LECTURE NOTES FOR QUANTUM FIELD THEORY
by
Charles B. Thorn

1. Introduction

One of the most basic facts about relativistic physics is the equivalence of mass and energy, as in
Einstein’s famous relation E = mc?. This fact has profound consequences for relativistic quantum mechanics,
because of Heisenberg’s uncertainty principle

AzAp > h. (1.1)

In ordinary nonrelativistic quantum mechanics this follows from the fact that the position and momentum
are represented by operators that do not commute: [z,p] = ih. According to (1.1) an accurate position
measurement, can be made only at the expense of a compensatingly large inaccuracy in the momentum of
the particle. This implies a correspondingly large expense of energy in the accurate measurement of position.
In nonrelativistic quantum mechanics the rest energy of a massive particle is effectively infinite so one can
subject a particle to arbitrarily large energy changes without compromising its integrity as a particle, and
accurate position measurements are compatible with particle number conservation. The concept of an N
particle wave function as a function of the N particle coordinates is sustainable. This is drastically changed
in relativistic quantum mechanics. As soon as one attempts to measure the position of a particle to an
accuracy much less than the particle’s Compton wavelength, 7i/mec, the associated momentum uncertainty
is > mec, corresponding to an energy change larger than mc?. Thus accurate position measurements require
the supply of energy sufficient to produce additional particles. If the particle possesses a conserved charge,
additional such particles can be produced but only in association with particles of opposite charge. Thus we
should expect any consistent version of relativistic quantum mechanics to require abandoning the concept of
a wave function for a system with a definite number of particles. Further, in retrospect, it is not surprising

that when there are conserved charges, relativistic quantum physics requires antiparticles.

The preceding is not meant to be a rigorous argument, but rather a simple explanation of why we must
expect at least the complexities of quantum field theory when we attempt to extend quantum mechanics
into the relativistic domain. The many-body aspects of relativistic quantum mechanics are universal, but
the manner in which they make their appearance varies. In quantum electrodynamics it is immediate once
one tries to interpret classical radiation in terms of photons. For massive particles, like the electron, it arises
from the existence of negative energy solutions of the Dirac equation.

The first semester of quantum field theory will focus primarily on quantum electrodynamics, the theory
of electrons and positrons interacting with the quantized electromagnetic field. We shall begin however with
a much simpler quantum field theory— that of a self interacting scalar field. Then we shall show how Dirac’s
theory of electrons and positrons can be converted to a quantum field theory through the device of “second
quantization”. We shall study this Dirac quantum field theory first in the presence of external (classical)
electromagnetic fields. Only then will we turn to the problem of quantizing the electromagnetic field and
studying it in interaction with electrons and positrons.
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2. Lorentz Invariance

In elementary discussions of special relativity we learn that frames of reference with a constant relative
velocity V' have their coordinates related by the Lorentz “boost”

g =vx+Vt),y =9,z =2,t' =yt +Vz)

where v = 1/v/1 — V2. But more generally the boost could be in any direction specified by a three vector
V. in addition to boost invariance, we also require rotational invariance, a symmetry we are very familiar
with in nonrelativistic mechanics. We define a general Lorentz transformation of space-time coordinates

0

" = (t,1,y,2) = (2°, 21,22, 2°) as a linear transformation

o* = ' = A* ¥

0,,0

where A preserves Minkowski scalar products v - w = v'w! + v2w? + v3w? — V2w = VRV L. (N1 = Mo =
n33 = —1noo = 1, Ny, = 0 for p # v. NOte that we use the convention that repeated indices are summed.

This requirement implies the following constraints on A:
Noa AP, A%, = Ny

You should convince yourself that the special boost in the x direction does indeed preserve Minkowski scalar
products. The Poincaré group consists of Lorentz transformations together with translations

zt = A* 2¥ + ot

According to special relativity the laws of physics should look the same in all frames related by Lorentz
transformations. The systematic way to implement this requirement is to identify all physical quantites as
the components of 4 tensors A#”" which transform as

AIHV--- — AHpAVg - Apo-...

For example energy and momentum are the components of a four vector p* = (E,p) which transform just
like the coordinates z*.

P = pt = A p”

Tensors written with index superscripts are called contravariant tensors. It is also useful to introduce
covariant tensors A,,..., written with index subscripts. A covariant index transforms like 8/0z":

P
o _dz" 9 _ @ 0 g =g

=~ (AYH = —
dz™ — Bz OxP &UP( ) B e k Qe

A general tensor can have any nunmber of upper and lower indices. the metric tensor is used to raise and

lower indices.

The A’s can be divided into 4 disjoint sets according to the signs of det A and A%. This is because it
is easy to show from the above property that (det A)2 = 1 and (A%)? > 1. Thus a continuous variation of
A always stays within one of these sets. In the following we restrict ourselves to the proper Lorentz Group,
i.e.with det A = +1 and A% > +1. The complete Lorentz group is then obtained by adjoining parity and

time reversal.
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Lorentz transformations with A% = A%, = 0 are simply rotations and form a subgroup. We know from
basic quantum mechanics all the unitary irreducible representations of the Rotation group, namely those
labelled by angular momentum j = 0,1/2,1,3/2,.... This conclusion is reached by considering infinitesimal
rotations which are generated by the angular momentum J, U(R) = e~*%J ~ 1 — i - J. The commutators
of J* are well-known:

[J*, J!] = ihepm ™

and the |jm) basis of eigenstates of ﬁ, J3 is constructed in the familiar way. The unitary representations of
the Lorentz group must be extensions of these, U(A) = U(R) when A% = A% = 0. To find the generators
of boosts, consider the boost in the z direction of the momentum of a particle of mass m:

P ="+ VP +m?) mpt + VPR +m?

for infinitesimal V. This should be identified with p! — iV[p!, K], from which we infer

K' = — (@' + m? + /? + m23') /2 + F(p)

. The symmetrized product in the first term is to keep K hermitian. To find F' we consider the transform
of the coordinate

()2t () + Vi () - V(zts (t) + 21 (H)z)/2 + Vi
But

oF
op!

S (xljzl +a'cla:1) +

1 p' p' 1 OF
x + x + a1l
V2 +m?2 /P2 +m? Op 2

—iV[z', K] = -

DN | =

Thus we are led to

K' = —(a'"VP? +m? + Vi? + m2') 2+ p't

We easily see that K' is constant in time. Boosts in all three directions are generated by

K" = —(@" VPP +m? + VP +m2ab) /2 + pht
It is now a straightforward exercise to complete the commutator algebra of Lorentz generators:
[J*, T = ihepm ™,  [K*,J] =ihepmK™,  [K* K') = —ihepmJ™

An alternative more covariant presentation of the Lorentz algebra is to define M;; = €;;1,J k. My; = K, and
find

My, Mpo] =i (MupMuvs = NupMuo — Mpo Mup + Mve M)
where now and henceforth we will choose units so that A =c¢ = 1.

In classical electomagnetic theory we learn that Maxwell’s equations are covariant under Lorentz trans-
formations of the electromagnetic field:

4 — v T _ v o —1
F'rv(zh) = A# AV FP? (z) = AP AV, FP7 (A )

Since F*¥(z) is a field with a different value at each point, notice that two changes are going on simulta-

neously: the components of F' are mixed and the old and new fields are compared at different space-time
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coordinates ', x related by ' = Az. We are going to consider at the beginning a scalar field ¢(z) with only

one component. The scalar field then has the much simmpler Lorentz transformation
¢'(z') = p(A"'a)

The simplest Lorentz covariant scalar field equation is the Klein-Gordon equation

2

oxrOxY

- ¢+ p’p=0

To show Lorentz covariance we want to prove

62

N g @A) + P e(AT ) = 0.

this follows through the chain rule

o2 0?

o — ,r}pd
Y 0xPOx© OxPOx°

62

v -
g o'+ ox'

3. Scalar Quantum Field Thoery
3.1. THE FREE ScALAR FIELD

The field concept goes all the way back to Faraday in the first part of the nineteenth century. It was
of course indispensable to a proper understanding of electromagnetism which he pioneered. This first field
theory is actually quite complex involving three components for each of the electric and magnetic fields. For
our first look at quantum field theory we consider the much simpler case of the single component scalar field.

A field is a dynamical variable ¢(x,t) assigned to each point of space. One is therefore positing from
the beginning an infinite number of degrees of freedom. The simplest relativistic equation of motion for such
a field is a linear wave equation (henceforth we shall use units in which the speed of light ¢ = 1):

2

(5~ V' +#)$=(=0"+p")$=0.

The parameter p clearly has dimensions of 1/Length, and represents an inverse wavelength (or wave number)
rather than a mass. After quantization, we shall see that the particles associated with the quantum field
have mass hu. We are of course very familiar with the nature of the solutions to these equations: general

superpositions of plane waves, called wave packets:

d)(x’ t) — /dka(k)eik-x—iw(k)t ~ /d3kf(k)eik-x—iw(ko)t—i(k—ko)-ka\kg ~ e—iw(ko)t+iko-vgt¢(x —v,t, 0)

where w(k) = y/k? + p2, moving with group velocity v, = k/+/k2 + p2.
Notice that the wave equation is invariant in form under Lorentz transformations ¢'(z') = ¢(x) where
z" = APg” and A is a Lorentz transformation satisfying Npo A, Ay = ny,. This condition on A is just the

0,,0

requirement that scalar products of four vectors v - w = v *w” = ¥ - @ — v’ w" are invariant. One easily

can see that 8/0x, transforms as a four-vector so that 8> = 8#9"n,,, is invariant.
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To discuss the quantum mechanics of this field we must identify the canonical variables of the system.
Since the equation of motion is of second order we can easily guess that the momentum conjugate to ¢(x)
is just m(x) = ¢ A more systematic approach is to find an action principle which implies the field equation.
Recall that for dynamical systems with discretely labelled degrees of freedom g;(t) one forms the action from
the Lagrangian L(q(t),q(t),t) via S = ttf dtL. Hamilton’s principle states that the equations of motion
follow from the requirement that S is stationary under veriations dg;(t) with dg;(t1) = dg¢;(t2) = 0. By
definition the momentum conjugate to ¢; is p; = 0L/0q;. For our field the spatial coordinates x play the
role of the index ¢, and the Lagrangian will be an integral over spatial coordinates. It is easy to see that

Hamilton’s principle applied to the action

S = /dt/d3 —(V§)? — 12¢?) = /d‘*:w
L£=- 5[’7”"3u¢5u¢ + 1 ¢]

implies the Klein-Gordon equation. The second form shows that the Lagrange density £ is a Lorentz covariant
scalar field, so its integral is a Lorentz invariant.

From this action, it is evident that the above guess for 7 = 86/6(}5 = qb is correct. The canonical

Hamiltonian is
H= /d3x[<;57r 7= /d3x%(7r2 + (V) + 1262

One can easily check that Hamilton’s equations obtained from this Hamiltonian give that same old wave

equation. To quantize canonically, we promote ¢, 7 to operators with the canonical commutation relations

[¢(x), m(y)] = ihd(x —y).

In the language of Hamiltonian mechanics with canonical variables g;, p;, ¢ is analogus to ¢ amd 7 to p, and

the spatial coordinate to the index ¢ that distinguishes independent degrees of freedom.

To find the energy eigenstates, we note the close resemblance of our Hamiltonian to that of a system
of coupled harmonic oscillators. The only thing a little strange is that the oscillator coordinates are
labelled by a continuous index. This can be remedied by replacing space by a lattice an of spacing a which
we send to zero after finding the eigenstates. Thus we replace ¢(an) with ¢, and 7(an) by mn/a®. We divide
by a® so that [@n, Tm]| = ihdn,m Doing this the Hamiltonian becomes

a® 1 1
Hlattice = 7 Z Eﬂ'i + l‘2¢31 + ﬁ Z(d)n_ﬁ - ¢n)2
n i

On the lattice our system is a coupled system of oscillators. To solve it, we just have to find the normal

modes. This is done by a change of variables which renders diagonal the coupling matrix

5 2d
Vn,m:(//f2+_ n,m — 22 n+1m nm+’i‘)7

i.e. we want to find the eigenvectors and eigenvalues of V. Tt is easy to see that the eigenvectors are
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um = XK' 1 < K; < 7, belonging to eigenvalue

A

2 -
2 _ 2 2
we=p"+ _a2(d_ E cosK -1).
i
Thus the transformation to normal modes is given by

[ PK aen
bu= [ G Q)

-7

r d3K iK:n
mo= [ G PE)

or inversely by

QEK) =) W@’K'“qﬁn

1 —iK-n
P(K) =Z (27T)3/26 Tn-

The inverse equations directly imply the commutation relations
[Q(K), P(L)] = ihd (K + L).

Note also that if ¢ and 7 are hermitian, as we assume, then we have Q(K)' = Q(~K) and P(K)! = P(-K).

Expressed in terms of normal modes the lattice Hamiltonian becomes
f 3 1 a®
Huattee = [ &K (55 PIP(-K) + T w*(K)QE)Q(-K) )
-

In the standard fashion raising and lowering operators can be constructed in terms of which

1/ a3 K) + AT(-K))
=—z\/h“’T<A<) A(-K))

with [4(K), At(L)] = 6(K — L), and the Hamiltonian becomes the familiar
Hutier = [ d*Khao(K) 5 (AF)AT (K) + A'(K)A(K)).

At and A are of course eigenoperators of Hrgssice With eigenvalues +w(K).

Now we can describe the exact energy eigenstates of the system. The ground state (the vacuum) |0) is
annihilated by all the A’s: A(K) |0) = 0, and its energy Eo = (%/2)8(0) [ d*Kw(K). We shall measure all
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energies relative to Ey, i.e. from now on we take Eg = 0. This means our energy operator is redefined to be

H-FE,= / d® Khw(K) AT (K) A(K)

—m

The excited states are obtained by applying any number of A!’s to the vacuum. The simplest one is A'(K) |0)

with energy

EK) = h\/,u2 + %(d—ZcosK-i).

At this point we can consider the continuum limit @ — 0. All excited states with finite K will have infinite
energy and be dynamically irrelevant. However since the components of K are continuous, we may consider
states with K = ak. The energy of these states becomes h+/u? + k? independent of a in the continuum

limit. We identify this energy as that of a relativistic particle of mass Ay and momentum hk.

We can pass to the continuum limit in all of our results by changing variables from K to k whose
components range from —m/a to m/a which become —oo to co as a — 0. At the same time we replace
A(K) = a(k)/a?/? so that [a(k),a!(q)] = 6(k — q). After these changes we find as a — 0:

3
¢n — P(x) =/ % %(k)(a(k)eik-x + aT(k)e_"k'x)

Tn . 3 W ik- _ik-
™ orx) = —i / (2‘;)’; i 2(k) (a(k)e™* — o (k)e=ikx)

H—-Fy— Hy—Ey = / d®khw(k)a' (k)a(k)

where now w(k) = y/p? + k2. It should of course be clear that we really never needed the lattice in obtaining
these results: we simply had to substitute the above expansions for ¢, 7 into Hs. The lattice only served to

make absolutely concrete our assertion that the field system was a set of coupled oscillators.

We should also note that the momentum operator of the continuum field theory, identified as the

generator of translations, is
P=— / Err(x)Ve(x) = / d®khka’ (k)a(k)

confirming the interpretation of ik as the momentum of the one particle state af(k) |0).

If we apply two a!’s to the vacuum we get a two particle state
al (ki1)a (k2) |0)

with total momentum 7(k; + ko) and total energy h(w(ki) + w(ksa)). Clearly this energetics is that of
noninteracting particles. It is highly significant that all multiparticle states are completely symmetric under
interchange of the labels of any pair of particles: the scalar field theory predicts Bose statistics for the

associated particles!
The example of the scalar field illustrates the main physical aspects of quantum field theory
1. It predicts multi-particle states together with their statistics (Bose or Fermi).

2. Tt incorporates the requirements of Special Relativity (Poincaré invariance).
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3. One can consider two classical limits (h — 0):

(a) With p fixed the limit gives a classical field theory. In this case the Compton wavelength 1/ is
finite in the classical limit.

(b) With m = Ay fixed it gives a classical theory of point particles (the Compton wavelength
vanishes).

(¢) Thus quantum field theory unites the particle and field concepts.

4. Quantum field theories with linear field equations predict noninteracting (free) particles. Interactions
will arise if the field equations have nonlinear terms. Such terms are associated with terms in the
action or Hamiltonian with three or more powers of fields. The presence of such terms implies that

particle number is not conserved.

5. The scalar field describes spinless particles; more general fields e.g. spinor, vector, tensor describe
particles of higher spin.

Finally, let us consider how an approximate quantum particle interpretation can be retrieved from this
quantum field theory. Remember the observables are quantum fields, not particle coérdinates! To discover

properties of a single particle wave packet,

1) = / 1 (k)at () [0)

we must consider what we can get from measurements of the quantum field

3

First it is easily shown that (f|¢(x,t) |f) = 0. That is, if we make many measurements of ¢, we find zero
on average. This means nothing more than ¢ is negative as often as it is positive. A more sophisticated
measurement is to measure ¢(x,t)d(y,t), i.e. the product of the results of simultaneous measurement of the
fields at x and at y. If no particle is present, the average of many repeats of this measurement is

3
(0] p(x,t)p(y, 1) |0) = %/%%eik-(xw.

Note that due to the 1/w(k), this is not 0 even when the fields are not measured at the same point.
This implies a correlation between the measurements at separate points, but does not contradict causality:
[0(x,t), ¢(y,t)] = 0! The vacuum is an energy eigenstate which requires an infinite time to set up. Thus
there is plenty of time to set up correlations at distant points.

Now, suppose a particle is present in the wave packet f, and the same quantity is measured.

(Flo(x, 1)d(y, 1) [ 1) = (0] p(x, D) d(y, 1) [0) + ¥™ (x, )(y, 1) + ¢ (v, D)¢(x, ).

The presence of the particle causes the change in average results given by the last 2 terms on the r.h.s. which

Pk h ik-x—iw
Y(x,t) E/ W\/ 2w(k)€k tfKk)

~Y(x — vyt,0)

| h
~ m@bg(){ —v,yt,0).

The last two forms hold if the packet function f is narrowly peaked about kg. g is the one particle

are modulated by the function
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Schrédinger wave function corresponding to momentum wave function f. v, = Ow/0k|k=k, is the usual

group velocity. The disturbance is nonzero only when the point is in the support of the wave function.

3.2. INTERACTING SCALAR FIELD THEORY

So far we have only considered linear field equations, whose associated Lagrangians are quadratic func-
tions of the the field. As soon as the field equations become non-linear, the particles associated with the

quantum fields will ineract with each other. In particular they can scatter.

The simplest way to introduce non-linear terms in the field equations, while preserving Lorentz invari-
ance, is to add Lorentz scalar terms cubic and higher in the fields to the Lagrangian density. for scalar fields

this is easy to do. For example any term
In
-=9"(2), for n > 2
n!

is a scalar which produces a term g,¢"~1/(n —1)! in the field equation. Since such terms do not involve time
derivatives, they do not alter the definition of the conjugate momentum nor the commutation relations. But
clearly plane waves no longer solve the new field equations so there will be interactions.

Nonlinear quantum field theory is too complicated to solve exactly, so we shall first assume the nonlinear
terms are small so they can be handled using perturbation theory. In the next chapter we review the
formalism of time dependent perturbation theory.

9 (©1992 by Charles B. Thorn



4. Time Dependent Perturbation Theory

Although there are special quantum field theories, for example some in 2 space-time dimensions, that can
be solved exactly, the exact solution of realistic interacting quantum field theories in 4 space-time dimensions
is beyond reach. There are important cases for which linear QFT’s in the presence of certain external fields
can be solved. For example the Dirac equation in a Coulomb potential admits an exact solution for which
one can find all the energy eigenvalues and eigenstates. The Coulomb potential is of special importance since
the exact solution in that case is the starting point for the relativistic theory of atomic energy levels. Still
the complete dynamics is never exactly given by these special cases and perturbation theory is the important
tool for evaluating corrections to the exactly soluble (idealized) case, which can be free field theory with
no external fields or one of the above cases. When we quantize the electromagnetic field, perturbation
theory is essentially our only tool for computing radiative corrections due to the quantum nature of the
electromagnetic field.

4.1. HEISENBERG AND SCHRODINGER PICTURES

In the Schrodinger picture the quantum dynamics is given by the Schrodinger equation
., 0
zha |(I)at> = HS(t) |(I)at)

where we stress that we allow time varying external forces to be present (hence the time dependence of H).
The field equations arise in the Heisenberg picture wherein the time dependence resides in the operators

rather than in the system states which are constant in time. To pass to the Heisenberg picture we write
|®,8) = U(t)|®,0)

where

ih%U — Hs(t)U U©) =1,

and give the time independent Schrédinger picture operators 2 time dependence according to
Q) = Utau.
The Heisenberg picture Hamiltonian is similarly related to the Schrédinger picture one by
H(t) = UtHs(t)U.

Then the Heisenberg picture operators corresponding to constant Schrédinger picture operators satisfy the

Heisenberg equations

ihQ(t) = [Q(¢), H(t)]-

It is most natural to formulate the time dependence in quantum field theory using Heisenberg picture,
since the field operators will then satisfy equations of motion that are the direct quantum analogue of the
classical field equations. We shall therefore always understand H (t) without subscripts to be the Hamiltonian
in Heisenberg picture. When we woek with any other picture we will atach a subscript to H, e.g. Hg(t) is

the Hamiltonian in Schrédinger picture.
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4.2. ASYMPTOTIC STATES AND MATRIX ELEMENTS

In discussing time dependent processes, it is convenient to introduce asymptotic states which are eigen-
states of H(+o00). We denote by |in) the ground state of H(—o0) and by |out) the ground state of H(+00).
The normal situation will be one in which all external fields vanish at sufficiently early and late times.
Thus |in) and |out) will typically be ground states of Ho(—oc) and Ho(+00) respectively. Although these
operators are not the same (because their time evolution is governed by H not Hj), the spectra of the
two Hamiltonians are identical: Hy(t) = U~!(t,—o0)HosU(t,—o0). By convention we are identifying the
Schrodinger and Heisenberg pictures at t = —oo. Thus, if |in) is the ground state of Ho(—o00) = Hys, the
state (in| U (0o, —o0) is an eigenstate of Hy(+00) with the same eigenvalue and hence the ground state. Thus
we can and shall fix phases by defining

(out| = (in| U(o0, —00).

We stress that this is the true “out” state only when Hg(oo) = Hg(—o0) = Hp.

If the time dependence of Hg is adiabatic, i.e. very slow on the time scale set by the level spacings,
the Adiabatic Theorem assures us that an eigenstate of Hg(—00) evolves to an eigenstate of Hg(t) for all ¢
for which adiabatic conditions apply, even after a long enough time to change Hg by a finite amount. For
example, the state |in) will be an eigenstate of H(t) for all ¢ for which adiabatic time variation applies. In
particular, the ground state eigenvalue E¢g(t) must not get close to the next higher eigenvalue as ¢ varies. If
this situation holds for all time, it follows that the state |in) is a phase times the state |out), or {out| is this
same phase times (in|. This phase is easily evaluated in terms of the time dependent ground state energy
Eq(t) of Hg(t) by applying the Schrédinger equation to (in| U (t, —o0) |in) and using the adiabatic theorem
Hs(t)U(t,—o0) |in) = Eg(t)U(t, —o0) |in):

(out|in) = exp{ —i / dtEq(t) Adiabatic Conditions.

—00

Note carefully that adiabatic conditions would not apply if the ground state energy got close to an excited

level as time evolved. In particular, it would not apply in processes with pair production when | (out|in) | < 1.

4.3. GENERAL FORMALISM

We shall keep the initial discussion completely general and consider the situation in which the Heisenberg

picture Hamiltonian is the sum of two pieces,
H(t) = Ho(t) + H'(t)

where Hy can be exactly dealt with and H' is “small” in an appropriate sense. Note that even when H
is independent of time, Ho and H' still depend on time through the time dependence of the Heisenberg
operators that enter it. The Heisenberg equations for the dynamical variables have the form

i% = [Q, H(t)].

The goal of time dependent perturbation theory is to expand the evolution operator U(t,t¢) which carries the

time dependence of the Heisenberg picture operators Q = U~1QgU, or alternatively the time dependence of
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the Schrédinger picture system states [¢,t) = U |9, to), in a power series in H'. A complication is that there
is time dependence in U even when the perturbation vanishes. To systematically deal with this complication
a new Interaction Picture (sometimes called the Dirac Picture) has been devised in which the operators carry
the (known) time dependence due to Hy and the perturbation only enters the modified evolution operator
Uy, which is constructed to be the identity in the absence of H'.

Thus for each Heisenberg picture operator with no explicit time dependence, we define an interaction
picture operator by

Q:r(t) = Ur®)Q@)U; (t) (4.1)
and require that Q; satisfies the Heisenberg equation with Hamiltonian Hy; = UrHo(¢)U; 1

691

e = [Qr, Hor(t)).

differentiating (4.1) we find the requirement

[Qr, Hor(t)] =iUrQU; 4 iUrQUt + Ur[Q, H(t)|U;
={UU Qr +iQUU + [, Hor(8)] + [, H(8)]
=[Q, Hor(t)] + [, Hy(t) — iU1U .
Thus the equation for Uy is just
iUr(t) = Hy(t)U(t) = U () H'(t).

We choose the initial condition Ur(tp) = I, in which case it is a good idea to display two time arguments
Ur(t,to) as we did for U. Notice that since U relates Heisenberg and Schrédinger pictures, the equation (
) for U can be also written

iU =UH(t) (4.2)

from which it is clear that we can express U = UpUr where
iUo = UoHox (t)

To expand Uy in powers of H' it is convenient first to incorporate initial condition information by writing
the integral equation

m@m:rq/aﬂmmmam, (4.3)

and then to generate the perturbation series by iteration

#

Ur(t, to) = —z/dt H# —z/dt"H' U (", to)
t t'
=I—z‘/dt’H}(t’)+ (—z‘)2/dt’/dt”H}(t')H}(t”) +-e
to to to

There is a useful way to summarize the entire perturbation series, which employs the concept of the
time ordered product of operators. Consider a set of operators each associated with a different time,

* Note that if Hy = Ho(Qk(t),t), then Hor = Hg(Q[k(t),t).
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Aj(t1), Aa(ta),. .., An(tn). The time ordered product of these operators is defined as the ordinary product
with the operators ordered according to the time argument: the operator Ag(tx) to the left of A;(t;) if
tr, > t;. If there are any anticommuting operators in the set, there is also an overall —1 if one achieves the

time ordering by an odd permutation of fermionic operators. Thus, for example,

A(tl)B(tg) t1 > to

T[A(t1)B(t2)] = {:I:B(tZ)A(tl) ta >t

with the — for both operators fermionic. Now the factors of Hj in the series for Uy are all time ordered due
to the limits of integration. If we make use of the time ordering symbol, we can extend all integrations to
the full range to < t' < t provided we divide the nt* term by n! to account for the overcounting due to the

n! orderings of the ¢’s. Thus the entire series becomes

| —

Uit to) =Y
n=0

!

3

(—iy / dtrdts - - Aty T (b)) HL(t) - - HL (8],

If it weren’t for the time ordering symbol this would be just the exponential series. It is therefore a useful
mnemonic to write

Lt
ﬂfto dt' Hy (')

Ur(t,to) =Te (4.4)

where it is understood that ¢t > to. This equation is known as the Dyson Formula. Since the formula just

reflects the equation Uy satisfies, we can write a similar formula for the full U:

. [t .t [t
_,fto at' H(¢") —i fto dt'HO,I(t’)Te—zfto dt' H (')

Ult,to) = Te_iffo WHsWE) _ g =Te

where T denotes anti-time ordering (later times to the right).

It will be useful to extend the definition of Uy(t, ) to times earlier than 5. We shall do this in a way

to preserve the closure property

Ur(t, t)Us(tr, o) = Ur(t, to), (4.5)

which follows from the differential equation and initial condition for ¢ > ¢; > to. If we set t = t¢ in (4.5),
the r.h.s. is just I so we have to define

Ui (t,to) = U (to, ) = Ul (to, 1) for t < to.

(Note that U}U 1 = I is a simple consequence of the differential equation and the hermiticity of Hy.) It is
then simple to check that (4.5) holds for all time orderings.

Next let us show how to express various physical quantities in the Interaction picture. One interesting

quantity is the so called vacuum persistence amplitude {out|in), given by
(outlin) = (in|U (o0, —0) |in) = (in| Uy (oo, —00)Ur (00, —00) |in) .

We shall identify all pictures at ¢ = —oo. In the usual situation where external fields vanish at early times
the state |in) will be the ground state of Ho(—o0) = Hpr. Furthermore, with no external fields in Hoz(¢)
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the latter will be time independent for all time (since its time evolution is governed by Hpr itself). In this

situation

Uo(t, to) = e~ *Hor(t=to)

and (in| is an eigenstate of Uy(t,to) with eigenvalue e~*Fo(t—to) where Fj is the ground state energy of Hy;.

By convention we can choose our zero of energy so that Fy = 0, in which case we have

({outliny = {0,I|U(c0, —00) |0, ) Eo=0.

The persistence amplitude carries a lot of information, because it can be defined for any choice of
external fields. Its dependence on these external fields can then be exploited to obtain numerous matrix
elements relevant to the zero field situation. We shall see many applications of this remark in the course of
our studies. One can also get the energy spectrum for static external fields from this amplitude by switching
them on at some early time keeping them constant for a long time 27" and then switching them off. The T
dependence of {out|in) will then display the dependence e~*¥+2T from which the energy eigenvalues can be
read off. The states that are probed by this device will depend on the manner of the switching on procedure.

For adiabatic switching on, only the ground state in the presence of the static field will contribute.

4.4. SCATTERING IN AN EXTERNAL FIELD: BORN APPROXIMATION

One can equally well choose initial and final states that contain particles. For example, the amplitude

for a scalar particle with momentum p initially making a transition to p’ at very late times is

(0,11 a(p")Ut (00, —00)al (p) |0, I) ~

o0

5(p' —p) —i / dt (0, I| a(p') Hj (t)a! (p) [0,T),

—0Q

where we kept only terms to first order. As a concrete example, consider the interaction [dtH}(t) =
— [d*z¢3(z)B(x)/2, where B(z) is a fixed external scalar field. Since the ¢; are free fields, they can be

expressed in terms of creation and annihilation operators and the matrix element evaluated:

oo

/ dt (0, 1) a(p') H} (t)a (p) [0, T)
=_ [ & i(p—p')-x 1
[ B @2 /20 D) /2
= - L B(pl - p)7

(2m)3y/2w(p) /2w (pP')

where B(q) = [ d*zB(z)e~%? is the Fourier transform of the external field. Note that in the case B is static

the time integral gives a factor of 27w (w' — w).

Recall from basic scattering theory that if the scattering matrix for a particle from a static potential is
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written
(q, out|p,in) = 6(q — p) — 2mié(w(q) —w(p))T(a,p)

then the differential scattering cross section is given by

o 3 )4
47 09 5(a) ~ o) 2 Ta )P,
4
=¢*dgé(w(a) — w(p)) (27;) IT(q,p)?,
=po(p) 2 T, )P

=w(p)?(2m)"T(q,p)?,

where v is the speed of the incident particle. Defining the spatial Fourier transform B(k) = [ d*ze~**B(x),
we then obtain

1 .
TBorn — B _
(a,p) B2 (p) (a-p)s
giving the cross section
do Born N

Another scattering example, the amplitude for a Dirac particle with momentum and helicity p, A initially

making a transition to p’, \' at very late times is
0, 1] by (p") Uz (00, —00)b} (p) 10, I) ~
oo
a6 = p) =i [ dt 0, 2]bw (B Hy (0, (0) [0, ).
—0oQ
where we kept only terms to first order. In the case of a weak external electromagnetic field, [ dtHj(t) =

— [d*zj} (z)A,(z), where j¥ = L[1pr,v"4r]. Since the ¢ are free fields, they can be expressed in terms of

creation and annihilation operators and the matrix element evaluated:

[ a0 11by @) 08 0) 0.1
_ 4 i(p—p')= 1 i (p)yH
= (I/d zA,(x)e (2n) 2(p) Qw(p’)u/\ (P ux(p)
S L i (p")7* A, (5’ — p)ur(p),

(2m)3/2w(p)/ 2w(P')

where A(q) = [d*zA(z)e 7 is the Fourier transform of the potential. Note that in the case 4 is static

the time integral gives a factor of 27 (w' — w).

Recall from basic scattering theory that if the scattering matrix for a particle from a static potential is

written

(q, out|p,in) = dxAd(q — p) — 2mid(w(q) — w(p))Txx(a, P)
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then the differential scattering cross section is given by

g 3 ™ 4
99 04 5(ta) — we) Z Taa, P
4
=Pdgd(w(a) —w(p) T Tr(a, P,
(2m)* 2
=p(p)——|Ta(a: P)I%,

=w(p)*(2m)*|Txa(a,p)I%,
where v is the speed of the incident particle.

Defining A(k) = [ d®ze~**A(x), we then obtain

I (q,p) = R A(q - p)ur(p),

giving the cross section

do Born _ N
a9 = WW\'W - A(q — p)ua(p).
Consider the example of the scattering of an electron with ¢ = —e from the Coulomb potential of a

nucleus of atomic number Z (Mott Scattering), A% = Ze/4wr, A = 0. Then A°(k) = Ze/k? and

do Bom etz? _ 0 N a?z? 0 9

- = ——lax u = ——|ax u .

70 16772(q—p)4| x (@) ur(p)| (q_p)4| x (@7 ur(p)|

Here we have introduced the fine structure constant a = e?/4r =~ 1/137. Evaluating the spinor matrix
element in terms of two component helicity spinors leads to (using |q| = |p|)

4\\'p?
Xh (@)xr ().

tix (@)7’ur(p) = |w(p) +m + o

The absolute square of x'fx can be evaluating by noting that the 2 x 2 matrix yx' is a projector onto
the spin state of definite helicity:
1+2\p-o
@)Xl () = —

Thus we have

X (@xa(p)I” =7 tx((L+2Xp - o) (1 +2X'q - 0)]

N o] =

(1+4\'p-q)
Inserting all this into the formula for the differential cross section, we obtain after simplifying

d Born 2Z2

>+m?)p - q)]

To compare all of the details of this formula with experiment we would have to prepare a polarized beam of

electrons with definite helicity and also measure the spin of the final electron. A noteworthy feature of such
a complete experiment is that at high energies there is an overall factor of (1 + 4A\') = 28/, which means
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that helicity is conserved at high energy. If we don’t measure the final spin we should sum over \' = +1/2
to obtain
do Borm o272

el =2—— _[w?+m?+q-p]
dQ Unobserved spin (q - p)4 [ 4 p]

Similarly, if we have a completely unpolarized beam, we need to average over A to obtain

d_UBOTnZﬂ[w2+m2+q'p]
dQunpot  (q—Pp)* ’

independent of the final spin.
Two simplifying limits can be considered. The nonrelativistic or low energy limit p? << m? is
do N , a?Z?

~ 2m

R

Apart from the helicity dependence due to the spin of the electrons this is just the Rutherford formula. The

opposite limit, the ultrarelativistic or high energy limit p? >> m? is (assume p - q # —1)

do VR a2Z?

a "~ W[P2 +q-p][1+4\\].

where the high energy helicity conservation is transparent.

4.5. PAIR PRODUCTION IN A TIME VARYING EXTERNAL FIELD

Let us return to the scalar field external field perturbation H(t) = — [ d*z¢3B(z)/2 in the case where
the initial state is the ground state of Hy s, |0),, and the final state contains two particles: (0, I|a(p1)a(p)-
The transition amplitude to first order is

; L i » , iB(k1 + k2)
Tpi=5 [ d*z (0,1 }(z)B(z)/2 127/4 itk e B(g) = ot T 22
ji= 5 [ @20 1a)aE)s @B 210.1) = | 1 O
Squaring and integrating over final momenta we get the toal pair production probability
1 d3k1d3k2 ~ 1 5 4m2 ~
Poir =5 | 7o=e7——|B = ‘KO(—K? — 4m*)4/1 + — | B(K)|?
i = 5 | G B + k) = g [ dKO-K* — am) 1+ T B()

since wy +wz > 2m, Ppair 7 0 only when B oscillates with frequencies greater than 2m. In particular a static

external field will not produce pairs in perturbation theory.

4.6. PERTURBATION THEORY FOR TIME ORDERED PRODUCTS

Another class of quantities that will be very useful to us is the matrix element of the time ordered

product of a finite number of Heisenberg picture fields between asymptotic states:
(out| T[A1(t1)A2(t2) - - - AN(tn)] |in) .
The simplest way to transcribe this matrix element to interaction picture is to first assume the ordering
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t1 >ty --- > tn so that the T symbol can be removed. Then

(out| A1 (tl)AQ(tQ) R AN(tN) |m)
= (0, I| U](OO, —OO)U;l(tl, —OO)A11 (tl)UI(tl, _OO)Ufl(tQ, —OO)AIQ(tQ)
Ur(ta, —o00) --- Uy H(tw, —00) Arn (t8)U (tn, —00) |0, T)
=(0,I|Us(o0,t1)Ar1 (t1)Us(t1,t2) Ara (t2)Ur (t2, t3) - - - Ur(tn—1,tN) Arn (tw)
Ur(tn, —o0) |0, Iy,
where use has been made of the closure property of U;. Now we notice that all of the interaction picture
operators that appear in the final matrix element, including those in the Dyson formula for each U are time
ordered. Thus if we insert the time ordering symbol in front of all the operators we can combine all of the
Ur’s into a single Ur(oo, —o0) arriving at
(out| T[A1(t1) A2 (t2) - - - AN (tN)] |in)
= <0, I| T[UI(OO, —OO)AIl (tl)AIQ (tz) s AIN(tN)] |0, I) .
Finally, we simply note that had the time ordering been any other, the same steps would have led to the
same final result.

In the usual situation where Hy; is the Hamiltonian for free fields, all of the interaction picture oper-
ators are free fields, and to evaluate each finite order in perturbation theory one only needs to master the
computation of the vacuum expectation values of the time ordered product of a finite number of free fields.
Free fields can always be expressed as a linear functional of creation and annihilation operators. Thus if
o (z) is a free field, it can be written

¢k (@) = ¢ (2) + ¢y, (2)
where ¢} () annihilates |0) and ¢, (z) annihilates (0]. Thus we have
(0T [¢x () (=")] |0)

=0(t — ') (0| ¢ (@)¢y (") 10) + 6(t' — ¢) (0| ¢ (2") ¢ () |0)
=0(t —t"\Cri(z —z') £ 0(t' — t)Cix(z' — )

where Ci(z — 2') = [¢] (z), ¢; (z')]+ is a ¢ number since the fields are free.

