradient H = Vu
1 1
H=_-[H+H'|+=
I+ H 4o
with symmetric and skew-symmetric second order tensor
e = HY™ and w = H**Y

H-H=e+w (2.3.5)

€ =€ w = —w' (2.3.6)

e geometrically linear strain tensor €

1 1
= §[H+ H'| = E[Vu—l— Vi = V¥ =T : Vu (2.3.7)
upon double contraction symmetric fourth order unit tensor
I*Y™ extracts symmetric part of second order tensor

™ = 2[I+1
i[ | (2.3.8)

Iy = [51k5]l + 5115]k]ez XeierX e

e geometrically linear rotation tensor w

= %[H— H'| = %[Vu —V'u] = V**u = I**": Vu (2.3.9)

upon double contraction skew-symmetric fourth order unit
tensor Is<V extracts skew-symmetric part of second order

tensor
][skw — 1 I— ]It
) f | | (2.3.10)
I = 5 [6wdj1 — dudjrlei ® ej® ex R e
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2.3 Gradients of kinematic quantities

2.3.2 Strain

second order tensor field of (geometrically linear) strains
€ € R®> ® R® parameterized in terms of position x € B and

timet € R

e:BXxR—>R°QR° e(xt) =eij(x,t)e;®e; (23.11)

strain tensor € defined through symmetric part of gradient
of displacement field u

e(x, 1) = V™u(x, 1) = [

index representation

ox

su(x.0) "

1
cijei @ ej = S[uij+ujle e,

matrix representation of coordinates €;;

leij] =

€11 €12 €13

€13 €32 €33

€12 €22 €23 | —

N~

Up1+ Ui

21/!1,1

21/[2,2

Uzl + U3 Uz + U3

strain tensor € = V*™u is symmetric, € = €'

l€ij] =

€11 €12 €13

€21 €22 €23

€31 €32 €33

€11 €21 €31

€12 €22 €32

€13 €23 €33

€;j for i = j ... diagonal entries: normal strain
€;j for i # j ... off-diagonal entries: shear strain

(2.3.12)

(2.3.13)

Upp + Upq U3+ U3

Up 3+ U3

21/13,3
(2.3.14)

(2.3.15)
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2 Kinematics

2.3.3 Rotation

second order tensor field of (geometrically linear) rotation
w € R® ® R parameterized in terms of position x € B and
timet € R

W:BxR - RQR> w(x, t) = wij(x,t) e;®@e; (2.3.16)

rotation tensor w defined through skew—-symmetric part of
gradient of displacement field u

. du(x, )]
w(x, t) = V? Wu(x, t) = T (2317)
index representation
1
wije; Y ej = E[ui,j — u]-,i]ei ® e; (2.3.18)
matrix representation of coordinates wj;
0 w2 wis ) 0 Ui — U1 U1,3 — U3
lwij] =lwa 0 wos|= 5| H21 — U2 0 Uz — Usp
w31 w3y 0 Us1 — U3 Usp — Uzg 0
(2.3.19)
rotation tensor w = V*"u is skew-symmetric, w = —w!
0 wirwis 0 wy w3
(wij] = | wyn 0 wy | =— | w2 0 ws | =—wji
w31 w3y 0O w13 wo3z 0
(2.3.20)
: : 3
corresponding axial vector w = —1/2 e: w

w = [w1, ws, 103]t = — [w23, w31, w12]t (2.3.21)
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2.3 Gradients of kinematic quantities

Symmetric-skew-symmetric decomposition of displacement gradient

symmetric—skew-symmetric decomposition of displacement
gradient H = Vu

H = %[Vu + V'u] + %[Vu —Viul=€e+w (2.3.22)

with symmetric and skew-symmetric second order tensor
e =V yand w = V=*"uy

€ =¢€' w = —aw' (2.3.23)

geometric interpretation:
representation of symmetric and skew—-symmetric part of
displacement gradient for two-dimensional case

strain rotation
A & A e
I
|
Ui ! Ui
RN | N |
€ I I
| |
| w :
I
e1 : e
> -
U1 \‘/
—U21
€12 = % (110 + up 1) Wi = % (U1, — U21]
symmetric part € = V*™u represents strain while skew-

symmetric w = V*"u part represents rotation
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2 Kinematics

2.3.4 Volumetric—deviatoric decomposition of strain tensor

a material volume element can deform volumetrically and
deviatorically, volumetric deformation conserves the shape
(i.e. no changes in angles, no sliding) while deviatoric (iso-
choric) deformation conserves the volume

volumetric — deviatoric decomposition of strain tensor €
e = e 4 (2.3.24)
with volumetric and deviatoric strain tensor €' and %"
tr(e"!) = tr(e) tr(e®¥) = 0 (2.3.25)

e volumetric second order tensor €"°

el = %[e I I=1"":¢ (2.3.26)

upon double contraction volumetric fourth order unit tensor
Vol extracts volumetric part €' of strain tensor

I = 1IQI
310 (2.3.27)
Mol — % 5ij5kl e X e; X er X e
e deviatoric second order tensor e%¢v
1
el = e — 5[e I I=1%:¢ (2.3.28)

upon double contraction deviatoric fourth order unit tensor
9¢v extracts deviatoric part of strain tensor

[dev — Jsym _ ol — sym %I QI

1 1 1 (2.3.29)
19 = [36ubji 45 8udjk — 501j0u] ei@ej @ er D e
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2.3 Gradients of kinematic quantities

Volumetric deformation

volumetric deformation is characterized through the volume
dilatation ¢ € R, i.e. difference of deformed volume and
original volume dv — dV scaled by original volume dV

_dv—dV

¢ dv

= (1+en)(1+en)(1+ess)—
= €11+ € + €33 + 0(612])

1
(2.3.30)

neglection of higher order terms: trace of strain tensor tr (€) =
€ : I € R as characteristic measure for volume changes

e=divu=Vu:I=e€:1=tr(e) (2.3.31)
volumetric part €' of strain tensor €

el=1lel=1le:I[I=3[I®I:e=T1":e (23.32)

index representation
el = 627]-01 e e (2.3.33)

matrix representation of coordinates [eiV].Ol]

[€5}]

1 0 O
1 _
1el0 10 e = tr(e) (2.3.34)
0 0 1

e incompressibility is characterized through div u = 0

e volumetric strain tensor €' is a spherical second order
tensor as "' = lel

e volumetric strain tensor €' contains the volume chang-
ing, shape preserving part of the total strain tensor €
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2 Kinematics

Deviatoric deformation

deviatoric strain tensor € preserves the volume and con-
tains the remaining part of the total strain tensor €

deviatoric part €¢V of the strain tensor €

e =€e—€'=€e— YleI[I= I : e (2.3.35)

index representation

dev dev

€ =€

matrix representation of coordinates [e?]-ev]

ij ei®e]'

trace of deviatoric strains tr (e4¢V)

tr (ed®) =
_|_
_|_

W= W= W=

2€11 — €20 — €33,

2€0) — €11 — €33,

2€33 — €11 — €22,

2€11 — €20 — €33 €12 €13
€21 2€y) — €11 — €33 €13
€31 €32 2€33 — €11 — €22

=0

(2.3.36)

(2.3.37)

(2.3.38)

e deviatoric strain tensor €9¢" is a traceless second order ten-

sor as tr (e9V) = 0

e deviatoric strain tensor €9¢V contains the shape changing,
volume preserving part of the total strain tensor €
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2.3 Gradients of kinematic quantities

Volumetric—deviatoric decomposition of strain tensor

e examples of purely volumetric deformation

1
e = 5[6 I I=T"":¢ tr(e") =tr(e) (2.3.39)
expansion compression
\ A A A 4 A /
™ ll NV
; : s -
B i / i A 1 \
/ Y vV VY VY \
e > 0 and e’ = e < 0and e =

e examples of purely deviatoric deformation

1
el = e — g[e I I=1"%:e tr(e®™)=0 (2.3.40)

pure shear simple shear
: » Y
— p
3 y=a+f3
| - X >

e =0and e #£ 0 e =0and e #£ 0
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2 Kinematics

