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INTRODUCTION

These notes on Quantum Mechanics (QM) are not original but are based on material
I took and adapted from many books: Landau, Messiah, Sakurai, Cohen-Tannoudji,
etc. and in large part from the handwritten notes of my colleague GianCarlo Ghirardi
who taught this course for many many years before retiring. Differently from many
other books, these notes contain 34 problems with their detailed worked-out solutions.
[ will present in class at least 10 extra problems with solutions of which I will provide
copy of my handwritten notes. Several other problems are left as homeworks and I
advise you to do them because they may end up being part of the final written exam.
All these problems are not original but taken from various sources: Landau, Lim,
D’Emilio and Picasso, et al. and some, very original ones, were generously provided

to me by GianCarlo Ghirardi.

My personal advice to the students of this course is to study first these notes (or
even better the original handwritten ones of Ghirardi) and only later on, if needed,
to turn to the books quoted above. This advice is given only in order to speed up the
preparation of the exam and avoid getting lost in the details and notation of many

different books, notation that I have tried to make uniform in these notes.

A second advice is to work out many more of the 50 problems presented and solved
in these notes. The solution of problems is what a physicist should learn to do in
every course and later on in his professional life. It is the only manner to really master

the theoretical aspects presented in class or learned from the book.

A third very important advice (but also very personal) is to waste no time, at



xii INTRODUCTION

this stage of your preparation, in wondering about the very “strange” behaviour of
quantum mechanics. This ”strange” behaviour ranges from interference effects, to the
tunnel effect, to the Schrodinger cat paradox, to the non-locality intrinsic in QM and
many other things. This “strange” behaviour is a consequence of a set of postulates
which are given at the beginning and that we will spell out in details. Once these
postulates are accepted, the “strange” behaviour of QM comes as a consequence. So
somehow I like to look at quantum mechanics as a mathematical theory with its own
postulates and consequences (theorems) and one should not wonder too much if the
consequences are rather “strange”. After all, the experiments confirm this ”strange”
behaviour. Remember that in physics only experiments are the ultimate test of a
theory and QM is the best tested theory around. The “strange” behavior is only due
to the fact that we, as human beings, are macroscopic objects and so we can develop
an intuition only about macroscopic phenomena and not about microscopic ones like
the things that happen, for example, in an atom and that are described in a strange
way by QM. I would like sometime to be transformed into an electron for just a day,
and I would like that not only because in that manner I would loose weight, but also
because for one day I would experience a different world and develop the intuition to
“understand” QM. Remember anyhow that the role of theoretical physics is not to
“understand” phenomena but to develop the equations which describe these physical
phenomena and that can predict new ones. In this respect the strange theory which
is QM has been an extremely successful one. So as an electron I would only be able to
develop an intuition for these strange phenomena but I would not be able to explain

them.

As T said I like to see QM as a mathematical theory with its own postulates and
theorems and corollaries of theorems and so on. In a mathematical theory the only

things that we can do are the following:
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1. to check that the postulates are not in contradiction with each other (and some-

times contradictions are subtle);

2. to check if the postulates are redundant, so that we may be able to find a smaller

set which is sufficient to explain all of QM phenomena;

3. to check if we can replace one postulate with a new one and still obtain a con-
sistent theory. This is somehow analog to what has been done in non-Euclidean
geometries where the fifth postulate of Euclid has been replaced by a new one
and all the others left the same. The new theory was consistent, had no con-
tradiction but it described a new world (a curved one instead of the flat one
described by the Euclidean geometry).This same thing could happen in QM
where, with some a new postulate replacing an old one, we may obtain a con-

sistent theory but which describes a different world;

4. to check if one or two of the postulates could be unified in a new postulate
with the same physical consequences we have tested so far and the potential to
explain new phenomena. This is the road followed, for example, by those who
modified the Schrodinger equation (for a review see ref [1]). With the postulate
of a new and different time evolution, they could replace both the postulate of
the Schrodinger time evolution and the one of collapse of the wave function (at

least for measurement of the position operator);

5. to check if the postulates of QM could be proved as theorems of a more basic

theory than QM.

These are the things that we, as theoreticians, should do instead of wondering about
the “strange” behaviour of QM. As experimentalists instead we should look for new

phenomena which QM could (or could not) explain.
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A deep unsolved problem that I personally feel is still open is the transition from
the microscopic to the macroscopic world and the interaction between the two. The
chair on which you are seated is made of hundred of trillions of billions of atoms and
so it should be possible in principle to describe it using QM because atoms behave
according to QM, but instead we are unable to describe the chair using QM. So
we use an “effective” theory which is classical mechanics (CM). I call it “effective”
because somehow it manages to describes hundred of trillions of billions of atoms in a
single stroke. People usually think that the transition from QM to CM is achieved by
sending the Planck constant to zero. This is not correct, not only because the Planck
constant has dimension but also because in this “semiclassical” limit we do not get
exactly CM but CM plus some “phases” which spoils the classical behaviour. The
same happens when, instead of the semiclassical limit, we take the limit of large N
(N being the number of atoms). So the problem of how to get CM from QM is still
open. Also the problem of how a macroscopic object (subject to the rules of CM)
interacts with a microscopic one (subject to the rules of QM) is still open and it is at
the basis of the so called “measurement problem” and of all the modern mesoscopic
physics phenomena discovered over the last 20 years. Attempts to correctly achieve
the transition from QM to CM have been done by many people. The two I know

better are summarized in ref.[2] and [3].

The solution of the problem of the transition and interaction between QM and CM
may shed some light not only on several of the “strange” features of QM and on
mesoscopic physics phenomena but also on CM itself. As we saw before, CM is only
an “effective” theory and not a “fundamental” one like QM. It could (in principle) be
obtained from QM by using some procedure and limit (but not the ones mentioned
above) like for example the one of considering as basic variables blocks of phase space

of dimension > A and not points in phase-space. This may overthrow concepts like
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the one of “degrees of freedom” and similar ones which are considered well-established
and not questionable concepts of CM. In this procedure it will for sure emerge that
CM is not only an “effective theory” but also an “approximate” one . This may
lead to the conclusion that CM is not the correct theory to describe all macroscopic
phenomena. Actually there are some macroscopic phenomena that we are unable to
explain and which were discovered over the last 30 years. They are those astronomical
phenomena which need the introduction of theoretical concepts like “dark matter”
and “dark energy”. May it be that instead of all these “dark things” of which we have
not found any experimental evidence, the way out is that CM may have to be modified
(or improved in his “approximate” status) at those large scales? These improvements
can come from a more rigorous and less approximate derivation of CM from QM. All
this gives you an idea of the problems that we may be able to solve starting from a

better understanding of QM.

In this book you will not find any of these more advanced topics or others like
quantum relativistic equations, modifications to the Schrodinger equation, entangle-
ment, non-locality, quantum information, teleportation etc. which are left for more

advanced courses taught by my colleagues at the University of Trieste.

These notes are in this BTEX and Web form thanks to the hard work of Alessandro
Candolini and the financial support of the “Consorzio per lo sviluppo della fisica”
of Trieste University. I wish to warmly thank both Alessandro and the Consorzio
expecially his president prof. Ghirardi and its director prof. Mardirossian. 1 wish
also to thank in advance those colleagues and students who, reading these notes, will
indicate to me any misprints and conceptual or computational errors which for sure

are present in these notes.

These notes are dedicated to the memory of my dear friends Fabia and Paolo.
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Chapter 1
SCHRODINGER EQUATION. WRONSKIAN THEOREM.

1.1 The time-dependent Schrodinger equation: general properties

The time-dependent Schrédinger equation for the wave function ¢ (z,t) of a quantum

particle of mass m moving in one dimension is

p(z,t)

ﬁiww(w(m):m pral (1.1)

o9m Ox2

where V' (x) is the potential acting on the particle.

The main properties of this equation are

e if ¢(z,1) is a solution, then also all the functions of the form

Yoz, t) = ei“"@b(x,t) (1.2)

are solutions of the same equation, provided that the phase ¢ does not depend
on x,t. This follows from the fact that Eqn. (1.1) is linear in ¢). The phase ¢ can
anyhow depend on such external parameters as a constant electric or magnetic

field.

e The set of all solutions of the form (1.2) is referred to as “ray”. We shall take
into account only one element for each ray, but it is important that, once you

have chosen the phase, you do not change the phase when you sum two states.
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e Thus, you must sum states and not rays.

1.2 Solution of the time-dependent Schrodinger equation

We now turn to the problem of how to solve the time-dependent Schrodinger equa-

tion (1.1). Let us seek a solution of the form *
U(z,t) = p(x)p(t)

Inserting (1.3) in Eqn. (1.1) and dividing by ¥(z,t) we obtain

L[ )

) o] L el
() | 2m  da? Vi) hgp(t) de

* A general solution is just a linear combinations of them: W(z,t) = 3=, Cithi() i (t).

(1.3)
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The left-hand side of Eqn. (1.4) depends only on x while the right-hand side depends
only on t. The only way out is that both sides be equal to a constant, say E:

1 de(t)

S E (1.5)
= thQj’” Vi) = B (16)
The solution of Eqn. (1.5) is (up to a constant)
p(t) = e P (1.7)
and Eqn. (1.6) can be written as:
PV | Vit = Bt (15)

Eqn. (1.8) is the so-called stationary (or time-independent) Schrédinger equation.

Few remarks:

e In the above derivation, special care must be taken in dealing with the zeros of

Y(x) and p(t), however it is possible to prove that they do not lead to problems.

e Total, and not partial, derivatives have been used in writing Eqn. (1.4) since 1

and ¢ depend only on x and t respectively.

1.2.1 Properties of the solution

1. Since () is related to the probability density p(z) of finding the particle in

via the relation [Born interpretation of the v (z)]

pla) = [¥(@)]” (1.9)

we must require that ¢ be normalized:

[ owar=1= [Tk,

[e.e] o0

thus v (x) must be square-integrable: ¢ € L.
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2. Moreover ¢ (z) must be finite for all =, otherwise if ¢)(x) were infinite at some
point xy then also the probability density would become infinite at that point

Zo.
3. ¥ (z) must be single-valued because from it we will derive observable results;

4. ¢(x) and its derivative will be chosen to be continuos at least away from sin-
gularities of the potential. This choice is ”compatible” with the physical in-
terpretation of the wave-function and its derivative. ”Compatible” means that
the continuity of the wave-function shall imply the continuity of the probability
density which is a reasonable physical condition. Analogously for the derivative
of the wave-function:its continuity is ”compatible” with the continuity of the
probability current defined below. A more mathematical argument is the follow-
ing based on the fact that the derivability of a function implies the continuity
of the same. In the Schroedinger equation we have the second derivative of the
wave-function and, if this does exists, it implies that the first derivative exists
and is a continuos function. This last in turn, as it is a derivative, it implies that
the wave-function itself is continuos. So this is the reason why the wave-function

and its derivative must be continuos, at least for regular potential.

Before concluding this section, we should recall the continuity equation which in the

one-dimensional case reads

op(x,t)  9J(x,1)

ot oxr '

where the probability density p(x,t) and the probability current J(z,t) are given re-
spectively by

plat) = [U(a, )" = W(z, )T (1),
oV*(z,t)

o + U(z,t) 5
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v(gc)ﬂ

8y

| |

| |

| |
$/ I,//

Fi1a. 1.1. The potential V(x) used in the qualitative analysis of the stationary Schrédinger
equation and the energy F chosen for the analysis.

1.3 Discrete energy levels

We would like to understand in this section if the Schrédinger equation (1.8) can
have discrete energy solutions like several experimental evidences seem to indicate for

atoms and other systems.

1.3.1 Qualitative analysis

The stationary Schrodinger equation (1.8) can be rewritten as

d*p(z)  2m

daz? _ﬁ[

V(z) - E]¥(z) . (1.10)

Since it is a second-order linear differential equation, the values of ¢(x) and its first-
order derivative at some initial point £ = a must be provided in order to solve the

equation, ¢.e.:

W) _

dx r=a

Let us consider a potential V(x) like the one plotted in Fig. 1.1. Between z’ and

U(a) = v,

2" we have V(x) — E < 0. If we choose 2’ < a < 2" and we suppose 1(a) > 0, then

it follows from Eqn. (1.10) that
d*y(z)

da?

<0,

r=a
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Y(x)}

Va

sy

I
I
‘ I
I I I
I I I
I I I
| | |
o a " N

Fic. 1.2. Three attempts to find an acceptable solution to the time-independent
Schrodinger equation.

and ¢(x) remains concave downwards up to x” (see Fig.1.2). After the point z”
the wave function goes into a region where V(z) — E > 0, thus it becomes concave
upwards. In this case, the wave function diverges towards +o0, as shown in Fig. 1.2

(solid line).

Another possibility is to decrease the slope of the wave function after x”. In this
way 1 intersects the z-axis and it becomes negative. Beyond the point of intersection

we have

d*¢(z)

daz?

<0,

thus the wave function becomes concave downwards and again it diverges, this time

towards —oo, see Fig. 1.2 (dashed line).

A third possibility occurs when the slope of the wave function after x” is such that
1) decreases very slowly so that it remains concave upwards, it does not intersect the
r-axis and tends to zero asymptotically. This solution has a behavior at least at +oo

that allows it to be normalizable. See Fig. 1.2.
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1.3.2  Quantitative analysis and Wronskian theorem

Let us write the stationary Schrodinger equation

d*p(x)  2m
2D 2y @) - Ea)
in the following way
dd";ff) + B - U(x))2(z) =0, (1.11)
where
~  2m _2m o
E = ﬁE , Ux) = ﬁV(x) , z(x) =Y(x) .

Let us take U(z) continuous and bounded from below.
Given two arbitrary solutions z;(x) and z5(z) of Eqn. (1.11) corresponding to two

different energies, we can define the following object, which is called the Wronskian:
W21, 20) = 2125 — 2221, (1.12)

where 2§ = dz;/dz and 2z, = dzy/dz. If, at a certain point z = a, the Wron-

skian (1.12) is zero, then

that is,

z(a) B z1(a)

which means that the logarithmic derivatives® of the two solutions are the same at

that point.

Theorem 1.1 (Wronskian theorem). If z;(2) and 2(z) are solutions of the following

equations
2 (x) + Fi(x)z(z) =0, (1.13a)
2y (2) + Fy(x)ze(x) =0, (1.13Db)

* The logarithmic derivative of z(z) is L log z(x).
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where Fi(z) and Fy(z) are generic functions, then it is possible to prove that the

variation of the associated Wronskian W (zy, z2) in some interval (a, b) is given by

b
W(Zl, Zg)

:/ [Fy(2) = Fy(w)] 21 ()25 (z) d . (1.14)

Proof. If we multiply Eqn. (1.13a) by 23 and Eqn. (1.13b) by z; and take the difference
of the two, we obtain
2221/ — 2125 —|—<F1 — Fg)leg =0. (115)
—W'(z1,22)

The first term is, modulo a sign, nothing but the derivative of the Wronskian W (2, z2)

with respect to x, as you can see by direct differentiation of Eqn. (1.12):
W'(21,29) = 2125 — 292 .
Integrating Eqn. (1.15) in x between a and b yields just Eqn. (1.14). ]

Corollary 1.1.1. If Egs. (1.13) correspond to the stationary Schrédinger equa-
tion (1.11) for two different energies £y and E, respectively, then Fy(z) = Ey — U(z),
Fy(x) = Ey — U(z) and Eqn. (1.14) becomes

b

b
Wiz, 2)| = (B — Eg)/ 21(x)2zo(z) do . (1.16)

a

Corollary 1.1.2. If the two solutions z; and 2z are associated with the same energy

E, = E», then we get from Eqn. (1.16)

W(Zl, ZQ)

SO

W (21, z9) = const ,
i.e., the Wronskian is independent of = since the interval (a,b) is arbitrary.

Corollary 1.1.3. If z(z, E) is a solution of Eqn. (1.11) and if its logarithmic deriva-

tive, i.e.:
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at the point 2 = a has a fixed value f, which is independent of E, i.e.:
F(a,E) = f,, foral E,

then F(z, E) is a monotonic function of F, increasing if # < a and decreasing if 2 > a.
This is because the derivative of F with respect to E is given by (see proof below)
OF (v, E 1 v -
(. B) _ _ _ / 2(€, B de . (1.17)
OF 22(x, E) Ja

and from Eqn. (1.17) we see that the derivative is negative if x > a and positive if

T < a.

Proof. Let us consider the following boundary conditions:

2(a,B)=z,, Z(a,F)=2,

and replace F with F + 6 E. There will be two nearby solutions z and z + 6z which
correspond to the values E and E + 6E and satisfy the same boundary conditions.

According to Corollary 1.1.1, at first order in § we obtain

b

W(z,z+62)| =—0F /b 2(z)dw . (1.18)

At the point = a, the Wronskian is zero: W(z, 2402)|,—, = 0. This is so because the

a

two solutions satisfy the same boundary conditions, since z, and 2, are independent

of E. For all other values of x in the interval (a,b) we have
/

Wz, 2z +0z2) = 202 — 20z = 2°6 (%) = 2%6F .

Thus, Eqn. (1.18) becomes

b
2O0F| = —5@/ 2(z)dw

x=b
that is,
oF

S
5_E‘ 7b:_z2—<b> i Z(fL‘)de‘

from which it follows that F' is a monotonic function of E, increasing or decreasing

for b < a or b > a respectively. [ ]
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31/

F1c. 1.3. Potential U(z) and its asymptotic behavior at £oo.

Let us now take a potential U(z) such as the one plotted in Fig. 1.3, with U() >
U,

First case. We consider £ > U(). In this case, E — U(z) is positive at the two

extrema and constant, Eqn. (1.11) becomes at +o0

that is,
Z = —kz, k=E—-U% >0,

and the asymptotic behavior of z at +o0 is

2~ VR for 1 — 400 . (1.19a)

At —oo, Eqn. (1.11) becomes

that is,

and the solution is

z ~ e“/im for v — —00 . (1.19Db)
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Solutions (1.19) are bounded and oscillating and they can be fitted continuously with
each other. So there is no constraint on the energy. Every value of energy is allowed

and the spectrum is continuous.

Remark. Oscillating solutions are allowed, even if — strictly speaking — they are not
truly normalizable. They are normalizable in a generalized sense (theory of distribu-
ikx

tions). In fact, the scalar product of two plane waves e and et ig

+oo
/ eh =T qp ~ §(k — k) .

oo

On the RHS we do not have the usual Kronecker delta but the Dirac delta (a distribu-
tion) of which we will give details later on. The space of square-integrable functions L?
must be enlarged in order to include also those functions which are square-integrable
in the distributional sense. If we call this space L2, it is possible to prove that L2 is

dense in L2, that is to say, each element in L? has a “nearby” element in L2.

Second case. Let us now consider U(™) > E > U In this case, E—U is negative

for x — —o0 so Eqn. (1.11) becomes
2= —kz, k=E-U") <0,

and the asymptotic behavior of z at —oo is given by

K|z

z~e for v — —o0, (1.20a)

which tends to zero for z — —oo and therefore can be accepted. At 400, in Eqn. (1.11)

we have instead

and the solution is

2~ eVFT for 1= 400, (1.20b)

which is an oscillating function. Again it is possible to match the two solutions (1.20)
and therefore also in this case there are no constrains on the energy and the spectrum

1S continuous.
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Third case. We consider U™ > U*) > E. Eqn. (1.11) becomes at both extrema

2= —kTz, KE=FE-U*<0,
and the asymptotic solutions are
z et VIR for 2 o0 (1.21)

In this case, the solutions are bounded and damped at both extrema. Now we have to
fit them in order to guarantee the continuity of z(z) and of its first-order derivative.
Let us consider the logarithmic derivatives of the two solutions, and indicate them
with F(z,E) and F_(z, E). They will be equal to each other at a certain point
x = a. This is so because both z and 2’ satisfy certain boundary conditions at the
point x = a, and since z_ and z, converge to the same solution z, both z_ and z,
must satisfy the same boundary conditions in a. Now F_ is valid for z > a and
according to Corollary 1.1.3 it is a monotonic decreasing function of E, while F_ is
valid for # < a and is a monotonic increasing function of E. Now F, and F_ must be
equal in z = a and this can happen only for some particular values E, of E. This is
the proof that in the present case only certain values of E are allowed. These values

are fixed and isolated and the spectrum is discrete.
1.4 The Dirac delta

In this section we will provide some introductory details on the Dirac delta that we
mentioned before. Let us recall the main properties of the Dirac’s d-function.

A function is a map between, for example, the space of real numbers R and R, or
between the space of complex numbers C and C, or between C and R. A functional

is a map between a space of functions and the space of real or complex numbers:

Flf(x)] = R.
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Eqn. (1.22) suggests that it is possible to “represent” the Dirac delta distribution

as the limit of a suitable sequence of functions. For example, if we choose zy = 0 we
have that the action of the Dirac delta in Eqn. (1.22), namely
+00
| @@= 0.

is the same as the one achieved by the following operation:

l
§(z) ~ lim —=e U

l—00 \/’/'_T

which must be understood as performed under an integral:

Hoo . too g 252
/_OO 5(;c)f(;c)dw:lli}r£10 . ﬁe f(z)dz .

(Prove the latter equation as an homework.)
Note that the set of all functions fi(x) = I/y/mexp(—I*2®) as we send [ to oo is
infinite. These functions are Gaussians and the area below them is equal to one. (See

Fig. 1.4.)
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F1G. 1.4. Representations of the Dirac delta d(x).

Other representations of the Dirac delta are given by

1 sin?lx 1 1 1sinlx

It 22 T2 + l% ’ e
(See Fig. 1.4.)

The Dirac delta 6(z —y) is “somehow” the generalization to the continuous case of

the Kronecker delta 5;, the latter being defined for discrete indexes i, j as

1 ifi=j

0 ifi;

o =

By definition, Kronecker delta acts on a vector f* as
f1=2 01"
J

Now, if the indexes i,j become continuous, the various f7 become functions f* or

f(z) and the sum becomes an integral over z, that is

fly) = /5<x —y)f(z)dx .
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1.5 Harmonic oscillator and Hermite polynomials

Find the spectrum and the wave functions of the stationary Schrodinger equation for

an harmonic oscillator with potential V() = 1ka?.

The stationary Schrodinger equation is
B2 d2(x)
2m  da?

+ %kxzw(:c) = Ey(z) .

First, let us change variables :

B B mk 1/4
f:otx, o = ? .

The Schrodinger equation in the new variable & reads

d*y(z(§)) _
e tO-@w =0, (1.23)
where e
2F /m\1/2 2 k

It is easy to prove that for & — +oo the function
PE =¢re

satisfies Eqn. (1.23) with A = 0. To prove this fact, let us calculate the first and

second order derivatives of 1(§):

dle) _ n—1 _—€2/2  ¢n+l —€2/2
—df =n&"""e Etle ,
d*(€)

e

=[n(n — 1)g" 2 —ng" — (n+ 1)g" + "2 e /2

For £ — oo, the second-order derivative behaves like
% ~ 2 e—6%/2
dé? ’
and for A = 0 Eqn. (1.23) is asymptotically fullfilled, as you can verify by direct

substition:

d*y(g)

—qe T EUO T e gre it —0.
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Now, we try to find a complete (i.e., not only asymptotic) solution of Eqn. (1.23)

of the form

w(e) =H(©e 2, (1.25)
where H(§) is a polynomial in £. Inserting Eqn. (1.25) into Eqn. (1.23) yields the
following equation for the polynomial H(&):

d*H(¢)
e

dH ()
d¢

Now, let us make the following ansatz for H(&):

—2¢ +A=1H(E)=0. (1.26)

H(&) =€ [ag+ mé+al® +...] | (1.27)

with ag # 0 and s > 0. By substituting into Eqn. (1.26) and by equating to zero all

the coefficients of the various powers of &, we get
s(s —1)ag =10,
(s+1)sa; =0,
(s+2)(s+1)ag—(2s+1—Nay=0,

(1.28)
(s+3)(s+2)az—(25+3—XNa; =0,

(s+v+2)(s+v+1ayo—2s+2v+1—ANa, =0,
where v is an integer number. Since ag # 0, we get from the first equation that
s=0 or s=1.
The second equation gives
s=0 or a; =0,

or both of them. The third equation gives as as a function of ay and the fourth
equation gives az as a function of ay. In general, from v = 3, the v—th equation gives

a,—1 as a function of a,_s.
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According to problems presented at the end of this chapter, the wave functions
() for one dimensional system cannot be degenerate for bound states and moreover
— since the potential is even V(x) = V(—z) — they will be either even or odd, that
is,

U(z) = £p(—z) .
Now, let us consider separately the two cases s = 0 and s = 1 that solve the first

equation in (1.28)

s =0 : The first equation in (1.28) is satisfied and also the second is fulfilled without
having to choose a; = 0. However, in this way the parity would not be defined,
since we would have both the zeroth power with ag and the first power with a.
Instead, if we choose a; = 0, the second equation in (1.28) is still satisfied and

we get the even polynomials.

s =1 : In this case, we get the odd polynomials since
fs[a0+a1§+...] zf[a0+a1§+...] s
and a; must be zero in order to satisfy the second equation in (1.28).

In (1.28) there will be a finite or an infinite number of terms depending on how we
choose s and A. If the series did not stop, then the ratio of the coefficients a,,2/a,

would become for large v

Ay42 v—co 2s+2v+1— X\ Ng’ (129)

a, (s+v+2)(s+v+1) v

but these coefficients are just the same of the expansion of
e (1.30)

this means that (£) = H,(&)e /2 would become £"e2°~€/2 = ¢ne3/26 which is

not normalizable.
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Let us check that the coefficients of the series expansion of (1.30) goes as in

Eqn. (1.29). The v-th term of the series expansion of (1.30) is

and the (v —1)-th is
n(¢209\ym—1 1

thus the coefficients are 2" /v! and 2"~! /(v — 1)! respectively and their ratio is 2/v as
in Eqn. (1.29).

Thus, in order to have normalizable wave functions the series (1.28) must stop, that
is we must have polynomials with a finite number of terms. From Egs. (1.28) we see
that this happens if

A=2s+2v+1.

In fact, in this way a, s is zero and the following coefficients obtained from a, 5 will
be zero too. Now, let us call s + v = n, which is an integer number. The above

relation becomes

A=2n+1.

By replacing A with E via Eqn. (1.24) we get

1
E, = (n + 5) hw,. . (1.31)
These are the discrete energy levels. The lowest energy occurs for n = 0 and it is
given by
1
EO = éﬁwc y

which is called the zero-point energy.

Since v is finite, H,, will be polynomials and not series. In particular,

Ho(§) =1,

Hy(§) =46 -2 ...
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These polynomials satisfy the equation
H;(§) — 26H,,(€) 4+ 2nH,(§) = 0.

and they are referred to as “Hermite polynomials”.
We want to stress the fact that also in the case of the harmonic oscillator the
discreteness of the energy spectrum comes from the normalization requirement of the

wave functions.

1.6 Schrodinger equation for multidimensional problems

Until now, we have dealt exclusively with one-dimensional problems. Now, we turn
to the two- and three-dimensional ones. We will focus on those problems where
the potential is separable, which in the three-dimensional case and using Cartesian

coordinates means

Vi(z,y,2) = Vile) + Valy) + Va(2) (1.32)

It may happen that a potential is not separable in Cartesian coordinates, but it
is separable in another set of coordinates, for example in cylindrical or spherical

coordinates. This means that using for example spherical coordinates, we have
V(r,d,¢) = Vi(r) + Va(d) + Vs(e) -

In which set of coordinates the potential is separable depends on the symmetries of
the system. For the time being, we will consider potentials which are separable in

Cartesian coordinates. In this case, the stationary Schrodinger equation reads

oo 9 0
o (o 3+ 5z ) VAl 1) 4 Va(2) | 0l ) = B, 2).

2m

We look for solutions of the form*

V(z,y,2) = i(x)a(y)vs(2) -

* We use this ansatz because a general solutions is a linear combination of them: &(z,y,z) =

CoIk i ()b (y)r (2).
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Inserting this into the Schrédinger equation we obtain
h? d2
‘%;iﬁ%ﬂw%@+%@wmmmw%@+
h? d?
‘5;§§w%@WWﬂ+%@mmwmmma+
R? d?is(z)
Tom 22 Vi(x) 2 (y) + Va(2)U1(2) v (y)s(2) = Evi(2)Y(y)s(2)

by dividing both sides by ¥ (z)1(y)15(2) we get

h2 d2’(/}1 (ZL‘)
ot v

o s et

h2 d2?/}3(2) T
o T Vi)

Note that each of the three terms on the left-hand side is a function of a different
variable: the first is a function of z, the second of y and the third of z. In order to

have the sum equal to a constant, namely F, each term must be a constant:

P%fiﬁiuﬂwmwﬁﬁazgh

12 Pa(y) 11

l 2m  dy? + V2<y)1/12<y) ) Es
h2 d2?/}3(2’) ) 1 B

kaﬁd% +%mwmﬁwd_&,

with Fy + Es + E3 = FE. The initial problem of solving the three-dimensional

Schrodinger equation is thus reduced to solving the following three Schrodinger equa-

tions in one dimension:

h2 d2
0D | Vi) = o)
B2 2
— jf;gy) + Va(y)iha(y) = Extha(y)

om oz Va(EIYs(z) = Bsts(2)
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The three solutions are associated with energy eigenvalues Fy, F5 and E3 such that
Ei+FE,+E;=FE.

It may happen that by adding three different eigenvalues Ej, Ef and E} we obtain
the same energy E:

El+E,+E,=FE.

The three wave functions corresponding to the eigenvalues Ej, E} and Ej — which
we shall denote with ¥/ (z), ¥4 (y) and ¢4(2) — in general will be different from those
associated with Fy, Fy and E3 — say, ¢4 (z), ¥2(y) and 3(2). This means that the

global wave functions
VE(,y, 2) = 1 (2)da(y)s(2)
and
Vi, y, 2) = 1 ()5 (y)vs(2)
have the same energy F but they are two different functions. In this case, we speak
of degeneracy, i.e., there are different wave functions associated to the same energy.
Now, we want to give an example of a potential which is separable in spherical

coordinates but not in Cartesian coordinates. We define the spherical coordinates in

the usual way:

r=rsindcosy, 0<r<oo, (1.33a)
y=rsindsing , 0<9<m, (1.33b)
z=rcosV, 0<p<2r. (1.33c)

Let us consider the following potential
V(r,d,¢) = kr* + [*tand + s*sin® ¢ . (1.34)
Of course, it is separable in spherical coordinates, since it can be written in the form

V(r,d,¢) =Vi(r) + Va(9) + V() ,
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where

Vi(r) =kr*, Va(¥) = Ptand, Vi(p) = s’sin’ ¢ .

By inverting® Eqs. (1.33) and inserting into Eqn. (1.34) we get

VY e Y

 / _ 2 2 2 2
V(z,y,z) = k(x®+y~+ 2°) + 1 . el

which is not separable as a sum Vi (x) + Vy(y) + Va(z).
1.7 Central potentials

With the word “central potentials” we mean those potentials which, once they are

written in polar coordinates, depend only on 7, that is
Viz,y,z) =U(r).

It is not difficult to prove that the Laplacian in spherical coordinates reads

8_2+8_2+a_2_ig TQQ + 1 g sinﬁg +#8_2
ox2 Oy 022 r2or \' Or 2 sin ) OV o0 r2sin? ¥ Op?

It should be noted that the transformation from the Cartesian coordinates to the
spherical coordinates is not one-to-one along the z-axis (in fact, 9 can be both 0 or 7
and ¢ can take any value). The Laplacian reflects this fact via the presence of singu-
larities in ¥ = 0, ¥ = m and r = 0. Thus, the solution of the stationary Schrédinger
equation can have spurious singularities in those points due to the singularities of the
Laplacian in spherical coordinates.

Using the expression for the Laplacian in spherical coordinates, the stationary

Schrodinger equation for a central potential U(r) becomes

2m | r2 Or or r2sin 9 09 oY

11 027 - g
ﬁma—gpg] ¢(T7 197 gp) + U(T)¢(r7 197 90) = E?/J(Ta 197 90) : (135)

* In the points where it is possible.
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We seek solutions of the form

?/J(Ta v, 90) = R(T)Y(ﬁv 90) :

Inserting this into Eqn. (1.35) and multiplying by r?/(RY"), we get:

1 d [ ,dR(r) 2m 2
R(r)dr (r dr ) N ﬁ[E — U =

L0 (Y, 1 oY
Y sin ¥ 09U St o Y sin? ) O¢? |

Note that the left-hand side depends only on r while the right-hand side is a function

only of ¥ and ¢. For the two sides to be equal to each other it must be that they

both equal a constant, which we indicate with A. This leads to:

1d [ ,dR\ 2m ,
R (T d'r’) + 3 [E—U(r)|r*= X\, (1.36a)
1 0 )% 1 0%y
Y sind 99 (Sm V5 ) YenZgog? - 7 (1.36b)

Eqn. (1.36b) is basically related to the quantization of angular momentum and it
will be treated in chapter 5. Instead, the solution of Eqn. (1.36a) can be already
worked out at this point. Let us rewrite R(r) = x(r)/r, where x(r) is a new function.

Inserting this “parametrization” of R(r) into Eqn. (1.36a) we get

_;_m ddf»(;) n [U(T) n 2)7\:7“2] x(r) = Ex(r) . (1.37)

This is nothing but the Schrodinger equation for a particle moving in a “effective”

potential given by the sum of the original potential U(r) plus the “centrifugal” term

Ah2
2mr2*

We shall see in Chapter 9 that the centrifugal potential is linked to the angular
momentum and it is non-zero only when the angular momentum does not vanish. In
fact, it is possible to prove that this term represents the rotational kinetic energy.

In the case of the hydrogen atom, U(r) is given by



24 CHAPTER 1. SCHRODINGER EQUATION. WRONSKIAN THEOREM.

or, if we consider one electron spinning around a nucleus of charge Ze, it is
Ze?
mal

U(r) =

The radial equation (1.37) becomes
R1d ( 2dR) Ze? AR?

Tdr

where m is not the mass of electron, but its reduced mass

R=ER,

- - —R
2mr2dr r + 2mr?

et N
m=——-—,
Me + My
where m, is the actual mass of the electron and mpy is the mass of the nucleus. Since
me < my, we have m ~ m,.
Let us introduce the following new variables
,  Sm|E)| 5 ze? [ m \"?
=ar, « =— | —=
p ’ N h \2[E
The radial equation above is then transformed into the following one:
1 d dR(r o 1 A
1A (LR [5 1 A]
p?dp dp p 4 p

This is a differential equation which is well-known, and we shall solve it in chapter 9

after having obtained the value of A in chapter 5 via the quantization of the angular

momentum.

1.8 Problems and Solutions

Problem 1.1. Show that the following wave function

Y(z,t) = Aexp

is a solution of the Schrédinger equation (1.1) for an harmonic oscillator with

potential

V(z) = %C’ﬁ .
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Calculate the probability density associated with this wave function and compare

the result with the classical probability of finding the particle in a interval dx.

SOLUTION. First, we must evaluate the derivatives of 1):

:——\/7th

a¢(g; t) _
or h x¢(m 2R
Pp(z,t)  VOm Cm

Replacing these expressions in the Schrédinger equation (1.1) we get
h? VCm h2 Cm 9
%Tw(x t) — T 2(, )+ Cw P(x,t) =ih <——> \/ 1/1 z,t)

from which it follows

g\/gi/)(x,t) - %CCE%,Z)(CE t)+ = CCE \/71# (z,t)

which is identically satisfied.
Accordingly to the Born interpretation of the wave function, the quantum probability
density p(z,t) of finding the particle in x at the time ¢ is given by

vVCm 4

p(:ﬂ,t) = |1]Z)(£C,t)|2 = A2 CXp | — B T

)

which does not depend on t; this is a common feature of all the wave functions corresponding
to fixed values of the energy. p(x) is plotted in Fig. 1.5(b).

Let us now evaluate the classical probability P(x)dz of finding the particle in a small
interval dz centered at x. This probability will be proportional to the time taken by the

particle to cross dx, thus it is inversely proportional to the velocity of the particle in x:

where B is a constant. At a given energy I we have

1 1
E = §m02 + 501'2 ,
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V(:c)“
FE
| | ?
E O]
(a)
()2
_\/% 0 +% T
(b)
wa
VE [ wE 7
(

¢)

Fic. 1.5. Comparison between (c) classical and (b) quantum probability densities for an
harmonic oscillator whose potential is shown in (a).
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thus
2 1
= —_— — = 2
v(x) ”m”E 20:6 ,

B2

\/%\/E—%Cﬂ.

Note that the probability of finding the particle at the origin x = 0 is minimum in

and

P(x) =

P(z) is plotted in Fig. 1.5(c).

the classical case, while it is maximum in the quantum case. The classical particle has its
maximum velocity at = 0 and therefore goes rapidly through the origin and the probability
of finding the particle there is minimum. In the quantum case instead the situation is just
the opposite and the particle is more likely to be found at the origin. Note however that
there is a non-null quantum probability of finding the particle also outside the extrema of
the oscillation range. The difference between the classical and quantum case decreases at

higher energies. At low energies, quantum effects becomes dominant.

*x Kk %k

Problem 1.2. Show that in a one-dimensional problem the energy spectrum of
bound states is always non-degenerate. By degeneracy we mean that there are

two or more linearly independent solutions associated to the same energy value.

SOLUTION. Let us prove this fact ab absurdo and suppose the opposite is true. Let v (x)
and 19 (x) be two linearly independent solutions corresponding to the same energy E:

2m ” 2m

(@) + 25 [E=V(@)pr(z) =0, 4(2) + S5 [E = V(@)l2(z) =0.

Dividing the former by v and the latter by 9 (and staying away from their zeros) we get

A Erve), S - peva),

which implies that
1(@) _ ¢5(x) _ 2m
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and from the first equality it follows that
Uihe — g = (Y1¢e) — (o) = 0.
By integrating the previous equation we get

Yyhy — 1Py = const.

This equation must hold for all  and since the wave function of a bound state must be
zero at oo, the constant appearing on the right-hand side of this equation must also be zero,

which implies
vi_ Ve
Y1 e
By integrating, we get
log ¢1 = log s +log C',

which leads to
1 = Cipo .

Therefore, the two states are linearly dependent. This in contradiction with the hypothesis

and it implies that there is no degeneracy.

* kK %k

Problem 1.3. Show that the first derivatives of the stationary wave functions

are continuous even if the potential V' (z) has a finite discontinuity.

SOLUTION. Suppose the discontinuity is at the point xy. Let us consider an interval (xg —
g,x0 + €) and replace V(z) in such interval with a potential Vj(z) linearly interpolating
between V(zg — ¢) and V(xg + ¢). In this way, we obtain a continuous potential whose

solutions satisfy the stationary Schrédinger equation

d2w1(x) 2m
1z

E— Vl(.%')]lbl(.%') =0.
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By integrating this equation in the interval (zg — €, 29 + ) we get

/xo—f—a d21/11 (x) e — 2_m To+€e
- dz? L .

Vi(z) — Elipr (z) dz

0—¢
from which it follows

d¢1 (3:)
dz

d7/)1 (m) ro+e

dz

_2m
h2 Tro—¢&

In the limit ¢ — 0, we have Vi(z) — V(x) and ¢;1(x) — 9(z). Since the integrand on the

Vi(z) — Elgr(z) da . (1.38)

r=x0+€ T=x0—E

right-hand side is finite, it remains finite also in the limit ¢ — 0. Let us recall now the

mean-value theorem, which states that

b
[ #@)dz = fo-al.

where f is the mean value of the function f(z) over the interval (a,b). If f remains finite
and (b —a) — 0 then also the integral of f(z) must vanish. This is exactly what happens

in the case of Eqn. (1.38), since the integrand is finite. Thus,

lim dy(z) ) =0,
e—0 dx z=xo+e dz T=rg—¢
that is,
dj(a) _ dv(e)
dz rx=x09—0 dx r=x0+0 ,
and therefore the derivatives are continuous.
* * *

Remark. If the potential V() of the previous problem had an co discontinuity, then
it would have been impossible to apply the mean value theorem. In such cases, the

derivative ¢’ could have a finite gap. We will see an example in the next problems.

Problem 1.4. The potential energy of a system is
U(z) = U(z) + ad(z — o) ,

where U(z) is a bounded function. Which is the behavior of the solution of the

Schrodinger equation ¢ (x) and its derivative near the point zy?
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SOLUTION. The Schrédinger equation reads

_% d?;(f) +[U(2) + ad(z — o)]e(x) = By () . (1.39)

1 (x) must be continuous because of its probabilistic meaning. Let us investigate if also the
derivative remain continuous. By integrating Eqn. (1.39) between z¢ — ¢ and xg + ¢ with

€ > 0 and by sending € — 0 we obtain

h2 xo+e d2 xo+e
B V(@) o /

2m Jyo—e  da?

[U(2) + ad(z — z0) — E(z)dx

0—¢&

from which it follows

" [dzp(m) de)(x)

dz

“om| dz

ro+e
- ] = —aw)(xg) —/ [U(x) — EJ(z)dx .

r=x0+¢€ 0—E
If ¢(z) is continuous and U(x) is bounded we can use the mean-value theorem, so in the

limit € — 0 the integral on the right-hand side of the previous equation vanishes and we get

W2 dy(e) do(z) -
o [W e e N B CUR
that is,
dy () dy(x) _ 2ma
dz z=z0+0 - da r=x0—0 B ?1#@0) ) (140)

This means that the derivative is discontinuous at the point xy. Remember the result proved
in Problem (1.3): for potentials with a finite gap the derivative of ¢)(x) must be continuous.
In this case however the Dirac delta has in g an infinite jump, so the result of Problem (1.3)

cannot hold and in fact the derivative is discontinuous.

* kK %k

Problem 1.5. Find the energy levels and the wave functions of the bound states

of a particle in a potential U(x) = —ad(z), with o > 0.

SOLUTION. The Schrédinger equation is

I SIC))
2m daz?

— ad(a)p(x) = Bo(x) .
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For x #£ 0, this is nothing but the usual equation of a free particle:

_ 2 ()
2m  da?

The solutions of the equation above are easily found to be exponentials, however here we
consider bound states so we must require that the solutions go to zero at +o0o, thus the only
allowed solutions take the form
Ae R if £ >0
P(z) = ;
Bekr ifz <0
where k is related to E. The relation between k and E can be found by inserting the solution

¥ (x) into the Schrédinger equation of the free particle; we get

h2
——A(E?)eFT = EAe™h

2m

from which it follows
h2k2
Com

E is negative (bound state) and k has not yet been determined. Now, let us determine A

and B. By using Eqn. (1.40), the jump in the derivative of ¥ (z) is given by

dy(z)

dz

d(z)

dz

= @Mﬂ?o) :

r=x0+0 r=x09—0

[Note that in problem 1.4 we have ad(x — x¢) while here we have —ad(x).] Hence,

k- _ 2ma
A(—k)e ko—kBekO = —FA .

In the right-side of the latter equation we could have used B as well. In fact, because of the

continuity condition, we would get A = B. Therefore,

2ma

that is,
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This implies that there is only one value of k which corresponds to a bound state of our

problem, its energy is given by

R h% m2a? ma?

E= _r _ e
o2m kit 2h?

“2m
A is found by requiring ¢(z) to be normalized: [ [1(z)|*dz = 1. The normalized wave
function corresponding to the only bound state is given by 1(z) = Vke **l. (Prove the

latter result as an homework.)

Problem 1.6. Prove that under an even potential V(z) = V(—z) the eigen-
functions solution of the stationary Schrodinger equation for bound states are

even or odd, but in any case they always have well-defined parity.

SOLUTION. Let us start with

[_%dd_; V(az)] ¥(z) = EY(z) .

Now, we prove that also ¢(—z) is a solution of the same equation with the same value of

energy F. Replacing x with —x in the equation above yields

n? d?
[—%@ + V(—:C):| Y(—z) = EY(—z) ,
and exploiting the fact that V(z) = V(—z) we get

n? d?
[—%@ + V(ﬂﬁ)} () = EY(-z) ,
This proves that both ¢ (z) and ¥ (—=z) are solutions of the Schrédinger equation with the
same energy F.