Now consider a general time ordered product of N free fields

(O] T[p1(21) - - - o (2n)] |0)

and first assume t; >ty > --- > tx. Then the leftmost field is ¢; and it can be replaced by its annihilation
part @7, which is then moved via the commutation relations all the way to the right where it kills the
vacuum. The (anti)commutators

[67 (21), 6 (@i = [61 (21), 6, ()] = (O T (1) P ()] 0)
since the (anti)commutators are ¢ numbers and ¢, > #; by assumption. Thus

(OIT g1 (21) - - - o (2n)] |0) = (O] T[p1 (1) d2(2)] 0) (O] T3 (3) - - - o (2)] |0)

4.6
£ (0] T¢1 (1) d3(23)]|0) (O] T[$2(22) pa(4) - - - o (2n)] |0) £ - -- o)

where the sign in front of each term is dictated by the number of times the order of fermionic operators is
switched. The time ordering symbol is not needed with our assumed ordering of times. But now we notice
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that if the time ordering had been any other the same steps would have led to the same result provided we
keep the T symbol in place. Thus we have related the vacuum expectation value of the time ordered product
of N free fields to those of 2 free fields and N — 2 free fields. By induction we can therefore express the
vacuum expectation value of the time ordered product of N free fields as sums of products of the vacuum
expectation values of the time ordered product of pairs of free fields.

The result, known as Wick’s Theorem, can be expressed as follows. First note that the answer is 0
unless N is even. Then the vacuum expectation value of the time ordered product of N free fields is the sum
of terms, one for each distinct pairing off of all the IV fields. The term for each such pairing off is simply
+ the product of the vacuum expectation values of the time ordered product of each pair of fields in the
given pairing off. The sign is determined by comparing the ordering of the N operators in the original time
ordered product with the order they appear in the given term after being paired off. If the latter ordering
is achieved by an odd permutation of fermionic operators the sign is —; otherwise it is +. It doesn’t matter
what order we display the factors within a given term, since switching their order would always be an even
permutation: a pairing of a boson field with a fermion field would always contribute zero!

4.7. A TECHNICAL COMMENT ON TIME DERIVATIVES IN TIME DEPENDENT PERTURBATION THEORY

It is important to appreciate some subtle differences between time derivatives of operators in different
pictures. For example, interaction picture depends on a specific breakup of the Heisenberg picture Hamilto-
nian H = Hy + H', so in Heisenberg picture

.1 1
Q= ;[Q,H@] + Z[Q’HI]'
The transformation to interaction picture, being a purely algebraic similarity transformation shows that

. 1 1
()1 == [, Hor] + ?[QI,H}]

. 1
=05+ g[QI7H}]7

so there is in general a discrepancy between the interaction picture operator corresponding to € and the
time derivative of the operator ;. When we use the Dyson formula for time dependent perturbation theory
to calculate a matrix element involving Q, care must be taken about this difference. However there is a very
simple prescription to keep things straight. This is to always think of time derivatives of operators in the
Dyson formula as acting outside the time ordering symbol. Note the following identity

9
ot

T[efz'fj‘; dt’H}(t')QI(t)] ZT[e_ift"" dt’H}(t’)](QI(t) n %[QI(t),H}(t))])T[eiifim dt’H}(t')]

=7l L O )y ).

This comment becomes particularly useful in cases such as scalar electrodynamics where the relation
between 7f(z) and ¢(z) = nt(z) + iQAop(z) involves the interaction. Since the interaction picture fields
are free, the relationship in that picture is ¢;(z) = W}(.’L‘) Thus the exponent in the Dyson formula shows a

disquieting asymmetry between space and time:
[ ety = [ s (1A (6}V6r — (Vé))on) + Q*A%6}61 — iQAu(6}dr — é1n))

However, it is possible to prove a “reshuffling theorem” that if all time derivatives in the Dyson formula
are understood to be taken outside the time ordering symbol, covariance is restored. In other words there
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are two sources of apparent non -covariance: the form of Hj and the time ordering operation itself. To
present the results of the reshuffling theorem, we introduce the symbol 7™ to signify time ordering in which
all time derivatives are taken outside the time ordering symbol. Then the reshuffling theorem for scalar
electrodynamics can be stated

T~ = #HE) _ o [o7if #eti@a@lousr—i@nshionta@®aransien].

When employing the Wick expansion to the r.h.s. one simply needs to remember that one never uses a
quantity such as (0| T[0,¢(x)¢!(y)]|0), namely all derivatives occur outside not inside the time ordering
symbols.

As an illuminating example of these ideas we quote the improved Dyson formula for the outin matrix
element of the current operator:

(out| j, (@) |in) = (0, 1| T* |~ = (QA*(@}8,01-(8,0})61)+Q* A" Ao 01)

(=iQ($10upr — (Bud})br) — 2QA,0}6r) | [0,1).
Take particular note of the manifest covariance of the r.h.s. of this formula.

4.8. PROPAGATORS FOR SCALAR AND DIRAC FIELDS

Wick’s Theorem assures us that to obtain a general time ordered product of free fields, we only need to
know the two field case, (0| T[¢1(x1)¢P2(z2)] |0), which is also called the two point function and sometimes
the propagator.

Let us first work out the propagator for a free scalar field which has the representation

— d3p ip-T —ip-x
P(z) = / M (a(p)e™® + b (p)e ) (4.7)

where a annihilates a particle and bt creates an antiparticle. These operators satisfy the commutation

relations
[a(p), a’ ()] = [b(p), b ()] = 6(p' — p),
with all other commutators vanishing . The Hamiltonian for the free scalar field is easy to write down
1 = [ & o)l (p)a(e) + ¥ (p)0(p)
= / Pz (g'd+ Vol - Vo +m?elo):

where the double colons : (---) : denotes normal ordering, i.e. all creation operators to the left of all

annihilation operators.

* Notice that the commutator

3
(B0 61w = [ i

(2m)%2w(p)

vanishes for space-like separations (z2 — .’L'1)2 > 0. To see this go to a Lorentz frame where to = 1
(always possible for space-like separations). Then the second term cancels the first after the variable
change p — —p. If a,b satisfied anticommutation relations, the anticommutator would not have this
locality property since the two terms would then add. This is the spin-statistics connection for scalar
fields. Also notice that if the w(p) were absent anticommutation relations would be local.

(eip-(m—wz) _ eip-(:m—:cl))
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Clearly the vacuum expectation of the time ordered product of two ¢’s or two ¢t’s vanishes, and

ip:(z1—w2)

3
(0| T[(1) " ()] [0) =6(t1 — t2) / (2531721([))

d3p ip- r2—T1
#0 =) [ Gy

where we recall that p-x = p-x —wt. To make this expression less unwieldy, it is helpful to use the following

(4.8)

integral representation for the step function

o0

dp® . o 1

o(t) = e — 04.

(®) /271'2'6 —p0 — e ¢ +
— o0

Including the factor e~? gives

T a0
et = [ et
2mi w—p° — i€’
— 00

after a shift of p°. Inserting this representation into (4.8), gives

d*p - - :
1 — ip-(z1—22) ip-(z2—21)
<0| T[‘b(-’”l)‘b (mQ)] |0) / (27r)42w(p)e w — po —je te W — pO _ ie’

-1

where now p-z = p-x — p°t. Thus we can change p = —p in the second term and then combine it with the
first to obtain finally

4 .
d’p etP(z1-22) —t

_ = — . 4.
(2m)4 p2 +m? —ie Ar(z1 =) (4.9)

(0| T[p(21) " ()] 0) = /

From its definition the propagator should have the property that only positive frequency components
should be present as t;, — 400 and negative frequency components as t;, — —oo. This property is assured in
(4.9) by the —ie in the denominator. The propagator is a Green function for the Klein-Gordon differential
—0% + m?:

(=% + m*)Ap(z,y) = —id(z —y).

The i€ prescription tells us which boundary conditions to impose. This prescription also follows if we define
Ap by analytically continuing the Euclidean space Green function to Minkowski space. To continue from
Minkowski space to Euclidean space, one rotates the p® integration contour to the imaginary axis in the
counterclockwise direction (to avoid the poles at +(w — i€)). In order to preserve convergence at infinity,

2% must be simultaneously rotated in the opposite (clockwise) direction. Changing variables p® = —ip*

0:

and calling x —iz* (positive p° rotates to negative p? but positive 2° rotates to positive z*) gives the

Euclidean Green function

4
d p ei(x~p+w4p4) 1

A ez [ 5 PP+ )

Clearly Ap satisfies
(=0f = V2 +m?)Ap(z —y) = 8*(z —y).
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P’ X

Fic. 1. Wick Rotations.

Next we turn to the evaluation of the propagator for the Dirac field. Remembering that v is fermionic
we have
Sr(z1 = @2)ab = (0| T[a(@1) 6 (22)] 0)
= 0(t1 — t2) (0] (1) (22) [0) — O(t2 — t1) (O Py (z2)1a (1) |O)

d3p o (e — _
— [0(t1 tZ) ip-(z1—22) E a( ) b( ) (410)
/ (2 )32 ( ) e e U (P)u\p

= Bty — t1)e™ @272 N " 08 (p)3h (p)],
A

where in the integrand we have p° = w(p).

To simplify the expression for Sr we need to evaluate >, u$(p)u(p) and Y, v§(p)vs (p). If we regard

them as matrices with indices a,b, we know we can write each as a linear combination of the 16 matrices
I" we used in constructing the bilinears. By virtue of the summ over helicity, conjugation by the Lorentz
transformation matrices simply does the corresponding Lorentz transformation on p* = (p,w). Thus they
must be scalars formed from p and the matrices I'. The only possibilities are I and p -+, so

> uh(p)a4 (p) = Adas + Bp - Yab,
A

and we only need to determine A, B. First notice that multiplying by the matrix m + p - v must give 0.
which determines A = —mB. Then, multiplying both sides by 7° gives 2w ", B = —4w or B = —1. Thus

Yo uk@)as () = (m—p-7)a-
A
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The definition v = iy2u* then determines
>k @P) = [(72(m = p- 77 (=iv")]as = =(m +p - Vas.
)

Inserting these relations into (4.10) yields

_&p
(27)%2w(p)
+0(ts — t1)eP @27 (m 4 p - y) ).

[0(t1 — t2)e® @172 (m — p - y)as

Sr(@1 — 2)as =/

The final step is to employ the integral representation for the step functions as we did for the scalar propaga-
tor. This process results in a four dimentional momentum integral with p° substituted for w in the exponents
but not in front of 4°.Then the two terms involving m and those involving the spatial v* combine, after the
change of variable p — —p in the second term, exactly as in the scalar case. The two terms involving °
have a factor of w which cancels that in the denominator, but then they combine with the opposite relative
sign to produce a 2p° in the numerator. Thus the net result is simply

[ d'p m-—p-y
S ) — ip(w1—w2) ("0 P . 4.11
F(T1 — T2)ab i/ (27r)4e (m2 +p? — ie)ab (4.11)

Just as with the scalar propagator Sp may be recognized as a Green function for the differential dirac
operator 1v -0 + m:

(%7 o+ m) Se(e —y) = —id*(z —y),

with boundary condition dictated by the ie prescription. As before this boundary condition can be enforced
by defining Sr as the continuation of the Euclidean Green function Sg. The continuation from Sg to

Sk proceeds by rotating the p° integration contour to the imaginary axis in the counterclockwise direction

(of course rotating z° in the opposite direction), changing variables p° = —ip*, and defining 2° = —iz*,
0 _ _ ;4.
v = —ing:
Sr(z —y) = Sp(z—y) = / AP ip(aran) (M P E (4.12)
(27!')4 m2 + p2 b . .

S satisfies the equation

(1r-0:4m) Sete= = e

4.9. VACUUM EXPECTATIONS FROM LARGE TIME LIMITS OF GENERAL TRANSITION AMPLITUDES.

One obstacle to formulating an efficient perturbation theory for systems with interacting quantum fields
is that one can’t “turn off” the interactions at early and late times as is possible with externally applied
fields. Thus out and in states are eigenstates of complicated interacting Hamiltonians. One approach to
this difficulty is to artificially make the coupling constants time dependent and force them to vanish at early
and late times. Another approach, which we shall favor, is to relax the requirement that the initial and final
states be eigenstates of the Hamiltonian with vanishing external fields. Then one calculates in first instance

a quantity that is not of immediate interest, but which can be simply related to such quantities.
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A quantity of more or less direct physical interest is the vacuum expectation value of the time ordered
product of several quantum fields. More generally the outin matrix element of such a time ordered product
is relevant if time varying external fields are present. So let us consider how to obtain this quantity in
perturbation theory by first calculating with general initial and final states. Using the evolution operator
and assuming t1 >t > --- > t,, we therefore consider

(£IU (00, —00) T (t1) - - Qn(tn)] i) =
(flU(00,t1)Qs1U(t1,t2) - - - Utn—1,tn)2snU(tn, —00) [4) -
Choose the time T so that all external fields vanish for times earlier than —7" and later than 7. Then
Ulty, —00) i) =U (tn, —T)e~ {2~ Hs |;)
=U(tn, —T)e~(>~TEe Z e~ (o= T)(Er=Ea) |1y (r|) .

We would now like to argue that the infinite oscillations wash out all contributions but the (assumed
nondegenerate*) ground state. In a field theory this is quite plausible since the excited states correspond
to particles so the sum over r is really an integral over a range of continuous energies. But even without
this smearing, we can make the washing out rigorous by calculating with imaginary time: it = 8 > 0. Then
100 is really +00 and all excited states are damped exponentially. Massless particle states could introduce
a subtlety here, but the part of phase space that is not exponentially damped is infinitesimal: this has the
effect of changing exponential damping to a power law damping. If we buy this argument, then we can assert
quite generally that U(t,, —00) |i) = U(ty, —00) |0) (0]7) and similarly (f|U(oco,t1) = (f]0) (0| U(o0,t1).

Since we take (as usual) the Heisenberg and Schrodinger pictures to coincide at ¢ = —oo, then |in) = |0)
and (out| = (0| U(co, —00). Thus we have obtained the relation

(F1U (00, =00)T [ (t1) - - - Qn(tn)] [0) =
(£10) 0l2) (out| T[Q1 (t1) - - - D (En)] |im) -
In other words calculating with any initial and final states that have finite overlapT with the true ground

state gives us a constant times the desired matrix element. We can easily evaluate the multiplicative constant
by considering by the same reasoning

(£1U (00, —00) [i) = (£|0) (0|7} (out|in)
—e2ioEe (£10) (0]4) External Fields = 0.
Putting this into our relation we obtain
(out| T[Q1(t1) - - - QU (tn)] |in) =

—icong (flU (00, —00)T[ (1) - - - Qn(n)] |3) (4.13)
<f| U(OO7 _OO)EthO |Z) ’

where the subscript on U in the denominator denotes vanishing external fields. In field theory applications

e

E¢ is the energy of the vacuum, which is zero if we measure all energies relative to that of the vacuum. In the

* There are interesting cases of degenerate vacua, when there is “spontaneous symmetry breakdown.”
In such cases the choice of initial and final states determines which of the degenerate vacua is picked
out.

1 The infinite number of degrees of freedom in quantum field theory requires care here: the overlap
between different states in a theory with n degrees of freedom is typically f™ with f < 1. Since n = oo,
we should expect (f|0) (0]i) ~ e~>°. In field theory n = oo because the volume of space is infinite
and because space is continuous. Thus strict application of the above relation should be done in the
presence of both an infrared and ultraviolet cutoff, which can then be removed after extracting the
desired amplitude.
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absence of gravity all physical quantities depend only on energy differences, so we lose nothing by doing this.
Gravity couples directly to the energy density and therefore is sensitive to the energy as opposed to energy
differences, but then Eg only appears in the combination A = Eg + Ag, with Ag the “bare” cosmological

constant. Replacing Ag by A in effect sets Eg = 0.

The formula (4.13) is a convenient starting point for developing perturbation theory. Any breakup
Hs(t) = Ho(t) + H'(t)
determines an interaction picture defined by

Qr(t) = Uy (t, —00)QsUp(t, —00) = Ur(t, —o0)Qt) U (t, —0),

where
iU =Hs(t)U = UH(t)
iUo =UoHor(t)
iUr =Hi(t)Ur
and all U’s are the identity at ¢ = —oco. Then the evolution operator satisfies

Ulty,t2) = U(t1, —00)U ™ (t2, —00) = Up(t1, —00)Uy (t1, t2)Uq * (2, —00).
Plugging these relations into (4.13) then gives

(out| T[Q(t1) - - - U (tn)] [in) =
o-2icoEg {f1U0(00, =00) T [Ur(00, —00) Q1 (t1) - -- R (t)] I7) (4.14)
(f| Uo (00, —00) Eat=0Ur (00, —00) Ext=0 |i) '

This formula is completely general: we have even allowed Hj to contain time varying external fields, which
is hardly ever done in practice. Since all operators in this formula are in interaction picture, it is most
convenient to choose |i),|f) to have simple properties with respect to Hor(—o0). Let us call the ground
state of this operator |in,0). Then (in, 0| Up(co, —o0) is the ground state of Hor(+00) and therefore deserves
the name (out,0|. When all external fields vanish, Hor is time indepenent and we call its ground state
|0, I) = |in,0) and its ground state energy Ey. Then (in, 0| Uy (00, —00) gzi=o = e~ 2°F0 (0, I|. Thus choosing
|i) = |f) =10,I) = |in,0) we obtain the useful formula

(out| T[Q1(t1) - - - U (t)] |in) =
o-2ico(Ba—Fo) (0ut, 0| T[Ur (00, —00)h1(t1) - -- Qi (t)] [in, 0) (4.15)
<OaI| UI(OO;_OO)EthO |05-[> '

In the usual case where we do not include external fields in Hy, the formula simplifies further

<OUt| T[Ql(tl) e Qn(tn)] |7'n) =
o-2i00Bg (0, 1| T[Ur(00, —00)r(t1) - -- nr ()] 10, 1) (4.16)
(0,11 Ur (00, —00) Brt=0 [0, ) '

Using the Wick expansion one can describe the perturbation series for the numerators and denomi-
nators of these formulas using Feynman diagrams. The diagrams contributing to the denominator are all
those completely disconnected from either external fields or from the points assigned to the operators in
the numerator. The numerator contains this same sum of diagrams as a multiplicative factor. Thus the
division by the denominator is achieved by simply deleting all such disconnected “vacuum” diagrams from
the expansion of the numerator.
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5. Path History Quantization

One of the principal drawbacks of the canonical operator formulation of quantum mechanics is that
it obscures symmetries that bring in time in an essential way. Lorentz boosts are of this type, so the
operator approach inevitably hides the full symmetries of relativity. This is of course also true in the
Hamilton equation form of classical mechanics. In classical mechanics one can work with the Lagrangian and
Action Principle which keep dynamical symmetries like Poincaré transparent. The path integral approach
to quantum mechanics is the quantum analogue of this alternative and, as we shall see, is a much more
convenient formulation of quantum field theory than the operator approach. Even in the operator approach
we have seen the advantage of expressing results in terms of finite time evolutions, since it is these that
reflect the true symmetries of the system. The central object in the path integral approach then is not a
state but an amplitude for the evolution of one state into another.

To keep notation simple, we shall suppress indices in dealing with a general quantum mechanical system
the coordinates of which are collectively denoted ¢ and the conjugate momenta of which are p. Then we seek
an alternative scheme for calculating, for example, the amplitude

(q"|U(t1,t2) lg') -

U is of course a very complicated operator for finite time differences, but as t1 — ta, it is simply related to
the Hamiltonian.

Thus we are led to break up the time interval into infinitesimal pieces t; — t2 = (N + 1)a and employ
the closure property of U to write it as a product of N + 1 infinitesimal evolutions.

("|U(t,t2) |d') =(a"|U(t1,t1 — a)U(t1 — a,t1 — 2a) -~ Ult2 + a,t2) |q')
N
= [ TLdax (@101, = @) fax) (an| Ut = a,t2 = 20) o)
k=1
@ Utz +a,t2) |d) -
Next, we write, assuming Hg is constant over a time interval a,
(gr| U (t2 + ka,t2 + (k — 1)a) |gx—1)
%/dpk_l (qu] e— i H A k=1/200)/2 [y (| gmia (e (k=1/20) /2 gy
E/dpka eXP{—%a(le (ar,Pr—1,%a) + Hi(gr—1,pr—1, —1a")")}
(ar|pr—1) (Pr—1lge—1)
2/ dg;; eXp{%[pk—l(Qk — Qk-1)

a . s k) ok
- i(Hk(Qk,pk—hw) + Hi(qr—1,Pr—1, —ia™)")]},

where for the moment Hj, is defined by these equations. Putting everything together we obtain

m no_ il dardpr. dpo ? H
(@'|U(t,12)|d) = [ T] 57 eXp{ﬁ > Ipe—1(ar — gr—1)
k=1 k=1

a . sk ok
- §(Hk(%,pk—1,w) + Hi(qr—1,Pr—1,—0a™)")]},

where gn11 = ¢ and g9 = ¢'. Apart from the assumption that external fields are constant over the time
interval a this formula is exact. But it is not useful until we get a simple approximation for Hy. For a — 0

26 (©1992 by Charles B. Thorn



we should be able to approximate

—iaH (t2 - a .a
(qi| e~taf bt (k=122 1 Y~ (g (1 - liH(tz + (k —1/2)a)) |px—1)
.a
~(1- ZEHIZV(qk:pkfl)) (qr|pr—1)

.a
~ eXP{—ZiHZV(CIkaPk—l)} (qr|Pr—1)

where H} (q,p) is the operator H(ts + (k — 1/2)a) rewritten through use of the canonical commutation
relations with all p’s on the right and all ¢’s on the left. After this is done ¢ can then be replaced with the
eigenvalue ¢ and p with the eigenvalue py_;. In the limit @ — 0 with ¢; — 2 = (VN 4 1)a fixed it should be
valid to replace Hy (g, pr—1) with H}Y (g, pr—1). We define the quantity

1 *
H]?(‘Ik:‘]kfl:pkfl) = E(HXV(Qkapk—l) +HY (qk—1,p5-1)") (5.2)

which appears in the path integral. Up to the reordering terms H ,ZV is just the classical Hamiltonian for
the system. In the common case where the Hamiltonian is a function of p’s plus a function of ¢’s it is
nothing more nor less than the classical Hamiltonian. But notice that the object appearing in the path
integral is (5.2) which depends on the two coordinates describing the initial and final states of the basic
unit of propagation even in the case where there are no reordering terms, when it is simply the average of
the classical Hamiltonian over the two coordinates. In this continuum limit we can think of the sum in the

exponent in (5.1) as an integral
+ [ ) - S @ 0,500 + HY (a<(0),0,0°)] (53)

The coefficient of % is just the classical action [ d¢L plus terms of order h? expressed as a Legendre transform
of the Hamiltonian. In the continuum limit, the number of integration variables tends to infinity and the
limit gives the definition of the path integral representation of (gz| U(t1,t2) |g;)-

The Classical Limit For a general Hamiltonian, this is as far as one can go without further approximations.
One such approximation one can always try is the limit & — 0, the classical limit. Such a limit is dominated
by the functions ¢(t), p(t) for which the coefficient of i/ is stationary. Since, in this limit, this coefficient is
just the classical action, the stationarity conditions are simply the classical Hamilton equations: ¢ = 0H/dp
and p = —0H/3q. Thus the path history version of the quantum principle is that for & # 0 transition
amplitudes are computed by evaluating e*(Actom)/% for all possible histories and averaging this expression
over all such histories. The classical limit is understood as the situation in which this average is dominated
by solutions of the classical equations of motion.

Imaginary Time. In working with the path integral it is technically advantageous to work with actually

damped integrands rather than the oscillating integrand occurring in the quantum path integral. This can
be achieved with the Wick rotation it = 7 where real positive ¢ is rotated to real positive 7. Considering
the basic unit of the path integral, the matrix element of the operator, e~/ we see that this rotation
is mathematically justified when H is an operator bounded below, i.e. its eigenvalue spectrum is bounded
below. It obviously should not be attempted if H has eigenvalues down to —oo. Fortunately, most reasonable
physical systems have this property, and for these the Wick rotated path integral is the superior one to work

with, especially for applications outside of perturbation theory. For a constant Hamiltonian (no external
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fields) this path integral calculates (gs|e# |¢;) where 8 = (11 — 72)/h. If we identify ¢ = ¢; = ¢ and
integrate over g, it calculates Tre A% the statistical mechanical partition function for temperature 1/3. In
this way the Wick rotated path integral is related to a quantity of direct physical interest in another context.
In the limit 8 — oo (low temperature) one obtains information about the energy levels and degeneracies of
the system. However, for applications to quantum mechanics it is necessary to continue back to real time at

the end of the calculation of physical transition amplitudes.
Technically the Wick rotation amounts to replacing ia by § > 0 in (5.1). Thus one obtains, after

approximating Hy by H}Y,

N+1

dqrdpy, d 1 .
@U(im,—im) i)~ ] H e 0 exply 3 lipe 1 (0 — k1)
k=1 (54)

- g(H,ZV(qk,pkfl) + HY (qk-1,061))]}

The Wick rotated version of the quantum action (5.3) is of course
T1

3 [ drlip(ra(r) = S @ (7). p(0),7) + B ac(r), ), )L (55)

T2

Here we have identified q(t) = ¢(7) and the complex conjugation in H"* ignores the i’s coming from the
Wick rotation.

Matrix Elements of Time Ordered Products. For T >t > --- > t, > —-T

(qr|U(T, t1)quU(t1,t2)q2 - - - qnU (tn, =T) |@i) =
(qr|U(T, =T)T[q:(t1)q2(t2) - - - gn(tn)] )

where the Heisenberg picture operators qi(t;) = U~ (ty, —=T)qrU(tr, —T) are defined so that Heisenberg
and Schrodinger pictures agree at t = —T'. Working with the L.h.s. of this relation we can insert a complete
set of coordinate basis states between each pair of U’s and then replace each operator g by its eigenvalue
and each matrix element of U by its path integral representation. The integrals over the basis labels g;, then
simply extend the sum over piecewise histories ¢; = g, --- — 1 — ¢y to the sum over all histories g; — g;.

Thus we arrive at

(g7|U(T, =T)T'[q1(t1)q2(t2) - - - qn(tn)] |gi)
T
= [ DaDpan) - atr el [ drlipr)itr) - HOa(r), o), 7).
=T

where we have used the Wick rotated version with i7" = 7. Written in this way with the time ordering

symbol on the Lh.s. this formula is valid for any time ordering.

In field theory we are really interested in the vacuum (ground state) expectation value of time ordered

products. These can be obtained by taking the limit 7 — oo. Then, inserting energy eigenstates at the left
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and right, all states but the ground states are exponentially suppressed so we have

(71U (00, —00)T'[q1 (t1)ga(t2) - - - gn(tn)] lai)
={(gs0) (0| U (o0, —00)T'[q1 (t1)g2(t2) - - - gn(tn)]|0) (Olg:)
=(qr|0) (0lq:) (out| T[q1(t1)qz2(t2) - - - gn(tn)] |in) .

The wave functions that multiply the desired result can be obtained from

(a7 Upst=o(00, —00) |as) = e > (¢£|0) (0las),

which of course has its own path integral representation. Thus by division we obtain, defining energy so that
E¢ =0,
(out|T[q1(t1)q2(t2) - - - qn(tn)] |in)
_ [ DgDp q(n1) -+ a(ma) exp{3 [7 dr[ip(1)d(r) = H®(q(7),p(r), 7)]}
- J DgDp exp{} [, drlip(7)d(7) — Hg,o(a(r), p(r)]} '

Coordinate Space Path Integral. A strong motivation for using the path integral formulation for quantum

field theory is that it makes possible a more symmetrical treatment of space and time. This symmetry
is even more striking after the Wick rotation when the Lorentz group O(3,1) becomes simply O(4) the
group of rotations in four dimensions. To achieve the full force of this benefit though we would like to
be able to use the configuration space action [ dtL(g,q,t) rather than the phase space one. We can do
this provided it is possible to “integrate out” the conjugate momenta p. This is generally possible in
quantum field theory because field theoretic Hamiltonians typically only depend on the conjugate momenta
IT through an additive term % J &@=z11%. Thus the integral over the II is gaussian and can be explicitly
performed. In the language of quantum mechanics, the field theoretic Hamiltonian is always of the form
P?/2+V(g) +[f(@p+pf(@)])/2=p*/2+V(q) + f(q)p—ihf'(q)/2. In this case we can integrate out the p’s
even before the continuum limit which converts ordinary integrals to path integrals:

dpr—1 1.,
exp{ —|ipr_ — Qp—
\/ﬁ p{h[Pk 1(% 9k 1)

B+ 5 (VIak) + Vg 1) +pe 1 (F@0) + Flas 1) — T (@) — 7 lae O

2
1 1 (gr—qe 1+ 2(f(qr) + flae1)))?
=52 Pl 2
2V (@) + V@) — (@) — £ @)

So that the path integral expression (5.4) becomes

(v11) N N+1 _ is 9
1010~ (g55) [ Tmernt—g Sttt 0y
2V @) + V(@) — ()~ Flas-))])

o [ Paespi— [[artz ($+ 50 + S + VN

T2
Note that the (divergent) prefactor is necessary to obtain the same result for the evolution amplitude as with

the usual operator formalism, and it naturally appears when we start the path history formulation in phase
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space. However, notice also that the dependence on the evolution time (IV + 1)4 is exactly of the form that
would come from adding a constant —(1/26) In(27%d) to the overall energy of the system. Thus since only
energy differences are measurable, the physics is insensitive to the presence of this factor. In quantum field
theory we could lump this contribution into the zero point vacuum energy we are supposed to subtract in
any case. We recognize the coefficient of 1/% in the exponent as the (imaginary time) classical action for the
system. It is this configuration space path integral that gives quantum field theory its neatest expression.
Then the classical action has the form [ d*zL(¢,d,¢) with £ a Lorentz scalar field. The configuration
variables of quantum field theory are the fields ¢(x,t) one for each point in space time. To define the sum
over histories of fields one therefore needs a lattice in space-time. In the Wick-rotated version this could be
taken, for example, to be a hypercubic lattice in 4 dimensional Euclidean space. The path integral defined
via such a lattice can be taken as the definition of quantum field theory. We shall find that perturbation
theory can be developed directly from the continuum path integrals, essentially because one can avoid the
actual evaluation of the integrals by various tricks.

Gaussian Integrals When evaluating ground state averages of physical quantities in perturbation theory,

one can manage to avoid ever having to do a functional integral. This is because the free field functional
integral will cancel between numerator and denominator after extracting the source dependence. However
there are cases where one needs to know the numerator (or denominator) separately, for example, when one
uses the path integral representation of the partition function. Since the free field integral is simply gaussian,

we can in fact calculate it.

We start by noting that the general multivariable gaussian ordinary integral is given by

< N
/ H <d$z> 0 Do TEMimm _ Hmi_l/2 = det™1/2 1,
e i=1 v i

where m; are the eigenvalues of the real symmetric matrix M. If we always define Euclidean functional
integrals in terms of a lattice, this result can be directly applied. Then after taking the continuum limit, we
can write for the neutral scalar field

/D(bexp {— /d4m B(&f))? + m;q?] } = det™12[m? — 92].

A charged scalar field can be decomposed ¢ = (¢; + id2)/+/2 in terms of two real scalar fields so the

corresponding formula is
/ D¢De* exp {— / d*zp [(04'0¢) +m?¢i¢] } = det ™' [m?* — 8?].

We have already encountered determinants of differential operators in our study of external field prob-
lems, for example, the outin matrix element for a charged scalar field in the presence of an external gauge field
is proportional to det™'[m? — (8 — iQA)?]. Thus we can immediately write the path history representation

for this matrix element:
[ 606 exo {— [ dizp [0+ (0 - Q)0 +m6 }
(outlin) , =
/ D¢Do* exp {— / d'zp [0¢* - 0¢ + m*¢*¢) }

Since this is what must be inserted into the gauge field path integral to couple gauge fields to charged fields,
this completes the process for converting to path integration language the qft of scalar fields interacting with
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gauge fields. To get outin matrix elements of time ordered products of fields we use the generating functional
(out|T[e' ] =" 646" 1)) iy
/D¢D¢* exp {— /d%E [(0+iQA)¢* (0 —iQA)p +m*¢* ¢ — J ¢ — ¢* J] }
- /Ddﬂ)qﬁ* exp {—/d4$E [0¢* - 8¢ + m2¢*¢]}

detil(m2 - D2) ef d*zd*yiJ* (z2)AF (z,y;A)iJ (y)
det™!(m? — 92) )

We have written the functional integrals in Euclidean space, which we indicate with the E subscript. To
express the results in terms of Minkowski space, just use d‘zp = id*z. Remember that Ar(z,y; A) is
precisely the continuation back to Minkowski space of the Euclidean Green function Ag(zg,yg;A). To
confirm the last equality one simply completes the square and changes variables in the by now familiar
way. Doing this in Euclidean space leads to the exponent [ d*zgd*ygJ*(z)Ag(zE,yE; A)J (y), which, when
continued back to Minkowski space, gives the result shown.

We know from our experience with the operator formulation that the boundary conditions that fix Ag
in Minkowski space are the requirements that it contains only positive frequencies at very late times and
only negative frequencies at very early times. In Euclidean space, the boundary condition on Ag is simply
that it vanish at infinity. Since Ap, Ag are analytic continuations of one another, either statement of the
boundary conditions is satisfactory. From the path integral point of view it is more natural to choose the

Eucldean version.

Anticommuting Fields To convert the persistence amplitude for the Dirac field in the presence of external

gauge fields to a path integral formalism, we must be able to produce a factor of det{m — iy - D} in the
numerator unlike the denominator as gaussian integrals tend to produce. This requires the introduction of
“anti-commuting” numbers or @ numbers in contrast to ordinary ¢ numbers. Any two a numbers e, f satisfy
ef + fe = 0. In particular the square of an a number vanishes! Thus the most general function of a single a
number a is the linear one c¢; + caa. The theory of functions of @ numbers is quite trivial. A function of N a
numbers is at most linear in each variable, but that involves terms with up to N factors. With N — oo one

can of course have any number of factors as long as each factor is a different a number.

How do we integrate over a numbers? To define this we define [daf(a) to be a linear operation
that assigns a unique ¢ number to each function f. We also require the fundamental translation property
[ daf(a+e) = [daf(a). But there are only two linearly independent functions of a namely 1 and a itself.
So we only need to specify [ dal and [ daa. The translation property for the second of these holds only if
J dal = 0. Thus we only need to specify [ daa to be some fixed ¢ number, and then integration is completely
defined! By definition we take [ daa = 1. Then the integral of the arbitrary function ¢; + ca is simply ¢,
the coeflicient of the linear term in a.

Now consider integration of a gaussian over 2M a numbers, ay, a:
/ day da, - - - daprdapre” ©°
1 ~ = T \M
=3 dayday - -+ [ dapdap(a* Ca)

=/da1d(_ll . -/daMdaMdlClklak16202k2ak2 . --L_lMclkMakM
kiko-k
=C1k, Copy - - Crpp, € 172"M = det C.

This shows that integrating gaussians over anticommuting numbers yields determinants with positive powers.
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Next consider the case where the exponent of the gaussian is a bilinear in M a numbers by: %bTAb where A

is an antisymmetric matrix. It can be reduced to the previous case by considering its square:

2
( / dbl---dbMebTAb/2> = / dby - - - dbprdb, - - - dbly, e ALY AY) /2
—(-)% / dayday - - - dadaze® A
—(=)% det A

where the change of variables a = (b+ib')/v/2,a = (b—1b')//2 has been used. The phase out front is never

relevant, since when M is odd, both sides vanish. We conclude that
/ dby - -~ dbpre? A%% = det'/? A,

Since the Lh.s. is a polynomial in the matrix elements of A we have proved an interesting corollary that
the determinant of an antisymmetric matrix is the square of a polynomial in the matrix elements. That
polynomial is sometimes known as the Pfaffian, Pf(A) = det'/?[A] for antisymmetric matrices A.

Now we can repeat our discussion of bosonic functional integrals for the fermionic case:

det( m —iy- D)
" det(m —ivy-9)

/ DuDGexp{ i [ dlaldim - i7- Dw}

/D¢D¢exp{—i/d4m(v,/}(m —m-@ﬁp} '

Introducing anticommuting sources, 7,7 in the combination ¢ d*z[ih + 4] in the exponent and competing

(out|in) ,

the square, one can easily see that the source dependence is just a factor
o [ am—ivD)"n _ [ d*zdtyin(z)Se(z.y;A)in(y)

By differentiating with respect to the sources, one can show that this expression is just the generating
function for the outin matrix element of time ordered products of fields:

(out| Tt [ d*alm-+in) in)
[ ouviess{=i [ @tz (S =ir- D=7 = ]}
- /Dm)zz exp {—z‘/d‘*z(«ﬁ(m — iy 6)zp}

:M fd4zd4yzn(ac)SF(z y,A)zn(y)
det(m — iy - 9)
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Gauge Fields The path integral for gauge theories presents special problems because of the gauge invariance
of the action. We shall establish the proper formulation for Quantum Electrodynamics by first obtaining the
path integral in Coulomb gauge V - A = 0, following the general procedure sketched in this chapter. Once
that has been done, we can discuss within the new path integral formalism more general gauges, including

covariant ones.

The Hamiltonian operator for charged fields interacting with the quantized e.m. field A in Coulomb

gauge is (as we shall see in the next chapter)

1 1
H.sy :/d% <§HT2 + 50kAr - OpAr — Ar -Je>
. (5.6)
+/(J£ +4°) <_ﬁ) (J2 4+ 5°) + Hpieras (A)| ao=0,

Here we understand all operators to be in Schrédinger picture. We see that this is a case where the conjugate
momentum appears only quadratically so we can immediately transcribe an infinitesimal evolution between

eigenstates of A near imaginary time 7

<A”|e*dTHeff |AI)

<OV A" expldr [ dal (A () + S (OAP ()~ A - )]

. 1 )
wdr [0+ (= gez ) U2+ + drHpiaas (A ag-0}.

where the terms involving A(7) with no time derivative are averaged over A(7) = A”, A’ and A(7) symbol-
izes the continuum limit of (A" — A'")/dr. The delta function multiplying the r.h.s. symbolizes the condition
V- A = 0. It is necesaary if we wish to formally integrate over all three components of A. Notice that for
the moment we are only changing the e.m. field into path integral language, leaving the charged fields as

operators.

Next we employ a widely used trick for simplifying the term describing the instantaneous Coulomb

interaction. This involves introducing an auxiliary variable A*(x,t) and writing the identity

o [0+~ 5s) (2450 _ DAY exp {—dr [ Ea[3(VAT)? — AT, + 1)}
- J DAY (1) exp {—dr [ d*zx3(VA*)?}

where j* =i and J* = iJ? as appropriate after the Wick rotation. This identity is proved by completing
the square by a shift of integration variable A* — A* — (1/V?)j%. Here we use the fact that ultimately
dr — 0 to neglect any commutators that might arise due to the fact that j° is really an operator. (This
latter approximation is in exactly the same spirit as the replacement of Hy by H ,ZV in our general derivation
of the path integral.) The variable A* enters now exactly as the imaginary time component of the vector
potential would have entered before it was eliminated by solving the Gauss’ law constraint. For example,

using V - A = 0 we can write
/d%[%AQ + %(VA,X —A-J)+ %(wﬁ)2 — AT = /d%[iFu,,F,“, — A, JH).