2.3.5 Strain vector

assume we are interested in strain

on a plane characterized through c t.
its normal n, strain vector ¢, acting nn
on plane given through normal pro- €;
jection of strain tensor € |
te=€'n (2.3.41)
index representation
te = (€ie;Re;) - (nyex
e = (ee@ey) - (e (2.3.42)
= €ijnidjre; = €jjnje; = teie;
representation of coordinates [t
tel €111 + €121 + €133
tex | = | €111 + €xnhy + €373 (2.3.43)
tes €31 M1 + €32M2 + €33M13

alternative interpretation: assume we are interested in strains
along a particular material direction, i.e. the stretch of a fiber
at x € B characterized through its normal n with ||n|| =1

stretch as change of displacement vector u in the direction
of n given through the Gateaux derivative §1.2.1.2

Du(x) -n= %u(x—l— €)=

= \Vu(xj— enl- N |e—o = Vu(x)
outer derviative inner derivative

recall that Vu = V¥™y + V*"y = e 4+ w whereby rotation
w = V*"y does not induce strain, thus

te=V¥"u-n=¢€¢-n (2.3.45)

L, (23.44)
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2.3 Gradients of kinematic quantities

2.3.6 Normal-shear decomposition

assume we are interested in strain
along a particular fiber characterized t.
through its normal n, stretch of
fiber €, given through normal pro- €;
jection of strain vector %, |

€, =1tc-n (2.3.46)

alternative interpretation: stretch of a line element can be
understood as the projection of change of displacement in
the direction of n as Du - n = Vu - n onto the direction n

en=n-Vu-n=n-e-n=¢€:[nQmn| (2.3.47)
normal-shear (tangential) decomposition of strain vector .
t. =€, + € (2.3.48)
normal strain vector — stretch of fibers in direction of n
€,=€:[nQ@n|n (2.3.49)
shear (tangential) strain vector —sliding of fibers parallel to n
ee=tc—e,=€: [ n—nnmn| (2.3.50)
amount of sliding
yo=2llell =2vEre =2 /te-te—e;  (@2351)
in general, i.e. for an arbitrary direction n, we have normal
and shear contributions to the strain vector, however, three
particular directions {n¢;}i—123 can be identified, for which
t. = €, and thus €; = 0, the corresponding {n.;}i=13 are

called principal strain directions and {e,;}i=123 = {Aei}iz12.3
are the principal strains or stretches
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2 Kinematics

2.3.7 Principal strains — stretches

assume strain tensor € to be known at x € B, principal
strains {A¢;i}i=103 and principal strain directions {n¢;}i=123
can be derived from solution of special eigenvalue problem
according to §1.1.3

€-Ne = )\einei [e—)\ei] *Ne; = 0 (2352)
solution
det(e — A I) =0 (2.3.53)

or in terms of roots of characteristic equation
A — I A1 A — 111, =0 (2.3.54)

roots of characteristic equations in terms of principal invari-
ants of €

I = tr (6) = Ae1 + A2 + A3
IIe — %[trz(e) —tr (62)] — )\eZAeE’) + Ae3Ael + )\elAeZ (2355)
IIIe = det (6) = Ael Aez )\63

spectral representation of €
3
€ = AciNei @ Ngj (2.3.56)

principal strains (stretches) A.; are purely normal, no shear
deformation (sliding) y, in principal directions, i.e. to =
€, = Acing and €, = 0thusy, =0

due to symmetry of strains € = €', strain tensor possesses
three real eigenvalues {A¢;}i=12 3, corresponding eigendirec-
tions {n.;}i=123 are thus orthogonal n,; - nej = bij
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2.3 Gradients of kinematic quantities

2.3.8 Compatibility

until now, we have assumed the displacement field u(x, t)
to be given, such that the strain field e = V*¥™u could have
been derived uniquely as partial derivative of u with respect
to the position x at fixed time ¢

assume now, that for a given strain field e(x, t), we want to
know whether these strains € are compatible with a contin-
uous single—valued displacement field u

symmetric second order incompatibility tensor

1 = crl(crl(e)) (2.3.57)
index representation of incompatibility tensor

n=ne Q e; —Citon €kn,ml gjln ei®ej =0 (2.3.58)
coordinate representation of compatibility condition

€ktmn + Emnit — Emijn — Eknml = 0 (2.3.59)

valid V k, [, m, n, thus 81 equations which are partly redun-
dant, six independent conditions

St. Venant compatibility conditions

M1 = €233 + €3320 — 2€233 =0
M2 = €3311 + €1133 — 2€3113 = 0
M3z = €112 + €011 — 2€1221 =0 (2.3.60)
M2 = €1332 + €331 — €3312— €1233 = 0
M3 = €21,13 + €112 — €113 —€2311 = 0
M31 = €321 + €1223 — €231 —€3122 = 0

incompatible displacement field, e.g. in dislocation theory
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2 Kinematics

2.3.9 Special case of plane strain

dimensional reduction in case of plane strain with vanishing

strains €13 = €3 = €31 = €3 = €33 = 0 in out of plane
direction, e.g. in geomechanics
€ =c¢€jje; Qe (2.3.61)
matrix representation of coordinates [e;j]
€11 €12 0
[Gij] = | €1 €2 0 (2.3.62)
0O 0 O

2.3.10 Voigt representation of strain

three dimensional second order strain tensor €
€=¢€jje;Qe;j (2.3.63)

matrix representation of coordinates [e;j]

€11 €12 €13
[eij] = €21 €22 €23 (2364)

€31 €23 €33

due to symmetry [e;;] = [€;;] and thus €12 = €21, €23 = €37,
€31 = €13, strain tensor € contains only six independent com-
ponents €11, €22, €33, €12, €23, €31,1t proves convenient to rep-
resent second order tensor € through a vector e

t
€ = €11, €2, €33,2 €12,2 €23, 2 €31] (2.3.65)
vector representation € of strain € in case of plane strain

€ = [e11, €2, €33,2 €12]" (2.3.66)
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3 Balance equations

3.1 Basic ideas

e until now:
kinematics, i.e. characterization of deformation of a material
body B without studying its physical cause

® NOW:
balance equations, i.e. general statements that characterize
the cause of cause of the motion of any body B

{ei}i:1,2,3
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3 Balance equations

Basic strategy
e isolation of an arbitrary subset B of the body B

e characterization of the influence of the remaining body
B\B on B through phenomenological quantities, i.e. the
contact mass flux r, the contact stress t,, the contact heat
flux g

e definition of basic physical quantities, i.e. the mass m, the
linear momentum I, the moment of momentum D and the
energy E of subset B

e postulate of balance of these quantities renders global bal-
ance equations for subset 3

e localization of global balance equations renders local bal-
ance equations at point x € B
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3.1 Basic ideas

3.1.1 Concept of mass flux

the contact mass flux r, at a point x is a scalar of the unit
[mass/time/surface area]

the contact mass flux r,, characterizes the transport of matter
normal to the tangent plane to an imaginary surface passing
through this point with normal vector n

{ei}i=1,2,3

definition of contact heat flux g, in analogy to Cauchy’s pos-
tulate, lemma and theorem originally introduced for the mo-
mentum flux in §3.1.2

Cauchy’s postulate

rn =1, (x,n) (3.1.1)
Cauchy’s lemma

r(x,n) = —ry(x, —n) (3.1.2)

Cauchy’s theorem

the contact mass flux r, can be expressed as linear function
of the surface normal n and the mass flux vector r

rhn=1-n (3.1.3)
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3 Balance equations