Now, suppose 1(z) and 1)(—x) are bound states belonging to the discrete spectrum. From

Problem (1.2) we already know that in this case there cannot be degeneracy, hence ¥ (x)

and 1(—x) must be linearly dependent:

P(x) = Cip(—z) .
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Normalizing

+o0o
/_ (@) dz =1,

+oo
Ik / 2)Pde =1,

and thus |C|* = 1. From this it follows that (apart from a phase) C' = +1 and therefore

we get

(x) = £1(—x), that is the wave functions are even or odd. This result holds for the
discrete spectrum. For the continuous part of the spectrum there can be degeneracy and so
it is not always true that ¥(z) = Cy(—x) and the energy eigenfunctions may have parity
that it is not well-defined.

Problem 1.7. A two-dimensional harmonic oscillator has Hamiltonian given by

2
1
gy Ly B

2
oM T 2 2M+ k (1.41)

Study the spectrum and calculate the degeneracy.

SOLUTION. The two-dimensional stationary Schrodinger equation reads in this case
n? 02 h2 32 1
—— = =F . 1.42

Since the potential is separable, we can look for solutions of the form

Y(x,y) = 1(x)a(y) .

So Eqn. (1.42) becomes equivalent to the following two equations:

R d? 1
<_m@ + §kx2> 1/)1(56) = E1¢1($) )
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with F1 + Fy = E. E; and Fy are given by the solution of the one-dimensional harmonic

oscillator, that is,
1 1
E1:<n+§>hwc, E2:<m+§>hwc,
where w. = (k/M)'/? and n,m are (non-negative) integer numbers labeling the eigenvalues.
The total energy is

E=E+FE=Mn+m+ Dhw. = (N + 1)hw, ,

where N = n + m is any non-negative integer number. The corresponding wave functions

are

wN(xa y) = ¢1,n(90)1/12,m(y) ’

where we have denoted with 7 ,(x) the eigenfunctions corresponding to the eigenvalue
Ei, = (n+ 1/2)hw. and with 13 ,,(y) the eigenfunctions with eigenvalue Es,, = (m +
1/2)hwe, N = n+m. It is clear that there are many different values of n and m such that
n+m = N with N fixed and whose corresponding wave functions have the same energy.

For example, we can choose n’ =n — 1 and m’ = m + 1 and clearly we get the same N:
N=n+m=n+m',

and in the same way we can choose n” = n —2 and m” = m + 2. Associated to these

different n, m there are different total wave functions 1 (z,y):

P (2, y) = V1p-1(2)2ms1(y)

Xf(xa y) = ¢1,n—2(95)1/12,m+2 (y) .

Therefore, there is degeneracy. Consider N = 0. In this case, the only allowed combination

of n,m is

since N must be non-negative, so there is only one solution in this case, namely

Yoz, y) = 1o(x)h20(y) -
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The energy of this level is Fy = hw. and there is not degeneracy. Let us consider now

N = 1. In this case, there are two allowed combinations of n,m, namely

The two corresponding total wave functions are

Y1(z,y) = Yra(x)20(y) 5
Vi (z,y) = 1o(x)e1(y) -

Problem 1.8. Calculate the spectrum and the eigenfunctions of a two dimen-

sional infinite well potential of sides a and b:

0 if0<z<a, O0<y<b;
V(z,y) =
+00 otherwise .

SOLUTION. The Schrédinger equation in the range 0 < x < a and 0 < y < b is

h2
2m

0? 0?
(522 + 57 wlo0) = BGon)

and since we have infinite wells, so that the particle cannot escape, the boundary conditions

are

¢(an) = ¢(a’y) =0, 7/)(5'%0) = TIZ)(CC,b) =0.

The potential is separable, hence we seek solutions of the form

Y(x,y) = 1(x)a(y) .

Following the general procedure outlined in this section, it is easy to prove that the functions
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1(x) and 1y (z) must satisfy the following equations:

1 ¢y (z)

“om d;; = B (z) ,
h2 4%y

o 2 Bty

with Fy + Fo = E. Using the following boundary conditions

Y1(0) =1(a) =0, P2(0) = h2(b) =

(1.43a)
(1.43b)

(1.43c)

0,

the boundary conditions for ¢ (x,y) are automatically satisfied. Therefore, the solutions of

Egs. (1.43) are those of two one-dimensional infinite wells, one in the z-direction and the

other in the y-direction:

Yrn(e) = \/Zsinome Yom(y) =
BW = (e B =

2m \"a

2 sin T
L (mr)?

where n,m are integer numbers, n,m > 0. Thus, the total eigenfunctions of the two-

dimensional infinite well potential are given by

2 /2
oo =[5 L gy

and the corresponding energies are



Chapter 2

AN INTRODUCTION TO HILBERT SPACES FOR
PHYSICISTS

2.1 Basic definitions

Definition 2.1 (Hilbert space). An Hilbert space is a linear space endowed with a

scalar product and such that it is complete and separable.

Let us now clarify the meaning of the various terms.
2.1.1 Linear space
A set S is a “linear space” over a numerical field N if

1. for all pair of elements 1, ¢ of S it is possible to assign one and only one

well-defined element x in S, called the “sum” of ¢ and ¢ and denoted with
X =1+

2. for all pair a € N and ¢ € S it is possible to assign one and only one element

in S called “product” of ¢» by a and denoted with a.

The above operations must satisfy the following properties:

v+o=p+, a(bp) = (ab)p
(e+v)+x=0+@W+x), L-p=09p,
a(¢+¢):a@+awa 080:0?/}20%

(a+b)p =ay + by,
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where w € 9 is referred to as the “null” element of S. w has the following properties:
Voels, ptw=ep,

and it is unique. Moreover,

aw = W .

Definition 2.2 (linear independence). The elements 1, o, ..., ¢, € S are said to

be “linearly independent” if the equation
a1p1 + agpa + ...t app, =W
implies a1 = ay = ... =a, = 0.

Definition 2.3 (dimension). A linear space S is said to have “finite dimension” n if
it is always possible to find n linearly independent elements in S but it is impossible
to find n + 1 linearly independent elements. If there are arbitrarily many linearly

independent vectors the linear space is said to be infinite-dimensional.

2.1.2  Scalar product

Definition 2.4. A “scalar product” is a mapping S x S into C, denoted with (i, 1)),
satisfying the following properties:

L. (QO, a,lvz)l + be) - a(%%) + 5(8071/)2);

2. (p,0) = (¥, 0)";

3. (¢,¢) >0 and (v, ) =0 if and only if ¢ = w.
From these properties, one can easily prove that

(CLQOl + b90271/}) = a’*<()0171/}) + b*<9027 w> :
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The norm of v is defined as

[l = v (¥, ¢) -

The distance between two elements @, € S is given by

doy = |0 =9Il

and it is possible to prove that

L lell = 0;
2. [lagll = lal [l¢ll;

3.l + ol < lell + [l (triangle inequality).

Theorem 2.1 (Schwarz inequality).

(e, ) < llell Il -

Definition 2.5 (Orthogonality). Two vectors ¢ and ¢ in an Hilbert space are said
to be “orthogonal” if (¢, p) = 0.

2.1.3 Sequences and convergence

In this section, we collect some basic definitions.

Definition 2.6. A sequence @1, @s, ..., ¥,, ... of elements of S is said to converge
to an element ¢ if the numerical sequence |1 — ¢l ,...,[l¥n — @|l,... converges to
Z€ro.

Definition 2.7. A set is called closed if it contains all its limit points.

Definition 2.8. A set U is said to be dense in S if U together with all its limit

points is equal to S.
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Theorem 2.2 (Cauchy convergence criterion). A sequence @1, o, ..., @, ... satisfies
the Cauchy criterion if for each e > 0, there exists an integer N such that ¢, — ¢,/ <

e for all n,m > N. This is a necessary condition for the convergence of a sequence .

Definition 2.9 (completeness). A set S is said to be complete if all Cauchy se-

quences in S do converge to an element of S.

Definition 2.10 (separability). A set S is said to be separable if for any ¢ € S and
e > 0 there exists a ¢, of a countable sequence, such that ||¢ — ¢,| < e. (Here, n

depends on both € and ¢.)

For example, the real line R is a separable set since the rational numbers are dense

in R and there are countably many rational numbers.
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Thus, the sequence f,(t) being convergent is also a Cauchy sequence, but it does
not converge to a continuous functions, that is, to an element in Cy(0, 1), therefore

Co(0,1) is not complete and cannot be an Hilbert space.

Before considering specific examples of Hilbert spaces, we need some other defini-

tion.

2.1.4  Orthonormal systems

Definition 2.11. A sequence {¢,} € S is said to be orthonormal if

(Spma Spn) = 5m,n >
for any two elements ¢,, and ¢, in the sequence.

Definition 2.12. An orthonormal set {¢, } € S is said to be a complete orthonor-
mal system if there exists no ¢ # w orthogonal to every element of the sequence,
i.€.,

(p,06) =0 Vb = ¢p=uw.

For example, in the three-dimensional Euclidean space the set of unit vectors along
the z- and y-directions is not a complete orthonormal set, even if it is an orthonormal

one.

Definition 2.13. Let U be a set of elements of an Hilbert space. The set of all
the linear combinations of the vectors in U is again a linear space, called the linear
variety spanned by U. If we add all its limit points, we obtain a closed linear variety
that contains U, which we shall denote with [U]: this is the closed linear variety

spanned by U.

Theorem 2.3. In an n-dimensional Hilbert space, every orthonormal set has a num-
ber of elements less than or equal to n. It is a complete orthonormal system only if

it has n elements.
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Theorem 2.4. In a infinite-dimensional Hilbert space, every orthonormal set has a
finite or countably infinite number of elements. If it is a complete orthonormal system

then it must have countably infinite many elements.

It should be emphasized that the converse is not generally true: it may happen that
a orthonormal set with an infinite number of elements is not a complete orthonormal
system. In fact , it is sufficient to remove one element from a complete set in order
to get a non-complete one which has infinite elements.

Let {¢r} be an orthonormal set. Given an element ¢, we define the coefficients

ax = (kaa ()0) )

and build the series
D aror=x -
k

This series is always convergent in an Hilbert space, moreover y — ¢ is orthogonal to

each ¢, and if the set is complete this means that x — ¢ = w.

Theorem 2.5. Let {¢,} be an orthonormal set. It is complete if and only if one of

the following three conditions is satisfied:

1. for any ¢ € 5,
v = Zak% 3
k

where aj, = (¢1, ¢);
2. the closed linear variety spanned by {¢x} is equal to S;

3. for any pair of elements p, ¢ € S,

(. 0) =) (0 00)(pr, ) -

k
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2.2 [Examples of Hilbert spaces

2.2.1 The space [*(00)

[?(c0) is the linear space having as elements all the sequences of complex numbers
{ax} such that >}, |ag|? converges as n — +o0.
The basic operations in [?(cc) are defined as follows. Let a = {a;}, b = {b;} and

c={c} in 1*(0c0) and a, 8 € C (i.e. they belong to the complex numbers).

1. We define
aa = {aag} , a+b={ap+ b} .

2. The scalar product is defined as

(a,b) = Zaibk :
k

Note that it satisfies all the properties to be actually a scalar product over [?(oo)

since

(a,0) = (b,a)"

(a,ab+ Be) = aa,b) + Bla ),
and (a,a) is a positive real number and it is zero only if a = (0,0,0,...).
It is possible to prove that (?(co) is complete and separable.

Theorem 2.6. Every infinite-dimensional Hilbert space is isomorphic to *(oo).

2.2.2  The space L?

L2 is the space of the square-integrable complex-valued functions 1) of k real variables

(QIu . '7q1€)7 7;'6'7

“+o00 “+o00 5
/ / (s q)|? dgs - - dg < oo
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The basic operations in £? are defined as follows. Given any two functions f and
g in £? and a complex number o we define af to be the function af(qi,...,q) and
f + g to be the function f(q1,...,qx) + g(q1,...,qx). It is possible to prove that o f
and f + g defined in such way actually belong to £2. The case for af is trivial, let us
consider the case of f + g.

We have to prove that [--- [|f +g|2dq1 ---dqr < oo. For simplicity, we shall
denote the integration element as dqg = dq; - - - dgi. We have:

[1s+oraa= [1rFda [1ofda+ [20rgaq.

2Rfg <2|fllg| .

Since

it follows
[f 49l <P+ 1al” +21f11gl = (/] +1g])” -
Moreover, as
(11 =1g)* >0,
it also true that
I+ Lal* = 21 f11g] -
Hence,
[f gl U+ LglP + 17+ g =21/ + 219",

and since both [ |f|* dg and i lg|* dq are < co also [f + g/° dq < 0.
The £2? scalar product is defined as

<f,g>:/f*<q1,...,qk>g<ql,...,qk>dql...qu

The properties of the scalar product are all satisfied except the one which says that
(f,f) = 0 implies f = 0. In fact, (f,f) = 0 means f|f\2dq = 0 and this does
not imply that f = 0, it is sufficient that |f| # 0 over a set of zero measure (dgq).
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Therefore, we consider equivalent two functions which differ on a subset having zero
measure. The null element of our Hilbert space is given by the (equivalent class of)

the functions that are zero almost everywhere.
Theorem 2.7. £? is infinite-dimensional.

Proof. Let Oq,...,0O, be n non-overlapping subsets having Lebesgue measure greater
than zero, but finite. Let fi(q1,...,qx) take value 1 in O; and zero elsewhere. Since
I f1\2 dq is equal to the measure of Oy, which for hypotesis is finite, f; belongs to
L% In the same way we can define the functions fs, ..., f, and these n functions
are linearly independent. Since the construction holds for an arbitrary large n, this
means that for all n it is possible to specify n linearly independent functions in £2,

thus £2 is infinite dimensional. ]

von Neumann in his book “Mathematical Foundations of Quantum Mechanics” has

shown that £? is complete and separable.
2.3 Operators in Hilbert spaces

We start with a more general setting: we consider operators between generic spaces,
that is, mappings from a set R into another set R’. We shall denote the mapping
with 7" and write

¢ =Ty,
where ¢ € R and ¢/ € R'. The set R on which T acts is called the domain of T
and the set R’ obtained from R via T is the range. Sometimes, it may be useful
to denote the domain of an operator T using the notation Dr instead of R, and the

range using the notation R instead of R'. Hereafter, we shall deal with operators

over linear spaces. First of all, let us recall some basic definitions.

Sum of two operators. The sum of two operators TI and TQ is the operator Tl +T2

defined as the operator Ty which, once applied to ¢, gives the state Tup + T2<p.
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The latter is nothing but the state obtained as the sum of the two vectors T1<p
and ngoz the sum of these two vectors is a well-defined vector, since we are in

a linear space. It is easy to see that the domain of Tj is Dy, = Dp, N Dy,

Inverse of an operator. If the operator T maps different vectors into different vec-

tors,
¢ =Ty,
it is possible to define the inverse 7! of T as

!/

=T .

Note that D71 = Ry and Rp-1 = Drp.

Additive operators. The additive operators are those for which the following prop-

erty holds:
Tp+¢)=Tp+Ty,

for all p,v € Dyp.
Homogeneous operators. if for all a € C and for all ¢ € Dy we have
T(ay) = aTy
then the operator is said to be homogeneous. If instead
T(ayp) = a* T,
then the operator is said to be anti-homogeneous.

Linear operators. The linear operators are those which are both additive and ho-
mogeneous. Those which are instead additive and anti-homogeneous are called

anti-linear.
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Theorem 2.8. The domain and the range of a linear (or anti-linear) operator are

linear spaces.

Theorem 2.9. Necessary and sufficient condition for a linear (or anti-linear) operator

T to be invertible is that Tcp = w implies ¢ = w.
We introduce the notion of continuity for an operator.

Definition 2.14. An operator 7" is said to be continuous at v € S if for each £ > 0

there exists a 0. such that for all ¢ satisfying

19 — ol < 6
it follows that || 7% — T|| < e.
Related to the notion of continuity is the notion of boundeness.

Definition 2.15. An operator 1" is said to be bounded in a subset U C S if there

exists a real number R such that for all p € U
ITell < Rllell -

Definition 2.16. Two operators, indicated by T and 7T, are said to be adjoint of

each other if they have the same domain and in this domain
(To, ) = (0, TH) (2.1)
for all ¢, .
Eqn. (2.1) implies also that (prove the following as an homework ):
(¢, ) = (Thp,9) .
You can prove also that
(TH =T, (D) =a T, (T =TIT] .

(Do this last one as an homework.)
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Definition 2.17. If 7' = T, the operator is said to be Hermitian.

Definition 2.18. An operator U is said to be unitary if
Ut =0'v =1,

As a consequence of the previous definition, it follows

A~

Ur=0".
Thus, unitary operators are invertible.

Theorem 2.10. An operator is unitary if and only if it is defined everywhere and

norm-preserving.

Let us see only one part of the proof, namely, if an operator is unitary then it

preserves the norms:

Up, Up) = (0, UTTY) = (¢, 9) .

Theorem 2.11. If T is Hermitian and U is unitary, then also UTU* =T is Her-

mitian.

2.3.1 Projection operators

Let .4 be any subset of some Hilbert space .7 and consider the set of all the elements
of 7 which are orthogonal to all the elements of .#". This is a closed linear subset

which we shall denote with 7 — A"

Theorem 2.12. Let .4 be a closed linear subset of an Hilbert space . Then each
@ € H can be decomposed in one and only one way as the sum ¢ = 1 + y of two

vectors ¥ € A and x € A — A . 1 is called the projection of ¢ in A".

Definition 2.19. Let .4/ be a closed linear subset in an Hilbert space .77°. The

operator P 4 (defined everywhere in %) which assigns to each ¢ € JZ its projection
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in ./ (as defined by the previous theorem) is called the projection operator of 4.

Using the notation employed in the statement of the previous theorem,
Pyo=1.

Theorem 2.13. It is possible to prove that P, is linear, Hermitian and idempotent

(that is, P2 = P ).

Theorem 2.14. An operator P defined everywhere is a projection operator if and
only if it is linear, Hermitian and idempotent. The closed linear subset .4 on which

P is the projector is the one spanned by all the vectors 1 such that Pyy = UN.

Theorem 2.15. Let P be a projector. It is possible to prove the following identities:

A 2 ~ A ~ A A
1Pl = (Pe,e), N1Pell < llell . [[Pe— Pyl =[Pl =) <l -2l ,

and moreover

Py_y=1-Py.

Homework 2.1. Let P and Q be projector operators on the two linear varietys .#
and ./, respectively. Prove that PQ is a projector operator if and only if P and Q
commutes among themselves and show that in that case ]5@ project on the variety

MNON.

Homework 2.2. If P,, P,, P5, ..., Py are projector operators, prove that P+ P+
Py+...+Pyisa projector operator if and only if Pzpj = 5Z~7]PZ-.

2.4 The eigenvalue problem

A key role in quantum mechanics is played by the eigenvalue problem, that means to

solve the equation

A~

er - hrwr s (22)
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where H is a given linear* operator, h, is a real or complex number known as eigen-
value and 1, is any non-zero' element belonging to the Hilbert space and which is
referred to as eigenvector or eigenstate corresponding to h,. The name eigen-
function is also used having in mind a concrete realization of the Hilbert space as a
space of functions, which is often the case in quantum mechanics. The set of all the

eigenvalues h, is the so-called spectrum of H.

Theorem 2.16. e The discrete spectrum of a linear, Hermitian operator is made

of a finite or countably infinite set of real numbers.

e Eigenvectors corresponding to distinct eigenvalues are orthogonal.

Proof. First, we prove the fact that the eigenvalues of a (linear) Hermitian operator

are real. Since H is Hermitian,

(ﬁwrawr> = (1%,1?1/4) .

Since v, is eigenvector of H with eigenvalue h,, the previous equation reads

(hrwra wr> - <wr7 hrwr) )

that is,
h:(d}rawr> = hr(wrawr) .

Therefore, h: = h,, which means that h, is real.

* The eigenvalue problem can be stated without problem also for non-Hermitian operators, however
in the following we are mainly concerned with Hermitian ones, since this is the case relevant for

quantum mechanics.

—

Of course, Eqn. (2.2) would hold trivially for any real or complex number h, if ¢, was the null
vector of the Hilbert space. Moreover, if 1, is any solution of Eqn. (2.2) it is easily shown that
a1, is a solution too, for any real or complex number «. So, it is sufficient to consider normalized
solutions: ||1,]| = 1. However, for the continuous spectrum (see later) normalization must be

interpreted in the sense of distributions.
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Let us consider two different eigenvectors v, and ), corresponding to different

eigenvalues h, and hg, respectively: we have

(f:hbr,z/}s) = (%Ffws) )
(hrwraws> - <wr7 h'sws) )
B (s he) = Mt ) 23)

From Eqn. (2.3) and using the fact that h, is real, we get

(hT - hs)(wra ws) =0.

Since h, # h,, we obtain

(%aws) = 0 )

that is, 1. and 1, are orthogonal and thus also linear independent. ]

In the case of continuous spectrum, the Hilbert space must be enlarged to include
“improper” eigenstates which formally satisfy Eqn. (2.2) but that strictly speaking do
not belong to the Hilbert space and that are normalized in the generalized sense of the
Dirac-delta that we mentioned in the previous chapter. We have already encountered
such situation discussing plane wave function solutions of the free particle Hamilto-
nian. The reader should realize at this point that the stationary Schrodinger equation
is nothing but an eigenvalue problem for the Hamiltonian differential operator in the
Hilbert space £2 of the square-integrable wave functions.

We now introduce the concept of degeneracy of an eigenvalue. When two or more

linearly independent eigenvectors ., 1, . .. correspond to the same eigenvalue h,.,

A~ A~

er - hrd}r and er - hr'lvz}r 5

we say that h,. is a degenerate eigenvalue. Any linear combination of v, Uy, ... 18 an
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eigenvector with the same eigenvalue h,.:

H(at, + Bi) = afli, + BH,
= ahrd}r + Bhrqj)r
- hr(ad}r + B’lj)r) .

That is, for any given eigenvalue h, all linear independent eigenvectors correspond-
ing to h, form a (closed) linear eigenvariety. For any eigenvariety one can extract
two or more (depending on the dimension of the eigenvariety) mutually orthogonal
eigenvectors that span the whole variety.

The set of all discrete and continuous eigenvectors, 1, 1y, is said to be complete

if for any ¢ € A
o=t [ NG9 (2.4
k

and for any pair ¢,y €

(0 = 3 (0, ) (W ) + / AN (9, ) (s X) (2.5)

k

(Here, 2 denotes the Hilbert space.)
Hermatian operators whose spectrum is complete in the sense specified above are
called hypermaximal operator. In the following, we shall assume that all the Her-

mitian operators are hypermaximal.

Remark. There are eigenvalues and eigenvectors also for non-Hermitian operators.
Theorem 2.17. If ¢; is eigenvector of the operator A with eigenvalue a;:
A,lvz)z = ai,lvz)i ’

then
Anp; = alip

for every positive integer n.
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Theorem 2.18. If A is a linear Hermitian operator, the equation A% = 0 is equiv-
alent to Ay = 0.
Theorem 2.19. Let

F(H)=H"+a,H" ' +.. . +a,=0
be the lowest-degree equation satisfied by the linear Hermitian operator H. Then

e the roots of F'(x) = 0 are never degenerate;
e the roots of F(z) = 0 are the only eigenvalues of H;

e the set of eigenvectors of H is complete.

A

The equation F'(H) = 0 is called the secular equation.
2.5 Functions of one operator

We will specify here what we mean by a function F (]:I ) of an operator H.

Let us suppose that Hisa hyper-maximal Hermitian operator acting on an Hilbert
space #. We define F(H) in terms of functions of the eigenvalues of H, namely,
F(H) is the operator which has the same eigenvectors 1, of H and F(h,) are the

corresponding eigenvalues, i.e.,

~

Hy, = hy,  and  F(H), = F(h,), .

It is not even necessary for F' to be defined over all x, it is sufficient that F' is defined
for the set of points x = h,.

If H is hypermaximal, F (ﬁ ) is well-defined for all vectors ¢: from Eqn. (2.4), i.e.,

v=Y i+ [axndr,
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it follows

FU)Y =Y arF(hy ), + / QrF () oy dA

For this state to be well-defined, it must belong to the Hilbert space. For example, if
the Hilbert space is # = £2, one must have

> F(hr)a* + / layF(hy)? dX < o0 .

The adjoint of F(H) is indicated by FT(H) and it is such that

~

(¢, F(H)p) = (F'(H)p, ) -

It is easy to prove that
FU(H), = F*(h )

2.6 Commutativity and compatibility
If ¢ is eigenvector of both A and B, then [A, B¢ = 0. In fact, from
Ap=ap and By =W
one gets
[A, Bl = ABy — BAy = A(byp) — B(a)
= bAp —aBy =bay —abi) =0.

Theorem 2.20. Two hyper-maximal Hermitian operators share a complete set of

eigenvectors if and only if they commute.

Proof. Let us suppose that there is no degeneracy. Suppose [121, B] = 0. Let {¢p, }
be a complete set of eigenstates of B and 1, be an eigenvector of A corresponding to

the eigenvalue a, 1.e.,

Atp, = at,



2.6. Commutativity and compatibility 55

Let us expand v, on the eigenvectors ¢ :*
Y = Zczn%n : (26)
b
Since

Awa:ad}a = (A—a)wa:(),
it follows from Eqn. (2.6) that
S (A - )i, =0 2.7)
bn

Now, we shall prove that the state

~ ~

V= (A—a)e g,

is an eigenvector of B with eigenvalue b,,:

BY = B|(A-a)dre,| = (A= a)Byrgn, = (A a)libup,

It is possible to prove that eigenvectors belonging to different eigenvalues are lin-
early independent (prove this fact as homework) thus Eqn. (2.7) (which is a linear

combination of eigenvectors of B) leads to

~

(A= a)crpy, =0

and hence
A (an%n) =a (Cg"wbn) )
that is, ¢’y are eigenvectors of A with eigenvalue a, but we already know they are

also eigenvectors of B with eigenvalue b,,, therefore the various ¢, are simultane-

ously eigenvectors of both A and B. Eqn. (2.6) is the expansion of one eigenstate of

* For simplicity, we are assuming that B does not have a continuous spectrum, otherwise Eqn. (2.6)

must be replaced by the more general Equn. (2.4).
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A on the eigenstates of B. Since the set of eigenstates of A is complete, any ¢ €

can be written as
v=> v,
an

but the eigenstates 1,, can be expanded in terms of the eigenstates of B, therefore
we can conclude that 1 can be expanded in common eigenstates of A and B.
For a proof of the converse, let {¢,} be the complete set of common eigenstates of
A and B. Clearly,
[A, Blp, =0, (2.8)

because we have

[A, Blg, = (AB — BA)p, = A(b,p,) — Blaney)
= 0 apnPn — by = 0.

Now, let ¢ be any vector in the Hilbert space. We can expand 1) over the basis of ,

wzzcnwna

From this formula and using the previous result (2.8) we find immediately [A, B]y = 0,

thus A and B commute because 1 is any element of the Hilbert space. ]
2.7 Complete set of commuting operators

The main result of the last section, namely the theorem on simultaneous diagonal-
lizability of two commuting Hermitian operators, has been obtained assuming no
degeneracy.

Now, let us suppose there are two linearly independent eigenstates ¢, and @, cor-
responding to the same (degenerate) eigenvalue a, of A. Clearly, the eigenvalue a,
is not sufficient to uniquely characterize its eigenvectors. Let B be an hypermaximal
Hermitian operator commuting with A. In the eigenvariety associated with the eigen-

value a,, we look for eigenvectors of B. Such eigenstates are linear combinations of
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¢, and ¢,., and we shall denote them with 1, and @r. Suppose that they correspond
to two different eigenvalues b, and b, of B, respectively. Then, we can say that the

two eigenstates 1, and v, are uniquely specified by a pair of different eigenvalues:

U= (an b)), W (anbr)
If this is actually the case, the degeneracy is removed. Otherwise, we can iterate the
procedure and look for a third operator ¢ which commutes both with A and B. We
look for linear combinations of 1, and U, say x, and X,, that are also eigenstates
of C. In general, we repeat the procedure until all degeneracies have been lifted. If
the eigenvalues of C' associated to X and x, are different, say, c,, ¢, then the triples
(ar, by, c.) and (a,, by, ¢.) are different and characterize uniquely y, and y,. If this is

the case, fl, B and C are said to form a complete set of commuting operators.

Definition 2.20. A set of mutually commuting hypermaximal operators is said to
be complete when specifying the eigenvalues with respect to all the operators, we

can determine uniquely a common eigenvector.

Theorem 2.21. Let {fl, B,C,.. .} be a complete set of commuting hypermaximal op-
erators. Any other hyper-maximal operator F which commutes with all the operators

in this set must be a function of A, B,C, . ..

Definition 2.21. A subspace S in the domain of an operator A is called invariant
if by applying A to any of the elements in S we get a new state which belongs to .S

too. Therefore, the image of an invariant subspace S is again within S.

Definition 2.22. A set of operators is said to be irreducible if they have no common

invariant subspace.

Theorem 2.22. If a set of operators A, B. .. is irreducible, then any operator which

commutes with all of them is a multiple of the identity.
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Dirac notation

We summarize briefly how to translate the notation used so far in the Dirac notation.

|1y = ket. They represent vectors in the Hilbert space.

(| = bra. They represent the space of linear mappings ¥(|p)) that associate

to every state |¢) a corresponding complex number given by the scalar product

(¥, ).

scalar product: (¢, ¢) = (¥|p);

eigenvalue problem:

A~

Hp = hothy  —  H|) = hy, i) ;

superposition of states:

&2

) =alp) +B1s) )= [ f(E)IdE;

&1

Theorem. The object O = |u) (v| acts as a linear operator.

Proof. Let us apply O to a state |1)):

O1) = [u) (vl¥) .

Now, (v[t) is nothing but a number that multiplies the state |u), thus O [¢))
has produced a state. Let us now prove how it acts on a linear superposition of

states:

Ola ) + Ble)] = |u) (v [er|[1) + B0)]
= alu) (v[y) + B u) (v]p)
= a0 ) + B0 |g) |,

so this proves that O = |u) (v| is a linear operator. n
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e Dual space: Given a ket |¢)), the corresponding bra (1| is defined as that linear

map for which

(W) = [lo]* .

e Operators: Let us suppose that acting with an operator A on a state lp) we
get the state |¢') = A|p). The scalar product of this state with another state
1) 1s

wle) = @l (Alp)) s

to indicate this scalar product we introduce the notation ()| Ap).
e Adjoint: The adjoint AT of an operator A is defined by

(ATplp) = (| Ap) |

where we have used the notation previously introduced. From this relation, it

is clear that A acts on the space of kets, while AT acts on the space of bras, i.e.,
if

W) =Alp)
then

(W] AT = (¥'] .
2.9 Spectral decomposition

Theorem 2.23. For a hypermaximal Hermitian operator H having spectrum h,, and

corresponding eigenstates |h,,) the following spectral decomposition formula holds:
n=1

In other words, H is the sum of the projector operators |h,) (h,| multiplied by the

corresponding eigenvalues h,,.
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For operators having also a continuous spectrum |£,), Eqn. (2.9) must be general-

ized as

~ > Shy
H=> hy|hy) (ha| + : &n [€n) (Enl d&n - (2.10)
n=1 hy

Proof. We restrict ourselves to the case (2.9) and we assume no degeneracy.
Since H is hyper-maximal, its eigenstates form a complete basis for the Hilbert
space. Therefore, any state |¢) in the Hilbert space can be expanded in the following

way
o

) = calhn) - (2.11)

n

The operator identity (2.9) must be understood in the sense that if we apply the
operator H to some state 1) the result H |1) is just the same state we would obtain

applying the right-hand side of Eqn. (2.9), i.e

H|y) = <Zh 129 )|w> (2.12)

Let us prove this formula. By inserting the expansion formula (2.11) in the left-hand

side of Eqn. (2.12) we get

H|y) = (ch I, ) = el |hn) =) el )

while the right-hand side of Eqn. (2.12) is nothing but

(;hnmn ) Zh ) (Bt

Our goal would be met if we were able to prove that the expansion coefficients in
Eqn. (2.11) are actually given by ¢, = (h,|1). This result on ¢, can be easily derived
directly by means of Eqn. (2.11):

(haly) = ch (hilhn) =

5

hence ¢, = (hy|1). This completes the proof. n
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Here is a summary of some important identities encountered in this chapter. First

of all, remember the important Eqn. (2.4), i.e.:

o =3 (W o)un + / AN, )i -

We can write it using the Dirac notation as follows:

o) = 3 (Wl ) + / A (i) )

k

or

o) = 37 1) (wel) + / A [3) () -

This is possible because (Y|¢) is a number. Since the above expression must hold
for every state |¢) in the Hilbert space, it is usually written as an operator identity

by dropping |¢) in every term:
1= 37 o) {wil + [ A (ual 2.13
k

where 1 is the identity operator. Eqn. (2.13) is referred to as decomposition or
resolution of the identity. It means that applying the left-hand side to a state |¢)
we get the same result as if we apply the right-hand side to the same state.

Let us now turn to the spectral decomposition, Eqn. (2.10):

~ e €y
A= Do fha) (] + /5 Aén 1) (€l € (2.14)
n=1 hy

It is then easy to generalize this to a generic function F (]:I ) of the operator H as:

~ e Ehy
F(E) = 3 Flha) b (hal + [ P& I @106 (219)

1

2.10 Tensor Product

The tensor product, usually indicated with the symbol ®, is an operation which

can be applied to any couple of vector-spaces even infinite-dimensional ones like the
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Hilbert spaces. Before giving more mathematical details let us illustrate the case
with a physical example. Let us consider a system made of two particles 1 and 2
and take for each particle a particular wave function: W(ry) and ¥(r,). The product
W (r,)W(ry) represents a wave function of the combined system. Of course it is not the
most general wave function for the combined system. This will be a ®(rq,ry) which
is not in general factorized into two parts like the wave function above. It will be
in general a linear combination of factorized wave functions . In fact let us look at

®(ry,79) as a wave function of particle 1, then it can be expanded on a basis of wave

functions of particle 1 as:
O(ry,m) = Y CiWi(ry). (2.16)

Clearly the coefficients C; must be functions of 79, i.e.:

(I)(Tl, TQ) = Z Ci(T‘Q)\I/i(Tl)

and we can interpret the C;(ry) as wave functions of ro multiplied by some coefficients
a; like:

Cz‘(T2) = CLi\I’z‘(T2)

and the relation (2.16) becomes:

B(ry,m) = a;W(ro) (). (2.17)
So we can say that the space of wave functions of the combined system is formed
by the linear combinations of products of wave functions of particle 1 and of wave
functions of particle 2. If the Hilbert space of particle 1 is indicated with () and
the one of particle 2 with 2, the Hilbert space of the combined system of the two

particles ,whose wave functions we have built in the example above, is defined as the

tensor product of the two separate Hilbert spaces and indicated as:
H =Y @ 4% (2.18)

The states in Eqn. (2.17) can be indicated also in the following way:



2.10. Tensor Product 63

O(ry, 1) = Z a;U;(ry) ® W;(r)

The observables associated to particle 1 will be indicated with the symbol 5(1) and

those associated to particle 2 as 5(2). If 6(1) acts on W(ry) as follows:
O ¥(ry) = ¥'(ry)

then on the tensor product it will act as follows:

Oy (T (r1)W(ra)) = U'(r1) ¥ (ry). (2.19)

Similarly an observable 6(2) acting on particle 2 as :

O@)V(ry) = W'(ry)

will act on the tensor product space as

Oy (U (1) W(ry)) = W ()W () (2.20)

An equivalent manner to indicate this procedure is the following: an operator 6(1)

acting on the Hilbert space 77 get extended, in the tensor product space J¢ =
4 ® 5, into the following operator:

6(1) — 6(1) ®1

where 1 is the identity operator acting on the Hilbert space of particle 2. The
notation above summarize the operation indicated in Eqn. (2.19) where the state
U(ry) is left intact.

The same procedure we follow for an operator 6(2) acting on the states of particle

2. In the tensor product space this operator get extended as follows:

O = 1® O
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In general the operators acting in the Hilbert space tensor product of the two, will

have the form

6(7’177’2) = Z a;Ai(r1) ® Bi(ra)
and will act on a generic state belonging to the tensor product space:

U(ry,m) =Y Cib;(r1) @ Wy(ry)

in the following manner:

~

O(r1,r2) U (ry, ) = Zaicj&m)@j(n) @ Bi(ra) W;(r2) (2.21)

One last remark: as 7; and 7y refer to different particle, they commute. The same

happens for the operator A\i(rl) and éi(rg)

2.11 Problems and Solutions

Problem 2.1. Prove that

SOLUTION. Let O = |u) (v]. We know that
W) =0) = (@O ={l.
Let us now investigate if it possible from
([u) W) ) = 19) | (2.22)

to prove that:
(Jo) (ul) [) = [4) . (2.23)
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We know that Eqn. (2.22) is equivalent to
(W] = (@l (Ju) (v])
= (Ylu) (v]
i.e., (Y| = a (v] with a = (1|u). Now, taking the dual we get (see the proof afterwards)
[0) = a*[v) (2.24)

i.e.,

[9) = ()" [v) = (ule) v) .
(u[tp) is a number, and we can equivalently put it in the following form:

[4) = o) ((ul) = (Jv) ul) [¥)

which is exactly Eqn. (2.23).

Let us now prove Eqn. (2.24). Remember the definition of the dual: consider

(Bldy = 191"
if
(0] = (v]a,
then we get
(WDld) = [0} I al® -

This holds if [¢)) = a* |v), because in this way we have
(Y1) = aa” (vlv) = |lal|* || |o) [|* -

*x Kk %k

Problem 2.2. Prove that the operator

with (¢|¢)) = 1 is a projection operator.
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SOLUTION. It is necessary to prove the following facts.

1. ]% is linear (we have already done this before)

2. ]% is Hermitian, i.e., ]5:2 = Pw. Prove this as homework. You have to construct the
LAt
adjoint Pw.
3. pw is idempotent, i.e., ﬁi = ]5¢. We have

P} = (lv) ) (1) (@) = ) I} (¥l = ) (W] = Py .

1

*x ok %k

Problem 2.3. Prove that, in the Hilbert space £? of the square-integrable func-

tions on x, the operator i0/0x is Hermitian.

SOLUTION. £? is endowed with the scalar product defined for any two square-integrable

functions f(z) and g(x) of one variable z as

—+00

(flg) = ¥ (2)g(z)dz .

An operator O is Hermitian if OT = O where O is defined via the relation
(O'flg) = (f10g) .

therefore for an Hermitian operator O we have
(Oflg) = (f|Og) -

Let us consider O = id/dz. The above relation becomes

+oo o * o +oo o
/OO <za—£> g(:c)dxi/oo f*(:v)za—gdx

We prove that this equality actually holds by integrating by parts the integral on the left-
hand side. We have
+oo g fx +00 )
_i/ / g(z)dx = —i f*(x)g(x) J_rz +/ f*(:v)z—g dz

oo O — = J ox
0
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The surface term vanishes since both f* and g must go to zero at +oco for f, g to belong to
L£? (otherwise, they would not be square-integrable). This proves that the equality above
holds, thus i0/0z is Hermitian.






Chapter 3
POSTULATES OF QUANTUM MECHANICS

First let us recall the postulates of classical mechanics.

Postulate 1. The initial state of a system is given by a point (qo, po) in phase space.

The states of the system at any later time are also points in phase space.

Postulate 2. The time evolution is given by Hamilton’s equations of motion:

q= {Q7 H}P.B. ) p= {p7 H}P.B. .

where {-,-}p . denotes the Poisson brackets.

Postulate 3. The observables (e.g., energy, position, angular momentum, etc.) are
real functions F'(q,p) defined on the phase space. The measured quantities are

the values of F' on the points of the trajectory.

In quantum mechanics the above three postulates are replaced by the following ones:

Postulate 1. The initial state of a quantum system is an element |¢)) of an Hilbert
space. The states obtained by time evolution are also elements of the Hilbert

space.

Postulate 2. The time evolution of a state of a quantum system (in absence of any

measurement process) is given by the time-dependent Schrédinger equation:

LOlY)
[ W—HW),

where H is an operator, called Hamiltonian or Schrodinger operator, which we

shall soon define.
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Postulate 3. The observables of a quantum system are hyper-maximal Hermitian
operators defined on the Hilbert space of the states of the system. The outcomes
of a measurement of an observable are the eigenvalues of the corresponding

Hermitian operator (which, since the operator is Hermitian, are real).

In quantum mechanics however beside these three postulates it is necessary to intro-

duce also some additional ones.

Postulate 4. A system is prepared by measuring a complete set of commuting oper-

ators.

As we have already seen, a complete set of commuting Hermitian operators deter-
mines uniquely a complete set of common eigenvectors, each one completely char-
acterized by its eigenvalues. For instance, let us suppose that the complete set is
(A, B,C,....M ). The common eigenstates are obtained by diagonalizing simultane-

ously A, B, é’, cee M, that is, we have something like

Al) = a |)
Bl) = bs |)
Cl)y= ¢ |)
| M) =ms |)
where the numbers 1, 3, 5, . . . are just to say that we have more than one eigenvalue and

we select one particular eigenvalue among all of them. Since the set is complete the
correspondence between the eigenstate | ) and the set of numbers (ay, b3, cs, ..., my5)
is one-to-one, we can use the set of eigenvalues to label the state | ), in particular we
shall use the notation:

|a17 b37 Csy ... 7m15>

Measuring the observables 121, e M we obtain, according to the postulate 3, a string

of numbers like (a;, b;, ¢k, ..., my), this string is in one-to-one correspondence with an
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eigenstate

‘> H(ai,bj,ck,...,ml)

thus obtaining this string of eigenvalues from a measure is equivalent to obtaining a
state. This is the way the initial state is actually prepared, that is, by measuring a

complete set of commuting operators.

Postulate 5 (probability). The next question is the following one: since in general
an observable O has many different eigenvalues o1, 09,...,0,,... what is the
outcome of a measurement of the observable O? Actually, in quantum mechanics
one must speak about the probability of getting o; in a measurement of O. Let
us suppose the system has been prepared in the state ) at the time ¢ = 0 and
let this state evolve until the time t is reached. At the time t the state of the
system is |¢). Since O is an observable (that is, an hypermaximal Hermitian
operator) the set of all its eigenstates {|o;)} is a complete set of orthonormal
states on which one can expand [¢):

) = Zci |oi)
i
Let us suppose that both [¢) and the states |o;) are normalized and that the
eigenvalues o; are not degenerate. Then, the probability of finding o; in a mea-
surement of O is

P, = el . (3.1)

This procedure is possible if O is a complete set of commuting operators by
itself. Otherwise, there is degeneracy . In this case we must look for Hermitian
operators different than O which commute each other and with O and that form
a complete set of commuting operators. The expansion formula for |1)) becomes

in this case

W> = ZC@?‘ |Oiar> )
o,T
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where the index r labels the degeneracy. In this case the probability of finding

0; in a measurement of O becomes

Po=> el (3.2)

Postulate 6 (Measurement postulate). Let us suppose we prepare a system in the
state 1) and perform a measurement of an observable O. Let us also suppose
that we get the eigenvalue o;. If immediately after we perform another mea-
surement of O we get 0; again with probability 1. This means that immediately

after the first measurement the original state |¢)) has become |o;):

| 1/}) measurement of O | > measurement of O | Z)

i
In other words, the state |1/~)) in which the wave function has collapsed, that is,

‘w> measurement of O ‘1;>

has no components in the directions other than that of |o;).