Furthermore Hyjeias|as—o — [d®zA*(1)j* = Hpietas with A* # 0 playing the role of the imaginary time

component of the vector potential.
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Composing many infinitesimal evolutions, we arrive at the path integral representation
(As|U(00, —0) |A;) =

J‘DA#(S(V A A)e*fd4m(FF,,FF,,/47A”J£) <f| Teffd‘erields(A”(T)) |Z>
fDA4e—de(vA4)2/2‘

As discussed before, by taking the evolution over an infinite time interval we effectively project onto the
ground states (vacuum) at early and late times. We can therefore pick convenient initial and final states,
e.g. we can let them be eigenstates of A with vanishing eigenvalue and ground states of Hyjerqs(Au(T =
Foo), Foo) respectively. We then obtain the following general formula for the outin matrix element of time
ordered products of fields

(out| T[y(y1) - - P (ym )P (2m) - - ()] lin) 5, 4, =

e

[DASY - A)e—fd T(Fpy Fp [4— AL J¥) (out| [t (1) - - - (1)) |m)A(T)+AE(T)
[ DAY - A)e S #=FurFul (outfiny ,

An important observation is that the set of operators in the time ordered product on the l.h.s. can
be expanded to include any number of vector potentials by functionally differentiating w.r.t. the external
current J¥. This is clear from the pure exponential dependence on J, on the r.h.s. Thus in addition to
describing the presence of real external sources, the J, dependence provides a generating function for all
correlation functions of any number of vector potentials in the source free case: simply set J. = O after
differentiating the appropriate number of times w.r.t. J.. To illustrate this point, consider the path integral
for the free e.m. field (no charged fields).

 [DAGV - Ae~ S T o Fun 1= A0 TE)
[ DALY - A)e J #ebutin/s

(out|in) ;.

We can extract the dependence on J, by shifting the integration variable in the numerator by A, = A,+C,,
where C' is chosen so that the linear term in A is cancelled. It must of course also be restricted by the Coulomb
gauge condition V-C = 0. After the shift the coefficient of the linear term in A becomes after an integration

by parts
0,(0,C, —0,Cy) + J, =0.

This equation is only consistent if the external current is conserved 0,J* = 0 which we are assuming.
For v = 4, remembering the Coulomb gauge condition, this equation determines C* = (=1/V?2)J%. After
using current conservation to write 94C* = (1/V?)V - J. the spatial components are determined to be
C = (-1/8%)(J — V(1/V?)V -J). The question of boundary conditions is settled in Euclidean space by
requiring that C vanish in all four directions at infinity. As we have discussed this prescription becomes the
familiar ie one when continued back to Minkowski space. Inserting these results into the path integral we

find
(outlin) , :e_fd%(Fquf,,M—C#Jg‘)
:ef d4wC#Jé‘/2

¢t [ dted*y It (@) Dy (2—9) I (3)
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where

d'p iopdik — PP /P
Djk($):/(27r)4e pit P2 /
d'p ., 1 1
Dule) = [ ez =00 1
Dy, =Dps = 0.

To get correlation functions of any number of vector potentials we differentiate (out|in); with respect to
the current any number of times. Because of current conservation we may only differentiate w.r.t. three
components of J# say the two transverse components J; and J*. But that is sufficient since the longitudinal
component of A is zero by the gauge condition. If we set J. = 0 after differentiating, it is easy to check that
the Wick expansion follows with the two point function

(Au(2)Au (y)) = Dy (x — y).

Note that with path integrals it is more precise to speak of correlation functions, which are functional
averages of some number of fields, than of the vacuum expectations of time ordered products of field operators.

They are of course numerically equal to each other.

General Gauges The path integral formulation of gauge theories is particularly suited to the discussion
of general gauges. To keep the formalism covariant we would like to be able to replace the noncovariant
Coulomb gauge condition with a covariant one such as 8,4, = 0. The procedure for gauge fixing that follows
is due to Fadeev and Popov, and is quite general. The method starts by selecting some general gauge fixing
condition F(A,0A) = 0. This condition should have the property that for any value of the gauge potential it
is possible to find a gauge transformation to a potential for which F' = 0, and further that if F'(A) = 0 then
F(Aq) # 0 with Q any nontrivial gauge transformation which vanishes at infinity. We don’t require this
property for more general gauge transformations because that would rule out Coulomb gauge which seems
to be perfectly adequate. The path integrand in such a gauge should contain a factor of §(F'(A4)).

The F-P procedure is to define a functional Ap(A) by the requirement
1= Ar(4) [ DOS(P(40)

where Agq is the transformation of A by the gauge group element (z), and the measure DY is gauge
invariant. By this definition Ar is clearly gauge invariant. Now insert this representation for 1 in the
“unfixed” gauge field path integrand. Next change functional integration variables so that Ag — A. Here
we implicitly assume that the unfixed measure DA, is invariant under changes of variables which are gauge
transformations”. Then the infinite volume of the gauge group [ DS) comes out as a common factor in both

the numerator and denominator of the functional average and so cancels. We are left with the factors
Ap(A)S(F(A))

in the functional integrand. The delta function fixes the gauge and the factor A4 is in general needed to
guarantee that different choices for F' yield the same answer for gauge invariant quantities. (It is only for
functional averages of gauge invariant quantities that the rest of the integrand stays invariant under the
variable change that removes 2 from the delta function.)

* In a completely general context this assumption might clash with the more basic translational invariance
of the measure. In such a case there would be a Jacobian accompanying the variable change. This is
not needed for the usual abelian and nonabelian gauge theories however.
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Our Coulomb gauge path integral did not include a factor of Agui(A) so we need to confirm that it is
inconsequential for the abelian case. For this we have to compute

1
det(—V2)’

/ DAS(V - A + V?A) =
ACoul

We see that Ag,y is independent of A so that it will cancel between the numerator and denominator of
functional averages. Thus our failure to put it in gives no differences in physical quantities. Thus all gauge
choices are formally equivalent to Coulomb gauge provided the Fadeev-Popov factor Ar(A) is included along
with the gauge fixing delta functional.

In practice Ap(A) always multiplies §(F'(A)) so the former is only needed for A satisfying the gauge
condition. For such A, §(F(Agq)) only contributes for infinitesimal Q:

F(A(z) 4+ 6A(z /d4 6Auabz/) Apab(y)-

Denoting the inﬁnitesimal generators of the gauge group by G(z), 0A is linear in the matrix elements
of G: §Aua(y) = [d*2Luab,ca(y, 2; A)Geq(z) where L is a linear differential operator depending on A in
general. For example, the infiniesimal nonabelian gauge transformation reads 64 = 0G — ig[A, G]. Thus
Ap = det(%ﬁu) where the determinant is that of a linear differential operator which is also a matrix in
the internal group space with matrix elements labelled (ab, ef):

5Fab(‘4($))
Ay e ,2; A).
/ Y dAuca(y) ped: f(y % 4)

An important class of covariant gauges consists of the Lorentz gauges d - A = f where f is some
fixed function. The F-P determinant for this gauge is det(—d?) in the abelian case of QED. Notice that
it is independent of both f and A. In the nonabelian case, it would depend upon A of course, but is still
independent of f. So for QED the F-P determinant cancels between numerator and denominator. and it is
safe to ignore it". Functional averages of gauge invariant quantities will be independent of f. We can exploit
this to get rid of the functional delta function in the path integrand by averaging over f with a gaussian
weight function e~ Jdter*@)/ 2®_ This just multiplies the numerator and denominator by the same constant
so it won’t alter gauge invariant quantities. The net effect of this is to remove the delta function and instead
add a non gauge invariant term [ d*z(0 - A)?(z)/2a to the Euclidean action. For @ = 1 (Feynman Gauge)
the effect of this term is to simplify the kinetic term for A:

/d%(FM,,F,“,-i- (aA) /d4m(

/d4x 0, A0, A,

Sl a7)

a—1

“ 7

Just as with the Coulomb gauge, the photon propagator for the gauges is obtained by evaluating

the path integral for the gauge field in the presence of an external source. The source dependence is easily

1 There are some applications where it is nonethless important to keep it. For example, it contributes
a constant to the zero point energy which just subtracts the spurious contribution of the time-like
and longitudinal components of the vector potential. Also when one computes the finite temperature
partition function in a covariant gauge, the F-P factor removes two photon degrees of freedom so the
total number is 4 — 2 = 2. Without the F-P factor the Stefan-Boltzmann law would be off by a factor
of 2!
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obtained by shifting A -+ A + C with C satisfying

L %9.c=—g»
(67

9*Cy +

which is solved first for 0 - C = —a - J and then

1
T e

8,0,

Cy 5

(Ju—(1—-a)

JY).

Thus the propagator is

e = [ L 0=
(2m)* P?

In the continuation to Minkowski space d,, is replaced by 7,,, p> by p*> — ie, and there is an additional
factor of —i. We note the great simplification for Feynman gauge. The case a = 0, known as Landau gauge
is effectively the gauge 0 - A = 0 because the coefficient of the gauge breaking term in the action blows
up damping out all contributions to the integral not satisfying this condition. We see that in this case the
divergence of the propagator vanishes, 8, D%, = 0. The fundamental reason that QED is independent of o
is that A always couples to a conserved current so that the terms involving « in the propagator decouple.

To get a bit more insight into the role of current conservation consider a photon propagator attached

to two conserved vertices in momentum space

R,R* R''R?-RIR}
— = :

Amp ~
P2

It would seem that this coupling corresponds to the propagation of four photon states, 3 “space” compo-
nents and 1 time component, the last one coupling with the “wrong” sign. These wrong sign states are
sometimes called “ghosts.” But by current conservation R = p - R?/p®. In the limit of physical photon
momentum,i.e.for which p? = 0 the residue of the pole is just

p-R'p-R?

R! R? -
p2

which is to say only the transverse states (perpendicular to p) truly propagate.
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6. The Dirac Equation

In our development of relativistic quantum mechanics we shall study intensively the case of spin 1/2
particles solved by Dirac. After this we shall return to the problem of higher spin. As a practical matter,
the Dirac equation contains a tremendous amount of the present understanding of elementary particles. In
fact, all of the known fundamental constituents of matter are either spin 1/2 (quarks and leptons), or spin
1 gauge particles (photon, gluons, weak vector bosons). To these we may have to add a fundamental scalar
(Higgs particle) and of course there is always the spin 2 graviton that must be understood eventually. But
we can go a tremendous distance to understanding the physics of the standard model through study of the
Dirac equation interacting with a gauge field. Indeed, for many applications the gauge field doesn’t even
need to be quantized!

Dirac’s original motivation for his equation is still useful and inspiring to recall. The most straightfor-
ward attempt to write down a relativistic version of the Schrédinger equation

) _ R A (P (x, 1)
=ny (1) (F) o "

is horribly nonlocal, involving an arbitrarily high number of spatial derivatives. Dirac proposed to get

around this by making v a multicomponent wave function and defining the square root in a local way by
using matrices, in analogy with the properties of the Pauli spin matrices

(o-v)? =v%

To achieve this he required the introduction of four anticommuting matrices v* with y =0,1,2, 3:

{v*,7"} = —2np**. (6.2)
Using (6.2) it is simple to show that

1 o?
(Y*8,)? = 5{7”,7V}3u3u =—0,0" = i v,

where we have chosen units for which ¢ = 1. We shall also choose units so that i = 1. Then the Dirac

equation is
1
;7”8,&11 +mey = 0. (6.3)

To cast this equation as a relativistic Schrédinger equation we rewrite it as

&p(x t)

o (la V+ﬂm> P(x,t)

where we have multipied through by 4° = 3 using 42 = I and have defined o = 7°4.

So far we have not specified the gamma matrices. It is simple to show that they must be at least 4 x 4

(In D space-time dimensions the minimum size is 2P/2 x 2P/2 for even D.)
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Let 0%, k = 1,2,3 be the 2 x 2 Pauli matrices

01 0 —i 1 0
ol = , o’ = ) o® = .
10 t 0 0 -1

Then we have two popular representations:

Standard Representation of v* Chiral (Natural) Representation of v*
o I 0 o 0 I
= ’y =
0 —-I I 0
0 o 0 o
’Y = ’Y =
0 I -1 0
75 = ’75 =
I 0 0 I
o™ 0 o 0
Okm = €kmn Okm = €kmn
0 o" 0 o"

where €gm,n is the completely antisymmetric three tensor with €103 = +1. The standard representation is
more convenient for slowly moving particles, whereas the chiral one is more conveneient for massless fermions

that move at the speed of light.

Clearly 8 = 79 is hermitian, 4y is anti-hermitian, and < is hermitian. Thus the Hamiltonian

H:%a-v+ﬂm (6.4)

is a hermitian operator as it should be.

To justify the interpretation of the Dirac particle as spin 1/2, we need to construct an angular momentum

operator for which & transforms as a vector. This is clearly accomplished by choosing the spin operator to

be 2/2 with
o 0
Y= .
0 o

Then the Dirac Hamiltonian obviously commutes with the total angular momentum

1
J=rx- —
rxiV—l- 5

The Dirac wave function transforms under the % &) % representation of the rotation group. In particular it

describes a spin 1/2 particle.

To get the energy spectrum of the Dirac particle we must find all the eigenstates of the Hamiltonian
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(6.4). Clearly, it is best to work with momentum eigenstates

ip-x

Yp = u(p)e’®™,

since the momentum operator commutes with H. Then the coefficient spinor must satisfy

(a-p+ pm)u(p) = Eu(p). (6.5)

Since the square of the matrix on the Lh.s. is just m? + p?, we immediately learn that
E(p) = £v/m? + p%.

It is also fairly simple to find the eigenfunctions in the Standard Representation. It is sufficient to find
the positive energy eigenfunctions, because the negative energy ones can be obtained from them by a simple
operation: Complex conjugating (6.5) and multiplying both sides by 972, we learn that iy?u*(—p) is an
eigenstate of H with eigenvalue —F if u(p) is an eigenstate with eigenvalue +E. An explicit solution for w,
with E = +w(p) > 0, is easily shown to be

)= (o ) (66)

m+w(p)

where w = v/m?2 + p2 and ¢ is any two component spinor. The two independent components just represent
the two spin states of a spin 1/2 particle. As we have explained the negative energy eigenfunctions are then

u-(p) = iv’u*(-p). (6.7)

The positive energy states of the Dirac particle give the desired relativistic description of a relativistic
spin 1/2 particle. The negative energy states are a disaster for the single particle interpretation of the
Dirac wave function. As soon as the Dirac particle in a positive energy state is subjected to external forces
transitions to negative energy states will be induced and the system is unstable. Dirac himself proposed
the remedy for this problem, which exploits the Pauli Exclusion Principle for fermions: If one postulates
that the Dirac particle is a fermion, then one can consider the “vacuum” to be the state in which all of
the negative energy levels are filled, then any further particles added to this state must by the exclusion
principle occupy only positive energy states! This vacuum state is sometimes called the “negative energy

sea.”

Although we call this state the vacuum, it is clear from its construction that it is far from empty,
since it contains an infinite number of particles. The presence of the sea will make itself felt as soon as
one considers interactions of the Dirac particles with themselves or with independent force fields. Strictly
speaking, there is an enormous (infinitely) negative energy associated with the sea. However in quantum
mechanics, only energy differences are measurable (in the absence of gravity) and we might as well measure
the energy of all states relative to that of the sea, i.e. we take Eys., = 0. The total momentum contained in

the sea is automatically zero because momentum states in all directions are occupied.

In addition if the Dirac particle is charged the sea possesses an infinite uniform positive charge density.
It is convenient in this case to postulate a compensating negative background charge density, so our vacuum
will be neutral
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To understand the dynamical significance of the presence of the sea, it is instructive to consider the
excitation spectrum of the whole system. We can first of all add N particles with momenta p1,p2,---,PN
to the sea. The resulting state will have energy

— 2
En particles — Z \/ m? + P
k

and N units of charge.

Next we can remove N particles with momenta qi,qz2,...,qn from the sea. This state, which we

describe as a state of N holes, will also have a positive energy

EN hotes = Z \V m? + qi
k

since we have subtracted negative energy. However the momentum of this state is

Py holes = — qu
k

for the same reason, and the charge is —/N units. Thus this state appears to be a state of N particles
of opposite charge to the ordinary (positive energy) Dirac particle and with momenta —qi1, —qz2,. .., —qN-
This is how antiparticles appear in the theory.

Finally, one can simply excite N particles from the sea to positive energy states. This excitation does
not change the number of particles so it is neutral. The energy of this state is the sum of the positive energy
eigenvalues occupied minus the sum of the negative energy levels vacated. It is a state with N particles and
N antiparticles (holes), with corresponding energy. In principle, this state can be prepared from the sea by
delivering sufficient energy, at least 2Nm, to the system.

If the original Dirac particle is the electron with charge —e, then the theory predicts the existence
of its antiparticle, the positron, with charge +e. The positron was unknown when Dirac discovered his
equation, and the idea of identifying the positron with the proton failed because the latter does not have the
electron’s mass nor could it annihilate with an electron into photons. Thus when the positron was eventually
discovered, it was a spectacular confirmation of Dirac’s theory.
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7. Second Quantization

We have seen that the consistent interpretation of the Dirac theory requires the presence of the sea of
an infinite number of negative energy particles. In practice, however, at least if interactions are weak, all
but a finite number of particles in the sea are spectators in any calculation. Thus we need a formalism that
allows us to concentrate only on the part of the sea that is active in a given process. The formalism which
achieves this has been developed, and for historical reasons goes under the name of second quantization. It
should be stressed that it is completely equivalent to a description in terms of the many body Schrodinger
wave function for the sea, but it is much less cumbersome, and almost indispensable to efficient calculation.
The formalism is applicable to any system of identical particles, bosons or fermions. We shall present only
the fermion case in lecture since we will only be applying it to the Dirac theory. The changes needed for the
boson case will be indicated in a series of exercises.

We begin with the concept of the occupation number basis. Consider a system of fermions, and let an

orthonormal complete set of states for a single fermion be labelled by an index a:

Ya(X)-

Then a multi-fermion antisymmetrized tensor product state is competely specified by the set of numbers
{nq} which give the number of fermions (0 or 1) occupying each state a.

Now the crucial idea of second quantization is to define a creation operator bf, by
blny...ng...)= (—)Zv@"“’ [n1...ng+1...).

The state dependence of the prefactor is necessary for consistency with the antisymmetry of the state under
fermion interchange. Since b!, adds a fermion in state « its square must vanish. It is a direct consequence of
this fact and its definition that

{bLa b;ra} =0
By considering
{({n}6}, {n'})™ = ({n'}] ba [{n})

it is clear that b, removes a fermion from the state « and so is an annihilation operator. It is then simple
to check that

{ba;bl} = dap.

For our application, the state label will include a continuous momentum as well as a discrete label. In that
case the Kronecker delta will of course include a factor of a Dirac delta function §(p — p').

Having introduced the creation and annihilation operators, we now have a very efficient notation for the
occupation number basis. Call the state with no states occupied |0'). Then the state with

Nay =Nay = - "Nay =1
and all other occupation numbers zero is just

bl -+ bl bh 07).

We are now in a position to relate all this formalism to the standard many-body Schrédinger wave
function description. The wave function describing the state in which the single particle states a; - - - an are
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occupied is just
W ) = 3 Gpthas (K1) s (KP(2)) - e (X))
ar--an\X1, "7, X2) = —F— PYPa1 \Xp(1))VPax\XpP(2)) """ Pan \XP(N)
VN! %

where 6p = —1 if P is an odd permutation and +1 if P is an even permutation. If we define the field operator
Y(x) =) batha(x), (7.1)

with anticommutation relations

{¥(x),9(y)} = {¥'(x), ¢ (y)} =0
{0x), 01 ()} =D a®)Pi(y) = 6x—y),

Then we have

Tooay (X1, 7+, XN) = % (0] (1) (%) - - - 9 (% )bl - -~ bh, 0L, 107) -

A completely general N body wave function is of course a general superposition of such states

V= Y Caran Tarran (O () (x2) - xy) |@)

%l‘l }

where

|¢) = Z Cal---aNbLN o 'bszbjh |OI)
@ anN

The state |®) thus can describe the most general many body Schrédinger wave function. Indeed, the second
quantization formalism allows one to even superpose states of different numbers of particles, so it is the more

general description!

We have shown how to describe general quantum states, it remains to show how linear operators are
related between the two formalisms. All possible observables in the Schrédinger wave function description
are completely symmetric in the operators acting on each particle. Such operators can be classified according
to the number of particles involved in each term of the operator. For example, a one body operator acting
on N identical particles has the form

Q(l) = Z Wk
k

where wy, acts only on the variables of the kfh particle. A two body operator would be a sum of terms, each
acting on a pair of particles:

00 = 3™ i,

k<m

A K body operator is obviously a sum of terms each acting on K particles. In a typical nonrelativistic
system with N identical particles, e.g. the electrons of a Z = N atom, the kinetic energy of the electrons is
a 1 body operator, while the potential energy is a two body operator (since the electrons interact in pairs).
The interaction of the electrons with an external field would be described by another one body operator.
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The second quantized description of these operators is straightforward. Starting with the one body case
we first represent the single particle operator w by its matrix elements in the single particle basis we have

introduced
Wap = <a| w |B) .
Then the one body operator Q1) is just
Q(l) = Z waa,Bb,B-
af

To see that this definition has the correct action on multi-particle states, one simply applies it to one of the
basis states

QWpt ...t bt |0) Zb S Y (O, (vl wlaw)) -+~ L, 107)

Tk

and we see that the r.h.s. is a sum of terms for the k** of which w has the correct action on the k** single
particle state label.

Multi-body operators have the obvious analogous second quantized description. We limit the discussion
here to the two-body case. Let |B1)|82) denote the standard unsymmetrized two particle tensor product
state. It is convenient to reverse the order of factors in the corresponding bra {(as| (a1 | so that

({az[{eu]) |B1) [B2) = dar 1 0aspa-

Then we define
Wasa,B:6: = (2| (a1|w|B1) |B2)
and the two-body operator Q(?) is then just
2 _ 1 t
Q - 5 Z b ba1w0201,5152b51b52
ai1az,B1P2

A typical example which requires both one and two body operators is the hamiltonian for a system of N
nonrelativistic fermions with an interaction potential energy V (rg,r,,) = V(ry,, ri) between each pair (k, m).
The Schrédinger picture Hamiltonian for this system is just

According to the procedure just outlined, the second quantized version of the kinetic term is

Stk (oowt) s = [ @rotte) () wte) = [ @l vt v

where in the second form we have gone to the coordinate basis, using the definition of the second quantized
field operator (7.1). The second quantized version of the potential term is the two-body operator

5 2 Lk (el (ol V180 182) by, = / dzd®yV (<, y)v ()0 (09 ()¢ ().

araz,B162

Two details to note about this expression are the overall factor of 1/2 and the order of operators. These
are necessary to arrange that the potential energy has the correct sign and normalization. The complete
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hamiltonian for this system can now be compactly written as

1= [ Loyt Iy + L [dadtyvi vt 0w ueve)

This is the hamiltonian for a quantum field theory. The fundamental quantum operators are the local fields
1(x) or the corresponding creation and annihilation operators. The operators x,p etc. of the Schrodinger
description have been demoted to ¢ number labels and derivatives with respect to them.

One final feature of the formalism to explain is the role of the field equations. In the Schrédinger picture
the quantum dynamics is given by the Schrédinger equation

0
zha |(I)at> = HS(t) |(I)at)

where we stress that we allow time varying external forces to be present (hence the time dependence of H).
The field equations arise in the Heisenberg picture wherein the time dependence resides in the operators

rather than in the system states which are constant in time. To pass to the Heisenberg picture we write
|®,8) = U(t)|®,0)

where

zhgtU Hs(t)U U©) =1,

and give the time independent Schrédinger picture operators (2 time dependence according to
Q@) = UTQU.
The Heisenberg picture Hamiltonian is similarly related to the Schrédinger picture one by
H(t)=U'Hs(t)U.

Then the Heisenberg picture operators corresponding to constant Schrédinger picture operators satisfy the
Heisenberg equations

ihQU(t) = [Qt), H(t)].

Returning to our system of nonrelativistic fermions we find that the Heisenberg equation for the field

operator v implies
zhiiﬁ(x t)= - V24 (x,1) +/d3zV(x 2)¢ (2)3(2) ) (x) (7.2)
ot " 2m ’ ’ ' '

This is the quantum field equation. It is a nonlinear differential equation for a quantum operator, and
because of its operator nature it has much more information packed in it than is immediately apparent. The
origin of the name “second quantization” for this formalism is that (7.2) looks like a nonlinear version of the
Schrédinger equation. Indeed if the particles did not mutually interact, it would be exactly the Schrodinger
equation. If “first quantization” produced the Schréodinger equation, we have now reinterpreted the latter
as a classical field equation, which is then “second quantized”. Of course we know that all we have really
done is given a clever reformulation of ordinary many body quantum mechanics, and the name is really a

misnomer, which has stuck.
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We should mention that (7.2) is an elegant point of departure for the Hartree-Fock approximation, in

which one approximates the nonlinear term by a one body term

/ ByK (x, y)(y) (7.3)

in which K is chosen to make this term as close as possible to the original two body term.

How much of the quantum dynamics is captured in the quantum field equation? The time dependent
many body wave function in Schrédinger picture, which summarizes the complete quantum dynamics of the
system can be recast

1 ' 1 '
i (O9(a) - d(xn) [@,8) = Vi (01U (x1,t) - - (2w, 1) |2,0) -

So in addition to the time dependence of ¥(x,t) which we could get from the field equation, we would also
need to find the time dependence of the state

(0U().
In our example, the state (0’| is really dynamically inert i.e.
(1U(t) = (0],

because each term of Hg(t) has a b’ on the left so that (0’| Hs(t) = 0. Thus knowledge of 4 (x,t) at all times
allows us to reconstruct the time dependence of the many body Schrédinger wave function completely. If
we were transforming a different matrix element, in which (0’| were replaced by a nonempty state, to the
Heisenberg picture, the time dependence of U acting on this state would have to be found in addition to the
time dependence of the Heisenberg operators. The time dependence of (A| U(t) has a simple interpretation if
(A] is characterized as an eigenstate, say, of some definite Schrodinger picture observable Q. Then (A|U(t) is
the corresponding eigenstate of the corresponding Heisenberg picture operator Q(t) = UTQU. In particular
if the time dependent terms in the Schrédinger picture Hamiltonian Hg(t) = Ho + H'(t) vanish initially and
finally,

H'(T) = H'(0) =0,
and |A) is an eigenstate of Hy = Hg(0) = H(0), then (A| U(T) is an eigenstate of the Heisenberg picture
operator Ho(T) = H(T).

Let us consider what is gained and lost in the alternative formulations of many body quantum physics.
The second quantization formalism contains all the information contained in the (anti)symmetrized wave
functions. The (unphysical) non-symmetrized wave functions are of course lost, but that is desirable. The
second quantization machinery allows a broader range of dynamical options. For example, particle number
conservation is built into the wave function description. This conservation law is reflected in the existence
of the number operator

N =Y tbe = [ dait e (7.4)

which counts the number of particles in a given state. The conservation law is the statement that N commutes
with the Hamiltonian: [N, H] = 0. We can also identify 9 (x)1(x) as the number density operator. There
is, however, no principle which excludes considering a Hamiltonian with terms that don’t commute with N.

For example, a term
[ s 4, x) GG - 1wt ()

would not commute with V.
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8. Second Quantized Dirac Equation

The formalism developed in the last chapter can now be fruitfully applied to the Dirac equation, cast
as a Schrodinger equation,

2060 _ (Lo -9+ m) vt

Let us regard the component label a as an additional coordinate: 1,(x) = ¥(x,a). For definiteness let us
choose our single particle basis to be momentum eigenstates, with an additional label A for spin and + to
distinguish positive and negative energy states. Thus the role of 1, (x) of the previous chapter will be played
by

(£) — 1 a ip-x
)\,p(x7a/) (27)3/? Qw(p)u’\i(p)e .

The prefactors are conventional and with them in place the condition of orthonormality implies that
Z U&T:t’ uii = 2w(p)6>\:,\(5i/i.
a

We therefore write the explicit solution (6.6) for u = u™ in the rescaled form

w®) = Ve (o, )

m+w(p)

so that the normalization condition on the two spinor ¢ is
ol dr = dua.

There are two widely used choices for ¢). One is to simply choose the two orthogonal spinors

1 0

0 1)
In the rest frame p = 0 these are just eigenstates of ¥3 with eigenvalues +1,—1 respectively. The other
choice is to pick them to be eigenstates of helicity h = p - /2|p| denoted xx(p):

1
hxa(p) = Axa(p) A=Eo.

Explicit forms for yx» are developed in the exercises. Notice that for the helicity basis the expression for u

simplifies to

XX
ux(p) = Vw(p) +m( 2A/p| ):
mtw(p) XA

and furthermore u) is itself an eigenstate of helicity p - ¥/2|p| with eigenvalue A.

In all cases we maintain our choice (6.7)
u(p) = iv*u*(~p)

for the negative energy basis functions. For the helicity basis choice for uy, this construction gives a negative
energy spinor with the same helicity, as can easily be shown by applying h to both sides. For the rest frame
Y3 basis this construction reverses the sign of X3 in the rest frame.
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The properties of zbg\:‘;z (x,a) needed for the second quantization formalism are
Orthonormality: /d3w Z ’(/J(:t)* X,a (x, a) = 6y a0y +0(p' — p) (8.1)

and

Completeness: /d3pzw(i) X, a) zﬁ(i)*( a') = 8aq0(x" — x). (8.2)

To pass to the second quantized formalism, we simply introduce creation and annihilation operators bf\ +(P);brax(p)

with anticommutation relations

{brx (), bl (P)} = Srad(2y+0(p' — ),

and define the Dirac quantum field operator
= / dp Y bar(p)e o (x,a).
A+
By virtue of (8.2) the field operators satisfy
{900, 1(x)} = Sawr8(x — ).

A principal virtue of second quantization is the efficiency with which we can construct the state describ-
ing the negative energy sea. We simply apply to the empty state all of the creation operators for negative
energy states:

|sea) = | /\/H bl _(p)]0). (8.3)

This looks terribly complicated, but we can uniquely characterize this state very simply: It is annihilated
by all of the positive energy annihilation operators and by all the negative energy creation operators

bt (p) 0) = 0] _(p)[0) = 0.
These conditions tell us everything we need to know about the sea. The annihilation operator for a negative

energy electron creates a hole in the sea. Thus the construction of the sea is completely equivalent to
interchanging the role of the creation and annihilation operators for the negative energy Dirac particles.

To see the consequences of this interchange of roles, let us consider a few of the observables of the theory.
The Hamiltonian is just

= [d2Y v G a- ¥+ smur )
- / p(p) 301, (0)rs (8) — B, (0)br(p)

= [ & p0) S04, ()0 () + a0 (@)) ~2 [ P ps(p)5(0)
A

where in the last form we have reordered the creation and annihilation operators of the negative energy

contributions, the nonzero anticommutator producing the negative infinite constant term. Notice that thanks
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to the Fermi statistics both contributions to the energy are positive. This constant is just the energy of the
sea. the factor of §(0) can be identified with Volume/(27)? so the sea has an infinite negative energy density.
As we have already stressed we can and will choose to measure all energies relative to that of the sea which
amounts to dropping this constant*, so henceforth we shall take the free Dirac second quantized Hamiltonian
to be

Hoirse = [ @ w(®) 301, 001+ (p) + b1 (P (P):

A

When we pass to the Heisenberg picture we find the field equation for ¢ to be nothing other than the
Dirac equation

(%7-6+m)¢:0.

Since we have selected our single particle basis to be eigenstates of %a -V + fm the time dependence of ¢
in Heisenberg picture is simply

W (x,t) = / p > bas (p)E) (x, a)e i@ (8.4)
A+

The annihilation operators for the positive and negative energy Dirac particles are thus identified with
the positive and negative frequency components of the Dirac field in Heisenberg picture. This is a useful
observation because when we introduce time dependent external fields which are switched off at early and
late times, it will allow us to easily relate the operators that characterize the sea at late times to the ones
that characterize the sea at early times.

Returning to our survey of observables, the momentum operator is just

p-/ d3m2¢a*(x)%w<x)
/ #0304, (P)rep) + 2L () (p)

-/ #1030, (Jose () + ba- ()] ()

The term 2 [ d®ppd(0) arising from reordering the negative energy operators automatically vanishes and
need not be dropped. We see from the explicit form of the momentum operator that by (—p) creates from
the sea a particle of momentum +p.

The charge operator is just () = gN where ¢ is the unit of charge carried by the Dirac particle and NV
is the number operator

Q= e 3
~ [ 30 PIor+() —br- (PP + 2 [ @pio)

from which we see that by_ (—p) creates a state of charge —q. We shall also in future drop the constant term

* Alternatively we could introduce a bare cosmological constant to cancel it.
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in @ so the charge of the sea is then zero! There is a convenient way to make this subtraction. Instead of
taking the charge density to be p(x) = qit4, take it to be the symmetrized form

p(x) = & S L)) = u(x)] ()] (8.5)

Then when the operators in Q = [ d3zp are suitably reordered the piece coming from the positive energy
term exactly cancels that from the negative energy term. At this point we can also identify the current

operator from local current conservation

9p .
5 TV-i=0 (8.6)

Inserting (8.5) into (8.6) and using the Dirac equation, we identify
§ =12 YW eI(@w)a(x) — (eu)a ()] (x)]-
We can assemble (p,j) in a four vector jH:
s _4g t H H 1
34 (%, 1) =5 D L6 DBy ¥)a(x, 1) = (Br*$)alx, )] (x, 1)

:% > Wix,1), (By*¥)a(x,1)]
:% D [Wa(x,1), (1) a(x, )]

We have made use of the Dirac adjoint

Yo =Y ¥} Bra
b

in the last form, which we will also sometimes shorten even more by suppressing the spinor indices, [, y#1].

Current conservation d,j* = 0 is an immediate consequence of the Dirac equation and its Dirac adjoint

The final observable we mention is the angular momentum

ab

J= /d%ZWf(x) (%(x x V) + %2) PO (x).
a,b

The sea is of course rotationally invariant

J10) =0,

as will be shown in an exercise. Of particular interest is the action of the helicity on the single particle states.

1 If there is more than one species of fermion in the universe, the coefficient of this term is ) s One
way of getting rid of the sea charge is to insist that this sum of charges vanishes. As it happens the
standard model of strong weak and electromagnetic interactions has this property, which is required
for cancellation of the axial anomaly. Thanks to Mr. Yan-Bo Xie for drawing my attention to this
circumstance. In a similar vein supersymmetry is often proposed so that the zero point energy of
bosons exactly cancels the sea energy of fermions.
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On the particle states we find
p-Jbl, Zu p Sasuby (P)bL () [0) = Ap[bl . (P) |0),

confirming that this state carries helicity A. The helicity of the one hole state by (—p) |0) which possesses
momentum +p is also A but the reason is slightly subtle. First of all

p-Jbor_(—p ———Zu p Sastiy_(—p)bx—(—p) |0)

where the minus sign arises because b;_ occurs in 9! and must anticommute with 1 before it can contract
against by_. But then

S(-p) - Dur (-p) = Alplus_(~p).

Thus

p-J _ _
"o - (P)0) = b (-P) [0)

as we claimed.
This survey of single particle observables has established:

6. The state bi\ +(P)]0) is a one particle state of momentum p, energy w = \/p? +m?, charge ¢, and
helicity A.

7. The state by_ (—p) |0) is a one particle state of momentum p, energy w = 1/p? + m?, charge —g, and
helicity A.

In particular if the first state is an electron of charge —e, then the second is a positron of charge +e. To
emphasize these facts it is traditional to rename the creation and annihilation operators for negative energy

particles. So define
ba-(=p) = d}(p) b, (p) = b (p).
So b‘;\(p) creates a particle and d‘;\(p) creates an antiparticle. Similarly it is useful to define the Dirac spinor
uA(p) = ur—(—p) = i7" uX(p)-

Note that v and v satisfy

I

(h = Nux(p) =
(h + Ava(p)

with opposite signs in front of the mass and opposite helicities.

(v-p+m)ux(p) =0 0
(v-p—m)vr(p) =0 0

I
Il

With these definitions the free Dirac field operator in Heisenberg picture has the representation

& .. g
v = [ Gt 5 (@) + dl Bsp)e )

where p-z = p-x—w(p)t is the Minkowski scalar product. A point to bear in mind with this new interpretation
is that one body operators will generally contain terms like bfd!' which create a particle antiparticle pair and
terms like bd which destroy such a pair. Thus when we couple couple currents to the electromagnetic field

we will have charge conservation, but not particle number conservation.
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9. The Discrete Symmetries of the Dirac Equation
9.1. PARITY

The parity transformation x — —x can be extended to a symmetry of the Hamiltonian. Consider the

following transformation on the field:

Y(x,t) = P~ Y(x,t)P = e By(—x, 1), (9.1)

where we have allowed a multiplicative phase. Then the Hamiltonian transforms to

P'HP = / d%W(—x)ﬁ(l.a -V + Bm) By (—x)
(9.2)

/dS."m/ﬂL ——a V + pm)y(—x) = H

after changing integration variables, so it is parity invariant. From the parity transformation (9.1) we can
infer how Parity acts on the particle states:

ot = [ o FZ(’“ P)Aur(~p)e’*” + d\ (~p)Bur(-pe 7).,

where we have reversed the sign of p by a change of variables. Next we note that depending on the spin
basis we choose,

iANT+2¢p) U_x (_p)

Bua(p) = — ie~ N +20)y_, (—p)

Helicity Basis: Bux(p) = —ie

where we have used the formula

iA(m+26p)

xx(p) = —ie X-A(—p)

obtained in the exercises, or
Rest Frame X3: Bu,(p) =uu(—p)
Buu(P) = — vu(—P)-

Using these spinor properties, we learn that

Helicity Basis: P 1by(p)P =e'Pie~N™+200)p_, (—p)
P‘ldg\(p)P Zeiqﬁiei/\(‘ir—i-Z(ﬁp)dT N&Y
Pl (p)P =e™ (i) T2l | (—p)

where the last equation is just the hermitian conjugate of the first. And

Rest Frame ¥3:  P~'dl,(p)P = — e**d,(—p)
-1 i
P~'bl,(p)P =e~*bl,(—p).