Mass flux vector
the vector field r is called mass flux vector

r=r;e; (3.1.4)
Cauchy’s theorem

rh=17-n (3.1.5)
index representation

rn=(rie;)-(nje;) =rin;jdj=rn; (3.1.6)

geometric interpretation

€3

€1 (o)

the coordinates r; characterize the transport of matter through
the planes parallel to the coordinate planes

in classical closed system continuum mechanics (here) the
mass flux vector vanishes identically

examples of mass flux: transport of chemical reactants in
chemomechanics or cell migration in biomechanics
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3.1 Basic ideas

3.1.2 Concept of stress

traction vector

. Af df
o= 1 = 7 3.1.7
t Aglo Aa da ( )

interpretation as surface force per unit surface area

Cauchy’s postulate

the traction vector t, at a point x can be expressed exclu-

{ei}i:1,2,3

sively in terms of the point x and the normal n to the tangent
plane to an imaginary surface passing through this point

traction vector

ty =t;(x,n) (3.1.8)

Cauchy’s lemma

the traction vectors acting on opposite sides of a surface are
equal in magnitude and opposite in sign

to1(x, m) = —te2(x, n2) (3.1.9)
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3 Balance equations

n 7
np
t02
{ei}i:1,2,3
generalization withn =n; = —ny and t, =t
to(x,n) = —t,;(x, —n) (3.1.10)

Cauchy’s theorem

the traction vector ¢, can be expressed as a linear map of the
surface normal n mapped via the transposed stress tensor o'

ty=0'n (3.1.11)
accordingly withn = n; = —ny and t, = t»
tyqy = ot-my = o''n= t
o ! d (3.1.12)
too = ot-n, =— ot'n =— ¢,
Cauchy tetraeder

balance of momentum (pointwise)

tg(fl) da = _to‘(ni) d(li = to‘(ei) d(li = tyi dlli (3113)
surface theorem, area fractions from Gauss theorem
da;
nda = —n;da; = e;da,; 2 _ e;-n = cosZ(e;,n) (3.1.14)

da
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3.1 Basic ideas

traction vector as linear map of surface normal

da;
4 tyicos L(ej,n) =tyilei-n| = [t Qe - n

tg(n) = tdi%
(3.1.15)

compare t,(n) = o' -n
interpretation of second order stress tensor as o' = t,; ® e;

Stress tensor

Cauchy stress (true stress)
o' =1, Qe = 0jiejQe; o =eR®t;=o0ie;Qe; (3.1.16)
Cauchy theorem

t,=0'n (3.1.17)
index representation

to = 0jie;Q e; - nyey = ojinidyre; = ojnie; = tie; (3.1.18)
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3 Balance equations

matrix representation of tensor coordinates of oj;

t

011 012 013 t4

L — _ t
0ij] = | 021 022 023 | = t,, (3.1.19)

t

031 032 033 t,;

geometric interpretation

with traction vectors on surfaces

— T 1t

to1 = | 011 012 013
T 1t

to;p = | 021 O 023 | (3.1.20)
T 1t

toz = | 031 032 033 |

first index ... surface normal
second index ... direction (coordinate of traction vector)

diagonal entries ... normal stresses
non—diagonal entries .. shear stresses
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3.1 Basic ideas

3.1.2.1 Volumetric—deviatoric decomposition of stress tensor

in analogy to the strain tensor €, the stress tensor o can
be additively decomposed into a volumetric part o¥°' and
a traceless deviatoric part g¢

volumetric — deviatoric decomposition of stress tensor o
o=0""+ 0% (3.1.21)
with volumetric and deviatoric stress tensor oV°' and o9¢"
tr(o") =tr(o)  tr(c?) =0 (3.1.22)
e volumetric second order tensor oV
o' = %[0' N I=0"":0c (3.1.23)

upon double contraction volumetric fourth order unit tensor
IV°! extracts volumetric part oV°! of stress tensor

I = 1IQI1
X (3.1.24)
Mol — % 5ij5kl e X e; X er R e
e deviatoric second order tensor o4¢v
1
ol =0 — 5[0 I I=1%:0 (3.1.25)

upon double contraction deviatoric fourth order unit tensor
4¢v extracts deviatoric part of stress tensor

[dev — qsym _ [vol — Jsym _— %I Q1

d 1 1 1 (3.1.26)
19 = [36ubji 45 8udjk — 5 0i0u] ei@ej @ er D e
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3 Balance equations

Volumetric stress

volumetric part 0¥ of stress tensor o

oW =3lc:NI=3[IxI:0c=01"":0

3
interpretation of trace as hydrostatic pressure
p = %’[I‘(O‘) :%0' I = %(0114—022—!—033)
index representation
VO

o' = cr‘"’l e Qe

matrix representation of coordinates [G"Ol]

1 00
VO 1
o] =p {0 1 0 p=3tr(o)
0 0 1

(3.1.27)

(3.1.28)

(3.1.29)

(3.1.30)

volumetric stress tensor ¢V°! is a spherical second order ten-

soras 0¥ =pl

volumetric stress tensor oV°! contains the hydrostatic pres-

sure part of the total stress tensor o
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3.1 Basic ideas

Deviatoric stress

deviatoric stress tensor 0% preserves the volume and con-
taines the remaining part of the total stress tensor o

deviatoric part ¢V of the stress tensor o

0 =0—-0""=0—-l{o:[[I=1":0 (3.1.31)

index representation

dev dev

o =0, eXe;j

(3.1.32)

matrix representation of coordinates [GZF}QV]

Zdjev] —

W[

trace of deviatoric stresss tr (o9¢")

tr (g9) =
+
+

W= W= W=

2011 — 022 — 033

2097 — 011 — 033

2033 — 011 — 092

2011 — 022 — 033 012 013
021 209, — 011 — 033 013
031 032 2033 — 011 — 02

=0

(3.1.33)

(3.1.34)

deviatoric stress tensor o€ is a traceless second order ten-

soras tr () =0

deviatoric stress tensor 6V contains the hydrostatic pres-
sure free part of the total stress tensor o
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3 Balance equations

3.1.2.2 Normal-shear decomposition

assume we are interested in the
stress 0, normal to a particular /Aj
plane characterized through its

normal n, i.e. the normal pro-
jection of the stress vector ¢,

op=t;-n=[c"n-n=c":nn=0": N (3.1.35)
normal-shear (tangential) decomposition of stress vector £,

t, = 0, + oy (3.1.36)
normal stress vector — stress in direction of n

o,=[0":[n@n]|ln=0":[nRnRn] (3.1.37)
shear (tangential) stress vector — stress in the plane

oy = t,—0,=0'"n—0ot: nXnRn
t " | | (3.1.38)
= o[ n—nnn=0c":T

amount of shear stress T,

||Tn||2 = (ty—0,) - (ts —0y) = tg-tU—Zta-O‘n—l—Uﬁn-n
(3.1.39)
and thus

T, = ||oy|| = Vo0 = \/ta ty — 02 (3.1.40)

in general, i.e. for an arbitrary direction n, we have normal
and shear contributions to the stress vector, however, three
particular directions {n;}i—1 23 can be identified, for which
t, = 0, and thus o; = 0, the corresponding {#n,;}i=123 are
called prinicpal stress directions and {0,; }i=123 = {Asi}iz123
are the principal stresses
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3.1 Basic ideas

3.1.2.3 Principal stresses

assume stress tensor o' to be known at x € B, principal
stresses { Ay }i=123 and principal stress directions {ny; }i=12 3
can be derived from solution of special eigenvalue problem
according to §1.1.3