If, instead of performing the second measurement immediately after the first
one, in which we got o;, we wait until the time ¢ is reached then the probability
of finding o; again is in fact different from 1, but it is the same we would obtain
by evolving the state |o;) from the first measurement to the time ¢ using the

Schrodinger equation:

fO fO
| 1/}) measurement o ‘ > measurement o ‘ @'7t>

[

It should be noted this postulate implies there exist in quantum mechanics two dif-
ferent ways in which states transform: the (reversible) time evolution given by the
time-dependent Schrodinger equation and the (irreversible) wave packet reduction

associated to any measurements process.
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Let us now put forward a technical remark regarding the measurement postulate
in the case in which the measured observable O does not form a complete set of
commuting Hermitian observables by itself and degeneracy occurs. Let o; be the
outcome of a measurement of O. A whole set of eigenstates |o;,7) are now associated
to the eigenvalue o0;, being r the index which labels the degeneracy. The question
is: in which of the various |o;, ) should the state collapse immediately after the
measurement? We know the various |o;, 7) span an eigenvariety. The state in which
|1} collapses is the “projection” of [¢) on this eigenvariety, and we shall denote this

state with |1/~1) By denoting with P; the projection operator on the eigenvariety

0;°

spanned by |o;, ), the measurement process can be represented schematically in the

following way:

|1/}> with outcome o; |,l/}>o¢ _ ” :

measurement of O B pz | ¢>
[

3.1 Dirac’s correspondence rules

These rules, to some extent, allow us to build most of the observables in quantum

mechanics starting from their classical analogous.

Postulate 7. 1. In classical mechanics, observables are functions of ¢ and p, for
example O;(q,p) and Oy(q,p). The corresponding quantum observables
are obtained™ from the classical ones by replacing p, ¢ with the associated

quantum position and momentum operators ¢, p (defined in the following)

Ol(qap) — OAl((jap) )

OZ(qap) — OAQ((.?)p) .

2. Further, the Poisson brackets go into the commutator divided by ih:

1 A

{01(¢:9). O2(a.0)}p. = 5[01(0.5). O2(d. D))

* Excluding certain “ambiguities” in the ordering, see remark 2 on the next page.
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For example,
So, we have

These are called Heisenberg commutation rules.
Now, let us discuss the limits of this correspondence principle.

1. There exist quantum observables having no classical analogous, such as spin,

isospin, and so. In this case the correspondence principle does not work.

2. Since ¢ and p do not commute at the quantum level, ambiguities may arise due
to the fact that more than one quantum Hermitian operator can be associated
to the same classical observable by changing the ordering in which the various ¢
and p terms are considered. To clarify this point, let us consider for example the
observable O; = pgq. We can write this expression equivalently at the classical
level as O; = gp or O1 = (gp + pq)/2. According to the correspondence rule,

the associated quantum observables are

qp — 4p = Oy
qp;pq . qp;pq _b,

O

pq — pq = O,

It is easy to prove that O, #+ O, + O,. For example,
Or=dp=pq +[4,p] = O1 +ih.

This means that, in constructing the quantum observables using the correspon-

dence principle starting from the classical observables, we must be aware of the
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fact that there exist quantum observables with no classical analogous and, for
those having classical analogous, we must prescribe the ordering of ¢ and p.

The latter ambiguity is referred to as ordering ambiguity.

3.2 More on the postulates of quantum mechanics

There is a further postulate called “spin-statistics” which we will present in chapter 8.
In this section we shall comment on the postulates of quantum mechanics introduced

in the previous sections and we shall try to understand them more deeply.

3.2.1 FEaxpectation values

We have seen from postulate 3 that the outcomes of a measurement are probabilistic
and not deterministic: one can only calculate the probability that by measuring an
observable O the outcome will be an eigenvalue o;. Accordingly to the postulate 3
the probability is given by the following rule: if the system is in the state |¢), first of
all you have to expand |¢)) on the basis of the eigenstates of O (resolving degeneracy

if any)

) = cilo) s = (o)
then the probability of finding o; performing a measurement of O on the state ) is
Pi = |Ci|2 .

(Do not confuse this P; with the projector operator P, introduced in the last section.)
Thus, one can only speak about “mean value” O of an observable O on a quantum

state [¢):

BZZPiOiZZ|Ci|20i .



76 CHAPTER 3. POSTULATES OF QUANTUM MECHANICS

It is not difficult to prove that the mean value can also be obtained using the following

expression :*
O = ([O) . (3.4)

In fact, as the |o;) are a complete set, we can write

Z |0i) (0i] =1,

and using this we get:

0 = (WlOlw) = (¢ O (Z |03) <0i\> [0) =D @lOlo) (0:lw)) = D ($losloi) (oil )

7 7

= ZOi (loi) (oil) = ZOi | (o) | = Zoi ]

3.2.2  Compatibility of observables and measurements.

Let us consider two commuting hyper-maximal Hermitian operators A and B:
[A,B]=0.

In literature it is usually found the statement that these two observables can be
measured simultaneously, and are said to be mutually compatible. This means the
following thing: let us suppose we measure A and find the eigenvalue a;. Immediately
after, say at the time £/2 where ¢ is a strictly positive real number as small as we
want, we measure B and we find say by. At a time & /2 after the measurement of B
we perform a measurement of A again and we find a; with probability 1 because of
postulate 3. The reason why we consider “small” times ¢ is that we do not want the
state to change “too much” during the time evolution.

To understand how this concept of “compatibility” of two observables is linked

to the postulates of quantum mechanics, we consider now the case in which the

* The formula is also correct in the case of degeneracy and when observables have continuous

spectrum.
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eigenvalue a; above shows degeneracy and thus there exists a whole eigenvariety of
eigenstates associated to a;. After the measurement of A, the state [1)) of the system

immediately before the measurement of B collapses into |1;> i.e. the projection of

ar?
|1} on the eigenvariety associated to a;. For the postulates of quantum mechanics, if
after a “small” time €/2 we measured A again we would find again a;. After a further
identical time interval let us perform a measurement of B. Since A and B commutes,
from the theorems on theory of Hilbert spaces we know A and B share at least one
complete set of eigenstates. This means there must be at least one eigenstate of B in
the eigenvariety associated to a;. Let us suppose that there are two such eigenstates.

If we find by in the measurement of B, [¢) will collapse in the state |ay,bs). Tt is

al
now clear that if, after a time /2, we measure A again, since the system is in the
state |ay, bs) we will obtain a; again.

Therefore, we can say that a measurement of B has not changed the result of a
measurement of A: we get a; at the time ¢ = 0 and at the time e we get a; again. It

is said also that a measurement of B does not disturb A. That is, we can measure

simultaneously A and B. This is the meaning of compatibility of two observables.

3.2.8  Incompatible observables

We know that two non-commuting observables cannot share a complete set of eigen-
states. They can have a set of eigenstates in common, but this set cannot be complete.

For example, ¢ and p do not commute: [§,p|] = ih, and it is easy to show that
these two observables have no eigenstate in common. In fact, if there were one such

common eigenstate, say |v), then we would get

(4, 0] |v) = 4p |[v) = pg|v) = 4pu |[v) — P [v)

= pv@ |U> - qvﬁ |'U> = Puqy |’U> — QuPy |’U> =0 )

while from [, p| = ih we would get [, p] |[v) = ih|v) # 0.
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Two non-commuting operators A and B, [121, B] =C # 0, can have in general one
eigenstate in common but it is easy to prove that this eigenstate must be an eigenstate

of C with eigenvalue zero. In the case of ¢ and p, ih does not admit zero as eigenvalue.

Let us return to our discussion about measurements of incompatible observables.
Let us expand the state |go) (in which our system has collapsed after a measurement

of ¢) on the basis of the eigenstates of p:
l20) =Y Clgo,p) Ip) - (3.5)
p

Here the summation notation has been used, however the reader should keep in mind
that p has a continuous spectrum and the summation must be replaced actually
by an integration over the continuous variable p. Since ¢ and p have no common
eigenstates, C(qo,p) are always different from 1 for any p. After a time /2 we
perform a measurement of p and let us suppose to find py. After a second amount of
time £/2 we measure again ¢. The outcome is not gy with probability 1 as in case of
the previous section when the two measured observables were compatible. What we

have to do is to expand |pg) on the eigenstates of the position operator
po) = Cl(q,po) la)
q

where C’(q,po) are different from 1 for any ¢. So in general there is a non-zero
probability P, = |C(q, po)|2 of finding a value ¢, and thus the outcome of the second

measurement of ¢ is not necessarily ¢q.

The conclusion is that in the case of two non-commuting observables, the measure-
ment of one observable “disturbs” the second observable. Consequently, the mea-
surement postulate must be restated in the following way: after a “small” time ¢ the
system is still in ¢y if and only if no measurement process has been done in between

of a quantum observable which does not commute with the first.
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3.3 Heisenberg uncertainty principle

Besides the probabilistic aspects of measurements, there are also correlations among
them if they satisfy proper commutation relations. We will analyze here the most
famous case. Let A and B be two non-commuting hyper-maximal Hermitian operators

such that their commutator satisfy the relation

[A, B] =iC', (3.6)
where C' is an Hermitian operator. Moreover we require that the states obtained by
applying these operators to the original states belong to the same original Hilbert

space.

Given the average value of the observable A with respect to the state |v)
(4) = (WlA}Y)

and the mean square

it is possible to prove that

AAAB > % 1EY] . (3.7)
In particular, in the case in which i = q and B= p we have C' = h and the previous
relation becomes
AGAp > %h :

This is Heisenberg uncertainty principle.
We now give a proof of Eqn. (3.7). We start by evaluating (AA)2. Let us diagonalize
A:
Alag) = ay|ax) -
Being A hyper-maximal, we can expand any |¢)) on the basis of the eigenstates of A
according to the usual expansion formula:

)= erlar) , o= (aly) -

k
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By inserting the latter in the expression for (AA)? we get

(AAVIONA—QQHW
—chc] ak‘| A)] |a;)

- Zc}icj (= (A)) (a5 — ¢
=Sl (= ()

Since |ck|2 is nothing but the probability of finding a; in a measurement of A, the

s
~
N——
—~
S
=
Q

<
~—

last formula is nothing but the usual formula of the standard deviation.
N\ 2 N2
By multiplying (AA) by (AB) we get
(AAP(ABY = (llA — (AP) (B — (B)P|)
. . 2. A 2
= [[(A= (A L) [ [(B = (B)) |4) (3.8)

since both A and B are Hermitian and since (A) and (B) are real. Let us introduce

the new operators

~ ~

A=A— (A, B=B-(B).

Then Eqn. (3.8) can be rewritten as

(AAP(AB)Y = | A[) I 1B |4} |

Using the Schwarz inequality on the vectors A |¢)) and B |¢)) we get

(A=) wl[[ (2 - 3w = [ (0| (4 - ) (B B) [)

from which it follows

Y

sisha|(o] (i-@) (5- @), oo

The modulus of a complex number is always bigger than the modulus of its imaginary

part, thus on the right-hand side of Eqn. (3.9) we can take the imaginary part and
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perform the following steps:

AADB > |- [(01(A = (A)(B = (BYIw) — (I(A — (A)(B - (BYI)
=5 [tw1td = GO - Eiv) - (wi(B — (BN - Al
= |5; WII(A = (), (B — (B))Iw)
=2 1)

AAAB = 0 only if (¢|[A, B]|¢)) = 0, that is when | (C) | = 0.
3.4 Position and momentum representations

Let us start from the commutation relation
[4,p] = ih, (3.10)

and ask ourselves if there exists a complete set of eigenstates common to both oper-
ators:

ile,p) = 4l p)

Pla,p) = plap)

If there were such |g, p), it would be possible to expand any state [i)) as

[y = / dqdp Ca.p) la.) .

Now, applying the commutatator [¢,p] to |¢)) using the expansion formula above

would yield

[, D] [¥) Z/qu(q,p)\q,m dqdp—/qu(q,p)\q,m dgdp=0,

while we know by Eqn. (3.10) that

(4,01 1¢) = ih[y) #0.
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Thus, as a consequence of the commutation relation (3.10) there cannot be such
common eigenstate |q, p).

Another question: is it possible to represent ¢ and p operators by means of finite-
dimensional matrices? If it were possible then, by taking the trace of Eqn. (3.10), we
would get :

Tr(g, p| = Tr(gp) — Tr(pq) = Tr(gp) — Tr(qp) =0,
where the two main properties of the trace, namely linearity and cycliccity, were used.

But using the right-hand side of Eqn. (3.10) we get directly
Tr[g, p] = Trih = ihN |

being N the dimension of the matrix. For the commutation relation (3.10) to hold,
it is thus not possible to represent ¢ and p by means of finite-dimensional matrices.

Now, since ¢ is Hermitian under the usual scalar product (that is, the £* scalar

product (¢|¢) = [¥*(q)¢(g) dg, being 1(q) and ¢(g) two square-integrable complex

function of ¢) we can diagonalize it and get a complete orthonormal basis

qlg) =qlq) -

We remark that here ”complete” means

/|q><q|dq:n,

where 1 denotes here the identity operator. The above relation is nothing but the
usual resolution of the identity formula for the Hermitian operator q.

Let us consider a state |¢)) and let us expand it on the basis of the eigenstates of
|9):
) = [ la) alv) da.

The expansion coefficients are (g|1)). The latter can be interpreted as a function of ¢

(ql) = ¥(q) -
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which is the wave function associated to the state [¢)) in the position representation,
also known as ¢ representation.

The operator ¢ acts on a state |¢) in the following way:

4|w>=cz/|q>@dq:/cf|q>w<q>dq:/qw<q>|q>dq.

Y(q)

therefore
@) = [ avta) (dla)da

The left-hand side above is simply
(d'lalv) = d' (V) = d¥(d)

and this should be equal to [ qi)(q) (¢|¢) dg. This fact tells us that (¢'|¢) must behave

like a Dirac’s delta function §(¢ — ¢’), so that

[ vt (g da = [ ev@ita - ¢)da = i)
——
6(q—q")
Hence, the eigenstates |¢) belong to a generalized Hilbert space and are normalized
in the distributional sense of the Dirac’s delta function.
Let us turn to the momentum operator p. It is often said that commutation rela-

tion (3.10) implies p can be realized as*

In fact, if we apply the commutation relation (3.10) to 1(¢) and we use this represen-
tation for p as a differential operator, Eqn. (3.10) is actually fulfilled. Let us check

this fact:

o glote) = —in (%52~ D) i)

* Total derivative was used having in mind the one-dimensional case; in multi-dimensional case

partial derivatives must be used in writing the representation above.
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Let us now work out the matrix elements of p in the position representation. First,
the matrix elements of the commutator [, p| are evaluated between any two position

eigenstates |q) and (¢'|:
(q'lg, plla) = (d'lapla) — (d'lpdla) = (4" — q) {d'Pla) -
Next, Eqn. (3.10) is used to get
('l plla) = (¢liblq) = ih(d|q) = thé(q —¢') .
By matching the two previous expressions we are led to
(4" —q) (d|pla) = ihd(q — q') . (3.11)

In other words, (¢'[p|q) is something that, multiplied by ¢’ — ¢, behaves under inte-
gration with respect to ¢’ as a delta function §(¢ — ¢'), that is

¢ —q)(qplq)dq =1 q—q)dq .
[ -0 @ilaag =i [ s~ q)as
The latter equation is fulfilled if
(d'|plg) = —ihicF(q —q)
dq’ '
In fact, integrating by parts yields
/ . d / / 3 d / / /
(" —q) —Zﬁd—q, 5(q—4q)d¢ = in d—q,(q —q) ) d(g—¢)dd +
+o0o
(¢ —q)(=ih)é(q —¢')

= /ﬂw(q —q')dq".

—00

Strictly speaking instead of p = —ihd/dg one should more properly say that the
representation of p in the basis of position eigenstates |¢) is given by the matrix

elements

. o d ,
(d'|pla) = —Zﬁd—qﬁ(q -q).
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From this equation it is easy to find how p acts on a state |¢) in the position repre-

sentation:

Wile) = (15 [ la) o) d
- /( ih) (F(S(q—q))w@dq

_ _% / 5(g — ¢)(q) dg
dy(q)

dq’

This clarifies the meaning of the statement that p acts on 1(q) as —ihd/dq.

Momentum representation

Instead of diagonalizing ¢, we now turn to the problem of diagonalizing p, which
we shall prove in an exercise to be Hermitian and thus to have a complete basis of

eigenstates:
sy =o' ) . [ 1)l =1,

where 1 denotes as usual the identity operator.
We are interested in how the momentum eigenstates |p) are represented in the basis

of position eigenstates |q), that is, what are the matrix elements (g|p). We have
{d'plp") =" (dIP)

and by inserting the resolution of the identity formula [ |¢) (¢|dg = 1 (completeness

of position eigenstates) in the left-hand side above we get
@ile') = [ (@16la) 'y da = »' (1)

By using the representation of p derived previously, the equation above can be rewrit-

ten as

. d /
—Zﬁ/ d—q,5(q —¢) {glp"y dg =D (dlP) -
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The derivative with respect to ¢’ does not affect the integration with respect to g and

thus it can be brought outside the integration,

—ih/%é(q—q)(ﬂp')d ——zh—/éq—q (qlp')d ——@ﬁ—<QIp>

yielding the following differential equation for the matrix elements (¢'|p’):

o d
—lﬁd—q, (') =0 ()

whose solution is
<q/‘p/> — C(p,) e%q/p/ ’
where C'(p') is a function to be determined. We do that by requiring
(d'lg) = (g —d).

Because of the completeness of momentum eigenstates we have

(d]q) :/<Q’|p> (plg) dp:/lC(p)lze%(q"q’pdp

and this should be equal to d(¢' — q); by recalling the integral representation of the

Dirac’s delta

IR
Sa—dq)= gfe”’(q “dp.

we get
1
C = ,
1C(p) Toh
and thus
1 i
g eﬁqp .
(qlp) Tk

Homework 3.1. Prove that (p'|p”) = d(p' —p").

Let us now check that

/\p> (pldp=1. (3.12)
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Let us sandwich the above relation between (¢’| and |g) and we get:

/dp (dp) (pla) = (d'|1lg) = (¢ —¢') .

The left-hand side can be rewritten as

1 i 1 i 1 i o
d erd'P e 1 — [ dperPd—9
/p\/27rh V2rmh 2mh b

_ b P\ oi(%)(a=a)
27 d<h>e '

= dq—1q),

and this proves Eqn. (3.12).

Fourier transform

It is possible to prove that the position and the momentum representations of a given
abstract state i) are one the Fourier transformed of the other respectively.
By using the completeness of the momentum eigenstates we can expand |¢) in the

usual way
o) = [ 19 l) dp.

where (p|1) can be viewed as a function of p, the so-called momentum-space wave

function
b(p) = (ply) -

The position-space wave function had already been defined as

¥(q) = (ql¥) .

By using the resolution of the identity and by applying the formula for the matrix

elements (g|p) found in the previous section, we get

b(@) = (gl) = / (alp) (ol dp
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Setting A = 1 yields

1 igp ],
blg) = E/ B(p)dp |

which is exactly the Fourier transform. Of course, if A is not set to one, the correct

formula is the one given before.

Let us now look for the momentum representation of the position operator §. We
note that in the momentum representation p is represented as a multiplicative oper-

ator, i.e.:
plp) =rlp) -

Let us consider the commutation relation (3.10) as usual. The matrix element of the

commutator between two momentum eigenstates (p| and [p’) is
(pllg, pllp") = (plaplp") — (plpalp’) = (" — p) (plaly’) -
Because of the commutator relation, this is also equal to
(pllg, pllp') = (plihlp’) = ik (plp’) = ih6(p" - p) ,
thus

d
A~/ — h—5 o
(pldlp’) =i O ' —p),

which means that the operator ¢ acts as —Hﬁ% in the momentum representation.

3.5 Time-dependent Schrodinger equation: formal solution and time-
evolution operator

The time-dependent Schrodinger equation is (formally)

dfy(t))
dt

ih = H|ih(t)) . (3.13)
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The formal solution is given by*

(1)) = e F1 4 (0)) . (3.14)

The operator-valued exponential function is understood here in the sense we have
used to define a function of an operator, namely, by its action on the eigenstates of
the original operator:
e—%ﬁt ‘En> _ e—%Ent |En>
This is the exponential of a number
Using this in (3.14) we immediately get (3.13). Another definition of the exponential

of an operator is the following one:

Note that this is not a Taylor expandion but a converging series for all value of t.
Using this expression we can now prove that the solution (3.14) formally satisfies the
time-dependent Schrodinger equation. In fact, inserting the (3.14) into the left-hand
side of Eqn. (3.13) yields

cd & a1 1 i\ (=i
Zh& [g <—7> g] W(O)):lh;m( 5 ) ”( - )WJ(O))
ih) (n_11)! <_th> <_;H> 9 (0)
Sotui(p) o

=S5 (5) Cirto) . e)

n!

* This holds for time-independent Hamiltonian operators. Hamiltonian operators which depend
ezxplicitly on time may occur, for example, when dealing with time-varying electric or magnetic
fields. We shall return on this when we shall discuss the interaction picture and the time-dependent

perturbation theory.
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while introducing the solution into the right-hand side of the equation yields

gz%i%>%ww:2695vmwwwm

n=0
which is equal to (3.15).

Now we turn to the problem of how the formal solution (3.14) can be practically
used to find [¢(t)) once |)(0)) is known. Since the Hamiltonian H is an Hermitian

operator, its eigenstates |F,),
H|E,) = E,|E,) ,

form a complete orthornormal set and can be used to expand any given [1/(0)) ac-

cording to the formula
[W(0) = _enlBn) o cn=(Eul(0)) -
Now, we apply Eqn. (3.14):
[0(6)) = e H1 Y e B
= Z ¢, e it |En)
= Z Cre 1B B
=S alt) 1B

where
Cn(t) = u e FP = (B, [1h(0)) e F P00
So, the probability of finding F,, by performing an energy measurement at the time
t is given by
P, (1) = [ea(t)]* .
However, it is easily seen that

lea(t)* = i ()en(t) = ¢ et 7Bt e i Bt o) = e, |

=1
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This means the probability above does not change with time.

Another important concept is the so-called time-evolution operator U (t) defined by
Ut) = e nflt |

Since H is Hermitian, U(t) is unitary:

In fact,

being 1 the identity operator.

3.6 Density Matrix

One of the postulate of Quantum Mechanics tells us that to prepare a system we need
a complete set of commuting observables. The string of eigenvalues, each associated
to a different observables, will uniquely characterize the state of the system. What
about if we do not have a complete set of observables or if we have many many
particles and we cannot perform measurements on all of them because they are too
many. In both cases we will have some probabilities pi, ps, - - - pm - - - that the particle
is in one the normalized states (1], (2|--- (m|---. If we now ask which is the average

value of an observable O , as a result we will get:
(O) =) _pi(i| O1i) (3.16)

This statistical mixture can be obtained by introducing what is called the density

operator or matrix, defined as:

=Y milivti (3.17)

i



92 CHAPTER 3. POSTULATES OF QUANTUM MECHANICS

where the (i| are normalized states but not necessarily orthogonal to each other, and

the p; are probabilities that sum up to one, so:

pi >0, Zpi =1
The average value defined in Eqn.(3.16) can then be written as
(O) =Tr(pO) (3.18)
This is easy to prove, in fact from

Tr(p0) = niTr(|i) (i O) (3.19)

i

in order to get (3.18) we have just to show that:
Tr(l) (1| 0) = (| O4)

This can be proved easily considering that |i) (i| = ﬁl is a projection operator, so

]3; = P,. If we then use the cyclic property of the trace we have:
Tr|i) (i) O = TrP?0 = TrPOP;
The last expression can be written as
Trli) (il O1i) (i| = (i| O [i) Tr|i) (i| = (i| O |i) TrEs.
We know that
TrP, = Tr i) (i| = (ili) = 1

The last step comes from the fact that the trace operation is the sum of the diagonal
elements of an operator, so:
Tr i) (il = Y (i) (il7) = (ili) (ili) = (ild)

J
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where we have choosen a basis of orthogonal vectors (j| of which (7| is just one of
them. We could choose this basis because the trace in invariant under a unitary

change of basis:
TrO = TrUOUt = TrUtUO = TrU~'UO = TrO

Another property of the density operator can be obtained if we choose in Eqn.(3.18)

~

O = 1. We get:
Trp=1

The density matrix will help us not only in getting average values but also in
getting probability distributions. For example if I3D is the projector operator upon
the subspace spanned by the eigenvectors of O located in a certain domain D of the

spectrum of 6, then the probability Pp that the measurement of 9) belongs to D is
Pp =Y pm(m| Pp|m) =Tr(5Pp) (3.20)

In particular, using Eqn.(3.20), the probability of finding the system in the quantum
state represented by the Hilbert state element |y) is given by

Py =Tr(plx) (x) = Xl 2lx)

So, given p, we can calculate all average values and statistical distributions of mea-
surements of observables.
In general one needs to introduce a density matrix p when the system cannot be

specified by a single state |W). If this instead this were the case, then p would be:

p=10) (¥

and, if ¥ was normalized, we would have

(3.21)

I
)
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These kinds of density matrices are called pure. In this case we could use the state
itself (W[ instead of the density matrix.

In general anyhow the p is not pure and does not have the form above but the
following one:

7= il (i (3.22)
and as a consequence
p°# .
In this case we say that the density matrix is a mized one because it gives a statistical
mixture which cannot be specified by a single state.

We can say that the density matrix is a unifying formalism to treat both systems
that can be specified by a single state and those which are statistical mixture of many
states.

Several properties of the density matrix are of relevance and we will list them here.

From the fact that the p; are positive probabilities which sum up to one: p; > 0

and Y. p; = 1, we can easily derive that p? <1 and from this we can prove that:
P <1

Other properties of p are the following: first it is hermitian (because the p; are real)
p="
second, because the probabilities sum up to one and the states are normalized, its
trace is one:
Trp=1

and third it is a positive semidefinite operator:

(W[ 51T) > 0 (3.23)
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This last property can be easily proved using Eqn. (3.22). In fact using that
expression we have (U|p|¥) = 3. p;| < ¢[i > |* and from the fact that the p; > 0
and | < ¥li > |* > 0 we get Eqn.(3.23).

Let us now attack the problem of whether a physical system is specified by one and
only one density matrix or not. For the states we know that there is not a one to
one correspondence: any state up to a global phase specify the same physical system.

This ambiguity on the states is not transferred to the density matrix, in fact :

p= sz' i) (i| — Zpiemi

Anyhow the p has a lot of other freedoms. It is possible, for example, to prove that

i) (i e = sz i) (il

the set of states |i) and |m) generate the same density matrix if (and only if) they

are transformed into each other by a unitary matrix U, ,,:

i) =D Usm Im)

The number of states |i) and |m) must be the same and normalized. We will leave

the proof of this theorem as an homework. Basically it will turn out that:

. Zpi i) (i = g Im) (m]

m

where the g, are defined by:
Vi i) = Uimn/Gm |m)

3.6.1 Time FEvolution of the Density Matriz

As the density matrix is built out of kets and bras, the time evolution is obtained by
making the time-evolution of these components.

Suppose
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p0) =i i) (il

then
(3.24)

Pty = pilist) (it =D pU (1) 10} (i U (8) = U0(0)T" (1)

We have seen previously in this chapter the expression of the operator of time

evolution U (t) which is:

=l
iy

v

(t)=e"

D

and so Eqn.(3.24) becomes:
t

>
S

Alt) = e H(0)e!

Taking the derivative with respect to t of the expression above we get the equation

of motion of p:
op i
> H
which is called von Neumann equation and is the quantum analogue of the Liouville

equation.

3.7 Problems and Solutions

Problem 3.1. By using the derivation of the uncertainty relation presented in

this chapter , look for the states of minimal uncertainty which satisfy
(3.25)

1
AGAp=h.
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SOLUTION. The equality holds when the following two conditions, encountered in the vari-

ous steps of the Heisenberg uncertainty theorem, are both satisfied:

1. the Schwarz inequality becomes an equality. This is true if and only if the two vectors

in the inequality are proportional to each other:
[A = (A)]¢) = k[B = (B)]|[v) ,
with some constant k.
2. the complex number in the right-hand side of Eqn. (3.9) is purely imaginary:
(WI(A = (A)(B — (B)) = iv
with v a real constant.

Thus,
k* (Y|(B — (B))(B — (B)|y) = iy .
| (B—B)I)||*

This means k must be purely imaginary: k = ie, with ¢ real. This is due to the fact that the
expectation value on the left-hand side above is real: in fact, it is nothing but the square of

the norm ||(B — (B)) |1) ||. So we have
(A=) 1) =i (B=(B) ) -

Now, we choose A= q and B = p= —ihf—q and we image that |¢) is already realized on ¢

as a wave function v(q) in the £2 space. The previous equation becomes

G — (@)]4(q) = ie [—mf—q - <p>] (g)

that is,

n 0 4 () — = (9) wla) - avla) =0

from which it follows
dy _ g+ie(p) - (4)

d
7 - q,
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which can be integrated to yield

Ll .
log ) = s [? + (i (p) — <q>)q] + const.

Finally, by taking the exponential of both sides we get

2 . ilh
Y(q) = Aexp [% - %q + %q}

(a—(a)* () . (@)°

SAe T TR ﬁ]

A can be found by normalizing the wave function. Of course, € should be less than zero in

order 9 to be normalizable. The result is

_((;’_5‘<g>)2 —i—i@%q] . (3.26)

00 = {f e |

*x kK

Problem 3.2. Determine the momentum probability distribution of the energy
eigenstates of an harmonic oscillator whose mass and frequency are m and w

respectively.

SOLUTION. The Hamiltonian is

N |

and the energy eigenfunctions in the position representation are

1
mw\ 3 1 _ mwa? mw
o) = (77) N (w h ) ’ (3:28)
where
n 752
Ha(€) = (~1y7e€ 8

are the Hermite polynomials.
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Of course, we could Fourier transform v, (x) to obtain the momentum-space wave function
1,Z~)(p) whose square modulus is nothing but the desired probability density function. However,

it seems easier to write H in the momentum representation:

p2 h2 5 d2

The eigenvalue problem for the operator pr reads

< hQ 2d2 2

P
1+ ) D) = Euialo).

which can be written as

dp? Rmw? " 2m

) i) =0 (3.29)
The position-space stationary Schrodinger equation had the form

2 (2 m
d“Yn(z) | 2 (En _ %mw%?) Un(z) =0. (3.30)

da? h?2

By performing the replacement

P ith =« me
W [
vVmwh h

Eqn. (3.29) formally becomes equivalent to Eqn. (3.30) whose solution are Eqn. (3.28). By

the same substitution into Eqn. (3.28), and properly normalizing, we get:

~ 1 _ % p
n P — 2mwh Hn .
¥n(p) \/Z"n!\/wmwhe < mwh>
* * *
Problem 3.3. Let
~0
A p N
H=—+YV
2m o (q)

be the Hamiltonian of a one-dimensional quantum system having discrete spec-

trum with eigenstates |n) and eigenvalues E,,. By using the commutation relation
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Eqn. (3.10) between position coordinate ¢ and momentum p, prove the following

relation:
NI
> (En — Eo) [(nlgl0)]* = 5—

om’

n

where |0) and E, are the ground state and its corresponding eigenvalue respec-

tively.

SOLUTION. By direct evaluation we have

. 1 ih
H.6l = —[p%, 4] = ——
(.4 = 5-[p"dl = = b,
hence
. h2
H, ql,q| = ——
(1744 = i) = -
from which it follows
L h2
<n( 1,4).d| (n> = (3.31)

The left-hand side in the latter expression is also equal to

(o] 0.

n> — (n|Hq? — 2qHG + §2H|n)
= 2E, (n|¢*|n) — 2 (n|gHIn)

= Z2E (nldlm) (mldln) =Y 2 (n|glm) (m| A1) (U|gln)

m,l

= 2B, [(nlglm)|* = > 2 (nldlm) Emdim (1ldln)

m,l

= 3" 2B (nldlm) 2B, (nlaim) [}
=23 (Bn — Bn) l(nldlm)

By taking n = 0 and comparing with the right-hand side of Eqn. (3.31) we get

2
S (B — Bo) [(mll0) 2 = 2

om
m
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Problem 3.4. Let f be an Hermitian operator having a discrete spectrum with
N different eigenvalues. Prove that fN can be expressed as a linear combination

of the operators 1, f, ..., f¥~1.

SOLUTION. We define the following operator:

ﬁ(f—fz‘>

i=1

= (f=f)F=F) - (f—fn)-

G

Let f be hypermaximal, so that its eigenstates |f;) form a complete orthonormal basis and

any state [¢) can be expanded as
) = aklfe) s ar = (faly) .
k

Now, let us apply G to [1):

N
Gy = |(F = ) = f2) -+ (F = 1) (me) .
k=1
We note that

- _ N-—1
Gly) = _(f—fl)(f—fz)"'(f—fN) (aN\fN> +> ak\fk>>
i k=1
= [(F=F =) (F = )] an 1) +
) _/N-1
_(f—fl)(f—fz)"'(f—fN) (Z ak\fk>>
T \k=1
N—-1

= :(f_fl)(f_fQ)"'(f_fN): (Z ak\fk>> :

k=1

This is so because

(f — fv)an |fn) = an f|fn) — anfn | fv) = 0.
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By considering the next terms in the sum, we get by induction

that is, G = 0 (G is the null operator). Thus,
G—0= fN > N-1 L . pN=2 1NN A
=0=/ —Z;fzf +5%;fzfjf + (1) ];[lf
and as a consequence
N

N
. o 1 .
sziZ;fifN 1+5%jfifka 2o COM]T A

i=1

*x kK

Problem 3.5. A particle of mass m moves in a infinite potential well of width
a. At the time ¢ = 0 the particle was prepared in the state given by the wave
function

Y(z,t =0) = Asin — (3.32)

The questions are:
1. Find the wave function v (z,t) at any later time ¢ > 0.

2. Find the time T" at which the particle turns back to its initial state.

SOLUTION. We recall the energy levels of the one-dimensional infinite potential well are

_ Rri(n+1)?

E
" 2ma?

. n=0,1,2,...

The corresponding normalized wave eigenfunctions are
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As we have just seen, the state [¢(t)) at any later time is found by applying the unitary
time-evolution operator U(t) = exp(—iHt/h) to the initial state [1)(0)). For this proce-
dure to work properly we have to determine the expansion coefficients ¢, of |1/(0)) on the

Hamiltonian eigenstates |E,,) whose wave function (x|E,) is given above:

=SB e = (BJ(0)

Inserting the identity [ |z) (z|dz =1 yields
e = (Ealt0)) = [ (Bnlo) (ali(0)) dz
—— ——
Pi(@)  P(x,t=0)

The integral involved in the calculation of ¢, must in principle be solved for each n:

= \/gA/ sin ——— min + 1)3: n3 ™2 dx
a 0 a

There is however a faster way to get the correct result, that is, we can manipulate directly

the initial wave function Eqn. (3.32) in order to identify the components. We can write

Y(z,t =0) = Asin® — e
a
— Asin % {1 — cos? ﬂx}
a a

1 2
:AsinE —A§ [1—|—cosﬂ} SimE

a a a
A mx A mx 2mx
= —gin — — —sin — cos —
2 a 2 a a
A mx Al . 3mz . T
= —gin — — — |sin — — sin —
2 a 4 a a
3 T 3rx
= —-Asin — — —Asm—
4 a a
The trigonometric identity
1

cospsing = 2 [sin(p + ¢) — sin(p — q)]

has been used in the last steps above. In this way we get the initial state as a sum of (z|Ejp)
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and (x|E2). So, the time evolution is given by
P(x,t) = e~ it Y(x, t =0)
> a
= HIS e(z) e = / i@zt = 0)da,
n=0 0
0 .
=D cne 1y (a)
n=0
= co e 10 g () + ereh B (o)
where, ¢y = %A\/g and ¢y = —%A\/g . The final result is

(1) A\/E 34 T  hr?t . 37 9 ha2t
x,t) = —4/=|3sin —exp | —i —sin —exp | —9:¢
’ 4V a a p 2ma? a p 2ma? ’

which can also be written as

A /2 hr2t v Ahm*t\ . 3wz
Y(x,t) = —/—exp | —i 3sin — —exp [ —i sin .
4V a 2ma? a ma? a

For the wave function ¢ (z,T) at a later time 7" > 0 to be equal to ¢(x,t = 0) the

following condition must hold:
2T T
exp | —1 =exp | —4 =1,
2ma? ma?

hrT hrT
" —n@2r), A—— =8n(27),

that is

2ma?

for some integer n. By taking n =1 (we find the smallest period T")

24T min
7T72 = 167T s
ma
from which it follows
T 167ma? B Ama?
T ARR2 hr
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Problem 3.6. The state of a free particle at initial time t = 0 is given by the
following Gaussian wave function:

2 imugz
w(:v,t:O):AeXp(—Q—a?-l— N > .

Calculate the wave function ¢ (x,t) at the time ¢ and also the expectation value

and the mean square deviation of the position operator &, that is, (1(t)|Z|(t))
and ((t)|AZ?[1)(t)) respectively.

SOLUTION. We need to recall the following Gaussian integrals:

o
/ exp (—awz) de = L /T
0 a

2
+o0 b2
/ exp (—aulc2 + bx) de = \/?emp -,
oo a
& 1 cex (2k=1)
/ exp (—amZ) 22k dx = X3 x x (2K ) ﬂ
0

/OO exp (—amZ) 2l dy = k—'
0 2qk+1 "’

+oo +o0 N —1/2
/ dxy--- / dxn exp (— Z aijxjxi) =2 [det Aij] /2

The Hamiltonian of a free particle is

2
g
2m
its eigenstates are
2
2 p
H|+p) = — |+
) = 2 |4p) |

thus H does not form a complete set since we still have the degeneracy |£p). For this
reason, we shall use instead the eigenstates of p:

plp) =plp) -
We expand the initial state |¢/(0)) on the basis of the momentum eigenstates:

[%(0))

[ewmar, cw) = w0 .

105
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It should be noted that we know how the momentum eigenstates do evolve in time under
the free Hamiltonian. C'(p’) is given by

W(0) = / @)) (zb(0)) dz

/ o y(r,0)do

/
exp [_m_Q + Z,m?;iom - zp—hx} dz .

The latter is a Gaussian integral, which can be evaluated exactly to yield

C(p) = ad exp [—%(mvoa - pa)ﬂ .

By applying the time-evolution operator, we get

P(x,t) = e_%ﬁt Y(x,t =0)
— i [ Cp) gyla) dp
\/—/

zpt T a? 2
[ mh—i-zh 2h2(mvo )]dp

\/_

1
ht |72
=A [1 L 2] exp { [—ma2h2(az — wot) + B2z%t + ia*mPuoh(2z — vot)]
ma

< [omtats + tmhﬂ}

A is determined by normalizing the wave function: [ |t(z,t)]*dz = 1. The reason for

which we require 9 (x,t) to be normalized is that we are interested in finding mean values

and mean square deviations, thus the wave function must be normalized. We have

A? — vt)?
Yz, t)|* = s P —%
1 + m2a4 (1 + m )

By imposing [ |¢(m,t)|2 dz = 1 one finds
A? = (7Ta2)7% .
The expectation value of the position operator Z on the evolved state [1)(t)) is

() B (t)) = / 2 oo, ) dz
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Again, this is nothing but a Gaussian integral which can be calculate explicitly. The result is
vot. It should be noted at this point that the quantum expectation value obey the classical
laws of motion. This is a more general result which we shall encounter again later: the
so-called “Ehrenfest theorem”.

The mean square deviation of the position operator Z on the evolved state |1)(t)) can be

calculated in the same manner using the formulas for the Gaussian integrals and the result

a? t2h?
— | 1+— .
2 < * m2a4>

Note that at ¢t = 0 the mean square deviation is a/v/2 while for any other ¢+ > 0 the mean

is

square deviation is greater than the initial value. This spreading of the wave function is a

typical quantum effect.






Chapter 4
HARMONIC OSCILLATOR IN OPERATORIAL FORM.

4.1 Harmonic Oscillator in Operatorial Form.

The Hamiltonian operator of the one-dimensional quantum harmonic oscillator is
given by
. 1 1

H=—p>+ —mw?q*. 4.1
5P T 5mw (4.1)

Let us recall that the position and momentum operators satisfy the commutation

relation

~  H
H=—
fw
and
A mw\ s
o= ()"
) 1 \2
P=|— )
(mhw) P
so that
i~ 1/~ ~
H=(ree).
with
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Let us also define the following other operators:

[a,a] =1
and
=1 (aal +ata)
2
By introducing the operator
N=a'a,
we can rewrite the operator H as
2 |
It is easy to work out the commutation rules of & and a' with N:
Na=a (N - 1) , (4.3)
Nat = af (N + 1) . (4.4)

We are now in a position to prove the following theorem.
THEOREM:
If

Nv)=vly)

i.e., if |v) is an eigenvector of N with corresponding eigenvalue v, then:
a) v >0
b) if v =0, then a|v) = 0;

c) if v # 0, then a|v) is a non-zero vector whose norm is given by v (v|v) and which
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is an eigenvector of N with eigenvalue v — 1; af |v) is a state which is always different

from zero (even if ¥ = 0) and its norm is given by
(v+1) vy .

Morewover it is an eigenvector of N with eigenvalue v + 1.
proof:

By hypothesis,

Ny =vly) ,
with (v|v) > 0. So,
(WIN ) = (vlafalv) = l|a[v)|* = v (v]v) . (4.5)
and
[ (1] = (vlaal|v) = W|N + 1v) = (v +1) (]p) . (4.6)

Now, by definition all the vectors in the Hilbert space have non-negative norms and
the only vector having zero norm is the null vector. From Eqn. (4.5) we get that,
since ||a|v) ||* is the norm of a state, it is a positive number as well as (v|v), so we
have v > 0. This proves proposition a).

If v =0, then ||a |v) || = 0, and consequently a |v) = 0, which proves proposition b).
If v # 0, then a|v) is a vector with non-zero norm given in (4.5). Using Eqn. (4.3)
we get

Na|v) :a(N— 1) W) = (v —1)alv) .
This proves part of point ¢). From (4.6) we get the norm of a' |v). Since v > 0 the
minimum value of this norm is 1- (v|v) when v = 0, and even this is a norm different

from zero. Now let us take into account Eqn. (4.4):
Nat|v) = at (N+ 1) W)=+ 1) |v) .

This relation tells us that a'|v) is eigenvector of N with eigenvalue v + 1. This

completes the proof of the theorem. Via repeated applications of the operator a on
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the eigenvector |v) we get that the states :

v—2, ..., V—Dp.

From proposition a) of the previous theorem, these eigenvalues must be positive or
zero, so there must exists a certain positive integer p for which we have v — p = 0,
i.e., v = p. Therefore, we get the important result that the generic eigenvalue v is
zero or a positive integer because p is integer. If v — p were not zero but the smallest
non-integer positive number , then we would always be able to construct the state
i |v — p) which would be an eigenvector of N with eigenvalue (v —p—1) , whose norm
would be proportional to v —p — 1 and negative, but this cannot happen in a Hilbert
space. This proves that the eigenvalues v are given by all the (non-negative) integers.

From this and Eqn.(4.2) we get that, calling by n a positive integer, the energy

levels of the original Hamiltonian are:

1
E,=mn+ i)hw

Now, N is a Hermitian operator, so its eigenvectors |0), [1), ..., |n), ..., make up a
basis for the Hilbert space. There are no degeneracies and they make up a complete
set. From the relation

(vlatalv) = al))® = v (vlv) |
we get that a|v) is normalized if ¥ = 1 and (v|v) = 1. Then, from
(vlad'|v) = (WIN +1v) = (v + 1) (vlv) |

we get that
~ 2
at|[n)||" =2(11) =2
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SO

a ||| =v2.

But we already know that a'|1) o |2) and if we suppose that all the states are

normalized, i.e., (2|2) = 1, then the correct proportionality factor is such that:
a'|1) = v2[2)
and in general we shall have

1/2

atln) =(m+1)"|n+1) .

Analogously, we can determine the normalization coefficient in the relation a |n) o

|n — 1). If |n) is normalized then
(nfa'aln) = ||a |n)||* = n (nln) =n

and so
lan)]| =+vn,  al0)=0.
We can conclude that the vectors

ny = (n1)"2 at" |0y |

are eigenstates of N:

Nin)=nln)

and they make an orthonormal basis:

(n|n'y = 0 -
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To check the orthogonality, let us consider for example (1|2):

(12)

(0laa’a’|0)
(0] (a'a+ 1) a'|o)

1
0la‘aa’|o) + —= (0}a'|0
(0] 10) ﬂ< |a'[0)
(0laaa’|0)

(0a’ (1 —a'a) |o)

2

1
— (0lat]0) — —= (olatataloy = 0.
(0]a'|0) \/5<| 0)

-l -l =l sl

&

The same can be easily proved for all states labelled by different integers.