It should be noted that the arbitrary phase we allowed in the definition of parity cancels out for neutral
states, i.e. those with an equal number of b’s and d!’s acting on the sea, which we can take to be parity
invariant. This means that whereas the intrinsic parity of a single particle is conventional, that of a particle
antiparticle pair is not. For example the above formulae imply that the parity of the ground state s wave of
positronium is odd, i.e. the ground states are 0~ and 1.
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9.2. CHARGE CONJUGATION

It is apparent that a Dirac particle and its antiparticle are closely related to each other. They have
identical mass and spin, but exactly opposite charges. In fact this relationship is a reflection of a symmetry
in the dynamics under interchange of a particle with its antiparticle. To explore this symmetry, first define
a unitary transformation C, CCt = I by the rules

c~te =df cldtc =t C |0y = |0). (9.3)

(The last of these equations implies an extremely complicated transformation of the empty state, but we
shall never see those complications.) From the definition of C' we can work out how the field transforms

C)C = / 2 3/2\/_ Z (dA e+ bi(p)vx(p)e”'”'z)

which we can relate to t:

+ _ —iz-p * ipx
ui@) = [ i e ¢_ D (B (p)uta(P)e 7 + da(p)efa (p)e)
But v* = iy2u and u* = iy?v so we can infer

C™ Yo (2)C = i(y?) ] (z). (9.4)

When we suppress spinor indices, it is usually convenient to think of ¢' as a row vector and v as a column
vector. To write (9.4) with suppressed indices we want the r.h.s. to be a column vector which we could
indicate by (/') meaning the transpose on spinor indices. In that case (9.4) can be written

C ()0 = ir* (1) (2). (95)
It should also be noted that the occurrence of 42 in the charge conjugation transformation law is specific to
the standard representation; with other representations a different matrix would appear.

The invariance of H is obvious from its expression in terms of creation and annihilation operators, but

it is also instructive to see it using the local definition
1
C'HC :/d3x¢Ti”y2(;a -V + Bm)iy? (1T
1
- [ #s - 1a v+ gTmEhT
=H

where the last step involves an integration by parts, a transposition of Dirac indices, and a reordering of the
order of ¢ and ¢! giving a minus sign which cancels the overall minus sign in the second line.

The transformation of the charge and current densities under C' should simply change their signs. This
is not hard to see:

ctjrc =%(¢Ti72ﬂ7”iv2 @HT = plin® v+ Bin*y
=—jr
where use is made of
it = =y ByHB = 1.
Note that because we have used the symmetrized definition of the current, there is no reordering of operators

necessary in arriving at this result.
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9.3. MAJORANA FERMIONS

In our discussion so far it has seemed inevitable that the Dirac particle carries charge. More precisely,
it carries a conserved fermion number N which could be identified with charge. If there were several species
f of Dirac particle the fermion number Ny of each species might be separately conserved. Including terms
of the form

(RIS

with f' # f in the Hamiltonian could violate the individual Ny but Zf Ny would still be conserved.
Majorana pointed out that even with only one species of fermion it is possible to make it totally neutral, i.e.

carry no conserved quantum number at all.

Starting with the Dirac theory we can see that this is possible, because we can consider redefining
creation and annihilation operators to be eigenoperators under charge conjugation:
1
V2

Then the Hamiltonian is the sum of two commuting pieces

bax(p) = —=(ba(p) £ da(p))  with C™'bxx(p)C = Fba+(p).

H=H,+H_  with Hy = /d3p w(p) Y bl (P)brs(P)-
/\

Clearly, it is perfectly consistent to consider the quantum system defined by Hy (or H_) alone. The number

operator of the Dirac theory
N = [ @300 @)ear () + b, )t (b))
A

clearly has no meaning in the truncated theory, but that is to be expected.

One might worry that truncating the theory in this way might spoil locality, but this is not the case.

We can just as easily redefine the local fields to be eigenoperators of charge conjugation:
1 . . -
Pi(x) = 7§(¢(X) i (N T(x))  with C7'9uC = +yy, (9.6)

Which satisfy anticommutation relations

{¥1(x), 95 (x")} = £(7*)ard(x — x').
Clearly

d3 iz —ip-x
MOE / R by (r(@)ua @)™ £ b (p)oa(R)e 77)

and in terms of these fields

1

He = [l G- v+ pmyps

=%/d3x(i¢£)i72(%a-v + Bm).

In the second line we have used ¢} = +¢Tin2, a consequence of (9.6).

The appearance of iy2 in the above discussion is due to our choice of the standard representation for the
gamma matrices. The Majorana representation is characterized by the condition that the gamma matrices
be pure imaginary v#* = —+*. In that case the charge conjugation transformation does not involve a matrix
at all and all of the iy?’s disappear.
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9.4. WEYL FERMIONS

In the case of massless fermions m = 0, it is possible to describe relativistic spin 1/2 particles with only

one helicity. In the Dirac theory the easiest way to see this is to consider the matrix

¥ = i7",

which anticommutes with the y#. It therefore commutes with the Lorentz matrices

v Z v
ot = 5[7“,7 l-

s commutes with the & - V term of the Dirac Hamiltonian but not with the mg term. So when m = 0,
and only then, the energy eigenstates can be simultaneously eigenstates of 5. Since 72 = 1 the eigenvalues
of s, called chirality, are +1 and

I:I:’75
2

are projectors onto orthogonal two dimensional subspaces with chirality +1 respectively. Defining

_ T+
2

:I—’Y5

R 2

¥ L ¥,

R for “right-handed” and L for “left-handed,” the Dirac hamiltonian for m = 0 decomposes into two
commuting terms
1 1
H= /d%(RTga -VR+LTZa - VL)

either of which could define a consistent dynamics of the corresponding subsystem. These subsystems are

called Weyl fermions. The corresponding momentum space spinors of definite chirality are

I+q; _1 XA
o) = VRl £ ( 2,

from which it is clear that helicity is identical to Chirality/2. In other words right-handed Weyl fermions
have helicity +1/2 and left-handed ones have helicity —1/2. Since 75 is real and 7 anticommutes with s,

the antiparticle spinors

I+ o IE .
2 ua(P) = 72 (5 ua(p))

have the opposite correlation between chirality and helicity. So if the Weyl particle is right handed the
particle has helicity +1/2 and the antiparticle has helicity —1/2. Since charge conjugation interchanges the
role of particle and antiparticle one can even choose by convention all Weyl particles to be left(right)-handed.
One can do this, for example, by writing Rt = L'Tiy2. Of course, such an L' has charge opposite to R.

The Weyl particle with helicity £1/2 comes along with its antiparticle with helicity 1/2. Thus the
Weyl system has the same helicity content as the massless Majorana system. In fact one can describe the

Majorana system using Weyl fields. First, separate the Majorana field 9! = 97442 into two fields of definite

95 (©1992 by Charles B. Thorn



chirality
I£7s
2

).

YR =

Then notice that
I+s
V=015

I
—¢Tin? +7
2
=y1iy?
so that the right-handed component of the Majorana field can be eliminated in favor of the hermitian

conjugate of the left-handed component. When this is done the Majorana hamiltonian simplifies to

Huos = [ davlia-Vou+ 3 [ dalyfivdov + @hin*ov)

AF=-2 AF=42

which reduces to the Weyl hamiltonian for m = 0. Notice that the massless limit conserves fermion number
but the mass term violates fermion number conservation by +2 units. This is the so-called Majorana mass
term for a Weyl fermion. To construct the Dirac mass term which conserves fermion number, one must add

a right-handed Weyl fermion to the theory.

The Weyl theory violates parity invariance, essentially because § fails to commute with ~5:

PLGP = T21 p(—x) = BR(—)
How then have we managed to show that it is equivalent to the parity conserving Majorana theory? The
answer is that although parity is violated in the Weyl theory, C'P the product of parity times charge
conjugation remains a symmetry. The Majorana field is inert under charge conjugation, and has only parity
as a nontrivial symmetry. It is the CP symmetry of the Weyl theory that corresponds to the parity of the
Majorana theory.

Notice that it is impossible to have a fermion that is simultaneously Majorana and Weyl: even at zero
mass one always must have both helicities. This is true in four space-time dimensions but in other dimensions
it need not be so. For example in 10 dimensions one can define Majorana-Weyl fermions. A Dirac fermion
in D = 2k dimensions has 2 degrees of freedom, 2¥~! states for the particle and the same number for
the antiparticle. In some dimensions (including 4 and 10) one can have Majorana fermions with only 2*—!
degrees of freedom. In the massless case one can define Weyl fermions in all even dimensions giving 2%~1
degrees of freedom. In 2 + 8n dimensions one can have Majorana-Weyl fermions with only 2¢=2 degrees
of freedom. For example in 10 dimensions a Dirac fermion has 32 states, a Majorana or Weyl fermion has
16 states, and a Majorana-Weyl fermion has only 8 states. This possibility is crucial for the consistency of

superstring theory.
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9.5. TIME REVERSAL

The last discrete symmetry we discuss is time reversal 7'. It is well-known that 7" must be an antiunitary

transformation, meaning that it is antilinear, and furthermore
(T®|TT) = (T|D).
With this in mind, we search for a transformation of the form
T~ Hp(x, )T = To(x, —t),

with 7 an appropriate matrix. From antiunitarity we have

(BT"1YTT) = (TU|T®) = (TYIT®) = (T~ TH|T),
from which it follows that

T OT = (1) = v (=0T,

Thus

T-'HT = /d3x¢f(x, YA (—%a* -V + ﬂm) Tab(x, —t).

If we choose T to be unitary, then invariance of H will be achieved (given conservation of energy dH/dt = 0,
which follows from the field equation) if and only if 7 commutes with 8 and o? and anticommutes with a!
and a3. Clearly the most general solution of these conditions is

T — eiT'yl'y3 — ie”Ez,
so that the transformation law becomes
T=Y(x, )T = ie'™ Tath(x, —t). (9.7)

This transformation law on 1) implies that for b, d. It is easiest to do this for the rest frame Y3 basis, because
then the two-spinors ¢, are real. Thus

i (-p) =Vt G )

(o) Pu
=5, w(p)+m< O-.Up2¢u ) (9.8)

e (p) 02 Pu
=i2“22u_u(p)

Using v = iy2u*, it is just a few steps to show that
v, (=p) = i Sov_,, (P). (9.9)

Because T is antilinear, the Lh.s. of (9.7) involves u*e™ @ PT~!bT and v*et®@PT~1d!T, so (9.8) and (9.9)
allow us to infer from (9.7) that

T~'b,(p)T =ie’"i~2b_,(—p) T} (p)T = —ie~""it?p!  (—p)
T-1dl,(p)T =ie'"i~2d! (—p) T-'d,(p)T = —ie ""i*t?*d_,(—p)

The reversal of signs of momentum and spin label is intuitively correct since time reversing a motion reverses

both momentum and angular momentum. The p dependence of the phase is perhaps less intuitive, but
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follows straightforwardly by using angular momentum raising and lowering operators together with the
action of time reversal on angular momentum. If we had used the helicity basis, the helicity label would not
be reversed by time reversal (remember it is J - p/|p|); unfortunately the phases that are induced are angle

dependent and not very illuminating.

9.6. VIOLATION OF THE DISCRETE SYMMETRIES AND THE CPT THEOREM

Having shown that C, P, and T are symmetries of the Dirac equation it is instructive to contemplate
how things must be changed to violate these symmetries. For example, we have seen that both parity and
charge conjugation are violated with Weyl fermions, but in such a way that C'P remains a symmetry. More
generally, one can consider adding noninvariant terms to the Hamiltonian. In exercises, it is shown how
the bilinears 14T p transform under these symmetries for T' = (I,47s, 7", vsv*,0**). Under parity they
transform with a factor of (4, —, 4, —,+)(—)° times the bilinear evaluated with x — —x, and where S is
the number of spatial indices in the tensor component. So, examples of parity odd Lorentz invariants would
be

Piysy DY Pys Y- (9.10)

Adding such terms to the energy density would appear to violate parity. One must be careful that the

violation is not an illusion. For example the term 9! - V4 is invariant under the chiral symmetry

P — ei%75q)

under which
i) — cos 200)¢) + Piysy sin 2a

so the added term vivs9) can be rotated into ¢ and parity violation disappears.

With regard to charge conjugation, ¢4y transforms to (+,+, —, 4+, —) times ¢TI 4. For example
the first of (9.10) is invariant under charge conjugation (if A = B) but the second is odd. Under C'P the
result is (+,—, —, —, —)(—)®. Thus it is the first of (9.10) that would violate C'P. Since such a term can be
rotated away by a chiral transformation we see that C P is a bit tricky to violate. For example in the Standard
Model one needs at least three generations of quarks and leptons to frustrate the ability to transform away

apparently C'P violating couplings! Fortunately there is solid evidence for this number of generationsf

Finally we come to time reversal, under which the bilinears can be shown to transform into (+, —, +, +, —)(—=)*
times the bilinear with ¢ — —t. Note that vy*1 transforms as expected for a current and 1o*'4) as expected
for an angular momentum. It is only the first of (9.10) that violates time reversal: it is as tricky to violate

as C'P. In fact there is a deep connection between T" and C'P known as the C'PT theorem.

* The simplest version of QC D, the strong interaction sector of the standard model, violates the chiral
symmetry used to rotate away 1iy°1. Then one could get CP violation with a smaller number of
generations. To be compatible with the experimental size of C'P violation the coeflicient of such a term
would have to be so tiny that a modified form of QCD which restores this symmetry (and predicts
axions) is usually postulated. Then one is back to the three generation requirement.
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Composing the three discrete symmetries we find
(CPT)'(x)CPT = e~ (iv*7*v'7*)9p(~2) = e T3 (¥") T (~2).
Now applying this transformation to the bilinears, remembering the antilinear property of C PT', we find

(CPT) ' a(x)Tp(z)CPT = (—a)ys AT ys (V) (—2)
= —¢p(—2)BsT Bys0a(—2)
(=)™ pp(—2)BT! Ba(—2)
=(=)" (Ya(—2z)Typ(—2))!

(9.11)

where np is the number of Lorentz indices carried by I'. The CPT theorem states the impossibility of
violating this symmetry in quantum field theory. We shall not go through the rigorous proof here, but
from the transformation law of the bilinears it is clear what is behind the theorem. Since each Lorentz
index must be contracted with another in forming a Lorentz scalar polynomial of the bilinears, all of the
(=)™ ’s will cancel in the CPT transform of the polynomial. If we denote the Hamiltonian by some function
H(¢4(z)T9p(x)) of the bilinears, we have

(CPT)"'H(ya(x)T¢p(2))CPT =H*((CPT) ™ '4a(z)lyp (z)CPT)
=H*((Ya(-2)T¢5(-2))")

where by H* we mean that all of the complex numbers appearing in the formation of H as a function of the
bilinears are complex conjugated. Apart from ordering of operators, the last line is just what we mean by
the hermitian conjugate of H, if we set ¢ = 0 (conservation of energy means H is constant) and integrate
over X. So up to operator ordering questions (which can be sorted out for local interactions), a hermitian
Hamiltonian must be CPT invariant.
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10. Representations of the Poincaré Group for General Spin

We have so far encountered via simple quantum field theories the relativistic quantum description of
free particles of spin 0 or spin 1/2. It is useful at this point to realize that much of what we have found is not
really tied to field theory but rather to simple requirements of Poincaré invariance. In quantum mechanics
it is a general fact that a symmetry group must be realized by a unitary or antiunitary representation. The
latter possibility only occurs for some discrete symmetries (time reversal being the physical example). Our

goal in this chapter is to obtain the unitary realization of the Poincaré group for multiparticle states.

The Poincaré group consists of Lorentz transformations together with translations
zt = A* x¥ + ot
where A preserves Minkowski scalar products
npaAppAau = Nypv-

The A’s can be divided into 4 disjoint sets according to the signs of det A and A%. This is because it is
easy to show from the above property that (det A)2> = 1 and (A%)? > 1. Thus a continuous variation of A
always stays within one of these sets. In the following we restrict ourselves to the proper Lorentz Group,
i.e.with det A = +1 and A% > +1. The complete Lorentz group is then obtained by adjoining parity and

time reversal.

Lorentz transformations with A% = Ak = 0 are simply rotations and form a subgroup. We know from
basic quantum mechanics all the unitary irreducible representations of the Rotation group, namely those
labelled by angular momentum j = 0,1/2,1,3/2,.... The unitary representations of the Lorentz group must
be extensions of these. Let us ask then how to construct this extension for a free massive particle of spin s.
Such a particle must be described by a set of at least 2s + 1 momentum space wave functions f,(p). This
much follows just from the Rotation group. We shall find a representation of the Poincaré group with this

minimal number of components.

The basic idea, due to Wigner, is to exploit the fact that one can always bring a massive particle to
rest by a Lorentz transformation. Define a “standard boost” By which boosts a particle at rest to one with

momentum p. Let us introduce momentum eigenstates via
n= [ Ep3Ip.a) fu)
a

Then a momentum eigenstate of the particle can be related to the state at rest by

D) = /55U (Bo) 0,0) (10.1)

The multiplicative constant is necessary because we want U to be unitary. To understand this point, notice
that the relation of the three momentum p’ of a boosted particle to its initial momentum is nonlinear:

P =ARp + ARw(p).

The Jacobian of this nonlinear transformation of variables is d(p’)/0(p) = w(p')/w(p). The easiest way
to see this is to observe that [ d*pd(p? + m?) is a Lorentz invariant; integrating over p° then shows that
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J &p/w(p) is an invariant, which implies the above value for the Jacobian. A general Lorentz transformation
on a particle state of momentum p, which boosts it to p’, can be expressed

A = By/(B,'ABp)B,*.

The transformation in parentheses leaves a particle at rest at rest, and is therefore simply a rotation.
Applying U(A) to (10.1) we have

U(A)h»a)=q/;§%5U<Bp)U(B;¥ABp)m,a>

m s -1
= @U(Bp’) |0>b) ba(Bp’ ABP)

_ w(pl) ! s —1
- (/J(p) |p 7b> Dba,(Bp’ ABP)

Here Dj, (R) is just the standard representation matrix of the rotation group with spin s. It is now easily
checked that this defines a unitary representation of the Lorentz group on single particle states of spin
s. Of course, on momentum eigenstates of a free particle, space-time translations are trivially realized by

multiplication of the state by the phase e~ #*? for the space-time translation by amount a*.

Let us return to the “standard boost” Bp. It is clearly not uniquely determined since it can be preceded
by an arbitrary rotation and followed by a rotation about the axis parallel to p. There are two widely used
choices for this boost. The simplest choice is the pure boost parallel to p which we will call Bg. The second
choice is dictated by choosing helicity states. It is described as follows. First agree that the spin states of
the particle at rest be labelled by A the eigenvalue of J3. Then first boost the particle along the z axis to
momentum |p|Z. Then apply a rotation that carries the z axis to the direction of p. This latter rotation can
be taken to be

RO (p) = e*i¢J3efi0Jze+i¢J3
where (0, ¢) are the polar angles of p. Then the helicity preserving standard boost is given by

Bj; = Ro(p)B(Ip|%)-
Then, clearly, |p,\) = WBQ |0, \) is an eigenstate of momentum p with helicity A, since rotations do
not change helicity. This is easy to see from the general transformation law. For a massive particle, helicity
is changed by a general Lorentz transformation, i.e. B;,l ABg, can be any rotation. However, if one considers
the massless limit of this rotation for any fixed A, he discovers that it always approaches a rotation about
the 2z axis. Thus for massless particles helicity is actually a Lorentz invariant. Thus it can be consistent for

massless particles with spin to exist in only one helicity state.

Having understood how a single particle state transforms under Lorentz transformations it is straight-
forward to find the transformation law for states with any number of free particles of varying mass and spin,
which can be viewed as tensor products of single particle states. We can incorporate bose or fermi statistics
by introducing a vacuum state |0) and creation and annihilation operators for each species of particle,e.g.:

Ip,\) = b (p) |0),

where ¢ labels the species. When we are dealing with only a limited number of species, we typically choose

different letters for different types of particles, e.g. a,al for neutral scalar particles, b, bt (d,d!) for particles
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(antiparticles), etc. Then the transformation law for a general multiparticle state is completely defined by

U(A) |0) =0)
UMb (p)U " (A) =b} (Ap) D3 A (By LA By)
U (A (p)U ™ (A) =b}, (Ap) D3, (B A By).

Of course the last transformation law is just the Hermitian conjugate of the second one since U is supposed

to be unitary. We complete the description by writing down the energy and momentum operators

H= / a'p Y \fp2+m? Y b (0)bi ()
P- / d'pp " ST b (P)bi (p).

The above discussion might mislead one into thinking that the problem of free quantum field theory for
any spin is completely solved. Indeed, we have solved the problem of constructing a relativistic quantum
description of any number of free particles with any spins. However, the equivalence of this description
to local field theory is not yet transparent. We have explicitly seen how this works for spin 0 and 1/2.
which are described by scalar and Dirac fields respectively. The scalar field is supposed to have the Lorentz
transformation properties ¢'(z') = ¢(x). We relate this to the general discussion by first identifying the
momentum eigenstates with a creation operator applied to the vacuum |p) = af(p)|0). Assuming the

vacuum is Lorentz invariant, we conclude from the general discussion that

U U () = | 2Bt )

With this result we can then evaluate how the scalar field transforms

_ d3p w(pl) N _iz-p n_—iz-p
VNN = [ o st S @) 4l @)e?)

— d3p, a Ieia:~Ap' al Ie—z'ar:~Ap'
-/ a5 (alp)ei= ™+l (p)e=* )

7\
=4(A~z)

as desired.

Notice that Lorentz covariance alone is achieved by the positive frequency part of the field

_ d’p
6@ = | G @

But such a field would not commute with its adjoint at space-like separations as a local field must.

ix-p

3
69600 = [ e

Compare this to the result for the total field

3
[6(zx), b(y)] = / (;iﬂf)’s %(ei(%m.p i),

If (zx —y)? > 0 there is a Lorentz frame for which z° = y°. In that frame the r.h.s. is manifestly zero. It

must be zero in all frames by Lorentz covariance. Notice also that the all important minus sign on the r.h.s
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came because we chose commutation relations for a,a!. Had we tried to make the scalar particles fermions
by imposing anticommutation relations, the two terms would add and locality would be lost. This is the
famous spin-statistics connection for the scalar field. For the Dirac field fermi statistics was necessary for

stability rather than locality, but the spin-statistics connection is nonetheless fixed.

The Dirac field shows us how we must generalize these considerations to develop a field theory for

particles with spin. As shown in an exercise the Dirac field transforms under Lorentz transformations as

Y(a) = e P (),

where (e™*)# = A%. The 4 x 4 matrices o*” provide a finite dimensional representation of the Lorentz group
which is necessarily not unitary. This nonunitarity is associated with the noncompactness of the Lorentz
group. The nonunitarity of these matrices does not conflict with the unitarity of the action of the Lorentz
group on the state space which is just that on multi-particle states we have just discussed. By expressing the
field in terms of creation and annihilation operators we can see how the unitary representation on particle
states induces the desired field transformation.

From the transformation properties of a spin 1/2 particle it follows that

w(p’
Ut(a)dt w((p))d, )Dy/X(B5 A~ By)
1-A w(pl) 1/2* _1A71.B
U ( ) w(p) b/\’ AIA pl p)'

where p' = A~1p. Focus on the way b enters the Dirac field:

UT(A)/ (27 3/2\/T > o) e PU(A)

d3pl z ;(; 1/2% — —
= | Gt O e D A

d3p' ¢l lg. 1/2, —
-/ W”“"')“M” A7t DBy A By)

o —iAgp ot )2 N lep!
=€ # —_— b u
[ ey S e,

which is exactly the desired field transformation. The term involving d! works in an exactly similar way. In
obtaining the last line we used the identity

e P Puy(p) = 3 ux (AP)D}/A (BxpABy),
Al

which is a simple consequence of the way Lorentz covariance works in the first quantized interpretation of
the Dirac wave function.

Clearly the first step in generalizing to higher spin fields is to classify all of the finite dimensional

representations of the Lorentz group. We would like to find the possible representation matrices so that a
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multi-component field 1, (z) will have the transformation law
Vo (@) = Dap(M)ihs(A™ ).
Let us first cast the algebra of Lorentz generators
[(Myw, Mpo] = i(Mup Moo — vpMuo — Mo Mup + Mvo Myp)

in terms of the generators for rotations Jy = €gym Mim /2 and for boosts Kj = Moy:

[Tk, Ji] =i€rimJIm
[Tk, K1) =i€pimKm
Kk, K] = — i€kimJIm-

Now notice that the linear combinations J1+ = (J +iK)/2 satisfy the algebra of two mutually commuting
angular momentum algebras

[T s Ji7] =ierim T,

it 7] =0.

We know from elementary quantum mechanics what all of the finite dimensional representations of the
rotation group are: they are labelled by the eigenvalues j(j + 1) of the Casimir operator ) , J*? with
j =0,1/2,1,2,... all nonnegative integers and half integers. The representation j has dimension 2j + 1.
It follows that all the finite dimensional representations of the Lorentz group are labelled by the pair of
eigenvalues jy (j4 +1),7-(j— + 1) of the pair of Casimir operators Y, J5> where 2j,,2j_ are any pair of
nonnegative integers. All of these representations are equivalent to a unitary representation, i.e. J+ are both
represented by hermitian matrices. This means that the rotation generators J = J +J_ are represented by
hermitian matrices, but the boost generators K = —i(J — J_) are represented by antihermitian matrices.
Thus the finite dimensional representations of the Lorentz group are not equivalent to unitary ones. This is
associated with the fact that the Lorentz group is noncompact. We already encountered this nonunitarity
in the representation of the Lorentz group by gamma matrices.

We denote the representation matrices by D(j,j_). The simplest nontrivial representations are
D(1/2,0) and D(0,1/2). In the first the generators J_ are represented by 0 and the generators J; by
0/2. This means that the angular momentum is represented by J = /2 and the boost generators by
K = —io/2. The other two dimensionial representation has the same representative for J but the boost is
represented by K = +io /2. It is clear that these representations are not equivalent to each other, since any
similarity transformation which could reverse the sign of K would do the same to J. However these two in-
equivalent representations can be related by complex conjugation. In fact it is easy to see from the properties
of the Pauli matrices that D(1/2,0)* = 09D(0,1/2)05. In general, the representation D(k, m)* is equivalent
to D(m, k)”, so the only real irreducible representations have j; = j_. Of course D(k,m) & D(m, k) is real
but it is also reducible.

Notice that parity reverses the sign of the boost generators but not the sign of the angular momentum.
Thus the representations D(k,m) and D(m, k) are also related by parity. We encountered this fact with the
Dirac field which admits the parity symmetry. It exploits the reducible representation D(1/2,0) ® D(0,1/2)

* In D(k,m)* the generators are —J*, —K* so e.g. Jy is represented by —J* —iK* = —(J_)* and vice
versa.
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to achieve this. To make this quite explicit we note that the representatives of the Lorentz generators are

1/0 0
J==
2\0 o
K :__1: o 0
2\0 -o
which are just the components of o#” /2 constructed out of gamma matrices in the so-called natural repre-
o 0 I
’y =
I 0
0 o
-o 0 '
Defining o* = (I, 0), and ¢* = (I, —0) we can unify these two in the single equation
0 o*
=
gt 0

The potential spin content of a field in a given representation is typically richer than one might desire. For

the 4 x 4 matrices

sentation

example, since J = J; + J_ the representations of the rotation group contained in D(k, m) include all spins
that arrise from adding spin k to spin m: |k —m|,|k —m|+1,...,k +m. Thus if our desire is to describe
a given spin, depending on our choice of representation, we might bring in several other spins as well. The
choice of field content is not unambiguous. Even for spin 1/2 we have noted various possibilities, e.g. Dirac,
Majorana, and Weyl. Weyl fermions make use of D(1/2,0), but since this is not a real representation, the
hermitian conjugate field, which transforms under D(0,1/2), must also be introduced and represents the
anti-particle.

When we come to spin 1, two possiblities come to mind. D(1,0) & D(0,1) or D(1/2,1/2). The latter
contains potentially both spin 1 and spin 0 and is in fact the representation of a four-vector field. The former
seems to contain spin 1 twice. It is easy to see that it is the antisymmetric tensor product of D(1/2,1/2) with
itself and thus represents an antisymmetric second rank tensor. The field strengths F},, of electromagnetism
spring to mind, so we might decide that the first choice is best. However, we know that in quantum mechanics
it is necessary to use the potentials A, which transform under the second choice. Then gauge invariance is

essential to eliminate unwanted spin states.

This general discussion of higher spin serves to indicate some of the subtleties and complexities that
must be confronted. In fact, consistent fully interacting quantum field theories have never been constructed
for spins higher than 2 (the graviton). Furthermore, ultraviolet divergences have so far caused incurable
difficulties for theories with spin higher than 1 including quantum gravity. Since gravity is very much
present in the real world, it is clear that there is much to do before we can claim that quantum field theory
can describe all of physics.
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11. Quantum Field Equations with External Fields
11.1. ELECTROMAGNETIC FIELDS

The coupling of the Dirac equation to an external elctromagnetic field is dictated by the principle of
gauge invariance. In classical electrodynamics, it is possible to avoid potentials and formulate all equations
of motion in terms of the electric and magnetic fields F),,. However, the potential A, (z) is indispensable to
an economical description of the coupling of a quantum particle to electomagnetism. Fundamentally, this
is because the Hamiltonian and Lagrangian play a much more central role in quantum dynamics than in
classical dynamics, and the potential appears explicitly in the Hamiltonian and Lagrangian. (Recall that the
Schrédinger equation involves the Hamiltonian explicitly.) The field strengths are related to the potential
via

F#,,(IE) = 6“141/(:1:) - 61/Au(m)7

but it is clear that the potential is not given uniquely in terms of the field strength: If the potential is
changed by a gauge transformation

Ay = Ay +04A, (11.1)
the field strength F},, is unchanged. It is therefore important to introduce the potential into the Schrédinger
equation in a way which preserves gauge invariance.

Let us first ask how gauge invariance is realized in classical particle electrodynamics. In order that the
Euler-Lagrange equations reproduce the Lorentz force law, the scalar and vector potentials (A%, A) must

enter the Lagrangian through the terms
—qA°(2) + gk - A(2).
Because of the term linear in velocity, the momentum conjugate to x becomes
P = Pa=0+¢A,

where pa—¢ is the conjugate momentum with vanishing vector potential. Furthermore, when we form the
Hamiltonian H = x - p — L, the term linear in velocity cancels, so

H = Hy(pa=0,%) + ¢A° = Ho(p — gA,x) + ¢A°.

If we subject A to a gauge transformation, the Lagrangian changes by the amount

. dA
q(OoA +x-VA) =q—,
dt
a total time derivative, so that the action fttf L changes by the amount gA(x(t2),t2) — gA(x(t1),t1) and the
added terms have no effect on the Euler-Lagrange equations. At first sight the Hamiltonian doesn’t look

invariant, but notice that the transformation
p'=p-—¢VA x' =x

is a canonical transformation with generating function Ws(x,p’,t) = x - p' + gA(x,t). Furthermore if the
generating function is time dependent the canonical transformation includes changing the Hamiltonian by
0yWo = q0O; A, so that after the canonical transformation the gauge transformed Hamiltonian is identical to

the old one with the substitutions x = x', p — p'.
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The way A, enters the Schrodinger equation for a charged particle is now clear. The substitution
P — P — gA corresponds in the Schrédinger equation to

1 1

Furthermore the addition of g4° = —gAy to the Hamiltonian is prescribed by the substitution rule

10 10

—— > -— —¢gA

iot iot O
so both substitutions can be given the compact expression

Oy — 0y —iqA, (11.2)

which is known as the minimal substitution rule. The gauge invariance of the Schrédinger equation is
achieved by postulating in addition to (11.1) the change

Y — el (11.3)

If we recall that in the semi-classical approximation ¢ ~ €S, where S is the classical action, we recognize
that this change of the wave function under gauge transformation is the quantum analogue of the classical
change in the action.

The gauge transformation makes an arbitrary, local, redefinition of the phase of the wave function. In
fact, one could take the attitude that invariance under such local phase changes is desirable from a physical
point of view. (Since global phase changes are unobservable perhaps local ones should also be.) In that
case one would be forced to introduce the electromagnetic field to realize the invariance! It is obvious that
the Schrédinger equation is invariant under the combined changes (11.1) and (11.3). As a special case, the
Dirac equation is invariant under the same gauge transformations. When we interpret the Dirac equation as
a field equation, (11.3) is a transformation on fields as is (11.1), so the two are really on similar footing.

To sum up the above discussion, we display the Dirac equation in a potential A,:
iy - (0 —iqA)p = ma.
Also the corresponding second quantized Hamiltonian is given by
Hu(t) = /d%(z/)’f(%a -V + Bm)p — j*AL).
Notice that a simple consequence of the Dirac equation is current conservation
Ouj" =0,

even when A # 0. This can be understood as a consequence of the gauge invariance of quantum evolution.
To see this we have to consider the unitary evolution operator U (t, to)* defined by

i0U(t,t0) = Hs(t)U (¢, t0) Ul(to,t0) = I, 0

where Hg is the Schrodinger picture Hamiltonian. If we make a small change dA, in A,, keeping the

* U gives the unitary transformation between Heisenberg and Schrédinger pictures. Its analogue in
classical mechanics is the generator S(q, P, t) of the canonical transformation mapping the initial phase
space variables @), P to those at time ¢, ¢,p. The analogue of the following equation for U is the
Hamilton-Jacobi equation for S,

oS oS
E = - (qa a_qat)'
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Schrodinger picture dynamical variables fixed, U changes by the amount '

SU (¢, to) =i / dt' Bz (1, 1) A, (2')j* (U (¢, to)
(11.4)
Ult,to)i /dtd%éA (z")j*(x,t")

with j#(x,t') = UN(#', t0)j*(x)U (¥, to) the Heisenberg picture current operatori. To obtain this result simply
differentiate (11.4) with respect to time and show that it satisfies () to first order in §A. Use is also made of
the closure relation

U(t, tYU(t  to) = Ult,to)

which is a simple consequence of the differential equation satisfied by U. Under a gauge transformation
0A = OA so we see that

t
§U = Uz’/d“:c(’)“Aj"(a:).

The requirement that U be invariant under gauge transformations that vanish at o, ¢t is then that 0,j* = 0.
11.2. NONABELIAN GAUGE FIELDS

The local phase transformation (11.3) on charged fields can be generalized (Yang-Mills). Suppose that
1 carries an internal index k. Then in place of (11.3) we can consider

z) = > Q)i ()
I
or, with suppressed indices

$(z) = Qz)i(x) (11.5)

with Q(z) in a unitary matrix representation of some continuous group G. In this language (11.3) corresponds

to the choice G = U(1), multiplication by a phase, an abelian group. If we require the dynamics to be

1 In the classical theory a change in the parameters of the Hamiltonian would give rise to a change in S
satisfying
) 6S OH
6_5 = _26_56__ H(q 78_570_
Oqr Opy 0

Now if we put ¢ = ¢(t) and 85/0q = p(t) the Hamilton-Jacobi equation just says that g(t),p(t) satisfy
Hamilton’s equations so 0H/0p = ¢ and we have

B — s (), p(0) 1)
or 6S = — JZ) dt'§H(q(t"),p(t"),t'"), the classical analogue of the following equation.

1 Equation (11.4) has a generalization to an arbitrary physical system: If one makes any small change § Hg
in the Schrédinger picture hamiltonian, with the Scrodinger picture operators fixed, the corresponding
change in the evolution operator U (%, o) is given by 6U = —iU fz‘i dt'§H(t'), where 6H (t) = Ut6HsU
is the change in the Schrédinger hamiltonian transformed to the Heisenberg picture, which is the same
as the change in the Heisenberg hamiltonnian H(t), keeping the Heisenberg dynamical variables fixed.
The proof of this is exactly the same as that of Eq.(11.4).
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invariant under the nonabelian local gauge transformations, we must introduce a nonabelian gauge field to

absorb the noncovariance of

Bt — Q8 + 2 19,9)1).

In analogy with the electromagnetic case, we need to introduce a matrix valued potential A, (z) via the
substitution

Oy = Oy —igAu(z) =D, (11.6)
Then the requirement D, — 1D, translates to

Ay > Q4,07 — ga,,m—l. (11.7).

Clearly A takes values in the Lie algebra of the group G. If 4 is a Dirac field, a gauge invariant dynamics is
given by the field equation

iy - DY = map,

or the corresponding second quantized Hamiltonian
1 _
Hat) = [ 2! G oV + pm)y - gb4,nm0)

Just as in the electromagnetic case we can consider how the quantum evolution operator changes under
a small change of A, and identical steps lead to:

t
SU(t,t9) = U(t,to)i/dt’d%gﬁg&Aﬂ”zp.

to

An infinitesimal gauge transformation Q = I 4 igeG corresponds to
0A, =€(0,G —ig[A,,G]).

For G which vanish initially and finally the corresponding change in U is

i
SU (t, o) =U(t,t0)ige / dt'dx
to

Gab(_au(&aﬁ/u"pb) - ig(Au)caﬁzc’YH@bb + ig(Au)bc@ﬂ“iPc)

so gauge invariance implies the following generalization of current conservation (“covariant conservation”)
wo— u
Dyj* = 0uj* —iglAy, j*1 =0,
where the current is a matrix operator

j”(x)ba = "Ea(x)’yu’ébb(w)'
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11.3. EXTERNAL GRAVITATIONAL FIELDS

According to the Principle of Equivalence, an external gravitational field is described by introducing a
space-time dependent metric 7,,, — g, (z) which then must enter the field equations in a generally covariant
way. This prescription suffices for bosonic fields but new concepts must be brought in for fermionic fields.
At this stage we shall confine our discussion to a real scalar field. The minimal generally covariant classical
action is given by

=—%/ﬁ%wc5@Wﬁw@¢&¢+nﬁﬁ>

To construct the Hamiltonian, we first define the conjugate momentum

_ s ov
W(m)_&p()_ v—=99""(
Then the Hamiltonian is
(0 = [ Eata@i@ + 3 J_(W(W¢6¢+m%%)
3 71_ OkgOI m2 2
= [ ( S T rouh+ 5v=a (- L ) oo+ T v=ae?) .

Just as with gauge fields we can ask how the evolution operator changes under a small change dg,, in
the metric, 6U = —iU |, t'; dt'6H(t"), where 6 H is computed holding ¢, 7 fixed. The easiest way to do this is
to evaluate the change in the Lagrangian L at fixed ¢, qb Since L is related to H by a Legendre transform,
0H = —4L.