O't-nm' = /\gingi I:O-t_Ao‘i:I "Ny = 0 (3.1.41)
solution
det (0' — A, I) =0 (3.1.42)

or in terms of roots of characteristic equation
A2 — Iy A2 411, A — 111, = 0 (3.1.43)

roots of characteristic equation in terms of principal invari-
ants of o*

Iy = tr (O-t) = A1 + Ac2 + )\03
I, =3[tr?(0") — tr (0°2)] = Ap2Ae3 + Ao Ao1 + As1Ac2
IIIU: det (O't) = )\01 Agz Ao‘3
(3.1.44)
spectral representation of o
3
ol = E Agi Ngi @ Ng; (3.1.45)
=1

principal stresses A,; are purely normal, no shear stress 7, in
principal directions, i.e. t5 = 0, = Asings and o; = 0 thus
T, =0

due to symmetry of stresses o = o, stress tensor posseses
three real eigenvalues {Asi}i=123, corresponding eigendi-
rections {n;}i=1,3 are thus orthogonal n; - nej = Oij
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3 Balance equations

3.1.2.4 Special case of plane stress

dimensional reduction in case of plane stress with vanishing
stresses 013 = 023 = 031 = 03 = 033 = 0 in out of plane
direction, e.g. for flat sheets

O = 0jje; X e (3.1.46)
matrix representation of coordinates o]
o1 012 0
[Gij] = | op1 09 O (3.1.47)
0O 0 O

3.1.2.5 Voigt representation of stress

three dimensional second order stress tensor o
O = 0jje; K e (3.1.48)

matrix representation of coordinates [07;]

011 012 013

l0ij] = | 021 022 023 (3.1.49)
031 023 033
due to symmetry [0jj] = [0j] and thus 012 = 021, 023 =

032, 031 = 073, stress tensor o contains only six independent
components 011, 022, 033, 012, 023, 031,1t proves convenient to
represent second order tensor o through a vector o

— t
o = |011, 022, 033, 012, 023, 031 (3.1.50)
vector representation o of stress o in case of plane stress

0 = [011, 022, 033, (712]t (3-1-51)
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3.1 Basic ideas

3.1.3 Concept of heat flux

the contact heat flux g, at a point x is a scalar of the unit [en-
ergy/time/surface area]

the contact heat flux g, characterizes the energy transport
normal to the tangent plane to an imaginary surface passing
through this point with normal vector n

{ei}i:1,2,3

definition of contact heat flux g, in analogy to Cauchy’s pos-
tulate, lemma and theorem originally introduced for the mo-
mentum flux in §3.1.2

Cauchy’s postulate
dn = qn (x, 1) (3.1.52)
Cauchy’s lemma

qn(x, 1) = —qu(x, —n) (3.1.53)

Cauchy’s theorem

the contact heat flux g, can be expressed as linear function
of the surface normal n and the heat flux vector g

Gn =g -1 (3.1.54)
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3 Balance equations

Heat flux vector

the vector field g is called heat flux vector

q = qgie; (3.1.55)
Cauchy’s theorem

Gn =4 - n (3.1.56)
index representation

Gn = (qie:) - (nje;) = qin;dij = qimn (3.1.57)

geometric interpretation

E

e €2

the coordinates g; characterize the heat energy transport through
the planes parallel to the coordinate planes

in continuum mechanics of adiabatic systems the heat flux
vector vanishes identically
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3.2 Balance of mass

3.2 Balance of mass

total mass m of a body B

— /B dm (3.2.1)

mass density

Am dm

p= Alxi/glo AV = do dm=pdV (3.2.2)
m = /B pdV (3.2.3)
mass exchange of body B with environment m"" and m"°!
m = /_rndA m'o 1= /_RdV (3.2.4)
0B B

with contact mass flux r, = r - n and mass source R

3.2.1 Global form of balance of mass

"The time rate of change of the total mass m of a body B is
balanced with the mass exchange due to contact mass flux
m* and the at-a-distance mass exchange m"°..”

Dym = m™™ + m"°! (3.2.5)

and thus

Dt/_ 0dV = /_rndA+/_RdV (3.2.6)
B ob B
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3 Balance equations

3.2.2 Local form of balance of mass

modification of rate term D; m
D, m = D, / pdy Bixed / D,pdV (32.7)
B B
modification of surface term m"

msur:/_rndACaihy/_r-ndAGa:““ /_div(r)dV
0 d B

B B
(3.2.8)
and thus
/_ DipdV = /_div (r)dV+/_RdV (3.2.9)
B B B
for arbitrary bodies B — local form of mass balance
Dip=div(r)+R (3.2.10)

3.2.3 Classical continuum mechanics of closed systems

in classical closed system continuum mechanics (here), r =
0 and R = 0, such that the mass density pis constant in time

Dip(x,t) =0  p= p(x) = const (3.2.11)

typically r # 0 and R # 0 only in bio— or chemomechanics
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3.3 Balance of linear momentum

3.3 Balance of linear momentum

total momentum p of a body B

p = / Dtudm:/_vdm:/_pvdV (3.3.1)
B B B
momentum exchange of body B with environment through

contact forces f5* and at-a-distance forces f*°!

fou ::/_tUdA frol = /_de (3.3.2)
B B

with contact/surface force t, = o' - n and volume force b

3.3.1 Global form of balance of momentum

“The time rate of change of the total momentum p of a body
B is balanced with the momentum exchange due to contact
momentum flux / surface force f*'* and the at-a-distance
momentum exchange / volume force fV°!.”

Dip = 5 + f*! (3.3.3)
and thus
Dt/_pvdV:/_tgdA—l—/_de (3.3.4)
B B B

3.3.2 Local form of balance of momentum

modification of rate term D; p

D:p = D, / pody Bixed / Di(po)dV (3.3.5)
B B
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3 Balance equations

modification of surface term f**"

four = /_tgdA Cauchy /_O't-ndA Gauss /_div(o-t)dV
oB oB B
(3.3.6)

and thus
/_ Di(po)dV = /_diV(O‘t)dV+/_de (3.3.7)
B B B

for arbitrary bodies B — local form of momentum balance

Di(pv) =div(c') + b (3.3.8)

3.3.3 Reduction with lower order balance equations

balance equations are typically modified with the help of
lower order balance equations

Di(pv) =vD;p+pDyov =div(c') + b (3.3.9)
with balance of mass multiplied by velocity v

vDip=vdiv(r)+oRo=div(v®r) —Vo-r+0R,
(3.3.10)

local momentum balance in reduced format

pDiw =div(c'—Vo®r)+b+Vo-r—ovRy (3.3.11)
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3.4 Balance of angular momentum

3.3.4 Classical continuum mechanics of closed systems

in classical closed system continuum mechanics (here), r =
0 and R = 0, such that the mass density p is constant in
time, i.e. D; (pv) = pD;v and thus

pDyw =div (') + b (3.3.12)

the above equation is referred to as ‘Cauchy’s first equation
of motion’, Cauchy [1827]

3.4 Balance of angular momentum

total angular momentum I of a body B

l:= /_xthudm:/_xxvdm:/_pxxvdV (3.4.1)
B B B

angular momentum exchange of body B with environment
through momentum from contact forces I°** and momentum
from at-a-distance forces 1V°!
pour ::/_xxtadA vol . — /_xxde (3.4.2)
0B B
with momentum due to contact/surface forces x X t, = x X
o' - n and volume forces x X b, assumption: no additional

external torques

3.4.1 Global form of balance of angular momentum

“The time rate of change of the total angular momentum I of
a body B is balanced with the angular momentum exchange

67



3 Balance equations

due to contact momentum flux / surface force I°*" and due to
the at-a-distance momentum exchange / volume force 1¥°.”