The fact the states are labelled by positive integer agrees with the result we got

in chapter 1) where we solved explicitly the Schroedinger equation associated to the

harmonic oscillator and did not use operator methods like we did here. The wave-

functions we obtained in chapter 1) are nothing else and the a-representation of the

states |n),i.e:

¢ () = (ln)



Chapter 5
ANGULAR MOMENTUM QUANTIZATION

In classical mechanics the angular momentum of a particle is defined as
L=xxp,
where the symbol “x” indicates the vector product. In components, we get
Ly =yp. —2py , Ly = 2ps —ap., L.=xpy—yps .

By using the correspondence rules, the three components of the angular momentum

operator in quantum mechanics are:

We know that observables in quantum mechanics must be Hermitian operators. Are

L,, f/y and L, actually Hermitian? It is easy to check that in fact they are.
By using the fundamental commutation rules among position and momentum ob-

servables, namely,

one can immediately calculate the corresponding commutation rules among the vari-
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ous components of the angular momentum operator, for example
[L:va Ly] = [gﬁz - éﬁ?ﬁ éﬁm - fﬁz]
= Uz, 2De — TD.] — [2Dy, 2Dx — TD-]
= g[ﬁm é]px - [éﬁy, (_iﬁz)]
= _Zhgﬁm + f[éapz]ﬁy
= ih (&py — UpPs)
= ihL. .
The other commutators are:
o i) —ibhy . [Ly,ia] — i
There is a compact notation to write these formulas, namely,
(L, zg] = ihgijki/k ;
where €;;;, is the totally-antisymmetric tensor whose value is

1 if even permutation of : x,y, z
0 if two indices are repeated

—1 otherwise

(5.1)

Note that this result is the one obtained, via the correspondence principle, from the

classical case where the Poisson brackets between the components of the angular

momentum satisfy the relation

{Li, L]} = gijkLk .

(5.2)

Homework 5.1. A) Check Eqn. (5.2). B) Find the commutator between L; and ;,

where the latter are the position variables.
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5.1 Spectrum of the angular momentum operators

In this section we look for the spectrum of the angular momentum operators. We
shall see that the spectrum of the angular momentum is discrete in contrast with the
classical case. All the results of this section actually relies only on the commutation
rules (5.1) and thus they apply to every triplet of operators whose algebra satisfies
Eqn. (5.1). To emphasize this fact, we shall replace the notation L,, [A/y and L, with
the more general J; where i stands for z, y or z, or more generally ¢« = 1,2,3. The

commutation relations read

[ji, jj] = ih€ijkjk . (53)

The angular momentum is not the only operator satisfying this algebra: also spin,
isotopic spin, etc. do obey the same commutation rules.

It should be noted at this point that the three operators J; do not commute with
each other. Therefore, we cannot diagonalize two components simultaneously. But it
is easy to check that the following two operators do commute: J, and J? = j§+jy2+jz2

In fact,

[T, J2) = [, J2 + T2 + 7
= [, J2) + [, J2) + [ ., J2]
N——

zZ Y

= [J;, j:v]jm + jm[jm jm] + [jzv jy]jy + Ay[ sz jy]
= ity (o + Judy = Ty = Jy )
=0.

In the same way it is also possible to prove that
[Jo, J =0,  [J,J]=0.

Since J, and J2 are hermitian and commute, they can be diagonalized simultaneously
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and their common eigenstates can be chosen to be orthogonal:

JE A m) = R2X|\,m)

) (5.4)
J.|A,m) = hm|\m)

The eigenvalues 2\ and hm have been written in this form in order for A\ and m to
be dimensionless, since J? and .J, have dimensions of h? and h respectively. I\, m)
denotes the (normalized) common eigenstate. For the time being, no restriction is
required for A and m; of course, they must be real numbers since J? and J, are
Hermitian and thus their eigenvalues are real numbers.

The next step is to introduce the two auxiliary operators

o P
T =Jo Jo=Jw-

Moreover, it is easy to prove that the following relations hold:

[ Jen) = iy (5.5a)
ey Joy) = =Ry (5.5b)
[y, o] = 21, (5.5¢)
as well as the following ones
Jeydioy =y dy = I = J.(J. — ), (5.6a)
Jden = Jde = P = L4 ). (5.6b)

Homework 5.2. Check Egs. (5.5)-(5.6).

Let us now apply Eqn. (5.6a) on a given eigenstate |\, m) satisfying the eigenvalue

condition (5.4):

Jendy A my = (J2 = T2+ h) (N, m) = B2\ —m(m — 1] [\, m) . (5.7a)
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Analogously, applying Eqn. (5.6b) on |\, m) yields:
JoyJiy A my = (J* = J? = hJ.) [N, m) = B[\ —m(m + 1] [\, m) . (5.7b)

Applying instead Eqs. (5.5) on |\, m) yields:

Loy INm) = (Jeyde + hJy) I m) = h(m + 1)y [\, m) | (5.8a)
T diy [N m) = (Joy e = h) [Am) = h(m = 1)Jy [A,m) . (5.8b)

Together, these relations tell us that if |\, m) is eigenstate of J, with eigenvalue m,
then j(+) |A, m) and j(_) I\, m) are eigenstates of J, too with eigenvalues h(m + 1)
and h(m — 1) respectively. However, in deriving this conclusion the following fact
should be stressed. Let us consider the norms of j(+) |\, m) and JA(,) |\, m); these can
be calculated directly by taking the scalar product of Eqgs. (5.7) above with (A, m|.

Assuming as usual that |\, m) is correctly normalized, the result is

Hﬁﬂumwf:#p—nmn+mL (5.92)

Hﬁﬂumw — 12\ —m(m —1)] . (5.9b)

Homework 5.3. Prove Egs. (5.9).

Clearly, the terms on the right-hand sides of Eqgs. (5.9) above must be non-negative
real numbers. In fact, by definition the norm of a vector is a non-negative real number,
moreover here we are considering the square of a norm. This imposes a constraint on
the values that A and m can take. To explain this point, let us generalize Egs. (5.7)-
(5.9) to the case in which j(+) or j(,) are applied multiple times on |\,m). By

induction, one can prove that the following relations hold:

A

L(Eﬂ&m»:Mm+M(ﬂMAm0, (5.10a)

J (T Aem)) = hm = q) (J, IAm)) (5.10b)
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where p, ¢ = 1,2, ... are the number of times the operators j(+) and j(,) respectively
have been applied on |\, m). Each time j(+) (respectively, j(_)) is applied on |\, m)
the corresponding eigenvalue of J, increases or decreases respectively of one unit.
Let us now fix a particular value of m, say mg. By applying many times the
operators j(+) and j(_) on |\, mg) one can generate the whole series of eigenstates of

the type |\, m):
cey j(27) |)\,m0) s j(_) \)\,m0> y \)\,m0> y j(+) \)\,m0> y j(2+) |)\,m0) s

Of course, in general neither jf’ 'y [A, mo) nor j(qf) |A, mg) is guaranteed to be correctly
normalized even assuming that |\, mg) is normalized. In fact, we have seen that
the contrary happens in the case p = 1, see Egs. (5.9). The associated normalized

eigenstates are indicated as:
A me = 2) SN, me — 1) | A, mo) L |[A,me + 1) A, me +2) ...
and the corresponding eigenvalues for J, are given by
oy hi(mg — 2), h(mg — 1), img, A(mg + 1), A(mo + 2), . ..

The chain must stop in both directions. Let us now explain why. Egs. (5.7) can be

generalized as follows:
Jeodcy (Fy 10 smo) ) = BN = (mo — g)(mo — g = 1)] (JE 1A, mo) )
Jiy sy (FF Imo) ) = B[A = (mo + p)(mo 4+ p+ 1) (J7,) A ma))
and Eqgs. (5.9) become
~ 2 “ “
HJ(+) A, mo +p>H = (A, mo +p| J)Ji4) [A, mo + p)
= B?[A — (mg + p)(mo +p+1)], (5.11a)
A 2 ~ “
HJH A mo — Q>H = (A m =gl Jy o |Amo — q)

= I*[A = (mg — q)(mo — g — 1], (5.11b)
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or, stated in another way;,

Homework 5.4. Verify Egs. (5.10)—(5.11).

A 2 ~ 2
JEE A mo) | = B3 = (mo + p)(mo + p+ 1] |72y I\ mo)||

2 2

= B\ = (mo — @)(mo — a = )] |JE, 1\, mo)

j(qj)l |)\, m0>

Since the (square of ) the norm of a vector in a Hilbert space must be (by definition)
a non-negative real quantity, both quantities appearing on the right-hand side of

Egs. (5.11)
A—(mg+p)(mog+p+1) and A—(mo—q)(mg—q—1) (5.12)

must be non-negative. Remember that p and ¢ are integer because they indicates the
number of times we apply the j(+) and j(_). Moreover, both p and ¢ can be made
arbitrary large since we can apply j(+) or JA(,) on |\, mp) as many times as we want,
and therefore for any given A\ and mg it is always possible to choose two positive
integer numbers p and ¢ large enough to let these quantities in (5.12) to become
negative. The only way out is to admit the existence of two (non-negative) integer

numbers ¢y and pg such that the chain stops, that is,
T A mo) A0, JPTH A me) =0,
JE A mo) A0, JET A, me) = 0.
This implies that
AN . . -
J(,)JH) (Jg)_i) |)\,m0>> = J(,) (J(p_i) |)\,m0)> =0 s
Ty (0 nmo)) = Jy (5 1A mo)) =0,
from which it follows that at some point the expression in (5.12) must become zero,
lLe.

A= (mo+po)(mo+po+1), (5.13a)
A= (mo—qo)(mo—qo—1). (5.13b)
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As the left-hand sides are equal, we get that:

(mo + po)(mo +po + 1) = (mo — qo)(mo — g0 — 1) -
Performing the calculation, this relation leads to
mg -+ mopo + mopo + Py + Mo + po = Mg + 5 — 2mogo — Mo + qo
and thus

_ qo — Po
2 )

mo

where ¢y and py are by construction two non-negative integer numbers. From here we

get that mg must be either integer or half-integer. Now, if you define

_ 9o+ Ppo
=5
we get from one of the Egs. (5.13) that
A=j+1).

This means the eigenvalues of J2 are of the form j(5 + 1)R% where j = (qo + po)/2
is an integer or half-integer: j = 0,1/2,1,3/2,... Note also that for a given j the

smallest eigenvalue of jz is given by muynh, where

o — Po .
mmin:mo_q0:< >—QO:—]>

2
and analogously the largest eigenvalue of J, is Mmax R, Where

do — Po
2

mmax:mo_'_pO:( )+p0:]
Therefore, the eigenvalues of J, are of the form mh where

m:_jv_]+]-7_j+27717_27]_1"]1

-~

(2j+1) terms.
The fact that m and j can take only this discrete set of values is known as angular

momentum quantization.
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From now on we shall denote the eigenstates of J? and J, with |7, m):

Once j is fixed (do remember that j must be integer or half-integer) the set of all
27 + 1 eigenstates |j,m), where m = —j, —j +1,...,j — 1,7, makes up what is called
a multiplet with fixed 5. We can move within the multiplet leaving unchanged the
eigenvalue of J? and changing only the eigenvalue of J, one unit at a time (in units of
h) by using the operators j(+) and j(_). For example, we can start from |j, j) (with
the highest eigenvalue m = j of jz) and move downwards by applying recursively JA(,)
until the eigenstate [j, —j) is reached. Basically , we can construct the general state
|7, m) as
gy = &0 T 5 )

)

The coefficient ¢; ;

accounts for the normalization. We can also start from |j, —7)

and move upwards through successive applications of j(+):

. ~(+) 79+m | - .
Gomy =0T 5, =) -

Let us evaluate the coefficients é(»*)

+m and 552 The simplest case is

Joyljom)y = 0 gm =1y ey lgm) = jm 4+ 1)

We have already calculated the norm of j(+) |7, m) and j(_) |7, m). By using Egs. (5.9),

and making the choice of having real and positive coefficients, we find

m=h(G+m)(j—m+1),

)
cf;i: \/(j—m)(j+m+1).

where we have made the choice for the coefficients ¢! to be real and positive. This

j7m

choice will be crucial to determine the relative phases among states of the same
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multiplets. Thus,

Jylgim) = /(G +m) G —m+1)[j;m = 1) , (5.14a)

Jeoy ldom) = h/G—m)(G +m+ 1) |j.m +1) . (5.14D)

By iterating the same procedure, we get the general formulas

lj,m) = ml_m@ 837@;: 6, 9) (5.15a)
. 1 1 —m)! i

Homework 5.5. Prove Egs. (5.15).

From Egs. (5.14) we can derive the matrix elements

G| Joldm) = h/ G+ m) (G —m+ 1)dmrm (5.16a)

G, m) = B/ G = m) G+ + Dt - (5.16b)

So the matrix elements of j(,) and j(+) are different from zero only for the elements
next to the main diagonal. From the matrix elements of j(_) and j(+) it is possible

to calculate also the matrix elements of JAJ; and jy since

A

Jo==(Jm+Jo) . Jy==(Jm —Joy) .

1
2
The matrix elements of .J, can be easily calculated, because J, is diagonal in the

representation of its eigenstates:
(G, m!| 1|5, m) = Bmé -

The explicit matrix representations of I, jy and J, are for j=1/2:

no | S
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for j = 1:

010 0 —i 0 10 0
j—h101 g 0 J.=hlo 0 o
m—\/i 7y—\/§l -t Yz )

01 0 0 i 0 00 —1

for j =3/2:

0 v/3 0 0 0 —iv3 0 0
jh\/§020 . mliv3 0 =20 o0
210 2 o 30T 20 2 0 —iv3|'

0 0 V3 0 0 0 W3 0

and
30 0 0
. mlo 1 0 o0
J, ==
210 0 =1 0
00 0 -3

5.2 Spherical Harmonics

We now come back to the specific case of orbital angular momentum. We shall employ
the notation L instead of J when referring to the orbital angular momentum, and j
will be replaced by [. In the last section we have said that j is integer or half-integer.
As we shall discuss in this section, [ and therefore m must be integer numbers for the
orbital angular momentum.

The first step is to look for a representation of the abstract eigenstates |l,m) of
L? and L,. This is somewhat analogous to the case in which the eigenstates of the
Hamiltonian H, say |F), were represented on the basis of the position eigenstates:
(x| F) = ¢g(x). In that case, ¥ g(x) were the eigenfunctions of the Schrodinger oper-
ator in the position representation, and were found to be square integrable functions

of the spatial coordinate xz. Here we shall do the same thing with the eigenstates
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,,,,,,,,,,

Fi1G. 5.1. Polar coordinates.

|l,m) but the basis is not that of the Cartesian coordinates |z, y, z) but that of the

polar coordinates |r, v, ¢):

<T719790|l7m> - }/l,m(ﬁv 90) .

As we shall see, Y, are functions not depending explicitly on 7 and are usually
indicated with the symbol Y;,,; they are referred to as spherical harmonics. The
next goal is to calculate these functions.

First of all, we recall the usual relation between Cartesian and polar coordinates

(see Fig. 5.1)

r =rcospsind , (5.17a)
y =rsinpsind (5.17b)
z=rcosV . (5.17¢)

The three components of the angular momentum can also be rewritten in terms of

polar coordinates. For example, the z-component of the angular momentum reads

- 0 0
L.=—ih|z——y—) ;
o (xay a:c)’
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x and y can be replaced directly by using Eqgs. (5.17) while the derivatives d/0z and
0/0y can be rewritten in polar coordinates by using the chain rule of differentiation:

9 909 dpd  ord

or  oro0 0rop  oxor’

and analogously for the other derivatives. In this way one finds
. 0
L, =1ih (sin go% + cot ¥ cos QO%) ,

L

. 0 .0
y = 1h —Coscp%+cotz9$1ngo% ,

. 0
L, =—ih— .
1 30

Homework 5.6. Derive the expressions above for the components of the orbital

angular momentum in polar coordinates.

In the representation of |r, 9, o) the eigenvalue problem L, |I,m) = mh|l,m) be-

comes

0
2
L.
Homework 5.7. Try to derive Eqn. (5.18). Bring in mind that the resolution of the

identity formula in polar coordinates reads

1= / |9, @) (¥, | sin?dd de .

The latter relation follows from the form of the integration volume

/dxdydz:/rzdr/sinﬁdﬁdw.

The solution of the eigenvalue problem (5.18) is given by

eimap

where ©7"(19) is a function to be determined which depends only on 9 while the whole
dependence on ¢ is included in the factor e™¥. We have put a factor 1/v/27m as we

did for the normalization of plane wave functions.
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In order to determine the function ©]"(¥) we need to express the operators £(+)

and i(_) in polar coordinates:

~

. . ‘ 0 0
Ly =L, +ilL, = he™™ [ + 2
(+) s xil, =he ( 819+ZCO“98¢) (5.20)

We recall from the previous section that

E(Jr) 1,1) =0
which now becomes
WYu(d,9) =0,
and using Eqn. (5.19)
(4513 ol =0,

we get

d
— el(W¥) | =0.
dv <s1n19 ! ))

Its solution is given by

O!(W) = ksin'¥ .
The value of k is fixed by requiring ©}(¢J) to be normalized to 1:
g/|@ﬂ®f$nﬂdﬂ:1.
0

The result is

By repeatedly using Eqn. (5.20) we can obtain a general expression for ©7*(1):

L+m)l .
el

O B |
©i (ﬁ)_hlfmm (I —m)!

The final result is

21 + 1 [(I+m) di-m
Vi, 1)/ M in T I—— (sind)? . (5.21
! ?) (I —m) sin d(cos ¥)i=m (sin.9) ( )




5.2. Spherical Harmonics 129

Remark: sometimes Y, (1, ) are denoted as Y, (¥, ). The spherical harmonics
can be written in a more compact way in terms of associated Legendre functions
P (cos ).

The abstract states |I, m) form a complete orthonormal basis as they are eigenstates

of the Hermitian operators L? and L,
L2 1,m) = B2l + 1) |I,m)
L.|l,m) = hm|l,m).

Thus also their representation (spherical harmonics) makes up a basis on which we

can expand every function of 9 and ¢, i.e.:
1/}<197 @) = Z Cl,mYz,m(ﬂ7 @) .
L,m
For a given [ we know that
<l7 m|l7 ml> = 5m,m/ )

and this relation turns into

2T T
/ dgo/ dd sin Y}, (9, 0) Y (0, 0) = S
0 0

or more generally

21 ™
/ d(p/ dv smﬁYle(ﬁ‘, (P)}/}/,m’ (19, (p) = 5m,m’5l,l’ .
0 0

Let us now consider in some detail the case of a plane wave exp(ik - r) in three
dimensions and find its expansion on spherical harmonics. As k - 7 is a scalar product,
it is invariant under rotations and there is no loss of generality if we restrict ourselves

to the case in which the vector k lies along the z-axis:
eik:-r —_ eikrcosﬂ

Expanding on spherical harmonics yields an expression of the form

eikrcosﬁ _ ch,m(r)yz,m(ﬁu (,0) )
ly;m
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In general, the expansion coefficients ¢;,, depend on r. In the case of plane waves,
the left-hand side in the previous equation does not depend on ¢, that implies that

the expansion can be rewritten in terms of ©,,,(¢) only, that is,
ikrcosd _ Zél,m<r)@l,m<19> )
lm

The coefficients of the expansion depend on [ only and can be written in terms of the

so-called spherical Bessel functions J;:
Crm (1) o Ji(kr) .

As exp(ikr cos 1)) depends on ¥ via cos ¥, the ©;,, () which depend on ¥ via cos v are

only those having m = 0, therefore

pikrcos ¥ _ ch(lm‘)@l,o(ﬁ) ,alkr)oc Ji(kr) .
I

This is the spherical harmonics expansion of the plane wave.

5.3 Addition of angular momenta

Let us now consider two systems with given angular momenta and we want to find
the angular momentum of the composite system. The results of this section are not
restricted to the case of orbital angular momentum L; but to any operator J; satisfying
the algebra (5.3).

It should be stressed that here we are not dealing with the problem of having to
sum two numbers, instead we have to sum two operators. For the i-components this

reads

JO — jo e

Hereafter T" denotes the total system (1 4+ 2) and the labels (1) and (2) indicates the

two systems.



5.3. Addition of angular momenta 131

Being an operator, J) has its own spectrum of eigenvalues. What we shall prove
in this section is that the possible eigenvalues of (j ()2 are given by one among the

set of values

7 =P GO+ 59
where 7 and j® are the eigenvalues of (JM)2? and (J®)? respectively, that is
(JOP? ) =GN+ DR? )

and an analogous relation holds for (J®)2? and (J(™))2.

(1) and (2) refer to two different systems, so the angular momentum components

of the first system do commute with each component of the second system:

A

71 72 _
[Jz 7Jj ]_0

From this relation it is easy to prove that the following four operators commute with

each other:

(JO2, (Jey o e (5.22)

and the same is true also for the following set of four operators
(JOP, (T2, (T, I (5.23)
Homework 5.8. Prove that the operators (5.23) commute with each other.

Let us diagonalize simultaneously the set (5.22). The eigenvalue problem reads

(JOPR D, @ m® @) — 20O 4 1) [0, @)
(JO)? |0, 5O @ @y = 52O L 1) [0 @ ) )y
JO OO O @Y = D5 @y
JO [0 O @Y = @ 5D 5O m® @y
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If instead we diagonalize the second set of operators, namely the set (5.23), we get

(J )2‘ '(2)’J(T)7M(T> B2 (j O 1) U(l)aj(2 JO M(T> 7

(J 2))2|j '(2)’J(T)’M(T> h%j ( i@ 4 1) |j( i(2) J(T M(T> ’

(J(T )2 |j ~(2)’ J(T)’M(T ) = h2J T)(J(T +1) |j 2) J(T M(T ),
T) \1(1)71(2)7 JT M) ) = WM U(l)’j@ JT M )

The space of the states [j(), 7@ m® m®) has dimension
(2j® + )25 +1)

once 7 and j® have been fixed. Now, it is easy to prove (homework) that (J(1)2
and (J®)2 commute with ji(T) (the components of the total angular momentum
operator .J (1), Therefore we can look for the eigenstates of (j ()2 and J among
the eigenstates of (J1)? and (J®)? at fixed j() and j@. This is because (J™)2 and
J are made up of ji(T)

In order to simplify the notation we will denote the common eigenstates of (j (1))2
and (J®)? at fixed j and j@ with [m®, m®), ie. the states [j1, ;& m® m®)
will be denoted by |m™, m®) once j) and j® have been fixed. Similarly , the states
15, 5@ JO MT)Y will be indicated by |JT), M),

Let us try to write |J®), M) in the basis of [m® m®). In this way we shall
obtain the possible values of J™) and M) once ;) and j® are fixed. The solution

of this problem is based on the following two observations, namely

1. Every vector |m®, m®) is an eigenstate of J) with corresponding eigenvalue
MD =@ 4@
that is
szT) Im®, m®y = A(m® + m®) jm® m®)
This is because

JI = J0 4

z
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2. For every value of J) there are various M) and therefore there is a certain
number, say N(JT)), of vectors in the space of |m), m®?). Every set contains

all the eigenvalues M) from —J™) to J@),

We shall instead denote with n(M()) the number of states |m®, m®) which

have the same M),

It is easy to prove that the relation among n(M ™)) and N(J™) is
n(MT) =" NID) (5.24)
T > M)
because if JT) is larger than M) then surely it has some (M’)") which is equal to
MD(M)T) being in the range from —JT) to JT).
From Eqn. (5.24) it follows that

N(JDY = n(JDY —n(JD 1) . (5.25)

In fact, n(J™)) and n(J™) + 1) differ only for one term, namely that of J(*).
From Eqn. (5.25) one sees that in order to determine N(J®)) it is sufficient to
determine n(M™)). Now, n(M®)) is the number of pairs (m™,m®) such that

MO — ;@

To find this number one can employ a diagram like the one plotted in Fig. 5.2 for the
special case j) = 7/2 and j® = 2. n(M®) is the number of pairs (m®), m®) in
that plot that are situated along the line of equation M) = m® 4+m@_ If ;O > ;)

we get from Fig. 5.2

0 it [MD] > 0 4 ;@
n(MD) = {0 4@ 41— MO i O 4 5@ > (MO] > ;0 @)
25 11 if |5 — @ > MDD >0

If we put these numbers into Eqn. (5.25) we obtain

NIy =1
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_j(l) _ j(2)

Fic. 5.2. Addition of angular momenta. The bullets display all the pairs (m(l),m(Q))
for j = 7/2 and 7@ = 2. Remember that the only allowed values of m() and
m® given j and j@ are m12 = —;12) ;02 49 502 1 (12 thys mB) =
—7/2,-5/2,...,5/2,7/2 and m® = —2,-1,0,1,2. The lines correspond to M) =
m® +m®. For example, the red line in figure is the line of the pairs (m(l),m(Q)) such that
M™T = —j10) — 42 4 3. To count the number of pairs n(M (T)) you have simply to count
how many pairs are situated along the line corresponding to M (D).

for

JO =G0 +59), G0+ =), Y =52
otherwise for all the other eigenvalues we get N(J1)) = 0.
Remark. These are the eigenstates at (1 and j® fixed.

From the previous considerations we obtain the following :
Theorem 5.1. In the (25 + 1)(25® + 1)-dimensional space spanned by
17D, 5@ m® m@)
with j and j® fixed, the possible values of the total angular momentum J) are
JO = (0 +59), G0+ =), =52

and to each of the possible values of J™) it is associated one and only one multiplet

of eigenstates |J™), M) of the total angular momentum.
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5.4 Clebsh-Gordon Coefficients

In the last section dealing with the sum of angular momenta, we have made use of
two basis: the |ji, jo, J, M) and |ji, jo, m1,mg). We did not insert any other label
into these kets because we made the hypothesis that jA21, jA22, J 2. M form a complete
set of observables and the same for the operators associated to the other ket. If this
were not so, we would have had to introduce a further label, which we will indicate
with the symbol ”a”, to indicate the eigenvalues of a set of operators to be added to
the previous ones to make them a complete set . The states would be indicated as:
lev, j1, g2, J, M), and |, g1, Jo, My, ma).

In order to define the states |«, ji, jo, J, M) unambiguously we will assume them
to have norm one and we will adopt an appropriate convention for its phase. In the
Hilbert space 7 («, j1, jo) the states |a, 71, j2, J, M) and |a, j1, j2, m1, mo) form two

orthonormal basis and we can pass from one to the other by a unitary transformation:

|Oé,j1,j2,J,M>: Z |Oé,j1,j2,m1,m2> <Oé,j1,j2,ml,m2|a,j1,j2,m1,m2>.

mi,m2

It is possible to prove that the coefficients of the transformation, i.e:

(@, J1, J2, m1, malay, ji, ja, M, ma)

are independent of o. We know in fact that in the Hilbert space J¢(a, j1,72) the
operator J? and J, are represented by matrices which are independent of o . In fact

indicating (a, j1, j2, J, M| with the shortened symbol («, J, M|, we know that:
(v, J, M| J. !, J', M) = Mo,065,000 00

and

(a, J, M| Js |, T, M"Y = \/T(J £1) — MM'50,0005 10010171

The same will happen for the matrices representing j; and jo. As a consequence also

the components of the eigenvectors of J? and J, , 1.e {a, j1, jo, m1, mo|a, j1.ja, J, M)
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, will be independent of "a”. So we can say that these transition coefficients have
a pure geometrical interpretation depending only on the angular momenta and their
orientation and not upon the physical nature of the dynamical variables labelled by
a. These coefficients are called Clebsh-Gordon (C.G) coefficients and will be written
without the label «, as (ji, j2, m1, ma|j1.j2, J, M). Taking account of this fact the

expansion of the state |«, ji, jo, J, M) can then be written as:

o, g1, oo J M) = |, i, oy ma, ma) (G, oy ma, mal ., J, M)
m1,ma
In order to completely determine the C.G. coefficients, we should fix the phases of
the vectors (a, j1,j2,J, M|. For a fixed J the relative phases of the 2J associated
states have been fixed via the choice of taking real and positive the coefficients of
Eqn.(5-14a,b). Once this is done the {(«, ji, jo, J, M| have only the freedom of a phase
which can change with J. We fix this phase by requiring that, whatever* is J, the

components of (a, ji, jo, J, J| along (o, j1, ja, J,J — j1| be real and positive i.e:
<.j17j27J7J_j1‘JJ> > 0.

Many properties of the C.G coefficients follow directly from their definition and
the requirements above for the phases. To get all of the C.G coefficients we have just
to use the recursion relations (5-14-a,b) and the orthonormality relation between the
states. It is then easy to find several symmetry properties of the C.G coefficients which
greatly facilitates their calculation and tabulation as was done by Racah. For more

details the reader should study sect.27 of chapter XIII and appendix C of Messiah.

5.5 Problems and Solutions

* J can go from |j1 — ja| to j1 + jo
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Problem 5.1. Let us consider two weakly interacting systems whose states are

specified by the quantum numbers
(1D m®) (1P m®)

of the angular momentum and of its projection along the z-axis. Calculate the

possible values of the total angular momentum L™ and the mean values of I:ET)

and (L™)? on the corresponding eigenstates.

SOLUTION. Note that here not only [ and [ but also m() and m® are fixed. It is

possible to prove that
max {|z<1> 1@, Im® + m(2)|} < LM <M 4@ (5.26)

The upper limit comes obviously from the theory of addition of angular momenta developed

in the previous section. In fact, we have seen that
1M — 1@ < L <M @)
The lower limit however is different. Why? We know that
LD <MD < D

and M™) = m® +m®@) . Thus in our present case if [m?) + m®)| is higher than |I(1) — ()],
we must stop at [m™®) 4 m?)|.
Of course, since 1 and 2 are two different systems, the angular momentum components

of the first system do commute with each component of the second one:

It is also possible to prove that
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We have
B0 =B+ £ =0,
(T (1 (2
LN =10+ L =0,
igT) — igl) + ig) — (m(l) + m(2))h

(Prove this as homework.)

Let us now consider (L(T))2:

We know that

(LMW)2 = h2l(1)(l(1) +1), (z(Q))z _ h2l(2)(l(2) 1),

We have only to calculate

20 - £0) = 201D + 2L VP + 9L W 1O
Remember that the states on which we are calculating the mean values are
]l(l),m(l),l(2),m(2)> - ]l(l),m(1)> ® \1(2),m(2)> 7

where the symbol ® stay for tensor product and an operative definition has been given in

chapter 3, thus for example:

PWi@ <<z<1>,m<1>y ® <z<2>,m<2>\> LWP® (yz<2>,m<2>> ® u<1>,m<1>>)

— 10, O ED D Dy (12) 1@ E27@) ()

A

LTI iP 0.

In the same way

ELT T 1P —0, Z0L® = 100 1P = O

Thus,

(LD)2 = 12 100 4 1) 1@ 0@ 1) + Qmu)m@)] ' (5.27)
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Problem 5.2. In the same setting of the previous problem, calculate the proba-

bilities of the various values of the angular momentum, assuming m® = {(!) and

m® =72 _ 1.

SOLUTION. By looking at Eqn.(5.26), the range of possible values of L) s
max{u“) @) 4 m(2>‘} < 1™ <M 4@

In the special case in which m™® =11 and m® =13 —1,

max {|l(1) 1D Im® m(2)|} — max {|l(1) @ @ 1|}
and so the range becomes

1D 47@ —1 <M < @)
This relation tells that there are only two possible values of L), namely
A L Ay A

If we denote by P(L(T)) the probability of finding L) in a measurement, then

and the mean value (L(T))2 can be written (in units of &)

(LMY = Z LOELD +1ypL™)
L(T)
(1D 1) 1@ 1) PaV +1?) 4

139

(D +1@ W 1@y 11— P +1?)| . (5.28)

=PI+ 1)

From Eqn. (5.27) with m() = 1M and m® =1 — 1 we get

(LOY2 = 1M M £1) 1@ 1@ 4 1) + 20013 —1)
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comparison between this expression and Eqn. (5.28) yields

1(2)

1) 4@ _ 1y —
oo P -

p(l(l) + l(2)) =

2 S ¢

Problem 5.3. Prove that, starting from the commutation relation

between the angular momentum operators L; and an Hermitian operator O, it

is possible to deduce that the matrix elements
(L, M|O|L, M)

are different from zero only if M = M’ and they are independent of M.

SOLUTION. Let us start from the commutation relation
L.O-0OL,=0.
By applying it to the eigenstate |M) we get
L.O|M)=OL.|M)=MO|M) ,
and this tells us that O |M) is eigenstate of L. with eigenvalue M. Thus,
(M'|OM) oc (M'|M) = Sppr.01

which is the first part of what we have to prove.
Let us now prove the second part. Since every L; commutes with O, ﬁ(+) commutes with
O too:

L0 =0L),
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and by taking the matrix elements of £(+)O between (M + 1| and |M) we get
(M + 1|L(1)O|M) = (M + 1|OL 4 |M) .

We know that fL( 4) acts on [M) in the following way:

Ly |M)y=+/(L—=M)(L+M+1)|M+1) .

It is also easy to prove that

(M +1| Ly =+(L-M)(L+M+1)(M| .

Hence,

V(L —M)(L+M+1)(M|O|M) = (M +1|0|M +1)\/(L — M)(L+ M +1)
which implies
(M|O|M) = (M +1|0|M + 1) ,

This proves that the expectation values of O are independent of M.

RO S ¢

Problem 5.4. Find the eigenstates of the total angular momentum of two sys-
tems whose angular momenta are L() = 2 and L® = 1. How many states are

there? How many of them have M) = 0?

SOLUTION. For the rules of addition of angular momenta, L(T) can take only the following

values:

LM — @ LW 4 L@
In our case, L) =2, L =1 thus |[LM) — L®)| =1 and LM 4 L®) = 3, therefore

3 or

LM = 9 o

1
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(T) (T)

Associated to each value of L\*) are the corresponding values of M/, for example for

L) = 3 the possible values of M) are
MT) =_-3-2-1,0,1,2,3 .
Therefore, the states |[LT), M) with L(T) = 3 are
13,3),13,2) ,]3,1),]3,0),]3,—1),]3,-2),(3,-3) .
There are seven states |LT), M) with L(T) = 3. For L) = 2 the possible states are
2,2),12,-1),12,0),[2,-1),|2,-2) ,
there are five such states. Finally, there are three states with L(T) = 1, namely
11,1),]1,0),]1,—1) .

There is a total of 7+ 5+ 3 = 15 states, three of which have M) = 0: [3,0), |2,0) and
I1,0).



Chapter 6
SYMMETRIES IN QUANTUM MECHANICS

6.1 Rotations, symmetries, unitary transformations and degeneracy

In quantum mechanics the basic quantities are the probabilities:
P=(ly) .
If now we change the states [¢) via a unitary transformation U:
Ule)=¢) .
it is easy to prove that the probabilities are left unchanged. In fact,
P = (/[f) = (0T ) = (61U Tle) = (ly) = P

Therefore, the probabilities do not change under unitary transformations of states.
What happens to the mean values of an observable? Let us consider the expectation

value of an observable O on a state |1}, it is given by

O = (Y|0f) .

Now, let 1)) be transformed according to an unitary transformation U: |¢') = U [4)).

In order the mean value to be the same, O must be transformed according to

I

-l
o)
=

O/
In fact, in this way one gets

WOy = (UTTOUTU by = (|Ofah) .
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So by performing a unitary transformation we have to change both the states and the
operators.

Somehow unitary transformations play in quantum mechanics the role that in clas-
sical mechanics is played by canonical transformations.

Let us now turn back to rotations. In classical mechanics, angular momentum is
the generator of the rotations, in the sense that any observable O transforms under

a rotation of an angle Ay around the z-axis according to the following rule:
O' =0+ Ap{L.,0}pp , (6.1)

as long as Ay can be considered small enough.(P.B) stays for Poisson Brackets. If we
now look at infinitesimal time translations, these are generated by H and accordingly

we have

O'=0+At{H,Olpy .

By using the correspondence rule, we may infer the transformation in quantum me-
chanics: o
[H, O]

ih

We also know that for finite transformations the time-evolution operator is given by

O =0+ At

Uy =e wflt (6.2)

In the same way, for the infinitesimal rotation given by Eqn. (6.1) the quantum
analogous becomes: o

0 = O+A¢%. (6.3)
For a finite rotation we should get the analogous of Eqn. (6.2), namely

~

U, = ewl=e
This means that under finite rotations the states should transform according to

9 =Up I¥)
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while observables O transform in the following way:

Let us now see if from this, for small angles, we get (6.3). Let us start from
O = o= #d¢Lz () o1 ApL- ’
by expanding the exponentials we get

O = 1—%A¢E2+...]O[1+%A¢iz+...

1

hAw[O, L]+ O(Ap?)

Ap
ih

= O+

— O+ =L[L., 0]+ O(Ap?)

which is nothing but Eqn. (6.3).
If [ﬁz, O] =0, then O = O, i.€., the observable O is invariant under rotations.
Let us now try to derive explictely that Uq, = givls/h generates a finite rotation
around the z-axis.

For an infinitesimal rotation we have:
A 71A Az
[¥) = Unp [9) = 7025 [y)
Taking the derivative of [¢/') with respect to ¢, we get:

d |y »

de h

If we perform explicitly a traslation of an infinitesimal angle € on ¢ then ¥(r, v, ¢)

goes into ¢'(r, Y, ¢ + €), hence

d
V'(rd,p+e) = ¢(T7ﬁ,¢)+€£w('faﬂ,s@)

= 7/’<7“7797 ()0) - %izw(r, 197 80) +...
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and since € is “small” we can write
@) = e7n* )
To get a finite rotation, we have to multiply many infinitesimal rotations:

ererls gmgeals (6.4)

By applying the Baker-Hausdorff formula
oA o — HAE)
where
MAB)= A+ B+ J[AB+..
and the dots denote commutators of commutators, we get from Eqn. (6.4)

e_%(gl—f—ag—f—...)iz (65)

I

because the various L. commute among themselves. Eqn. (6.5) means that even for
finite rotations the generator is given by U (p) = e~iwL:/h that is what we wanted to
prove.

So far we have dealt with rotations around the z-axis. What’s about generic rota-
tions? It is well-known from analytic mechanics that any rotation can be written as a
rotation of some angle o around a direction specified by a unit vector n. Thus, three
angles are needed in order to specify a generic rotation: the two that specify n and

the rotation angle . The unitary operators associated to such rotations are given by

Ula,n) = enom L (6.6)
where n - L = an:x + nyI:y + nzﬁz Eqn. (6.6) reduces to the previous formula for
the case of rotations about the z-axis.

Remark: The statement we made at the beginning of this section that mean values

are left unchanged under unitary transformations, is always true except in the case
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of the time evolution generated by e~Ht/h Under this transformation, mean values
change in time. We will see later that in this case states and observables must be

treated on a different ground (Schrédinger and Heisenberg picture).

6.2 Symmetries, generators and degeneracy

In classical mechanics, a symmetry is a transformation which leaves the equation of
motion invariant. It is easy to prove that at the Hamiltonian level this implies the

existence of a quantity (¢, p) having null Poisson brackets with the Hamiltonian:

{Q(q,p), H}py =0,

If Q(q,p) does not depend explicitly on time, then

dQa.p) _9Q0%¢  9Q0p _0QIH 0QIH _ .\
dt By 0t " Op ot g Op  Op Oq R

If{Q,H}pp = 0then dQ/dt =0, i.e., @ is a conserved quantity (Noether theorem).

By using the corrispondence principle,

Yes = 2001,

we get

(Q Hyen. = Q. 1),
and from {Q, H}pp, = 0 we obtain [Q, H] = 0. This means that at the quantum
level a symmetry is signaled by the presence of a charge () which commutes with the
Hamiltonian.

Q is referred to as “charge” or also as “generator” of a symmetry. The first name

comes from the analogy with electromagnetism, where gauge invariance, namely,
At — AP 4 OFe(x) |

leads to the conservation of charge. The second name comes from the fact that the

transformation

5q = {Q7 Q}P.B.g )
5p = {p7 Q}P.B.g )

(6.7)
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generates a symmetry of the equation of motion. Here, € is an infinitesimal parameter,
When ¢ does not depends on time, we speak of “global” symmetry, otherwise we speak

of “local” or gauge transformation.

Homework 6.1. Prove that if {Q, H}pp, = 0 then the equation of motion are left

unchanged in form, i.e., () generates a symmetry.

From the correspondence principle, it may seem that if a charge is conserved at
the classical level then it is conserved also at quantum level. Actually, this is not
always the case, at least when considering systems having infinitely many degrees of
freedom, such as fields. In such cases quantum effects may break the symmetry. The
two most studied examples of such effects are the spontaneous symmetry breaking
and the anomalies, the former being related for example to the Higgs mechanism
while the latter is responsible for the 7 — 2+ decay and it also implies that there
must be as many quarks as leptons.

Let us now turn to investigate what are the first consequences of the presence of
a symmetry in quantum mechanics. The first consequence is degeneracy. Let us

suppose we know the eigenstates of the Hamiltonian H:
H|E,) = E,|E,) .

For simplicity, we are assuming the eigenstates to be discrete. We have learned that

if H has a symmetry, then there must be a charge Q which commutes with it:
Q,H=0.
Now, it is easy to prove that the state
E,) = QE)

is again an eigenstate of H with the same eigenvalue of |E,), namely E,, thus we
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have degeneracy. The proof goes as follows. From [Q, H ] =0 we get

from which it follows

H|E,) = E,|E,) .
If now we consider the unitary operator U associated to Q, i.e.,
Ula) = e~ 70 ,
where « is the parameter of the symmetry, we can construct a whole family of states
U(a) |En) = |Eny )
and they are all degenerate with |E,), i.e.:
O|E,,a) = He #9%|E,) = ¢ #% H |E,) = ¢ 9% E, | E,)
= E,e 19 |E,) = E, |Ey,, ) .
Remark: not every degeneracy is due to symmetries. There are also accidental de-

generacies.

6.3 Brief introduction to Lie groups.

The set of unitary operators U(a, n) = o ronL

which implement the generic rotations
on the Hilbert space form a structure which in mathematics is called a group. A group
G is a set of elements g € G on which an internal operation is defined (let us indicated
it with %) such that:

g*g/:g/leg
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Moreover in G there must exist an identity element, ”e”, such that:

exg=g*xe=4g

and finally, given any element g there must exist in G the inverse of g, indicated by

g~ ! such that:

gxg =g lxg=c.

Some groups are a set on which the concept of continuity can be defined and this,
together with few other properties, make what are called the Lie groups. For these
it is always possible to find what are called the generators 62 of the group. They are

such that every element U of the group can be written as :

U= ei > ;04

where the «; are a set of continuos parameters which are as many as the group gen-

erators 52 The group structure of U induces the following algebra on the generators:

where [-, -] is the commutator and the ij are constants called structure constants. The
above commutation relation defines what is called a Lie-algebra among the generators.
For the rotation group the analogue of this algebra are the commutators among the
angular momentum operators. Given an abstract Lie algebra we can build the Lie-
group but then we have to decide on which space it acts. The explicit realization of
the algebra and the group elements on this space is called a " representation” of the
group and of the algebra. For example for the rotation group and algebra we have
seen in the previous chapter that the spaces on which it can act are vector spaces of
dimension 2J + 1 with J integer or half-integer. So we can say that each value of J
labels a representation.

This is just a brief introduction to the concept of groups. More will be studied in

advanced courses next year.
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6.4 Scalar and Tensor Operators

From now on we shall concentrate con the rotation group.