= _% /dgx\/__gfsQ”"(x)Tuv(m)

with T}, the energy momentum tensor

1
Tuy = 6u¢6u¢ - §guu(gpaap¢ad¢ + m2¢2)'

Thus we have finally *
. ¢
oU = z'U§/d4m'\/—g5gu,,(m')T“"(x’).
to

Under the infinitesimal general coordinate transformation z# = z'* + £#(z'), the metric changes accord-

ing to
o¢r ogP
guu( ) g:w(ml) 6 ngu - wgpﬂ
g;w(wl) u§V - Vé.,u + FZJ ngu + Fﬁagagpu
:w(wl) Du& — Dy + £°0pgun
_g;w( z) = Du& — D&,

An infinitesimal change of integration variables is just a surface term:
/d4 'Lz /d4x (1—0,8°)(1 - ¢£P0,)L! (z /d4x£’ /d%«@ (P L' (x))

so choosing 6g,, = —D & — D, &, should give U = 0 for all £ vanishing sufficiently rapidly at infinity, if

the quantum field dynamics is invariant under general coordinate transformations. Thus general coordinate

* Note that since g#” is the inverse matrix to g,., 0g** = —g**09,597".
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invariance implies that the energy momentum tensor is covariantly conserved:
D,T* = 0.
In the limit of flat space (no gravity) this condition reduces to ordinary energy-momentum conservation.

11.4. ASYMPTOTIC STATES AND MATRIX ELEMENTS

In discussing time dependent processes, it is convenient to introduce asymptotic states which are eigen-
states of H(+o00). We denote by |in) the ground state of H(—oc) and by |out) the ground state of H(+0o0).
The normal situation will be one in which all external fields vanish at sufficiently early and late times.
Thus |in) and |out) will typically be ground states of Ho(—o0) and Hg(400) respectively. Although these
operators are not the same (because their time evolution is governed by H not Hp), the spectra of the
two Hamiltonians are identical: Hy(t) = U~!(t, —o0)HosU(t, —00). By convention we are identifying the
Schrodinger and Heisenberg pictures at t = —oo. Thus, if |in) is the ground state of Ho(—o00) = Hygs, the
state (in| U (0o, —00) is an eigenstate of Hy(+00) with the same eigenvalue and hence the ground state. Thus
we can and shall fix phases by defining

(out| = (in| U(o0, —00).

We stress that this is the true “out” state only when Hg(oo) = Hg(—o0) = Hp.

If the time dependence of Hg is adiabatic, i.e. very slow on the time scale set by the level spacings,
the Adiabatic Theorem assures us that an eigenstate of Hg(—o0) evolves to an eigenstate of Hg(t) for all ¢
for which adiabatic conditions apply, even after a long enough time to change Hg by a finite amount. For
example, the state |in) will be an eigenstate of H(t) for all ¢ for which adiabatic time variation applies. In
particular, the ground state eigenvalue Eg(t) must not get close to the next higher eigenvalue as ¢ varies. If
this situation holds for all time, it follows that the state |in) is a phase times the state |out), or {out| is this
same phase times (in|. This phase is easily evaluated in terms of the time dependent ground state energy
Eg(t) of Hg(t) by applying the Schrédinger equation to (in| U(t, —oo) |in) and using the adiabatic theorem
Hs(t)U(t,—o0) lin) = Eg(t)U(t, —o0) |in):

(out|in) = exp{ —i / dtEq(t) Adiabatic Conditions.

—0Q

Note carefully that adiabatic conditions would not apply if the ground state energy got close to an excited
level as time evolved. In particular, it would not apply in processes with pair production when | (out|in) | < 1.

It is only for very particular external fields that one can solve the Dirac equation or any field equation
exactly. Important examples include the static Coulomb potential for which one can find all the energy
eigenvalues and eigenstates, arbitrary constant field strengths, and plane waves. The Coulomb potential is
of special importance since the exact solution in that case is the starting point for the relativistic theory
of atomic energy levels. Still the complete dynamics is never exactly given by these special cases and
perturbation theory is the important tool for evaluating corrections to the exactly soluble (idealized) case,
which can be zero external fields or one of the above cases. When we quantize the electromagnetic field
perturbation theory is essentially our only tool for computing radiative corrections due to the quantum
nature of the electromagnetic field.
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12. External Field Perturbations

As an important example, let us apply perturbation theory to the Dirac field in an external electromag-
netic field. Since we shall work in interaction picture throughout, we shall not append the I subscript to
indicate interaction picture: that will be understood throughout this section. Then the persistence amplitude
in the presence of A is

(outlin) , = (0] Te' | 2" @Au(=) o)
Z;%(g)"/d‘l:ﬁ cedizp Ay, - Ay,
O ([ (1), v (1)) - [P(zn), ¥ ()] 0) -

It is now a matter of applying Wick’s theorem to evaluate the nt® term of the series.

We shall organize the calculation with Feynman diagrams. The Wick expansion expresses the time
ordered product in terms of propagators completely characterized by two points. Each propagator is repre-
sented by a line connecting the two points, directed from the argument of ¢ to that of ¢:

X,a

SF(T — Y)ab-

y,b

The lines terminate on vertices associated with the field A:

iq/d‘iwAu(m)'y(’jb.

For each closed loop there is a trace over Dirac indices and a multiplicative factor of —1. This last factor
is due to the anticommuting property of the Dirac field and arises because the order of fields in the product
of currents that is contracted to form the loop differs from that of the contributing propagators by an odd

number of interchanges.

Finally there is a combinatoric factor arising from a sometimes partial cancellation of the 1/n! multi-
plying the nt® order term.

Connected Diagrams Terms in the perturbation series described by disconnected diagrams factorize into

a product of the values of each connected subdiagram. Thus all the useful information is contained in
the subset of connected diagrams, and it is useful to know how the final answer is expressed in terms of

connected diagrams only. Roughly speaking, the sum of all diagrams is simply the exponential of the sum
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of all connected diagrams. This statement applies to the expansion of
(0| Te™ 1 2H:®) o) (12.1)

for a completely general Hamiltonian. The reason is purely combinatoric. Call the value of the sum of
connected graphs at order k, G§/k!. Consider the terms at order n = )_;7, kry in the perturbation series
described by r, appearances of the connected graphs of order k. (Note that all but a finite number of the 7y,
are 0.) The contractions leading to these terms can occur in n!/ [],[(k!)"™*7+!] ways. This is because there
are n! ways to assign the n hamiltonians to the n vertices of all the connected subgraphs, but this overcounts
the number of contractions by a factor of k! for each of the connected subgraphs of order k, because different
orders of the assignment to each subgraph do not give distinct contractions, and overcounts by a factor of
ri! for each group of identical subgraphs for the same reason. Thus the value of the order n terms is

n!

C\Th _ i % Tk
Ekz H [k‘)rk’f'k ] l;I(Gk) - Zkzmznl;[ |:7'k!( k! ) :| .

Note that the factors in square brackets are 1 if all 7, = 0. Summing over all n simply relaxes the constraint
on the summation over the ry, so we have finally

(0| Te /@@ o) = T] lz 1 (Gk ] H eCR/K! = D00 GL/R
k=1 Lriy=0
which is the desired result.

We now turn to the connected diagrams for an external electromagnetic field. At order n in the fields,
the diagrams contributing to In (out|in) are

—(iq)"/d4w1 ceediay,
Tr[y - A(z1)Sr(z1 — 22) - -7 - A(zn)SF(zn — 1)].

(12.2)

Since there are (n — 1)! distinct diagrams with the same value (after the coordinate integrations) the net
combinatoric factor is (n — 1)!/n! = 1/n. This factor can be interpreted as 1/Sr where St is the symmetry
number of the graph ~y. It is also worth noting that the same formula applies to the case of nonabelian gauge
field A,qp with the understanding that the trace includes the trace over the internal indices as well as the

spinor indices.

In fact, it is instructive to regard the coordinates as (continuous) indices, S0 Srgyq,z.6 1S & matrix and

(v-A)g,z, = 0(x1 — x2)7 - A is a matrix, so the term as a whole can be regarded as a grand trace
1, ..
—ETI‘[“I’Y - ASp]"
and the sum over all n is then recognized as the Taylor expansion for a logarithm:
In (out|in) , = Tr[In(I —igy- ASF)].

Making use of the identities det A = exp{TrIn A} and det AB = det Adet B, which are fundamental prop-
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erties of the determinant, and noting that in this matrix notation Sp = —i(m + (1/i)7y - 9) !, we see that

1
(out|in) , =det(I —qvy-A(m + 2 ™h
_det(m + 1y 0—gqy-A)

det(m + %’y -0) (12.3)
_det(m —iy- D)
~ det(m —ivy-9)

where we have defined the covariant derivative operator as D = d — igA. The denominator in (12.3) serves
to normalize (out|in) to 1 at A = 0, which amounts to choosing the zero of energy to be the ground state
energy of Hy. In practice these “explicit formulae” for (out|in) can not be evaluated exactly for general A,
although for special external potentials such as those corresponding to constant field strength it is possible.
Nonetheless they give the most efficient derivation of the perturbation series in powers of the external fields,

and as we shall see give some general insight into the meaning of the amplitudes we are calculating,.

Furry’s Theorem. There appears to be a connected diagram (12.2) for every n. But for the electromagnetic

case, only those with even n are nonvanishing. To see why this is true use the trace property Tr AT = Tr A
to show that

Tely - A(z1)SF(z1 — 22) -+ v - A(@0) SF(Tn — 21)] =
Tr[Sk(zn —1)7" - Azn) - -Sh (1 — 22)7" - A(2a)].

But v#T = —(74%92)~14#~%42. From this it follows that

] 3 dp m+~vy-p .. _
Si(x) = —i(y*y*) ™ / (2w)4me’”7°72= (°9*) 1S p (—2)7°y?

So we have
Trly - A(z1)Sr(z1 — 22) - -7 - A(@n) SP(Tn — 21)] =
(=)" Tx[Sr (21 — @n)y - A(@n) - - -Sr(z2 — 21)7 - A(21))].
After integrating over the z’s the only difference between the left and right sides is the labelling of dummy
integration variables and the factor (—)™ on the right. Thus for odd n both sides must vanish, é.e. all
connected diagrams for (out|in) with an odd number of A’s vanish. This is Furry’s theorem. A more

basic way to understand the result is to note that the substitution A - —A can be undone by the charge

conjugation transformation under which j — —j. Thus (out|in) must be an even function of A.

The perturbation series can be similarly “summed” for the propagator in the presence of external gauge
fields

(out| TH@D(W) lin) =3 = [ dla---d'a,
n=0
OIT[A - j(a1) - A~ jan)ble)D ()] [0).

The connected subdiagrams are of two types: (1) In a given term there are any number of closed loop
diagrams of the sort contributing to (out|in),; (2) In each term there is exactly one subdiagram with a

continuous line running from y to x
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O

Summing up all of the first type of diagram gives simply an overall factor of (out|in) , multiplying the
value of each diagram of the second type. Apart from the net combinatoric factor the latter diagram has at
order n the value

= —(iq)"/d4x1 cedizy,
Sr(z —z1)7 - A(21)SP(T1 — 32) - - -7 - A(@n) SF(Tn — Y)-

y (12.4)

In fact the combinatoric factor is just 1 since there are n! distinct contractions leading to this diagram
(giving identical values since they only differ in the labelling of dummy integration variables), and that
precisely cancels the 1/n! coming from the Dyson formula. In the matrix notation introduced above, we

recognize the sum of all diagrams, including the disconnected closed loops, as

(outlin) 3, Si(iaqy - ASe)" = outlin) o Se 0 —g
. —4
= ol e T D

In other words the right hand side is just proportional to a Green function for the differential operator

m — i - D:
{out| T (2)(y) lin) 4 = (outlin) 4 S(z,y; A)
where
(m —iy-D)S(z,y; A) = —id*(z — y),

and the boundary condition is specified by giving an infinitesimal negative imaginary part to m. Since A =0
in the distant past and future, this prescription corresponds to the requirement of only positive frequencies
as t — +oo and negative frequencies as t — —oo, which are manifest properties of (out| T (z)¢(y) |in) ,.
The fact that this latter quantity is this Green function is also immediately seen by applying the differential
operator and remembering the contribution from differentiating the step functions implicit in the time
ordering symbol.
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By making use of our result for (out| T (x)1(y)|in),, we can give a much quicker derivation of the
determinant formula for (outlin) ,. Looking back to Eq(11.4) we see that if we make a change §A in A, the
change in {out|in) is

0 {outlin) , = (in|6U (00, —00) |in) = z'/d4:1:5Au(:c) (out| j* () |in) 4 .
On the other hand the current matrix element can be related to the Green function of the previous paragraph

(out| () |in) s = (out] T (@), y"4b(@)]|in) o
= — 2 Ty {out| [V (2), ()] lin) 4

= — qTr y* (out| T [y (z) ()] in) 4
=—qTry"S(z, z; A) (out|in) , .

where we are interpreting 6(0) = 1/2. Using 0 {(out|in) / {out|in) = dIn (out|in) we obtain

0 1n {out|in) 4 = — iq/d4x Tr[y - 0AS(z, z; A)]
=Tr[—qy-6A(m —iy-D)™']
=§TrIn[m — iy - D]

which implies our previous formula up to a multiplicative A independent constant which is fixed by requiring
(out|in) 4_, = 1. Actually this initial condition is somewhat artificial; it would be more natural to simply
take (out|in) , = det(m — i - D). This corresponds to not removing the sea contribution to the energy in
the case A =0.

It is instructive to see how the formal expression for the sea energy comes out of this evaluation. When
A = 0 the matrix element (in momentum basis) (p'|In(m — v -9)|p) = 6(p' — p) In(m + v - p), so when we
take the trace over the continuous momentum indices, we set p' = p and get an overall factor of 6*(0). To
interpret this singular factor, think of the integral representation for §(p) = [ e’P®d*z/(2m)*. As p — 0 this
is just VT/(2m)* where V is the volume of space and T the duration of time. With this interpretation, we
have

Trln(m — iy - 0) :%/d“p’ﬁln(m+’y-p)
:%/d‘lp 21In(m? + p?)

where we have used the fact that the eigenvalues of v - p are ++1/—p? twice and —/—p? twice. To compare
this to the sea energy we obtained earlier, we need to interpret the integral over p°. This is of course a
divergent integral, but if we differentiate once with respect to m? to get the mass dependence, we get a

convergent integral which can be evaluated by closing the contour in the upper half complex p° plane

a° 1 _ d w(p)
21 w(p)? —p°2 —ie 2w  dm? P
Thus
1 tlin) = %T V d? C
n(ou |Zn> =41 (271')3 p[w(p) + ]

~iBseaT we gee that we recover

where the constant is at least independent of the mass. Since (out|in) ~ e
our previous result for Ey., at least as far as the mass dependence is concerned. The constant C is itself
infinite and complex: the Wick rotation to imaginary p° gives a factor of i, but the contours at infinty are

nonvanishing and complex.
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The occurrence of complex energies in the Minkowski definition of {out|in) motivates the idea that
these vacuum amplitudes should be defined fundamentally in Euclidean space and then continued back to
Minkowski space as the application demands. In Euclidean space-time we put 7' = —iTr and the vacuum
amplitude would have the behavior {out|in) ~ exp(—FEs.,TE). If we repeat the calculation of Tr In(m —i~y-0)
in Euclidean space we get VTg [ d*pg2In(m? + p?)/(2r)* which is manifestly real albeit divergent, and we
get the formula

v
E,., = _2(27r)4 /d4pE In(m? + p?).

This still has the mass dependence of our earlier result and the mass indepentent discrepancy is at least real.
In effect, working in Euclidean space-time from the beginning discards undesirable complex contours from
Wick rotations that fail to vanish only because of the poor high momentum (ultra-violet) behavior of the
integrands of vacuum diagrams. Consequently, among modern field theorists Euclidean space-time is widely
accepted as the best way to define vacuum amplitudes.

Finally, we consider the calculation of time ordered products of an arbitrary number of Dirac fields.

Clearly the nonvanishing ones have an equal number of 1’s and ’s:

{out| T[Yp(21) - (z)¥ (yn) - - ()] in) .

To each term there will correspond any number of connected closed loop diagrams and n connected diagrams
of exactly the type contributing to the n = 2 case. Each of these latter subdiagrams consists of a line from
one of the yi to one of the zp,. The closed loops sum to an overall factor of (out|in). For each distinct
pairing of the z’s with the y’s the other subdiagrams sum to a product of n factors S(zp,,yx;4). In other
words, there is a Wick expansion for time ordered products of Dirac fields in the presence of an external field
exactly as in the A = 0 case. All one does is substitute Sp(x —y) = S(x,y; A) and multiply by an overall
factor of (out|in) ,.
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13. Scattering in External Fields

Our time dependent formalism is ideally suited for defining transition amplitudes. Since external fields
are turned off in the far future and distant past, particle states can be defined in exactly the same manner
as the in and out vacuua. We can expand the Heisenberg field operators at early(late) times in terms of
annihilation and creation operators b (p), di™(p) (b*(p), d$* (p)), since they are free fields there. These
are of course eigenoperators for Hy(—o0)(Hp(+00)) respectively. They are of course determined up to a
phase by the labels A, p. We can fix the phases of the out operators in terms of the in operators by defining
Qo = U (00, —00) QU (00, —00) *. Then incoming particle states are obtained by applying b1, di*t to
lin) and outgoing particle states are obtained by applying b°%¢, d°% to (out|.

The transition amplitudes between multiparticle states at early times and multiparticle states at late
times can be immediately transcribed to interaction picture:

(out|bSUt - - - AT - 5™ |in) = (0, 1| byy - - - drnUr (o0, —00)d}y, -+ - b1, 0, 1) .

The rules for expanding these amplitudes in perturbation theory are very similar to those for the outin
matrix elements of time ordered products of Dirac field operators. The disconnected closed loops sum up
to an overall factor of {out|in) 4. The creation and annihilation operators can either contract against each
other or against one of the Dirac fields in Uj:

\ (0,1]bA(p) () |0, 1) = m“*“’)e"'“
\\ (0, 1] dx(p)tp(z) 0, T) = mw(p) _ip
/ (0, I| ()b (p) [0, 1) = mux(p)em
/ (0, 1] 9()d} (p) |0, T) = mmp)eip.z

To illustrate how to use these rules consider the process in which a single particle at early time is scattered
by the external potential to a single particle at late times.

(out| bg‘”t(q)bi"f (p) |in) = (outlin) 4 [0x20°(q — p) + (0, I| b,\(q)UIb‘;\(p) |0, 1))

where the superscript ¢ denotes the restriction to connected diagrams containing at least one vertex.

* Note that since U = UpU; and Uy 1QinT, is just a numerical phase times Q" this definition does
ensure that Q°%is an eigenoperator of Hy(+00).
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The first diagram has the value

1 / 4 i(p—q)z~ .

d*ze' ™" ay (q)igy - A(z)ux(p)-
(2m)% /4w(q)w (p)

The second diagram has two vertices and a factor of Sp(y — x) between them. But notice that the second

plus all the higher diagrams just amounts to replacing this Sy by Sr(y, z; A), so the sum of all the diagrams

but the first has the value

; )w(Pp) / dizd ye P T =1V qy, (q)igy - A(y)Sr(y, z; A)igy - A(z)ux(p).

(2m)% /4w (aq

We put all this together in the form
(out| b3 (@)by"! (p) lin) = (out|in) 4 [0 28°(a — p) + M(q, P; A)],

where
1

— 4 Ay et (Prr—ay)
(27)% /4w(q)w(p) /d o e (13.1)

ax (q)igy - A(z)d(z — y) +igy - A(y)Sr(y, z; A)igy - A(z)]ur(p)-

M(q,p; A)

We can put this last formula in a more suggestive form by defining the free Dirac plane wave functions

1
7(27r)3/2 muA (p)e

3A(w) e

and noting that
Uor () = U (2) + [ dySr(o s Aliar- AW
is a solution of the Dirac equation in the presence of A:
(m+ %’y - D)yppr =0,

with the boundary condition that at early times the only positive frequency components are contained in
the term 3, (z). Thus we can write

M(q,p; 4) = / d*z s (2)iqy - A(z)ppa(z),

which is reminiscent of the corresponding formula in nonrelativistic quantum mechanics for the scattering

of a particle from an external potential.
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In the case of a static potential, the time dependence of both z/;lo)/\(w) and Ypa(z) is given by a multi-
plicative phase e~®(P)t and the time integral then provides an energy conserving delta function

M(q, p; A(x)) = 2mé(w(q) — W(P))/d%iﬁgx (x)igy - A(X)hpa(x).

Recall from basic scattering theory that if the scattering matrix for a particle from a static potential is
written

(q, out|p,in) = éxrd(q — p) — 2mid(w(q) — w(p))Txa(q, P)

then the differential scattering cross section is given by

g 3 ™ 4
99 04 5(ta) — @) EL @, p)
4
=Pdgd(w(a) () P Tr(a, PP,
(2m)* 2
=pw(p) [Ty a(a,p)I*,

=w(p)?(2r)*|Taa(a, p)[%,

where v is the speed of the incident particle. Comparing with our expression we find that for electron

scattering from a static potential
Tur(ap) =i [ doip gy - A ().

Note that in the absence of pair production, the factor {out|in), the vacuum persistence amplitude, is a pure
phase and doesn’t contribute in the absolute square of T. In lowest order in A (the Born approximation)
one simply replaces 1) by 1°.

Let us note some tricks that are useful in calculating cross sections for processes with unobserved final
spins and unpolarized beams. When we calculate the absolute square of a spinor matrix element we can
make use of the identities

Zumb\:m—’y-p
A

ZU)\Q_})\Z —-m —y-p.
A

For example these allow us to write

> laxy - A(q — p)ua(p)® =Trly - A(m —y-p)y- A*(m — v - q)]
AN
=4(—m? —p-q)A-A* +4(p- Aq- A* + q- Ap- A)
=2(p—q)?A-A* +4(p-Aq-A* +q- Ap- A*)
Physical quantities should be gauge invariant and cross sections are no exception. We can reveal the gauge
invariance of this last formula by introducing F,,, (¢) = (g, A, — ¢, 4,) which is the Fourier transform of the

gauge invariant field strength. Then
F‘H,,ﬁ'“"* =2(?A- A* —q- Ag- A*).
Recalling that the argument of A is ¢ — p we then find that the squared spinor matrix element can be
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rewritten

> lavy- A(a = p)ur)? = B P +2(p+q) - A (p+q) - 4*.
AN

The first term is manifestly gauge invariant and the second is gauge invariant by virtue of the identity
(@+p)-(g—p) =¢ —p* = -m* +m? = 0.

The differential cross section for unpolarized electron scattering in a general static potential with final spin
unobserved is then

do Born
- , A
; df} Unpolarized 167(2 2 Z |'LL)\ - (q p)u/\ (p)|
e? _
=16.2 3 ( FuF"* +(p+q)-A (p+q)- A%)
a 1 vk A12

One can easily confirm that this agrees with our previous results for the special case of the Coulomb potential.

We expect that the transition amplitudes for antiparticles should be obtained from (13.1) by the sub-
stitution A — —A. On the other hand the rules seem to give a different prescription:

(out| A3 (a)dy™ (p) lin) = (out|in) 4 [026° (a — p) + M(q, p; A)],

with

M(q,p; A) =

4, i(p-a—
( e \/ﬁ/dllmd ye(p 7-y)
oA(p)ligy - A(z)d(z — y) + iqy - A(x)Sr(z,y; A)igy - A(y)lvx (q)-
In fact it is not hard to show that M(q, p; A) = M(q, p; —A) by inserting v = iy?u* into (13.2) and trans-
posing the matrix element, using iy27°v#T~% 4% = —y# and iv27°S7 (z,y; A)%i7? = —y* = Sp(y, z; —A).

(13.2)

The latter fact can be seen either term by term in the expansion in A or by examining the defining Green
function equation for Sg(z,y; A).

In addition to the scattering of electrons or positrons, an external field can induce electron positron pair
production and also pair annihilation. Taking the first case, for example, we have

(out| 03" (a1 )dSH (q2) [in) = (out|in) 4 [MT@TCTe (qu, qp; A)],

with
. 1 .
MPaerreate(ql’q2;A) - _ /d4xd4ye—l(41-z+42-y)
(2m)3 /4w (a1)w(q2)

ax(ai)ligy - A(z)d(z — y) +iqy - A(2)Sr(z,y; A)igy - Ay)]oa (q2)-

In this case, of course, there is no delta function term representing only vacuum persistence. Similarly for

(13.3)

pair annihilation, we have
(out| b3 (qn)dy: (2) lin) = (outlin) , [MP*r A (q1, qo; A))],

with
) . 1 .
MPaernnzh(q1,q2;A) — /d4md4ye*l(02-z+m-y)
(2m)3\/Aw(a1)w(az)

oa(az)[igy - A(z)d(x — y) +igqy - A(z)Sr (@, y; A)igy - A(y)]ux (qi).

(13.3)

Notice the prominent appearance of the Green function Sp(z,y; A) for the Dirac Equation with an
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external field in all of the four basic processes, electron scattering, positron scattering, pair production, and
pair annihilation. Moreover, we have also seen how to express the vacuum persistence amplitude in terms of
this same Green function. Thus we see that the solutions of the first quantized Dirac equation are of direct

utility in finding the physical properties of the second quantized theory.

As a final note we show how Sg even contains information about the bound states of an electron in a
static external field. Actually it is better to deal not with an exactly static field, but with a field that is
adiabatically switched on at some very early time —T', static for a very long time interval =~ 27 and then
adiabatically switched off at a very late time T'. Then according to the adiabatic theorem, |in) is proportional
to the ground state of the Hamiltonian H(¢) at all times, and |out) = |in) {out|in). In particular, |in) is
the ground state |G) of H4 the hamiltonian for the static potential under study, since H(t) = H4 for
—T <<t << T. Now fix the times T >> 2% > 4% >> —T. Then we have

Sk (@,y) {outin) = (out| v ()y(y) lin)
= (outlin) (G| 9 (2)¥(y) |G)
= (outlin) Y (G| ¥() |n) {n| P(y) |G)

n

= (out|in) Z e~ i(Bn—Eg)(a"—y") (Gl (x,0) [n) (n] P(y,0) |G)

From this last formula, we see that a harmonic analysis of Sz in the time variable ¢t = 2% — ¢° yields the
possible energy eigenvalues E,, — Eg of the energy eigenstates |n). These states have the quantum numbers
of a one electron state because they are created from the vacuum by 7). Note that the harmonic components
for z° < y° have the interpretation as —(E, — Eg) where Ej are the energy levels of one positron states.
Because Sy satisfies the homogeneous Dirac equation for ¢ # 0, the possible energy eigenvalues are solutions

of the time independent Dirac equation

(m+ 27 D+ A" — (By )y =0, >0
or

(m+%’y-D+qA°7°+(En—EG))¢=0, t<0.

Thus, again, the solution of the energy eigenvalue problem for the first quantized theory is directly applicable

to that for the second quantized theory.

Relation to Time Ordered Products. (This subsection can be skipped in a first reading.) It is useful to

establish how the scattering amplitudes are related to matrix elements of time ordered products. First let

us define

T 3 ; ip-x
O B AR

1 -
dJr (p,t) /d3 WC U,\(P)’Yow(ﬂf)

1 e
bx(p, 1) :/d%WWG ux(p)y ¢ (z)

(13.4)

dx(p,t) = “P ) (x)7 oA (p)-

1
/lfx__________
(2m)%/2/2w(p)
For free fields all these operators are constant in time and are just the creation and annihilation operators
of the Dirac field. For a Dirac field in the presence of external fields which vanish at early and late times

[131

ln”

they are mot constant but approach the “out” creation and annihilation operators at ¢ = oo and the

operators at t = —o0.
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Now we shall make use of the following “reduction” trick:

F(t = 400 Tlgr(a1) - b en)] F Tl (a1) - b (an)] (¢ = —o0) =
A DT () - g (o]

where F(t) is any function of Heisenberg operators at time ¢, and the ¢’s are generic field operators. The
sign choice is + for F'(t) and T'[- - -] fermionic operators, but — in all other cases. In particular, F' can be any
of the expressions (13.4) where the time appearing on the r.h.s. is set to ¢t. This leads to a series of formulae
for the commutation of creation and annihilation operators with time ordered products. For instance, take
F to be the r.h.s. of the expression for by(p).

b3 (p )T[¢1($1) “on(ZN) ¢T[¢1($1) <o (zn)]bY (p) =

(2 3/2W [ e g e T dw0) - dn(ew)

" @2n) 3/2 Zw /d43’36_wz ( (’?t +i7°w(p )) T[(z)¢1(z1) - dn (zn)]

_L ze P (m — iy - T 1) - z
_(277)3/2\/W/d4 at iy - 0) T[p(z)d1(z1) - - - pn (zN)]

where in the last line we used
Y 'we™ T = a(m +iy-V)e P

and then integrated by parts. Clearly this derivation can be repeated for each of the expressions in (13.4)

leading to the reduction formulae:

B (P)T [¢1($1) ~on(@N)] F Tl (1) - on (2n)bX (P) =

o o W / 2™ (m — iy - 0) T[h(2) 1 (21) - - P (@n)]
b () T[p1 (1) -- ¢N($N)]¥T[¢1($1)"'¢N($N)]b§"T(P):

/d4$T ¢1 1'1) ¢N(,Z'N)]’L (—m — 4y - %) eip-:c%

3" (P)T[¢1(21) - -~ dn (an)] F Td1(21) - o (@n)]dy" (p) =

/d4g;T z)¢1(w1) - o ()i (—m — iy (5) eip-wﬁ

—ip- z;

(13.5)

d3" () T[g1(21) -~ on (@) F T (21) -~ dw (an)]dy (p) =

%(p) PTG (e — iy - )by (z1) -+ On(
m/ dwe? i (m =iy - 0) TW(@)d1 (1) -+ (o)

The reduction formulae can be used to systematically reduce scattering amplitudes to expressions directly

involving time ordered products.

We shall illustrate the procedure for the case of a particle scattering in an external field. The application
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to antiparticle scattering and pair production and annihilation will be left to the reader:
(out| b3 (@)b3 () [in) = (out| b (@)} (p) lin)

+ﬁ% / d'we™"%i (m — iy 9) fout w(w)bi”*(p) in)

Ciga _ . 4=\ ipy UA(P)
€% (m — iy - 8) out) TRH(y) (@)]lim) i(~m — iy T )e W

. Uy
= (outlin) [5,\,\/5(q -p)+ @) 3/; e /d4xd4y

ux(p

it i(m —ivy-0)Sr(z,y; A)i(m + i - 3y) zpym]

This is identical to our original expression as can be seen by writing m —iy -9 = m —iy- D + g7y - A so that
i(m — iy - 0)Sk(w,y; A)ilm + iy - 9,) = 8(z = y)i(m +i7- 9,) +iqy - ASk(w,y; A)i(m +iv- 9,).

The first term on the r.h.s contributes a term @(q)(m + v - ¢)u(p) = 0 by the Dirac equation. The second
term can be simplified using the fact that S is also a Green function in its second argument:

Sg(m + iy - (514 —qy-A) =—ié(z —y).
Thus we have
i(m — i - 8)Sp(x,y; A)i(m + iy - 9,) = iqy - AS(x — y) + iqy - ASp (x,y; AYigy - A

as desired.

Now let us consider a little more closely the meaning of the reduction formula

(out] 1 (@ () i) = Goutli) [Brxc3(a = p) + Ry e / d'zd'y

ur(p (13.6)

o it ( m—iy- a)SF(:L- y,A)i(m+i’Y- 6y)ezp~ym].

The factors (m — iy - 9) and i(m + iy - <5y) look as though they should give zero because after integrating
by parts, they become (m + - ¢) and (m + «y - p) respectively and these factors give zero next to the Dirac
spinors. The error in this reasoning is of course that the surface terms at ¢ = oo are not zero (being in
fact the scattering amplitudes themselves!). To get a clearer idea of what is happening, suppose we continue
q°,p° a little away from their “on-shell” values of w(q),w(p). Then the surface terms oscillate at infinity
and are effectively zero (e.g.in any smooth wave packet). Then we can integrate by parts and the second

term becomes

Uy (Q) . 4 4 —iq-z+ip-y z.u: A)i(m . u,\(p)
Ml(m+7'Q)/d ad'ye™ TP SE (x, y; A)i(m + P)(2W)3/2 2®)
ax(q)

_ . . ux(p)
:MZ (m+~v-q)T(q,p)i(m+ V‘P)M-

(13.7)

where the r.h.s. defines T'(g,p), the Fourier transform of the Green function. The only way for this to be
nonzero as ¢°, p° approach there on-shell values is for T' to acquire poles in this limit. The residues of these
poles are then related to the scattering amplitudes. This is the content of the reduction formula, but there

is a rather direct way to see how these poles come about.
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Consider first of all the region of integration z° > T where v is a free field, with b°%¢, d°%*t, Then this
region contributes to T'(gq,p) the bit

/ deile® @y 217 t|2b"”t Jux (@) (y) lin)

2w(q)

For ¢° = w the integrand is time independent so the integral over an infinite range gives a divergence. To
study it, give ¢° a small positive imaginary part and do the integral:

jeil@®—w@)T  (27) 3/2

® —w(q) + i€ \/— out| Z bout Jux (@)(y) lin)

For the range of integration with 20 < —T 1) contains b, d"™! and stands on the right so only the second
operator contributes. The integral over this range is not singular for ¢° — w.

Similar considerations apply to the integral over y°. This time the region y° < —T contributes a pole
at p° = w(p) involving b™t. There is also a pole from the region y° > T involving b°¥*t. This contribution
doesn’t vanish because of the presence of b°“! from the first reduction; it just gives delta functions. Going
through all these steps leads to

i )
- 5Ti0t0) = (@ 7= P) l 4w(Q)w(P)] 2 (@nae)

[(out| b3**(q )bf\”f(p) |in) — (out|in) 6y r6(q — p)]

T(q,p)

which is of course exactly the behavior required to satisfy the reduction formula.
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14. Vacuum Polarization

Before leaving external field problems, it is interesting to consider the effect an external field has on
the vacuum (negative energy sea in the Dirac case). We shall calculate the response of the vacuum to the

application of a weak electromagnetic field. For definiteness consider the Dirac field described by
Hy=Ho— / B (x, 1) Ay (x, 1),

Assume that A — 0 as t - —oo and that the system starts out in the ground state of H4(—o0) = Ho(—00).

We should expect the field to induce charge and current densities in the vacuum. A simple measure
of these induced currents is the expectation value of the Heisenberg picture current operator in the system
state (in| j*(x) |in) .. We may express this matrix element in interaction picture and then develop it in an

expansion in powers of A. In the limit of very weak fields we can neglect all terms beyond those linear in A:

(in| j* (x) lin) = (in| U ' (t, —00)jf (€)Ur(t, —00) [in) 4
et t ot
=(0,1 (Te’f—oo “"“) j*(x)Te’ Joara 0, )

i / AUyt — t,) (0,7) 1% (%, £), 3% (4)] 0, I) 4, (9)-

There is no term independent of A because the vacuum expectation value of the current vanishes in the

absence of applied fields.

This is the linear response to an applied field and is characterized by the response function

B (x) = i6(2) 0] [#(2), 77 (0)][0)

where here and in the following we drop the subscripts I and it is understood that the currents are those of
free fields. An important physical property of the response function is Einstein causality: R*¥ vanishes for
spacelike argument x2 > 0 as follows from the fact that local operators commute at space-like separations.
Thus application of an external field at the origin at ¢ = 0 cannot evoke a response at x until enough time

has elapsed for light to travel from the origin to x. This property is not shared by the time ordered product.

Retarded Commutators from Time Ordered Products The Wick expansion we have developed works best

for time ordered products, so it is helpful that we can work out a relationship between the response function
and the expectation value of the time-ordered product. This relationship is a general one that depends
only on the time variable, so we suppress spatial and internal labels and consider two hermitian operators

01(t), O2(t). We shall actually relate the Fourier transforms of the two quantities:

R(w) =i / dte16(t) (G] [01 (1), 02(0)] [G)

T(w) =i / dtei“! (G T[O: (£)05(0)] |G)

where |G) is the Ground State of the system, assumed to be nondegenerate. Now using 6(t) = 1 — 6(—t) we
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have

0(8)[01(t), 02(0)] = T[01(£)02(0)] = 02(0)01(?)

so the difference between R and T involves

i [ et 610,000 16)
=—1 / dtett Z (G| 02(0) |n) {n| O1(0) |G) e~ i(Ec—En)t

= — 27id(w) (G| 02(0) |G) (G| 01(0) |G)

_i/dteiwt Z <G| 02(0) |n) <n| 04 (0) |G> o~ i(Ba—Ey)t
n#G

The important feature of this result is that by virtue of the fact that Eg is the lowest energy eigenvalue,
the r.h.s. wvanishes for positive frequency w > 0. Thus in this case R(w) = T'(w). Next we find a relation for

negative frequency. For this case we relate R to the anti-time-ordered product:
0(t)[01(2), 02(0)] = O1(t)02(0) — T[O1(t)02(0)].

Now inserting a complete set of states allows us to conclude that the Fourier transform of the first term
vanishes for negative frequency w < 0. Thus in this case we have R(w) = —T(w) where

T(w) = i/dtei“t (G| T[01(t)02(0)] |G) = —T*(~w).
where we used the assumption that O;, O, are hermitian.

In summary we have found that

T
R(w):{ (w) w>0

T*(—w) w<O.

For w near zero we observe that the ground state contributes to T but not to R. The contribution to T is
T (w) = 2mid(w) (G] 02(0) |G) (G] 01(0) |G) .

If there is a gap separating Eg from the rest of the spectrum this is the only zero frequency discrepancy
between R and T.

Finally when we consider this relationship for field operators, it is natural to quote it for the spatial and

temporal Fourier transform:
T(°,p) P’ >0
T*(—p°,—p) P’ <O.

R(p°,p) = {
Again the vacuum contributes to T' (and not R) the amount

Te(p") = (2m)*id" (p) (0] O110) (0| 02 |0) .
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Calculation of Vacuum Polarization If we Fourier transform the current induced by an external field, we

obtain
" (k) = / oot (in| j#(z) |in)
/d4xe_’k””/d4yR”" T —y)A,(y) + O(A?)
=R"(k)A, (k) + O(A?)
and we have just obtained the relation of R*¥ to T"".

To calculate T*¥ we first apply the Wick expansion to the time ordered product of four Dirac fields
contained in the two current amplitude. There are two distinct contractions corresponding to the diagrams

X, 1L
x’u O
O,V O

0,v

The disconnected diagrams vanish because (0| j# |0) = 0 in the absence of external fields. (This is a

simple consequence of charge conjugation invariance.) The unique connected diagram has the value
~Q* Tely" Sp(z)y" Sr ()]

where the minus sign comes from the single closed fermi loop. Inserting the known Fourier representation
for Sg and carrying out the integration over z in the evaluation of T#” leads to

T’w(k):iQ2/ d4p4Tr(’Y“ 7‘77‘_1‘7"7.71/ m—(p—k)-’y.)‘

(2m) m2+p2—ie m24 (p—k)?—ie

We immediately see from this expression that the integration over momentum is quadratically divergent at
high momentum. The origin of this divergence is that Sg(x) behaves like 1/z°® at small  which means that

the two current amplitude behaves like 1/x% which means that its Fourier transform is ill-defined.