Dl = [ 4 v (3.4.3)

and thus

Dt/_pxxvdV:/_xxtUdA—l—/_xxde (3.4.4)
B oB B

3.4.2 Local form of balance of angular momentum

modification of rate term D; p
Dl =D / ox x vdV B / Di(px x 0)dV  (3.45)
B B

modification of surface term [5**

v = /_xxtgdAcaghy/_xXO't-ndA
9B 0B
Caues /_div(xxaf)dv (3.4.6)
= /Bxxdiv(ot)dV+/Vx><0'th
B B
and thus
/_ Di(px xv)dV = /_deiV(O't)dV
B

(34.7)
+ [ 1x atdv+/_x><bdv
B B

for arbitrary bodies B — local form of ang. mom. balance

Di(pxxv)=xxdiv(c')+Ixo'+xxb (3.4.8)
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3.4 Balance of angular momentum

3.4.3 Reduction with lower order balance equations

modification with the help of lower order balance equations

Di(px xv) = Dix x (pv)+x x Dy (pv) (3.4.9)
= xxdiv(c)+Ixo'+xxb -

position vector x fixed, thus D; x = 0, with balance of linear
momentum multiplied by position x

x X Di(pv) =xxdiv(e')+xxb (3.4.10)

local angular momentum balance in reduced format

Ixo'=e:0=—2axl (c)=0 o=0d" (3.4.11)

the above equation is referred to as ‘Cauchy’s second equa-
tion of motion’, Cauchy [1827]

in the absense of couple stresses, surface and body couples,
the stress tensor is symmetric, 0 = o, else: micropolar /

Cosserat continua

vector product of second order tensors A x B —e: [A - BY]
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3 Balance equations

3.5 Balance of energy

total energy E of a body B as the sum of the kinetic energy
K and the internal energy I

E = /e dv = /k+de K+1
K:= [k dv= / 0v-vdV (35.1)

i

energy exchange of body B with environment e*** and ¢!

Esur::/_v-tadA—/_qndA

a 95 (35.2)
peol— [ v-de—|—/_QdV

B oB

with contact heat flux g, = r - n and heat source Q

3.5.1 Global form of balance of energy

"The time rate of change of the total energy E of a body B
is balanced with the energy exchange due to contact energy
flux Es* and the at-a-distance energy exchange E¥°.”

D,E = Esr 4 Ev! (3.5.3)

and thus

Dt/_edV:/_v-tg—qndA—i—/_v-b—l—QdV (3.5.4)
B oB B
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3.5 Balance of energy

3.5.2 Local form of balance of energy
modification of rate term D, E
D,E = D, /_edV Biixed / DiedV
B B
modification of surface term ES**
Eor — / v-te—q,  dA
Cauch b
:y/_ v-oc'-n—qg-n dA
9B
Gauss / div(v-o') +div(—q)dV

B
and thus

(3.5.5)

(3.5.6)

/_ DtedV:/_div(v-at—q)dV+/_v-b+ QdV (357)
B B B

for arbitrary bodies B — local form of energy balance

Die=div(v-o'—q)+v-b+ Q

(3.5.8)

3.5.3 Reduction with lower order balance equations

modification with the help of lower order balance equations

with
Die = Dy(k+i) =vD;(pv)+ Dyi
= div(v:-o'—q)+0v-b+ Q
with

(3.5.9)

Dik = Di(3pv - v) = 3D¢(pv) - v+ 30 - Di(pv) = v - Dy(pv)
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3 Balance equations

(3.5.10)
with balance of momentum multiplied by velocity v
vD;(pv) =vdiv(c)+vb=div(v-c')—Vov:0'+v-b
(3.5.11)
with stress power
Vo:0' = o':Vo=0': VD@
(3.5.12)
= o':D;Vep =0c': D, V¥ = o' : D;se

local energy balance in reduced format/balance of int. energy

D;i=0":Die—div(g)+ Q (3.5.13)

3.5.4 First law of thermodynamics

alternative definitions
p™*:=div (v-0')4v b ... external mechanical power
p™:=0"': Vv=0c": Dse...internal mechanical power

q™*:=div (—q)+Q ... external thermal power
(3.5.14)

Balance of total energy / first law of thermodynamics

the rate of change of the total energy ¢, i.e. the sum of the ki-
netic energy k and the potential energy i is in equilibrium
with the external mechanical power p®* and the external
thermal power g

72



3.5 Balance of energy

Dt e = Dt k + Dt = pext + let (3515)

the above equation is typically referred to as ”principle of
interconvertibility of heat and mechanical work” , Carnot

[1832], Joule [1843], Duhem [1892]

tirst law of thermodynamics does not provide any informa-
tion about the direction of a thermodynamic process

balance of kinetic energy

D,k = p®t — p™ (3.5.16)

the balance of kinetic energy is an alternative statement of
the balance of linear momentum

balance of internal energy

Dyi = g + pt (3.5.17)

kinetic energy k and internal energy i are no conservation
properties, they exchange the internal mechanical energy
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3 Balance equations

3.6 Balance of entropy

total entropy H of a body B
H:= /_th (3.6.1)
B

entropy exchange of body B with environment through Hs**
and H"!

Ho —/_hndA H™ .= /_HdV (3.6.2)
0B B
with contact entropy flux h, = h - n and entropy source ‘H

internal entropy production of body B as HP™
HPo = / WPedV >0 (3.6.3)
B

whereby HP™ is strictly non-negative

3.6.1 Global form of balance of entropy

"The time rate of change of the total entropy H of a body B
is balanced with the energy exchange due to contact energy
flux H*, the at-a-distance entropy exchange H'°' and the
non—-negative entropy production HP™ with HP™ > 0”.

D,H = H*" + H"°! 4+ HP™ (3.6.4)

and thus

D, /_th: _ / h,dA+ / HAV + / hPodV  (3.6.5)
B oB B B
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3.6 Balance of entropy

3.6.2 Local form of balance of entropy

modification of rate term D; H
Bfixed
D, H =D, / hav B / D dV (3.6.6)
B B
modification of surface term H**

Ho — — /_hndA Couchy _ /_h-ndA Gauss _ /_div (h)dV
oB oB B

(3.6.7)
and thus
/_ DihdV = —/_div(h)dv+/_Hdv+/_hpf°dv
B B B B
(3.6.8)

for arbitrary bodies B — local form of entropy balance

Dih = —div (h) + H + h?™° (3.6.9)

3.6.3 Reduction with lower order balance equations

modification with the help of lower order balance equations
assumption of existience of absolute temperature theta > 0
which renders the following constitutive assumption
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3 Balance equations

such that
Dih= — div (5 9) +3Q+ hP°
ODh= — 05div(q) —q-0V(z) + Q+0Oh™

Di(0h)= —03div(q) —q-VIn(d)+ Q+6hP°—hD;o
(3.6.11)

with balance of internal energy

Dii=q™+p™=—div(g) + Q+ 0" : Dse (3.6.12)
combination of balance of entropy and internal energy

D;(i—0h)=0":Die—hDi0—¢q-VIn(6) —Oh* (3.6.13)

Legendre transform: free Helmholz energy

Pp=1i—0h (3.6.14)
and thus

Dip=0":Die—hDif—q-VIn(0) —0h"  (3.6.15)

3.6.4 Second law of thermodynamics

“The production of entropy h”* is non-negative.”
h?* >0 (3.6.16)

entropy is a measure of microscopic disorder of a system,
positive entropy production gives a preferred direction to
thermodynamic processes

Clausius: "heat never flows from a colder to a warmer system’
introduction of dissipation (-rate) D

D := 0h"™ > (3.6.17)
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3.6 Balance of entropy

dissipation inequality

D=0¢":Die—hD0—D;p—q-VIn(6) >0 (3.6.18)

the above equation is referred to as ‘Clausius—-Duhem in-
equality’, Clausius [1822-1888]

D =0 ... reversible process

(3.6.19)

D >0 ... irreversible process
conjugate pairs

stress o vs. strain € (3.6.20)

entropy h vs. temperature 0
decomposition into local and conductive part

D = D" D" > () (3.6.21)
local part / Clausius—Planck inequality

D =0¢':Die—hDi0—D;1p >0 (3.6.22)
conductive part / Fourier inequality

D= —q-VIn(0) >0 (3.6.23)
example: Fourier law of heat conduction

q=—k-Vo isotropic k=«klI (3.6.24)