There are observables which are invariant under rotation like for example:

These operators are called scalars and we will indicate them with S. From the invari-

~ i = .
ance of S under U = e~ 7™ je:

S =USut
we get that S commutes with the generators J:
1S, J] = 0. (6.8)

In an exercise in chapter 5) we proved that, from the commutation relation (6.8),
we can derive that:

(J,M|S|J, My =6 50p5205"" (6.9)

where S/) is a quantity which depends on .J but not on M. Eqn.(6.9) tells us also
that the state S|/, M’) is still a state with quantum numbers (J, M), i.e S does not
change the quantum numbers of the state to which it is applied. =~ We can generalize
the concept of scalar operator to vector and tensor operators. They are defined by

the manner they transform under rotation. A vector operator V is defined as:
3
UViUT => " R;V;
J=1

where R;; are the same three by three rotation matrix we would obtain if we apply
a rotation to (x,y, z). If we take two vector operators V and W, we can build the

following object with 9 components:

(AL (6.10)
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plus all their linear combinations. Their transformation properties would be
(ViW;)' = RiRjs (Vi W),

This is a particular tensor. We see that it is an object with multi-index and each of
them transform linearly, in our case with the matrix R.  Among the tensors we will
pay particular attention to the irreducible ones. These are defined as follows: let us
suppose the space of our tensors has dimension N. If there is a subset of this space
of dimension M < N such that any rotation brings every element of this subset into
elements of the same subset, then we say that the tensor space is reducible, in the
opposite case we say that it is irreducible. When it is reducible we can represents our
tensor in the subspace M. For example the tensor we have built in Eqn.(6.10) is not
irreducible. Its 9-dimensional space contains irreducible subspaces of dimension 1,3
and 5. They are respectively the space of the scalar product: ), ViW; that under
rotation is left unchanged and it is a 1-dimensional space, the 3-dimensional space
associated to the the vector product:V AW = > €1 V; Wi, which is a vector and so
under rotation goes into a vector, and the 5-dimensional space associated to J = 2.
The dimensions of all these spaces is always 2J + 1 with J integer or half-integer. In
general, it is easy to prove that, if the (2 + 1) operators Tzﬁj) with —J < M < J are
the standard components of an irreducible J-th order tensor operator T, then they

transform under rotation according to the law:

UTy U =Y Ty R, (6.11)
M/

where RE\? u are the matrices of rotation for the states in the J representation.
This means that these matrix elements are the same as those which enter the trans-
formation:

UMy =Y |7, M) RS, (6.12)
Ml

Using Eqn.(6.12) and (6.11) it is easy to prove that the operators TAJEZ) have the
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following commutation relations with the generators ji, jz

[, T3] = VI(T+1) = M(M £ 1)1}, (6.13)
and
[, T3] = MT,) (6.14)

6.5 Wigner-Eckart Theorem

What we shall do in this section is to give the general form of the matrix elements
of irreducible tensor operators. Somehow this is the analogue of what we did in
Eqn. (6.9) for scalar operators. For convenience of notation in this section we will
indicate the irreducible tensors with the notation: TéK) which means we are in the

(K) representation and take the ¢ element. Let us now indicate with

(J',K, M, q|JM) (6.15)
the Clebsh-Gordon coefficients which in the full notation we would write as:
(J', K, M',q|J", K, J, M) (6.16)

where J’ and K are the analogue of 5 and j® used in the previous chapter and
M’ and q are the analogue of m(!) and m(®. Let us also make the assumption that
J 2 J, are not a complete set of operators and that, in order to specify uniquely the
states, we need some extra quantum numbers which we will indicate with a. It is

then possible to prove the following relation:

1

(o, LM TS |, ' M) = ————
(2 +1)

(c, JI TN, Ty - (T K, M, q| ], M)
(6.17)

The quantity that we have simbolically indicated with (o, J||T")||a/, J') is called

reduced matriz elements and it is a number which depends only on (J, J', o, o/, K)

but not on (M, M, q). We will not calculate it explicitly except for vector operators.

The other term on the RHS of Eqn.(6.17) is a Clebsh Gordon coefficient.
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Eqn. (6.17) is called Wigner-Eckart theorem and for a detailed derivation we refer
the reader to capt.XIII of Messiah. We will prove it later on for vector operators only.
What instead we will do now is to derive some consequences of this theorem. One
of these result is a selection rule which tells us that the matrix elements of Tq(K) are
different from zero only if:

g=M— M (6.18)

and

|J-JI <K< (J+J) (6.19)
This is so because on the R.H.S of Eqn. (6.17) we have a Clebsh-Gordon coefficient
which is different from zero only if the relations (6.18) and (6.19) are satisfied.  Let
us apply all of this to a vector-operator V. It is called vector operator because, as

we explained in previous section, under the rotation generators J it transform like a

vector which means it has the following commutation relations with J:
[Juy Vil = 0, [y, V)] = ihV2, [J,, Vi] = —ihV, (6.20)

and cyclically with the other components of J. We can also build the V, and J, and

derive from (6.20) the following set of commutation relations:

[Ja, Vi] = FRV,, [y, Vi] = —iliVs, [, V] = +hVe (6.21)
and
[, Vi) =0,[Jy, V] =20V, [J_, V] = —2hV., [J_, V] =0 (6.22)

Let us now calculate the matrix elements of V. between (J, M| and |.J', M'), i.e.:
(J'M'| V. |J, M) (6.23)

We will see that a lot of these elements will be zero. For example it is easy to prove
that if M # M’ the matrix elements above are zero. The proof goes as follows: we

know from the commutation relations above that [VZ, jz] = 0 and if we sandwich it
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among the states we get: (J', M'|[V., J.]|J, M) = 0. Applying J. on the states on
the left and on the right we get:
(I, M| [V, JL] |0, M) = B(M = M) (J'M'| V. |, M) =0
Now if we choose M # M’ we get that the relation above is satisfied only if:
(J'M'|V.|J, M) =0.

Another easy thing to prove is that the matrix elements: (J, M| Vi |J, M) are different
from zero if and only if M’ = M + 1. This goes as follows. Let us sandwich the

commutation relation [jz, Vi] = +hV, among states of different M, and we get
~ 1 A A
<J7 M‘ V:I: |J7 MI> = :l:ﬁ <JM| [Jza V:l:] ‘Jv M/>

If we apply, in the term on the RHS, the operator J, on the bra and the ket, we get

that the equality above becomes:
(M F1—M){J,M|Vel|JM)=0
As a consequence, if M # M’ + 1, we get that it must be:
(J, M|V |J, M)y =0

We will now prove the important result that the matrix elements of V are propor-
tional to the matrix elements of J. Let us remember from (6.22) that J, and V,
commutes so their matrix elements between any state are zero. Let us in particular

sandwich it between (J, M + 2| and |J, M) and we get:
(J, M 42| J Vi |J, M) = (J, M 42|V, J |J, M)

Let us now insert a completeness S [J7, M) (J'M’| = 1 between the operators J,

and V+ above. Because of the manner the operator j+ acts on the states, the only
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elements different from zero which survive ,after we have inserted the completeness,

produce the following relation:
(J,M 42 Jy [J, M+ 1) (J,M 4+ 1|V |J, M) = (J, M+ 2|V, |J, M+ 1) (J,M +1|J, |J, M)
which is equivalent to :

(J,M + 1|V [J, M) (J,M+2|V|J,M+1)

(J,M 41 J |J, MY (J,M+2|J,|J,M+1)

This holds for all —J < M < J so we can say that from the relation above we get:
(J,M + 1|V |J, M) = a(J) (J, M +1|J, |JM) (6.24)

where a(J) is a proportionality constant independent of M but which could, in prin-
ciple, depends on J. As the RHS above is different from zero only if the bra is
(J, M + 1], we can generalize Eqn.(6.24) as follows:

(J, M|V, [J, M) = o) (J, M| . [T M) (6.25)

It is easy to prove that this proportionality can be extended to all the components
of V with the same proportinality factor a(J). Let us prove this for the z-component.

We start from the commutation relation:
[J_, V] = —2hV, (6.26)

and let us sandwich both sides between (J, M| and |J, M). Acting with the J_ which
is inside (6.26) on the bra and the ket on which we have sandwiched the above

commutator, we obtain for the LHS of (6.26):

h/J(J+1) = M(M + 1) (J,M + 1|V |J, M)—hr/J(J + 1) — M(M — 1) (J.M| V| J, M — 1)

This last expression, once we use (6.25) in it, becomes:

ah{\/T(J+1) = M(M + 1) (J,M + 1| Jo |J, M)=/J(J + 1) = M(M — 1) (J, M| J, |J, M — 1)}
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This expression can be easily worked out and we get that it is equal to —2haM
which can be written as 2a(.J) (J, M| J. |.J, M) . So, going now back to (6.26), we can
conclude that:

(JM| V. |JM) = a(J) (J, M| .J. |.J, M)
which is what we wanted to prove. In a similar manner we can prove the same
proportionality for all the other components of V. This is basically the Wigner-

Eckart theorem for vector operators.






Chapter 7
SPIN

In the quantization of angular momentum, or better, of the operators J, satisfying

the same algebra of angular momentum operators, namely
[Ji, JJ] = ih€ijkjk s

we proved that we can get only integer or half-integer values. Now, we are interested in
trying to check if the half-integer cases can be associated to some physical phenomena.
Of course, half-integer values cannot be related to orbital angular momentum. In fact,
suppose we perform a rotation about z on some wave function ¥ (p). We know the

unitary operator corresponding to this rotation is given by

~

Ula) = e il

being « the angle of rotation. Now, suppose we select 1(p) as an eigenstate of L,

with eigenvalue //2, i.e.,

A 1

Ly (p) = shibi(e)
and let us performe a rotation on w% of an angle of 27:

U@m)vi(p) = e 12Ty (p)
—_——
b1 (p+2m)

= 67%2”%'51/1%(90)
= —¥i(p).

We expect to come back to the same state instead this does not happen. There are

two possible ways of overcome this difficulty: either v 1 (¢) cannot be an eigenstate
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Fic. 7.1. Illustration of the Stern-Gerlach experiment.

of L, or L, is not the operator of rotation. Both are absurd conclusions. Thus there
must be a different interpretation of the half-integer eigenvalues.

In 1922 Stern and Gerlach performed a well-known experiment in which a beam
of atoms having only one valence electron was sent through a strongly inhomogeneus
magnetic field like in Fig. 7.1. What did Stern and Gerlach find? The beam splitted
into two beams!

Such results had been already explained within the framework of Bohr model by
Uhlenbeck and Goudsmit by assuming that the electron carries an intrinsic angular

momentum, called spin, whose components can take only the values +//2 and to

h_e

which it corresponds an intrinsic magnetic moment +5 g

A quantity which is used to measure magnetic moments is the so-called “Bohr

magneton” g, defined by

eh

= . 1
Ho 2mgc (7.1)

When a charged particle (with charge e) rotates with (orbital) angular momentum
mh then its magnetic moment due to the orbital angular momentum is mug = pu. We
will return on this issue when we will talk about the Zeeman effect.

If we measure the angular momentum in units of A and the magnetic moment in

units of the Bohr magneton then the ratio

w/o
_ga
L./h

is called “gyromagnetic ratio” and is equal to 1. On the contrary, for the spin it



7.1. Quantum description of particles carrying spin 161

comes out that this ratio is 2. This is called “anomalous gyromagnetic ratio” and it
is explained by the Dirac relativistic equation.

The interaction Hamiltonian between a magnetic moment and a magnetic field is
H=p-B. (7.2)

Thus, if the magnetic moment is generated by a rotation of a charge, the Hamiltonian
is

H[ =M B s
while in the case in which the magnetic moment is due to spin we get

In describing the spin we used at the beginning the expression “intrinsic angular
momentum” but this is misleading. The electron seems to be a point-like particle
at the present energy (7 TeV) and so the picture of something rotating on itself is
not appropriate (at least at the present energy). What is more appropriate to say is
that the electrons and many other particles behave as small magnets endowed with a
magnetic moment which at the quantum level becomes a set of three operators with
the same algebra of the one of the angular momentum. But this does not imply that
this quantum number is a sort of “angular momentum”.

Other quantum observables that you will encounter in particle physics, like the
isotopic spin etc., have the same algebra as angular momentum but have nothing to

do with it.

7.1 Quantum description of particles carrying spin

Since spin is not a space-time property of a particle, how can we realize the wave
function of a particle with spin?

We have seen that the algebra associated to spin is

(86, 85] = iheijidy (7.3)
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s, can only take the values +//2 the number of states in the multiplet is 20 +1 = 2.
This means the matrices §; are two-by-two matrices. Two-by-two matrices satisfying

the algebra (7.3) have been worked out in section 5.1 and take the form

@:%@, (7.4)

where ¢; are the so-called Pauli matrices whose form is

. 01 . 0 — 10

0-1- — 5 Jy — 9 O-Z -

10 0 0 —1

Their form can be obtained via simple arguments as follows. s, must have eigenvalues
+h/2, therefore 6, must have eigenvalues £1 as it is clear from Eqn. (7.4). Since z
is an arbitrary direction, and we could choose the x and y directions instead of z,
then also 0, and ¢, must have eigenvalues £1 . If this is so, their squares have only

eigenvalues equal to 1 and thus they must be the identity matrix:

Now, consider the commutation rule

~

Gy0, — 0,0, = 2i0, .
We multiply this expression by &, from the right and we make use of Eqn. (7.5):
Oy — 0,040, = 2i0,0, .
If we multiply instead from the left we get
0.0y0, — 0y = 2i0,0, .

By summing the two previous expressions, it follows

2i (6,6, + 6,6,) =0,
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i.€.,
{6-1'7 a-z} =0,
where {-, -} denotes the anti-commutator. In the same way it is possible to prove that

in general:
Using this formula and the commuation rules
[04,05] = 2iciji0y

it is not difficult to prove that

~

0,05 = 57’,3]1 + €510k )

where, in the last term on the R.H.S, summation over k is understood.
Now, we choose the representation in which &, is diagonal and we keep in mind

that its eigenvalues are +1. Thus,

~

0, = =
0 -1

W>
)
I
O Nl

NS

In order to obtain &, in this representation, we write ¢, in the form
Op =

From the anti-commutation rules we must have:

so, using 6, = (3 %), we get a = d = 0 and finally, from 62 = 1, we obtain bc = 1.

In fact,
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from which it follows a = d = 0, and from 62 = 1 we get

0 b 0 b bc 0 10

c 0 c 0 0 be 0 1

Since these matrices must be Hermitian, ¢* = b and choosing b = 1 we get:

7.2 Pauli equation

If for a particle also spin has to be taken into account, then the Hilbert space of the
particle becomes the tensor product of two Hilbert spaces, namely, the Hilbert space
of wave functions ¢(r) and the bidimensional Hilbert space of the spin degrees of
freedom 7—[?5;“:
H="H(r)® ”H?Zp)m )

Thus,

v (@,y, 2, 1)

(@Y, 2, 1)

Sometimes, another notation is used to denote this state, namely, ¥(x,y, 2, t;w),

Y=

where w is the spin quantum number. Note that ¢ can be written as

4
'QZ): w + 0 )
0 (e

where
A I 0 (0 (0
0 0 -1 0 0
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i.€e., (w0+) is eigenstate of ¢, with eigenvalue +1. In the same way one proves that

(wo_ ) is eigenstate of g, with eigenvalue —1:

(o 10 0 0
o = =—
N 0 -1/ \¢~ C

So, YT (x,y,z) is a state of the electron such that we have a probability 1 of find-
ing +%/2 in a measurement of §,. Therefore, |1/ (x,y, 2)|* is the probability den-
sity of finding the particle in (z,y, z) with component +%4/2 of spin along z, while
[~ (x, vy, 2)|2 is the probability density to localize the particle at (z,y,z) and with
—h/2 component of the spin along z.

The Hamiltonian of a particle with charge —e and intrinsic magnetic moment g

within an electromagnetic field generated by the scalar potential V(z,y, z) and the

vector potential A(z,y, z) is given by

1 2
H=— ( - EA) —eV+B -, (7.6a)
am P~ ¢ )
Ho

where ps = ppo and so we have already taken account of the anomalous gyromagnetic
ratio. Hy is found by applying the minimal coupling prescription. H can be rewritten

in terms of Pauli matrices as follows:
H = HO + ,uoB O, (76b)

where g is the Bohr magneton.

The Schrodinger equation for system with spin is called Pauli equation:

G
ih = H . (7.7)

where ¢ = <$f ), with the normalization condition:

/V (642 + o) dV =1.
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Eqn. (7.7), rewritten in components, reads

i, (U t 1B o (U :ihg (U

b b 0t \ 4

Moreover we have

B.  B,-iB,
BU:onA-x+Bya-y+Bza-z: )
B,+iB, —B.

and by inserting this in the Pauli equation we get

A | 9
Hgbs + 1oBatos + ol Be — 1B = B
~ ) O
Hgb_ + pio(Ba + 1B, — poBab = ihoo

Let us assume that the magnetic field is uniform and let’s try to separate the spatial

part of the wave function from its spin part. We write
w = (bO('r?y? Z)@s ) @S = )

where ¢Y(z,y, 2) are solutions of the Schrodinger equation associated to Hy. If we

solve the stationary Pauli equation using the ansatz

u”('r? y7 z; w) - u9L<x7 y7 z)()bs Y

where u? are eigenfunctions of Hy, the stationary Pauli equation splits into
Hyill (x,y,2) = E%0(x,y,2), (7.8a)
B -, = Eps, (7.8b)
and the total energy is
E,=E’+ E..

By inserting the expression for ¢s = (§) Eqn. (7.8b) becomes

poB.a + po(B, —iBy)b = Ela, (7.9a)

po(By +iBy)a — weB.b = Eb. (7.9b)
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The solutions a, b will be different from zero if the following determinant vanishes:

B, - E B, —iB
det Ho tho ( y) —0,
po (By +1By)  —poB, — Ej

from which it follows

E,=+u|B|, |Bl=./B2+B2+B2.

By substituting these values into Eqgs. (7.9) we find, for Es = +poB, the eigenfunc-

tions:
- ax
Y1 = )
by
where
‘B| —|— Bz . ‘B| - Bz i(aJrarctan ﬂ)
— i by = Bz
and « is an arbitary real phase, while for E; = —pugB we get
- a2
P2 = ’
by
where

|B‘ z wc bg _ ‘B| + Bz ei(aJrarctan %)
2|B| 2|B|

In particular, if B = (0,0, |B]), i.e.the magnetic field is along z, the solutions are

R 1 ~ 0
$1~ ) Y2 ~
0 -1
The corresponding energies will be different: E! = E,, + o |B].

The total angular momentum of the system, if besides spin we have also the orbital
angular momentum, is one of the two following values: j = [ + % More properly,
j characterizes the total magnetic moment, since spin is not actually an angular
momentum as we explained at the beginning.

Spin appears not only in the Stern-Gerlach experiment, but also it plays a role in

the explanation of the anomalous Zeeman effect, which will be presented after having

discussed the Hydrogen atom.
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7.3 Singlet and triplet

Consider two spin-1/2 particles. According to the rules of the sum of operators like
angular momentum, we know that the sum can take only the values 1 and 0. Let us
now look for the wave functions W, of the total spin and its z-component.

The form of the wave functions ;o) and 1) can be sought according to one of

the two following arguments:

1. Directly from the equation for the eigenfunctions of §* (square of total spin);

2. or by using the shift operators §..

We use method 1. As homework solve the exercise using the method 2.

The z-component for si,; = 1 can be one of the following three values:
s, =—1,0,1,
while in the case si,; = 0 the only possibility is s, = 0. Thus we have four states:

ws,sz = 1/}1,171/}1,071/}1,7171/}0,0 .

Let us now construct the explicit form of these wave functions. The single-particle

wave functions are

1 0
and ,
0 1
1) 1)
and
1 0
and
0 1
(2) (2)

The wave-function 1; ; must then be of the form

1 1
i1y = X )
0 0
1) (2)
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where with ® we indicate the tensor product. The total spin operator is
Svétot) _ gg) 4 Séz)

the operator S§” will act only on the first part of the tensor product above while 5’9

will act only on the second part, and therefore, by putting A = 1, we get:

Aétot),l/} — (S§1)+S§2)) 1 ® 1
0 0
(1) (2)
1 (1 “ 1 1 (1 “ 1
fr— —_ _|__
2\o 0 2\0 0
(1) (2) (1) (2)
1 1
- 1 ®
0 0
(1) (2)
= 11?1,1

Since sio; can only be zero or one, a wave function with s, = 1, like the one above,
can only belong to sy = 1.

In the same way on can easily construct the eigenstate ¢, _;, which is

0 0
(R X
1

1
1) 2)
Let us now turn to the problem of constructing the state ¢)g. As it has a total s, =0,

by following the previous rules it is easy to see that such a state will be of the form:

1 0 0 1
Yoo =« ® + 3 ® . (7.10)
0 1 1 0
(1) (2) (1) 2)

The coefficients a and 3 will be determined imposing that 1/ satisfies also s(*% = 0,
1.€.,

) 2
(S(wt)) Vo0 =s(s+ 1)1 =0,



170 CHAPTER 7. SPIN

from which it follows
N 2
(Wool (5) o) =0,

and thus
2

N 2 R 2 R
Sitot)wo70 + ‘ S@(Jtot)wao + ‘ Sétot)wo70 =0.

Since the three terms on the left-hand side are norms, the only way the previous

expression will be fulfilled is to require that each of the three terms be individually

equal to zero. For instance, let us evaluate

A 0 0
Setno =5 [0 v o N e | ) oHal ] @]
1) @) @ @)

By using ¢, = ({¢) whose action is

01 1 0 01 0 1
10/ \o 1) 10/ \1 0)
we get
. 1 1 1 0 0
Szthop = = (a4 B) & + ®
2 0 0 1 1
1) (2) 1) 2
For this to be zero we must have a = —3. So, the normalized state 1y, is given by
1 1 0 0 1
Yoo = —= ® - ®

V2 | \o 1 1 0

(1) @) (1) (2)

Finally, let us construct v, o. Also 1 will be of the form (7.10) but it must
be orthogonal to 1)y since, having different s, they belong to different eigenvalues
of (S(mt))2 and we know that eigenstates belonging to different eigenvalues of an
Hermitian operator are orthogonal. The only normalized state of the form (7.10) and

orthogonal to g is

s 1 1 . 0 . 0 . 1
1,0:—
V2 | \o 1 1

0
(1) (2) (1) (2)
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10,0 is referred to as singlet and it is an anti-symmetric state with respect to an
interchange of the two particles, while 14 o is referred to as triplet and it is symmetric
under the interchange of the two particles. They are called this way because s = 1

has three states while st = 0 has just one.

7.4 Explanation of the Stern-Gerlach experiment

An uniform magnetic field B produces a torque 7 on a magnetic dipole p,, given by
T =g X B,

but it does not produce any force. In order to get a force on a magnetic dipole a
non-uniform magnetic field is needed. This is analogous to the case of an electric
dipole: if the electric field is uniform, both charges ¢ and —q feel exactly the same
force (but opposite in direction) and so the net force acting on the dipole is zero. If
instead the field is non-uniform one of the two charges , being located in a different
position than the other, will experience a force different than the one acting on the
other and the net force on the dipole will be non-vanishing. In the case of an electric

dipole the force is
oF

9z’

where d, = eAz is the electric dipole moment along z. (For simplicity, we are assuming

F=d,

the electric field to vary only in the z-direction.)
A similar force also occurs in the case of a magnetic dipole in a non-uniform mag-
netic field:
0B

F:/,Lza

In the Stern-Gerlach experiment, electrons have a magnetic moment due to spin, and
this magnetic moment can only take two values 4y because, taking account of the

anomalous gyromagnetic ratio, we have:

~

Mz = MO&Z .
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The force acting on the electrons will then be

0B 0B
F, = +’u08—z or F, = —Moa )

according to the components of the spin we are considering. As the forces have oppo-
site directions, they will split the beam into two components. This is the explanation

of the Stern-Gerlach experiment.
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IDENTICAL PARTICLES

8.1 General considerations

In this chapter we will deal with systems having two or more identical particles.
In classical mechanics two particles are said to be identical if the Hamiltonian is
invariant under the interchange of the corresponding coordinates of the two particles

in the phase space, i.e.,

H(pW, o) = H(p®, o).

Since in classical mechanics we can speak about trajectories (in phase space), two
identical particles can be distinguished when the initial points of their trajectories are
different. In fact, the trajectories (in the phase space) of two particles whose starting
points are different will never cross, so there is no ambiguity at all in identifying the
trajectory of one particle and the one of the other .

Things are different in quantum mechanics. Indeed, in quantum mechanics we are
not dealing with points and trajectories in phase space but with states in an Hilbert
space, and even if we prepare the initial states of the two particles at ¢t = 0 localized
one very far away from the other, time-evolution will spread the spatial distribution
of such states and at some time in the future there will be some overlapping of the
two wave functions. In the region of overlapping we will not be able to say if the wave
function belongs to particle 1 or 2. So, the problem of identical particles must be
studied in a more complete way in quantum mechanics. We will see in this chapter

that such considerations will lead us to new interesting results.
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Following the general rules of quantum mechanics, let us prepare the system of two
particles by identifying a complete set of commuting operators. Let us denote the

operators of this set in the following way:

O1(61,&), 0s(6.&) . Os3(&,8), ... ,On(61.&) (8.1)

where & and &, label variables corresponding to the particle 1 and 2, respectively.

Two particles are called identical if the set (8.1) is invariant under the exchange of

& and &, i.e.,
O1(&1,&) = O1(€,6),

O0a(&1,&) = Oa(&e,&1)
O3(&1,&) = Os(&,&) (8.2)

On<§17§2> = On(f%&)-

As a consequence, if the state of the two particles is prepared in the state (&1, &)
then the state prepared using the set of operators with &; and & interchanged will be
(&, &) and these two wave functions must be equivalent, i.e., they must be equal

up to a phase:
D(&r, &) = e Y(&, ) - (8.3)

If we interchange again the two particles we get

¢(€17€2) = eia eiaw(glv §2) )

and thus e*® =1, so € = +1. From this it follows

1/1(§1,§2) = iw(@,&) ) (8-4)

which means the wave functions corresponding to two identical particles must be
either symmetric or anti-symmetric under the exchange of the two particles.
Let us introduce an operator P which exchanges the two particle, i.e which acts in

the following way on the wave function of two identical particles:

P&, &) = (&, &) .
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It is clear that

P*=1

Y

thus the eigenvalues of P are £1. Tt is also easy to prove that P = pt=p! (work

it out as an homework). Let O be any observable, then the action of P on O will be

A A A

PIOP = P71OP .

Clearly,
pTOA<£1,§2>P = O<§27§1) )

and, since for identical particles O(fl, &) = O(fg, 1), we get

ﬁTO(§1,§2)p = 0(51752) ;

which is equivalent (after having multiplied by P on the left) to:

O(61.&)P = PO(&1,&) |

i.€e., P commutes with the whole complete set of observables. Therefore, we have
two possibilities: either P is a function of Ol, 02, ey O,, or the set is not complete.
For identical particles, the latter is what happens: for identical particles, P must be
added to the initial set of operators in order to get a complete set.

When preparing the initial state, being P now part of the complete set of observ-
ables, it must be diagonalized together with the other observables of the set. Since
its eigenvalues are +1, we immediately get symmetric or anti-symmetric states. But
which states do we have to select?

The answer to the previous question is provided by quantum field theory through
a well-known theorem called spin-statistics theorem. Since we have not yet studied

quantum field theory, we take the content of that theorem as a new postulate for QM:
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Spin-statistics postulate: Identical particles of half-integer spin must have
anti-symmetric wave functions (fermions). Identical particles of integer spin must

have symmetric wave functions (bosons).

The basic ingredients of quantum field theory that enable us to prove such result

are:

1. Lorentz invariance;
2. locality of fields;

3. existence of a ground state for H.

What about a system made by one boson and one fermion? The spin-statistics pos-
tulate does not apply to this case since the two particles are no longer identical (one

of them is a boson, the other is a fermion).
8.2 Pauli exclusion principle

As a consequence of the spin-statistics postulate, two spin one-half particles never hap-
pen to be in the same state. In fact, if we denote with ¢g, and 1), the single-particle
states of the two particles, where (1 and (), are the quantum numbers corresponding
to the single-particle wave functions of the first and the second particle respectively,
the anti-symmetric wave function of the total system of the two particles is

~ 1
w(&,&) = ﬁ

If the states of the two particles were the same, i.e., if Q1 = Q2 (same quantum

[le <£1>wQ2<§2) - le (§2>1/}Q2 (fl)] : (85)

numbers), we would get

D61, 6) = = o, (€00, (&) — Vo, )vau(€)] =0
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therefore the probability to find the two particles in the same state vanishes. This
result is known as Pauli exclusion principle, and it explains various things con-
cerning atomic systems. For example, for each atomic level we can have no more
than two electrons, one having s, = % and the other with s, = —%, where s, is the
spin z-component. If we had a third electron, this would have to occupy the next
atomic level. It is as if the third electron felt a repulsive force from the core of the
previous two electrons. The Pauli’s exclusion principle is responsible for much of the

periodic table of elements. Another consequence of the Pauli exclusion principle is

the so-called exchange energy, discussed in the next section.

8.3 Exchange interaction

Even if no spin-dependent potential were included into the Schrodinger equation of
two identical fermions, the effect of spin would appear in the energy of some levels

via the Pauli’s exclusion principle. Indeed, such effect is measurable.

Let us consider two spin-half particles interacting through a central potential U (|7, —
r5|), where 7 denotes the vector position of the first particle and ro that of the
second one. The total wave-function (in both spin and spatial variables) must be
anti-symmetric, because of the spin-statistics postulate. For st% = 0 (singlet) we
already know, from the previous chapter, that the spin part of the wave-function is

anti-symmetric so the spatial (i.e., orbital) wave-function must be symmetric:

1
GQs=0 = ﬁ [P1(r1)P2(r2) + d1(r2)Pa(r1)] (8.6)

while for s = 1 the spin part is symmetric and so the orbital part must be anti-

symmetric:

1
Ps=1 = 7 [01(71)P2(r2) — @1(r2)a(r1)] - (8.7)
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Now, let us calculate the mean value of the potential energy of these two states:

/ (05 _ U (1 — 1) oo ®ridPry = A+ J,
/ [0r_ U (r1 — 1) ey dP®ridPry = A—J,
where
A= [Ulou(r) P oo @y e
and
7= [ U01()65 r2)6n(r2)5(r) s e

The latter integral is referred to as exchange energy.
The previous result shows that the singlet and triplet states have different (mean)
potential energies. This effect is only due to the spin-statistics postulate, and it is an

effect which has been measured.

8.4 Slater’s determinant

If we are dealing with N identical spin one-half particles instead of only two, how

can we construct the most general anti-symmetric wave-function? The answer is the

following:
le (fl) le (52) e wQ1<£N)
BlEr o En) = ﬁ vl el el g
7vbQN (gl) wQN <§2) e wQN <§N)
where we must find at least NV different combinations @)1, Qo, . .. .QQn of single-particle

quantum numbers in order to have N different single-particle wave-functions. If we
cannot find such N different quantum numbers, ¥(&1, &, ...,&x) is obviously zero.

The wave-function above is known as ” Slater” determinant.
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8.5 Entangled states

Let us suppose we have two particles 1 and 2 and the corresponding Hilbert spaces
H, and H,. The states of the system of the two particles belong to the tensor product

of the two one-particle Hilbert spaces:
HOY =M @ H,
Some wave-functions belonging to this Hilbert space will be of the form:

PO (1,2) = 9y ® 1y

but not all of them. In fact in the Hilbert space H") we can also take linear

combinations of such wave-functions such as:

P (1,2) = oy ® by + Biy @ U -

In general this is not be the tensor product of two states belonging to the Hilbert

spaces H; and Hs, i.e., in general

D(1,2) = ahy @y + By ® U £ (1) ® D(2) .

If it is not the product , then the state of the two particles is referred to as an entangled
state.

Looking at the state above, we see that we are not able to answer the question
in which state is one of the two particles: particle 1 could be in 7 or in @51 and
analogously for particle 2. The entangled states are one of the " most peculiar feature”
of Quantum Mechanics, as Schrodinger pointed out in 1935. They are at the origin

of the many non-local features of Quantum Mechanics.






Chapter 9
HYDROGEN ATOM

We have already encountered the hydrogen atom studying central potentials in
section 1.7. In that occasion, we have approached the Schrodinger equation by using
the method of the separation of variables. The result was that the wave function in

spherical coordinates could be written in the form

P(r, 0, 9) = R(r)Y (9, ¢) - (9.1)

The radial function R(r) and the angular function Y'(1),¢) satisfy the differential

equations
1d [ ,dR\ 2m ,
R (T d'r’)+ 3 [E—-U(r)r = X\, (9.2a)
1 0 oY 1 %Y
I (sinw ) ¢ 2L ) 9.2b
ng%m(mlaﬂ)+yaﬁﬁaw ’ (9.2b)

where \ is some arbitrary constant. The latter equation above now looks familiar,
in fact by writing the angular momentum operator L? = L2 + LZ + L? in spherical

coordinates we get

- 1 0 0 1 o2
12 = —p2 I (sno2 )+ —— 2 .
[sinﬁ@ﬁ (sm 819) o 19&02} ’ (9:3)
and Eqn. (9.2b) can be rewritten as

19 (. 9Y(®,) 1 PY(W,¢) _
050 <81n19 B ) + Sn’d 0 =AY (9, ¢),

1.€., as

LY (9, ¢) = AR*Y (9, ¢) .
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This means that Y (9, ) are nothing more that the eigenfunctions of L? and we
already know from the general theory of angular momentum that their eigenvalues

are of the form (I + 1), therefore
A=1(l+1),

and the functions Y (1, ¢) are the spherical harmonics Y}, (9, ¢).

Inserting the value above for A, Eqn. (9.2a) becomes

L (‘“i)) 2B U =10+ 1)

R(r)dr dr h?
If we parametrize R(r) as
_ x(r)
R<T) _ r )
the x(r) satisfies the equation:
R* d%x(r) I(1+1)h?
L - =K . 4
o [+ S ) = B (9.4)

Note that this looks like a one-dimensional Schrédinger equation in the coordinate r

1(1+1)n2

for a potential given by U(r) plus a centrifugal term =5 —5-.

The original Hamiltonian of our system, having a potential which depends only on
r, is invariant under rotations and thus commutes with both L% and L,. Tt is therefore

possible to diagonalize simultaneously each of these three operators, H, 12 L,

Hy = Ey,
L = [+ )]k, (9.5)
Ly = mhy.

¢ can then be labelled by the three numbers: (F,l,m). The last two equations in (9.5)
are those having as solution the spherical harmonics Y;,, (9, ).

Let us now turn back to the radial equation, i.e., Eqn. (9.4). The wave function
normalization condition reads

+o0 g 2 5
/ d'rr2/ dﬂsinﬂ/ dgp’z/}(r,ﬁ‘, )
0 0 0

2
< 0.
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which, once the wave function is written in the factorized form

P(r,0,0) = R(r)Y (0, ¢) ,

and taking into account the normalization of the spherical harmonics, yields

/ drr? |R(r)|* < oo .
0

x(r)

Let us remember that we wrote R(r) = , so from the above relation we get

|t <o

and we also gather that y(r) must go to zero as r — 0 at least as fast as r:
x(r) "= O(r).

Using x(r) we can say that solving our problem is like solving the one-dimensional
problem of a particle which feels the potential

I(1+1)h?
2mr?

Ug(r) =U(r) +

)

for r > 0 while for » < 0 the potential is that of an infinite potential well, because we
are requiring () to be zero at r = 0.
We now choose the radial equation to be the one of the electron in a hydrogen

atoms which feels the Coulomb potential given by
Ulr)=—, (9.6)

or in general to be the one of an electron spinning around a nucleus of charge Ze:

U(r) = _f€2 . (9.7)

The radial equation in R(r) becomes

R1d [ ,dR\ ZER I+ 1)k
____<T2§)_ RO, pg (9.8)

2m r2 dr r 2mir?
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m is not the mass of the electron but its reduced mass:

mempy
m=———=1MmMm
Me + Mpy

Now we shall introduce the following dimensionless expressions p :

8m |E
p=ar, where a? = Tn]i_LL |,

and let us denote with \ the following quantity:

A

omZe2  Ze* [ m \'?
o2 = h \2]E]

The radial equation becomes

1d (LdRY
2dp \” dp

It is easy to prove that for sufficiently large p, an R(p) of the form R(p) ~ p" etar

R=0. (9.9)

satisfies the above equation. In fact, the kinetic term splits into three parts:
[Ap"" + Bp" + Cp"?] etar (9.10)

and the same happens for the potential term, thus it is always possible to determine
A and [ in such a way to make the kinetic and potential part equal and opposite to
each other. Since we are assuming R(p) — 0 for r — oo in order to have properly

normalized wave functions,

/ drr*R*(r) < oo,
0

the solution with the plus sign in (9.10) cannot be taken. Therefore, we will seek for

an exact solution of the form

R(p) = F(p)e 2",

where F(p) is a polynomial of finite order in p.
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The equation for R(p) becomes one for F(p):

A—1 IU(l+1)
p p?

o+ (3-1) Fio)+

p F(p)=0. (9.11)

Let us choose F(p) of the form

F(p) =p° [ao+ arp+azp® + .. ]

J/

-~

L(p)

with ag # 0 and s > 0. The condition s > 0 is needed for R(p) to be finite for p = 0.

The equation for the expression L(p) becomes
PL 4 pR(s+ 1) =gl L'+ [pA =5 =D+ s(s+ ) =i+ D] L=0.  (9.12)

If p =0, Eqn. (9.12) turns out to be simply:

[s(s +1) — I+ 1)]L=0. (9.13)

L was given by

L(p) = ag+a1p+ap® + ... .

With ag # 0 we get L(0) = ap # 0, and as a consequence Eqn. (9.13) implies
s(s+ 1) — (Il + 1) = 0 which has the following two solutions:

s=1, s=—(+1).

However, the latter, namely s = —(l 4 1), is not acceptable since R(p) would diverge

for p — 0:

R(p) = p~ " [ag + arp + asp® + .. ] e 2 "% oo

So, the only acceptable solution is s = [ and the equation for L(p), [Eqn. (9.12)],

becomes

PPL" 4+ p[2004+1) = p] L'+ p(A\=1—1)L=0.
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By inserting the expression for L(p) = ag + aip + asp® + ... one gets the following

recursive relation among the coefficients of L(p):

R ZE )
T L D)+ 20+ 2)

a, . (9.14)

If the series did not stop, its asymptotic behavior would be

Ay 1 1

a, 1/+1N1/

Y

which is exactly the kind of behavior which we would have got from a solution of the

form p" e, as it can be easily verified by expanding the exponential:

3 noo l/]_.
=" 0
v=0

in fact in this case the coefficients would be

1 J 1
Ayq1 = , and a,=—.
T w1 V!
So their ratio is
Ay 1 l
a, v+1 v’

i.e., of the type found above. But we have already said that a behavior p™e” would
result in a radial solution R(p) which diverges for p — oco. Thus, the only way out is
that the series expansion of L(p) terminates. This must happen in order for the wave
function not to diverge.

By using the recursive equation (9.14) one has that a,1; = 0 (and the same for all
successive coefficients) when

A=v+il+1,

From now on we shall indicate v with n’ since it is an integer and the series terminate

at the (n/ + 1)™ power. Thus the above relation reads

A=n+1+1.
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n' is referred to as radial quantum number for it is the highest power of the series
representation of L(p) and thus of the radial wave function. The equation above tells

us that also \ is an integer number, and we shall denote it with n:
n=n"+1+1.

n is called total quantum number.

Let us now recall the definition of X, namely

L
n \20E]

Ze? m 1/2
”:T(zuﬂ) ’

and by inverting we get the following expression for the energy levels
mZ%e* 1
2h2 n?’

since A = n we get

E,=—|BE)| =— n>1. (9.15)

The rule here is that free electrons are at zero energy and bound states have negative
energies. (We shall explain later the reason for n > 1.)
Notice that we have obtained the behavior E, ~ 1/n? which is the same behavior

experimentalists had discovered. The constant

mZ2e?
T

is called Rydberg’s constant, after the name of the experimentalist who first observed
the 1/n? behavior. Quantum mechanics has been capable of deriving this constant in
terms of more basic quantities.

Let us now look at the wave functions. The radial solution R(r) with energy
eigenvalue E,, carries both a label n and a label [ since [ enters Eqn. (9.9). So we
shall denote the R with R, (r). However, energy levels do not depend on [ and
this means there is degeneracy. The total wave functions contain also the spherical

harmonics Y;,,(9, ¢) and so there is a dependence also on the quantum number m:

&nlm(h 197 ()0) = Rnl<T>Y2m<197 90> )
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Besides [, the energy levels do not depend on m, i.e., we get a further degeneracy.
The polynomials L(p), solutions of Eqn. (9.12), are called Laguerre polynomials.
Their general expression is:

"< [(n + D12p*

T2y — ~ _q)k+2l+1 .
M) =) GO e R T

k=

=]

In terms of these polynomials the radial wave function Ry, (p) can be written as
_1
Rin(p) = e 2* p' L2 (p)en

where ¢,,; are proper normalization coefficients.

Let us now turn back to the expression for the energy levels and let us define the

quantity
h2
ag = —
O 7 me2
The energy levels can then be written as:
Z%e?
E,=—.
2agn?

Let us remember that n = n’ + [ + 1 and that n’ is a non-negative integer (the
maximum degree of the polynomial L(p)). Since [ can be equal to zero at its lowest

value, it follows that n > 1. In particular, the first levels are

72e2 AT 722

FE = FEy = FEy = —
1 ’ 2 ) 3 180,0

B 2aq B 8ayg
Notice that their separation becomes smaller and smaller as they get closer to zero.
If we take the hydrogen atom (Z = 1) and we consider the first energy level n = 1,
[l =0, m =0, we can then calculate the probability density and see where it reaches
its maximum:

max <?/~1n:1,1:0,m:0|?/~Jn:1,l:0,m:o> .

It is in r = ag. So ag has a specific physical meaning: it is the position at which it is

highest the probability of finding the electron and it is called Bohr radius.
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9.1 Degeneracy of the energy levels

As we said, the energy levels depend only on n, while the eigenfunctions ¢ depend also
on | and m, thus there is degeneracy. Let us determine this degeneracy. Remember
that n =n' 4+ [+ 1, where n’ is positive. Once n is fixed, we can change both n’ and
[ in a way that does not affect the values of n. In particular, since n’ > 0, [ can vary
from 0 to n — 1, i.e., these are all the values [ can take once n is fixed. Moreover, for
every value of [ there are correspondingly 2/ + 1 allowed values of m. Therefore, the

total number of states sharing the same value of n is

—_

n—

2n(n —1)
2

2

(20+1) = +n=n".

l

I
=)

This is the total degeneracy.

The degeneracy in m is due to rotational invariance along z (or about any generic
axis) and it is thus a common feature of all central potentials U(r). On the contrary,
degeneracy on [ is typical of the Coulomb potential 1/r. If you consider a valence
electron in an atom with many electrons, the potential energy is only approximately
of the Coulomb form due to the mutual repulsion forces among the electrons, and the
degeneracy in [ is no longer present.

This degeneracy in [ is due to an extra symmetry present in the 1/r potential. It is
a symmetry whose associated conserved charge is the Runge-Lenz vector. This vector
is the one joining the focus of an ellipse with its perihelion. Using this extra conserved
quantity Pauli gave a solution of the Hydrogen atom entirely in terms of operators in

the same period during which Schrodinger was working out its solution.
9.2 Form of the eigenfunctions

Let us now discuss the structure of the energy levels as usually given in chemistry
and how to translate it in the language of physicists.

The K shell is defined as the one with n = 1, and therefore [ = 0 and m = 0. So,
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there is only one eigenstate (it is referred to as 1s state, where 1 stays for n = 1 and

s for [ = 0). Its eigenfunction is given by

1 72\ o
Up=1,1=0,m=0 = - ex —4— | .
1,1=0,m=>0 \/E a0 p o

There can be two electrons with this radial wave function, one with spin up and the
other with spin down.