Before dealing with this divergence, let us simplify the integrand by first evaluating the trace

Nt (p, k) =Te(y*(m —p-7)v"(m — (p—k) - 7))
=8pt'p” — 4(p"k” + p'k*) — 4n*(m* +p- (p — k)

and secondly combining denominators using the Feynman trick

1

1 1
B :O/dx[Am+B(1—m)]2

which is trivial to derive. Then

1
o dip N (p, k)
T =id” [ (27r)40/ Wi 4 (o= ka)? — i€ + 2(1 — )P

where we have completed the square in the denominator.
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Next we do a step which is not quite legitimate in view of the quadratic divergence, which is to change
integration variables p — p + kx. After this the denominator depends only on p?, so all terms in the
numerator linear in p# integrate to zero and can be dropped. Furthermore terms of the form p#p¥ can be
replaced by p*n*” /4, since [ d'pf(p®)p"p” must be proportional to n** and the proportionality constant is
then determined to be [ d*pf(p?)p*/4 by comparing the trace of both sides. Thus we have the replacements

2
N™ (p + zk, k) —>8(%n’“’ + 22KPEY) — SzkPEY — 4 (m? + p? — 2(1 — 2)k?)
— = 29" + dx(1 — z)(K*n* — 2kPEY) — 4mPnh”

After all these steps so far we have reduced the integrals to

1
4 OV 2 _ 2, uv __ R AN 2, pv
T’“’(k):iQ2/ d*p /da: 2n*Vp +4Am(1 m)(kn 2kPEY) — dm?y ‘
(2m)4 [m? +p? —ie+ z(1 — z)k?)?
0

Next we wish to evaluate the p integral. It is easiest to think about this evaluation after the Wick
rotation to Euclidean momenta, so the integral is over 4 dimensional Euclidean space and the integrand is
O(4) invariant. Then the angular integrals can be done and the integral reduced to a one dimensional one.
The rotation of the p® contour to the imaginary axis must avoid the singularities due to the vanishing of the

denominator which occurs at

p° = £y/m2 +p? +2(1 — 2)k2 —ic

These poles remain in the fourth and second quadrant of the complex p° plane for all values of k2. However
they get infinitesimally close to the imaginary axis for #(1—x)k? < —m?—p? which we shall see is responsible
for singular behavior in the result as a function of k2. As long as we stick to k? > —4m?, though, the poles
stay well within their respective quadrants, and a counterclockwise contour rotation by 90 degrees encounters

P’

no singularities.

After the Wick rotation we change variables to p° = ip* so that d*p = id*pg and p? = p? + (p*)2. Going
to polar coordinates, d*pr = p®dpdQ), we wish to evaluate the angular integrals dQ2. A useful trick to do this

. . . . . . _2 . . .
in any number of dimensions is to integrate a Gaussian e™? in both Cartesian and polar coordinates. In
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Cartesian coordinates in D dimensions we get 7/2. In polar coordinates it is
7 1
QD/prldpe*PQ = QD§F(D/2)
0

Comparing we arrive at

27TD/2

I'(D/2)’

Notice that for D = 1,2, 3 this gives the well known results 2,27, 4w. For our case D = 4 and the result is
272. We also record here the useful formula

Qp =

o
/de (pZ)m _ 27TD/2 / . pD—1+2m _ AD+2m—2nﬂ.D/2F(m + D/2)F(n —m - D/2) -
(p*+ A7) T(D/2) (p* + A2)" I'(D/2)['(n)
0
The fact that the r.h.s. is a perfectly defined analytic function of D, m, n allows for dimensional regularization
as we shall see later.

Putting all this together and cutting off the p integral at A we have so far

1
v —2n( p + 2m?) + 4z(1 — z) (k*n*" — 2kHEkY)
T (k) = 3d /d .
A (k) = 87r2/p i 21 p? —ie+a(l — 2)k2)?

0

The p integrals are now elementary:

A

/M_z R+ 1.1 ¢
p2+C2 2 C 2A2+C

0

[ln %2 - 1] +O0(A7?)

l\DI»—l

2 4
/ A’ O A’+C 1 A
[p2+0 C 2A2+C
1., 1 A2

_tae LA A )
=502+ 50~ Cln 5 +0(A7),

where for us C = m? + z(1 — x)k? — ie. Putting these results into the expression for T' gives

2
TV (k) = - 5 [ da [—n“"(M —C-2C(In % -1))

co
2R
o .

2
— (2n"'m? - 2z(1 — z) (K" — 2k"k") [ln A 1”

¢ (14.1)
2 A
— _ BV _ LMLV -
22 /dmw (1= 2)(k™n K" (In m? + z(1 — x)k? — ie 2
Q2 i ) k‘2
V(A2 - —).
+ g2 (A —m 6)

We could do the last integral over z, but it is actually easier to see the properties of T' directly from the
integral representation (14.1).
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We have been casual about the way we cutoff the momentum integral, and now we can see a bad
consequence of this: a violation of gauge invariance. In Fourier components a gauge transformation on the
external field has the form A, (k) — A, + k,A(k). The induced current was given by R* (k)A, (k), so gauge
invariance would imply R*(k)k, = 0, and in view of the relation between R and T', T*"(k)k, = 0. Clearly,
the last line of (14.1) fails to satisfy this condition. The reason for this error can be traced to insufficient
care with the manner in which we regularized the divergent integral. It is fortunate that the momentum
dependence of the erroneous terms is a simple polynomial. This is in fact a characteristic of all such errors
induced by ultraviolet divergences: Differentiating the integral a finite number of times with respect to the
external momenta renders it convergent, so a finite number of derivatives must kill the mistake. In this case
it would require three derivatives to kill the mistake. We shall later discuss gauge invariant regularization
procedures that prevent such mistakes from occurring, provided of course that the theory can be consistently
quantized. But for now we shall be satisfied with simply adjusting the polynomial dependence of our results
to be consistent with gauge invariance. The nonpolynomial part of 7' can of course not be removed by such
an adjustment. Making this adjustment, and at the same time absorbing the —1 in a rescaling of the cutoff,
we then obtain

TE7 (k) =(k*K” — k*n* )T (k?)

A2e=7
m?2 + (1 —x)k? — i€’

1
T (k%) =% /da:m(l —z)ln
0

It is important to appreciate that gauge invariant regularization does not cure the problem of ultraviolet
divergences, although it does reduce its severity. Our initial expression for 7' was quadratically divergent,
but we have seen that gauge invariance effectively reduces the divergence to a logarithmic one. We shall see
that this last divergence, although present in the quantities we are calculating, disappears after expressing
the answer in terms of physically measureable parameters. Note also that our polynomial adjustment of
T*¥ to make it gauge invariant allows an undetermined constant y. However this ambiguity is linked to the
cutoff dependence, and will disappear along with the latter in physical quantities.

The Physics of Vacuum Polarization Our result for T#” can now be used to give us the response function

R (k) = (K"K — K*n"") R(k?)

where
Tk* Kk°>0
R(K*) = A .
T*(k*) k<0
Note that since T is real for k2 > —4m?, the two cases merge for that range of momentum. Since we have
incorporated gauge invariance in our answer, we are free to fix a convenient gauge for discussing the physical

interpretation of our result. Let us choose Lorentz gauge, k“flu = 0. Then the Fourier transform of the

current induced by the external field is simply

(u(k)) = —K*R(k*) A5, (k).
We must now recognize that the induced currents will produce induced fields via Maxwell’s equations. As
long as A€ the external field is sufficiently weak the induced currents and the induced field A/VP will also

be weak, and it will be consistent to assert that the total current is given by the response function times the
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total field A¢ + AIND,
B porar, = —E*R(E*) (AL (k) + ANP (k).

It is this total current that we should use in Maxwell’s equations to calculate ANP

KA (k) = Gu(B)rorar, = —F R(E) (A (k) + AVP (k).

This gives a self-consistent equation for ATNP in terms of the external field.

R(K?)

AP0 = 5 T R(k2)

A (k).

Finally, if we add the induced field to the external field, we obtain the total field

ATOT (k) = ﬁfi;(k)

In summary we have calculated the total electromagnetic field that arises in the “medium” of the Dirac
sea in the presence of an externally applied field. The externally applied fields are what are traditionally
called the D and H fields. (Recall that the sources of these fields are the external charge and current density
respectively.) On the other hand the total fields are traditionally given the name E and B. The dielectric
“constant” of the medium is defined by D = ¢E and the magnetic permeability by B= uI:_f . Thus we can
interpret our calculation by attributing a k dependent dielectricity and magnetic permeability to the Dirac
sea,

e(k?) = 1/u(k?) = 1 + R(K?).
Since R is positive for static fields (k° = 0), the vacuum is a polarizable diamagnetic medium. The fact that
€ = 1/p means that the velocity of light is unaltered by the medium (i.e. the medium preserves Poincare

invariance). The effectiveness of the medium in screening external fields is reduced at shorter wavelength (R

decreases as k? increases).

Charge Renormalization We now come to the resolution of the logarithmic divergence that remains in

our expression for R(k?). We begin by asking how we measure charge. We seem to have particles and
antiparticles of charge () in the theory. However this is not the measured charge, the charge we could
define by eih = limp_,00 47R?F(R) where R is the spatial separation between two such charged particles
and F is the force exerted by one on the other. In other words, @) represents the external or “bare” charge,
which acts as source to the D field. The Fourier component of the latter field is just —iQk/k2. The measured
force is given by QF the Fourier component of which is —iQ2k/[k%(1 + R(k?))]. The long distance part of
the force is controlled by the Fourier components with k£ = 0 which are clearly those of a Coulomb force with
effective charge squared of

2 Q?
= —. 14.2
© T1TR(0) (14.2)
Putting £ = 0 in our expression for R gives us
2 Q°

e’ =

T 1+ (Q2/1272) In(A2/m2)’

It is e and not the parameter () that we measure in experiments, all of which are performed within the

“medium” represented by the vacuum. The fine structure constant is a = €2 /4w ~ 1/137.
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If e is the measured charge, then the measured electric field should be related to measured force by

5 _ Q

ﬁ =eFeqs = QE = HT%z)ﬁ
~ e(1+ R(0)) D
1+ R(0) +[R(k?) — R(0)] \/1 + R(0)
e D

1+ [R(k?) — R(0)]/(1+ R(0)) /T + R(0)

Now since D is simply proportional to Q, Dymeas = D /+/1+ R(0) is what we can call the measured D field
since it has @ replaced by e. Thus we have the following relationship between measured fields

. 1 .

Emeas = TR — RO)A+ RO)

The measured dielectric constant is accordingly

1 2
m

R(k*) — R(0) _ e’
m?2 + z(1 — xz)k?

0

e(k?) =1+

and we see that the cutoff dependence has disappeared when we express measured quantities in terms of
measured parameters. This is what is known as Renormalizability, and is a feature of a wide class of
quantum field theories. Such theories encounter infinities in intermediate stages of a given calculation, but

the measureable quantities always come out finite.

After renormalization, the dielectric constant is fixed to be 1 at k = 0, i.e.the medium is effectively
absent then. Before, we argued that the effects of the medium should be reduced at large k. By going
to large £ we should begin to see more and more of the bare charge. We can phrase this by defining a
k dependent coupling by a(k?) = e%/4mwe(k?). Then as k? increases from zero, corresponding to shorter
distances, a increases until it blows up at some finite value of k2. It’s clear that this will happen because the
In starts out at zero goes negative and behaves monotonically without bound. The pole occurs at a value of
k% ~ m? exp(1272/e?). We have seen how poles in amplitudes are associated with particles. Unfortunately
this pole occurs at space-like momentum, i.e.imaginary mass, a tachyon. This is the physically unacceptable
Landau Ghost. If it were really present it would signify an inconsistency of electrodynamics. Fortunately,
the whole issue is completely open since we have made approximations in our calculation that amount to
weak coupling perturbation theory, and as we have seen the effective coupling gets strong at values of k2

much less than the ghost mass, thus invalidating perturbation theory.

One way to understand why this approximation has led to this problem is to return to the bare expres-
sions
5 1
T 1/Q% + (1/1202) In(A2/m?)

e

Now in the renormalization procedure, we attempt to take A — oo holding e fixed. But this is only possible
if @ is imaginary, which would mean we started with a Hamiltonian which was not hermitian. In order to
escape this conclusion, the relation between bare and measured coupling would have to be fundamentally
altered by higher order corrections. This is a logical possibility, but many field theorists including Landau

doubted that the problem would go away. At this point it is appropriate to mention that for some quantum
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field theories the sign in front of the logarithmic divergence is opposite to that in QED:

9 1

9= g = m?)’ b=

In this case one can take A — oo with g fixed and gg real. This phenomenon is known as asymptotic freedom
since the bare coupling goes to 0 through real values as A — oo. These quantum field theories can be
renormalized consistently in the weak coupling limit as long as one restricts one’s attention to very large
momenta. The other side of the coin is that they become strong coupling theories at low momenta, and so
weak coupling approximations are useless for studying their particle spectrum.

Next we turn to the interpretation of the singularity in T or R as k> — —4m?2. At this point the
logarithm has a branch point, leading to a discontinuity depending on whether one goes past the branch
point in the upper or lower half plane:

Ty (k?) = /dww (1—-2z)ln A
|m2 + z(1 — x)k?|

:Fz—/dmx (1 —z)8(—z(1 — z)k* — 4m?)

Q2 / AZ
_& 1- 1)1
oz | el =) e
0

F zg—ﬂ /da::c(l —2)0(—2z(1 — 2)k* — 4m?).

The integral in the second term contributes only if k2 < —4m? when the range of z contributing is

1 \/1+m2< <1y
2 Vi™ e 753

The integral over that range is elementary and yields

(k%) = /dmx A”
|m2 + z(1 — z)k2|

1 2m?
—-—= -4 -4+ —({1=-—=].
Fior 39( m’) 4+k2< k2>
The —ie prescription tells us to choose the lower half plane continuation, é.e. the lower (4) sign is to be
taken.

QZ A2
T (k%) = o 2/d:car:(l—ar)ln mZ 2 (= 2]
0

Am? 2m?
+i%0(—k2—4m2) 14— (1 ﬂ)

Nz 2
A2
2 d
R(k) /m LS s yET
«a 4m? 2m?
+z?06(k0)0(—k2—4m2) 1+ 5 (1 7)

where we have used the definition of the bare fine structure constant ag = Q?/4r and the relation between
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Rand T.

We can associate the appearance of an imaginary part of 7" with pair production which becomes ener-
getically possible for energies larger than 2m. To see the connection recall the variational equation satisfied
by the vacuum persistence amplitude

out| j*(z) |in)

0 ln {out|in) zi/d4w< 0A,(z)

(outlin)

~ / dizd'y (0, 1| [ ()% ()] 0, I) A, (4)5 A, (x)

where we used first order perturbation theory in the external field to approximate the current matrix element.

The results of our calculation gave

4
$(0,1) T[4 ()% ()] [0.T) = / %’“H (FE — K0T (),

so we find, in weak field approximation,

(out|in) ~ exp {% / (ZF’; T2 A, (=) (R — k%W)Ay(k)} .

It is illuminating to express this in terms of the Fourier components of the field strengths

Fu (k) =i(k, Ay (k) — kv Ay ()
Fu (k) (k) = = 2(k*k” — K*n"") A, (—k) A, (k)

4
(outlin) ~exp {_Z / %T(k%ﬁ’w(—k)ﬁ"‘”(k)} .

As long as T is real, this is a pure phase and | (out|in) | = 1. But when T acquires an imaginary part as it

does for k? < —4m? this is no longer true. Specifically,

4 ~ ~
| (out|in) |2 ~ exp {% / %M(W)Fw(—k)w"(k)}

which is the probability that there is no pair creation. The probability of pair creation is 1 — | {out|in) |?> and

is approximately given by

Poai ~—1/ﬂImT(k2)F (—k)F* (k)
pair ~~ 2 (271')4 1124
d*k « N 4m2 2m2\ - .
— | —— ==k —dmP\ 1+ — (1= = | F,, (k) F*

where we have replaced the bare fine structure constant g = a(1 + R(0)) — a which is correct to the order

. *
we are calculating .

* Strictly speaking, this calculation of (out|in) is for a fixed external field for which QA is fixed and finite.
Renormalization applies only when the induced fields are included. In that case the F' appearing in
these formulas are the total fields, and for them QF is indeed held fixed as the cutoff is removed. That
is, /1 + R(0)F is the measured field strength.
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Note that one could also find this result by calculating | {(out|b°*td°¥ |in) |? directly in perturbation
theory and summing over all final states. It is of course important that this probability be positive (and
| (outlin) | < 1). Indeed, F,,(—k)EF* (k) is negative for k timelike, because then there is a Lorentz frame
where k = 0 which implies B =0 so f?‘m,(—k)ﬁ‘“"(k) = —2|E|?. Since it is an invariant, it must be negative
in all frames.

When the fields have support only where T is real, the amplitude (out|in), even though it is a pure phase,

gives information about the energy of the system in the presence of external fields. To get this connection
consider a static field with adiabatic switching off at early and late times:

Fu(z) = F, (x)e(t).

We take € to be a symmetric function of ¢ with central value 1 and gradual fall off to zero at times roughly
+T. The exact shape is unimportant: we only need that €(k°) peaked at 0 with a width of order 1/7.
Clearly

/ AROE(KO)? = 27 / dte(t)e(—t) ~ 4nT.

Thus in the limit 7' — oo, €2 can be approximated by 47T'§(k°). Thus in this limit our approximate formula
for {(out|in) reads
(out|in) = exp {—QiT/ dS—klﬁ' ,,(—k)ﬁ"“’(k)T(kQ)} :
(2m)34°#
The coefficient of —2¢T is just the energy of the Dirac system in the presence of static external fields. Since
T is positive for spacelike k, and

Fu (R F™ () = S [[BP - [B]

| =

we see that the energy increases under the addition of a magnetic field and decreases with an electric field

in accord with our conclusion that the vacuum is a diamagnetic dielectric medium.

Superconductivity and the Higgs Mechanism There is one physical phenomenon which can occur in quan-

tum gauge field theories, although not for QED in four dimensions. It can happen in some theories that
R(k?) possesses a pole at zero:
K
BE) = 05
Note that this infrared singularity does not occur in our previous calculation even for m = 0. But if it does
occur, then

< 1 ~ k2

A(k)TOT = 1+ R—(k‘z)Ae k2/\—_)/ OEAE ~ 0.

Thus Aror is screened at long wavelengths by the induced currents. In particular, for a static Coulomb
potential A% ~ §(k°)/k?, the singularity at vanishing k disappears so in coordinate space the potential falls
off faster than any power. Because of Lorentz covariance this screening is effective for both electric and
magnetic fields. The screening of the magnetic fields means there is a Meissner effect, i.e. the vacuum in
this situation is a relativistic superconductor. The vanishing of the total field at k2> = 0 means that the
vacuum cannot support massless photons. On the other hand there most likely is a negative value of k2 call
it —M? for which 1 + R(—M?) = 0. For such values of k, Aror can be nonzero even for vanishing external

field. These waves correspond to particles of mass M. Thus this phenomenon, sometimes called the Higgs
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mechanism, gives the photon a mass without violating gauge invariance. A nonrelativistic version of this
effect was long known for superconductors. It was first discussed in the context of relativistic quantum field
theory by Schwinger for QED in two space-time dimensions. Four dimensional versions were first discussed
by Higgs, Englert and Brout, and Guralnik, Hagen and Kibble. In spite of the long list of discoverers, it
seems that Higgs’ name has stuck. The Higgs mechanism is at the heart of the electroweak unified gauge

theory, because it is responsible for the masses of the W and Z bosons.
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15. Operator Quantization of the Electromagnetic Field
Treated classically the e.m. field F},, = 0,4, — 0, A, satisfies Maxwell’s equations
O, FH = JH,

which imply current conservation 0, J* = 0 for consistency. So far we have developed the theory of Dirac and
scalar quantum fields interacting with fixed external e.m. fields. For such systems the current is of course an
operator, so Maxwell’s equations imply that the e.m. field must also be a quantum operator, which inserted
into the Dirac equation produces a nonlinear quantum field equation.

15.1. QUANTIZED ELECTROMAGNETIC FIELD INTERACTING WITH A CONSERVED CURRENT

The first step in developing the quantum theory for A, is to understand the canonical structure of

Maxwell’s equations. One first notes that the equations follow from stationarity of the action
1
S = ~2 /d‘leu,,F’“’ + /d4xA”J”,
which is gauge invariant provided 0, J* = 0. It is straightforward to find the momentum conjugate to A,
II* = Fy"' = 9 A* — 9" Ay.

The spatial components of II are just those of minus the electric field strength, but II° = 0. This last fact
poses a difficulty for quantization since it is inconsistent with nonvanishing canonical commutation relations.
We know how to assign operator properties to A and ﬁ, but not to Ag. Before facing this difficulty, we

construct the canonical Hamiltonian

=/d3m Bﬁ2+%(vxA')Q—/T-f+VA0-ﬁ—A0JO .

Notice that the troublesome variable Ag appears only linearly and in the last two terms. After an integration

by parts the coefficient is just —(V - o+ J?), which would vanish if we could use Gauss’ Law.

Classically, we could certainly enforce Gauss’ Law and then the canonically uncertain Aq would disappear
from the dynamics. Attempting to enforce Gauss’ Law as a quantum operator equation would contradict

the canonical commutation relations for /_f, I
[Ar (&, 8), 1T (¢, 1)] = i67"6(Z — %),

so we postpone discussion of this point. If we leave the operator character of Ag unspecified, it is clearly
important to know how quantum evolution will be affected if we make a change in Ag. Let the evolution

operator for a given Ag be Ug,(t,—00). Then by a familiar argument
SU A, (£, —00) = iUay (£, —00) / A28 Ag(V - T + J°)

where the operators multiplying Uy, are in Heisenberg picture. The Heisenberg equations for /T, i imply

0
%(V-TH—JO) =% +V-Ji/d3w[V-H,A0](V-H+JO)

(15.1)
=i / [V - I, A](V - T + J°)

Although we are not free to impose Gauss’ Law as an operator equation, we can restrict our incoming
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states to satisfy
(V- I + J%)|i——o |in) = 0.
It then follows from (15.1) that (V - II + JO) |in) = 0 for all time. By making this restriction we therefore
arrange that
U4, |in) =0
for arbitrary operator changes in Ag, that is, the quantum evolution is independent of how we treat Ay. This
is the quantum analog of what is true in the classical treatment, and suffices to resolve the difficulties. By

imposing Gauss’ Law on initial states, we are free to make a choice for Ag which simplifies the dynamical

problem.

For example, suppose we want to “solve” the constraint by “imposing Coulomb gauge.” We do this by

writing
— — ]_ - —
i =iir + Vv -1
v (15.2)
I T I, '
=iy — VI + GV(V - +7°)

so that V-II7 = 0. Inserting (15.2) into the term in the Hamiltonian containing II and judiciously integrating

by parts, we obtain

" -, 1
/d% H2=/d3x H2T+/J° (—ﬁ) J°

1 1 = - 1 .
+/ (zﬁﬂ - ﬁ(V-H+J°)> (V-H+J°)+/[WJ°,V-H+J°].
The last term, which arises because we reordered operators so that V - I + JO stands on the right wherever
it appears, formally vanishes because the fields entering .J are canonically independent of II and also J°
commutes with itself at equal times. The next to last term has a factor of V - I + J° on the right. By

choosing
1 5 1
b= 5

this term is cancelled by the term linear in A¢ and the Hamiltonian then simplifies to

(V-1 + J°),

= ]_ ]. -, —
HCOULZ/d3:17 H2T+/J0 <_ﬁ) J0+/(§(V><A)2—A-J_§.

Since only II7 now enters the Hamiltonian, it is appropriate to make a similar decomposition of A=
Ar + 6(1 VAV - A. The gradient term does not contribute to the curl of A and an integration by parts

allows that term in Hoopr, to be simplified as
/(VXE)Z’:/(VX/ITV:/A’T-(VX(VXET))
:/A’T (=V)Ap = /Vk/fT-kafT.
The longitudinal component of A appears in Hooyr through the coupling to J. To interpret this term we

have to consider a little more closely the inner product structure on the space of states. The states which

satisfy the Gauss’ Law constraint have the character of momentum eigenstates with a fixed eigenvalue. Such
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states would of course have infinite norm. If we restrict our in states to satisfy Gauss’ Law, and we want
our out states to have a finite inner product with these in states, it follows that the out states should not
be taken to satisfy the constraint. In fact, the natural dual space to momentum eigenstates are position
eigenstates, with {g|p) oc e?P. Thus we should choose our out states to be eigenstates of V - /_l’, which is the
conjugate variable to V - M. Since V - A commutes with the Hamiltonian, as a Heisenberg picture operator
it will be independent of time. Thus, if we choose our out states to be eigenstates of V - fl'(a'c', +00), with
cigenvalue Ar (&) they will also be eigenstates of V - A(#, —o0o) with the same eigenvalue.

We can always choose phases, as in the standard Schrodinger representation, so that i (A, out| o=
(6/0A") {A', out|. Then the dependence of persistence amplitudes on the choice of A, is determined by

10 (AL, out|in) /dsx 0AL(F )(AL,out|( SF

! ) V - II(Z, +00) |in)

/d?’m 0AL(Z) (AL, out]| ( V12> JO(&, +00) |in) .

Since JO(Z,t) is just the infinitesimal generator of local phase changes on the charged Heisenberg fields at
time ¢, we see that an infinitesimal change in A}, can be compensated by a local gauge transformation on the
charged fields at t = +o00, which determine the definition of the out states. The principle of gauge invariance
includes the statement that state vectors differing by such gauge changes describe the same physical state,
since they will give identical predictions for all gauge invariant observations. Thus we are free to fix Af to
be any convenient function. Coulomb or radiation gauge corresponds to the choice Ay, = 0.

We have generally defined (out| by the t — oo limit of (¢| = (in|U(¢, —00). Our choice of (Ar,out| is
implemented by the replacement (in| — (Ar,in| where the latter is the eigenstate of V - A(#, —o0) with
eigenvalue Ar. Then the corresponding (A, t| is the corresponding eigenstate of V - A(Z,t). Since (AL, t|
satisfies (0/0t) (AL, t| = (AL, t| HoouL(t), we see that replacing V- A in Hoopr by Ar will yield the same
(AL,out|. In particular the radiation gauge choice Ar, = 0 leads to the effective Hamiltonian

= ]. 1 — - —
Hepp = /d3m 17 +/J0 ( V2> Jo+ /(iakAT'akAT — Ap - ). (15.3)

One may use H.ys to compute any physical quantity. It only contains the transverse components of A and
Ii. From the canonical commutation relations for these two quantities one can easily evaluate those for the
transverse components
ViV -
[Ark(2), Tirm @)] = i (5km _ Tm) 5(7 — 7).
The operator acting on the delta function simply reflects the fact that the 1.h.s. has vanishing divergence

because of the transversality of the operators.

We have obtained the effective Coulomb gauge Hamiltonian (15.3) by reduction from a gauge indepen-
dent quantization procedure. A much quicker route to the same answer is to fix the gauge before quantization
by setting V - A = 0 from the beginning. Then the Gauss’ law constraint can be “solved” by setting

Aoft:——JO /d3 ya
(2,) 47r|a," —q

The longitudinal component of 11 is also eliminated because V-II = V2A4°. One passes to quantum mechanics

by promoting only A and Ty to operators. (If the currents are operators, A° is an operator by virtue of

the constraint, but it is not independent.) Then the transverse projector must appear on the r.h.s. of the

canonical commutation relations.
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Polarization and Helicity of Photons. An explicit realization of the commutation relations can be given in

terms of creation and annihilation operators as follows:

kT 4 af (ke 7

/\/ m)32/K] lax (ke
3 -
gy (£,0) = f/@ k(K ) — af (k)e 7]

with

la(B), al, (@] = (Jkm — ’“’;{#)5@_ 2.

Inserting these into Hys gives
Hos = /d3k|i5|af(1§) La(F) - /d%:fIT - J+ B,

where Ej is the usual (infinite) zero point energy of the oscillators which will be dropped from now on. This
formula shows us immediately that for J= 0, the quantum e.m. field is interpretable as a system of massless
bosons (photons). The vacuum |0) is defined by ax () |0) = 0 and the n photon state is represented by

ab,, (@)ab,, (@) -+~ al,, (3) 10) .

Because of transversality there are two photon states for each momentum. These two polarization states will

next be shown to correspond to the two helicities +1 of the photon.

First for fixed k let us introduce two (in general complex) basis vectors €,, a = 1,2 for the plane

perpendicular to E, satisfying k- €, = 0 and the orthonormality and completeness relations

We can then introduce two independent sets of creation and annihilation operators via
ak) = Zé’aaa(k‘)
a

We shall relate the multiplicity associated with the index a to the spin of the photon. First recall the classical

expression for the angular momentum carried by the e.m. field,
fz/d%i:’x(E_“xé)

=/d3xZEk(fx V) Ay — /d%s’c‘x (B-9)4.
k

We can recognize the first term in the last line as the “orbital” angular momentum, which will not contribute

to the helicity of a one photon state. This is because acting on a one photon state the V is replaced by k
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and because of the cross product the term will be perpendicular to k. The second term, after an integration

by parts becomes
S = / dPzE x A
- i/d%aﬂ(iz) « @(F).
Applying S to a one photon state af (k) |0), yields

Sal (k) 10y =i > (€x x &)al (K) [0).
b

Thus we see that the 2 x 2 matrix gab = &, X € acts as a spin matrix on the index of the creation operator.

To get the helicity interpretation, consider the case of k = k#. Then the helicity matrix is

Sap = i(eats — €€p)-

This matrix is diag{1, —1} with the choices

é=Li,0/V2 &=(1,-i0/V2
so with this choice of polarization vectors, aI creates a photon with helicity +1 and al creates a photon with
helicity —1. This establishes that the photon is a spin one particle. There is no zero helicity state for the

photon: this is consistent with Poincaré invariance because the photon is massless.

The polarization vector enters scattering amplitudes multilinearly, with a factor of € for each incoming
photon and a factor €* for each outgoing photon. Its four-vector index forms a Minkowski scalar product
with that of the vertex coupling the gauge potential to the charged fields. According to gauge invariance,
this vertex satisfies current conservation: its scalar product with the momentum entering it gives zero. Thus
changing each polarization vector by an amount proportional to its four-momentum leaves the scattering
amplitude unaltered. In Coulomb gauge the polarization vector is of the form ¢ = (€,0) with k - € = 0,
so kye* = 0. But k,k* = 0 since the photon is massless. Thus we can characterize the polarization
vector completely by the covariant condition k,e# = 0. Any further specification, e.g. €© = 0, is merely a
gauge choice which can be made at will and exploited to simplify detailed calculations. This is particularly

advantageous in the calculation of Compton scattering for polarized photons.

15.2. CHARGED FIELDS INTERACTING WITH THE QUANTIZED ELECTROMAGNETIC FIELD

We have seen that when the e.m. field interacts with a conserved current, the time component of the
current enters the Hamiltonian only through the coefficient in the term linear in Ay so that the coefficient of
Ag is just the Gauss’ Law constraint with nonzero charge density. This feature is quite general, even when
the e.m. field couples to dynamical charged fields. This is obvious in the case of the Dirac field because
the Dirac field Hamiltonian is linear in A,. The A dependence of the scalar field Hamiltonian includes
quadratic pieces in the spatial components of the potential, but nonetheless Ag still enters only linearly after
the Hamiltonian is expressed solely in terms of coordinates and momenta. This means that the elimination

of Ag in the passage to Coulomb gauge proceeds exactly as in the previous section.
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Thus, the Hamiltonian for e.m. field plus charged fields in Coulomb gauge will quite generally be of the
form
s (1 5 1
Heffz d’z §HT +§6kAT-8kAT—AT-Je
(15.4)
0 ;0 1 0_ ;0
+ /(Je +7) (‘ﬁ) (Je +7°) + Hyictas| ao=0,

where J¥ is an optional external current, j# is the current operator for the fields, and the subscript fields

refers to the Hamiltonian operator for any dynamical fields in the system. For the Dirac field

7° =Q, Y]
3 7,1
Hfz'elds :/d $¢(;’73+m—Q’YA)1/};

and for the scalar field,

i =—iQ(r¢ — ¢'x")
Hyierds = / Br(rrt + m2pTo + (V+iQA)o" - (V —iQA)é.

One obstacle to formulating an efficient perturbation theory for systems with interacting quantum fields
is that one can’t “turn off” the interactions at early and late times as is possible with externally applied
fields. Thus out and in states are eigenstates of complicated interacting Hamiltonians. One approach to
this difficulty is to artificially make the coupling constants time dependent and force them to vanish at early
and late times. Another approach, which we shall favor, is to relax the requirement that the initial and final
states be eigenstates of the Hamiltonian with vanishing external fields. Then one calculates in first instance
a quantity that is not of immediate interest, but which can be simply related to such quantities.

A quantity of more or less direct physical interest is the vacuum expectation value of the time ordered
product of several quantum fields. More generally the outin matrix element of such a time ordered product
is relevant if time varying external fields are present. So let us consider how to obtain this quantity in
perturbation theory by first calculating with general initial and final states. Using the evolution operator

and assuming t; >ty > - -- > t,, we therefore consider

{(F1U (00, =00)T [ (t1) - - - n(ta)] i) =
<f| U(OO, t1)QSlU(t1,t2) .- U(tnfl, tn)QSnU(tn, —OO) |1,) .

Choose the time T so that all external fields vanish for times earlier than —7T and later than T'. Then

U(tn, —00) [i) =U (tn, —T)e ™ >~ DHs |j)
=U(tn, _T)efz‘(oofT)EG Z efi(oofT)(Erng) |7_) <T|Z> .

r

We would now like to argue that the infinite oscillations wash out all contributions but the (assumed
nondegenerate*) ground state. In a field theory this is quite plausible since the excited states correspond
to particles so the sum over r is really an integral over a range of continuous energies. But even without

* There are interesting cases of degenerate vacua, when there is “spontaneous symmetry breakdown.”
In such cases the choice of initial and final states determines which of the degenerate vacua is picked
out.

103 (©1992 by Charles B. Thorn



this smearing, we can make the washing out rigorous by calculating with imaginary time: it = 8 > 0. Then
100 is really +o0o0 and all excited states are damped exponentially. Massless particle states could introduce
a subtlety here, but the part of phase space that is not exponentially damped is infinitesimal: this has the
effect of changing exponential damping to a power law damping. If we buy this argument, then we can assert
quite generally that U(t,, —00) |i) = U(ty, —00) |0) (0]¢) and similarly (f|U(oo,t1) = (f]0) (0| U(c0,t1).

Since we take (as usual) the Heisenberg and Schrédinger pictures to coincide at t = —oo, then |in) = |0)

and (out| = (0| U (00, —00). Thus we have obtained the relation

(F1U(00, =00) T[N (t1) - - - Qn(tn)] i) =
(£10) (0f) {out| T[Qu(t1) - - - Qn(tn)] [in) -

In other words calculating with any initial and final states that have finite overlapf with the true ground
state gives us a constant times the desired matrix element. We can easily evaluate the multiplicative constant

by considering by the same reasoning

(f1U (00, —00) |1} = (£|0) (0]7) {out|in)
—e2i°Ba (£10) (0]d) External Fields = 0.

Putting this into our relation we obtain

(out| T[Q(t1) - - - Qn(tn)] |in) =
o—2iooFg (S U (00, —00)T[h (t1) - -- R (tn)] [4) (4.13)
(F1U (00, —00) Bzi=0 |i) ’

where the subscript on U in the denominator denotes vanishing external fields. In field theory applications
Eg is the energy of the vacuum, which is zero if we measure all energies relative to that of the vacuum. In the
absence of gravity all physical quantities depend only on energy differences, so we lose nothing by doing this.
Gravity couples directly to the energy density and therefore is sensitive to the energy as opposed to energy
differences, but then Eg only appears in the combination A = Eg + Ag, with Ag the “bare” cosmological
constant cosmological constant. Replacing Ay by A in effect sets Eg = 0.

The formula (4.13) is a convenient starting point for developing perturbation theory. Any breakup
Hs(t) = Ho(t) + H'(t)
determines an interaction picture defined by
Qs(t) = Uy ' (t, —00)QsUp(t, —00) = Uy ' (t, —00)Qt)Ur(t, —0),

where
iU =Hg(t)U = UH(t)
iUy =UoHoy (t)
iUr =H;(t)U;

1 The infinite number of degrees of freedom in quantum field theory requires care here: the overlap
between different states in a theory with n degrees of freedom is typically f™ with f < 1. Since n = oo,
we should expect (f|0) (0]i) ~ e~>°. In field theory n = oo because the volume of space is infinite
and because space is continuous. Thus strict application of the above relation should be done in the
presence of both an infrared and ultraviolet cutoff, which can then be removed after extracting the
desired amplitude.
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and all U’s are the identity at ¢ = —oo. Then the evolution operator satisfies
U(t1,t2) = Up(t1, —00)Ur(t1,t2)Up(t2, —00).
Plugging these relations into (4.13) then gives
(out| T[R4 (t1) - - Qu(t)] [in) =

o—2ioEa (f| Uo (00, —00)T[Ur(00, —00) Q11 (t1) - - Qnr(tn)] |7) (4.14)
(f| Uo (00, —00) Ezt=0UT (00, —00) Ezt—0 |i) )

This formula is completely general: we have even allowed Hj to contain time varying external fields, which
is hardly ever done in practice. Since all operators in this formula are in interaction picture, it is most
convenient to choose |i),|f) to have simple properties with respect to Hor(—o0). Let us call the ground
state of this operator |in,0). Then {in, 0| Up(co, —00) is the ground state of Hor(+00) and therefore deserves
the name (out,0|. When all external fields vanish, Hyr is time indepenent and we call its ground state
|0, I) = |in,0) and its ground state energy Ey. Then (in, 0| Uy (00, —00) gzi=o = e~ 2%F0 (0, I|. Thus choosing
|iy = |f) =10,I) = |in,0) we obtain the useful formula

(out| T[Q1(t1) - - - Qn(tn)] |in) =
—2ico(Eg—Eop) <OUt7 0| T[U](OO, _OO)QII(tl) T an(tn)] |Z"I’L, 0) ) (415)

e
(07 I| UI(OO, _OO)EthO |07 I)

In the usual case where we do not include external fields in Hyp, the formula simplifies further

<OUt| T[Ql(tl) e Qn(tn)] |Z’I’L) =
o—2iEc (0, I| T[U1 (00, —00) 1 (t1) - - - R ()] [0, I) (4.16)
<OaI| UI(Ooa_OO)EthO |05I) '

Using the Wick expansion one can describe the perturbation series for the numerators and denomi-
nators of these formulas using Feynman diagrams. The diagrams contributing to the denominator are all
those completely disconnected from either external fields or from the points assigned to the operators in
the numerator. The numerator contains this same sum of diagrams as a multiplicative factor. Thus the
division by the denominator is achieved by simply deleting all such disconnected “vacuum” diagrams from

the expansion of the numerator.
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16. Ward Identities, Ultraviolet Divergences
and Gauge Invariance Anomalies

16.1. WARD IDENTITIES

One might think that gauge-fixing would exhaust the implications of gauge invariance on correlation
functions. This is not really true because physics must not depend on which gauge is chosen, and this gauge

independence implies many relationships among different correlation functions known as Ward identities.