Fourier inequality a priori statisfied by construction

VO-k-V0>0 (3.6.25)
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3 Balance equations

3.7 Generic balance equation

any balance law can be expressed a general format

3.7.1 Global / integral format

D/A=B+C+T (3.7.1)

or alternatively

Il/}dV:/ibndA+/¥dV+/jdV (37.2)
B oB B B

whereby
A ... balance quantity
B ... surface transport through 953
- (3.7.3)
C ... volume source in B
I ... production in B

3.7.2 Local / differential format

local format of balance law follows from

e application of Gauss’ theorem
e localization theorem, i.e. B arbitrarily small
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3.7 Generic balance equation

a balance quantity
¢,y

_ n
B
{eiti=123
Dia=div(b) +c+ vy (3.7.4)

quantity flux source production

a b C 2%
mass Joj r R —
lin. mom. pv ot b —~
ang. mom. XX po x X ot xXb —~
energy e v-ot—gq |v-b+Q |-
kin. energy | k v-ot v-b —ot:Dse
int. energy || i —q Q o':Dse
entropy h —h H hpro

Table 3.1: generic balance law

mass, linear momentum, angular momentum and total en-
ergy are conservation properties, while kinetic energy, inter-
nal energy and entropy are not, they possess a production
term
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3 Balance equations

3.8 Thermodynamic potentials

internal energy
i=i(eh,...) — o=Dg and 6=Dyi  (3.8.1)
Legendre-Fenchel transform h — 6
Y (€,0) = irhlf (i(e,h)—0h)=1i(e h(0)) —Oh(0) (3.8.2)
Helmholtz free energy
Yp=1vY(e0,..) — oc=Dap and h= —Dyy (3.8.3)
Legendre-Fenchel transform € — o
$(0,0) = sup (i e—(e,0) = o : e(0) — P (e(c), 6)
e (3.8.4)

Gibbs free energy

¢=g¢(0,0,...) — €=D,g and h=Dyg (3.8.5)
Legendre-Fenchel transform 6 — h

n(o,h) = irelf (¢(0,0)—h0)=g(0,0(h))—hO(h) (3.8.6)

enthalpy

n=n((eh,..) — €=Dyn and 6= —Dyn (3.8.7)
Legendre-Fenchel transform o — €

i(e,h)=sup(e:o—n(o,h))=€e:0(e)—n(o(e),h)

’ (3.8.8)
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4 Constitutive equations

motivation:

unknowns
density p
displacement u
temperature 0
mass flux r
stress o

heat flux g

in total

||B|U3©OJHO~)H

equations

e balance of mass

e balance of momentum

e balance of angular momentum
e balance of energy

in total

[|OO] = W W =

balance of unknowns vs. number of equations: 20-8=12 equa-
tions are missing, introduction of 12 material specific consti-
tutive equations, i.e. equations for the mass flux r (3 eqns.),
the symmetric stress o = o' (6 eqns.) and the heat flux g (3
eqns.)
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4 Constitutive equations

4.1 Linear constitutive equations

e for the mass flux r withr,, =7 -n
e for the momentum flux / stress o' = o with t,, = o' - n
e for the heat flux g withg, = g - n

{ei}i:1,2,3

in the simplest case, we could introduce ad hoc definitions
of the mass flux, the momentum flux and the heat flux in
terms of the spatial gradients of the density, the deformation
and the temperature
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4.1 Linear constitutive equations

4.1.1 Mass flux — Fick’s law

linear relation between mass flux r (vector) and density gra-
dient Vp (vector) in terms of mass conduction coefficient R
(second order tensor)

r=R-Vp (4.1.1)
index representation
rie; = [Rijei ®ej] - [prex] = Rijeidupr = Rijp jei (4.1.2)

matrix representation of coordinates

1 Ri1p1 + Riap2 + Rizpgs
1= 17| =|Rupr1 + Rupa + Raupgs (4.1.3)
3 R31p1 + Raap2 + R33p03

special case of isotropie

r1 P,1
R =RI r = RVp [ri] =|r | =R P2 (4.1.4)
rs P3

a linear relation between the flux of matter r and the gradi-
ent of concentrations Vp is referred to as Fick’s law
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4 Constitutive equations

4.1.2 Momentum flux — Hook’s law

linear relation between momentum flux o (second order ten-
sor) and displacement gradient Vu or rather € = V*Y™y (sec-
ond order tensor) in terms of elasticity tensor IE (fourth or-
der tensor)

c=E:V¥u=E:e€ (4.1.5)

index representation

cri]-ei®e]- = [Eijklei®ej®ek®el] : [emnern@en]

(4.1.6)
= Ejjne; ® €jdmd1n€mn = Eijuien i ® e
special case of isotropie
i.e. identical Eigenbasis of stress & strain
3 3
o= E Agillgi @ Ngi € = E Acitlei @ Ne; (4.1.7)
: I

representation theorem for isotropic tensor—valued tensor-
functions

o(e) = fil + fre+ fze-€ (4.1.8)

with f; = fi(L, 11, I11.) function of strain invariants

[e = tr (6) = Ae1 + A2 + A3
IT, = 1[tr2(€) — tr ()] = AcoAes + Acsher + AetAer  (4.1.9)
I = det (e) = Ae1 Ae2 )\eS

a linear relation between the momentum flux o and the strains
€ represents the generalized form of Hook’s law
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4.1 Linear constitutive equations

Hypoelasticity / Cauchy Elasticity

a hypoelastic / Cauchy elastic constitutive law can be repre-
sented in the following form

o=o(€) (4.1.10)

e invertible relation between stress o and strain € (rates)
e possible dissipation of energy in closed strain circles

%Dlocdt: 7{0 : edt—thtpdt: fa:edt (4.1.11)

homogeneous strain path from e;, to €,
ela) =[1—ale, +ae, de=]e,—ey]da (4.1.12)
stress work for linear elastic material

t 1
/2 o:de = / e(a):IE: e, — € ]da
h 0

1
= slenten| E:le, — ey

dissipation in isothermal closed strain cycle t; — t, — t3 — t;

(4.1.13)

]{ Dcdt =€, : ™ e, +e, : BN 1€, + €, : B i ey, #£0
(4.1.14)
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4 Constitutive equations

4.1.3 Heat flux — Fourier’s law

linear relation between heat flux g (vector) and temperature
gradient VO (vector) in terms of heat conduction coefficient
K (second order tensor)

gq=«k-V0 (4.1.15)
index representation
qdi e = [Ki]' e; X e]-] . [Qlkek] = Ki]'ei(S]'k@,k = Kijg,jei (4:.1.16)

matrix representation of coordinates

q1 k1101 4+ k1202 + k1303
g = g2 | = | k2101 + k2020, + k2303 (4.1.17)
qs K3101 + k3202 + K3303

special case of isotropie

q1 01
k=«kI g=«kV0 gl =g | =k |0, ]| (41.18)

q3 03

a linear relation between the heat flux vector g and the tem-
perature gradient VO is referred to as Fourier’s law which
goes back to Fourier [1822]
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4.2 Hyperelasticity

4.2 Hyperelasticity

4.2.1 Specific stored energy

a hyperelastic / Green elastic constitutive law can be repre-
sented in the following form

oc=o0(e) and D*=W-Dp=0 (4.2.1)

e invertible relation between stress o and strain € (and
stress and strain rates D;o and D;€) based on a potential
e potential corresponds to elastically stored specific energy
e by construction no dissipation of energy in closed strain
circles
stress power W