The L shell is defined as the one having n = 2, so [ can assume two different values,
namely | = 0 and [ = 1. Therefore we have two kind of states: the state 2s (n = 2

and [ = 0) whose eigenfunction is

= (0) (o) ()
Up=2.1=0.m=0 = — ——r)exp| — ] ,
M= o g a') P\ 20

with two electrons with opposite spin, and the states 2p (n = 2, [ = 1), with m =

—1,0,1 and correspondingly we have three different eigenfunctions

1 (Z\** 2 Zr
Up=2]=1,m=—1 = m (a_o) a—OT exp <—2—a0) sind exp (—ip) ,

1 (Z)3/2 A ( ZT) ;
Up—9 ]=1.m=0 — — —7rex ——— | cosv,
2,1=1,m=0 4\/% a0 " p 5

1 (2Z\? 2z VA
Un=2l=1,m=1 = g ~—= —1T exp i sind exp (ip) |,
) ) 8ﬁ 2a SO

Qo Qo 0

Thus the L shell can carry eight electrons.

9.3 Zeeman effect

Let us now see how to remove the degeneracies:

e the degeneracy in [ is removed by perturbing the original Coulomb potential in
such a way that we move from U(r) = 1/r to U(r) = 1/r + F(r) where F(r) is

any polynomial in 7 or 1/r.

e the degeneracy in m is removed by switching on a magnetic field. For example,
the p levels (with [ = 1) split themselves into three levels with different m and

different energies. This is called Zeeman effect.
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Let us try to explain the Zeeman effect. We know that if there is a magnetic field
described through a vector potential A(z,y, z) the Hamiltonian becomes
1 2
H = (p — EA) )
2m0 c
This is the so-called “minimal coupling scheme”. At the quantum level we get

f= g it = 40| = o[- Sa)]

2my & mo C
Let us recall that p, being an operator, does not commute with A and thus the above

expression becomes

e 12 R e. .~ € 4 e? ~
['p——A(CJ)] =P P A--A-p+ A
c c c
Moreover, since p = —iha%, we have
p-A—A-p=I[p Al=—-ihV-A.
Thus,
. ﬁQ 2
a=r_ __°J. p+lh V-A+ A%,
2mog  mgc 2moc 2myc?

Let us suppose we have a constant magnetic field along z:
B=V xA=|B|z

A possible choice of the vector potential A that produces such magnetic field is the

following one:

1 1

Notice that, with this choice, V - A = 0 and the Hamiltonian in particular becomes

. ﬁ2 e R 2
H=—+—A-p+ A?
2mog  moc 2mc?

Now, by inserting Eqgs. (9.16) into the right-hand side above we get

~0 2

A D eB . e

H=— — YDy
2my + 2mge (xpy yp ) +

A?

2mc?
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The latter term is order of c% and we shall neglect it. The Hamiltonian becomes

~9
H = p_ + ¢
2mg  2mgc

z -

where L, is the z component of the angular momentum.

We can also add a central potential (like in the case of the Hydrogen atom):

N2

~ D e ~
H=—+U B-L,. 9.17
2my +U(r) + 2mgc ( )

This Hamiltonian does commute with both L, and L. Moreover, it commutes also

with H, alone,
-2

H, = 2p—mo +U(r),
which represents the Hamiltonian of the system when the magnetic field is turned off.
So, we are allowed to diagonalize simultaneously the four operators H = H, + Hp,
ﬁr, I:Z and L2. We get

f{rd}n,l,m - n,lwn,l,m 5 (918)

(in the particular case of the Coulomb potential E,; does not depend on I). We

diagonalize in this base Hp:

HB’l/}n,l,m - En,l,mwn,l,m

eB eB

[A/z n,lom — h nlm s 9.19
2mgc Yt 2moc MY ( )
that is,
- eBh eh
nlm — m = mpB Ho = ) (9-20)
2myc 2myc

where o is the Bohr’s magneton. By combining Egs. (9.18)—(9.20) we get
F[’l/}n,l,m = (En,l + m,uOB> wn,l,m )
thus the new energy levels are

E,’%l’m = FE,;+muoB .
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m
_ — +HogB.
— —ogB:
E,
En,m En,m:l:
Fic. 9.1.

and they change with m. This effect is known as Zeeman effect.

Indeed, since the electron carries spin (and hence an intrinsic magnetic moment) if
we switch on a magnetic field the Hamiltonian will be no longer given by Eqn. (9.17),

but by

H = H, + mpoB, + 2uB, , (9.21)

where s = pos, and s, = j:%h. The factor two in front of the last term in Eqn. (9.21)
is the gyromagnetic ratio of the electron. By diagonalizing Eqn. (9.21) one finds that
the energy levels split according to the scheme in Fig. 9.1. This effect is called

anomalous Zeeman effect.

Homework 9.1. Diagonalize Eqn. (9.21).

9.4 Landau Levels Problem

Look for the eigenfunctions and the energy levels of a charged particle in a constant

magnetic field along z. Choose the following vector potential:

A, =0, A,=Bz, A.=0. (9.22)
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Let’s start by checking that Eqn. (9.22) gives the correct (i.e., constant) magnetic
field:

0A, 0A

B:L' = z — —y =
Ay 0z 0,
0A, 0A.

B, = 0z  Ox =0,
0A, 0A

B, = Zv _“Ce_p
ox dy

The Hamiltonian is built according to the minimal coupling rule:

~ 1 ~9 ~ € 5. 2 ~2
H=— px+(py——B:L‘) +psl,
2m c

The three operators H, py and p, do commute among themselves since H does not
contain y and z. On the contrary, H does not commute with Pz Since T appears in
the expression of H.
So, we are allowed to diagonalize simultaneously H, py and p,. Let us begin with
py and p.: we have
Pyt (x,y, 2) = py(z,y,2)
1.€.,

L0
—'Lh@ﬂ}(l‘,y,z) = pgﬂ/}(%?/az) )

whose solution is
wpy<'x7y7z) = eipyy/hq/;CL,’z) ) (923>

with eventually a normalization factor 1/v/27h in front of the right-hand side and

¥(x, z) a function to be determined.

Remark. p, is a number in Eqn. (9.23), in fact it is the eigenvalue of p,. For this

reason we have labelled the wave function with p,.

Now, we use Eqn. (9.23) in diagonalizing p,:

ﬁzwpy ('ru Y, Z) = pzwpy ('ru Y, Z) )
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i.€.,

i [, 2)] = pee i, 2),

which yields
o - .
whose solution is
Uy (z,2) = P 4p(z)
with ¢(z) a function to be determined plus eventually a normalization constant

1/v2rh. Thus,

,l/}pyvpz <x7 y’ Z) = elpyy/h eipzz/h w('x) °

Now, we use this expression to diagonalize H:

Hwapyypz (l’, Y, 2) - E¢E7py7pz (:E7 Y, Z) )

which is nothing but

I A € \? | o ipyy/h ip.z/h ipyy/h yipzz/h
om pﬁ(py—;B‘”) +p2| ePt e E ap(z) = et My (1)

This equation becomes the following one:

1 1. e \2
o |72+ (= S80)" 422 wto) = Bust) (9.24)
Note that in the equation above p, and p. are no longer operators, but numbers,
while we are still using p, as operator. We have labelled v (x) with the corresponding

energy eigenvalue F since the solutions of Eqn. (9.24) depend on E. Let us rewrite

Eqn. (9.24) in the following way:

2m

g )+ o (= SBa) vnto) = (B 22 ) st

Let us introduce the following quantity

p?

Er=F —
T 2m

Y
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where 7' means transverse. Fr is the total energy in the xy-plane. Now, we change

variables and we replace x with

, el
¥=p,——=x.
Y o¢

The derivatives also change according to the chain rule:

2 de
d(ZL‘/)2 :

dz?2

C

dQ_w_‘_é

Eqn. (9.24) thus becomes

eB

C

2
"

s B(a) + %@U')%E(fﬁ/) = Ertp(a) .

By dividing it by | — eB/c|> we obtain

h2
o w(x') +

1’0

- CErop) . (9.25)

@) = |5

om
Let us now recall the form of the Hamiltonian of an harmonic oscillator:

. h 0? 1
H=-—"2 1 “mua?,
2m8x2+2mwx

If we compare this with the left-hand side of Eqn. (9.25) we recognize that Eqn. (9.25)
is formally the equation of an harmonic oscillator if we identify

2

mw? = 1le
 mleBl
hence
< (9.26)
W= )
eBm’

where we have chosen the positive solution for obvious reasons. So, Eqn. (9.25) is the
equation of a quantum harmonic oscillator with frequency given by Eqn. (9.26). The
right-hand side of Eqn. (9.25) tells us that the “energy” of this harmonic oscillator is

}é }2 E7, and knowing the expression for the energy levels of the harmonic oscillator

c |2 1
}Q_B} ET— (n+§) hw,

we get
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where w is given by Eqn. (9.26). By substituting the expression for Er, we get

c? P2 1
E——=)= — | A
22 ( zm) ("+ 2) <

and therefore

ehB 1 p?
E,=— - =, 9.27
mc (n * 2) - 2m (9:27)
where we labelled the energy eigenvalues with the integer index n = 0,1, ... since n

appears on the right-hand side, however they are not discretized energy levels since

p. is continuous. The corresponding energy eigenfunctions are

1

¢E7py7pz (xla Y, Z) - % exp |:

‘
h

where 1,, are the energy eigenfunctions of the one-dimensional quantum harmonic os-

oy +pzz>} bule) (0.28)

cillator. Note that while the energy eigenfunctions do depend on p,;, the energy eigen-
values do not. This means there is degeneracy, and in particular an co-degeneracy
since p, is a continuous variable. These states are called Landau levels. They are
localized in z (in fact, in = are Gaussian functions multiplied by Hermite polynomials)

but delocalized in y and z where they are simply plane waves.

9.5 Review Problems and Solutions

Problem 9.1. Let’s consider a quantum-mechanical system whose Hamiltonian
has two eigenvalues Fy = hw and E_ = —hw with corresponding (normalized)

eigenstates |+) and |—). The system is prepared at the time ¢ = 0 in the state

|tho) = % |+) + \/§|—> : (9.29)

Consider also an observable O with two eigenvalues a and b and corresponding

eigenstates

1 1
|a) = 7 (H+1=), b= 7 () =1=), (9-30)

respectively. Consider the two following situations.
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1. Let the system evolve from t = 0 to t = 27 and calculate the probability
of finding the value a if a measurement of O is performed on the system at

& = 27,

2. Alternatively, evolve the system until the time ¢t = 7 is reached, then perform
a measurement of O without reading the outcome (such kind of measure-
ments are called non-selective ones), then let the system evolve again until
time 27 and calculate the probability to obtain a if a measurement of O is

performed at the time t = 27.

Compare the two cases.

SOLUTION. We work in the basis in which the Hamiltonian H is diagonal, namely

. ho 0
H
0 —hw

or in an equivalent manner
H = hwl|+) (+] = hw|=) (| .
The time-evolution of the state [ig) from ¢t = 0 to ¢t = 27 is given by:

[p(27)) = e~ 2T [yhg)

1 3
e \—>]
_ 1 —2iwT \/g 20wWT

=3 |[+)e + 1€ |—) .

Now we look for the probability of finding a if a measurement of O is performed on the

_ e—%HQT

state [1(27)). According to the basic rules of quantum mechanics, such probability is given
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P(O = af2r) = |{aly(27))/”

1 1 —2iwT 3 29wt
E(H + (=) (5 [+)e +\/;\—>e )

3
1+ \/gcos (dwT)

The notation P(O = a|27) denotes the probability of finding the value a for the observable

2

% (9.31)

O at the time ¢ = 27. We will use a similar notation also for the other probabilities which
we shall calculate in the following.

Now, let us consider the second case. In this case, the system evolves until time ¢t = 7,
then at ¢ = 7 a measurement of O is performed on the system but we do not read the
resulting outcome. Since we do not know what the result of this measurement is, we need
to calculate the probabilities of finding both results. The time-evolution of [¢g) from t = 0

tot=r71is

() = 3y By

Now, the probability of finding ¢ in a measurement of Oatt=ris

R 1 3
P(O = a|r) = |{a|lp(7))]* = 3 (1 + \/gcos m) .

But we can also have b as possible outcome of the measurement, which implies that after

the measurement the state [1)(7)) would have collapsed into the eigenstate |b), that is

b) = —Z=[I+) = 1-)] -

Sl -

The probability of finding b is

P(O = b|r) = |(Blo(7))[*

1 1 —WT 3 T

75 ()= 1) <5|+>e ETRR )
1 3

=3 <1 — \/;COSQU.M') .

2
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Now, suppose we have performed a measurement of O and we have obtained a, then the

state would become
1
=—((+)+1]-)),
) = 5 () +1-)

and this will then evolve from ¢t = 7 to t = 27. At t = 27 the state will be:

|a’ 27_> — efiI:IT/h |a> — % (efim— |_|_> +eiw7— |_>) )

If instead b had been obtained at ¢ = 7, the time evolution from ¢ = 7 to ¢t = 27 will lead

at t = 27 to the state

S
V2

Now, we have all the informations needed to calculate the probability of finding a at the

‘b, 2T> _ e*l’HT/h ’b> _ (efiwr H_> - eim— ’_>) )

time ¢ = 27. We shall denote this probability with P(O = a|27). Considering the whole
process, this composite probability is given by the sum of products of simpler probabilities

and it has the following expression:

P(O = a|27) = P(O = a|7) |{a|a, 27)|* + P(O = b|7) |{a|b,27)]* .

Since ,
2 = L - L e T — T |~ = sin“ wrt
[(alb,27)|" = ﬂ(<+!+< D\/i( +) =) ‘wr,
and ,
2= L — L e W T | — = cos” wT
(ala,27)]" = \/5(< |+ !)\/5( [+) +e“7[=)) Ywr,
we get

]5(0 =al27) =

1 /3
+ 5\/;COS2 2WT .

Note that this result is different from that of the previous case given by Eqn. (9.31). This

DN |

means that a measurement done at ¢ = 7 can affect the future results even if we do not read

its outcomes.
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Problem 9.2. A particle which is rotating with uniform velocity in the xy-plane

around a fixed point is prepared in the state

() = %27 cos? g

1. Find the possible outcomes of a measurement of M, and the corresponding

probabilities.
2. Calculate the mean value of M, .

3. Find the possible outcomes of a measurement of the square of M,, i.e., of

M 2 and the corresponding probabilities.
4. Calculate the mean value of M2,

5. Calculate the mean square deviation.

SoLUTION. First of all, we diagonalize M, in order to get its spectrum and so the possible
outcomes of a measurement of M ». We will use h = 1. We have

M, = —ii ’
de

and thus the eigenvalue problem for M, reads
. d
—z@wm(w) = mipm(p) ,
whose solutions are
Uinlp) = Ae™?
and in order 1, to be single-valued we must have v,,(0) = 1,,(27) and thus m must be

integer:

m=+0,+1,42...

A is found by imposing that v, is properly normalized:

2m ) 2T
1 = AQ/ "¢ ™M dyp = AQ/ dp = 20A2 = 1,
0 0
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therefore A = 1/v/2m. The eigenfunctions are thus

1
Yo = N
Y1 = \/12—7T '
Yoy = \/127 e, (9.32)
Uy = \/12_71 el
Yo = ! e

The initial state is

2

2
wlp) = = cos’p.

Since we have to compute probabilities we have to check that this state is actually normal-

ized. Indeed, it is not normalized:

3
2

)

2m
Il = ; P (e)p(p) dp =

hence the normalized initial states is given by
2 2

/4 2
= 3\/%(308 p = 37Tcos P .

In order to obtain the possible outcomes of a measurement of M, and their correspond-

[\

V()

ing probabilities on the state ¥ (¢) we need to expand the state ¥)(¢) on the basis of the
eigenfunctions of M, given in Eqn. (9.32), i.e.:

+oo
Y(p) = Z cm¥m ()

m==0

where ¢, = (¥ (©)]10(@)). In this case, there is an easier way to get the result without
having to calculate all these scalar products. In fact, it is sufficient to rewrite the expression

for the initial state in the following way:
2 2

=4/ =——cos
32w 7
]2 2 <1+C082tp>
3V 2

Y(p)

\F LR S PSS BN e
=1/z — e — —=2¢ .
3vV2r V6 V2r V6 V2

v v v

0 2 -2
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Since our state contains only g, ¥ and 1_5 the only possible outcomes of a measurement
of M, are m = 0, m = £2. The corresponding probabilities, i.e., |cm|2, can be read directly

from the above expression of 1)(p) and in particular they are given by

2
‘\F V1
P(]: g

2
The sum of these probabilities is

1

G

2
2 1
37 6

Py =

_ V1
) P2—‘%

V6

P0+P2+Pf2:15

as it should be.

The mean value of M, is

=0.

2N

N 2 1
<Mz>:%:um:0x§+2x6+(—2)x

The possible outcomes of a measurement of MZQ are its eigenvalues and since for M, they

were 0,2, —2, for M? we will have 0,4, 4:

MZZSDO = 0’
MZ2py = 4y

Mg(p_g = MZMZ(;)_Q = —QMZ(P_Q = +4(p_2 .

Thus, the possible outcomes are only 0 and 4. The corresponding probabilities will be given

by
2y 12
== Pi=Py+ P o=|——

+| %

The mean value of Mf is
M2y => mQPm:0+4><1:é.
? — 3 3

The mean square deviation is

and since (M) = 0 we get
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Problem 9.3. The state of a quantum particle is given by

) = G {%pox} 6(x) .

with ¢(x) real. Calculate the probability that a measurement of the momentum

gives 3pg as outcome.

SOLUTION. First of all, ¢)(z) needs to be normalized:

+o0 400
Wit= [ ¢ @) de=1= / CP |6 dx,

— 00

cr={[ |¢<x>|2dx}_1 |

Next we expand ¢(z) on the basis of the eigenstates of the momentum operator p, which

hence

are given by plane waves \/21_5 etpr/h

e

and |é(p)|2 = P(p) is the probability density of finding p as outcome of a measurement of
p. Multiplying by e—ir'z/h /V2mh and integrating with respect to x we get

- o i(p—p')z/h
- P(x) Spes dx o ) é(p)e dpdzx

/+oo e—w'z/h 1 00

+oo
:/ ép)d(p—p')dp

—00

cp') -

In the former manipulations, we have made use of the relation

1 [T
o R Qg = 5(k — k') .
T

—00
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We have found therefore that

—0 2mh
+o0 pL ol
= / Co(x) \6/2;—?1 e da

/ (b (po p Nx d
xX .
\/271'

Now, if we want the probability of finding 3py in measuring p we have simply to put p’ = 3pg

in the above relation:

pox
z)e 2 dx

(3p0) = —
Cpo—\/ﬁ

thus (since ¢(z) is real)

P(3po)=|5(3po)l2= lC ? 3 ¢()

where

Problem 9.4 (spin-orbit). In atoms with many electrons there might be inter-
action between the intrinsic magnetic moment of the electrons and the magnetic
field created by their motion. This effect is called spin-orbit interaction, and
in particular it might become important for the electrons in the most external

shells. The interaction Hamiltonian is
H= gL - 8

where L is the angular momentum operator, s is the spin of the electron and g

is a coupling which can have dimensions and it is not the gyromagnetic ratio.
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Suppose that an electron is in the p state (i.e., [ = 1) find the eigenvalues of

H and their degeneracies.

SOLUTION. Let us define the operator

from which it follows
J?=1°+8+L - §+8 L=L7>+8+2L 5.

We get this expression because L and § commute with each other because they refer to

different quantities. From the expression above we obtain

) J2_f2_ g2
L.gz%’

and thus

A

ﬁ[:g[ﬁ—LQ—éZ] .

Let us now show that H commutes with j2, jZ, f}2, 8%, Let us begin with J2. We need to

prove that J? commutes with L2 and §2. Remember that
JP=1*+4§+2L-5.

Clearly, L? commutes with L2 itself, moreover it surely commutes with §% since they are
different degrees of freedom. Finally, L? commutes with 2L - § because the latter is a scalar
under rotations which are generated by the L;. So, L? commutes with J2. The same is
true for §2. In fact §2 commutes with L2 because they refer to different degrees of freedom,
of course it commutes with §2 and finally it commutes also with 2L - §. The last follows
from the fact that we may choose L along 2z and thus L-§~ 3, and §, commutes with §2.

Now, let us consider J;. Recall that jz = I:z + 3, and ﬁz and §; commute with L? and

5% and also with L - 8 because again we can choose L along z and L,§, commutes with L,
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and §,. Therefore, since J?, J,, L?, §* commutes with each other, we can diagonalize them

simultaneously:
J2jml,s) = B2+ 1) [j,m, 1 s)
jz ,m,l,s) = hm|j,m,l,s
: ¥ ) 1 ) (0.33)
L?|j,m,l,s) = h? (l+ 1) IJ,m,l,S>
We know that [ =1 and s = 1/2, so
1 3
l— — < - =]
l—sl=5<ijs5=l+s,

that is, we can have j = 1/2 or j = 3/2. Now, we diagonalize H in the basis of Eqn. (9.33)

because all these operators commute with H:
H|jm,l,s) = g [jQ — L7 - §2] |7, m, 1, s)
=815 +1) =1+ 1) = s(s + D] [j.m,L,s) -

Inserting [ = 1 and s = 1/2 we get

s R%g [ . . 37,
R2g [ 117,
=52 it = om1.172)

therefore the energy is
2

gh | . 11
Ei112 = T [J(J +1) — I] )
that is, it depends on 7, [ and s in general but not on m and thus m signals a degeneracy.

If we choose j = 3/2, we get:

22 4

gh? [35 11} _ gh?
2

E3j91,1/2 = o

There are 25 +1 = 2% + 1 = 4 eigenstates associated with this energy and in particular they

have the following form:

13/2,3/2,1,1/2)
13/2,1/2,1,1/2)
13/2,-1/2,1,1/2)
13/2,-3/2,1,1/2)

= Ez;ni1/2-
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The other value of the energy is obtained by taking j = 1/2 and it is given by

gh* 11
E1/2,1,1/2 9 [—— - —} —ghz >

the degeneracy is 25 + 1 = 2% + 1 = 2 and the associated eigenstates are

11/2,1/2,1,1/2)
11/2,-1/2,1,1/2)

= E1/2,1,1/2 .

2 S ¢

Problem 9.5. At the time ¢t = 0 an harmonic oscillator is prepared in the state

%) = (22" + 1) [0)

where @ and a' are defined in the following way

. mw 1 .

a = o —— - \/mp )

at = @3} 1 —p.
2h 2mwh

Calculate the mean values of position and momentum operators as functions of

time.

SOLUTION. Let us recall that the Hamiltonian has the form
. U
H=hv(ad'a+ 5>
and our initial state is
lvo) = 2[1) +10) ,

where |1) = a' [0). Its norm is

(Yoldo) = ((0] + (12) (2[1) +10)) =
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thus the normalized state is
o) = —=1[2]1) +10)] .

S

The evolution in time gives
] 1
=e MM —12]1) 40
) T2 +10)]

1 iBvt/h L iBot/n
1) + —=e 20" |0) .
V5

=—2e
Since

the state at the time ¢ can be written as
2 .3 1 )
—i5tw ‘1> + e—zwt/Q ‘O> )

W}>t:%e \/g

The mean values of & and p can be computed by inverting the expressions of ¢ and a' in

terms of & and p, i.e.,

thus
X0 = W) = [ 2ot 1+ et of [M%(a%ﬁ)]

2 3 1 1
% _eflﬁtw 1 _i__eflﬁtw O:| ’
[\/5 v+ 0

and since
CAL|TL>:\/E|”_1>a CALT|"KL>:Vn_{_1|n+1>’

the previous expression becomes

X0 = g |zt i+ ozt ol

2 —i%tw 2\/_ —z tw _e—i%tw
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In the same way one can find

— 2

P(t) = () |plv(t)) = g\/ 2hmw sin wt .
Now, we consider the mean value of the energy:

wolem) = [Set i Joete ol (54 1)]

S

% 2 —i%tw’1>_’_ 1 —i%tw’0>:|
— € — €
V5 V5
2 3y 1 ‘ }
= | (1) 4 — i3t (p
L/B d V5 o
[ 1 2 .3 11
X[ [142) e 2™ 1) 4+ =—e 2 0]
(143) et m+ 3oz i)
_ m{i%l 1 LE]
V525 /552
fuw 1 13
—'€F+ﬂ—mm
* * *

Problem 9.6. Consider two particles of spin one-half. Show that the following

operator associated with the two particles

r2

3'12 _ [3 (0-(1) . ’r) (0-(2) . 7') . a.(l) . &(2)] : (934)

can be written as

where

and the labels 1 and 2 refer to particles 1 or 2.
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SOLUTION. Let us begin with the relation

A [ L N
(5-7)% = 1 [0(1) T+ 0 -r]Q
L. N2, (A 1\ 2 . N (A .
= 1607+ (60 7)) +2(60) ) (60) 7)) -
where
(6-7)% =622 + 6§y2 + 6222 .
Since 62 = 6; = 62 = 1, we have that

Using this relation we get

or equivalently

2(5-7)° =1l = (60 7) (62 - 7) -

Using the L.H.S of the above expression in (9.34), we get

. 2(8-7)2 —r21 .
Sz = 3% —6a) 6
A a\2
s-Tr ~ ~

r2

Let us now consider the last term on the right-hand side. Remember that

thus

—
>
N—
o
I

6%y + 6% +260) - 5

[(B+3)1 + 26 (1) - &(2)]

N QO |~

1. .
1 + 50’(1) . 0'(2) s

211
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where we have used the fact that
62, =62, +6%4,, +6%, . =1+1+1=31
(1) 1),z 1)y 1),z :

Therefore,

6y O =2(8)° - 31,

and so for §12 we get

(3-7)
2

- — 31 +31 —2(5)*=6

Si2 =6
which is the expression we wanted to derive.

2 S ¢

Problem 9.7. Three Hermitian operators fl, Band C satisfy the following com-
mutation rules:

[A,C]=0=[B,C], [A B]#0.

Prove that one of the eigenvalues of C must necessarily be degenerate.

SOLUTION. Let 1. be an eigenstate of C with eigenvalue c. We apply [fl, C’] =0 to ¢¥.:
[4,Cle =0,
thus
ACp - CAye = ¢ (Aw,) - € (Ave) =0,
which means that A, is another eigenstate of C' with the same eigenvalue ¢ of .. If we

assume that ¢ is not degenerate then fh/}c must be proportional to v.:
ch = a"/}c .

Notice that in this way 1. turns out to be eigenstate of A with eigenvalue a. The same

argument can be applied to [B, C|ib. = 0, yielding

Ewc = b"/}c ’
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where b is the proportionality constant but also the eigenvalue.
Now, we use the fact that [fl, B] # 0. We apply this commutator to the state ¢, and we

get

[A, Blthe = ABtp — BAY. = abij, — abip. = 0 .

Since {9} form a complete set, this result holds for arbitrary states . This contradicts
the fact that [121, B]’l/) =% 0. So we have to give up the hypothesis that 1. is not degenerate.

It has to be given up at least for one of the eigenstates of C.

Problem 9.8. Consider a particle moving on a circle with radius 1 and angle

. Its angular momentum is P, = —ih%. Since the commutator is [¢, P,] = ik,
do we have
h
ApAR, > 2, (9.35)

or not? Actually the range of ¢ is 27, so the square variation must be smaller
than 27, i.e.: Ap < 27w, and if Eqn. (9.35) were true we expect that it would
be impossible to build a packet having AP, arbitrary small, since such request

would imply Ay = oco. Comment on this.

SOLUTION. By definition,
N 2 ~ ~ 19
(ady)" = @IA = (A2 |

where the label ¥ on Afw is to remember that the square deviation is calculated with

respect to the state ¥. If ¢ is an eigenstate of A,

A% = a% ’



214 CHAPTER 9. HYDROGEN ATOM

it is easy to show that Afl% =0, in fact we have (assuming v, is normalized) :

al (A = (al Alva))*[t0a)

(al (A = (A)?tha) = (¥

(PallA? + (Yol Aa))? — 24 (a| Al0a)][a)
= (ol A% + a® — 24alth,)

(Yala® + a® — 2a2[1py) =0 .

exp i X2

So for example the states ¢ = have AP = 0. Consider the operator
\ﬁ

- n? a2
H=——— 0<p<?2
2m dp?’ =P=am

and let us study its self-adjointness:

. N h? T
(1[Hpa) = (Hepr|h2) — D (YT — (ﬁ)/wz]i : (9.36)

H is Hermitian if the surface term is zero. There is a compact way to rewrite the surface

term by introducing the following notation:

(1 (D)
\I](l) = , s \I’(Q) = ,
i (&)
So,
*, 1/ *\/ T 0 1
Yivh — (Y1) e = 0y Yoy,
1) 1 0

and as a consequence the surface term in Eqn. (9.36) can be written as

om0 vgen -0 " ) veo
o n 2)\&T) — 2
m (1) 1 0 (2) (1) 10 (2)
In order for this term to vanish, let us suppose that
Uy 5(21) = AWy 5(0) (9.37)

where A is a 2 x 2 matrix, because W 5 are 2- vectors. By inserting (9.37) in the surface

term we get that it is zero if:

AT A= : (9.38)
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The matrices which satisfy this relation are
A = ¢lietafl 5y : (9.39)

where a and [ are real numbers.

So, H is Hermitian on a space of wave functions which are labelled by two parameters
« and . They are called self-adjoint extensions of H because it is a space larger than the
space of periodic functions.

If we take 8 = 0, the eigenfunctions of H are

Ui () = \/127 exp {z (% + n) <p} : (9.40)

and their corresponding eigenvalues are

R /« 2
E:—(— ) .
2m 27T+n

n

wr(fé)(cp) satisfy Eqn. (9.37) with A given by Eqn. (9.39). In fact, Eqn. (9.37) and Eqn. (9.39)
with 8 =0 are

Ty (27) = " Wy(0)

\1’2(27'(') == em \1’2(0) .
Of course, these functions are not periodic, but only the eigenfunctions of L. must be

periodic.

So, we can say that the domain of self-adjointness of H is C?(0,2m) with
Y(27) = ™ 1(0) . (9.41)

Let us now apply the operator ¢ to 1(p):

Gv(p) =1(p) -

This ¢ does no longer fulfill Eqn. (9.41). In fact, we have

b(2m) = 2my(2n)

$(0)=0-4(0)=0,
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and so it is not true that ¢)(27) = ¢’ 1)(0). This means that the operator ( pushes ¢ outside
the domain of self-adjointness of H, which is our Hilbert space. A crucial ingredient in the
proof of the Heisenberg uncertainty principle is that @(gp) must belong to the same Hilbert
space we started from. As a consequence of this, what we can say is that the uncertainty
principle does not hold anymore for the operators ¢ and ]54{,. This is the reason of the
contradiction we have found. Since the uncertainty principle is not valid, we can construct
a state with a perfectly well-defined value of p@, U(p) = ePe?/h /\/21 ) even if Ap < 2m.

Note that all this goes through also in the case of periodic eigenfunctions.

*x kK

Problem 9.9. Prove that the expectation value of the force on the stationary

states of the Schrodinger equation is always zero.

SoLUTION. What we have to prove is that

(Y| Flye) =0, (9.42)

with
Hyp = Evp .

Using F= ]5 and the correspondence rule

. 1
p:{p7H}P.B. = p:ﬁ[lﬁHL

Eqn. (9.42) becomes

(o0

H]

L
nd

ve) = g (v | (971~ ) )
= & {wslshve) — teplplve))
0



Chapter 10
TIME-INDEPENDENT PERTURBATION THEORY

There is a small number of potentials which are exactly solvable in quantum me-
chanics. Because of this fact, people have developed techniques to solve other poten-
tials at least in an approximate way.

These techniques basically belong to two separate classes: perturbative techniques
and non-perturbative ones. Here, we will deal with the first ones.

Let us suppose that the Hamiltonian H of our system can be splitted into two

parts, say Hy and gV, as follows:
H=Hy+ gV, (10.1)

where we are assuming to know exactly the eigenvalues and the eigenstates of Ho,
which is not necessarily the free Hamiltonian. For the time being, let us assume that

the spectrum of FIO is a purely discrete one:
Ho |EY) = EV |ED) . (10.2)

Furthermore, let us assume that

ol oy w3

where () denotes the mean value with respect to arbitrary states.

Condition Eqn. (10.3) is sometimes expressed in a qualitative fashion by saying
that ¢ (the coupling) is somehow “small” and thus the perturbation gV with respect

to ]:IO is small.
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A more precise way of saying that the perturbation is small is the following one:

(E|gV|EL)
En+1 - En

<1,

that is to say, the shift on the energy levels EY due to the perturbation gV is smaller

than the difference between the energy of the n-th level and the next level.

10.1 Non-degenerate case

In this section we deal with the case in which the energy levels of the unperturbed
Hamiltonian H, are non degenerate. The cases in which there is degeneracy will be
covered in a later section.

Our task is to find an approximate expression of the energy levels F, and their

corresponding eigenstates | E,) of the complete Hamiltonian H:
H|E,) = E, |E,) . (10.4)

Obviously, we want to require that, if we switch off the perturbation, then the energy

levels get into those of the unperturbed Hamiltonian Hy, i.e.,

limE, =E® | lim|E,) = |EY) .

g—0 g—0

We assume that the exact values of F, and |E,) can be written as a series in g,

since g is small. That is to say,

E, = EV4gei+g%t. ... +g"em+..., (10.5)
E.) = [BEQ)+g1)+g*12)+...+g"m)+..., (10.6)
where the quantities €1, €9, ...and the states |1), |2), ...are to be determined.

We impose

(E,|EDY =1 . (10.7)

n



10.1. Non-degenerate case 219

We will see in a while that it is always possible to meet such requirement even if the

eigenstates \E,SO)) are normalized, i.e.,
(EP|EY) =1. (10.8)
In fact, taking into account Eqn. (10.6), the latter requirement is fulfilled if
(EOI1Y=0, (EQ12)=0, ..., (EQm)=0,... (10.9)
Using Eqgs. (10.5)-(10.6) into Eqn. (10.4) we get
o+ gV] (IED) +g 1) + g% 12) +..)
= [BY +ger+ et (IED) +9l) +6°12) +..) .

By equating terms with the same power of g on the left and right hand side in the

previous expression we get the system of equations:
(i1 - EO)IED) = 0,
(ﬁfo - E}P) 1) + (V - 51) By = 0, (10.10)
(1310 - E,@) 12) + (f/ - 51) 1)~ EQY = 0,...
The reason for equating terms sharing the same power of g is that ¢ is a small but
otherwise arbitrary parameter.

Now we will see how it is possible to choose the states |m) in such a way to satisfy

Eqn. (10.9) and thus Eqn. (10.7) to be fulfilled. The state |E,,) solution of
H|E,) = E, |E,) , (10.11)

is defined up to a constant k:

B =k|E,) ,

in fact |E,) is also a solution of Eqn. (10.11). We define the value of k in such a way
that taking the limit ¢ — 0 we recover the results of the unperturbed Hamiltonian,
1.e.,

limk |E,) = |EY) .
g—0
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But this is not sufficient, in addition we need also to define the components of |E,,).

The only state we know is |[EY) so we require
(BalE) =1,

this is not in contraddiction with the assumption

since we have already seen in Eqn. (10.9) that it is sufficient to ensure that the states
11),12),...,|m) ... are orthogonal to |E{).

Is it possible to require such thing? Yes it is, in fact from Eqgs. (10.10) we notice
that we can add to each state |1), |2), ..., another state proportional to |E,(10)) and
we get again Egs. (10.10). Let us define

1) = (1) + k|E©) | (10.12)
and insert |1’) in the second equation of Egs. (10.10):
(ﬁo _ E,@) ') + (V . 51) IEOY =0 .
Inserting the expression of |1’} yields

(Fo—EY) 1)+ k (Ho— B ) [EO) + (V=) |E®) =0,

-~

0

hence
(1o = EQ) 1)+ (V= e1) 1ED) = 0.
Therefore, we can say that solutions of Eqn. (10.10) are defined up to a constant

proportional to |ET(LO)>. The same reasoning applies to |2) and to the other states.

We can use this freedom to impose

(B =0 & (EPm)+k(EP|EY) =0,

—_———
1
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i.e., it is sufficient to choose

k=—(EOm) . (10.13)

This choice of k produces a state |m’) orthogonal to <ET(LO)|. Of course, k changes with

|m) so it would be better to put a label on k:
ko = = (EP|m) .

Now, let us come back to Eqn. (10.10) and let us try to determine 1,9, ... and

the states |1),]2),...

10.1.1 First order corrections

Let us suppose we know only the state \E,(LO)) and its energy EY.

Consider the second equation in Egs. (10.10) and braket with (E,SO)|:

(B Ho — EP L)+ (EPIV — el ED) =0,

SO
(EQEY = EQ1) +(EQVIED) — ey (EPEP) =0,
) Y ’ Y
and thus
e1 = (EQV|EO)Y . (10.14)

This is the first-order perturbative correction to the energy and it is a function only

of known things, namely, V and |E,(10)).

10.1.2  Second order corrections
Consider the third equation in Egs. (10.10) and bracket it with respect to <ET(LO)|:

(B Ho — E12) + (EP|V —ei|1) — e (EP|EY) =0,
1
SO
(EV B — B 12) + (BEP|V|1) —e1 (EP|1) —e2 =0,

—— ——
0 0
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from which it follows that

gy = (EOV|1) . (10.15)
In the same way (do this as an homework) it is possible to prove that
ei = (EOW]i—1) . (10.16)

A key point in the derivation above is the fact that the states |m) can be chosen
orthogonal to <E£LO)|.

From Egs. (10.15)—(10.16) we notice that £5 can be determined once we know |1)
and, more generally, in order to calculate the correction ¢,, we should know the state

|m — 1) and so forth.

10.1.3 Correction to the states

To build the state |1) we should determine its components along a given orthogo-
nal basis. As a basis we consider the one made by the eigenstates of Ho, namely,

|E£O)> , |E§O)) e |EZ-(O)) ,.... Thus, we should build
(EN)

with i # n since, from Eqn. (10.9), we know that (E,(LO)|1) = 0.

Leu us start from Eqn. (10.10) and project along <E¢(0)|- From the first equation
we get

(E”|Hy — BOIED) =0,
thus
(OB — EVIEY) = (B0 - B0) (BP|EY) 0,
0

thus the first equation is trivially fulfilled; It happens that (Ei(o)\E,(LO)) = 0 because
the basis of the eigenstates of Hy is an orthonormal one.

Now, we consider the second equation in Eqn. (10.10) and bracket it with (E?|

(E"Hy - Q)+ (EPV - &1 EP) =0,
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thus

BN (B = BY) = =BV - =B
therefore ©)) /7 (0)
BV — )| Bn”)

)19y —

This equation gives the components of the state |1) on the basis of |EZ-(O)> and it
requires only things which are known , namely, <EZ-(O)|, <E£LO)|, V and e;, which has
been already determined through Eqn. (10.14) without having to know anything about
1).

Now we start from the third equation in Eqs. (10.10) and we bracket with (E\”|:
(B Hy = BP12) + (B V — eill) — 22 (BP|EP) =0,
—_———

0

thus
(A

(B = EO)(EQ12) = = (BOWV — 1) |

and therefore

~

(0)
(EO) = LIV =)L) (10.17)
v E7(7’O) . EZ(O)
Eqn. (10.17) gives the components of |2) in the basis of the eigenstates \Ei(o)) in terms

of given quantities on the right-hand side, namely, once again e;,V, |EZ~(O)) and |1)
which has been already determined in the previous section without needing to know
12).

The procedure seems to be a recursive one. In fact, the general formula for the

state |[) is
1 A
(EO|1) = EORC) [ (EOIWV — 1|l = 1) — e (EP|1 — 2)
no— B (10.18)
——aa (B ]
with i # n.

Homework 10.1. Prove Eqn. (10.18).
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From Eqn. (10.18) it follows that |I) is completely determined from quantities which

are already known, namely, €1,...,6,.1 and |1),...,|l —1). Thus, it is a recursive
procedure.
At this point, it should be emphasized that the string of states |1), |2), ..., |},

..depends on which state \E,(LO)> we are considering. Therefore, it would have been

better to write Eqn. (10.6) in the form
|E,) = |EDY + 1), +¢*[2), +...g"|m) +...,

where the label |-), on the states |1), |2), ...denotes that these states are different if
we use different \E,(LO)).

From Eqn. (10.18) it follows that the states |[) depend on which energy level EY
and which state |E,(10)) we are dealing with. In fact, E\”

side of Eqn. (10.18).

appear on the right-hand

Eqn. (10.18) can be written in a more elegant way by introducing suitable projec-

tors.

10.1.4  Projection operators in perturbation theory

Let us introduce the operator
Qo = 1 — |EQ) (EO| = 37 [E®) (B . (10.19)
i£En
The last result follows from the completeness of the eigenstates of Hy:
0 0
> £ (50 - 1.
J

We can also introduce the following operator:

Qo Qo Qo (10.20)

It is not difficult to prove, using Eqn. (10.19), that

5y 1B E
Qop=Yy —L1 7 10.21
0 ; EO _ E@-(O) ( )
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Using Qo we can write Eqn. (10.18) as

1) = Qo [(v - 51) =1 — o)l —2) — ... — ey |1>] . (10.22)

Eqn. (10.22) tells us that from |E,(LO)) and €; we get |1), from |1) we get 9, then from
|1) and g5 we get |2), from |2) we get e3, and so.
Furthermore, notice that

Q0 |[EQY =0, (10.23)

with n # . This follows from Eqn. (10.21) e from the fact that (E,(LO)\EZ-(O)) = 0in-

Notice that also éo should carry a label n since the right-hand side of Eqn. (10.21)

contains E., thus there are as many Q) and strings of states 1), 2), ..., as EY.

Homework 10.2. Prove Eqn. (10.21).

Homework 10.3. Prove Eqn. (10.22).

10.1.5 Summary of formulas for first-order perturbation theory

Let us recall Eqn.(10.14):
er=(EQ|VIEY)

and also Eqn. (10.5)

E, = EY +eg+0(g°)
= (EVHo|EY) + g (EP|VIEL) + O(g°)
= (EV|(Hy+ gV)|ED) + O(g%)
E, = (EP|H|EY) +O(g°) .
Therefore, the energy at the first order in g is nothing but H (the complete Hamilto-

nian) evaluated on the unperturbed state |ET(LO)>.

From the formula in Eqgs. (10.6) we get

|E,) = |E®) + g|1) + O(¢%) ,
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where
1) =G0 (V—e1) IED) |

and since Q) |ET(LO)> =0 we get

thus

By = |EY) +g1) +O(g)

= (1+9QV) IED) +0O(g?).
It is also possible to check that
(EnlEn) =1+0(g%),  (BJEY) =1.

Another remark: Eqn. (10.18) can be simplified as follows:

EOWIEYY — ey (E|EY)
EY — EY

7

(B0 = !

9

and from (Ei(o)\E,SO)) = 0 for n # 7 we obtain

(E"VIE)
EY — EY

)

(EO|1) =

)

i.e., the components of |1) on <EZ-(O)| are given (modulo the denominator EY — Ei(o))

from the off-diagonal matrix elements of V.
10.2 Perturbation theory: degenerate case

We will now treat the case in which the states are degenerate. For completeness, let

us rewrite some of the previous equations. We are interested in solving

H=HY 14V, (10.24)
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and Efo), Eéo), E?()O), el E,S?), ... are the energy levels of the unperturbed Hamiltonian
H®© which are exactly known.

Let’s now suppose, differently from the previous section, that these energy levels
are degenerate:

HO|EV o) = EOEO q) | (10.25)
where « is the set of quantum numbers which are necessary to label the degeneracy, or
if you wish, the quantum numbers associated with a set of operators which together
with HO® form a complete set.

Like for the non-degenerate case, we require that

lim B, = B (10.26)

g—0
where F,, is the eigenvalue of H.

Furthermore, we assume an expansion to be of the form

E,=FEY +ge1+g%0+ ...+ gMem+...