Recalling the gauge fixing procedure, it is clear that a necessary condition for gauge independence is
that the part of the path integral describing the coupling of charged fields to the gauge fields, (out|in) , must

be invariant under a gauge change of A:

1)
D,——— {out|in) , = 0.
"04,(2) 4
Here we have written the condition for a general gauge theory; for QED D = 9. If this is inserted for the
(out|in) 4 factor in the path integral for a correlation function of gauge invariant operators, it becomes the
statement that the correlator of the divergence of the gauge current with any set of gauge invariant operators

is conserved (abelian case) or related to another correlator (nonabelian case).

If gauge noninvariant operators also appear in the correlator, more contributions appear. As an impor-
tant example of this, take the case of additional charged fields in QED. Then the gauge transform induces
a change in the phase of each charged field 1) — e?@oA4). For example, if only 1,1 appear we find

0 (3" ()9 ()9 (y)) = —Qold(z — 2) = 8(y — )] (¥ (2)¥(y)) -

The VEV (vacuum expectation) on the left hand side of this Ward identity is simply related to the vertex
to which a photon propagator couples. In fact, all diagrams in which the current couples to a closed charged
field line contribute nothing to the Lh.s” so we can apply the identity to the one photon line irreducible

vertex. To get an identity for the completely one particle irreducible vertex I', we write

i (J (@) Y))y g = / d'a'dYy’ (Y(@)P(a')) i (j* ()P )D(Y)), prr (L))
= / d*z'd*y’ (P(2)P (")) iQoT (2, 2',y") (W (y")P(y)).

We state the relevant identity in momentum space, for which we define

) d'p ip-(z—y —1
<¢(w)¢(y)>=/we ( )m0+7.p+g(p)’

where ¥ is the electron’s proper self energy part. In momentum space, the Ward identity then reads:
® —=p)uI*®,p)=7- (' —p) +Z(0) - Z(p).

This is actually a generalized form of the original Ward Identity which follows from the generalized one plus

an assumption on the absence of certain infrared singularities.

* This follows simply from the gauge invariance of {(out|in) 4.
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To get it, take the derivative of the above equation with respect to p’, and set p’ = p. Then, assuming
that (p' — p),0/0p,T* — 0 in this limit, we obtain

M@_
Opy

I (p,p) ="+

An example of the sort of singularity that would invalidate this derivation would be a contribution to I'* of
the form
@ —p)'v- ' —p)
®-p?

Such a singularity would imply a zero mass bound state coupled to the current, and can be shown to be

absent in QED to any finite order in perturbation theory.

As a simple application of the Ward identity, we use it to show that the only contribution to charge
renormalization comes from corrections to the photon propagator. We define charge by the photon coupling

at zero photon momentum. Define Z; by

1
Wmm=zw+wm+%m

By the definition of Zs,

1
Mo +7-p+(p) = Z-(m +7-p) + O(m +7-p)°.

Then the Ward identity implies Z; = Zs. Clearly the renormalized (physical) charge is related to the bare
one by

Q= g—;\/z_gc;o = V75Q0

by the Ward identity.

Recall also that the Ward identity for diagrams with only photon external lines required that the vacuum

polarization tensor was transverse:

M, (q) = —(¢*Nuw — quay) (¢

II is defined so that the sum of all 1PIR 2 photon diagrams is given by iQ3Il,,(q). Thus the photon two

point function is given by

dq .. [—i v —i v 1
(Au(x)Au(O» = / (27346“1% [ w;?i“q + q_; (nuu - ql;g ) 1 +Q%H(q2)] :

We note two consequences. (1) The longitudinal part of the two point function is not corrected. (2) The
photon mass remains zero unless I1(¢?) has a pole at ¢> = 0. We can read off the value of Z3 = 1/(1+Q3I1(0)).
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16.2. ULTRAVIOLET DIVERGENCES AND GAUGE INVARIANCE

In our calculation of vacuum polarization, we found that ultraviolet divergences spoiled the gauge
invariance of the calculation. In this chapter we look into this question more closely. Our discussion
generalizes that of K. Johnson, Brandeis Lectures, 1964.

The focus will be on the vacuum persistence amplitude of a charged field in the presence of a fixed
external gauge field. This quantity is a basic ingredient of the path history quantization of gauge fields in
interaction with charged fields, and as such must be gauge invariant for consistency. As long as the gauge
field path integral is amenable to dimensional regularization, difficulties with gauge invariance must, in fact
reside in the charged field sector which is the focus of this chapter.

Let us first sketch the important consequences of gauge invariance. Of course, gauge invariance demands
that, in addition to the persistence amplitude itself, the outin matrix element of every gauge invariant
observable should likewise be invariant under gauge transformations. For QED (the abelian case), the
current operator j*(z) is one such observable. In the nonabelian case the current operator j¥(z) is covariant

rather than invariant under gauge transformations since gauge transformations act on the index a.

If we return to the variational equation for (out|in)
5 (outlin) = i / 426, (z) (out| i* (z) |in)

we see that gauge invariance of (out|in) under infinitesimal gauge transformations that vanish sufficiently
rapidly at infinity is equivalent to current conservation 9,j* = 0 in the abelian case. (In the nonabelian
case the requirement is D, j* = 0.) More is in fact true: since the conservation laws hold for arbitrary A,

all terms with the same power of A must cancel among themselves.

We first try to understand how ultraviolet divergences can spoil current conservation. Consider the

representation of the current matrix element in terms of the Green function

(out| j* (z) lin)

Coutlin) = —qTr[y*Sr(z, z; A)].

The two arguments of the Green function are coincident, but it is apparent from the free Dirac propagator
that Sp(x —y) ~ 1/(z —y)? at short distances. The fact that A # 0 is not going to alter this fact. To exert
a bit more caution, we should consider the Green function Sr(z,y; A) at slightly separated points and study
what happens as y — x. The first thing to notice is that Sg is not gauge invariant because the Dirac field
¥ — e2@)q) under gauge transformations”, so

Sp(z,y; A) —» MO =AW gL (2 y; 4).

Superficially, one would think that the above expression for the current matrix element would be gauge
invariant because the prefactor formally goes to 1 as y — z. But the approach to unity is only linear so the

* In the nonabelian case the Dirac field transforms as ¢ — Q(z)v, where Q(z) is an element of the
nonabelian gauge group. Then the following equation is replaced by

Sr(z,y; A) = Q(z)Sk(z, y; A)QT (y).

As y — x this approaches a similarity transformation, but only linearly, so divergences spoil this
property.
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fact that Sr has a cubic short distance singularity means that gauge noninvariance can occur with quadratic
or lower singularities. Thus point splitting alone will not yield a gauge invariant definition of the current

matrix element let alone the vacuum persistence amplitude.

To obtain a gauge invariant definition of the current, we first notice that
y
[ dera.a(6) = Aw) - Aw).
z,C

Thus

Sr(z,y; A,C) = eiqu’c dE#A"(OSF(:c,y;A)

is gauge invariant, albeit path dependentT. We can attempt to define the current matrix element as the
coincident point limit of S averaged in some suitable way over C. The result will certainly be gauge
invariant, and with a bit of luck might also be conserved. If so we can then define (out|in) from this

construction through the variational equation.

If we consider the weak field expansion for Sg(z,y; A), the divergence gets one degree less severe with
each extra factor of A. Thus the field independent piece has a cubic divergence, the linear term a quadratic
divergence, the quadratic term a linear divergence and the cubic term only a logarithmic divergence. There-
after all the terms are finite. Since the modification to S in S vanishes linearly, one only needs to keep
terms up to order A% in the modification factor. Actually, charge conjugation invariance makes alternate
terms vanish. The electromagnetic current (out| j* |in) should have only odd powers of A, whereas the axial

current j& = 1py5y*9) should have only even powers of A in its outin matrix element’. Thus we tentatively

1 In the nonabelian case, we can construct the matrix P exp{ig fmy o d€* A, (&)}, where the P denotes path
ordering: matrices associated with “later” points on the path C always stand to the left of “earlier”
ones. This matrix transforms under gauge transformations as

Pexplig / dg" 4,,(6)} — Q)P explig / den 4,,(6)}9 ().

z,C z,C

Then

Sp(z,y; A,C) = Pe” Joe A g (@, y; A)

transforms by the similarity transformation Sr(z,y; 4,C) — Q(y)Sr(z,y; A,C)Q (y) under gauge
transformations

I The currents in a nonabelian gauge theory carry a gauge symmetry index, j# = A, v*¢, and j& =
AaYsY*1p, where ), is the generator of the gauge group in the representation carried by 1. Their
outin matrix elements can be defined by

JH(z) = — lim Tr MaY*S(z — €/2,2 + €/2; A)
€—>

JE (x) =— liII(l) Tr A7 S(z — €/2, 7 + €/2; A)
e—
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define
{out| j*(z) |in)

THe) = (out|in)
=— qli_r)r(l] % Tr{y"S(x — €/2,7 +€/2; A) —y"S(x — €/2,z + €/2; —A)}
T o) = (out| j& (z) |in)

(out|in)

1 _ _
=— liII(l) 3 Tr{yv*S(x — €/2,2 + €/2; A) + 57 S(x — /2,2 + €/2; —A)}
€—>
To check current conservation we need the Green function equations

1 1
(570 +m = g7 A@))Sr(@, 35 4) =Sr(@,y; A)(=77- T, +m—q7- A)) =
_7:6('7:_?/)7

from which we get§

O ey S(z — /2,2 + ¢/2; A)] =
ig TH{(Au(x — €/2)—Au(@ + /D"S(a — /2,2 + /2 A)].

To calculate the gradient of the modification factor, we must first specify what happens to the integration
contour under differentiation. Under the change x — x + dz, we globally translate C' parallel to itself by the

same amount. We use Stokes theorem in the form
$dera,©) = [ dot E,

where the integral on the r.h.s. is over a surface spanning the closed curve implicit in the line integral on the
Lh.sY. To be completely explicit about the conventions in this identity parametrize the surface by & (o, 1)

§ In the nonabelian case the gauge fields are of course matrices and the appropriate equation is

Op Tr[AgY*S(x — €/2, 2 + €/2; A)] =
4T e (A (& = €/2)= Ay (& + /DA S(@ — /2,7 + /2 A)].

Then the coincident point limit gives formal covariant conservation rather than ordinary conservation.
9 A gauge covariant form of Stokes theorem can be given in the nonabelian case for an infinitesimal
closed loop

Pe* $aer4u) o 1 +ig / do*" F,,, infinitesimal loop,
where F,, = 0,A,—0,A,—ig[A,, A)] is the nonabelian field strength. (The quadratic term in F' comes
from (ig)? ¢ d&* ¢ d&'™” P[A,,(€)A,(€")] which for an infinitesimal loop at z over which A is constant is
just (i9)2A,(2)A,(2) § dE*€” = —(ig)?[Au, Ay)do*”.) Another version of this is a statement of how the

path ordered phase changes under an infinitesimal deformation of the curve C spanning an infinitesimal
surface element do*” at the point z:

6. Pt [ A = ig 5oty (2)e? ] 4" 4]
where it is understood that F'(z) is included in the path ordering.
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with ¢ and 7 each ranging from 0 to 1, with ¢ labelling the abscissa and 7 the ordinate. Then

1 (% o¢ 9" 3ﬂ> (16.1)

pv _ =
do 599\ B ar " B0 or

and with these parameters, the line integral runs around the boundary of the unit square of parameter space

in a counter-clockwise direction. The factor in parentheses in (16.1) is of course a total divergence:

o (20e_oeroery o (5uasv o)

0o Ot Oo Ot o
(5" O g 65”),

which leads to the useful identity

1 1
/da’“’ =3 ?{f”df" =-3 f{”d&“, (16.2)
with the contour for the r.h.s. enclosing the surface on the 1.h.s. in a counterclockwise sense.
1
C C+ dx
>
1

To define the derivative of the modification factor, take the left vertical boundary of parameter space
to map onto the curve C, the right vertical boundary to map onto C + dz, the curve rigidly translated by
the amount §z. The top and bottom boundaries then give the displacements of the end points of the curve

=+ €/2 and © — €/2 respectively. Using Stokes theorem on this closed contour then gives”

6u/d£ A= Ay(z+e/2) — Am—e/2) + /df”Fuu(ﬁ)
Cz C

x For the nonabelian case we get

8,Pe'? ] A — g( A (x + /2P ] B An _ peis [ € A g (1 /2) 4 P / dEV F, (€)e™? J 46 An).
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Combining these results then gives the conservation laws ™

O J*(z) = —iq® ligcly % /df”Fw,(f) Tr{y*(S(z — €/2,x + €/2; A)
c

+S(xz —€/2,z +¢/2;—A))}
0,72 (z) =im lim Te1s(3(z - /2,0 + ¢/ A) + 5(o — /23 + ¢/~ ) (16.3)

—igling 5 [ dE" Pl () Te{oa7" (S(z = /2,2 + /2 4)
C
—S(z—€/2,x+€/2;—A))}

Now we consider whether we can choose the contour to give conserved currents. We need to consider
the behavior of the factors multiplying [ F. Since the latter is of order € only the singular parts of these
factors need be retained. First consider Try*Sp. Since it is gauge invariant it must be a vector formed from
", F,, and derivatives of F. The field independent term must be of the form €” f(e?) where f behaves as
1/€*. Because of the antisymmetry of F, it will drop out if we specify the integration contour to be a straight
line connecting the two endpoints (e*€”F),,, = 0). The term linear in A was a priori quadratically divergent,
but in S this is reduced by one power of € because a factor of momentum must be provided to form F out
of A. Technically the quadratic and linear divergences in the unadjusted vacuum polarization T#" (k) turn
out to be proportional to (1 — i€ - k) €*€”/e* in point splitting regulariation and therefore give zero when

4

contracted with F},,€”. Thus the linear term in the “vector” current is at worst logarithmically divergent.

The quadratic term in A is a priori linearly divergent but gauge invariance in the abelian case requires
two factors of momentum to be used in forming F2 so it and all higher powers must be finite. In the
nonabelian case a quadratic term with no derivatives could conceivably be needed to complete the nonabelian
field strength that might appear in the linear term in A. But as we note below, the divergence in the “vector”
linear term is only logarithmic and so does not contribute. The divergence in the “axial” linear term is linear

and then the quadratic term provides the rest of the nonabelian field strength.

In summary, provided we take a straight line contour, the only term of relevance in the abelian case is
the linear one. It doesn’t contribute in the divergence of the electromagnetic current because of odd charge
conjugation. Even if we don’t explicitly enforce charge conjugation by making J manifestly odd in A, we
know from our vacuum polarization calculation that the linear term is only logarithmically divergent since
the adjustments for gauge invariance are included when we use S. With point splitting regularization the
linear divergence can be present, but its coefficient vanishes for “vector” currents. This is important in the

*xx  We quote here the nonabelian results:
OuJl (x) = —ig 1in(1) Tr[Ae, Ap(z + €/2)]17"S(z — €/2,7 + €/2; A)
€—>
— ig lim Tr Agy" / dg"P[FW(g)eigde"Aﬂ]S(a: —€/2,7 +¢/2; A)
c
A JL (x) =2im lim Tr AaV5S(x — €/2, + €/2; A)
e—>
—ig lirr(l) Tr[Ae, Au(z + €/2)]vs7"S(z — €/2, 7 + €/2; A)
€—>

— ig lim Tr Ag757" / d§”P[FN,,(§)eigfd§”A“]S(x —€/2,x+¢€/2; A)
C
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nonabelian case because then the charge conjugation properties are no longer so simple. It is sufficient to
know that the term is only log divergent to prove that it won’t contribute to the “vector” conservation law.
Thus the e.m. current and, more generally, the “vector” nonabelian currents, defined through S with a
straightline contour, are conserved after ¢ — 0, and S therefore determines a gauge invariant persistence

amplitude.

The same cannot be said about the axial current which is even under charge conjugation. In that case
the linear term of Tr~ys5v“S does contribute a linearly divergent factor to cancel the factor of € implicit in
J F, leaving a finite anomalous contribution. This is the celebrated axial anomaly to which we shall return
below.

We have shown that choice of a straight line contour suffices to make S yield a conserved e.m. current.
However a direction e is singled out breaking Lorentz invariance. Thus, it is convenient to average over
all directions. This averaging procedure preserves gauge invariance and current conservation, since those
features hold for each fixed direction. Since all terms of order A* and higher are independent of € as e — 0
we only need to apply this averaging procedure for the linear and cubic terms. ( The constant and quadratic
terms vanish by charge conjugation (Furry’s theorem).) The linear term is the one relevant to vacuum
polarization, so let’s look at that one in detail.

The linear terms that come from the modification factor

z+e/2
iq / der A, () ~ ige- A+24( -0)%- A

Tz—€/2

are multiplied by

: d4 —ip-€ a
Tr[’y“SF(e)]z_4z/( p4e P P

2m) p?+m? —ie
0 d*p e~ipe €t
:4_ = 2 2
Oe / @2m)t p2 +m? —ie € fm™e),

where f is regular and nonvanishing at zero argument. In the average over directions of e the following
replacements take place
1
ete’ —ntve?
477
4
eteVePe” _)e_(nuvnrw + Pyt 4 Pyho)
24
Thus

z+e/2
<zq / den A, (f)Trfy“SF> i ) (m ) ( Ay (@A 420" A))

z—e/2

These terms represent the adjustment that should be made to the linear term in A (whose coefficient is related
to the vacuum polarization T#¥(k)). We see that they have the qualitative appearance of the adjustment we
actually had to make in our original calculation: a quadratically divergent constant times #** and a finite
second order polynomial in k. The detailed coefficients cannot be compared because the cutoff procedure

was different in that calculation.

The term of order A? is absent in J* because of charge conjugation (Furry’s theorem). Finally there will
be a finite adjustment to the term of order A% that arises from the order k term in the modification factor

times the order 3—% term in Sr(A) for £ = 1,2, 3. This modification enters the fourth order term in (out|in).
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The unmodified value of this term turns out to be uwv finite but not gauge invariant. In summary, we have
seen that a careful gauge invariant definition of the e.m. current has led to modifications in the calculation
of only the first few terms in the weak field perturbation series for (out|in), specifically the quadratic and
order four terms. All higher terms are gauge invariant without modification.

Gauge Invariant Regulation Procedures For practical calculations in quantum gauge field theories, it is

unnecessary to carry out this detailed procedure. It is sufficient to establish a systematic procedure for
regulating divergences compatible with gauge invariance. Such a procedure will automatically supply the
polynomial modifications needed for gauge invariance. We mention briefly the more popular procedures.

PAULI-VILLARS METHOD. This method is particularly suited to Abelian Gauge theories since it relies on
the fact that the violations in gauge invariance are independent of the mass of the charged fields. Thus if we
introduce extra charged fields of large mass M; which contribute to divergent diagrams with negative signs we
can adjust the coefficients of their contributions to render the loop integrals finite. Then the gauge violating
pieces of each contribution will cancel, and the regulated calculation will be gauge invariant. One then lets
M; — oo at the end of the calculation. This may still leave uv divergences, but only those compatible with

gauge invariance as we found in the vacuum polarization calculation.

DIMENSIONAL REGULARIZATION. The idea here is that the severity of uv divergences depends on the space-
time dimension. In particular, the nature of uv gauge invariance violations is different in each dimension.
Thus if we can carry out the calculation in a way that applies to general dimension, the violations of gauge
invariance must disappear. This method will obviously not work in theories that can be defined only in
particular dimensions. For example the alternating symbol e#!"#D has a different tensor structure in each

dimension. A theory in which it appears in a fundamental way can not be formulated in a general dimension.

To illustrate how dimensional regularization is used, we reconsider the vacuum polarization calculation.
Let us first make some general remarks. In D dimensions the charge has units [mass]>~P/2. Thus it is
convenient to introduce a mass parameter u to define a dimensionless coupling gy in general D via

¢ =qiu' .

The identities for calculating traces of products of gamma matrices carry over to D dimensions except that
the constant 4 = TrT is replaced by 2P/2. The Feynman trick for handling denominators of propagators
is unchanged in general dimension, and the shift of integration variables to make the denominators depend
only on the squares of the loop momenta is still applicable. But then averaging over directions of the loop
= n"¥p?/D. After taking all this into

account, the vacuum polarization calculation for general D, becomes

momenta gives a D dependent factor: For example (p*p”),,1es

TH (k) = — 2P/ qé/j: )_DD / dx / dp
0
n*[p*((2/D) — 1) — m? + z(1 — z)k?] — 2z(1 — x)kHk"
[m? + p? + 2(1 — z)k?]?

Clearly we need to be able to do the integral

oo

depm _AD+m—4 27TD/2 pD+m—1dp
[P + 42> (/2 ) [p*+1?
0
_ /2 yD+m—s L (D +m)/2)T (2~ (D +m)/2)

I(D/2)
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where we used the identity

1

pm+D 1d 1 —(D+m D+m —

/ 5 _5/dm1 (Dm)/2(1 _ g)((D+m)/2)-1
0

T(2-(D+ m)/2)F((D +m)/2)
2I(2) '

Note that the quantity Qp = 27P/?/T'(D/2) is just the value of the integral over all angles in D dimensions.
The following table lists Qp for the 2 < D < 8.

Angular Integral for Various Dimensions

D234 5 (6] 7 8

QOp |27 |47 | 272 | 872 /3 |7 | 1673 /15 | nt/3

Using these results to do the integrals, we obtain

2

v q
T () =

m?2+z(l1—x

k2] (P=0/2
27 p? '

r2- D/Q)/dxm(l —z) (k" kY — k*nph)

As advertised the result is gauge invariant. The answer is finite as long as D < 4, but we see that the gamma
function has a pole as D — 4. This is how divergences appear in dimensional regularization. To regain the
result for 4 dimensions we have to write A°~%/2 ~ 1 + 2-4In A and the second term must be retained
since I'(2 — D/2)(D —4)/2 - —1as D —» 4:

m? + z(1 — z)k?
2

2
TH(K) — oL (kR — Kf) / doa(1 — ) [r(z -D/y) -

The pole at D = 4 represents an infinity which has after renormalization the same fate as the cutoff
dependence did in our earlier calculation, namely it disappears after expressing measurable results in terms

of measured parameters.

Since the pole at D = 4 corresponds to the logarithmic divergence of a direct cutoff procedure, it is
useful to establish the relation between the residue of the pole and the coefficient of In(A2). This follows

from the simple integral

- —4
L
/dppD B P
-5t A—o00,D<4
ln% D — 4, A fixed,

from which we see that the coefficient of In(A?) is —(residue of pole)/2. This is of course in agreement with

our two calculations of vacuum polarization.
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16.3. CHIRAL ANOMALIES

The existence of a gauge invariant regularization scheme such as dimensional regularization assures the
absence of anomalies (violations) of gauge invariance. Our careful analysis of the e.m. current showed that it
is indeed possible to define {out|in) in a gauge invariant way for the case of the electromagnetic field. But our
parallel discussion of the axial current jg = [, 57#1] showed that it is not conserved for m = 0, contrary
to what the c-number Dirac equation would lead us to believe. The significance of this is that whereas
we can consistently couple the quantum Dirac field to electromagnetism through j#A,, the gauge coupling
J¥ A, violates gauge invariance, and would lead to inconsistencies. Our point splitting definition of the
currents shows the presence of the anomaly and allows us to compute it. One can also understand why the
popular regularization schemes I have described fail to forbid anomalies. The Pauli-Villars scheme requires
the addition of massive fermions which explicitly violate chiral invariance, and dimensional regularization

gives no method for defining e#**? or ~;.

The possibility of anomalies in axial gauge couplings puts constraints on viable theories of the weak
interactions which violate parity conservation through just such couplings. The way parity violation enters
the standard electroweak theory is by assigning left and right handed fermions to different representations
of the electro-weak gauge group SU(2) x U(1). This is of course possible only if explicit mass terms are
not included in the Hamiltonian. Thus the I & ~; projections of the Dirac field for each fermion couple in
different ways to the gauge fields. What our discussion shows is that such a scheme would be inconsistent for
a single fermion. The way the electroweak theory escapes this difficulty is by a cancellation of the anomalies
between the contributions of different fermions.

Let us return to the axial current conservation law (16.3).
o1 v
O It (z) = —2mJs —iq 11_r)r(1J 3 /d§ Fu (&)
c

Tr{ys7"(S(z — €/2,5+ €/2; A) — S(z — /2,3 + ¢/2;—A))},

where we have defined J5 as the suitably regularized version of

(out| [, ivse] |in) / (out|in)

given by the first term on the r.h.s. of (16.3). We would like to extract the explicit contribution of the
anomaly which arises from the linearly divergent term in Trysv*S(x — €/2, z +¢/2; A), which resides (in the
abelian case) in the term with only one power of A. When we expand S(z —€/2,2 + €/2; A) in A, the order
zero term vanishes because one can’t form an axial vector from the only available four vector ¢#. The linear
term in A would appear to be quadratically divergent, but a momentum factor must be used along with e
to form a pseudo two index tensor, so the divergence is only linear. The quadratic term in A is also linearly
divergent, but in the case of an abelian gauge field Bose symmetry kills this leading linear divergence. (We
have already noted that since the linear divergence in this term would not involve derivatives of A it would
be inconsistent with abelian gauge invariance. It does give a contribution to the anomaly in the nonabelian
case, where it is needed to complete the nonabelian field strength whose derivatve terms come from the
linear term. Since we only need keep the linearly divergent term, the modification factor can be dropped.
Thus, for the abelian case we only need to extract the linearly divergent piece of

Trysy"S(x — €/2,z + €/2; A)
wig [ dy Ty Se(a —y ~ /2y AW)Sr(y — 2~ ¢/2)

~ iq/ d'k A(k), itz e/2 / d'p iy sy (m =y -p)y"(m—7-(P— k)
(2m)* (2m)* (m? + p? —ie)(m? + (p — k) — ie)
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The trace of 5 times fewer than 4 gamma matrices vanishes and

TrysyHyPy"y” = —4iet?™?.

Thus the trace in the numerator gives simply +4ie#?*?p,k,. Furthermore, the leading divergence as € =+ 0

coming from the integral over p is independent of £ and m so the latter can be set to zero, and we only need
to evaluate

/ dp Po__—icp :—iep / d*p 1

(2m)* (p? — i€)? 2 (2m)* p? —ie
d*pp 1

2/ @mip?

4 oo
_S d PE /dTe—Tp2—ie~p
2

—62 AT
3271'4 /dT !

871'262

where we did a Wick rotation in the second line and used a simple representation for 1/p? in the third line

Collecting these results we obtain

Trysy"S(x — €/2,z + €/2; A)

d4k A ik _ppvo €p
~dq / O

= — ige 7 9, A, (2) 34
o€

€
S 1Y) 2o 4
=iqe"”"° F,,(x) yrys

This can now be substituted into our expression for 9, J*(x), which gives after averaging over directions of €

A JE (z) = — 2mJ;s + e”p""F,,a( z)F,,(x)

=~ omJs + 4—F (2) oo ()

More generally it is clear from our general remarks that these results generalize in the nonabelian case to

2
g vo
D, J () = =2mJ5, + 1672 e*PY? Tr[Ag Fpup(z) Fyo ()]

Ambiguities

Having obtained the anomalous divergence law for a gauge invariant current, we now examine other

definitions of the current useful in certain contexts. First consider the expansion of an unmodified current
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in powers of the gauge potential described by the series of diagrams.

(out] " |in) _
(out|in)
ANNNUX
O+ At <
ANNNUX
QAKX QANNNUX
ANNNX
+ ANNNX +
ANNNX
X X

which have degrees of divergence 3,2,1,0, —1 respectively.

Note that the terms that are involved in the anomaly are parity violating containing an odd number of
vs’s and start at 3rd order. Considering the L.h.s. of the divergence law order by order in A, we see that
it is a sum of the divergence of the nth order term and, in the nonabelian case, terms with A multiplying
the n — 1th order term. Each of these diagrams naturally has a cyclic symmetry in the labels a, u, z of the
n vertices. Our gauge invariant construction of the current evidently does not reflect this symmetry in the
terms with an odd number of ~5’s, because the anomaly is present in only one of the vertices. This difference
reflects a fundamental ambiguity in the definition of divergent diagrams, which in four dimensions includes
only those of order < 4. In momentum space, a diagram with degree of divergence D is ambiguous up to the
addition of a polynomial in the external momenta of order D. Accordingly the parity violating ambiguities
are in the triangle and square diagrams and are "7 (ap; + p2), and ae””P? respectively. Our construction,
with the anomlies absent from all but one vertex, is related to the cyclic symmetric definition by the addition
of such polynomials. A potentially confusing point is that the pentagon diagram is finite and unambiguous
but the r.h.s. of the divergence law contains terms quartic in A. This is explained by the fact that the Lh.s.
contains a contribution from the square diagram. Changing the square diagram by a term proportional to
ae?’?? adds a term of exactly the structure of the quartic term on the r.h.s. of the divergence law. Thus
depending on the resolution of the ambiguities in the triangle and square, there may or may not be a quartic
term on the r.h.s. Similarly the cubic term on the r.h.s. is influenced by the ambiguity resolutions in both
the square and triangle diagram.

Physical Consequences of the Chiral Anomaly

The existence of the chiral anomaly has two sorts of ramifications. The more fundamental is the
constraints it puts on the sorts of gauge fields that can be consistently coupled to fermions. But even if the
chiral current is not coupled to a gauge field, it is still an observable of the theory, which would be a conserved
current for massless fermions in the absence of the anomaly. The anomaly breaks this conservation law in
a way that becomes experimentally significant for very light fermions. The classic example is the decay
m9 — ¥ + v which would be oversuppressed by the small up and down quark masses were it not for the

anomaly.

We first consider the limitations imposed on gauge couplings. The gauge fields mediating the weak
interactions must couple differently to left and right handed fermions

I+ I—ns
Yr= —5—9 Y = ——1.
2 2
This is an experimental necessity. The standard electroweak theory, based on the nonabelian gauge group

SU(2) x U(1), achieves this requirement by assigning left handed fermions to doubets under SU(2) while
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the right-handed fermions are singlets under SU(2). The two types of fermion have different nonzero weak
hypercharges y under the U(1). The ordinary electric charge is related to y and the weak isospin I3, one of

the three generators of the SU(2), according to the formula

Q=I5+

N

For example, the first generation of fermions consists of the electron e, the electron neutrino v, the up quark

Ve

u and the down quark d. The neutrino and left handed electron form a doublet l1;, = ( ) Since the
€r

neutrino is neutral with I3 = 1/2 and the electron has charge —1 with Is = —1/2, we have y; = —1. In

the standard model there is no right-handed neutrino and the right handed electron, being an SU(2) singlet
has Is = 0 and hence y.,, = —2. The up and down quarks have charge +2/3 and —1/3 respectively. Their
lefthanded components are an SU(2) doublet with I3 = +1/2,—1/2 respectively, and accordingly carry
weak hypercharge y,r, = +1/3. Their right handed components are singlets and hence have y,, = +4/3
and yq, = —2/3. There are at least two more generations which seem to repeat the pattern of the first
only differing in masses, which of course cannot arise from explicit mass terms which would violate gauge

invariance.

Now we consider the limitations imposed by the anomaly. Since the couplings to left and right handed
fermions are different the currents that must be conserved for gauge invariance are ¥, (I£75)7,%, separately
for A\, = I. When \, = 7, € SU(2), only the left handed current couples to the gauge fields, and that’s
the one that must be conserved. When defined in terms of the Green’s functions for the Dirac equation,
these are just J¥ + J£ . Since the gauge couplings conserve handedness for massless fermions, it is not
necessary to include the (I ++;)/2 in the coupling of each gauge field. The anomaly is thus proportional to
Tr[A.e*"? Fyp(2)Fye (x)]. The field strengths can be expanded in terms of the matrices F' = 3 F,\,, so
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the vanishing of the anomaly requires*

D TrXa{As, A} =0

where the sum is over the contribution of all fermions coupling to the gauge field under examination.

We first notice that when a, b, ¢ all refer to the SU(2) matrices the contribution vanishes: Tr 7,{7, 7.} =
20p. Tr 7, = 0. When two refer to SU(2) and one to U(1) there is a potential anomaly proportional to
Sy Trmem = 284 > 1y where the sum is over all the hypercharges of the left handed doublets. The
contribution where only one index refers to SU(2) is clearly zero and we are left with the case where all
indices refer to U(1). Then both left and right handed fermions contribute, but with opposite signs, so this

contribution is proportional to

Yy vi=0.
R L

It is fortunate that the fermion content of the standard model required by experiment satisfies the
constraints on hypercharges we have just obtained. If we substitute the relation between electric charge and
the weak hypercharges into the constraints, the first just requires that the charges of all the components
of the lefthanded doublets sum to zero. Thus for the first generation this is realized because there are
three “colors” for each quark: —1 + 3(2/3 — 1/3) = 0. The second generation consisting of the muon, muon
neutrino, charmed quark and strange quark, has gauge couplings identical to the first and so the contribution
to the anomaly from them also cancels. The third generation, follows the same pattern. the last member,
the charged 2/3 top quark, has recently (Spring 1995) been discovered at the TeVatron at Fermilab. There

* The cancellation condition is certainly enough for the vanishing of the anomaly in the conservation of
the currents constructed to be gauge covariant as we have done. This construction is not quite suited
for the derivation of (out|in) when anomalies are present. To see this note that in the expansion of J in
powers of the gauge field, the coefficient T';, of n — 1 powers of A is an n current amplitude in which the
vertex of J has been singled out. Because the anomaly is present only in this vertex the I'y, is evidently
not symmetric in the n currents as the coefficient of n powers of A in the expansion of In (out|in)
must be. Therefore to construct {out|in) from its variational equation, one must first symmetrize
each I',, in the labels of the n currents. Since different powers of A are symmetrized differently, this
process destroys the gauge covariance of the current. The term in the anomaly quadratic in A retains
its structure but is now distributed equally among the 3 vertices, so is multiplied by a factor of 1/3.
The symmetrization process modifies the structure of the higher terms: in particular the quartic term
disappears and the anomaly then reads

2

Dy Jp po(@) = ig—Qé“" "7 Tr[Aa (20, A, ()0, As () — ig0u(Ap(z) Ay (2)As (2)))]-
487

The cancellation condition would seem to only insure the vanishing of the first term. The second term
would seem to require the additional condition

Tr /\a,)\[b/\cAd] = 0,

where the indices enclosed in square brackets are completely antisymmetrized. However this condition
is automatically satisfied if the first is:

)\[b/\c/\d] :)\b[/\c; /\d] + M [/\b, /\c] + /\c[/\d; /\1,]

1 1 1
=§{)\b, [Aes Aal} + 5{)\11[)\1), Acl} + 5{)‘c[/\d; ]}

by virtue of the Jacobi identity.
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has long been evidence for the 7 lepton, its neutrino, and the bottom quark (with charge —1/3). We can
regard the required cancellation of anomalies as a prediction of the existence of the top quark, which has
now been confirmed. The recent Tevatron experiments measure its mass to be 176 + 13 GeV, almost two
orders of magnitude larger than all other quarks and leptons.

We have yet to consider the “cubic” constraint from anomaly cancellation, Y- py3% — >, y5 = 0. It is

helpful to express this constraint also in terms of the ordinary electric charge.

> (2Qr)* =) (2Q1 —2I5)° =0

R L

8() Q%D Q1) +8) (3Qilr —3QuI + I§p) =O0.
R L L

The last term in the third sum vanishes within each doublet and the second term is proportional to ", Qr,
because (I3)? = 1/4, a constant for all terms. The contribution to the first term in the third sum from each
doublet is (QT2 — (QT — 1)?)/2 which is just equal to the sum of the two charges of the doublet. Thus the
whole third sum is proportional to ), @, which vanishes by the first “linear” constraint:

Sy = i =80 _Q%->_ Q1) +6> Qu.
R L R L L
Thus the new information in the “cubic” constraint reduces to

> @r)*=>_(Qr)

R L

In the standard model each charged particle state has both a left and right handed component (this means
it is possible for all charged particles to gain a (Dirac) mass), and this constraint is automatically satisfied.
This left-right symmetry of nonzero charge assignments is an example of a vector-like ). To define this
“vector-like” property, first enumerate all of the fields according to their L components. Thus we think of
the right-handed fields as the charge conjugates of left handed fields: R = L'®, so that Qrr = —Qg. In this
new labeling the anomaly cancellation conditions read

Z Qr =0

LeDoublet
3 _
> Q7 =0

Then the charge operator @ is vector-like if for each non-vanishing charge ) > 0 there are an equal number
of left-handed fields with charge @ and —@. Thus the cubic equation above is automatically satisfied if @ is
vector-like. In the new notation the most general mass term is of the form

> mpnLi 7y L + hec.
k,n

If @ is vector-like it is therefore possible to have a charge conserving mass for every field of non-zero charge.

If @ is not vector-like, there must remain at least one massless charged field.

But notice that the anomaly constraint could also have been satisfied in other more intricate ways, which
would necessarily mean that () is not vector-like, entailing the prediction of massless charged fermions, which
experiment strongly contradicts. The fact that the standard model fails to rule out such a possibility a priori,

has led many theorists to the idea of grand unification: that the gauge group is a simple or semi-simple one
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(no U(1) factors) and SU(2) x U(1) is just the remnant “low” energy group. One consequence of this
hypothesis is the quantization of charge. In particular the hypercharge assignments will be determined
by the representations to which each fermion is assigned. These will vary with the unification group and
representation choice. Since the electric charge is proportional to a generator of a semi-simple group, its trace
must be zero which means in our context that )", @1 = 0, a constraint satisfied in all unification schemes
and satisfied by the fermions of the standard model (again because @ is vector-like). It does not rule out
massless charged particles completely, but it does put an additional restriction on how they can arise. But
as pointed out by Alvarez-Gaume and Witten, this constraint also follows from the requirement that the
fermions can consistently couple to (classical) gravity. We won’t show this, but there is a chiral anomaly
for gravitons completely analogous to that for gauge particles. We don’t need its explicit form since the
graviton couples “universally”. Thus this anomaly is just proportional to Tr A\, and vanishes for the SU(2)
current and for the U(1) current gives > ; yr — > gyr =23, QL — > g Qr) = X1, Qr' = 0, where the
last sum is over all left-handed fields in the new labelling scheme. Thus this argument for grand unification
is weakened. Similarly, the consistent coupling of the electroweak U (1) current to QCD requires an anomaly
cancellation which holds if and only if > 7 varks QL = 2 requarks @B = 2 quarks @z = 0. These three
constraints, viz. the cubic electroweak, gravitational, and QCD anomaly cancellation go some distance to
forcing the vector-like character of Q.