W = o : Die =Dy (4.2.2)
ensuring D' = W — Dy = 0 by construction, thus

Y = Y(e) and Dap = Dey : Dse (4.2.3)

specific stored energy W as path independent integral of
stress power W

W(e) = P(e) (4.2.4)
with
o o 12)
W(ern) —W(en) = D;Wdt = / Wdt = / o :de
H t H
(4.2.5)
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4 Constitutive equations

generic hyperelastic / Green elastic constitutive law

oc=DeW  with W =W(e) (4.2.6)
t
e path independent W(er) — W(en) = ’ dWwW
ty
e no dissipation ]{ dW =20
D2W

e symmetric De % De

relation between stress rates and strain rates defines contin-
uum tangent stiffness (fourth order tensor) IE'*"

DtO' = ]Etan . Dte (427)

fourth order tangent stiffness / elastic material tangent

D*W
fan — m = Ei]-klei e erX e (4.2.8)
minor and major symmetries: reduction from 3* = 81 to

62 = 36 to 21 coefficients

Eijg = Ejiw = Ejik = E;je and  Ejjy = Egij (4.2.9)
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4.2 Hyperelasticity

4.2.2 Specific complementary energy

specific stored energy

o =DeW  with W =W(e) (4.2.10)

Legendre-Fenchel tranform o — €

W*(o) = Slép(O' ce—W(e)) (4.2.11)

specific complementary stored energy
W*=W*"(o)=0:€e(oc)—W(e(o)) (4.2.12)

general hyperelastic constitutive law

€ = DgW* with ~ W= W*(0) (4.2.13)

relation between strain rates and stress rates defines contin-
uum tangent compliance (fourth order tensor)T'"

Die =C™" : D0 with (% =[E@! (4.2.14)
fourth order tangent compliance
n D*W
fan — Do ® Do = Cijklei e e e (4.2.15)
minor and major symmetries: reduction from 3* = 81 to

6% = 36 to 21 coefficients
Cijt = Cjiw = Cjix = CGijir.: - and  Cijy = Cuij (4.2.16)
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4 Constitutive equations

4.3 Isotropic hyperelasticity

4.3.1 Specific stored energy

isotropy: identical eigenbasis of stress and strain
3 3
o= E Aoilgi @ Nyi € = E Aeillei @ N (4.3.1)
4 1

representation theorem for isotropic tensor-valued tensor
functions

o(e) = fil + fre+ fze - € (4.3.2)

with f; = fi(IL, 11, I11;) function of strain invariants

I.= tr (€)
II. = 1[tr*(e) — tr (€)] (4.3.3)
.=  det(e)

representation theorem for isotropic scalar-valued tensor func-
tions

W(e) = W(l, IL, I11.) (4.3.4)

with W(e) = W(Q-e- Q") VQ € SO(3)
stress for hyperelastic material

DW DI. DW DIL. DW DIIL
o =DeW =5 5e " DIT. De T DIIL De **
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4.3 Isotropic hyperelasticity

with derivatives of invariants I, 11, I1]. with respect to sec-
ond order tensor €

Delc =1
De II. = —e+ LI (4.3.6)
De III. = =11l e = €* — I.e + 1.1

general representation of stress

O = DIGW I+ D[[ew [—€+ Ie I] + DIILgW [62 — I€€—|— IIGI]

comparison of coefficients (4.3.7)
fi = DIW+H+I.Dy W+ I1I.Di W
fo =— Dy W— LD W (4.3.8)
fs = DmW

assumption of linearity (quadratic term vanishes), two Lamé
constants A and u

fi=slA=[e: 1A  fr=2p fr=0 (43.9)

specific stored energy (quadratic in strains)

1
W:—e:IE:e:EA[e:I]2+y[ez:I] (4.3.10)

stress tensor (linear in strains)

c=DeW=E:e=fil+ fre=Ale:I|I1+2pue (43.11)

91



4 Constitutive equations

matrix representation of coordinates

Ale +2perr 2 per 2 pers

[Uij] = 2 uer Al + 2 uey 2 U€Ers (4.3.12)
2 pes 2ues, Ale+2pess

linear elastic continuum tangent stiffness (constant in strains)

E* = AI®I+2ul¥™ Do =E":De (43.13)

linear elastic continuum secant stiffness

E=AM®I+2ul¥™ o=E:e (4.3.14)

Voigt representation of stiffness tensor

(4.3.15)

SO TE O O O O
T O O O O ©
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4.3 Isotropic hyperelasticity

volumetric - deviatoric decomposition

specific stored energy (quadratic in volumetric and devia-
toric strains)

W = Wvol (evol) + Wdev (edev)

1 (4.3.16)
= k[ I)* + pledev?: I
with
el = He:I1I = I : e
(4.3.17)
e = e—1le: Il = 1™ :e

stress tensor

c=DcW=E:e=3ke" +2ue (4.3.18)

matrix representation of coordinates

KI —|’ 2 Hedev 2 uedev 2 “edev
[ Uij] — 2 }iedev Kl + 2 LLGdeV 2 uede"
2 ‘uedev 2 ‘uedev KI i o) uede"

linear elastic continuum tangent stiffness (43.19)

E =3k +2 %  D,o = E™ : Dse (4.3.20)
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4 Constitutive equations

linear elastic continuum secant stiffness

E=3kI""4+2ul* o=IE:e (4.3.21)
Voigt representation of stiffness tensor
—K—I—%},L K—%u K—%},LO 0 O
Kk—2u k+32u k=210 0 0 O
K—2u K—2pu K+20 0 0 O
E — Sl L (4.3.22)
0 0 0 u 0 O
0 0 0 0 u O
0 0 0 0 0 wu
transformation with fourth order unit tensors
I = 1I®l
3 (4.3.23)
[[dev — Jrsym _ [vol — Jsym _— %I I
thus
F = IEtan — 3 K]IVOI + 2 u][dev
— 3 _ 2 Vel 2 ™
= Su I+ 20 (4.3.24)
— 3 A ]Ivol + 2 ‘u][sym
= AT T + 2ulsym™
bulk modulus and shear modulus
2
K=A+-pu and u (4.3.25)

3
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4.3 Isotropic hyperelasticity

comparison of coordinates Eq1111 and Eq122

4 2 4
Kb = Atopt-p=A+2pu

3 3 3 (4.3.26)

K= 3H + K3k

restrictions to elastic constants from positive stored energy,
i.e. positive definite elastic stiffness

2
e:E:e>0 Ve#0 — K,u>0,7\>—§u(4.3.27)
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4 Constitutive equations

4.3.2 Specific complementary energy

fourth order elasticity tensor
E=2ull»" +AI®1I o=IE:e€ (4.3.28)

inversion by making use of Sherman-Morrison-Woodbury
theorem

A=B+aCD (4.3.29)

inverse of rank 1 modified fourth order tensor

OC]B_lzC(X)D:]B_1
l1+aD:B1:C

with /A=E, A1 =C,B=2ul®, « = A, C = I and

D = I we obtain the fourth order compliance tensor

AT =B"!— (4.3.30)

1 A
T =—I"— IRI e=C:0 (4.3.31
21 2u[2u+3A] ( )
or rather
C=vIRI+ Lﬂsym with = — A (4.3.32)
—Y 2 YT T oua A

check
with Io™ : ™ = [, ™ : [IQ I =1 Iand [IQI] :
IRI =311

A
2u2 u+3A]

2
zu}\ X o1 pom
2u 2u2u+3A]  2u[2p+ 3A]
(4.3.33)

E:E'=2ul"™ +AI®I]: [—]ISYm - I®I]

— ]Isym + [
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4.3 Isotropic hyperelasticity

Voigt representation of compliance tensor

Y+a Y y 0 0 0
1
Y + 2 Y 0 0 0
+L+ 0 0 O
c=| VY ¥ YTm 1 (4.3.34)
0 0 0 g4 0 O
1
0 0 0 0 4 O
1
0 0 0 0 0 4 .
strain tensor (linear in stresses)
§ 1
e = DgW :([:0':7/[0':1]14—50' (4.3.35)
matrix representation of coordinates
vIo + 550m 21“012 2013
Leij] = 21“(721 vis + 5022 ﬁUB (4.3.36)
I 21“031 21“032 YIs + 5 033

specific complementary energy (quadratic in stresses)