© , (10.27)
|E.) = |Ex) +g|1)+ g% [2) + ...+ g™ |m) + ...
Inserting Eqs. (10.27) into the stationary Schrédinger equation
HI|E,) = E, |E,) ,
we get, as before, the string of equations
( (A~ B ED) =0,
AO B0 1)+ (V —2) [ED) = 0,
(10.28)
0

n

[FI(O) _ E(O)] 12) + (f/ — 51> 1) — &5 |EQ) =

\
Again, we impose

(Ea|EY) =1,
and we get from the second equation of (10.27) that

AEO) = 2 E®) = ... = (m|E®) = ... =0.
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H 750 > HO
H

L,/,/”‘” ******* R N

.~ (0)
|En) En En 1)
) E go { Py ?

:\ :’fl n |
|E:N\ E, |E7(L?)(,l>

\\\§§ ////

Fia. 10.1. Schematic description

Let us suppose that the eigenvalue EY) of the unperturbed Hamiltonian H© is [

times degenerate, i.e.,

|IE© a) (10.29)

where « takes [ different values. These vectors span a space which we shall denote
with 51(10). Let us denote with P© the projector onto this space.

We have already required, see Eqn. (10.26), that the eigenvalue E, of H goes to
EY of HO as g — 0, but it may happen that there is more than one eigenvalue
of H which go to ET(LO), see Fig. 10.1. In other words, there may be more than one
cigenvalue E,, E,, E%n of H which go to EY for g — 0 and the corresponding states
|E,), |E), |E:n) go into different vectors of the [-dimensional space of eigenstates
associated with E\.

It may also happen that these states

B, B, |E)

are degenerate too, with degeneracy l,,1,,1, respectively. We require (and this is
true if the perturbation does not make H too different from H(®) that the sum of the

degeracy of |E,), |E,), |E:n), namely 1, + [, + Z@, is equal to the degeneracy of E,
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namely [, i.e:

n

o~

L, +1, +

n=1.

Let us denote with &, &, &3 the subspaces of F,, with degeneracies [,,, l~n, L, respec-
tively, so :

lim (& + & + &) = €0
g—0

where 5,20) is the subspace spanned by the eigenstates |E,(10), a). The projector P onto
&1+ & + & for g — 0 will go into the projector PO (which was defined previously):

?L%Pfl +P§2+P§3 :P(O) .
Let us now move back to the equation of the unperturbed Hamiltonian:
<g(o> _ E<0>> IE© gy =0,

where we have removed, for the moment, the label n of the energy level. |E©), )
is a linear combination of the degenerate states |E\’,a) of Eqn. (10.29). The only

requirement is that this state belongs to the subspace £© i.e.,
PO \E(O), B) = \E(O), B) .
Now, consider Egs. (10.28). The second equation is
(ﬁ[@ - E<O>) 1) + (f/ - 5l> IEO) =0,

where |E,(LO)) is one generic state which belongs to £(0). By projecting this equation

onto £ we get
20 <g(o> _ E<o>> 1) + PO (f/ _ 81) IEOy =0,

i.€.,
POFO 1y 5O PO 1) L O |EOy _ o, PO |EOY —
S~—— ——

0 E5)



230 CHAPTER 10. TIME-INDEPENDENT PERTURBATION THEORY

and hence

POHO 1) 4 POV |EOY — g |[EO) =0 (10.30)

PO is the projector onto the subspace labelled by the states |ET(LO), a;), i.e.

PO = Z|E il

If now we put this expession into Eqn. (10.30) we get
Z IED, ;) (B, oy HO|1) + POVPO | EO) = £ |ED) |

SO

B 3 IED, i) (ED, 1) + POVEO |ED) = &1 |E) |
therefore we end up in
(P@f/ﬁ@) IE®) = ¢, |[E®) . (10.31)

The latter is an eigenvalue equation. It is basically the diagonalization of the operator
V in the space £ since it is there that we have projected V via the projector
PO Moreover, the eigenstates are of the type |ET(LO)>, i.e., linear combinations (to be
determined) of the states |ET(LO), a;).

Now, remember that

p(O) = Z ‘E(O)7az> <E(O)7ai‘ )

and that we can always choose |F®, a;) to be mutually orthogonal. Eqn. (10.31)

then becomes

ZZ|E(° ) (B ozZ|V|E(O a;) (BO o | DY = ¢, |[ED) .

6%

P(O)

If we bracket from the left with (E(©), 8| we get

> B BlVIE ) (B, ) BP) = 0 (B, 5] EY)

J
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which can be written as

> Voo, 00 = 1wl (10.32)
J
where
Vﬁlmaj = <E(0)76k|V|E(0)7aj> ’
and

v = (B, oy E) .

The ¢; are determined by Eqn. (10.31) or equivalently by Eqn. (10.32).

From Eqn. (10.32), we see that e, are eigenvalues of the matrix Vj, .. In the

non-degenerate case, we had only one eigenvalue:
e = (EOV|ED) .

Now instead we have many of them, since we have to diagonalize a matrix Vg, o, of
dimension [ x [. If the various e; are all different one from the other, we will have

exactly [ of them and the corresponding energy levels will be

(
Ey = Ey + 95%1)

Ey = Ey + ge?
2T T (10.33)

L El - EO+g€€1) )

where the index (1) denotes that we are dealing with the first-order perturbative
correction, and we have [ different corrections since Eqn. (10.32) has [ different eigen-
values (as we have assumed). From Eqn. (10.33), if 5{1) are all different, one says that
the perturbation has completely removed the degeneracy. In fact, one goes from one

value for the energy E© to [ different values E1, Es, . .., Ej.
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V(x)“

N -

x
a

Fia. 10.2. Infinite well with a perturbation

10.3 Problems and Solutions

Problem 10.1. For a particle in an infinite-well potential of width a, 7.e., 0 <
x < a, find the first-order perturbative shift of the energy levels under the action

of a piecewise linear perturbation potential as plotted in the figure (10.2).

SOLUTION. It is not difficult to show that the analytic form of this potential is

Vig) = 2

— 120 —
0 (0~ [20 —a]) |

(10.34)
where Vj/a will be the “small” parameter. The exactly solvable system, i.e., Hy in Eqn. (10.1),

is the infinite potential well between 0 and a. Its energy levels and eigenfunctions are

E(O) o h27T2 (n + 1)2

a2 , (10.35a)
¥ (z) = \ﬁ sn LD
a

10.35b
e (10.35D)
where n =0,1,2,. .. By using Eqn. (10.14), which gives the energy correction at first order in
perturbation theory

el = WP IVID)
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and using Egs. (10.34)—(10.35) we get

el :/O“dx{\/gsmiﬂnzl)x 0 (o 20— ) \/gsinL:W}

2 @ 1
_2h sin? <M> {a — |2z —a|} dx
0

aa a

2 @ 1z 2
_ 2o asin? rintle dx—ﬁ/ 122 — a|sin® (7” dx

a® J, a
= %/ sin? T (ntlz dx — 2VO (a— 21) sin’ <77T (n+1)x> dx

a 0 a CL 0 a

2V [ 1
— —20 (2z — a) sin® <M> dx
a/2 a

The first integral above is evaluated by means of the duplication formula

21 (n+1)x
a

2V [* 1 — cos

dx ,
a 0 2

for the second one we use the identity

1-— 2
/msian:/x< cos a:) /——/—00821'

where the latter is evaluated by parts. The result is

1 1 "
€<1>:%{_+L}_

" 2 n2(n+1)?

*x Kk %k

FURTHER PROBLEMS WILL BE PROVIDED IN HANDWRITTEN
FORM BY THE TEACHER






Chapter 11

SCHRODINGER, HEISENBERG AND INTERACTION
PICTURES

11.1 Schrodinger and Heisenberg pictures

We have seen that the mean values of an observable O do not change under an unitary

transformation U which changes the basis of the system:
O— 0 =U0U0", (11.1)

where states change as
W) = 1) = Ul

! (11.2)
Wl — @ = @U".

In this way, we have
(WOW) = (W|UTTOUTU ) = (¥/|0) - (11.3)

The usual picture of time evolution which we have used so far is an exception to

this rule. It is the one in which the states evolve in time as:

(1)) = e 4 0))

according to the Schrodinger equation and the observables instead do not change in
time. This should be considered as a further postulate of quantum mechanics. If for

the observable & we want to compute the mean value at time ¢t we do the following:

(W@®)zlp(t)) = 2() - (11.4)

That means we take T as given and use the states at time ¢. This is called Schrodinger

picture.
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As we said in the previous chapters, we will not apply the rules (11.1) to the unitary
transformation U(t) representing time evolution. If we had applied rules (11.1)-(11.2)
we would have got the analogous of Eqn. (11.3) and thus

@) = 2(0) .

=

This does not make any sense, since it would tell us that the mean position does not
change in time, as if the system had not evolved in time.

We shall denote quantities in the Schrodinger picture with the label S, for example,
|1s(t)) means that this is a state in the Schrédinger picture where the states, but not
the observables, evolve in time.

It may seem unnatural to let the states evolve in time while letting the observables
unchanged. Let us ask ourselves if it is possible to use a different picture in which the
observables evolve in time but in such a way that we get the same mean value of the
Schrodinger picture, namely Eqn. (11.4), which have been confirmed by experiments.

Such different picture does in fact exist, and it is called Heisenberg picture. The
states in the Heisenberg picture will be denoted by |15 (t)). Such states are obtained

from those in the Schrodinger picture via a unitary transformation of this type:

W (t) = ST |s(t)) (11.5)

where

gt — Qifft/n
Recall that
_;Ht
[hs(t)) =e ™" |1hs(0))
by inserting this expression into Eqn. (11.5) we obtain

[Wr () = ST [hs(t)) = e/ g (1)) = e H/M e HUM 5 (0)) = [1h5(0)) . (11.6)

Therefore, the states in the Heisenberg picture at any time ¢ are equal to the states

in the Schrodinger picture at the initial time ¢ = 0.
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Notice that on the left-hand side of Eqn. (11.6) 7 t "appears but it does not on
the right-hand side, which means that in fact also on the left-hand side there is no

effective dependence on time. Thus, also if we change t on the left nothing changes:

[¥u(t) = [¢u(t) = [¥r(0)) = [¥s(0)) .

As ST is a unitary operator we have to apply the general rules for transforming,
besides the states, also the observables as outlined at the beginning of this section.
Therefore, the change from an observable Ogs in the Schrodinger picture to the same

one Oy in the Heisenberg picture is
OH = STOSS = eiﬁt/h OS e_th/ﬁ . (11.7)

In this way, it is clear that, even if Og does not depend explicitly on time, Oy is

time-dependent, and for this reason we shall denote it with O u(t).

11.1.1  Time evolution of Oy (1)

Let’s try to understand how O 1 (t) evolves in time. By taking the time-derivative, we

obtain:

~

dOg(t) i oift/h Os efiI:It/h:|

_ i [eiﬁt/h:| Os e tHt/h g it/ Osi |:efi131t/h:|

dt  dt o dt dt
_ %I{Iezflt/h Os o—ifit/h i it /h OS (_%ﬁ) o—iflt/h
Ou ()
= L0 (1) + ¢ O e (—%ﬁ)
Ou ()
— LHOu(t) = LOwt = L[H, 0u(t)
- h H FL H - h sy VY H )

hence

= +[H,04(1)] . (11.8)
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Notice that this is exactly the same equation we would get by using the correspondence

principle to the classical equations of motion

dO
i {0, H}pp. = —{H,O}p3n., (11.9)

The corrispondence rules say that
{'7 '}P.B. — ’l_[’ ] ;

so by applying these to Eqn. (11.9) we exactly get Eqn. (11.8).
Among all operators, only one is the same in both Schrédinger and Heisenberg

pictures, and this is the Hamiltonian operator H. In fact,

]:IH(t) _ ez‘Ht/h ]:IS e—z‘ﬁt/h _ ez‘Ht/h e—iﬁt/ﬁ ]:IS _ ﬁs .

These two different pictures reflect the different approaches Schrodinger and Heisen-
berg used to develop Quantum Mechanics. Heisenberg was using all the time the
analogies with classical mechanics and so he made heavy use of the correspondence
principle, while Schrédinger had postulated his equation and was calculating every-
thing using that. Only afterwards they realized their approaches were giving the same
physical results.

Now, we shall prove that the expectation value of the observables are the same in
the Schrodinger and Heisenberg pictures, like Eqn. (11.4). The expectation value of
an observable Oy in the Heisenberg picture is

(WO @) vn(t)) = (s(t)] e M N Og e TN UM |1 (1))

(. AN

~ Vv N

(Yu (t)] Oxu(t) [m(t))
= (Ys(t)|Os|vs(t)) .

Expectation values are the quantities that experimentalists measure in their experi-
ments, so it is very important that they do not depend on the particular picture we

use to describe time-evolution.
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Since the expectation values are those measured by experimentalists, it is also

important to understand how these expectation values evolve in time. This is inves-

tigated in the following section.

11.1.2  Time evolution of the average values.

Let us consider an observable O and let us calculate its expectation value working in

the Schrodinger picture:

O

(t) = (W(O)[Ol(t)) -

Taking the time derivative we get

%5(75) _ 4 [

Remember that, using the time-dependent Schrodinger equation,

Ldfp(t) 4
R = H |u(t
i — ()
which can also be written as:
d (1)) i
=——H|yY(
L L)
and whose dual is
d )

(11.10)

(11.11)

(11.12)

(11.13)
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This is the equation of motion of the expectation values. Notice that, in general, on
the right-hand side of Eqn. (11.13) it is not possible to factorize the mean value on

each term of the commutator, 7.e.,

~

[H,0] # [H,0). (11.14)
Homework 11.1. Explain why in general Eqn. (11.14) does hold.
11.1.3 Constants of motion
Let us suppose that O commutes with H:
[0O,H]=0.
Then, the right-hand side of Eqn. (11.13) is zero and so
@ ~0, (11.15)

which means that the mean value does not change in time. In this case, O is said to
be a constant of motion.

If O is a constant of motion, then it is possible to prove that its eigenvalues do not
depend on time. Let us start from Eqn. (11.15) and in particular we consider the

expectation value with respect to an eigenstate |1,,) of O:

O |tn) = 0p 1) -

The time derivative of the mean value of O with respect to the eigenstate |t s

easily evaluated to be

i
dt

¥n

[(Ga®)[Oln(1)

d
m
d A R A
= — [ (n(0)[ O M 0))]
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which must be zero according to Eqn. (11.15). O commutes with H , thus it is possible

to interchange O with e~™/1 i the previous expression to obtain

d(git) w: % [<¢n(0)|eim/he’mt/ho|¢"(0)>] = % [(%(O)IOI%(O»]
d d
= 37 [¥a(0)loaltn(0))] = = [on (¥ (0) 4 (0))]
do,,
e

and this proves also the result that the eigenvalues of observable which are constants

of motion do not depend on time.

11.1.4  Evolution equation of ¢ and p and Ehrenfest equation

Let us consider the position and momentum operators in the Heisenberg picture: ¢y

and py. Their time evolution is obtained by use of Eqn. (11.8), i.e.,

dgg 1,4 dpg i, .
e —— — _[H 11.1
dt h dt h[ bul (11.16)

These are the Heisenberg equations, and are the quantum analogous of the Hamilton

equations.

Let us now consider the expectation values of Eqn. (11.16):

%<QH> B %QH"?HD g ) :%<[H,ﬁH]> : (11.17)

These are called Ehrenfest equations.

Some remarks are needed here. Let us suppose that

gl =(") . Sm = (G@) (1118
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It is important to stress that these equations do not tell us that the average values obey
classical mechanics. In fact in the second of equations. (11.18) we are not allowed to

replace <%V( )> with av“q . If it were possible, then Eqgs. (11.18) would be identical,

in form, to the classical equatlons of motion:

ga _ b ifa _ov(g)
e m o at” o

(11.19)

But it is not so, since

<%_‘q/> 8‘(%@ . (11.20)

Why? It is sufficient to consider, for example, a potential such as

to show that

ov ov(q) =2
— ) = (3¢ ——= =37 . 11.21
() =ty 2D (1121)
These two expressions are not the same, in fact their difference is given by
3730 =3|7 -3’ =3(2q)"
e., it is equal to the mean square displacement.

Homework 11.2. For an arbitrary potential V' (§), calculate the difference

\5) "5

the result should be expressed in terms of 1) higher-order derivatives of V', 2) the

mean square displacement and 3) higher-order moments (generalization of the mean

square displacement).

11.2 Interaction picture

This is an intermediate picture, in the sense that the time-dependence of the states

is only partially moved on to the observables.
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Let us split the Hamiltonian in the Schrodinger picture into two parts: the free

(0)

part H éo) (more generally, H o is the exactly-solvable part of the Hamiltonian) and

the interacting part Vg (i.e., the perturbative part):

A o A (0) A

Hg=Hg 4+ Vs . (11.22)
Next, we introduce the following unitary operator:

i = oISt

By acting with this operator, we define a new picture (the interaction picture, thus

the label I) according to the following rules:

[r(6)) = 8§ s (6)) = 157" g (1))

A At A A i F1() A i)
Os(t) = 5,058y = eHs /M Oge st

First of all, notice that the mean values do not change in the new picture, as it should

be:

WilOrlwr)y = (¥s]S0S50s5S5]vs)
= (Ys|Oslis) -

Notice that O[(t) depends on time, while Og does not, and also |tr) depends on time,
but in a way different from that of |¢g). Let us see how.

Let us derive the evolution equation for |¢;(t)). Our starting point is

()
91 (1)) = s M [y (1))
Taking the time-derivative of both sides yields

dr(t) i 0 im0, 7O, d [Us(t))
el RSPV 3 i /h tHS t/h 1Yo\ /]
dt A S e s ‘w5<t>>+e o dt
[r(t))

1 o (A0 . N (A OB
= A [r(0) = £ A 1 V5] fs(0) = — o Vi s (1)
g s,

Vi(t) [vr(t))
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thus

Sdler(t) o
ih—— = Vi [i(1)) - (11.23)

This is the analogous of the Schrodinger equation but in the interaction picture.
From this equation we discover why this picture is called interaction picture, namely
because the role of the Hamiltonian is played here by the interaction V;. This picture

is particularly suitable for doing time-dependent perturbation theory, as we will see.

11.2.1 FEwvolution of the operators in the interaction picture

Our starting point is

A . (0) A (0
O[(t) _ eZHS t/hOSe iHg't/h )

Taking the time-derivative of both sides, we get

~

dO;(t A (0), A 5 L (0), A s .
dlt( ) _ %Héo) ngSO 7 Og eszng)t/)‘i_E ngSO U Og eleg.O)t/fi Héo)
O1(t) Or(t)
T ~(0) A T oA o~
i .
= (A", 01 (11.24)

In the interaction picture, H éo) becomes

A . A (0 A~ .7 (0 A~ . (0 . (0 A~
H}O) — i HS Héo) ot/ _ Héo) G (=it h Héo) .

Therefore, f]}o) is the same as H éo)' Substituting this result into Eqn. (11.24) yields

dO; i ) A
d—tf = #H}O),OI] . (11.25)

Therefore, in the interaction picture the evolution of the states is ruled by V while

the evolution of the observables is ruled by HO.



Chapter 12
TIME-DEPENDENT PERTURBATION THEORY

12.1 ((General derivation

This is a perturbative technique to obtain solutions of the ordinary Schrodinger equa-
tion

. d ~

in NSO () (12.1
In the previous sections, we dealt with stationary perturbation theory, i.e., our goal

was to find approximated solutions of the stationary Schrodinger equation

o [Un) = En |¥n) (12.2)

Solving Eqn. (12.1) in an approximated way means we have to find an approximated

form for the evolution operator
Ult, ty) = e Hl—t0)/n (12.3)

By taking the time-derivative of both sides with respect to ¢t we get

AU (t,t o
ih% = HU(t, t,) . (12.4)

The standard initial condition which has to be fulfilled by the solution of this equation
is

A

Ulto,ty) = 1 .

Now, consider the interaction picture. Working in the Schrodinger picture, we write

down the Hamiltonian in the following way:

H=HY + Vs,
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where H éo) is an Hamiltonian which we are able to solve exactly. Vs is an extra
interaction in Schrédinger picture which can eventually depend explicitly on time.
We have already seen that the states in the interaction picture are found from those

in the Schrodinger picture in the following way:

[r(8)) = 5" s (8)) = Sh(8) [bs(8)) (12.5)

while operators are found according to

A

Op = IS/ O g o=t — §1(#)0585 (1) (12.6)

where

S«O(t) _ e—iﬁéo)t/h )
We have already seen that the states in the interaction picture evolve in time

according to

Sdfer®) o
ih— = = Vilun (1)) . (12.7)

where
v, = R Vs o=
Operators evolve as X
a0, 1,
dt ih
Notice that H éo) and I;TI(O) are the same. In fact,

O, HY) . (12.8)

A .7 (0 A .5 (0 A .7 (0 .5 (0 A
H}O) _ eszg)t/h HéO) eszg%/n _ HéO) eszg)t/h eszg%/n _ Héo) _

Let us now write down the evolution operator U in the interaction picture. We have

~ N N

U(t) = SI)U(t)So(t) . (12.9)

By taking the time-derivative of both sides we can check that U, 7(t) does not satisfy

the usual equation of motion of the operators in the interaction picture, namely

d N
ih=Us(t) = Vi) Ui t) (12.10)
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In fact, we get

AU, (t) _ dsg(t)U (OS(0) + & (t)dU(t) - dSy(t)

qQ i
1 T T So(t) + Sp(t)U(2)
1 v~y an O A PN SIDN 1 o a
= -ﬁsgm%so + SgﬁH(t)U(t)So(t) + SSU(t)%H(O)SO
1 v~y an 1 . A A\ A A DN 1 o
— _ &t — af (0) 1 — f7(0)
—SHOUS, + 8] (H +v) U(#)S0(t) + SI0(1)— A Sy
1 av oy 1 av ~ oy | PN 1 45~ Aoy A
-3 So + = SIEWTS, + —SIVUS, + —SiU(t)H® S,
ih o ih ih
1

ih

AL A A AL A A 1 svnn ara A
SiV Sy SUSy+— SiUS, S{H S,
—_—— N — th—e o
Vi Ur Ur 7
1~ - L~ =0
= ViU + U H
in 1T gt
We can see that in the expression above there is an extra term U II;TI(O) /ih which does
not appear in Eqn. (12.10).

Consider instead the following operator

AL A

Ul(t) = SiU(t) . (12.11)

Let us derive the evolution equation for this operator in the interaction picture. By

taking the time-derivative of both sides of Eqn. (12.11) we get

IO _ D) 1 5900 Lty + 5L a0
= LG+ L8y (A4 V)0 = LSl Ll + Lsvo
= LSIVO = LSIVS,S0 = i)
Thus, the evolution is R
d({i}t(t) = %%U}(t) . (12.12)

This equation tells us that it is U 1 the operator which run the evolution of the states

|17 (t)). In fact,
dU;(t) 1l
O (o)) = Vi) 4 (0)

% 016) e 0))] = %V (U1 [r(0))] (12.13)
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By comparing Eqn. (12.13) to Eqn. (12.7), it is clear that we can identify

[0r(t)) = Up(t) [4:(0)) - (12.14)
Eqn. (12.12) can be integrated to find
. i [t .
Uit tg) =1 — 7_1/ Vi(T)Up(7,t0) dT . (12.15)
to
Taking the derivative of Eqn. (12.15) yields Eqn. (12.12). Eqn. (12.15) is called
integral equation, and it can be solved iteratively. We get

t
O (tto) = 1+ <m>1/ Vi(r) dr
to S——

(
2

1)
t T
+(ih)_2/ dT/ dr' Vi(r)Vi(rY Up(7' to) . (12.16)
to to
)

From this new expression of U 7 we see that we have a term with one power of Vi [the
term (1) in Eqn. (12.16)] and another term with two powers of V; [the term (2) in
Eqn. (12.16)]. If we think at V; as a quantity proportional to some “small” parameter
g, i.€e.,
Vi=gV.

then Eqn. (12.16) contains successive powers of g until the second one. By iterat-
ing again the procedure, i.e., by inserting again U 1(7',to) on the right-hand side of
Eqn. (12.16) and using the expression of Uj(t, 1) given by that equation (see the
left-hand side), we get

n=1

where
07 (t, ty) = (m)—"/dfn dr, i+ -dm [\Z(Tn)---m(ﬁ)] ,

with ¢t > 7, > 7,1 > ... > 7 > tg. All the integrals are computed between t,

and the corresponding 7;. Notice that in these integrals it appears only Vi, i.e., the
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interaction part. Furthermore, if Vi is proportional to g, Eqn. (12.17) is practically
an expansion on g, and thus it is a perturbative series.

Let us remember that we are interested in U(t) and not U}. To obtain the former,
we can simply use Eqn. (12.11) which can also be written as U(t) = SoU}.

By using Eqn. (12.17) and the relation among U(t) and U}(t) mentioned above and
the definition of V;, we get

Ut,to) = U0t to) + ) | U™ (L, 1) | (12.18)

n=1

where

~

ﬁ"(t,to) = (ih)™ / A7, A7y -+ -dm SO, 1)V (1) 5 (T, T1)

~

. S(O)<TQ, Tl)v<71)g(0) (7—17 tO) . (1219)

Here we have indicated with S© what previously we wrote as Sy and also notice
that VI has been turned into V via the associated transformations. Note that the
whole expression in Eqn.(12.19) above depends only on V' and SO but calculated at
different instants and in different intervals of time.

Now, let us come back to the original unperturbed Hamiltonian HO® which can be

solved exactly. Suppose that HO has a discrete set of eigenvalues

[ HOa) = EO |a)

HO ) = B 1b)
: (12.20)

HO k) = B |k)

\

Now, let us define the following two quantities:
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wy, is referred to as “Bohr frequency”. Assume that at the time ¢, the system is in
the state |a). We want to compute the probability that at time ¢ the system can be
found in the state |b), i.e.,

2

P, = |(0|U(t, to)|a)

~

If the perturbation were zero, i.e., V = 0, then we would have
(1, t0) = o V-t

and the probability would be

2

A . 2
P, = )<b ) e—zH(O)(t—to)/h ) a> — ‘e—zE,gO)(t—to)/h (b|a) =0,

since (bla) = 0. If V # 0, we can use Eqn. (12.18) and we obtain

o0

(BlU(t,to)a) =D _ (b|U"a) -
n=1
The first terms in this expression are:
2 t (V) : 17(0)
<b|U(1)|a> _ —ih_l/ dr |:e—zEb (t—7)/h V;)a(T) e—zEa (t—to)/h
to %,_/ ’
SO (t,71)

A t T
BIUPa)y = (i)~ Z/ dT/ dr’ {e—’Eﬁo)(t—T)/ﬁ Vo(7) o—iBY (=) /h
k to to

X Via(T") e_iEf(lO) (T'—to)ﬁ}

~ t T Tl
0O = 33 [ar [ar | dT"{e_m‘gm(t‘”/ﬁ%,k<7>
k l to to to

a0 (O
X e B (T T)/h‘/;c7l(7—/)e iB (' =1")/h
X Via(7") o iEs) (T”—to)/ﬁ] .
and so on. In order to obtain the various exponential terms in the expressions above

we have made use of the states (b| and |a) and the completeness relations ), in

between.
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(b) (10 ]a)

Fia. 12.1. Feynman diagrams

The matrix elements (5|7 M|a), (b|U?|a), etc., have a graphical representation which
is given in Fig. 12.1.

The intermediate states |k), |I) are called virtual (and we sum over these states)
while |a) and |b) are named physical states.

Notice that the perturbation seems to occur at the time 7 but we integrate all over
the 7 in between tg and ¢, and analogously for 7.

If in the expansion above we stop at the n-th order, we get

2 2 2 2
Py~ )<b\U<l>|a> U a) + ...+ (B|T™]a)

Thus at the first order we have

2 (12.21)

a—b

2 2 b
PY, = <b|U<1>|a>) =n? / e V(1) dr

to

. 2(0), . 1a(0) .
In the integral above there should be also an extra term e Bt Bt This is a
phase which does not depend on 7 and it can be pushed outside the integral since the
integral is done with respect to 7. Next we have to take the modulus of this phase

but and its modulus is one.That is the reason why we neglected it.

Homework 12.1. Prove that P(l) P(l)

a—b — Thsa

This relation does not hold for higher

perturbative orders.
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2(1—cos wt)
o2

y

5
H-|® —

3

€y

Fic. 12.2. Plot of f(t,w).

If V does not depend on 7, it can be extracted from the integral and we get

PO~ Viol” f(t,wha) /B2 (12.22)
where ,
L 2(1 — t
fltw) = / e dr :%. (12.23)
0

The plot of f(¢,w) as a function of w is given in Fig. 12.2. The function has a narrow
maximum at w = 0 with width 27 /¢, furthermore
+oo
f(t,w)dw =27t . (12.24)

—00

Homework 12.2. Prove Eqn. (12.24).

As t — oo, the width 27/t goes to zero and the value of the maximum at ¢ = 0 goes
to 0o. Thus the plot of f(t,w) becomes like a Dirac’s delta, and in order to reproduce
Eqn. (12.24) we must have

Flt,w) 2 2wt (w) .

By considering Eqn. (12.22), it can be seen that in order to obtain the transition
probability we have to compute the square modulus of (b|V|a) weighted by f(t,ws.),

the latter being peaked around w,;, = 0 and with 27/t as width. As a consequence,



12.1. General derivation 253

the transition is more likely to occur between states whose energy is near that of |a)

(because the maximum of f(¢,ws,) is at w,, = 0) and in an energy band given by
5E0 ~ 27Th/t .

So we can conclude that the pertubation leaves the energy unchanged within a bound

of ~ 27h/t.

12.1.1 Structure of f(t, wpq)

If wpo =0, i.e., if the state |b) has the same energy of |a), the perturbation preserves
the energy and f(f,w = 0) ~ t?, which means the longer is the time ¢ the larger will
be the probability of having a transition.

If wy, # 0, then f(t,w) as a function of ¢ is an oscillating function between 0 and
4/w§7a with period 27/wy 4, see Eqn. (12.23). So, P, will oscillate with the same
period [see, Eqn. (12.22)] around 2 |V, o|* /(Eos— Fo.q)?. The factor of two comes from
w? of the denominator of [1 — coswt]. For small values of ¢ with respect to 27 /wy g,

the behavior of (1 — coswt) is like 2.

12.1.2  Transition to nearby states

In this section we consider transitions to a set of nearby states.

Of course, so far we have considered only the case of a discrete spectrum, but noth-
ing changes if we suppose that some states are surrounded by a continuous spectrum.
Furthermore, let us suppose such states to be normalized according to

By = ——5(b— ), (12.25)
n(b)

where n(b) is a positive real-valued function of b, and b is some parameter used to

label the states. The case n(b) = 1 gives the usual normalization condition

By = 5(b— V) .
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The projector onto a domain B is
Py = / |b) (b n(b) db | (12.26)

Homework 12.3. Show that the term n(b) must be present in Eqn. (12.26) in order
for PB to fulfil the relation

PgPp = Py,
which must hold because Pg is a projector.

Let E(b) be the energy of the state |b). By changing the integration variable in
Eqn. (12.26) from b to E(b) we get

Py — / 1b) (] po(E) dE (12.27)
B(E)
where
db
B) = n(b)— .
pu(E) = n(t)

pu(F) is the density of states |b) at energy E, i.e., the number of states |b) per unit
of energy.

The transition probability from |a) to one of the states belonging to B is

2

Pa%B - pBUv<t7 0) |CL>

)

where U(t,O) is the time-evolution operator from time 0 to time ¢, and Pg is the

projector onto B. Thus,
Poop = <a ] 0t (t,0)PL ] PsU(t,0) ] a> — (a|Ut (1,0 PaU(1,0)]a) ,  (12.28)
the latter equality follows from
PL, =Py, PgPg=PFPgy.
Let us remember that Pg = fB(E) |b) (b| pp(E) dE, hence

Posp = / Pa%bpb<E) dE ,
B(E)
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where
2

Py = ‘(b\f](t, 0)|a)

Now, for P, ,, we use Eqn. (12.22) calculated at first order in perturbation theory:
1 2
Pa—)B ~ ﬁ |‘/b7a| pb(E)f(tawb,a) dE P (1229)
B(E)

where V;, , depends on E via the parameter b.

Ezxample

2

The frequency of oscillation in w of the function f is £

as can be easily seen by
plotting f versus w. Let us consider the transition to the levels b contained in the
energy interval (B — 5, Ey + 5), and suppose € to be small enough that both V;,
and p, are constant in the interval. As a consequence we can pull them outside the

integration in Eqn. (12.29).

Let us assume t to be sufficiently large to satisfy: ¢ > 2%71 or

21h
e> . (12.30)

So the relation above indicates that ¢ is much bigger than the frequency of oscilla-

tion of f as a function of w (if we put A =1). Let us turn to the integral :

1
Pop ~ -3 Voal” 0 f(t,wpa)dE . (12.31)
)

B(E

There are two possible cases:

1. that the maximum of f at wy, = 0 lies outside the integration domain . In
this case, f inside the integral can be replaced by its mean value on several
oscillations in w. Remember the expression of f:

2(1 — coswt)
w? '

ft,w) =
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A
\J

B —%

2 E1 El+%

]

Fic. 12.3.

By taking the average of coswt over many complete oscillations we get zero,

thus the average of f is 2/w?. Hence,

Vo

Posp = 2epp(E))————
—B pb( 1)(E1 _ Ea)Q

, (12.32)

where E; is the center of the interval

1 1
EB = (El — §€,E1 -+ 58) .

2. that the maximum of f lies within the domain of integration, see Fig. 12.3. In
this case, the leading contribution to the integral comes from the peak of f and

only a small error results from taking the integral between —oo and +o0o. We

know that
+o0o
f(t,w)dw = 27t ,
SO
Passp = 21h Vi o(EL)|? po(Ea)t . (12.33)

In this case, E, = L, since £, — B} = w, and w =~ 0 is the peak of f.

12.1.8 Transition probability per unit of time and Fermi’s golden rule

The transition probability per unit of time is defined by

- o dpa%B
Pa%B - dt .
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Consider the two previous cases. In the first case, this quantity is zero because the
transition probability is time-independent, Eqn. (12.32). These are the transitions
which do not preserve the energy.

In the second case by taking the derivative with respect to ¢ of Eqn. (12.33) we get
~ 27
Poss == Vaal 1., (12.34)

these are the transitions which preserve the energy of the states because wy, = 0 is
inside the integral we performed before. Eqn. (12.34) is called Fermi’s golden rule.
pp is the density of states whose energy is equal to that of the initial state, since
everything is concentrated at the peak of f.
If we consider (12.30), i.e.,
t h

— — 12.35
5 > ( )

t must be very long in order for Eqn. (12.34) to be valid. But, on the other end, we
have used the perturbation theory at the first order and so it must be P, ,p < 1,
1.€.,

Pusp=PUt< 1. (12.36)

So we conclude that indeed ¢ cannot be too large.






Chapter 13

PATH INTEGRAL APPROACH TO QUANTUM
MECHANICS

13.1 ((General derivation

This approach to quantum mechanics was presented by R. F. Feynman in his Ph.D.
thesis of 1942. It was later published (1948) in Rev. Mod. Phys. with the title
“Space-time approach to non-relativistic Quantum Mechanics”.

Feynman wanted somehow a formulation in which “space-time” played a role and
not just the Hilbert space, like in the traditional approach to quantum mechanics.
His approach is very intuitive and helped in “visualizing” many quantum mechanical
phenomena and in developing various techniques, like the Feynman diagrams, non-
perturbative methods (A — 0, N — 00), etc. Somehow, Dirac had got close to the
Feynman formulation of quantum mechanics in a paper in which he asked himself
which is the role of the Lagrangian in quantum mechanics.

Let us first review the concept of action which everybody has learned in classical

mechanics. Its definition is

(z1,t1)
S[a()] = /( Lx(t), i (1)) dt | (13.1)

x0,t0)

where x(t) is any trajectory between (xg,to) and (z1,t;), not necessarily the classical
one, and L is the Lagrangian of the system. The action S[x(t)] is what in mathemat-
ical terms is known as a functional. Remember that a functional is a map between a
space of functions x(t) and a set of numbers (the real or complex numbers, or similar

structures). From Eqn. (13.1) one sees that S[z(t)] is a functional because, once we



260 CHAPTER 13. PATH INTEGRAL APPROACH TO QUANTUM MECHANICS

~
o x(t) N
o=\
~TEl)
éﬁjfl””_’,,,,,,————Q%*($1>t1)
Z Tt 7
($0,t0) \\.\\‘\__:15,)/’/ /./
\'\ j(t) /
. ;
. /
. ;
\ /.
\ /
N

Fic. 13.1.

insert the function z(t) on the right-hand side of Eqn. (13.1) (and perform the inte-
gration) we get a real number which is the value of the action on that trajectory. If
we change the trajectory, we get a different number. A functional is indicated with
square brackets, S[z(t)], differently than a function whose argument is indicated with
round brackets: f(x). A function is a map between the set of numbers (real, complex,
or similar) to another set of numbers (real, complex, etc.). So, if we restrict to the

real numbers
Function: R — R,

Functional: [functions] — R .
Given these definitions, let us now see what is the path integral formulation of
quantum-mechanics given by Feynman.
We know that in quantum mechanics a central element is the transition kernel to
go from (xg,to) to (z1,%;) which is defined as

CH(t]—tg)

K(.Tl, tﬂﬂfo,to) = <.’L‘1‘ e’ h |.I‘0> . (132)

What Feynman proved is the following formula:

(z1,t1) )
K (21, t|o, to) — / D [a(t)] eF50) (13.3)

(wo,to)
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where, on the right-hand side of Eqn. (13.3), the symbol f((mzlil)) D [z(t)] stays for a
functional integration which “roughly” means the sum over all trajectories between
(ZL‘Q, to) and (l‘l, tl)

So, in Eqn. (13.3) we insert a trajectory in et

, calculate this quantity and
“sum” it to the same expression with a different trajectory inserted and so on for all
trajectories between (xg, %) and (xy,¢;). This is the reason why this method is called
path-integral. Note that all trajectories enter Eqn. (13.3) and not just the classical
one.

We shall give a rigorous derivation of Eqn. (13.3) but for the moment let us try
to understand a “more physical” reason why trajectories enter the expression of the
quantum transition kernel.

Let us recall the double slit experiment, see Fig. 13.2. In Fig. 13.2(a) both slits A
and B are open while in the other two figures only one is open. We know that the

probabilities Pag, Pa, Pp satisfy the inequality
Pap # Py + Pp,

while for the probability amplitudes ¥ ap, ¥4, ¥g we have

Yap =ta+vg. (13.4)

Let us now put more screens with different openings, like in Fig. 13.3. Let us suppose

we close the slits 1B, 24, 2C, 2D.,3A, 3B and let us call the associated wave function

as

Vi
3C

where we have indicated on the wave-functions which slits are open. For example for

the wave-function above only the slits 14, 2B and 3C' are open as shown in Fig. 13.3.
We can “associate” this amplitude with the path that join the slits 14, 2B , 3C.

Let us also remember that Eqn. (13.4) can be generalized to any set of screens with
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F1c. 13.2. (a) The probability P4p with both slits open. (b) The probability P4 obtained
keeping open the slit A (c) The probability Pp obtained keeping open the slit B (d) The
probability P4 + Pg. We see that Psp # Pa + Pp.
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Fia. 13.3. More screens with different openings.
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any set of open and closed slits, so:

w(aﬂ slits open) — Z ’l/}ésome slits closed) * (135)

In turn the amplitudes on the right-hand side of Eqn. (13.5) can be written as the
sum of all the amplitudes which have some of the remaining slits closed. The basic
blocks of all these amplitudes will be those which have only one slit open per screen
and to these we can associate a path running through the open slits. So Eqn. (13.5)

can be formally written as

Y= Y ; (13.6)

(paths)

where we have substituted the labels on the wave functions with the paths which join
the open-slits on the various screens. Using this trick Feynman had the following
idea: the open space between a source and a screen can be thought as if it were filled
by an infinite set of screens each with an infinite set of slits. So now if we want the

transition amplitudes from zg to 1, i.e., ¥y, », We could write it as

Yapar = Y Vipath) (13.7)

(paths)

where the “(paths)” are the labels of the amplitude associated to a configuration of
screens with only one slit open through which the path passes. Of course, the paths
will be all possible paths between xq and z1 because the screens have infinite slits. Let
us stress that the paths in Eqn. (13.6) and (13.7) are nothing else than a “symbol”
to indicate a set of slits open.

This somehow gives a physical intuition of why paths—even if they are only sym-
bols or labels—enter the transition amplitudes. Of course, one cannot say that the
particles follow one path or the other because, to check that, one should do a set
of measurements along the whole path while in the transition (xq,to|x1, ;) the only
measurements are made at zp and x;. What we can say from Eqn. (13.3) is that,

if we do measurements only at zy and z; then the transition amplitude is the sum
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of transition amplitudes each one associated to a different path between zy and xq.If
instead we do a set of infinte measures on all points of a path to find out if the
particle follows that particular path, then the interference effect, between the various
amplitudes entering the path-integral, will be destroyed.

Let us now give a rigorous derivation of Eqn. (13.3). For small time intervals it was
first done by Dirac in 1932, for arbitrary time interval it was derived by Feynman in
1942 in his Ph.D. thesis.

Before proceeding in the derivation let us review some formula regarding the expo-

nential of operators. If A and B are two operators, then edeB is not equal to eA+B

in general, like it would happen if A and B were numbers. The general formula was

derived by Baker and Hausdorff and is

etef = eHAB) (13.8)
where
H(AB) = A+ B+ 2[A, B+ — [A,[4,B)] + = [B,1B, 4] + (13.9)
T 21" 12[”}12[”]'“ '

if A and B commutes then H(A, B) = A + B like in the case of c-numbers.
Let us now go back to physics and calculate the transition kernel which is defined
as

K(z,t|zo,0) = (x| e ™ |z) | (13.10)

where H is the Hamiltonian of the system* If we divide the interval of time ¢ in N

sub-intervals we can write, using the Baker-Hausdorff formula, the following equality

exp [—%tﬁ] = {exp [—%H} }N : (13.11)

This is so because the operators tH /N commute among themselves in the Baker-

Hausdorff formula.

* Note that this is not the transition amplitude which would be (xt|z0) = (x| e#t |x,).
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Let us now remember that the Hamiltonian H is the sum of two parts H = A + B,
which do not commute because A = p%/2m and B = V(i). So, using again the

Baker-Hausdorfl formula we can write
11 it R
exp l_ﬁﬁH} = o {‘m( *B)]

A
= _ilp Ll ilrof (L 2 (13.12)
- SPITENT P RN N) | v

where the terms O((t/N)?) are those that come from the commutators of tA/N and
tB/N present in Eqn. (13.9). Of course, if we take the limit N — co those terms are
negligible with respect to the first. So combining Eqn. (13.12) with Eqn. (13.11) we

can write

N . 1N
t t

<x‘e*%tﬁ‘xo> ~ lim <:c x0> (13.13)
—00

Let us now write all terms of the operator

itB it \]"
[exp <_W> exp (_WA) ,
and so Eqn. (13.13) reads
<x [e_f;_ftvg e_ﬁi_ft\f’ﬂ X [e_ﬁi_ft\fée_ﬁi_ft\fﬂ X +e X [e_ﬁi_ft\fé e_hi_ltVA] ’x0> . (13.14)
R ’

Next let us divide the interval from xy to x in N intervals labelled by the points
x1,To---xy_1 and corresponding to the N intervals of time. Let us now insert in
Eqn. (13.14) after the first square bracket a completeness of the form [ dzy_1 [xn_1) (xn_1],
where z_; is the point before x in Fig. 13.4, and we continue by inserting the com-
pleteness [ day_o |zy_2) (xn_2| after the second square bracket in Eqn. (13.14) and

so on. What we get is that Eqn. (13.13) can be written as
(7 e—ith |zo) = A}gn /d:pN_l . -dxl{ <x ‘ e~inB omanA ‘ xN_1>

ok B o7k A ‘ x0> } . (13.15)

it 1 it A

e v B gTanA ‘ a:N,2> X oo X <:c1

X <.T}N,1
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A
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Fia. 13.4. The discretized approximation of the path integral

All this can be put in the compact form

N N-—1
(ale 3 o) = tim [ T[] @i [T doy
j=1 j=1

where Q; ;-1 is

- -
e inbB ominA ’ IL‘j_1> .