In fact, if they are applied within a single “generation” ((v,e)r, (u,d)r, er, ugr, dr), the vector-like
character of @) follows from the single further assumption that precisely one of the leptons is neutral. If
the neutrino’s charge is fixed to be zero, the charge assignment to every other member of the generation
is uniquely fixed by anomaly cancellation (Geng and Marshak, Minahan, Ramond and Warner) to be the

standard one. More generally, with @), # 0 anomaly cancellation implies the following assignments:

Anomaly Free Charge Assignments: @, # 1/2

v er, er Uur, dg, UR dr

1, 1-2Q, | 1, 1-2Q, | 11-2Q, | 1-2Q, | .1-2Q, , 1-2Q,
Qv |@v—12Qy—1 §+% —3 t QN? +1=50 4 2N? F5 4 2N?

Anomaly Free Charge Assignments: @, = 1/2

v er, er | ur dL UR dR

+1/2-1/2| 0 |1/2]|=1/2| Quy| —Qun

In the case @, # 1/2,0,1 none of the charge assignments allows a mass for even a single member of the
generation: the entire generation must be massless! @), = 0 gives the standard assignments and @), = 1 the
charge conjugate standard assignments, both cases allowing a Aly, = 1/2 mass for e, u, and d. The case
Q. = 1/2 forbids a Al = 1/2 mass for the electron, but the up and down quarks can have a Ay = 1/2
mass if @, = 1/2. In this case a Al = 1 mass for the (v, e) doublet is possible. All of these possible mass
terms violate the gauge symmetry and are forbidden unless the gauge symmetry is spontaneously broken
(Higgs mechanism). Mass terms in the quark sector must be Al = 1/2 (to be color singlets) and can arise
if an Iyy = 1/2 Higgs scalar develops a vacuum expectation value and has a Yukawa coupling to the quarks.
In the cases ), = 0,1, a mass for the electron can arise from the same mechanism. However in the case
@, = 1/2, one would also need an Iyy = 1 Higgs scalar to give a mass to a lepton.
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Consequences of Anomalies that Don’t Cancel

We have discussed above the restrictions arising when anomalies must cancel. Now we turn to their
consequence when they are allowed. This is when the axial currents under examination are not coupled
to gauge fields. For example the quark part of the axial current is not coupled to a gauge field. (Parts of
it contribute to the electroweak currents but those also include the leptons and their anomaly is cancelled
between quarks and leptons.) Thus the neutral component

. _T3 1, _ =
Jgs = a5 17 a = 5 (@rsyHu — dysytd)

of the axial isospin current for up and down quarks has an axial anomaly, in the approximation of

massless quarks,
. 4 1 Qo ., NOé()
aujg}) = NC(§ - 5)8—’”6” PU'F‘“/FPU = 2271—

nvpo
€ F,F,,,

where F' is the e.m. field strength. The numerical factors are explained as follows: The up and down quarks
couple with opposite signs to jz; and the contribution of each to the anomaly is the square of the charge.
The overall factor of N, = 3 is for the number of colors of each quark. This equation implies a nonvanishing
matrix element of ji between the vacuum and a two photon state. Now neglect the weak interactions,
keeping strong interactions to all orders. Since the strong and electromagnetic interactions conserve parity,
this matrix element, (0| j& |y7y), must be a pseudo three index tensor X##” where p and o are the Lorentz
indices describing the polarization of the photons, which carry momenta ki, ks respectively. EM gauge
invariance then requires ki, X*?? = ky, X#*? = 0, and Bose statistics for photons requires symmetry under
p, k1 < 0, ks. There is essentially only one such pseudotensor (up to terms proportional to kf or to k3 which

decouple from physical photons) that can be formed from the epsilon symbol and ki, k2 since ™:

#po.,r(k _k ) + 2(k‘1 + kz)pkh-kz)\d“f)“r _ 2(k1 + kQ)Ulekz)\eup/\‘r _
€ 1 2)T (kl +k2)2 (kl +k2)2 -
2(ky + k)P ki koreforT

(k1 + k2)2

Note that any contribution of O(k) at small k is of necessity nonanalytic at zero k. The anomaly equation
fixes uniquely the coefficient of this nonanalytic term . Thus we can write

: . Neag (k1 + k2)*

(K1, A1; k2, A2 jh5 |0) = 7,21—71_6”"”‘7 (K1, A15 k2, A2| Frw Floo |0) m;

where we stress we have approximated the quark masses as zero. The presence of the singularity at (ki +
k2)? = 0 is a striking consequence of the anomaly. The source of the singularity can be traced to the

* The following equation is a special case for k? = k2 of the identity

ky + ko)?
(k1 + k2)" k1 koxe?™ > = P77 (ky — k2)r%
k2 _ k2
+ GHPO’T(kl + k2)7_7( 2 2 1) + (k1 + kz)pkh—kz)\éw')‘r - (kl + kz)alek‘z)\G”pAT.
This identity can be proved by checking it in the center of mass frame of the two photons k; = —ka.

1 This is an essential aspect of the anomaly, reflecting the fact that it really can’t be removed by polyno-
mial adjustments to the definition of the current. If an analytic piece of the axial current could produce
the anomaly, one could make an analytic adjustment to the defintion of the current to remove it.
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masslessness of the quarks. But if quarks are confined they can’t be responsible for the singularity in the
exact amplitude. There are therefore two possibilities (‘t Hooft): either some of the physical baryons are
massless or there is a massless scalar (to be identified with a Goldstone boson) coupling to the axial isospin
current. The latter possibility seems to be the one realized in Nature, with the pion playing the role of the

Goldstone boson:

. igh f
(q,mo| jks |0y = ————

(27)3/2\/2w )
(The 7° is related by strong isospin to the 7%. In the limit of exact isospin (m, = mg and EM turned off)
fzo = frz, and the latter can be independently measured in the weak decay process 7= — u~ + 7,.) In
that case the residue of the pole is (27)3/?/2wfrq" times the transition amplitude for the 7y to decay into
two photons. In perturbation theory, this latter transition amplitude is (—¢) times the matrix element of the
perturbation in the Hamiltonian density describing the electromagnetic interactions of hadrons, from which
we conclude:

1 NCOt() uvp
- vee ; FuFa' 9
(277_)3/2\/%2471_."”6 <k1;Alak2;A2| " p |0)

where the approximation is due only to the fact that the quarks and the pion are not exactly massless. This

(k1, Ars ko, A2| HF™(0) |q, mo) =

corresponds to a term in the effective lagrangian:

Nca0
247 fr

vpo
moe! P E,, Fyy

To the extent that this is a good approximation, we see that the anomaly controls the decay m9 — 2. In
fact, this approximation gives a good account of the experimental rate to within 20%. This success may be
regarded as evidence for the three colors of quarks. Incidentally, the anomaly breaks the apparent chiral U(1)
invariance remaining after electromagnetic interactions have broken SU(2) x SU(2) by virtue of unequal up
and down charges. In particular the 7 will have a small squared mass of order a2 even if all quark masses
are zero. This shift however is very small compared to the order « shift given to the 7+ and does not disturb
the derivation of the Gell-Mann Okubo relation in the SU(3) x SU(3) case.

Mathematical Consequences of the Anomaly: Index Theorems

The chiral anomaly puts constraints on the eigenvalues of the Euclidean space Dirac operator (1/7)y-D in
the presence of sufficiently “nice” gauge fields. This differential operator is antihermitian, provided it acts on
functions for which one can integrate by parts without keeping surface terms. We assume that A is such that
the Dirac operator has a complete set of eigenfunctions with this property. Then since it is antihermitian,
the eigenvalues will be purely imaginary. For each nonzero eigenvalue ¢\, there is another eigenvalue —iA,,
because 5 anticommutes with v#: if 1, is the eigenvector for ¢\, then 751, is the eigenvector for —i)\,.

Now introduce the Euclidean Green function for m + %’y - D:
(m+ (1/i)y- D)Sk(z,y; A) = 6(z —y).

We can construct the gauge invariant Sg in Euclidean space exactly as in Minkowski space. Then the
quantity

oo ©wo1; qQ .
Ke Tr sy ;L}II;SE(%:U:A)

has the anomalous conservation law
— g2
OpJly =2imTrys lim S — i@e’“’p” TrFuFpo.

The extra factor —i in the second term on the r.h.s. appears because we have continued the Minkowski
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0 = —jz*, and every contravariant time index gets this same —i. We could have

used a “Euclidean” e defined as the continuation of the Minkowski one so that e23* = i€!?3® = —j  and

result to Euclidean space: z

with such a definition no —i would appear. But the epsilon symbol is conventionally always understood to

be real, and with the convention e'234

= 41 the —i must be explicitly included as written. Because m # 0
there are no infrared singularities so if we integrate both sides over z, the 1.h.s. will vanish and we get the

identity

2m/d4:z: Tr v5 lim S xetP Tr Fy Fle = 0.

Now the quantity TrsS potentially has u.v. divergences, which would make the limit delicate. However
the v5 requires multiplication by at least 4 gamma matrices to give a nonvanishing trace. To get this many
one has to go to the order A% term in the weak field expansion which is a priori linearly divergent. But this
is the term with 5 gamma matrices and that trace vanishes: the term with 4 gamma matrices is only log
divergent. Finally to saturate the epsilon tensor one needs at least two vectors: one could be € but the other
must be an external momentum, which gives one further power of convergence, enough to make it finite.

Similarly, all higher terms are convergent. Thus S can be replaced by S, and the limit y — = safely taken.

If the eigenfunctions of (1/i)y - D are complete, we can represent the Green function as

Or(x
B(z,y;4 Z m+z)\

and thus

4 ’r
/d%Tr%Sszd xz+zz\5¢r( 2)

But all terms for which A, # 0 vanish because v, and v5,. then have different eigenvalues and so are orthog-
onal. Thus the sum is just over the values of r for which A, = 0. We can organize the zero eigenfunctions
according to the eigenvalues of 5 which are +1 and —1 Let ny be the number of zero eigenvalues with £1

n+n

eigenvalue of 5. Then we have [d*zTrvsS = and finally the Atiyah-Singer index theorem

2
g vpo
3972 /d43:e“ PO Tr FFoe = (g —n_).

We have not been precise about the conditions on A except to say that the Dirac operator must possess a
complete set of eigenfunctions. It is not hard to show that eF? is a total derivative of a gauge noninvariant
function. Thus if the A falls off at infinity sufficiently rapidly we would expect the l.h.s. to vanish, so
ny = n_, with no conclusion about whether there are any zero eigenvalues of the Dirac operator. The
proper condition is not that A vanish at infinity, but rather that it approach a pure gauge there. Then the
l.h.s. just measures the number of times this gauge function “winds around” the three-sphere at infinity. The
manifold of SU(2) is the three sphere, so nontrivial windings are possible in that case, but not in the U(1)
case, when the manifold is a circle. (You can’t lasso a sphere.) For such topologically nontrivial gauge fields
the index theorem implies at least one vanishing eigenvalue for the Dirac operator. This has the nontrivial
physical implication that the vacuum persistence amplitude, det - D, in the presence of such a field vanishes
when the mass of the field vanishes.
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17. Scattering Amplitudes in Quantum Field Theory

The observables of quantum field theory are local quantum fields. For example the energy momentum

can be expressed as an integral of the local energy momentum tensor.
Pt = (P°,P) = / B (x, 1)
where 6 (z), the energy momentum tensor, is a local operator:

[0" (x),67° (y)] = 0 (z—y)>>0.

Single Particle States |p,a), with (p,a|p’,b) = 6,40°(p — p') are characterized by possessing a unique

energy for each momentum:
P'lp,a) = (\/m? +p%p) Ip,a)-

The space-time picture of scattering processes requires the use of wave packet single particle states:
far= [ dpre)lp.a).

Their physical properties follow by considering for any local operator Q(z),
(f,al¥z)[f,a) = /d3p'd3pf*(P')f(p)ei(”_”')'“(p',alﬂ(O)lp,a),

where we used translation invariance in space and time Q(z) = e~ *"#Q(0)e?**. This means we are restricting
consideration to vanishing external fields. Assuming f is peaked at pg, over an interval small compared to

important variations of (p’, a|Q(0)|p,a), we have

(f,alz)|f,a) ~ (ph, al22(0)|po, a) [ / a3 = (p!)e (P xmwe®)t)
[ dastprelon-son]

~ | f(x,8)*(Pp, al(0)|po, a)-

We can select f(p) so that at some particular time, ¢,

fx,t) = /dgpf(P)ei(P'x—wa(P)t)

is confined to some spatial volume V' (t). As time evolves this volume will move and spread. The center of

the packet will follow a straight line trajectory at the group velocity

dw, (p)
Vg = dp

P=Po B wll(po)

and spreading will be negligible over a time interval < w,(po)/(Ap)? < Az/Av where Ap is the width of
the peak in f, at po.

Creation Operators for Single Particle States
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We assume that for each single particle state, a, there is a local operator Q,(z) such that

(012(0)|p, a) # 0

Q, must carry the quantum numbers of a, but is otherwise unspecified. A given Q2 may couple to several
particles. Introduce wave packets f,(p) peaked about some momentum with a narrow width Ap assumed

much smaller than any variation in matrix elements or w,(p ). These packets are selected so that
fabot) = [ 3 falp ) ente
a ’ (27'(')3 a

is confined to a volume V,(t) = 0(1/Ap*) with negligible spreading in the interval —T/2 < t < +T/2.

Introduce also a switching function F'(t) with shape

F(t)

Ty2 T2 U

and normalized by
/ dtF(t) = F(0) = 1

We stipulate that 1/Tp is much smaller than any important momentum variation in matrix elements or the
function w,(p). In particular, 1/Tp is much smaller than any mass differences. This means that F'(w) the
Fourier transform of F' can be chosen sharply peaked in w about w = 0. The width of this peak is only
limited by Aw > 1/Ty. Then, we define (for —T'/2 < to < T'/2)

Al (k) = /d4:nfa(x, Dt — to)0l (2)

The essential point here is that [ d*z forces Al (o) to create energy-momentum in a narrow range about

(Po,wa(po)). It then follows:
(1) Al(to) creates a particle, a, in a wave packet f, at to.

(2) Aa(to) destroys a particle, a, in a wave packet f, at to.
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Proof:
(0AZ (o) |p, b)

= / d 'z fy(x,t)F(t — t)(0]Q%(0)|p, b)e'*
= [ atgz)e @) p () 01, 0)p. )

= 2 ®) 0RO, byl (=) P, (p) - ()

v~

# 0 only when m, = my
~ 6abfq (P ){0]2(0)|po, b)

The last approximate equality assumes each mass value is non degenerate, and is based on the narrow
peaking of F. The equality is exact as long as the support of F lies entirely within the gap between w,
and any other energy available to the system. The fundamental assumption is that each single particle for
which such a creation operator can be defined has a mass separated by a finite gap from any other mass.
If the state b is a multiparticle state, its energy is not discrete but must in any case be greater than the
sum of the masses of the particles it describes. This minimum multiparticle energy is also assumed to be
separated by a gap from m,. One can handle degeneracies in mass by carefully choosing the operators 1,
so that they decouple from the single particle states degenerate with particle a. Clearly the construction
does not completely succeed if there are massless particles in the theory because then a multiparticle state
containing particle @ and several low energy massless particles can have an energy arbitrarily close to m,.
In fact, in this case it is experimentally impossible to give a definite meaning to “single particle state” so
the limitations of the theory are appropriate.

Normalization:

(0] Aa (to) Al (t0)10)

2 2

~ /d3p<0|Aa(to)lp,a)<p,a|Al(to)|0) = /d3p|fa(p)| |(012%(0)Ip, a)

~ |<O|Qa(0)|po,b)|2 since f, is sharply peaked.
The first approximate equality follows because after insertion of a complete set of states between A and Af,
the smearing functions in the definition of the latter focus the energy and momentum of the intermediate
states to be (within the allowed windows ~ (1/Tp, Ap)) those of the single particle state a. Thus only those

give a significant contribution. The last approximate equality is based on the narrow peaking of the wave
packet f,.

Multiparticle States

We can use our creation operators to construct multiparticle states. For example
Al (to) A} (t0)[0)

creates a two particle state. Of course, there may be interactions between the two particles, so this interpre-

tation is only meaningful when packet, a, is spacelike separated from packet, b. In this case, we have
(41 (t), 4] (t0)] =0 (Since [ (@), Q(y)] = 0 for (= —)* > 0)

from which it follows that the norm of the two particle state factorizes into the product of single particle
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norms:
(0] A (to) Ap (t0) Al (o) A} (t)]))
)ALl (to) As (t0) A} (t0)|0)
~ (0| Aq (to) Al (t0)10)(0] Ap (t0) A} (£)[0)

Furthermore, for any operator of the form Q = [ &3z f(x)Q(x, to), we have
(01 Aa (to) Ay (t0) 1AL (t0) Aj (t0)|0)

~ (0] Aa(to) A (t0) |0)(0] 44 (t0) A} (0)[0)
+ (01 4a(t0) 41 (£0)[0) (0] As (t0) 24} (t0)|0)

This follows since we can write effectively
0~ / Erf(x)Qx,t) + / drf(x)Qx,t)
Va (to) W (to)

and the two pieces act independently on particles a and b. Since all the observables of a quantum field theory
are local fields such as Q(z), this justifies the multiparticle interpretation. It should be clear that one can

extend this construction to states with any number of spatially separated particles.

Reduction Formulae —% <ty ta,.. .ty < %

T T

T {Aa (5) (1) Q"(:L'")} -T {Q1(m1) e Q) As (—5)}

dto d;joT{Aa(to)Ql(.’El) . Qn(xn)}

Il
|
e

/dto/d4mF(t—to)%f;‘(x,t)T{Qa(m)Ql(xl)...Qn(mn}

= /2dt0/d4xF(t—to)f;(x,t) (iwa(—iV)Jr %) T{Qa(z) (1) ... Qn(zn)}
{4l (3) i) o)} - T{ () - 2uea)al (1)}

dto / d*zF(t — to)% fa(x, O)T{Q! () (21 - .. Qp(z0)}

Il
—u

1=

dto/d4:cF(t —t0) fa(x,1) (—iwa(iV) + %) T{ ()1 (21) ... ()} -

Il
\mlﬂ B

]

In these reduction formulae we have used the fact that by construction f, satisfies a Schrodinger equation
with hamiltonian w,(—iV) = y/m2 — V2. Spatial integration by parts then allows the spatial derivatives to
be transferred to Q(z).
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Single Particle States are Handled Consistently

A single particle state prepared at early times should remain a single particle state for all times. This

follows from the reduction formulae:

o (3) 41 (-3) =0l (-3) 4l (<) 10

+ dto/d4mF(t—t0)f;‘(x,t) (% +iwa(V)> (0|Q,Af (—%) |0)

S~

S

But (0] (2) AL (~T/2) [0) & [ d*p(0|2(0)\p, b)(p, A} (~T) Jo)e+i(Pm—n(®)?)

So the second term becomes

[ o [ at [ @p1:0)F@ - t0)i @a(p) - wn(p) (o))
f T
(0192(0)[p, b) (P, bl4; { -5 ) 10)
%
= [ [ dtoei o)t 2 5) F () — ()i (p) — (p)
(0192, b){p, blA}[0)
Since F ~ 0 if b # a and the r.h.s. is identically zero if @ = b because of the factor w,(p) — ws(p). The
approximate equalities become exact in the limit
. 1 2
T, Ty — with %<<T0<<T<<T0m

(The latter inequality insures negligible wave packet spread.)

We therefore obtain the required result:

o4 (3 ) 41 (-3 )10 mamotaa (-3) 4t (-3 ) 0

~ ‘(0|Qa(0)|po,a)‘25ab

where the approximate equality becomes exact as T, T — 0.

Two Particle Scattering Amplitudes

The scattering process will consist of preparation at a very early time —T"/2 of two separated single
particle wave packets with well defined momentum, aimed to collide at roughly time ¢ = 0, and the subsequent

observation at a much later time +% of two well separated wave packets.
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Let f,, fo describe the incoming packets with momentum p, and py respectively; f., fq the outgoing

packets with momentum p., pg- The information we want is contained in the matrix element

() A (2)4 (D
~ (0] |pc) (0124(0) [pa)(Pa |2} (0)[0) (ps 2] (0)[0)
[ [@d [ @ [ Eas:@)mi@me)m@e, d.dsp.aab),

which can be taken as the definition of the S-matrix. Now, we apply the Reduction Procedure
T T T T
0 () 40(3) 41 (-5 ) 41 (-5) 0
2 2
T T T T
-oa-(3) 4 (5) 4 (-5) 4 (-3) 0

/ /d4;z;1F to) fa(z1) (6(2 +zwd(zV1)>

- (0|4, (%) Qqa(z1)AL (-%) Al ( Tl) |0)

The first term on the RHS contains the amplitude that nothing happens. The final packet d has been
extrapolated back as a free particle to time —7'/2. If no scattering has occurred this extrapolated packet can
overlap with initial packet a or packet b but not both since a and b are spatially separated. Thus A4(—T7"/2)
will commute with A,(—7"/2) or Ay(—T"/2) or both. Both possibilities are included by writing

(DR D)o
< O14: (3 ) 41 (=5) 00010200 02121010 [ @015 (6) )

+ a0l (3 ) 4L (=5 ) 00O B0 [ o701 0)

~ [5mﬂ,md5mb,m6 [ Epsi@)1a0) [ sz 0)sote)

HomaimGmiin [ €21 @)5p) [ d3pfc*(p)fa(p)]
. (0]24(0) [Pa) (012 (0)[pe) (Pl 21 (0)]0) (o 12} (0)]0)

where 0,y = 0if m # m/, 1 if m = m'. Of course if the extrapolated packet overlaps with neither a nor

b this term contributes nothing, as the above formula states because then f; will be orthogonal to both f,

Sl

and fb.
In the 2nd term we now reduce particle c:

oie (5 ) autenat (<) 4t (-5 ) 0
< ouos. (-3 at (-5) 4l (-5

/ dt{? /d4$2F ty — £2) £ (x2) (% +iwc(iV2))
X ((:|T[Qc($2)9d($1)]142 (‘%) A
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The first term will give negligible contribution because the factor (% +iwd(—iV1)) will yield a factor
i (w4 +we —w, —wp) Which will vanish within the support of the factor F(wq+w, —w, —ws)- (A nonvanishing
contribution would require either ¢ = a or ¢ = b, because A, is a destruction operator and then the support
of F requires d = b or respectively d = a.) In this second reduction we have tacitly written A, (%) Qq(z1) =
T [Ac () Qa(z1)] which is not strictly true since A. (1) can involve Q.(y) at some times earlier than ;.
However the integrands include wave packets which are spacelike separated for times near % Since 2,
and Q4 commute at spacelike separations no mistake is made by this procedure. Similarly the replacement
T [Qa(z)A: (-L)] = Qa(z)A. (—L) is validated because the wave packets extrapolated back to times near
—% will again be space-like separated. (We assume packets are aimed to overlap at times near 0.)

To continue reducing, we need to replace T[Q(x2)Qq(z1)] AL(=T"/2) by T[Qc(z2) Qa(z1)AL(=T"/2)].
The above argument could be applied for nonforward but not quite for forward scattering because then one
of the final packets extrapolated to time —7'/2 could well overlap one of the initial packets. However, by
choosing T'/2 > T /2 + T, we force —T"'/2 to be earlier than either ¢; or ¢ and likewise T'/2 to be later
than ¢; or t3. Then the required replacements are valid. As long as —T'/2 is well before and T'/2 well after

the collision, such a choice is completely satisfactory.

With this in mind we can reduce particles a and b. We drop immediately terms where A' stands next

to (0], because they could only produce a negative energy state which we assume does not exist. The final

result is:
(OIQC(O)IpcMOIQd(O)Ipd)<pa|92(0)|0)<pb|92(0)|0)/d3p’ d3(J’/d3pd3q
x fa@")fi@ ) fa(@)fo(a)p’,ca’,d[(S - I)|p,a;q,b)
T/2 T /2
/ at{) dt$? / dt{P drlV / d* o1 d rad wad o F(ty — ) F(ts — £2)F(ts — t3) F(ty — t2)
—T/2 —T7/2
fian) 2 e ) o) (- + ) (s + ) (o ) (g = )
(OIT[Qe (@) Qu(z1) 2 (23) 2 (24)]]0)
Now define

Tla2a15 4394] = /d4931d4w2d4w3d4:c4e"'(”'”+‘“'Z1“13"’”3‘q“'$4)
(01T [Qe(22) Q1) 2 (23) 2 (24)]]0)

and the r.h.s. becomes

T/2 T' /2 .
d'gm . - -
/ dthdt? / dtodtO/H I Fr(wa = ) F(we — 63)F (a8 — wa) F (g — ws)
—T/2 —T7/2

Fa(ar) £ (a2) fa(as) folaa)i*(wa — ) (we — a9)(wa — a9) (ws — 4f)

i(wd—‘h)toe’(wc—qz)to e—’(‘*’a—‘13)toe—’(""b—‘14)téT[q27 qi; g3, Q4]

3 3 3 3
117 oo | o B fi ) ) o) ()

lim (wg — QI)( We — q2)(wa — @) (wy — @) T2, 415 43, ¢a),

where the limit taken is ¢¥ = wq, ¢3 = we, 3 = wa, q§ — ws, and is forced by delta functions arising from
the large T, T" limits of the integrals over the 5. We see that there is nonzero scattering only if 7' has poles

in all of the ¢) at the energies of the respective incoming and outgoing particles.
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Taking the limit of infinitely narrow packets we may express our result as follows

_)
Tlp',d'sp. 4] ’q’ﬁ,’::j: [(27)°]* (2wa) 2wp) (2w) (2wa) (012:(0) [P ") (02 (0)[a")

P’ —owa
(IO —Wh

x (p|2}(0)[0)(a|2] (0)]0)
L —i —i —i
PP +mZ g% +mgp® +mi ¢® +mj
x [(p',c;a’,d|S|p,a; q, by — 64c06a0” (' — P)6* (@' — q)
—60a0pc8° (P —a')8%(p' — q)]

Note that translation invariance implies that T has an overall factor of (27)*6*(p’ + ¢' — p — q) expressing
energy momentum conservation. It should now be clear how the generalization to an arbitrary number of
incoming and outgoing particles should be expressed. The F.T. of the T.O.P. of interpolating fields will
have a pole factor —i/(g2 + m?2) associated with each external line. The coefficient of all these pole factors
is proportional to the desired scattering amplitude. Furthermore, the factors of proportionality are clear: a
factor 2w, (27)% (pa| 24(0) |0) for each incoming line and a factor 2w, (2m)3 (0| Q! (0) |p,) for each outgoing
line.

We are left with the task of computing the matrix elements of the interpolating fields between the
vacuum and one particle states. This information is contained in the F.T. of the two point functions

/ d*ze= 1 (O[T ()02} (0)] |0) =

3 (019(0) \,p) (Pl 2}(0)] 0) (275 — a) 5= —

Ap

£ (0124(0) [X, p) (A, p| 2(0)] 0) (2m)°5(p + @)
Xp

—1
PO + ¢° —ie

The sums over states include all states with any number of particles. But the single particle states are
singled out by their unique values of energy for fixed three momentum. Thus only these states will produce
poles in the variable ¢°. (Multiparticle states produce cuts). Single particle contributions in the first term
produce poles at positive values ¢° = +w.(q) whereas in the second term they produce poles at negative
values ¢° = —w.(q). The states contributing to the second term are the charge conjugates (antiparticles) of
those contributing to the second term. Focusing on the positive energy poles, we see that the single particle
¢ gives a pole with structure

—i

m(%)32w(q) (01€2(0) e, @) ¢, a| 2}(0)]10) -
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18. Feynman Rules for QED

18.1. RULES IN COORDINATE SPACE

Propagators
X,a
[ d'p MBah = Vab P _i(a—y).
Sr(T —Y)ap = —z/ 2n) m2a+ - = = el@=v)p,
y.b
X 1
A muy — (L= a)(kuku [K?) iy
Dy = —z/ o) e ele=v)
y.v
Vertices
a
X, L iQo'yg‘b/d‘la:.
b

Rules for Calculating (1(z1) -+ 9(zn)P(Yn) - - (y1)A(21) - - - A(zm) )

1. Draw all possible graphs connecting together the points (z;,¥;, 2;). Drop all disconnected vacuum
bubbles. Associate with each graph the product of propagators and vertices according to the above

table. Integrate over all internal points.
2. Each distinct graph has a weight +1 as follows:
(a) For each closed fermion loop include a factor (—1).
(b) Two graphs of identical structure except for a permuatation of the z;’s or of the y;’s have a

relative minus (plus) sign if the total permutation is odd (even).

Rules for Scattering Amplitudes

1. Drop all corrections to all external lines.
2. Replace propagators associated with external lines by the following factors:

Outgoing Electron:

VZ,

RN R

Incoming Electron:
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Outgoing Positron

Incoming Positron:

Outgoing Photon:

%W%\/\

135

VZs

(2m)3/2 zw(p)ux(p)ew.p

VZ,

(2m)3/2 2w(p)w(p)6_w.p

en o) P

V23 .

k —iy-k
Gy
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Incoming Photon:

VZ3

k iy-k
@n)°722[K| ex(k)e

3. Z5 and Zj3 are obtained from examining the poles in the F.T. of the two point functions:

/d4xe—iq-w (0| T[4()1(0)]]0) 2 S Zz%
et OT A0 g e LD

Note that o' # « in general. Also Z3 is gauge invariant whereas Z, is not.

Cross Sections and Decay Rates

Let M be the amplitude obtained from the above rules by dropping the factors 1/[(27)%/%v/2E] as-
sociated with the external lines and also dropping the overall momentum conserving delta function factor
2m)46 (> s P — 22; pi)- Then the differential cross section for 2 — N particle scattering is:

o= oI oy o~ Y ) g I MP
7= @nRE] - (@2n) 2By " : b1 PV Bylvg —vi

Here v; are the velocities of the particles in the initial state. The initial state momenta are p;,p2 and the

final state momenta all carry primes.
For a decay process 1 — N the differential decay rate in the rest frame of the decaying particle is

&’p; - - dpy

— 4 ro_ i 2
I = orymE - @nmE, o) 5(;’5’ PoprMI%

where p = (M, 0).

To obtain total cross sections and total rates one must integrate these expressions over all final state
momenta and summing over all final spin states. In addition, if some of the final state particles are identical
one must include the statistical factor 1/r;! for each subset & of 7, identical particles to compensate for

multiple counting of identical states when these final state sums are carried out independently.
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18.2. RULES IN MOMENTUM SPACE

Propagators
p FA\P)ab m2+ p? —ie
Muv — (1 — a)(k ku/kQ)
k Dy (k) = —i=- k2 — ieu

Vertices

a

H iQO'ng-
b

1. Each line carries a momentum obeying the constraint that energy-momentum is conserved at each

vertex.
2. The rules for drawing graphs are identical to those in coordinate space.
3. Each unconstrained internal momentum is integrated with weight d*p/(2m)%.
4. The external line factors for M are simply

Outgoing Electron:

VZ>1i(p)

137 (©1992 by Charles B. Thorn



Incoming Electron:

Outgoing Positron

Incoming Positron:

Outgoing Photon:

Incoming Photon:

B

-
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Zrux(p)

Zzvux(p)

Z>0x(p)

Zzex (k)

Zzex (k)
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19. Soft Bremstrahlung and Infrared divergences
19.1. ONE SofFT PHOTON

Let us consider the emission of an extra photon in the scattering of an electron in an external potential.
To regulate infrared divergences we temporarily introduce a small photon mass A. To lowest order in the

external potential the diagrams are:

p k p

p’+k

P P

Writing the Feynman amplitude for this process M = Qo M" A, (p' + k — p), we have

v _inat|x  m=y-@+k) ,  m—y-(p—k),

we it [¢ A T s e

L2€* - p4y-ke* o)
—2p-k— A2

2¢*-p' —€ -k,
o ka7

=iQou’ [

In this chapter we are mainly interested in the case of soft photon emission, since that is intimately
involved with the cancellation of infrared divergences in physical processes. In the limit of very small k, A, the
terms involving three gamma matrices are negligible and M" becomes a numerical momentum dependent
factor

2¢* - p 2¢* - p
2 -k — X2 - 2p -k + A2

Qo = Qo™ - J

times the lowest order elastic scattering amplitude. If the soft photon is unobserved and its energy is smaller
than the energy resolution A, one must include the contribution of the emission when calculating the cross
section for electron scattering. In this case we must obviously sum over polarization and integrate over

photon angles. The soft photon contribution to the differential cross section is then approximately given by

do do ) &3k (k- T2
El soft photon = EElasticQO / m (J T+ T ,
[k[<A

where we used the identity

* k#k"
Z €€y, = Nuv + 2
Pol

to evaluate the sum over polarizations.

Clearly J - J = O(1/k?) for small k. On the other hand, k- J = O(A?/k), so the second term in the

integrand is a factor of A2 smaller than the first, and can be dropped. Moreover, the smallest in magnitude
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k-pork-p can be is m) so the A\? in the denominators of the expression for J can be dropped, leading to

_2plp B m2 B m2
pkpk  (0-k)?  (p-k)*

Since the last two terms are special cases of the first, we only need to evaluate one integral:

J-J=

K

I

d*k 1
/ (2m)32wyp - kp-k’
k<A
To extract the divergent contribution of this integral, first scale |k| — A|q|. In the new variables |q| < A/A.
The divergence as A — 0 then comes from the integration region go < |q| < A/, where go >> 1 is fixed.
For this region the g dependence is simply 1/¢® so the ¢ integral just gives a factor In(A/go)). Thus we have

1 1
K = Finite +In(A/\ /dQ* = = .
B/ e “(p'-k-E)(p-k—E)
Define
1
I(p, E/dQ~ - - .
v.p) Kp k-EB)p k- B)
Then

do

— ~Finite
dQ1 soft photon

do Q3

+ ln(A/)\) dS) Elastic 1671'3

[-2p" - pI(p',p) — M*I(p',p'") — m*I(p,p)].

The integral defining I can be simplified by combining the denominators with the Feynman trick, and

then choosing the z-axis for the polar angles to be parallel to the vector zp’ + (1 — z)p. Then I reduces to

1

I(p',p) = 47T/d$

0

1
(zE' + (1 —2)E)?2 — (ap’ + (1 — z)p)?’

The denominator is the Lorentz scalar —(zp’ + (1 —x)p)? which evaluates to (z?+ (1—z)2)m2 —2z(1—z)p’ -p.
Using ¢ = (p' — p)? = —2m? — 2p’ - p, we then obtain
1

I(p',p) =47r/d:c

0

1
m? 4+ z(1 — z)g?’

from which we see that I depends only on ¢?. Taking account of this information, we can write

do d_a

. . a
~Finite  +In(A/X) g0 m[qQI(qQ) +2m*(I(¢*) — 1(0))].

dQ1 soft photon

What we have computed is the contribution to the scattering cross section for electron scattering with the
emission of an unobservable soft photon. Adding this to the contribution with no photon emission gives to

this order the total electron scattering cross section

do do a
— ~ a X Finite + — (1+lnA/\—212+2m212—10 )
o o (1A 5[ T(6) + 2m(1(¢*) ~ 1(0))]

The unobserved photon emission contribution seems to make this cross section diverge for A — 0.
However, in this limit the elastic cross section is not directly measurable, since soft photon emission can not
even in principle be experimentally vetoed. It is only a physical quantity (in principle) for a non zero photon
mass. We shall find that the one loop radiative correction to the elastic amplitude has a divergence as A — 0

which precisely cancels the one in the above formula.
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To see this cancellation, let’s examine the one loop vertex function in the presence of a finite photon

mass.

d'k ypm =@ —k) -y (m—(p—k) -7
@M (2 + X% —ie)(K? — 2k - p— ie) (k? — 2k - pl — i)’

We are interested in the infrared divergence in this expression when A — 0. Since we want to present the

r(p',p) — " = —ZQ%/

result in a form suitable for comparison to the photon emission amplitude, it is appropriate to first evaluate
the k¥ integration by contours. Examination of the denominators reveals six simple poles at the following
values of k°:

+(VK2+ A2 —ie) E++\E2+k2—-2k-p—ie E' ++/E?+k?-2k-p' —ic

Three poles are in the upper half plane and three in the lower half plane. We can close the contour up
or down, but the best choice is down in the lower half plane. The reason is that only one of the poles in
the lower plane is near the origin for small k, the region responsible for the infrared divergence. The other
two poles are far from the origin at small k& and it is simple to see that their residues do not contribute
to the divergence. Thus closing in the lower half plane we only need to consider the residue of the pole at

0 = +Kk2 + X2 — je.

Bk y(m—=p )y (m—p-y)y
(! — ~H g 02 P
I“(p',p) —v Qo/ (2m)32w (—A2 — 2k - p)(—A2 — 2k - p)’

where we have dropped terms linear in k in the numerator, since they won’t contribute to the infrared
divergence. When the vertex is sandwiched between on-shell spinors, the numerator simplifies to 4p’ - p by
moving v - p' to the left and « - p to the right. To extract the divergent part as A — 0 we compute the
integral over the region |k| < ko for some fixed k. This integral is identical to the one encountered in the

soft photon calculation, so by comparison, we find

2
% pp'In @I(qz’)) :

1% ~ M

Finally, we have to separate from the vertex correction the part that should be absorbed into 1/Z;.

This is just the value of the correction at p' = p, so we write (Recall 2p - p' = —¢? — 2m?2.)
1 k
TH(p',p) = Z—y” (1 - % In TO[qZI(qQ) +2m?(I(¢?) - I(O))]) + a x Finite + O(a?).
1

Of course, defining Z; this way makes it depend on the infrared cutoff. In any regulation scheme respecting
the Ward Identity, it will turn out that Z; = Z, so that charge renormalization will not be infrared sensitive,
even though Z;, Z, separately are. The elastic electron cross section involves the square of ', and since the
infrared divergence occurs at order «, it is correct to this order to extract the divergent A dependence of the
elastic differential cross section as an overall factor:

do do a koo s ) s 2 )

— = 1——1In—[q¢°] 2 I -1

dQ Eiastic  dYIR Finite (( 8nZ A g 1(a”) +2m*(I(q") = 1(O))] ] +O(e)
do

T dQIR Finite <(1 Bl % In %[qzj(q% +2m*(I(¢*) - I(O))]> +0(a?).

Inserting this information into the expression for the electron scattering cross section, we see that the

sensitivity to the small photon mass disappears:

do .. do
Jq ~ax Finite + VIR Finite (1 + In(A/ko)

(0]

1@ +2m*(I(q*) = 1(0)])

Notice, however that the physical effect of soft photons remains, signaled by the unavoidable sensitivity
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of the electron scattering cross section to the experimental energy resolution A. There is no “infrared

catastrophe,” i.e. the theory gives perfectly finite predictions for all physical measurements.
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