Wr=—-0:QC:0=—-ylo: I+ ﬁ[az : 1] (4.3.37)
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4 Constitutive equations

volumetric - deviatoric decomposition

fourth order elasticity tensor
E=2ul*" +3«kI" o=E:e (4.3.38)

inversion by making use of orthogonality of 1" and I9"
yields fourth order compliance tensor

L o4 L ol
— v Vo =C: 4.3.
a > H]I + 3 K]I e=C:o (4.3.39)

check
with ]Idev . ]Idev — ][dev, ]Ivol . ][vol — ]Ivol and I[dev . ]Ivol =D
1 1

]EIIE_l — 2 Hdev—|—3KI[V01 : —]Idev+—I[V01
2u | [2u 3K | (4.3.40)

— ]Idev _I_ ]Ivol —1

Voigt representation of compliance

seta s~z s~z 0 0 0
o~ wte ow—a 0 0 0

c— | % e wta 000 (4.3.41)
0 0 0 44 0 0
0 0 0 0 4 O
|0 0 0 0 0 g |
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4.3 Isotropic hyperelasticity

comparison of coordinates Ci111 and Cii22

1 n 2 1 n 2 1 1 n 3
9«  6u  9A+6u  6u  3[BA+2u]  3[2u]  3[2y]
_ 2u—3A—-2pu n 1
~3[2y] [%\7\+2u] 2 :
2u2n+3A] T2 VT 2u
1 1 1 1 1 1
9  6u  9A+6u  6u  3[BA+2u]  3[2y]
_ 2u—=3A-2p A B
©3[2u][BA+2u]  2u[2u+3A]
strain tensor (linear in stresses) (4.3.42)
* 1 dev
e = DgW :(E:O':K[O'II]I—FEO' (4.3.43)
matrix representation of coordinates _
KI + 2 ’Jedev 2 Hedev 2 uedev
[eij] — 2 ‘uedev kI, + 2 ‘uedev 2 Hedev
2 ’Jedev 2 HGdeV KI + 2 uedev
) (4.3.44)

specific stored energy (quadratic in volumetric and devia-

toric stresses)

W* = W*vol(o.vol) + W*dev(o.dev)

— %KEVOIZ + u [edeVZ : I]

(4.3.45)
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4 Constitutive equations

4.3.3 Elastic constants

isotropic linear elasticity can be characterized by only two
elastic constants

E,v E, u AU K, W
E £ £ 1 [3A + 2u] Iku
A4 u 3k+
N N E—2u A 3k —2u
2u 2[A + y] 6K +2u
E
H m H H H
Ev u[E — 2u] 2
A HEZ21 ) _z
M4+v][1—2v]| 3u—E 3k
K E Eu A—i—% K
3[1 — 2] 3[3 — E] 3"

Table 4.1: relations betweeb elastic constants
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4.4 Transversely isotropic hyperelasticity

4.4 Transversely isotropic hyperelasticity

fiber direction n and structural tensor N
N=n®n  with In| =1 (4.4.1)

specific stored energy:
isotropic tensor function with two arguments

W = W(e,n) =W(e,—n) = W(e,N) (4.42)
— W(Q-e-Q,Q-N-Q) VQecso@E)

representation theorem for isotropic tensor functions with
two arguments

W =W(e, N) = W(i, in, icN, ) (4.4.3)
irreducible set of ten invariants, integrity basis
ie. = {e:I,e*:1,€ :1}
in = {N:I,N?:1I,N°:1I} (4.4.4)
icny = {€:N,e: N?,¢€*:N,e?: N?}
recall different representation of set of three invariants
ie = {e:1,e:1,€:1} basic invariants
ic = {tr(e), 2[tr’(e) — tr(€?)], det(e)} principal invariants
ie — {(Ael + )\62 + AeB)/ ()\62)\63 + )\63Ael + AelAeB)/ (Ael)\eZAeS)}

eigenvalue representation of principal invariants
(4.4.5)

until now: principal invariants i, now: basic invariants i
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4 Constitutive equations

with properties of structural tensor, idempotence & normal-
ization

N> = N-N = n®n]-[n®n=n®n=N
| Il | (4.4.6)
N:I =n-n = |n*=1
reduced representation with five invariants
W =W(e N)=W(L, Il I, IV, V.) (4.4.7)

representation theorem for isotropic tensor functions with
two arguments

o(e,N) = fil + fre+ fze- €+ fuN + fs|e- N+ N - €| (4.4.8)
stress for transversaly isotropic hyperelastic material

~ DW DI DW DII. DW DIII,

- DI, De +DI_I€ De +DITI€ De
DW DIV, DW DV,

~DIV. De ' DV. De

O':Dew

(4.4.9)

with derivatives of invariants I, I1., II11., 1V, V. with re-
spect to second order tensor €

I. =€ : 1 linear Del, =1

. = € : 1 quadr. Dell. = 2e
III. = € : I cubic Delll, = 3¢€? (4.4.10)
IV. = € : N linear DelV., = N

Vo = € : N quadrr DeV. = e€-N+N-e€

withV.=e>: N=|e-¢]:N=€:[e-N]=¢€:[N-¢€]
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4.4 Transversely isotropic hyperelasticity

alternatively
IVec=€e:N=n-€e-n and Vec=€e*:N=n-€*>-n
general represenation of stress

o = DeW — DI_GW I + 2DI‘I€W € + 3DITI€W 62

(4.4.11)
= Dy WN+DyWle-N+ N €]
comparison of coefficients

assumption of linearity (quadratic term vanishes), six mate-
rial parameters f11, f14, fo, fa1, faa, f5

i = DIW = fule+ fulVe

fo =2 Dp W = const.

fs =3 D W = 0 (4.4.12)
fa = Dy W = fule+ fulV.

fs = Dy W = const.

specific stored energy (quadratic in strains)

1 1, 5 1 R
W = EO‘ . € = —f11 Ie + Efli IV€I€ + Efz 116 (4413)
+ s falIVet s fulVe+ f5V:
stress tensor (linear in strains)
oc=DW=[f11l. + flulV I + fr€
fulet fulVel I +f2 (4.4.14)

+ [furle + faalV )N+ f5]e- N+ N - €]
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4 Constitutive equations

linear elastic continuum tangent stiffness (constant in strains)
[Efn = DeO'

E* = f1IQI+ ful QN+ fuuNQ I+ faasN @ N + frIIV™ + f5/A
whereby /A =2Dgle- N + N - €] (4.4.15)

due to symmetry reduction to five material parameters f14 = fa

E™ = filQ@I+ fu[IQ N+ NI+ fuNQ N+ fLI™ + f5/A
(4.4.16)

linear elastic continuum secant stiffness

E=fllQI+ fuulIOQN+NQI|+ fuuN Q N + fLI¥™ + f5/A
(4.4.17)

Physical interpretation of parameters

interpretation of fi1, fi4 = fa1, fas, fo and f5 Spencer [1984]

1 R 1 _ _
(4.4.18)
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4.4 Transversely isotropic hyperelasticity

stress tensor (linear in strains)

c=DW=[AL+alV ]I +2u, €

+[ale+BIVIN+2 [y —ui][e- N+ N - €
(4.4.19)

Voigt representation of stiffness tensor for n = [1,0,0]", i.e.
transverse isotropy with respect to the e; axis

At2o+am X160 A+a 0 0 0
—2u; + 5

Ada A42u, A 0 0 0O

E — At A A42u, 0 0 0

0 0 0 w 0 0

0 0 0 0 u, O

0 0 0 0 0 g

(4.4.20)

comparison of coefficients

fu=A fo=2w fu=a=fu fu=8 fs=2 [y —p]
(4.4.21)

with shear moduli p for shear in fiber direction and p; for
shear parallel to the fiber direction

105