Qjj1 = <%‘
In the expression above we can apply B = V(i) to the state (z;| and get
Qyy 1 = e V@) <xj ‘ oA ‘ xH> , (13.16)

The operator A is instead p? /2m so we cannot apply it directly to the state |z,_1).
What we will do is to insert a completeness [ [p) (p|dp = 1 before the state |z;_1) in
Eqn. (13.16). We get in this way

. N . ~2
(o] o) = [ (@8 o) theypap )
Remembering that
I
e nPr

o) = =

and applying p? on |p) we get from Eqn. (13.17) the following expression

(=

it A _ilep® o
ei%A’l’j,1> — Lh e ﬁ{Ngm p(x; 1—1)} dp
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which, by performing the integration in p, becomes

®

Inserting this in Eqn. (13.16) and next in Eqn. (13.15) we get

1
e i $j—1> = [2 T,r;t ] ’ eoh p (#—w-1)" (13.18)
mih+

N

N-1

N )
K (x,t]20,0) = lim ( m ) /e%Ef—l{z—”i@f—%—lf—av(%)}dej, (13.19)
j=1

N—oo \27mihe

where ¢ = t/N. Let us note two things:

1. In the exponential of Eqn. (13.19) we have the discretized form of the action.

In fact,
/,Cdt = Zﬁ(l‘j,i‘j)c‘f
J
- Z{%:’U?—V(xj)}e

J

- Z {m—(xj _2:;_1) €— V(a:j)s}

J

= Z {m—(xj —ap)’ — V(a:j)a} .
- 2e
2. If we look at Fig. 13.4 we see that a trajectory in the discretized form is the
broken line we have drawn between xy and z. If we keep zy and x fixed and
move the intermediate points (x1, 1), (xo,t2), ..., (Ty_1,tn_1), We get all pos-
sible trajectories between xy and x. This is exactly what is achieved by the
integrations over z;, j = 1,2,..., N — 1 in Eqn. (13.19). So the sum over all
trajectories indicated by the functional integration [ D [z(f)] in Eqn. (13.3) is

actually realized by the measure of integration contained in Eqn. (13.19), i.e.,

[l = g (57)" [T
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So we can conclude that Eqn. (13.19) is nothing else than the discretized form of the
expression (13.3) and that the functional integral can be reduced to an infinite set
of standard Lebesque integrals.

The path-integral not only brings to light the role of the non-classical trajectories
in quantum mechanics but also the role of the action in quantum mechanics. In fact
the action had played a role in classical mechanics but never in quantum mechanics.
This idea was the one which triggered in 1932 the work of Dirac.

The last thing we want to bring to the attention of the reader is which are the
paths which contribute most in the path-integral. We shall show that are the paths
which are continuous but nowhere-differentiable.

The proof goes as follows. If we look at the kinetic piece in Eqn. (13.19) we see
that in the limit of ¢ — 0 we must have that (x; — z;_1)?/¢ remains finite otherwise
the exponent would not make sense. This means

(2 — xj1)°
13

— finite ,

1.€.,

(x;— ;1) ~ e, (Az)* ~ AL . (13.20)

From Eqn. (13.20) we notice two things:

1. When At — 0 we have Az — 0, which means that the paths are continuous;

2. the velocities Az/At goes as 1/Ax because, using Eqn. (13.20) , we have:

Ax Az 1
At (Az)? Az’

so when Az — 0 the velocity has a singularity. As this happens at every point

it means the path is non-differentiable.

The paths which are differentiable, i.e.:

A — finit
At nite
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i.e., Ax ~ At have a kinetic piece in the action which goes as follows:

(Az)?  (Ap)°
A7 A7 At = 0.

So in the continuum At — 0 these kinetic pieces go as €. These are constants that can
be factorized out of the path-integral and we can get rid of them in the normalization.
So these paths do not give any phase which may interphere with the other paths and
create typical quantum mechanical effects.

The non-differentiable paths are a typical indicator of quantum mechanical effects.
In classical mechanics the paths are smooth instead. More details and examples on

the path-integrals can be found in the many books on the subject.

13.2 Time dependent perturbation theory via path integrals and proto-
Feynman’s diagrams

In this section we will derive the time-dependent perturbative expansion for the time-
evolution kernel via path-integrals, without using the interaction picture.
We have seen that the transition Kernel between x = z, and = = z3 from time ¢,

to time ¢, has the following path integral expression* :

Ky(b,a) = /abp (1)) exp {% Utt <me2 _ V(:c,t)) dt] } | (13.21)

If we suppose that the potential is small or better that ftib V(x,t)dt is small with

respect to A, then we can expand the integrand as follows:

. ty . tp
exp l—%/ V(z,t) dt] =1- %/ V(x,t)dt
ta ta
2

+%<%)2[/t:b1/(x,t)dt} b (1322)

* If we want to get the transition amplitude and not the transition kernel, we should just put a

minus sign in front of the Lagrangian.
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Of course, ftib V(z,t)dt is a functional, so the statement that ftib V(z,t)dt should be
“small” with respect to A needs to be better clarified but we will leave this clarification
for more advanced courses.

Using the above expansion, we can rewrite Ky (b, a) in the following way:
Ky (b,a) = KO(,a) + KY(b,a) + K?(b,a) ..., (13.23)

where

KO0 = [ Do) [ew (5 [ ar)]

KO(5,0) = & / plo{ ([ veas)es|; [},

KO (b,a) =~ / Dl {[ / V(a(s), ) ds] [ /tt V(a(s), s) ds’}
<o [ 5o

Let us now proceed to evaluate the various terms. K© (b, a) is the free particle

transition kernel. K™ (b, a) can instead be written as
i [
KW(b,a) = _ﬁ/ F(s)ds, (13.24)
ta

where

= / bD[x(t)]V(a:(s),s)eXp (% 5 %dt) : (13.25)

Basically, F'(s) is the path-integral of the free particle but with inserted at ¢t = s
the potential. So the time-evolution before ¢ = s is the one of the free particle, at
t = s it gets “perturbed” by V(x(s), s), afterwards it is again the evolution of the free
particle. The picture that we can associate to Eqn. (13.25) is the one in Fig. 13.5.
There, we have supposed that the point reached at time s is z.. In Eqn. (13.25) we
are effectively integrating over =, and as a consequence F'(s) can be written in the

following manner:

+oo
F(t.) = K(O)(b, o)V (z., tC)K(O)(c, a)dzx,. .

—00
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tA

=Y

F1G. 13.5. Schematic representation of F'(s).

Using this, K (b, a) can be represented as

- ty “+o00
KW(b,a) = —% / KO, )V (20, t.) KO (c, a) da. dt, . (13.26)
t

The pictures that can be drawn associated to the perturbation series of Eqn. (13.23)
are, in analogy to that in Fig. 13.5, the ones in Fig. 13.6. These are proto-Feynman
diagrams in a potential theory.

We shall now derive an integral equation for Ky (b,a). Using Eqn. (13.26) and

the analog for higher orders we get easily the following expression (where [dr, =

[ dz.dt.):
Ky(b,a) = KO(b,a) — % / KO, )V (2, t.) K9 (c, a) dr,

. 2
4 (—%) / / KO, )V (20, t.) KO (e, d)V (24, ta)) KO (d, a) dr. dry

oo, (13.27)

which can also be written as

Kv(ba) = K90.0) — 3 [ KOboV(zet)

% [K(O)(c,a)—%/K(O)(c,d)V(xd,td)K(O)(d,a) drg+...|dr.+... (13.28)
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F1a. 13.6. Schematic representation of series expansion Eqn. (13.23).

If we look at Eqn. (13.28) and in particular at the quantity inside the square brackets,

we notice that Eqn. (13.28) can be re-written as
Ky (b,a) = KO(b,a) % / KO, &)V (2, t) Ky (¢, a) dT, . (13.29)

This is an integral equation for Ky. It is completely equivalent to the differential

Schrodinger equation: is basically the integral version of it



Chapter 14
SEMICLASSICAL (WKB) QUANTUM MECHANICS

This chapter is mostly based on the Bachelor Thesis of Taracchini Andrea, Univer-

sity of Trieste.
14.1 Introduction

The wave function ¢ (x,t) of a physical system is a complex-valued quantity and so

it can be written in general as
O(w,t) = Az, t) enS® | (14.1)

where A(x,t) and S(x,t) are real-valued functions. The presence of the factor & at
exponent is just a convention and in this manner S acquires the dimension of an
action.

Let us now calculate various expressions entering the Schroedinger equation:
Vi(z,t) = V2 [A(;c,t)eésw]

— {VQA(CL‘, t) + 2% VA(z,t)- VS(x,t) + %A(:p, t)V2S(x, 1)

- iA(wv t) [Vs(m,t)]Q } e%S(w,t) ’

B2
877/)(%, t) . 8 1S(w,t)
o ot [A(m’t)ef ]
aA<w7 t) i 85(12, t) L8 (1)
{ T + hA(w,t) T en :
Inserting Eqn. (14.1) into the time-dependent Schrédinger equation
. 31/1(33775) o h’2 2
ih T {—va +Vi(x, t)| Y(x,t), (14.2)
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we get
L O0A(x, 1) oS(x.t) W _, ih
th 1
——A 2 —A ? Az, t). (14.
S A VS (@, 0) + 5 Al ) [VS(, ) + V() Al ). (143
Equating the real and imaginary parts we get the two equations
dS(z,t) 1 5 B VPA(x, 1)
A 1
mw + VA(xz,t)- VS(x,t) + §A(m,t)v25(az, t)=0. (14.5)

Eqn. (14.5) is nothing but the continuity equation for the probability associated to

the Schrodinger equation:

ap .
el ed3=0. 14.6
5 TV (14.6)
In fact, defining the probability p and the corresponding current 3 as
p= () = [Ad=, )] | (14.7)
= (. t)— | =[A(xz, )] ———= 14.
§ =R |9 (0= Vil )| = (Al T2 (145)
Eqn. (14.5) becomes
dp .
— -3=0.
5 +V.j

Let us now turn to Eqn. (14.4). This equation is similar to an equation of classical

mechanics known as Hamilton-Jacobi equation, which is

0So(x,t) N [V.So(zx, t)]2
ot 2m

Notice that Eqn. (14.4) for S(z,t) reduces to the Hamilton-Jacobi equation in the

+V(x,t)=0. (14.9)

limit A — 0.

People sometimes say that the Schrodinger equation is the quantum correction
to the Hamilton-Jacobi, but this statement is not correct because the Schrédinger
equation involves both A(x,t) and S(x,t) while the Hamilton-Jacobi involves only S.
We have chosen to put the sub index ”0” in the solution Sy of the Hamilton-Jacobi

equation, since it is the solution at order zero in A? of Eqn. (14.4).
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14.2 Review of the Hamilton-Jacobi formalism of classical mechanics

Let us briefly review the Hamilton-Jacobi formalism of classical mechanics. The
Hamiltonian description of a system with f degrees of freedom involves f configura-
tional variables qi, ..., ¢ and their conjugated momenta py, ..., ps. The dynamics is

governed by the Hamilton equations of motions, which can be written as*

G = {a Hlpp. , (14.10)

Dk = {pkaH}P_B.v (14.11)

k=1,...,f, where H is the Hamiltonian.
An important feature of the Hamiltonian formalism is that it allows transformations

on the phase space of the system

Qk? = Qk(qh'"aqf7p17---apf;t) 5 (1412)

Pk = Pk<q17---7Qf7p17---7pf7t)7 (1413)

which mix the ¢’s and p’s yet preserve the Hamiltonian form of the equations of
motion, i.e., the equations of motion have the same form also with respect to the
new set of transformed variables. Such transformations are referred to as canonical
transformations.

For a transformation to be a canonical the fundamental condition (called symplectic

condition) that must be satisfied is

MIMT =] | (14.14)

* Here, we have used the Poisson brackets, defined as

dq,, Op,,  Op,, Oq,,

{Fa G}P.B. - Z

f (aF oG  OF ac)
k=1

for arbitrary differentiable functions F' and G defined on the phase space of the system.
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where M is the Jacobian of the transformation, i.e.:

o1 .. 997 op OFy
dq, dq,  Oqq g,
0@ .. 99y op . 0P
M_a(Qla"'7Qf7P17"'7Pf)_ aqf 8qf aqf aqf
pr— —_— )
a(Qla"'uqf7p17"'7pf) o 9Qr  ap Py
Op, op, op, Op,
0Q1 9Qr 9Py oy
8pf 8pf 8pf 8pf
and J is called Poisson matrix:
0 1
J= ,
-1 0

which is written in an f x f blocks form.

The well-known variational principle tells that the solutions of Eqs. (14.10)—(14.11)

satisfy the variational equation

to
5/ ﬁ(ql,...,Qf,ql,...,Qf,t)dt

t1

W f (14.15)
:5/ [ZQkpk_H((_ha7qf7p177pf7t)] dt=0.
bt k=1
An analogous expression is valid for the new phase-space variables, i.e.,
to f .
5/ > QuP—K(Qi,....Qp Pr... Ppt)|dt =0, (14.16)
b k=1

where we have denoted with K the Hamiltonian with respect to the new set of vari-
ables. In order for Eqgs. (14.15) and (14.16) to describe the same system, the two
integrands must differ at most by the total derivative of a function F(q, P,t). F is

called the generating function of the canonical transformation. Because of this total
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derivative we get:

OF(q,P,t)

TR (14.17)
OF(q,P,t)
22—, (1418)
0F(q, P,t
M@ | pi(gp.t) = K(Q.P.1). (1419)

By properly choosing the canonical transformation, it is possible to obtain a trans-
formation such that K(Q1,...,Qy, Pi,..., Pf) =0, i.e., the Hamiltonian in the new

coordinates is simply zero. In this case, the new coordinates evolve according to

Qk - {QkaK}P.B. = 07
Pk:{PkaK}P_B.:Oa

i.e., the new variables are constants of motion.
According to Eqn. (14.19), a canonical transformation of this type is generated by
an F'(q, P,t) that satisfies

0F(q, P,t
9F@-PY) | pgpty—0. (14.20)
ot

If in this equation we rewrite everything as a function of only (q, P,t) , by using
Eqn. (14.17), we get*

JOF(q,P,t) OF(q,P,t)
— -+ H _ =0. 14.21

This is exactly the Hamilton-Jacobi equation: it is a non-linear partial differential
equation for the generating function F'(q, P,t). Using Hamilton variational methods
(with variations also of the time at the extremes) it is possible to prove that the

Hamilton-Jacobi equation is satisfied by the classical action function

t
F<q7 Pat) = Scl<q7 Pat) = / L (qd(t/)a qcl<t/)7t/) dt/ ) (1422)
t1

* Here and in the following with the symbol 9/0q (i.e., partial derivative with respect to a vector)

we mean the gradient with respect to that vector, i.e., 9/dq = V4.
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where g (t') are the solutions of the equations of motion with boundary conditions

qa(ti) = q
P,(t) = P

Remark. Sq(q, P,t) should not be confused with the action functional, it is instead

a function since we have already plugged in a particular trajectory.

Let us consider for simplicity the case of a point-like particle of mass m moving
in a time-independent potential V(). We can write its Lagrangian in cartesian
coordinates as

L=—-mz—V(x), (14.23)
so we get

oL _ . 05

and therefore the Hamilton-Jacobi equation becomes simply

— VS, , (14.24)

0S,  [VS4?
1+[ 1]

V=0. 14.25
ot 2m + ( )

14.3 WKB method

14.3.1 General considerations

Let us turn back to Quantum Mechanics and let us consider the one-dimensional

stationary Schrodinger equation

d*p(z) | 2m B
2 Tz - V@)]d() =0. (14.26)

Remember that if V(z) = const. = V and £ > V', Eqn. (14.26) has solutions of the

Y(z) = Ae*h k:\/QH—T(E—V).

They are oscillating wave functions with constant amplitude A and constant wave-

length A = 27 /k.

form
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Now, let us assume that V(z) varies “slowly” as a function of the position = with
respect to A. Then, it seems resonable to assume that the wave function is still an
oscillating one but with slowly-varying position-dependent amplitude and wavelength.

Analogously, if V(z) = const. = V but with £ < V, then the solutions of
Eqn. (14.26) take the form

U(z) = Ae™r k=1\—((V—-E),

i.e., a pure exponential. Note that the x above is different than the k of the previous
formula. Again, if the potential V' (x) varies “slowly” as a function of z with respect
to 1/k, then we may assume that the wave function solution is still of exponential
type but with A and k slowly dependent on .

It should already be clear that our considerations will give a reasonable approxi-
mation only within certain regions of the domain of ¥ (x). (We will be more precise
later on.) In fact, at the points where £ = V both A and 1/ diverge to +oo and it
does no longer make sense to assume V(z) to be a slowly varying function of = on
the scale of A\ in the neighbor of such points. Such points are called turning points,
since classically those are the points at which the particle changes the direction of its
motion. The mathematical treatment of the solution in a neighbor of these points
is rather cumbersome and we will invite the interested reader to study it in more

advanced books.

14.3.2  WKB solutions and their validity

Let us come back to the stationary Schrodinger equation and write ¥ (x) as
W(z) = Alz) ensE) (14.27)

where A and S are time-independent real-valued functions. Plugging Eqn. (14.27)

into the stationary Schrodinger equation and equating real and imaginary parts we
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get two coupled equations for A and S which are

(S'(@) —2m[E —V(a)] = WA

(14.28)
2A"(x)S () + A(x)S" () = 0, (14.29)

where the prime denotes the derivative with respect to z, i.e., S'(x) = dS(x)/dz,
etc.

From Eqn. (14.29) by integration we get immediately that:

const
Alz) = — | (14.30)
(57)2

Substituting back into Eqn. (14.28) we obtain

3 /9" 2 1.8
-l=)] —==1 . (14.31)
4\ 5 2.5
This equation is rigorously equivalent to the Schrodinger equation we started from,

Eqn. (14.26).

(S")? =2m(E - V) + h?

So far, no approximation has been made. The WKB approximation is basically an

expansion of S in powers of h?, i.e.,
S=Sy+ RS +.... (14.32)

Of course, we shall keep only the lowest order terms in h?. The reason why the
expansion Eqn. (14.32) has been done in h? and not simply in % is that in Eqn. (14.31)
% (and not A itself) makes its appearance.

At this point we can rewrite Eqn. (14.27) as
W(x) = AerS = Aeh(SothSit) (14.33)

Inserting the Eqn. (14.32) into (14.31) and looking only at the zero-th order in h? we
get
(S5 =2m(E—V) . (14.34)
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Using the following definitions

1 h
Az) = ) = JomlE V)] for £ > V(x), (14.35)
1 h

lx) = = 7 for E <V (x), (14.36)

Eqn. (14.34) becomes

So(x) = i% = +hk(z) for £ >V (x), (14.37)
So(z) = ii% = +ihk(z), for E<V(z). (14.38)

So the WKB solutions have the form
Y(z) = Aen (14.39)

which using Eqn. (14.30) becomes

Y(7) =~ Ywks(z) = ]f( ) eF I R@de o B> V(x) | (14.40)
x
U(x) = Ywks(z) = :Y(x) et r@de for £ < V(x). (14.41)

The general approximate solutions will be a linear combinations of the two above
(with the plus and the minus sign). It is interesting to observe that, in the classically

allowed region (i.e., for E' > V'), we have that

cr 1
p= Wl ~ s = (14.42)
This equation shows that the probability to find the particle at the point x is inversely
proportional to its linear momentum p(x), i.e., to its velocity, exactly as in Classical
Mechanics.
When one uses approximation methods, it is always necessary to specify mathe-

matically the limits of applicability of the method. To state that the WKB works well

for slowly varying potentials is not a mathematical precise statement. If we want to
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be more precise, let us note from Eqn. (14.33) that the corrections of order i* brings

into the WKB solutions only a further phase factor /1. This factor can be neglected

only if AS; < 1. At this point it is enough to insert the expansion Eqn. (14.32) into

Eqn. (14.31) and equate the terms of order i%. For example, for £ >V we find after

some simple calculations

hSi(z) = £ 1

L) = LY@ ] |

and integrating both sides of this expression we get

1V L[N
Zk(x)—g/ o) dx] :

hS; ==+

The criterion for the WKB approximation, i.e., hS; < 1, becomes then:

Nr) <1, for £ > V(x).
In the same way it is possible to show that the criterion is

()< 1, for B < V(z).

(14.43)

(14.44)

If we make explicit the dependence from the potential we get the validity condition

[mhV' ()]
2m [E = V(z)]|2

<1.

(14.45)

Eqn. (14.45) is a more precise characterization of the statement that the potential

must be slowly varying with z.

14.3.3 Connection formulae

At the turning points where E = V' (z) the quantities previously defined, namely, X(x)

and {(z), diverge and the approximations used before are not valid anymore.
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Let us suppose that £ = V(x) for x 2 a. If the WKB approximation can be used
everywhere except in a neighbor of the turning point x = a, then

A B

K(x K(x
C D
k(z

Ywks(r) = e o nl@dat o et Jav@Nda’ = for > (14.46)

~—
~—

o e_i f; k‘($/) d$/ + = e—}—zf; k;(l‘/)d$/ , for x < a . (1447)

) k(x)

The problem now is to find out how the coefficients C' and D can be related to A and

Ywks(T) =

B. If we manage to do that via some abstract reasoning, we can bypass the problem of
finding the exact WKB solution in the neighbor of the turning points where the WKB
solution fails. We will only report here the “connection formulae” which connects the
“oscillating WKB solutions” to the “exponentialy decaying WKB solutions” and let
the interested reader study their derivation in more advanced books:

A — [ k(z’) da’ + B et [ k(z’) da’
K(x) k()

o \/2;(17)005 Uamk(x’) da’ — ﬂ - %Sm Uamk(x’) da’ — ﬂ . (14.48)

Clearly, the oscillating solutions are valid for x < a while the exponential solutions

<~

are valid for x > a. Analogous formulae hold when V(z) < E for z < a.

14.4 « decay

The WKB belongs to the class of so called non-perturbative approximation methods.
As we have already seen, the basic idea is to consider A “small”, while the perturbative
coupling of the potential can be any value, even not small. Other non-perturbative
methods are the variational method and the adiabatic method, which we shall not
discuss here. Since non-perturbative methods do not require the coupling constant
to be small, they are the obvious choice when the interactions are “strong”, as it
happens for instance in nuclear physics.

In this section, we shall see an application of the WKB method in that sector of

physics. In particular we shall study the a decay of the nuclei. A nucleus of radius
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V(z)}

E |
|
a :b T
Vo[ ——— |
| |
Region I Region II Region III

Fia. 14.1. Model of potential barrier in the o decay of the nuclei.

a and charge Z can be roughly represented by a potential well of depth Vy. (See
Fig. 14.1.) For x > a, the potential is of Coulomb type and goes to zero for z — oo.
Let us suppose that inside the nucleus there is a small bunch of matter, i.e., o particles
with charge z, and energy F > 0. Let us indicate with = b the point at which the

Coulomb potential is equal to the energy, i.e.,

2762 B
47T50b B

Our goal is to evaluate the probability amplitude that the o particle escapes the nu-
cleus. We have to build a solution of the Schrodinger equation which in the region III
behaves as a wave (transmitted wave). In that region, using the WKB approximation

the solution has the form

() ~ \/%exp lii / k() dx} . (14.49)

To simplify the calculations, let us choose a wave which propagates in the direction

of positive x. Let us insert a phase of /4 (¢’s are defined up to an overall phase)



14.4. « decay 285

and C' is given by choosing the integration range, so we obtain:
ome) = ——exp i [ e o'+ ]
r) = ——=exp |1 x')dz +i—
TIT @) p \ 4

_ ;(x) [cos </:k(x’) da’ + Z) +isin </:k:(x’) da’ + g)} . (14.50)

Now, we make use of the connection formulae in order to determine 1) in the region II.

We extend only the sin function, since the cos function would give a exponentially

increasing function which would be not normalizable. We have

Yrr(w) = ! exp [ / b k() dx’}

_ ;zx) exp l / ' o) d:c’] exp {— / " (@) d:c’] (14.51)

Y /ab,{(x) dz = /ab \/2}1—7’;”‘ V(z) — E]dz, (14.52)

Eqn. (14.51) becomes

Defining

R{T

n(z) = — \/%e“/exp {— / " () d:p’] . (14.53)

In region I, the solution of the Schrodinger equation is always an oscillating function.
To make the calculations easier, and indicating as usual kg = \/2m (E — Vp)/h, we

can write
: A ilko(z—a)+¢] —ilko(z—a)+¢]
Yr(x) = Asin [ko(x — a) + | = — ('™ bl g URo e 14.54
14 21

where the constants A and ¢ are determined by imposing the continuity of the wave

function and of its first-order derivative in x = a. In particular, we find that

kocoto = —k(a)

Asing = — i()e'y

As we want to study the tunnel effect through the potential barrier, we need to

calculate the transmission coefficient 7', given by the ratio between the transmitted
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probability current JiF which reaches region IIT and the incident current Ji*° coming

from region I, i.e.,
_ i
inc °
i

In order to calculate Ji™ let is note that ¢y is the sum of an incident and a reflected

wave. Let us remember that in one dimension the probability current is

h d

J=R [W(:c)%d}( )] {W Y imde (x)] '

It is easy to prove that

2 hk‘o

Jine = |A| and  Jih=—

Thus

which means that

T o exp {_% /ab V2 [V (@) = Bl dz

This one is the famous Gamow formula.

The reader may ask why we have used the WKB approximation. The reason is that
we could not solve exactly the Schrédinger equation associated with the potential
drawn in the previous figure. At the same time there was no small perturbative
parameter associated with the potential which would allow us to use perturbative
methods. Moreover, we had potentials which (especially the Coulomb potential felt
outside the nucleus) were changing slowly on the scale of the wavelength involved, so

it was the ideal ground to implement the WKB method.
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INTRODUCTION TO SCATTERING

15.1 introduction

The material for this chapter will be provided by the teacher via handwritten notes.






Chapter 16

THE SCHRODINGER FIELD AND SECOND
QUANTIZATION

This chapter is taken from the Bachelor Thesis of Serafin Francesco, University of

Trieste.

One of the main difference between Classical Mechanics (CM) and Quantum Me-
chanics (QM) is in the way a physical system is described. In QM we have the

well-known postulate:

Postulate: In QM the state of a system is described by an element of a Hilbert

Space: H.

When the elements of H (indicated with |) in the Dirac notation) are represented
on a basis they can take different forms: for example in the representation on the
eigenstates of the position operator (¥) , they are given by square integrable functions

mapping points of R” into C (or even C™):
H*xH > (r|¢(t) =¢(r,t) : R*"xR—>C™

In what follows we will use for simplicity the position representation and so, besides
the states, also the operators (P, T, V, ecc.) will be given in that basis.
We know that the state of a quantum system in a potential V' (r) evolves in time

according to the Schrodinger equation:

oV Vvl ) = ingrue (16.1)
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Notice that #(r,t), being a function, can be interpreted as a field , and we can ask
ourselves if the evolution equation (16.1) can be derived via a variational principle
from some appropriate field-Lagrangian. As (¢, x) is a complex field, it is equivalent
to two real and independent fields: Reyp and Imi). Equivalently we can describe the

system using the field and its complex coniugate:
Y = Reyp +iSmy
' = Rep — iSmap.
We shall assume that ¢ and ¢* go to zero at infinity. It is easy to see that in the free

case the field Lagrangian, density £ = L(1,¢*), which reproduces the Schrodinger
equation for the fields ¢ and ¥* is:

L= <zha +h—V )w . (16.2)
To get the Schrodinger equation for a particle in a a potential V' | one just need to
add to the previous Lagrangian the term: Viy* = ¢*V).

Let us now check that the Euler—Lagrange field equation derived from the La-
grangian above is the (16.1). From the literature * we know that the Euler—Lagrange
equations for the fields 7, (with ”p” labelling the set of fields if they are more than
one) involve also its space-time derivative indicated as 7,, (with "v” labelling the

space-time index) and these equations have the form:

4 ococ
dx” On,,  On,

=0 . (16.3)

The Schrodinger fields are just two (¢ and ¥*), and so we have p = 1,2. Doing the

variation with respect to the field associated to p = 2, i.e ¥*, for the free case we get

d oL oL
dx” o, O*

B o B\,
_0—< 8t+—v>w_0 (16.4)

* The students who do not know this should study the very first chapters on fields equations

contained in many books like, for example, Goldstein or Landau’s book.
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In this manner we have eproduced (16.1).
To build the Hamiltonian density H associated to £, we have to build the momenta
associated to 1 and ¥*. A standard convention is to indicate with 7* the momentum

coniugated to ¢ and with 7 the momentum coniugated to ¥*:

or .oc
w_aw;_o W_8¢7V_Zhw

Using all this the Hamiltonian density turns out to be :

, 12 h?
1= ) gy () =i G i v g e = (- o

(16.5)

If we integrate the expression above, the free Hamiltonian is :

_ 3, * _h’_2 ) 3
H—/QHd'r—/Qz/J( 2mv vdor . (16.6)

Note that this expression coincides with the definition, in standard QM, of the ex-
pectation value of the kinetic operator T on the state 1, which in the bra and ket

notation of Dirac can be written as:

(T) = (W[ T |v). (16.7)

Inserting the decomposition of the identity 1 in position space on the left and on the

right of the operator T, we get the position picture representation of this expectation

= [ L@l @i e rdr = [ v (-n e o e

This is exactly the expression (16.6).

value:

In the most general case in which the potential is not zero, the lagrangian (16.2)

becomes:

L= (mg—ﬂ)@z) . (16.9)
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Now let us concentrate on the Schrodinger equation for a free system and on the
interpretation of the wave function as a field. Fields are now, like in the electromag-
netic case, our degrees of freedom but up to now we have not quantized these fields
¥ (x,t), but only the operators X and p. Because of this, we can say that (16.2) is the
equation of motion of a classical field. To work in analogy with the electromagnetic
field, we can say that the Schrodinger equation corresponds to the Maxwell equations
and the ¢ (z,t) corresponds to the electromagnetic field.

Let us take the Schrodinger equation for a free system and let us indicate with ¢

the eigenfunctions associated to the positive eigenvalues E°:

—%V%; = E¢. (16.10)
In this way we get the numerable set {¢;} which is a basis of the Hilbert space
where the eq. (16.10) is defined. A generic state ¢ € H can be written as a linear
combinations of the states above because they make up a basis. The states ¢, can
be represented on the position eigenstates. Moreover imposing periodic boundary

conditions and supposing we work in a finite space of volume V, they become:

1\? 0
o (r,t) = (V) ¢! Pnr=Ent) (16.11)

where p,, = 27(V)"Y3(n,, n,,n,) and E2 = p?/(2m). Remember that the ortogonal-

ity relation fv ¢i¢;dr = 0, ; holds. So a generic state ¢ can be written as:
Y(rt) = and)(r,1) (16.12)

where the expansion coefficients a,, are complex numbers. Using the expansion above

for the v and inserting it into the Hamiltonian (16.6), we get:

1= (S [ (oo -

2
(S (g[S (o) e
n k n k
= Z Z Ega;;ak/ o dw = Z Z Elatad, , = Z Elata, (16.13)
n k Q n k n
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We can interpret this final relation by saying that the energy of the generic field v, is
a combination of the energies of the single eigenstates of H, and each of them is taken

with a weight related to the coefficients a,, of the projections of ) on the eigenstates

Pn-

Next thing we want to do is quantize the field that describes the system, that
means we must promote the field ¢(x) to be an operator. This procedure is called
second quantization. We can prove that what we obtain is equivalent to the first
quantization of a system described by our Hamiltionian but containing an arbitrary

number of particles, this is a so called “many body” system.

The rest of the chapter is organized as follows: In section 1.1 we attack the “many
body” problem by building the wave function of the system W(ry,...,ry,t) and the
associated evolution equation. Next we perform a change of basis in order to write

the over-all Hamiltonian as a function of some creation and annihilation operators:

In 1.2 we show that the Hamiltonian derived in section 1.1 is formally equivalent
to the one built using the second quantization procedure. As we said earlier this
procedure turn the field ¢ into an operator (¢ — @ZA)), and turn the Hamiltonian into

the following operator: H = [t (z)H (x)1)(z) dz.

The second quantization is widely used as the only correct technique to treat quan-
tum relativistic fields. This is a sector of physics where we always have to handle from
the beginning a many body system. In fact for example a photon, with its natural
creation of the many particle-antiparticle pairs from the vacuum along its motion , is

automatically a many body system.



294 CHAPTER 16. THE SCHRODINGER FIELD AND SECOND (QUANTIZATION

16.1 The “many body” problem.

Let us consider a system of N identical particles interacting via a two body potential

V(r;,r;). In first quantization the associated Hamiltonian has the following form:

N
ﬁ(lst) = ZT +
i=1

The wave function, in position representation, which describes the system and its

N
Z Vir,r;) . (16.14)

N)IP—‘

associated Schrodinger equation are:

\If(rl,... ry,t) =V ({r}n,t) (16.15)

m SU({rhy, t) = Hao U({rhn,t) (16.16)

U can be build from the isingle particle, time independent states, which we shall
indicate with ¢g)(r;) for the i—particle. We choose these states which obey the
stationary Shrodinger eq.: Heyg(r;) = ihdip(g)(r;) because they make up a basis
and have a clear physical meaning. As the particles are identical ones they all have
the same spectrum. Taking all of this into account we can then expand the many-body
wave function as:

U({r}n,t) =D C(By, ... En,)p, (1) - oo - @Ey (TN) (16.17)

E;

where the sum over FE; indicates the sum over all the energies of all single particles.
We have confined the time-dependence into the coefficients C'.

Let us insert the expansion (16.17) in (16.16), and multiply the equation for the
complex coniugate of a fixed state: pp:(ry)-.... g (rn). Next let us integrate what
we get over {r}y. In this way we get an equation for the coefficients C' associated to
a particular choice of the energies Ej, ...., E}. We will call this equation as “equation
for the coefficients”. Let us note that for a particular choice of the set of energies,
many different products of states pg:(r1)-....-ppx (ry) may corresponds to that set of

energies, i.e. there may be degeneracies on that set of energies. To solve this problem
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let us define the so called occupation number n} as the number of single-particle
states which happens to have energy L.

At this point let us notice that it is possible to order, inside the coefficients, the
energies which are equal to each other without having to change signs (this is possible
at least for bosoni) and pass from a sum over the energies to a sum over the occupation

numbers:

Y= ) (16.18)

(nfyyn;)

where we have indicated with n, (z # N) , the last occupation number which is
different from zero. We can also imagine to do a sum over an infinitly long strings of
occupation numbers (nf, .....;n’ ), where all numbers are zero after the 1’z—position.
This trick allows us to remove the constraint of having a finite number of particles
and so we can treat arbitrary large systems. Let us now define some new coefficients

which are related to the C of (16.17) as

C(ny,....n’t)=C(E}, ... Ex,t) =C(Ef ..., EXf ... Ext). (16.19)
~ =~

We can re-write the C' as :

~ * * N' 2 * *
C(nl,....,nx,t> = <ﬁ) f(nl,....,nx,t> . (1620)
1- ceee ':En

In the last step we have introduced some abstract functions f related to the C(E7, ...., EX, ).

In this manner we can re-write the total wave function ¥ in a new basis as:

U({r}n,t) me,---- i t) - By ({Thn) (16.21)

(nl ’”
where

*|

D,y {rhn) = (%)Ewl(rl)-....-@m(m) . (16.22)

E; <= (n},.....,n})
The sum is done over all energies which are compatible with a given string of occu-

pation numbers (nj,....,n%). It is for this reason that we put on ® a label given by a
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string of occupation numbers. The states ® are in fact in a one to one correspondence
with the states |n},....,n%) which belong to what is called a Fock space which will be
defined later on.

Let us remember that the C' used in (16.17) have to obey what we called the
“equation for the coefficients’, and as a consequence also f(nf,....,nk, t) of equation
(16.21) must obey a similar equation modulo some factors in front. In order to be
able to use the dependence of f on the occupation numbers, we need to have only sum
over the energies. The sum over the numbers of particles in the Hamiltonian (16.14)

can be turned into a different sum as:

N

Yo d = n (16.23)

E;

This replacement is very easy for the kinetic term 7" while in the case of V we have to
impose the constraint ¢ # j which is present when we do the sum over the particles
number and we have to find an analog one when we sum over the energies. This new
constraint is derived via the following reasoning : if E} # E7, then the condition is
automatically satisfied and the occupation are simply n; ed n}. If instead the energies
are the same for two different particles, i.e. E} = E7, in that case we have to count
only once the particles labelled by different indices but that occupy that same energy
level. This means that we have to group together in couples, without repetition, the

number of particles at energy E} i.e, :

(2) —ni(nf—1) . (16.24)

To unify the two cases Ef = E e B # E7, we can write:

Yo D niny—d) = Zan(n}f — 8, (16.25)

i#£] E;

where the sums are over all admissible energies. The final equation for the coefficients
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fis:

0
i f(15, ol 1) = Z(|T| )+ > GIT]) (n)F (5 +1)% f(nf 1,05 +1)
i i#j

+ - ZZZ (ii|V|KL) ( %(n —1)%(nk+1)%(n7+1)%f(nf—2,n,’z+1,n7+1)
+ = ZZZ (if|V|kl) ( %( )%(nk+1)

z;ﬁ] k l

V]

NI
NI

(ny +1)2f(n; —1,n; —1,n;+1,n; +1)

+ remaining terms for which k& # [ # (1 0 j). (16.26)

The compact notation used for f(n; + 1), indicates that all n} , with j from 1 to
x, are the same as in the f(nj,....,n}, t) which appears on the L.H.S of eq. (16.26)
except the I'i—term which is turned into the (n} + 1).

The crucial point embodied in (16.22) is that we have passed from the basis of the
energy eigenstates, (i.e. a sum over the energies), to an occupation number basis (i.e.

*

a sum over (nj,...,n:)). It is possible to show that actually these are the position
picture representation of the abstract states which make up what is called the Fock
space. So we can write the total wave function ¥ as a linear combinations of states

of the Fock space as :

= F(nns e g ) 1,y 1) (16.27)

(1,0
In order to derive (16.27) from (16.21) we just have to write ¢g,(r;) = (r;|E;) and
check that the coefficients of the change of basis |F,...., Ex) — |n4,....,n,) are the
same as in (16.22).

Let us now see how we can write the Hamiltonian in this new basis. Let us apply
ih% to both sides of (16.27), and note that on the R.H.S the only dependence on time
is in the factors f, and so we can use the equation (16.26). Doing this and working
out the calculations in details, we can notice that it is possible to reconstruct on the
R.H.S the abstract state |¥(¢)) with the new Hamiltonian applied on it. This one is
basically all the R.H.S of (16.26) where each coefficient f is multiplied by the same



298 CHAPTER 16. THE SCHRODINGER FIELD AND SECOND (QUANTIZATION

ket |nq,....,n,). Next we operate a change of variables n; — 1 = n} etc. and we get
coefficients f(ny, ....,n,) which are all equal and we get kets whose occupation numbers

corresponds exactly to the factors of the type (n;)% by which they are multiplied
example:  f(n},...,nl) - (4 1)2 [nh, om0l +1),00, ) (16.28)

Let us remember that in the Fock space we can define creation and annihilation
operators al e a, which raises or lower of one unit the occupation numbers of the

particle state on which they act. Their properties are:

al i) = (ni+1)2 [ong +1..)

il = (n)% |ong — 1...)

and they derive from the well-known commuation relations.
As the new Hamiltonian contains terms of the form (16.28), we can rewrite it as a
function of the operators af e @, and obtain the final form of the Hamiltonian for the

many body problem in the Fock space. It turns out to be:

A many body) = Z a; |T|,] CL] + Z Z,]|V‘kl> akal . (1629)
1,5,k

Note that the matrix elements (i|T[j) and (ij|V|kl) are complex numbers and the
only operators are a' and a.
The Schrodinger equation for the many body problem, re-written in the Fock space,

is equivalent to the eq. eq:Schrodmany where we started from, i.e:

0 ; 0 i
Zha |\Ij(t)>E - H(lst) |\D(t)>E — 'Lha |\D(t)>n - H(many body) |\D(t)>n (1630)

where with the symbols |¥(t)) and |¥(t)), we had indicated the ket |¥(¢)) in the two
different basis, respectively in the energy eigenstates and in the Fock space one. In
this last space the only information we need regarding the state |W¥(t)), is its ground

state necause all the other states are obtained by applying the a' and @ operators.
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16.2 Second Quantization

Second Quantization is basically a quick recipe to build an Hamiltonian equivalent
to the H (many body) Presented in the previous section. For semplicity we will use the

position representation. The prescriptions of that recipe are:
- Build the field operator which is defined at every point in space as:
{r}N Z% rz i (1631)

where the ¢;(r;) are the single particle eigenstate of energy F; (see the previous

sections).
- Build the Hamiltonian ﬁ[ of second quantization as:
i = > lflia i = [ G Hu ()i} dlr)y (1632
Remember that Hs)({r}y) is a complex number.

In general, the second quantization rule modifies any operator not only the Hamilto-
nian and it does that using the analog of the (16.32).

The physical meaning of (16.32) is the following: let us suppose we take as |i), |7)

two eigenstate of Fl(lst). Doing <i‘H(1st) J) we get something proportional to 523 and

so only a sum over one index is left over:
b= Z i| Hyse|j) ala; = ZE (16.33)

So the operator H somehow counts how many particles are in the i—state in the
point {r}y and it associates to it the corresponding energy F;. As a consequence
this Hamiltonian represents the total energy of a system with an arbitrary number of

particles.
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Via this Hamiltonian H the evolution of the abstract state

W), =2 nr ey S (M1, 11, 1) [0, . 1y IS given again by the Schroedinger equa-

.....

tion:

zh% (), = H|\I/ /QZJT {r}n)Hys ({r}n)0({ryn) d{r}n [T(t))

(16.34)
Let us now prove the equivalence between the two formulations: the many body and
the second quantization one. This proof will throw light also on the definition (16.31).
In eq. (16.29) let us insert some completness relation in position space between the
first quantization operators T and V in order to represent everything in position
space and let us use the definition (r;|i) = ¢;(r;). Moreover let us use the fact that

(x| T[r') = T(r)5(r — v'). By doing so, we get:
H many body) = [ @i(r;)a; ] {Z @i(r;)a ]
{Z wi(ri)a I} {Z ©;(r;)a I] V(r;, 1)) {Z Spk(rk)dk:| {Xl: gol(rl)dl} dr dr’'

/w r)dr + /Q/JT ()T (Y V (r, v)ep(x' ) (r) dr dr’ = i . (16.35)

This is what we wanted to show. So beside the relation (16.30), we also have:

0 . .0 2
thoy [U(t)), = Himany voay) [P (t)),, | <= |iho [U(2)), = H[¥(2)),|  (16.36)

16.3 Summary

We can say that we have obtained the Hamiltonian of second quantization following

two different roads:

- From the "many body” problem in first quantization, via the change of basis
|Ey, ..., Ex) = |04, ....,n,), we have built the Hamiltonian (16.29) as a function
of the creation and annihilation operators. As we showed in (16.35), it is then

sufficient one more manipulation to get H.
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- Following the recipe of second quantization, we build the field operator lﬁ and

with this the Hamiltonmian H.

From the proof of the equivalence betyween H (many body) and ]fl , we gather that the
introduction of the field operator @/A) and the machinery of second quantization seems
to be, at least, a useful and quick tool to get the correct Hamiltonian for a many-body
system. Beside quickness a further advantage brought in by second quantization is
that we are not bounded anymore to treat systems with a finite number of particles.

The same approach of second quantization used here for bosons can also be in-
troduced for fermions. With the handling of fermions in second quantization an
important result that will pop up, via the comparison with bosons, is the so called
spin-statistics theorem that in first quantization had to be taken as a postulate . We
will not present this theorem here and advice the students to read more complete
presentations in proper textbooks. Besides this important result, new physical ideas
brought to light by second quantization will appear when we treat relativistic systems

and they are the phenomena of pair creation, vacuum polarization etc..



